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Introduction

History of Intel processors

4004
1971 108 KHz, 2250 transistors,
channel length: 10um (1um= 10"%m)

80286
1982 12 MHz, 134,000 transistors,
channel length: 1.5pum

Pentium 1
1993 66 MHz, 7,500,000 transistors,
channel length: 0.35um

Core Duo
2007 3 GHz, 410,000,000 transistors,
channel length: 0.045um= 45nm

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models www.jungel.at.vu

4 /190



Channel lengths 2000-2016
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Challenges in semiconductor simulation

Future processors (2010):
@ Number of transistors > 1,000,000,000
@ Transistor channel length 22 nm

o Highly-integrated circuits:
power density > 100 W /cm?

Key problems:

Decreasing power supply — noise effects

Increasing frequencies —  multi-scale problems

Increasing design variety — need of fast and accurate simulations
Increasing power density —  parasitic effects (heating, hot spots)
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What are semiconductors?

@ (*)
_— o— _+
(4] o—>
@
/ X
R
Strom .
Elektronen Dotierung

Non-conducting at temperature T = 0K, conducting at T > 0 (heat,

light etc.)
Modern definition: energy gap of order of a few eV
Basis material: Silicon, Germanium, GaAs etc.

Doping of the basis material with other atoms, gives higher
conductivity

Modeled by doping concentration C(x)
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Objectives

@ Modeling of macroscopic electron transport (numerically cheaper than
kinetic models)

@ Modeling of quantum transport and quantum diffusion effects

e Numerical approximation of macroscopic models (finite-element and
finite-difference methods)

@ Modeling and numerical simulation of electric circuits

@ Coupling of electron temperature, lattice temperature, and circuit

temperature
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Classical particle transport

Given particle ensemble with mass m moving in a vacuum

Trajectory (x(t), v(t)) computed from Newton equations

x=v, mv=F, t>0, x(0)=x, v(0)=w

Force: F =V V/(x,t), V(x,t): electric potential
M > 1: use statistical description with probability density f(x, v, t)

Theorem (Liouville)
Let x = X(x,v), v=V(x,v). If
ox oV

e + S = 0 then f(x(t),v(t),t)=fi(x0,v), t>0

— Assumption satisfied if F = F(x, t)
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Vlasov equation

o Differentiation of f(x(t), v(t),t) = fj(x0, vo) gives Vlasov equation:

0= %f(x(t), v(t),t) = 0if + X - Vxf +v- -V, f

= Ouf + % Vuf + Vi V(x, 1)V, f
@ Moments of f(x, v, t):
Particle density: n(x,t) = / f(x,v,t)dv
R3

Current density:  J(x,t) = / vf(x, v, t)dv
R3

Energy density: (ne)(x,t) = / g]v\zf(x, v, t)dv
R3

@ Electrons are quantum mechanical objects: quantum description
needed
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Electrons in a semiconductor

@ Semiconductor = ions (nuclei + core electrons) and valence electrons
@ State of ion-electron system described by wave function
@ Schrodinger eigenvalue problem:
h2
—o D — qVL() = B, x € R?

o V; = Vi 4+ Vg: periodic lattice potential
o V,;: electron-ion Coulomb interactions
o V.4: effective electron-electron interactions (Hartree-Fock approx.)

o Goal: exploit periodicity of lattice potential
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Semiconductor modeling

Electrons in a semiconductor

Schrodinger eigenvalue problem:
h2
o AY — gV = By, x €R3
2m
Theorem (Bloch)

Schrédinger eigenvalue problem in R3 can be reduced to Schrodinger

problem on lattice cell, indexed by k € B (B: dual cell or Brillouin zone)
2

I}
—5— B — qVL(Y = B, x € cell
m
For each k, there exists sequence (E, ) = (En(k),¥nk), n € N

Ynk(x) = e*¥u, k(x), where uy  periodic on lattice

En(k) is real, periodic, symmetric on Brillouin zone

e E,(k) = n-th energy band
@ energy gap = all E* for which there is no k with E,(k) = E*
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Energy bands

Silicon Gallium Arsenide
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conduction band

valence band
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Energy
Energy
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Parabolic band approximation

@ Taylor expansion around k = 0 if E(0) = 0:

E(k) ~ E(0) + VLE(0) - k + E kTﬁ(o)k
~ « 2" dk?
1 +d’E
— kT
2 dk? (0)
@ Diagonalization:
1/m; 0 0 . . (1) m* 0 0
1 d’E ! . isotropic .
0 0 1/mj 0 0 1/m
Parabolic band approximation
h2
E(k) = k|?
(K) = 5K
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Semi-classical picture
h2
ihdyy) = *%Aw —q(Vi(x) + V(X))
where V) : lattice potential, V: external potential

Theorem (Semi-classical equations of motion)

hx = hvp(k) = ViEa(k), hk=qV,V

@ Momentum operator: P = (h/i)Vi), «

@ Mean velocity: v, = (P)/m = (h/im) [, ; Viby kdx
“Derivation”:

o Insert 1, x(x) = e**u, x(x) in Schrédinger equation = first eq.
@ P, = hkip i hk = crystal momentum = p
o Newton's law: Kk = p = F = qV,V give second equation
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Effective mass

@ Semi-classical equations of motion:
hix = vy (k) = ViEn(k), hk=qV,V

@ Definition of effective mass m™:

p=mv,
o Consequence:
0 m* 0 m* d’E,. m* d’E,
P=maen = T e vk hodk2 " w2 dk2 P

o Effective mass equation:
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Semi-classical kinetic equations

@ Semi-classical equations:
hx = ViE(k), hk=qV,V(x), p=m'v

@ Liouville's theorem: If

0 0
—VkE(k)+ z-qVxV(x) =0 then f(x(t),k(t),t)= fi(xo, ko)
ox Ok
@ Semi-classical Vlasov equation:
d .
0= 2 F(x k1) = Def+5-Vuf -+ Vif = atf+v(k)-VXf+%VX V-V, f

e Include collisions: assume that df /dt = Q(f)

Semi-classical Boltzmann equation

B + v(k) - Vif + %vxv Vif = Q(f)
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Semiconductor modeling

Poisson equation

@ Electric force given by E = Ecxt + Emean
@ Mean-field approximation of electric field:

Eucn(x.t) = [ nly, OE(x.y)dy
R

@ Electric force given by Coulomb field:

q X—-Yy .
E -9 X7y o gwvE=-4
c(x.y) dres |x — y3 a 55n

o External electric field generated by doping atoms:

q X—Yy . q
Eext(x, t) = —— Cly)——=dy = divEy=—C
(et =72 [ e =ay iv Eu = L C(x)
@ Since curl E = 0, there exists potential V such that E = —VV
Poisson equation

esAV = —EsdiV(Emean + Eext) = q(n - C(X))
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Semiconductor modeling

Holes
electron orbital vacancy
t=0: ; . t>0: ?
crystal atom  vacancy slectron

@ Hole = vacant orbital in valence band
@ Interpret hole as defect electron with positive charge

@ Current flow = electron flow in conduction band and hole flow in
valence band

@ Electron density n(x, t), hole density p(x, t)
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Semiconductor modeling

Holes
E(k)‘ conduction band E(k)‘ conduction band
°
A
energy energy
emission absorption
Y
®
valence band valence band
Tk Tk

@ Recombination: conduction electron recombines with valence hole

@ Generation: creation of conduction electron and valence hole
@ Shockley-Read-Hall model:

2
n: — np . .. .
R(n,p) = ! , n;: intrinsic density
Tp(n+ ng) + Ta(p + Pd)
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Boltzmann distribution function
Bef + v(K) - Vif + %vxv Vif = Q(F), v(k) = VE(K)/E

Definition of distribution function:
number of occupied states in dx dk in conduction band

f(x, k,t) =

total number of states in dx dk in conduction band

Quantum state has phase-space volume (27)3 (integrate
ke B~ (—m,7)%)
e Total number of quantum states (take into account electron spin):

. 2 1
N (X, k)dX dk = de dk = Rdx dk

@ Totel number of electrons in volume dx dk:

dn = f(x, k, t)N*(x, k)dx dk = f(x, k, t)

o k
@ Electron density: n(x, t) = / dn — / f(x, k, t)di
5 B 473
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Semiconductor modeling

Collision models

@ Probability that electron changes state k’ to k is proportional to

occupation prob. f(x, k', t) x non-occupation prob.(1 — f(x, k, t))

@ Collisions between two electrons in states k and k':

(Q(f))(x, k, t) = (Probability kK — k) — (Probability k — k')

= / (s(x, k', K)F'(1 = F) — s(x, k, K')F(1 — ') dk’
B

where f' = f(x, k', t), s(x, k', k): scattering rate
@ Important collision processes:
o Electron-phonon scattering

e lonized impurity scattering
o Electron-electron scattering
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Scattering rates

Electron-phonon scattering:

Collisions of electrons with vibrations of crystal lattice (phonons)
Phonon emission: E(k’) — E(k) = hw = phonon energy

Phonon absorption: E(k') — E(k) = —hw

Phonon occupation number: N = 1/(exp(hw/kgT) — 1)
General scattering rate:

s(x,k, k') = o ((1+ N)S(E' — E + hw) + N6(E' — E — hw))

where 0: delta distribution, E' = E(k’)
If phonon scattering elastic: s(x, k, k') = o(x, k, k")0(E' — E)

(Qa(F))(x, k, t) = / o(x, k,k"Yo(E' — E)(f' — f)dk'
B
Mass and energy conservation:

/ Qu(F)dk = / E(K) Qu(f)dk = 0
B B
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E—cn o Teto e N
Scattering rates

lonized impurity scattering:

@ Collisions of electrons with ionized doping atoms: elastic scattering
o Collision operator

mﬁm&hﬂ:/d&hMME—QM—ﬂﬂ’

B
Electron-electron scattering:

o Electrons in states k" and ki collide and scatter to states k and k;
e Elastic collisions: s(k, k', ki, ky) = 0d(E' + E{ — E — E;)
e Collision operator:
(Q(F))(x, k, 1) :/ s(k, k' ki, k)
B3
x (f'H(1—f)(1—h)— M —F)1—F))dk dki dk
@ Mass and energy conservation: [ Q(f)dk = [z E(k)Q(f)fdk =0
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Summary
Electron motion in semi-classical approximation:
Semi-classical Boltzmann equation

Bef + v(K) - Vif + %vxv-ka — Q(f), xcR% keB

B: Brillouin zone coming from crystal structure

k: pseudo-wave vector, p = hk: crystal momentum
Mean velocity: v(k) = V(E(k)/h

Energy band E(k); parabolic band approximation:
E(k) = h?|k|?/2m*

Electric potential V' computed from Poisson equation

esAV = qg(n— C(x)), C(x): doping profile

Electron density:

n(x,t) = /B f(x, k, t)ﬂ

473
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Semiconductor modeling

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
o Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
o Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems
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Scaling of Boltzmann equation

Oef + v(k) - Vif + %vxv Vif = Q(f), esAV = g(n— C(x))

@ Introduce reference values for

length A time T
mean free path A = ur = X | velocity v = \/kgT;/m*,
wave vector ko = m*u/h | potential Ur =kgT./q

@ Scaled Boltzmann equation:
Otf + v(k) - Vuf + ViV - Vif = Q(f)

@ Scaled Poisson equation:

2 N 2 esUT
)\DAV—H—C(X), A —m

Objective: derive macroscopic equations by averaging over k € B
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Moment method

Boltzmann equation with parabolic band:

Of + k- Vif +V V- -Vif =Q(f), MAV =n— C(x)

o Integrate over k € B:

a/de+d|vX/kfd+V V. /ka /Q =
g 4m 47r
—— —_——
=n(x,t) =—Jn(x,t)

— Mass balance equation: 0:n —divJ, =0
@ Multiply by k and integrate by parts:

dk dk dk dk
kf — +dive [ k kf V.| f— = | kQ(f
Ot /B 2.3 Tdiv / ® kf 5 —Vx /B 203 / Q( )47r3
—_— —_— —_—

—_
=—Jn(x,t) =P =n =W

— Momentum balance equation: 9;J, —divP+VV - -J, =W
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Moment method

@ Mass balance equation:
On—divd, =0
@ Momentum balance equation:

Otdy —divP+VV .- J, =W, Pz/k@kf
B 47T

e Energy balance equation (assuming energy conservation):

|/<|2 di /’</<|2 / /|/<|2
——=VV. kfi
/ g 2 4nd v g 4rm3 47T3
—_—
ne(xt) =R

— O¢(ne) +divR+VV.-J,=0

Closure problem: P and R cannot be expressed in terms of n, J,, ne
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Solution of closure problem

Scaling of Boltzmann equation:
e Collision time 7. = 7/a: hydrodynamic scaling

aBtf+a(v-VXf+VXV-ka) =Q(f), a= % = Knudsen number

e Collision time 7. = 7/a?: diffusion scaling

a?0ef+a(v-Vif+V, V-V, f) = Q(F),

Maxwellian:
o Kinetic entropy: S(f) = — [z f(logf — 1+ E(k))dk
@ Given f, solve constrained maximization problem with x = 1, k, %|k!2:

max{S(g):/Bm(k)glzT/;Z/Bfﬁ(k)f;;/;}

— formal solution: Maxwellian M[f] = exp(x(k) - A(x))
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Semi-classical macroscopic models General strategy

Model hierarchy

Model hierarchy depends on ...
o diffusive or hydrodynamic scaling

@ number of moments or weight functions

Hydrodynamic models:

@ Weight functions 1, k: isothermal hydrodynamic equations
for electron density n and current density J,

@ Weight functions 1, k, %|k|2: full hydrodynamic equations for n, J,,
and energy density ne
Diffusive models:
@ Weight function 1: drift-diffusion equations for n

@ Weight functions 1, %\k|2: energy-transport equations for n and ne
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Semi-classical macroscopic models General strategy

Model hierarchy

Diffusive models
Drift-diffusion
equations
Van Roosbroeck 1950

Energy-transport
equations

Stratton 1962
Fourth-order moment

equations
Grasser et al. 2001

A.J./Krause/Pietra
2007

Ansgar Jingel (TU Wien)

Hydrodynamic models

Isothermal hydro-
dynamic equations

Full hydrodynamic
equations

Blotekjaer 1970

Extended hydro-
dynamic equations

Anile 1995

Higher-order hydro-
dynamic equations

Struchtrup 1999

Macroscopic Semiconductor Models

# Variables

13
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Semi-classical macroscopic models General strategy

Warm-up: drift-diffusion equations

aOfo, + a(v(k) - Vxfo + Vy V- kaa) = Q(fa)

e Simplifications: parabolic band E(k) = 3|k|?> (k € R3),
relaxation-time operator Q(f) = (nM —f)/r

o Maxwellian: M(k) = (2m)%/2 exp(—21|k[2), [gs M(k)dk =
o Electron density: no(x, t) = [gs fu(x, k, t)dk /4m3
@ Moment equation: integrate Boltzmann equation over k

dk dk 1 dk
0 fa divy kfy—5 = — M—f)—
t/ 473 v /3 Am3 ot R3( )47r3
@ Derivation in three steps

Step 1: limit & — 0 in Boltzmann equation = Q(f) =0
= f =limg_ofo =nM
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Genetallstrateny
Warm-up: drift-diffusion equations
Step 2:
@ Chapman-Enskog expansion f, = n,M + ag, in Boltzmann equation:
aO¢fo + (k -Vx(nM) + V,V - Vk(nM))
+a(k-Viga+ ViV Viga) = a 1Q(naM) + Q(ga) = Q(ga)
e Limit a — 0 (g = lima—0 &a):
Qg) = k- V(M) + V.V - Vi(nM) = k- (Vn — 0V, V)M
= g=—1k-(Vxn—nVy V)M +nM, M(k)= (2r) 3/2e IK/2
Step 3:
@ Insert Chapman-Enskog expansion in Boltzmann equation:

8t/ fo 47T3+ dIVX/ngnD‘MW —I-dle/R3kgo< =— | Qfa);
——

Am3  aT Jps 473
—_
=0 =0
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Warm-up: drift-diffusion equations

dk

dk
oM a) 75— +divy kgo——= =
8t/R3(n +ozg)47r3+|v /ng47r3 0

e Limit « — 0:

dk dk
M L div, [ kg 2K
O /R3 " a3 +div /R3 843 0

@ Define current density J, = — fR3 kgdk /473, insert expression for
g=—-71k-(Vxn—nVyV)M+ nM:

den — div J, = 0, Jn:T/ k@ kM, 3(Vxn nV, V)
R3

=Id
Theorem (Drift-diffusion equations) J

on—divd, =0, J,=7(Vn—-nVV)
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Bipolar drift-diffusion equations

Orn —divJ, = —R(n,p), Jn=7(Vn—nVYV)
op+divd, = —R(n,p), Jp=-7(Vp+pVV)
MHAV =n—p— C(x)
@ Hole density modeled by drift-diffusion equations
@ Shockley-Read-Hall recombination-generation term:
np — n?
7p(n + na) + 7a(p + Pd)

R(n,p) =

with physical parameter n;, 7,, Tp, N4, pPd
@ Auger recombination-generation term (high carrier densities):

R(n, p) = (Can + Cop)(np — )

with physical parameter C, and C,
o Equilibrium state: np = n,2 = intrinsic density
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Drift-diffusion equations

orn—divJ, =0, J,=Vn—nVV, XAV =n-C(x)

@ Variables: electron density n, electric potential V

@ nVV: drift current, Vn: diffusion current

@ First proposed by van Roosbroeck 1950

@ Rigorous derivation from Boltzmann equation: Poupaud 1992
(linear), Ben Abdallah/Tayeb 2004 (1D Poisson coupling),
Masmoudi/Tayeb 2007 (multi-dimensional)

e Existence analysis: Mock 1972, Gajewski/Groger 1986

@ Numerical solution: Scharfetter/Gummel 1964, Brezzi et al. 1987

+ well established, used in industrial semiconductor codes
+ well understood analytically and numerically

+ stable mixed finite-element schemes available

— satisfactory results only for lengths > 1 um

— no carrier heating (thermal effects)
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Semi-classical macroscopic models General strategy

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
o Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
o Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems
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Semi-classical Boltzmann equation

Bef + v(K) - Vif + %vxv - Vif = Q(F)

@ Collision operator: Q(f) = Qal(f) + Qee(f) + Qin(f)
Qu(F) = [ aulk K)S(E' ~ EXF ~ Fyai
B

Qull) = /B Tee(s Ky k' ka, k)O(E' + By — E — Fy)

x (FE(1—F)(1— f) — (1 — F)1— F))dK dk dk,

Qin(f) = inelastic collisions (unspecified)

@ Scaling: a = \/m
QPOuf + a(v(k) - Vi + ViV - Vif) = Qui(F) + aQee(f) + o” Quu(F)
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Properties of elastic collision operator

Qa(f) = / oa(k, K)S(E' — E)(f' — f)dk', o(k, k") symmetric
B

Proposition
o Conservation properties: [z Qui(f)dk = [ Qu(f)E(k)dk =0 for all f
@ Symmetry: — Qg is symmetric and nonnegative
o Kernel N(Qe) = all functions F(x, E(k),t)

Proof:

e Conservation and symmetry: use symmetry of o(k, k') and §(E’ — E)
@ Nonnegativity: show that

/ Qal(f)fdk = i/ oa(k, K'YO(E' — E)(f' — f)2dk’ dk > 0
B B2

o Kernel: Qu(f)=0= 0(E'—E)(f' — )2 =0= f(K)=f(k)if
E(k') = E(k) = f constant on energy surface {k : E(k) = ¢}

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models www.jungel.at.vu 41 / 190



Semi-classical macroscopic models Energy-transport models

Properties of elastic collision operator

Qa(f) = / oa(k, K)S(E' — E)(f' — f)dk', o(k, k") symmetric
B
Proposition
Equation Q.(f) = h solvable iff [5 h(k)d(E(k) —e)dk =0 for all ¢ J
Proof:

e Fredholm alternative: Q. symmetric = Qu(f) = h solvable iff
he N(Qu)*

o Let Qu(f) = h be solvable and let h € N(Qq)*t, f = F(E) € N(Qq):

0:/Bhfdk:/Bh(k)/RF(e)cS(E(k)—s)dedk
://h(k)é(E(k)—s)dk Fle)de = /h(k)&(E(k)—e)dk:O
RJB B

o Conversely, show similarly that h € N(Qel)L
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Semi-classical macroscopic models Energy-transport models

Properties of electron-electron collision operator

QeelF) = /B oee(, ks k' k1, k1)S(E' + Ef — E — En)

X (f’fl’(l —f)(1-f)— A1 -Ff)1- fl’))dk’ dky dk;
Proposition
Let 0¢c be symmetric

o Conservation properties: [p Qee(f)dk = [ Qee(f)E(k)dk =0 VF
e Kernel N(Qee) = Fermi-Dirac distributions F(k),

F(k)=1/(1+exp((E(k) —n)/T)) for arbitrary pn, T
Proof: Show that
[ Quhgdk =~ [ oud(E+ B E - E)E + g - ¢ - )
B B

< (FRL - )1 - R)— Ml — F)(1 - F))dk*

Conservation: take g =1 and g = E. Kernel: more difficult
Ansgar Jingel (TU Wien)
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Semi-classical macroscopic models Energy-transport models

Properties of electron-electron collision operator

Quo(f) = /83 oo, k, K ke, K)S(E' + E — E — Ey)

x (FR(L= (1= A) = (1= )1 - F))dK dha dkj

/Qee E — ¢)dk

Averaged collision operator:

Proposition
Let 0ee be symmetric
o Conservation properties: [, S(¢)de = [, S(e)ede =0
e IfS(e) =0 for all ¢ then F =1/(1 + exp((E — p)/ T)) Fermi-Dirac

Proof similar as above
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Semi-classical macroscopic models Energy-transport models

General strategy

(%28tfa+0/( (k) V f —i—V V. Vk ) Qel( )+(¥Qee(f)+0/ Qm( a)
Set (g) = [ g(k)dk/Am>

Moment equations for moments (f,) and (Ef,):

a0 E L) + adive (B vE,) — aV, V - (VEF,)
= (7 Qo)) + (E Que(fa)) + o (E/ Qun(fu)
=a?(E'Qu(fy)), j=0,1
Strategy of derivation:
@ Step 1: formal limit & — 0 in Boltzmann equation
@ Step 2: Chapman-Enskog expansion f, = F + ag,
@ Step 3: formal limit & — 0 in moment equations

References: Ben Abdallah/Degond 1996, Degond/Levermore/Schmeiser
2004
Ansgar Jingel (TU Wien)
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Semi-classical macroscopic models Energy-transport models

Step 1
azatfa + Oé(V(k) : foa + vxv : kaa) = Qel(fa) + OéQee(fa) + 062 Qin(fa)

Step 1: a« — 0 in Boltzmann equation = Qq(f) = 0, where f = limy—0 f,
= f(x, k,t) = F(x, E(k), t)

Step 2:
@ Chapman-Enskog expansion f, = F 4+ ag, in Boltzmann equation:
aO¢fy + (v(k) -VxF+V V. VkF)
+ Q(V(k) V8o + ViV nga) = Qel(ga) + Qee(fa) + &Qin(fa)

o Formal limit o — 0 gives

Qei(g) = v(k) - VxF + ViV - ViF — Qee(F)
@ Operator equation solvable iff

/ (v(k) - VxF + ViV - VikF — Qee(F))S(E —€)dk =0 Ve
B
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Semi-classical macroscopic models Energy-transport models

@ Solvability condition for operator equation:
/ (v(k) “VxF + ViV - ViF — Qee(F))S(E —€)dk =0 Ve
B

@ Since Vi F = OeFVE, v =VE and H' = § (H: Heaviside
function)

/(v(k) -VxF+V,V. VkF)5(E — €)dk

B
(V F+0eFVy V /VkE5 —e)dk
(V F+8EFVV /VkH —6 k 0

@ Solvability condition becomes

/ Qee - €)dk =0

v~
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Semi-classical macroscopic models Energy-transport models

e Operator equation becomes (with F, 7 = 1/(1+exp((E(k) — )/ T)))
Qel(g) = V(k) : VXFM,T + VXV : V/(F T — Qee(Fu,T)

wo ViV 1
= For(1— Fur)v(k)- (vx L2 Xf)

Step 3: Iimit a — 0 in the moment equations
o Set (g) = [z g(k)dk/4m>. Moment equations for j =0, 1:

at<EJfa> +a (B (v VeFuT + ViV - ViFL 1))

—(EI Qu(g))=0
+{E (v - Viga + ViV - Viga)) = (L Qu(f))

@ Limit o — O:

=diV,(Eivg)—VxV-(VEig)
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Step 3: balance equations

@ Moment equation for j = 0:
(assume mass conservation for inelastic scattering)

O¢ (F) +divx (vg) —=VxV - (VkE’g) = (Qu(F))
~—~ ~— —_———  ~—
=n =—Jy =0 =0
@ Moment equation for j = 1:
Or (EF) +divy (Evg) —VxV - (VkEg) = (E/ Qun(F))
e - T
=n = =—J =

e Particle current density Jo = —(vg)
@ Energy current density J; = —(Evg)
e Energy relaxation term W = (EQi,(F))

Balance equations

Orn—divdg =0, O¢(ne) —divhh +VV-Jo=W
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Step 3: current densities

Jo=—(vg), h=—(Evg)
where g is solution of

vV
Qulg) = Fur(l— Fur)v(k) - (VA -~ Ev )
@ Let dy be solution of Qei(do) = —F,,7(1 — F, 7)v(k). Then
g (VY
g =—dy (VT = —EV— )+F1, Fi1 € N(Qa)
@ Insert into expressions for current densities:
_ r_VV L
Jo = D°0<VT T ) DorV
_ VYN p ool
S = Dm(vT T ) PuV

@ Diffusion coefficients:

i dk
DU:<E’+JV®d0>:/ E’+JV®C/07
B
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Semi-classical macroscopic models Energy-transport models
Summary

Energy-transport equations

O¢n — div Jg = 0, 8t(ne)—divJ1—|—VV-Jo: W, XER‘?’7 t>0
vV
Jo = Doo(Vﬁ - 7)

1 uo vV 1
T )= Do1V—, J1 = Do (V* - 7) - DnV—=

T T T T

@ Electron and energy densities:

dk dk
T= [ Fur-— T)= [ E(K)Fu7—
n(lu” ) /B M,T47_‘_37 ne(luﬂ ) /B ( ) M,T47r3

@ Diffusion coefficients:
L k
D,'j = / E'y X dod73, dp solves Qel(d()) = _FM T(l — FM T)V
B 47T ’ ’

o Energy-relaxation term:

W T) = /B E(K) Qu(Fpr) 2%

po
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Semi-classical macroscopic models Energy-transport models
Literature

Energy-transport equations

Oen—divJy =0, Oi(ne)—divhh+VV-Jg=W, xeR3 t>0

o= o0(7 - T) vk s -0u(eh-T) -our

o First energy-transport model: Stratton 1962 (Rudan/Gnudi/Quade
1993)

@ Derivation from Boltzmann equation: Ben Abdallah/Degond 1996
@ Existence results:
o Heuristic temperature model: Allegretto/Xie 1994
e Uniformly positive definite diffusion matrix: Degond/Génieys/A.J. 1997
o Close-to-equilibrium solutions: Chen/Hsiao/Li 2005
@ Numerical approximations:
e Mixed finite volumes: Bosisio/Sacco/Saleri/Gatti 1998
e Mixed finite elements: Marrocco/Montarnal 1996, Degond/A.J./Pietra
2000, Holst/A.J./Pietra 2003-2004
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Relation to nonequilibrium thermodynamics

Energy-transport equations

Oin —divJy =0, Oi(ne)—divh+VV-Jg=W, xeR3 t>0

b= ou(v% - %) ovd = ou(v% - %) -ouv]

@ Balance equations = conservation laws of mass and energy (if no
forces)
@ Thermodynamic forces:

Xo = V(u/T) =~ VV/T, X =-V(1/T)
@ Thermodynamic fluxes:
Jo = DooXo + Do1 X1, J1 = D1oXo + D11Xq

@ Intensive variables n, ne
e Extensive (entropy) variables p/ T, —1/T
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Semi-classical macroscopic models Energy-transport models

Properties of diffusion matrix

i+j dk 3%3
and dp solves Qui(do) = —F, 7(1 — F, 7)v(k)
Proposition
@ D symmetric: Dy1 = D1g and DJ = DJ','
o If (do, E(k)dp) linearly independent then D positive definite
Proof:

@ Symmetry: follows from symmetry of Qq
@ Show that for z € R%, z # 0,
z- do
Edy

since z - (do, Edp) " = 0 would imply linear dependence of (do, Edp).

Ansgar Jingel (TU Wien)

2 dK dk

1
/ /
z Dz=— oalk, k')O(E' — E —_—
2/32 el(’ )( ) 47I'3F(1—F

>0
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Semi-classical macroscopic models Energy-transport models

Properties of relaxation-time term
Inelastic (electron-phonon) collision operator:
Qin(f) = / (s(K', k)F'(1 — ) — s(k, K')F(1— ")) dK'
s(k, k') = le(l + N)S(E' — E + Epn) + NO(E' — E — Epy))

where N: phonon occupation number, E;y: phonon energy

Proposition

W is monotone, W(u, T)(T —1) <0 forallp e R, T >0

Proof: After some manipulations,

W T)(T—l)z—/

(1-F)(1 - F)o(E - E'+ E,n)E,
BZ

the—(E—u)/T
/
dk’ dk <0

473 —

x (efon/T — eBon)(T — 1)
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Boundary conditions

Oen—divlyg =0, (ne)—divh+VV -Jo=W, x€Q t>0

Jo = Doo (vf - V—Tv) - D01V%, Ji = Dig (v7 - LTV) - Dnv%

@ Dirichlet conditions at contacts [ p:
n=np, T=Tp, V=Vp onlp
@ Neumann conditions at insulating boundary I y:
Jbv=h-v=VV-r=0 only
@ Improved boundary conditions for drift-diffusion (Yamnahakki 1995):
n+alp-v=np onlp

(second-order correction from Boltzmann equation)

Open problem: improved boundary conditions for energy-transport
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Semi-classical macroscopic models Energy-transport models

Explicit models: spherical symmetric energy band

Assumptions:

e F, 1 approximated by Maxwellian M = exp(—(E — 1)/ T)
o Scattering rate: oo (x, k, k') = s(x, E(k)) for E(k) = E(k’)
e Energy band spherically symm. monotone, |k|> = y(E(|k|)), k € R3

Proposition

() B ZZZ /Oooe‘a” 1e) (e) (1> de

et/ T oo 7(E)Eiﬂ
Dy = —— —e/T_TEE g ij=0,1
J 37r3/0 sy T

Proof: Use coarea formula for, for instance,

,,:/ o (EQk) -/ T K _ / / )dS. de
R3 43 47T3 {E(p)=
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Parabolic band approximation
Assumptions:

o Energy band: E(k) = 1|k|?, k € R®
o Scattering rate: s(x,¢) = s1(x)e”, 3 >0

Proposition

2
n=NT32eMT —N= W density of states, ne = gnT
T

_ _ 1/2-8 1 2-p)T
D= Cla)r@=A)nT ((2 —B)T (B-B8)2-B)T? )
Proof: Since y(¢) = 2¢,
n= ‘geﬂﬁ/ooo e /T \/ede = :feﬂ/TTWr(g) _ 2 T

(27)3/2
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Semi-classical macroscopic models Energy-transport models

Parabolic band approximation

Scattering rate: s(x,¢) = s1(x)e”, 3 >0

Diffusion matrix: typical choices for 8

VT 1 37
ﬁ = % : Chen model D = TC(S]')” %T 1752)7_2

A . . 121 2T
B = 0: Lyumkis model D = C(s1)nT <2_,_ 6T2)

Relaxation-time term:

~ 3n(T-1) B 1/2—
W= 5(T) = C(B,51) T

Chen model: 73 constant in T
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Semi-classical macroscopic models Energy-transport models

Nonparabolic band approximation

o Energy band: E(1+aE) = 3[k]%2, a >0

@ Scattering rate: s(x,¢) = s;(x)e?, >0

Proposition

n=N(T)T32eT — N(T) = ‘[ ~2\/z(1+ aTz)(1 + 2aTz)d

ne = 3 n 2 Jo~ \/Tofl'z)(l +2aTz)zdz
_2Q(T) noen= 3 fo \/m(l—l—ZaTz)dz

L oo i+j+1-3 1 T
P L 1jt1/2-8 z (14+aTz) _
Dj = pii(T)n, pj=poT'™ / /0 (1+2aTz)? ‘dz

— Numerical comparison parabolic/nonparabolic bands:
Degond/A.J./Pietra 2000
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Symmetrization and entropy

e Equations: 1
Oepj(u) —divdj +jVV - Jo = W(u), Jj= Z DjiVu;i + DjoV Vi
i=0

e Entropy variables up = p/ T, uy = —=1/T
@ p(u) is monotone and there exists x such that V,x = p
Symmetrization: dual entropy variables wo = (u — V)/T, wi = =1/ T

@ Symmetrized equations: 1

Otbj(w, V) —divl = Qi(w), [ = Z Li(w, V)Vw;
i=0
e New diffusion matrix (L;;) symmetric, positive definite:

(Ly) = Doo Doy — Doo V
Y Do1 — DoV D11 — 2Do1V + Doo V2

e Advantage: convective terms VV//T and VV - Jy eliminated
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Symmetrization and entropy

e Dual entropy variables wop = (u— V)/T, wy = —1/T well-known in
nonequilibrium thermodynamics

Entropy (free energy):

2
E(t) = /R3 (p(u) - u— x(u))dx + )\TD » IV V/|?dx

@ Entropy inequality:

dE
@&, c/ (IVwol? + [Vwa ?)dx < 0
dt R3

entropy production

@ Advantage: estimates for w, allows to study long-time behavior

@ existence of symmetrizating variables < existence of entropy
(hyperbolic systems: Kawashima/Shizuta 1988, parabolic systems:
Degond/Génieys/A.J. 1997)

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models www.jungel.at.vu 62 / 190



Semi-classical macroscopic models Energy-transport models

Drift-diffusion formulation
Drift-diffusion equations:

Oen—divJ, =0, J,=Vn— Tivv, T, =1
L

Theorem

Let F,, T be approximated by a Maxwellian. Then

D D
Jo = VDoo — %vv, J = VDo — %vv

Proof: Show that Vydy = (V(1/T) — EV(1/T))do + F1, F1 € N(Qq)3
@ Variables gg = Do, g1 = D1¢ “diagonalize” diffusion matrix
e Temperature T = T(go, g1) depends on new variables: invert

do solves Qqi(dp) = —VvF

g (Ev®do)’
e f invertible if D pos. def. since f'(T) = detD/T?DZ, > 0
Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models
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Semi-classical macroscopic models Energy-transport models

Drift-diffusion formulation

Assumptions: parabolic band and scattering rate with parameter :
Oen—divdg =0, 0:(3nT)—divh+Jo-VV =W(n,T)
Ji = ol (24 — B)(V(nTY2H=B) _ p7-1/2H-8gv)  j=0,1

Chen model: g = %

. n 3, . VT
Jo=p (Vn— 7vv), h= S (V(nT) = nV), =T
Lyumkis model: 3 =0

Mo

Jo = 1o (V(nTl/z) T1/2vv) i =2puo(V(nT??) — nT2V V)

Nonparabolic bands: E(1 + aE) = 1|k|?

n
Jo =V (po,a(T)n) — Mo,a(T)7VV, J1 = V(p1,a(T)n) —Ml,a(T)7VV

Open problem: existence of solutions in general case
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Semi-classical macroscopic models Energy-transport models

Numerical comparison in ballistic diode

Simulation of temperature:

n* region n channel n* region
Chen model Lyumkis model
2500 : 4000
3500
2000
x ¥ 3000
£ c
o ©
52500
§1500 2
@ 5]
£ £2000
8 2
émoo 1500
8 8
u 1000
500
500
0 0 s . s . .
(] 01 0.2 03 04 05 0. o 01 02 0.3 0.4 05 06
Position in um

Position in um
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Semi-classical macroscopic models Energy-transport models

Numerical approximation: stationary equations

—divdo=0, —divh+Jo-VV =W(n,T)

Jo = u*(w - %vv), Jy = g,u*(V(nT) ~ nVV)

Objective:

o Compute current densities J; as function of applied voltage

@ Precise and efficient numerical algorithm
Difficulties:

@ Positivity of n.and T?7 Lack of maximum principle

@ Convection dominance due to high electric fields

e Standard finite elements give n € H! = Jy € L? only
Solution:

o Construct positivity-preserving numerical scheme

@ “Symmetrization” by exponential fitting: removes convection

@ Mixed finite elements: higher regularity for J;
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Semi-classical macroscopic models Energy-transport models

Discretization of stationary equations

divitcu=f, J=Vu- %vv
considered on triangulation of domain Q = U;K;

1. Exponential fitting:

@ Introduce local Slotboom variable z = e*V/Tu, T = const. on each
element K;

@ Then J=¢vY/TVz

2. Finite-element space:
@ z, € H' = J, € L? low current accuracy

@ Raviart-Thomas mixed finite elements (P; elements): z, € L?
piecewise constant, J, € Hjoc(div) — no M-matrix if ¢ > 0

o Marini-Pietra mixed finite elements (P, with 3 DOF): z, € L2
piecewise constant, Jy € Hioc(div) — yields M-matrix even if ¢ > 0
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Discretization of stationary equations

—div 4 cu=f, J:Vu—%VV

3. Hybridization and condensation:
@ Mixed finite-element scheme yields indefinite algebraic system —
hybridization
e Variables J; € Hioe(div), up € L? und Ap, on surfaces

@ Static condensation: reduce system for (Jp, zp, Ap)

A BT —CT\ [Jy 0
-B D 0 zn | = | fn
C 0 0 Ah 0

— eliminate Jp, zy = MM, = gp, M is M-matrix
— guarantees nonnegativity of A, (particle densities)
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Simulation of field-effect transistors

MOSFET = Metal Oxide Semiconductor Field Effect Transistor
MESFET = Metal Field Effect Transistor

Source Gate Drain

Elektronen

-_—
70 Nanometer

@ Electron current from Source to Drain (— to +)
@ Current controlled by electric potential at Gate
Iteration scheme:
@ 2D: decoupling scheme (Gummel) and voltage continuation
@ 3D: Newton scheme and vector extrapolation
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Simulation of 2D MOSFET

(Holst/A.J./Pietra 2003)

Temperature

Electron density

@
1

xinnm 400

300

xinnm 000
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Simulation of 3D single-gate MESFET

(Gadau/A.J. 2007)

Off state

On state

Ansgar Jingel (TU Wien)

Macroscopic Semiconductor Models
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3D Gate-All-Around MESFET

Temperature

Geometry

um]

0.05 0.6

z-position
o

drain

o 7
2 4

0.2
0.1
x-position [um]
y-position [um]

500 1000 1500 2000 2500 3000 3500 4000 4500

Thermal energy
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width .
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17
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3D Gate-All-Around MESFET

Electron current density Curreent—voltage characteristics
x 10"

15

10

v 7 : ——
: , , / ‘ i Vg =-01V| |
ol 7% f/z ° Vg = —0.2V
.

o 0.1?\\>\\ / -V =—-0.3V

01 e

0.05 > \0
0

y-position [um]

drain current [A]

z-position [pm]

0.1

x-position [um]

00 0.5 1 15 2
drain voltage [V]
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Semi-classical macroscopic models Energy-transport models
Summary

Energy-transport equations (Chen)

oen—divdo=0, 0:(3nT)—divh+Jo-VV=W(nT)
* n 3 *
Jo=p (Vn . ?vv), =51 (V(nT) = nvV)

@ Energy-transport model for general energy bands formulated

@ Primal entropy variables 11/ T, —1/T related to n = NT3/2et/T —
relation to nonequilibrium thermodynamics

e Dual entropy variables (u — V)/T, —1/T allow to symmetrize the
system

@ Drift-diffusion variables go = Dqgg, g1 = Dio allow for efficient
numerical discretization

@ Mixed finite-element simulations of 2D and 3D transistors
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Semi-classical macroscopic models Energy-transport models

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
e Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
o Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems
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Semi-classical Boltzmann equation

A20uf + a(v(K) - Vuf + ViV - Vif) = Qo(f) + a? Qu(f)

e Weight functions: r;(k) = E(k), i=0,...,N
e Moments: mj(x, t) = (kif(x, k, t)) = fB Ki fdk/47r

@ Moment equations:
a’dym; +oz(divx<v1<;,-f> -V,V- <Vk/-€,~f>) = (ki Qo(f)) +oz2</£,~Q1(f)>

Strategy:
@ Define equilibrium state (generalized Maxwellians)
@ Assumptions on collision operators

@ Derivation of macroscopic equations by Chapman-Enskog expansion
and a — 0
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Generalized Maxwellians

o Entropy (free energy): S(f) = — [ f(log f — 1+ E(k))dk/4m>
@ Given f and moments m = (kf), solve constrained maximization
problem:

max{S5(g) : (k(k)g(x, k,t)) = m(x,t) for all x, t}

— formal solution: generalized Maxwellian M[f] = exp(k(k) - A(x, t))

@ Maximization problem may be delicate (Junk 1998,
Dreyer/Junk/Kunik 2001), uniquely solvable if either

@ Brillouin zone B bounded
e nonparabolic band approximation and x = (1, E, E?)
e parabolic band approximation and k = (1, E)

o Case of Fermi-Dirac statistics: equilibrium 7* =1/(1 + exp(—x - A))
Examples: parabolic band E(k) = 3|k|?

M[f] = exp(Ao + 2M1]k|?),  MI[f] = exp(Ao + 2\1|k|? + Iha|k|*)
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Semi-classical macroscopic models Higher-order diffusion models

Assumptions on collision operators:

Let f, be solution to Boltzmann equation and F = lim,_¢ f,
Conservation properties: (k;Qu(f)) =0 for all f, i

Kernel N(Qp) = generalized Maxwellians

Mass conservation property: (Qi(f)) =0

Derivative L = DQy(M|[F]) symmetric with respect to scalar product

(f,g)F = [ fgdk/(4m*M[F]) and kernel spanned by M[F]
Example: relaxation-time operator

L (MIf - )

Q(f) = p
Discussion:

e Mass conservation: (Qu(f)) =0

e Energy conservation: (E(k)Qu(f)) =0

@ Also higher-order conservation for Qg required

@ Last assumption needed for Fredholm alternative
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Semi-classical macroscopic models Higher-order diffusion models

a?0efy + a(v(Kk) - Vb + ViV - Vify) = Qo(fa) + o Qu(f)
Step 1: Limit & — 0 in Boltzmann equation = Qy(F) = 0, where
F =limy—ofo = F = M[F]
Step 2:
e Chapman-Enskog expansion f, = M[f,] + aga
@ Expand collision operator:
Qo(fa) = Qo(MI[fu]) + aDQo(M[fa])ga + O(c?)
@ Insert expansion in Boltzmann equation:
a0y + (v -VxM[fy] + ViV - VkM[fa])
+ O‘(V : ngcx +V, V- nga) = DQO(ga) + O‘Ql(fa)

o Formal limit o — 0 gives

L(G) = v - VxM[F]+ ViV - ViM[F], G = lim g,
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Semi-classical macroscopic models Higher-order diffusion models

L(G) = v -V M[F] 4+ ViV - VM[F]
= v (VA A)EM[f] + ViV - VisAM[f] =: H, since M[F] = e**
@ Operator equation LG = H solvable iff
He N(L Y F2™ peyt
<= (H,f)r=0forall f € N(L) = span{M[F]}

— 0:(H,I\/I[F])F:/BHdk/47r3

and since v M[F] and VxM[F] odd in k, [5 Hdk =0

@ Solution is given by
N

G==> (¢ Vidj+iViV - ¢i1)\))
i=0
where ¢; solves Lo; = —vk;M[F]
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Semi-classical macroscopic models Higher-order diffusion models

@ Use that (veM[F]) = 0 and (VxxM[F]) = i{vk;_1M[F]) =0
e Insert f, = M[f,] + ag, in moment equations:

O (kify) + ofl(divx (VEifa) =iV V- (vki_1fa) )
—— —_——
=a(VKiga) =a(vki-18a)

= a7 (ki Qo(fa)) +{ri Qu(fa))
—_——’

@ Limit « — 0: =0

at<li,'M[F]> + diVX<VI<L,'G> —V,V- <Vf£,',16> = <I<L,Ql(M[F])>

e Computation of the fluxes:
N

Ji=—(vkiG) = <Z vEi (9 - Vij + jViV - ¢_,>1)\j)>
Jj=0
( (V & ¢j/-€,'> VX)\J' +J <V & gf)j_lli,'> Vx V)\J')

~—— ——
=Dj =Djj-1

I
.MZ

I
o
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Higher-order diffusive moment model

Theorem

Oemi —divJi+ idi_1 - VV =W, XAAV = my — C(x)

Ji=> (DyVA+jDij1VVY), i=0,...,N
j=0

@ Moments and right-hand side:

; dk
Ii)\ i I{)\

;= E(k W=

m /B ()43 /Ql 471'3

o Diffusion coefficients:
Idk i KA
Dj= | v(k)®¢;E(k)'—, ¢;solves Lp; =—VvE'e
B 47T
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Properties of diffusion matrix

; dk

3 ¢; solves Lo = —vE'e"?
0

D; :/Bv(k)®<;5jE(k)
Proposition
@ Symmetry: D,-;-r = s

o If —L coercive on N(L)* and (v;E’) linearly independent then (D;;)
positive definite

Proof: similar as for energy-transport model
@ Parabolic or nonparabolic bands = (v;E/) linearly independent

o Qo relaxation-time operator and (E/) linearly independent = —L
coercive

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models www.jungel.at.vu 83 / 190



Examples

Drift-diffusion equations (N = 0):
e Equations:
8tm0 — div Jo = 0, J() = DooV()\o — V), Doo = <V ® ¢0>

@ Since my = (e’ E) = Vg = Vmg/m,

1
Jo = po(Vmo — moVV), po=-— [ vedo,
my Jp 47

Energy-transport equations (N = 1):

Ormg —divly =0, 0Oim —divi+ Jp-VV =W,
J; = D,‘O(V)\O +\V V) + D1V
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Examples

Fourth-order moment model (N = 2):

@ Balance equations:

Oimg —divJyg =0, Oim —divh+ S -VV =W
Ormy —divlh +24-VV =W,

@ Current densities:
Ji = D,'o(V)\o + V\/)\l) + D;l(VAl + 2V V>\2) + DijsV >

@ Assume parabolic band and (g = relaxation-time operator:

. \/§e>\o €i+1/2 e)\lz’;‘-‘r}\za‘z de

m;: =
1 7T2 B
\/§T it 2
DU — 5 e)\O €’+J+3/2e)\1£+>\25 d€
37T B
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Drift-diffusion formulation

Proposition

@ Current densities:

N
Ji= Vdi +F(d)dVV, F(d) =
(d) (d) Z}
diffusion drift ’
where d; = (E'v @ ¢p), Lpg = —ver?
@ The mapping d = d(\) is invertible since d'(\) = det(Dj;) > 0

JDij-1
Dio A

Fourth-order model:
@ Current densities:

2i +3

Ji = %T(Vm,’+1 . 7m,-VV>, i=0,1,2

@ System for unknown mg, my, my, where m3 = _Ti\g(%ml + A1mp)
@ Relation m = m(\) can be inverted since m’(\) positive definite
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Model of Grasser et al. 2001
Ormg —divy =0

Ormy —divly + Jp-VV =W
Ormy —divlh +2J1 - VV = W,

2 2i+3
J;i = gT(Vm,-H — im,VV), i=0,1,2
m; = Qe)\o > e)qs-‘r)\zede
T2

0
Equations as above with mg = n, m; = %nT, my = %”Tzﬁn (new
variables n, T, (3,)

e Kurtosis 3, = 3mgmy/5m?: Cauchy-Schwarz inequality = 3, > %

@ Function m3 heuristically given by m3 = 1:%5nT2ﬁ,f, ¢ computed from
Monte-Carlo simulations

@ Grasser's model contained in model hierarchy if A\, = —(1—3,)/7T35

Integral m; exists only if \o <0 =3, <1= 2 <p,<1
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Semi-classical macroscopic models Higher-order diffusion models

Symmetrization and entropy

@ Definitions:
Dual entropy variables v; : A= Pv
Transformed moments p;: p=P'm
Thermodynamic fluxes F;: F=P"J
@ Transformation matrix:
1 ifi<y

ivj (J j—i
PU:(_1)+J<i>aUVJ ’ aij:{o ifi>]

Theorem

N
Orpi — div Fi = (PTW + V710, VRm); Fi =) C;Vy;
j=0

where Rjj = (i — j)Pjj, and C = PTDP symmetric positive definite
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Symmetrization and entropy

o Thermal equilibrium: A = (V,—1,0,...)
@ Relative macroscopic entropy:

S(t):—/R3( = R) - mo(A) + mo(R))dx < 0

@ Example: energy-transport model:

S(t) = —/R3 (nlog T3/ nV)dx

Theorem

If relaxation terms are dissipating, fR3 W-(\— /_\)dx < 0 then

dS N
— T > GV - Vijdx <0

i,j=0

— entropy nondecreasing in time and gradient estimates for v;
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Semi-classical macroscopic models Higher-order diffusion models
Summary

Higher-order diffusive moment model

Oemi —divJy + i1 - VV =W, XAAV = mg — C(x)

Ji=>Y (DjVA+jDij-1VV), i=0,...,N
j=0

Diffusion matrix symmetric and positive definite
Model formulated for general band structure

°
°
@ Dual entropy variables allow symmetrization of equations
@ Drift-diffusion formulation possible

°

Generalization of Grasser's model
Open problems:
e Formulation for Fermi-Dirac statistics (work in progress with Krause)

@ Numerical solution and comparison with energy-transport model
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Semi-classical macroscopic models Higher-order diffusion models

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
o Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
o Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems
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Assumptions

Boltzmann equation in hydrodynamic scaling:

adef + a(v(k) - Vif + ViV - Vif) = Qo(f) + aQi(f)

Assumptions:
e Parabolic band approximation: E(k) = %|k|2, k € R3
e Weight functions: (k) = (1, k, %]k|2)
e Conservation property: (k;Qy(f)) =0, i=0,1,2
o Kernel of Q spanned by Maxwellians
f=M[f] = M =exp(Ao + k- A1 + 3|k|*\2)
@ Mass conservation: (Qi(f)) =0

Maxwellians: electron density n, temperature T, mean velocity u

1 27\ 3/2
n= (M), = B AL = l = M(k) = ,(i) ne—lu—k|2/2T

T T
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Semi-classical macroscopic models Hydrodynamic models
Derivation

a0y + (k- Vifo + ViV - Vify) = Qo(fa) + aQui(fa)
Moment equations:
O (kifa) + divy(krify) — ViV - (Vikify) = a ! {k;Qo(F)) +(k; Qu(F))
=0

Step 1: limit « — 0 in Boltzmann equation

Qo(f) =0, where f=1limf, = f=M forsomen,u T

a—0

Step 2: limit & — 0 in moment equations
8t<:‘£,'/\/l> + diVX<kI£,'M> - V,V- <Vk:‘£,'/\/l> = </€;Q1(M)>

— compute moments of M
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Semi-classical macroscopic models Hydrodynamic models

Derivation

Lemma

(kM) = nu, (k®@kM) = n(u®u)+nT Id, (%k|k|2M> = %nu(|u|2+5T).J

Hydrodynamic equations:
on—div), =0, MHAV =n— C(x)
. Jn ® Jn
Bedn — div <T> —V(nT) + nVV = —(kQu(M))
de(ne) — div (Jn(e + T)) + Jp - VV = (31k[*Qu(M))
where energy density ne = Snful®>+ 3nT

Relaxation-time model for Q;: constant scattering rate 0 = 1/7

(QuM) = 22, GIkEQu(M)) = ~2 (ne — 2n)
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Remarks

Hydrodynamic model

Orn—divd, =0, MHAV =n— C(x)
ﬁgﬁ)—vwn+mvvz—ﬁ
n

T

@%—dw(

. 1 3
Or(ne) —div (Jp(e+ T)) + Jp- VV = —;(ne - En)

e First derivations: Blgtekjeer 1970, Baccarani/Wordeman 1985
@ Heat flux: Blgtekjaer defines ¢ = —x*V T, Anile/Romano 2000 define

5 5 1 1
q=—-TVT+ fnTu<— — —)Te,
2 2 Tp e
where 7,: momentum relaxation time, 7.: energy relaxation time
e No external forces, homogeneous case: J,(T) — 0, (ne)(t) — %e —0
ast — o0
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Remarks

Euler equations of gas dynamics: no electric field, no scattering

Oen — divJy =0, Oydy — div (%) —V(nT) =0
d¢(ne) —div (Jy(e+ T)) =0

@ Rigorous derivation from Boltzmann equation: Caflisch 1980,
Lachowicz 1987, Nishida 1987, Ukai/Asano 1983

@ Hyperbolic conservation laws: shock waves possible

@ Numerical discretization (also for semiconductor model): Anile,
Jerome, Osher, Russo etc. (since 1990s)
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Extended hydrodynamic model

@ Reference: Anile/Romano 2000
e Weight functions: k = (1, v(k), E(k), v(k)E(k)), moments:
m; = <I€,'M>

o Maxwellian: M = exp(Ao + A1 v+ AE + A3 - vE)

@ Moment equations:
orm; —divJ;i+VV -1, =0
J,' = —<V/{,'M>, /,' = —<Vk/€,'/\/l>

@ Mapping A — m cannot be explicitly inverted: approximate

e Assumptions: E(k) isotropic, anisotropy of M small =

Mo = A0 16208 A =B, = AD 46209)) a5 =

— if § = 0 then equilibrium values
o Approximate Maxwellian up to O(63):

2
M = exp (A + ADE) (1 + OV AL+ 624y + %|v . Aly2)
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Extended hydrodynamic model

@ Approximated Maxwellian:
2
M = exp (A + ALVE) (14 bv - Ay + 624, + 5—|v A1)

where Ay = A + AVE(k) and Ay = AP + AP E(k)
@ Insert in moment definition and identify equaI powers of J:

AV
ma _ (e 5 ) = /\go) (numerically)
Mo <e)‘§)>

) g dk )
mo = e e E——_ = for given mg, compute )\(()0)
B 47T3

© 0 dk
my = e / e’ Ev(v-Al)—3 and
B

m3:e)\(()0)/ MEVE(y Al)ﬂ S WD)
B
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Extended hydrodynamic model

o Recall that A; = A + AV E(k) and Ay = AP + AP E(k)

@ Insert in moment definition and identify equal powers of §:

@ For given m;, compute

1 2
)\g = aiim + ajams, )\(() = bo1my - my + 2bgamy - m3 + bozms - ms,

Aé” = a3z1my + azams, A§2) = boymy - my + 2bxomy - m3 + bozmz - ms,
where ajj;, bjj depend on ()\go),)\go)) or, equivalently, on (mg, my)
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Semi-classical macroscopic models Hydrodynamic models

Summary

Extended hydrodynamic model
Oym; —divJ;+VV-[=0, i=0,1,2,3

J,' = —<V,‘£,'M>, /,' = —(Vk/i,'M>

2
M =exp (A + APVE) (1+ 6v - Ay + 624, + %|v A1)

where A; = A1 4 AVE(K) and A, = AP + AP E(k)

@ Relation between m; and )\gj) is invertible (numerically)
@ M, J;, and [; can be formulated as function of moments m;
@ Gives system of hyperbolic equations
www.jungel.at.vu
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Relations between the macroscopic models

Rescaled hydrodynamic equations:

On—divd, =0, «did, — adiv (J"L;J">

—V(nT)+nVV =—-J,

3
De(ne) — div (Ju(e + T)) + VV - Jp — div (sV T) = —% (e - 5)
_ o3 _
—/32n2 +2T, Kk =ronT
where a = 7, /7, f = T /T (7: reference time)
@ o — 0 and 8 — 0: drift-diffusion equations

3
Vin—div), =0, Jy=V(nT)=nVV, e=> = T=1

@ o — 0: energy-transport equations

3
h(3nT) = div (3UnT + KV T) + Jp-VV = =2 %(T ~1)
@ 3 — 0 in energy-transport model: drift-diffusion equations
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Relations between the macroscopic models

Hydrodynamic models and relaxation-time limits

Semi-classical Boltzmann equation

K= (1,v(k).E(k),v(K)E(K))

K = (1,k,E(k))

Extended
hydrodynamic model

Hydrodynamic model

a—0

Drift-diffusion model

No‘ B—0

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models
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Energy-transport model
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Semi-classical macroscopic models Hydrodynamic models

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
o Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
e Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models www.jungel.at.vu 103 / 190



Wigner equation

@ Quantum ensemble described by Wigner function w(x, p, t), p = hk
e Wigner equation (parabolic band):

8t+%-vxw+q9[V]W: 0, x,pelR3
@ Potential operator:

VIwx.p.t) = s | 6V ey thw ' )6 0l dy

V(x,y,t)= é(V(x—i— %, t) — V(X— %, t))

0[V] is pseudo-differential operator, acts on Fourier space as
multiplication operator
@ Symbol of the operator §V satisfies

SV(x,hy,t) — iV, V(x,t)-y as “h— 0"
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Wigner equation

@ Electron and current density:

_ 2 _ 2
n(x,t) = (@rh) /R3 w(x, p, t)dp, J(x,t) = @rh)m /11&3 w(x, p, t)pdp

@ Nonnegativity: If initial datum nonnegative then generally not
w(x, p,t) >0 but n(x,t) >0
@ Scaling:
reference length A
reference momentum m\ /7
@ Assume that

reference time 7
reference voltage kg T, /q

h/T h/T
= _— = ]_
kg T, & m(\/7)? & <
@ Scaled Wigner equation:

otw+p-Vyw +0[V]lw =0

OVIntx.p,t) = s [ Vixy, wle, o' e Pl dy
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Wigner equation

Oy +p-Viw +0[V]w =0

Semi-classical limit: Since O[V]w — V.V - V,w,
ow+p-Viw+V,V-Vow=0 = Vlasov equation

Scattering models:
o Wigner-Fokker-Planck collision operator:

Q(w) = DppApw + 27divy(pw) + DggAxw + 2Dpqdivy(Vpw)

Lindblad condition D,,Dqq — ng > ~2 /4 for positivity preservation
e Wigner BGK operator (BGK = Bhatagnar-Gross-Krook):

1/n
Q(w) = f<—wo — W), wo : quantum equilibrium
T \Ng
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Wigner models and quantum Maxwellian
Liouville-von Heisenberg equation
@ Quantum system described by (positive, self-adjoint) density matrix
operator p satisfying
ihoep=[H,pl=Hp—pH, t>0
where H = Hamiltonian, for instance, H = —(h?/2m)A — qV

@ Integral representation by density matrix function p(x, y, t):

(0 t) = [ oty )ity )y

e Electron density: n(x,t) = p(x, x, t)
@ Relation to single-particle Schrodinger equation:

h2
Oy = —%Aw —qV(x,t), x€R3 t>0

density matrix p(x, y, t) = ¢(x, t)¥(y, t) solves Liouville-von
Neumann equation
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Wigner transform

Quantum state representations

Wigner «—— Liouville-von Neumann «<— Schrodinger

o Wigner transform of p:

5 — € _ ¢ —in-p
W(p)(x. p) /R3p<><+2mx 277)e dn

@ Weyl quantization:

WH(F)g(x) = (2735)3 /R f (X ; d ) 3(y)e? )/ dp dy

@ Quantum exponential/logarithm (Degond/Ringhofer 2001):
Exp(f) = W(exp WI(f)), Log(f) = W(log W~(f))

@ Properties: %Log w=1/w, %Exp w = Expw
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Quantum Maxwellian

@ Relative quantum entropy:

2
S(W):—W/RGW<LOgW—1+2— )dxdp

e Weight functions x(p) = (ko(p), - ., kn(p)) given with ko(p) = 1,
r2(p) = 3lpl®
e Moments of w(x, p, t):

my(x.£) = (w(x. . )5 (P)) = gymgs || wlx.p. ()

@ Constrained maximization problem: given w, solve
max{S(f) : (F(x, p, t)(p)) = (w(x, p, t)(p)) for all x, t}
Formal solution:
M[w]| = Exp(A - k), X = Lagrange multiplier
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Quantum Maxwellian

@ Define, for given w, electron density n, mean velocity u, energy

density ne,
n 5 1
hu (Xa t) ~ 79-\3 W(X7p7 t) p dp
2me)3 /
ne (2me)3 Jrs %’PP

@ One moment (n) prescribed:

My[w](x.p. 1) = Exp(A(x. 1) — 21,

e Two moments (n, ne) prescribed:

|pI®
Mo[w] = E (A ) — )
2[W] Xp (X ) 2T(X7 t)
@ Three moments (n, nu, ne) prescribed:
_ ‘P - V(Xa t)|2>

Ma[w] = Exp (A(x7 t) 3T(x 1)
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Quantum Maxwellian

Expansion of quantum Maxwellian in powers of £

M [w] = Exp(A(x, t) — |p2]2) = exp (A(x, t) — wj)
2

< [1+ 8(AA+7|VA|2 P (Ve V)Ap)| + 0(=*)

Maw] = Exp(A — éo_f) = exp (A — Z)_’;)

1
- - 2 = T
[1 + 8T(AA+ IVA| (V@ V)Ap
\p\2

PLAG+T(p VB2 + 2opT(V e V)ip

2
§(p vo)e-vA) - 2o va - Plva v

B vsp)] < o). p=1T

Ipl2
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Quantum Maxwellian

e Maximization of quantum entropy without constraints (T = const.)
Mo = Exp(V — 3|pI?)
e Expansion in powers of £2:
Mo = eV IPI/2 [1 +3 <AV+ SIVVR - pr(V®V)Vp>} +0(%)

— first derived by Wigner 1932

@ Compare to Maxwellian of constrained problem:

M[w] = A~ 1P/ [1+ . (AA+7\VA|2—7 (V®V)Ap)} +0(h)
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Quantum macroscopic models Wigner models and quantum Maxwellian

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
o Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
o Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems
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Derivation

@ Diffusion-scaled Wigner-Boltzmann equation:

2’ Orwy + a(p- Viwa + 0[VIwa) = Q(wa)
e BGK-type collision operator: Q(w) = M[w] — w,
M[w] = Exp(A — 3|p|?) (one moment prescribed)
@ Properties of collision operator:
(Q(w)) =0, Q(w)=0 < w= M|w]

@ Properties of potential operator:

(O[VIw) =0, (pf[V]w) = —(w)V,V
@ Derivation performed in three steps

Step 1: limit & — 0 in Wigner-BGK equation = Q(w) = 0, where
w = limg_o Wo = w = M[w] = Exp(A — |p|?)
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Derivation

a0y + a(p - VWy + Q[V]Wa) = M[wy] — wa
Step 2: Chapman-Enskog expansion
o Insert w, = M[w,] + ag, into collision operator:

a0 Wo + (P - Viwy + O[V]Wa) = ail(M[Wa] - Wa) = —8a
@ Limit « — 0:

g = lim g, = —(p- VM[w] + 6[VIM[w])

Step 3: limit @ — 0 in moment equation
@ Moment equation:

Oe(Wa) + o Hdivk (PM[wa]) +divy(pga)
—_——

=0
+a L OVIMW,]) + (0] V]ga) = (Q(wa))
T \H:/—JO %f—’zo
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Quantum drift-diffusion models
Derivation
e Moment equation: 9¢(w,) + divyx(pgs) =0
e Limit o« — O:
9 (M[w]) + divi(pg) = 0
o Computation of current density J:

Jn = —(pg) = (p(p - VxM[w] + 0[VIM[w]))
= divy(p @ pM[w]) — (M[w])V,V

Theorem (Nonlocal quantum drift-diffusion model)
on—divJ, =0, J,=divP—nVV, M)AV =n— C(x)
where the electron density and quantum stress tensor are defined by

2 lpl? 2 |pl?
— E SR PV P = Exp(A——)d
" (2me)3 /R3 Xp( 2 ) & (2me)3 /Ra PP Xp( 2 ) -

v
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Expansion in powers of &2

@ Nonlocal relations:

2 |p|? 2 |pI?
= | exp(A-Pdp, P = Exp(A-"P") g
"7 ore)? /R3 Xp( 2 ) P 7= (2ne)3 /R3 PP Xp( 2 ) P

@ Expansion of quantum exponential:

Exp(A— 20 = exp (A(x, 1) — 20
2

« [1 n %(AA + %|VA|2 . %pT(v ® V)Ap)} +0(4

o Electron density:

= g (1 (84 394 o6
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Expansion in powers of &2

@ Electron density:

n= (27152)3’/26A<1 + i;(AA + %]VAF)) + 0(ch)

@ Quantum stress tensor:
24 g2 12
Pit = Gmey® (1 + E(AA +5IVA ))514
52 eA 62/4
6(27e)3/2 " Oxj0x;
g2 9%A
- o(*
12" om0
. g2 1 5 4
divP = Vn— Env(AAJr SIVA ) +0(c%)

+ 0(ch)

= ndjs —

@ Express A in terms of n
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Queniain difi-GiEan mode
Expansion in powers of &2
@ Express A in terms of n: Since n = 2(2me)~3/2e” + O(¢?) and
VA =Vn/n+ O(c?),

AV

AA + —\VA|2 =2=v_ 7

+0(£?)
@ Recall formula:
. g2 1 5 4
divP = Vn— Env(AA+ SIVA )+ 0"

@ Current density:

Ay/n
NG

Jy=divP—nVV =Vn—nVV — —v(

- ) + 0(M

Theorem (Local quantum drift-diffusion equations)

. €2 Av/n
8, — div J, = 0, J,,—Vn—nVV—EnV(\/ﬁ>
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Local quantum drift-diffusion equations

2 A
Sen—divdy =0, Jy=Vn—nVV — inv( \/5), xeQ
6 vn
Mathematically fourth-order parabolic equation
Expression Ay/n/\/n: quantum Bohm potential

Ancona 1987: strong inversion layers near oxide of MOS transistor

Notation in engineering literature: density-gradient model

Boundary conditions: 02 =Tp Uy

n=np, V=Vp onlp, J,-v=VV.-vr=0 only

Ay/n
V(\/ﬁ>-u—0 on Iy, Avn=0 onlp

no quantum current

no quantum effects on I'p
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Local quantum drift-diffusion equations

2
A
den — div J, = 0, J,,:Vn—nVV—%nV< \/\?) xeQ

n=np, V=Vp onlp, J, - v=VV.-vr=0 only

@ Alternative boundary condition for quantum quasi-Fermi potential

F =logn—V —(£2/6)Av/n/+/n:
VF-v=0 onI'N, F:FD onFD

Mathematical results:
e 1D, V = 0: local existence of solutions (Bleher et al. 1994)
e 1D, V = 0: global existence of solutions (A.J./Pinnau 2000)
e 1D, V # 0: global existence of solutions (A.J./Violet 2007)

e 3D, V = 0: global existence of solutions (A.J./Matthes 2008,
Gianazza/Savaré/Toscani 2008)
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Queniain difi-GiEan mode
Resonant tunneling diode

Geometry: Numerical method:
o AlGaAs layer width: 5nm @ semi-discretization in time
@ device length: 75nm e finite differences in space
e doping: nTnnt structure (one-dimensional)
@ barrier height: 0.4eV o Newton iterations

metal

AlGaAs
GaAs |, [ GaAs ;[ GaAs

tunnel barriers substrate

s——t
10...100 nm
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Time-dependent simulations of tunneling diode

Electron density n(t)

Current density J(t)

10 T T T T T

Electrondensity

X[100nm]

Current Density 3 [Am™?]

Time s
1is]

— stabilization after ~ 107! sec. (100 GHz)
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Quantum macroscopic models Quantum drift-diffusion models

Current-voltage characteristics of tunneling diode

r m = 0.126 1
r T=77K 1

2.5t m = 0.067 1
T=77K

M)

b

Current Density J [Am‘z]
o B
a a

Current Density J [Am ™)

O RPN W N OO N OO

o

o
o
b

0.3 0.4

o
°
o

0.3 0.4

0.2 0.2
Voltage U [V] Voltage U [V]

x

N

<.
5
©

x 10

N
0
»
)

m = 0.067 4 m=0.126
T =300K *5l T =300K

N

[
3]

2.5

N

15

Current Density J [Am™)]

o
[
Current Density J [Am ™

0.5

o
o

0.3 0.4

0.2 0.3 0.2
Voltage U [V] Voltage U [V]
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Queniain difi-GiEan mode
Coupled QDD-Schrodinger-Poisson model

(El Ayyadi/A.J. 2005)

| QDD |Schrt')dinger-Poisson| QDD |
! n* region | n channel | n* region |
14X107 -
12} SP
Numerical comparison: -9 QDD-SP
@ Schrodinger-Poisson (SP) %  DD-SP
o QDD-Schrodinger-Poisson ;‘é i
Sl

@ Drift-Diffusion-Schrodinger-
Poisson (Degond/El Ayyadi
2002)

N
T

0 005 01 015 02 025 03 035 04
Voltage [V]
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Quantum entropy

2
A
On—divy =0, Jy=Vn—nVV— %nV( \/‘?)

@ Quantum kinetic entropy (or free energy):

_ 2 lpl?
o Quantum fluid entropy: insert wo = Exp(A — |p|?/2)
2
=—— A—1—V)dxdp=— A—1-V)d
S(u0) = ~ 3y [, ol Jaxdp =~ [ nf ).
e Entropy inequality (Degond/Ringhofer 2003):
dS

dt
@ Expansion of quantum entropy: logn =~ A + %(AA + %\VA|2)

2
So = —/ (n(logn —1)+ €—|V\/ﬁ|2 — nV) dx + O(e*)
- 6

—(wp) > / n0:Vdx, n solves nonlocal model
R3
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Quantum entropy

2
So = —/ (n(logn -1)+ 6—|Vﬁ]2 — nV) dx
R3 6
Proposition (Entropy inequality)
Let n solve local quantum drift-diffusion model. Then

dSo e Aynyi2
dt—/Ran’V(logn— —6ﬁ>’dx—/m3n3tVdX

Proof:
@ Quantum drift-diffusion equation:

Oen = div (nV(|Ogn_ B 562 A\/\?»

o Differentiate Sy:

2
@ _ _/ (Iog nd;n — ivﬁ. 0:V/n— VOrn — n@tV> dx
dt R3 3
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Quantum entropy

2A
Oyn = div (nV(Iogn _v-S j))
6 /n
Proposition (Entropy inequality)
Let n solve local quantum drift-diffusion model. Then

2
@ [l (s v - E0)

2
dx = / nds Vidx
RB

o Differentiate Sp:

2
LSO = _/ (Iog nosn — E—v\/ﬁ 0:Vv/n— VOin — natV) dx
dt R3 3

= —/R3 (atn<|ogn—€62A\g— V) —n@tV>dx

:/RSn‘V(Iogn— —iAﬁﬁ)de/RanatVdX
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Quantum entropy

50:—/R (n(logn—1)+ |V\f]2—nv>dx

@ Let (n, V) solve quantum drift-diffusion model with Poisson equation
MAV = n— C(x)

@ Quantum entropy:
g2 1
S = _/ (n(logn— 1)+ STVl — (n- OV ) dx
R3 6 2
g2 A2
= —/ (n(logn 1)+ —|VVn? + —D|VV|2) dx
R3 6 2

@ Entropy inequality:

dSl_/ n
dt R3
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Summary

Local quantum drift-difusion model (QDD)

. e2_/AVn
Ben — div Jp = 0, J,,:Vn—nVV—EV<\/E>, ALAV = n— C(x)

Derivation from Wigner-BGK equation by moment method and
O(&*)-expansion

@ Simulation of resonant tunneling diode: negative differential
resistance for small temperature or large effective mass

Coupled QDD-Schrodinger models give qualitatively good results

Mathematical theory well developed

Quantum entropy provides estimates
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Quantum macroscopic models Quantum drift-diffusion models

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
o Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
o Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models www.jungel.at.vu

131 / 190



Wigner-BGK equation

o Wigner-BGK equation in diffusion scaling:
0P0Wa + a(p- Viwy + 0[VIwa) = Q(wa), x,p€R? t>0
o Collision operator:
Qw) = Qo(w) +a*Q1(w),  Qo(w) = M[w] — w

@ Quantum Maxwellian: M[w] = Exp(k - \) for given weight functions
k= (Ko,...,kn)
@ Quantum Maxwellian for two prescribed moments:

Mw] = Exp(A - ‘pr)

o Moment equations: set (g(p)) = 2(2me) 3 [zs g(p)dp

Ot (kwy) + ot (diva(rpwa) + (k[ V]wa)) = (kQ1(wa))
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[OTETIAIT W BTl (Il I S Quantum energy-transport models

Derivation

a?0ewy + a(p - Viwy + Q[V]Wa) =Q(wn), x,p€ R3 t>0

Step 1: limit & — 0 in Wigner-BGK equation = Qy(w) =0,
w = lima—owo = w = M[w] = Exp(A — |p|?/2T)

Step 2: Chapman-Enskog expansion w, = M[w,] + ag,

@ Insert into Wigner-BGK equation:

8o = —ofl(M[Wa] —Wy) = —0tWy — p- VWo — O[V]wy + aQ1(wy)

o Limita — 0: g =limy—oga = —p - ViM[w]| — 0[V]M][w]

Step 3: limit & — 0 in moment equations:
o Insert w, = M[w,] + ag,

Or(kwy) + a tdivy (kpM[wy]) +a~
—_—

=0

+ divy (kga) + (KO[V]ga) =

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models
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Derivation

@ Moment equations:

O (kW) + divi(kga) + (kO[V]ga) = (kQ1(Wa))

e Limit a — O:
Or(kM[w]) + divi(prg) + (0]V]g) = (rQ1(M[w]))
where g = —p - V,M[w] — 0[VIM[w]
Lemma
(O[VIw) =0, (pf[V]w) = —=(w)VV
(3lpI*01VIw) = —(pw) - VV,
(3plPIPOIVIW) = —((p ® pw) + (31pPw) 1) VV + (W) VAV
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Derivation

Lemma
(O[VIw) =0, (po[VIw) = —(w)VV, (3|pPO[VIw) = —(pw) -V V,
(plpl2O[VIw) = —({p @ pw) + (3[p[2w) Id) VV + S (w) VAV

e Moment equation with ko(p) = 1 (if Q1 conserves mass):
O¢ (M[w]) +divx (pg) + (0[V]g) = (Qu(M[w]))

= On—div),=0

@ Moment equation with x2(p) = 1[p|?:

O¢ (31pI*M[w]) +divx (3p|*pg) + (31pI*0[V]g) = (3|pI* Q(M[w]))
| S ——
=ne =—Je =—(pg) V<V =w
= Oi(ne) —divde+ J,-VV =W
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Derivation

Lemma
(O[VIw) =0, (po]V]w) = —(w)VV, (3[pPO[VIw) = —(pw) - VV,
(3pIpIPOIVIW) = —((p ® pw) + (3IPPW) I) VV + T (w) VAV

Current densities:
Jn = (plp - VeM[w] + O[VIMIW])) = divs (p © pM[w]) + (pO[VIM[w])
=divP — nVV =P =—(M[w])V,V
Je = (31pPP(p - VxM[w] + 6[VIM[w]))
= divx (3p @ p|p|>M[w]) +(3p|p|*[VIM[w])

=U
= divU — ({(p @ pM[w]) + (X|pPM[W])IA)VV + & (M[w])VAV

— divU — (P + neld)VV + £nVAV
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[OTETIAIT W BTl (Il I S Quantum energy-transport models

Quantum energy-transport model

Theorem (Nonlocal quantum energy-transport equations)

Assume that Q1 conserves mass. Then

orn—divd, =0, 0¢(ne)—divde+ J,-VV =W

J,=divP —nVV, Je:diVU—(P—FneId)VV—i-E;nVAV
where

o= (ma(a=2E)). o= (Lipr(a- 22))

= (pomn(a- ). U= (Lpospisa(a— D))

w= (L (eola- )

Ansgar Jingel (TU Wien)
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Quantum macroscopic models Quantum energy-transport models

Nonlocal quantum energy-transport model

orn—divd, =0, 0¢(ne)—divde+J,-VV =W
2

Jp=divP —nVV, Je=divU—(P+ neld)VV + %nVAV

@ Evolution system for n and ne, nonlocally dependent on A and T
o Classical interpretation: A = chemical potential, T = temperature

@ Quantum entropy:

S= 27r5 / M[w](Log M[w] — 1)dp dx
_ 2 PPy (a 1P
T (2ne)? /Rs Exp <A 2T) (A 2T 1>dp dx

:—/RS<An+’Zﬁ—n>dx

e Entropy inequality: dS/dt >0
(Proof uses Liouville-von Neumann formalism)
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Quantum macroscopic models Quantum energy-transport models

Local quantum energy-transport model
Otn —divd, =0, O¢(ne) —divde + Jp - VV =W
2
Jp=divP —nVV, Jo=divU—(P+ neld)VV + %nVAV

O(*)-expansion:

2
P=nTId - %n(v ® V)logn+ O(c")
ne = §nT - énA log n + O(*)
2" T "k
5 2
U= 5nT2 Id — ;—4nT(A lognld +7(V @ V) log n) + 0(s%)

Open problems:
@ Fourth-order differential equations
@ Mathematical structure still unknown
@ Entropic structure? Entropy inequality?
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Summary

Local quantum energy transport equations

Oen —divJ, =0, Oe(ne)—divle+ Jp-VV =W
2

Jp=divP —nVV, Je:divU—(P+neId)VV+%nVAV
P—nTId—in(VQ@V)Io n ne—énT—inAlo n
- 12 B MEZ NI T 1708
2

U= gnT2 Id — %nT(A lognld +7(V @ V) log n)

@ Derivation from Wigner-BGK equation using moment method

@ Procedure can in principle be generalized to higher-order quantum
diffusive models

@ Mathematical structure unclear
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[OTETIAIT W BTl (Il I S Quantum energy-transport models

Model hierarchy

Quantum drift-diffusion and energy-transport models

Wigner-Boltzmann equation

diffusion
approximation

Entropic quantum
drift-diffusion model

Nonlocal quantum

drift-diffusion model

Nonlocal quantum
energy-transport model

O(h?) expansion

Local quantum
drift-diffusion model

Local quantum
energy-transport model

— Entropic QDD = nonlocal QDD

Ansgar Jingel (TU Wien)
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Quantum macroscopic models Quantum energy-transport models

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
o Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
o Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems
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Quantum macroscopic models Quantum hydrodynamic models

Single-state Schrodinger equation
h2
ihdwp = =2 D — qV(x, t)y,  x € R3, t>0

@ Scaling: reference length A, reference time 7, reference voltage U,
and assume that m(\/7)? = qU

g2 h/T wave energy
O = — = Ap— V _ _
=0t 2 4 SRICEE m(\/7T)?  kinetic energy

@ Madelung transform: ¢ = \/nexp(iS/e), where n: particle density, S:
phase function

@ Quantum hydrodynamic equations for n = |¢|? and J = —clm(¥V¥)):

Ben—divJy =0, ey —div (J”fj") +nVV+622nV<A\/\?> —0

@ Schrodinger — QHD if initial datum well-prepared,

Y(-,0) = \/njexp(iS;/¢)
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Zero-temperature quantum hydrodynamic model

Oen—divy =0, 0;Jy — div (%) L AvV ¢ inV(A\/\?) —0

Single state equation = no temperature or pressure term

Mathematically third-order differential equations

Analytical and numerical difficulties: highly nonlinear, vacuum points
(x, t) at which n(x,t) =0

Quantum Bohm potential Ay/n/+/n appears naturally

Nondiagonal quantum stress tensor: P = (£2/4)n(V @ V)logn

2 A 2
%nV( f) g—dlv( (V®V)logn),
@ Applications: description of quantum trajectories, superfluidity
models, photodissociation problems etc.
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Schrodinger equation and quantum hydrodynamics

Liouville-von Neumann and mixed-state Schrodinger
@ Given density matrix operator p, solving Liouville-von Neumann
equation
ihoep =[H,p], t>0
e Eigenfunction-eigenvalue pairs (¢;, A;) of p
@ 1; solves mixed-state Schrodinger system ih0:1); = Hj, j € N, with
particle density

oo
n= ZAj\zij, Aj > 0: occupation probability
Mixed-state Schrodinger and quantum hydrodynamics

o Let (¢, \j) solution of mixed-state Schrodinger system
@ Define electron and current density:

n=> nm=> MNP J= ZJ_ sZAIm Vb))
j=1 j=1
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[OETIAIT WL BTl (I I S Quantum hydrodynamic models

Schr'ddinger equation and quantum hydrodynamics

Z/\sz\z J:Z :—EZ)\Im Vi)

Jj=1
e Then (n,J) soIves

8en = div J, 8xJ — div (% + n9) L avV 4+ gnv(Aﬁ) —0

Vn
o0
nirrdi J JiJ
o=> N2 (Z-2)e(L-2)+5 V|og @ Viog L
Tnl\n n n;
J=1 J —— ~
current temperature osmotic temperature

@ Closure condition 1: § = T Id, T > 0 (isothermal model)
@ Closure condition 2 (Gasser/Markowich/Ringhofer 1996): small
temperature and small € gives equation for energy tensor

1/J®J g2
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Wigner equation and quantum hydrodynamics

@ Wigner-Boltzmann equation in hydrodynamic scaling:
adew + a(p - Viw + 0[V]Iw) = Qo(w) + Q1 (w)

@ Advantages of approach:
e Scattering can be included
e Closure obtained through limiting process

@ Assumptions on scattering: Qg conserves mass, momentum, energy,
Q@1 conserves mass

(Qo(w)) = (Qu(w)) =0, (pQo(w)) =0, (3|p|*Qo(w)) =0
and Qo(w) = 0 iff w = quantum Maxwellian
e Quantum entropy: S(w) = —ﬁ Jgs w(Logw — 1+ @ — V)dx dp
@ Quantum Maxwellian: Let w be given and M[w]| be solution of

S(w*) = max S(v) under constraints (kjv) = (kjw)

where x = (1, p, %|p[2) = M[w] = Exp(A—|p — v[*/2T)
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Quantum macroscopic models Quantum hydrodynamic models

Derivation

OrWy + (P - Viwy + H[V]Woz) = a_lQO(Wa) + Ql(Wa)

Step 1: Limit @ — 0 in Wigner-Boltzmann equation = Qo(w) = 0, where
w = limg—o Wy = w = M[w]

Step 2: Limit in moment equations

@ Moment equations:

O (kjWo) + divi(prjwe) + (Kj0[V]wa) = (kjQ1(Wa))

e Limit « — 0:

Ot (rjM[w]) + divx(prejM[w]) + (r;6[VIM[W]) = (r; Q1 (M[w]))

o Moments: (n, nu, ne) = ((1, p, 1|p|>)M[w]), J = —nu
@ Use properties

(OIVIMw]) =0, (p[VIM[w]) = —nVV, (3|p?6[VIM[w]) = J-VV
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Derivation

@ Balance equation for electron density n:

9 (M[w]) +divx (pM[w]) + (O[VIM[w]) = (Qu(M[w]))
t,ﬂ-/ t:J—/ ;T) 0

@ Balance equation for current density J:
9t (pM[w]) +divx(p @ pM[w]) + (pO[VIM[w]) = (pQi(M[w]))
=—J =—nVV

@ Balance equation for energy density ne:

B¢ (31pI>M[w]) +div, (3 plp|? Mw])+ (3 [pI*0[VIM[w]) = (3|p|*Qu(w))
—_———

[\

=ne =J-VV

@ Define quantum stress tensor and quantum heat flux

P={(p—u)@(p—u)Mw]), q=(5(p—u)lp—u>M[w])
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[OETIAIT WL BTl (I I S Quantum hydrodynamic models

Derivation

Theorem (Nonlocal quantum hydrodynamic model)

J®J

den — div J = 0, 8,_»J—div( +P) FnVV = —(pQi(w))
O¢(ne) — div ((P + neld)J — q) + J- VV = (1|p|?Qu(w))

where

P={(p—u)®(p—u)Mw]), q=(3(p—u)lp— ulMw])

Simplifications:

e Isothermal model: M[w] = Exp(A — |p — v|?/2)
e O(e*)-expansion
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Isothermal quantum hydrodynamic model

@ Derived by Degond/Gallego/Méhats 2007

e Quantum Maxwellian: M[w] = Exp(A — |p — v|?/2)
Isothermal model equations:
8tn—diVJ = 07 8tJ+dIV (J®

v
Relation betwenn (n, J) and (A, v):

o= (a(a Yo ). s = {pen(a- 3t

Relation between velocity u = —J/n and v: nu = nv + O(&?)
@ Local isothermal model (A.J./Matthes 2005):

)+ (Vv)(J+nv)+nV(V—-A)=0

den—divd =0, Uy = mi:l (%L)I(T - g;:,,) (aai: - gjﬁ

. (J®d €2 Ay/n g2
atJ—dlv( p )—Vn+nVV+€nV(ﬁ) Edw(nU)
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Quantum macroscopic models Quantum hydrodynamic models

Isothermal quantum hydrodynamic model

Orn —divJ = 0, Ujé = Z (aal;m _ aa)l(’lj > <88[;IZ
¥ m

m=1
9:J — div (Jlﬁ) —Vn+nVV+ inv(Aﬂ)

Interpretation of U:
@ Vorticity w = curl u satisfies

Orw + curl(w x v) =0,

@ Relation between U and vorticity:

B
B aii)

e
= Edlv(nU)

div (nU) = w x (curl(nw)) + %nV(|w|2).
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Local quantum hydrodynamic model

Orn —divJ =0, 0;J — div (& + P) +nVV = —(pQi(w))

de(ne) — div (P + neld)J — q) + J-VV = <%]p\2Q1(W)>
Expansion of ne, P, and q: Rjy = Ouj/0x; — Oug/0x;

3 3
ne fnT+fn|u|2—*"(Abg”—?TT(RT )= 5IVlog TP

—AIogT—VIogT-VIogn) + 0(e")

2

P_nTId+En<2V|ogT®V|ogT—VIogT®V|ogn—V|ogn®VIogT

1 n

_ 2 - pT < 4

(V© V)log(nT?) + =R R) + 5 lev(TV|og T) +0(*)
82

qg= —ﬂn(SRV log T + 2div R + 3Au) +0(e")
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[OETIAIT WL BTl (I I S Quantum hydrodynamic models

Conserved quantities

din—div) =0, 8,J—div (Ji,;JJrP) £ AVV =0

d¢(ne) — div (P + neld)J —q) +J-VV =0

he =

2

P = nT Id 4 e2-quantum correction
2
g= —%n(SRV log T + 2div R + 3Au)

1 ,
nT + En]ulz + £?-quantum correction

Proposition
The energy is conserved, dE /dt = 0, where

) 2 3 1, 5 A} )
E(t) /}R3 (ne+—|VV\ )dX/Ra (EnT—i-En]u] +7\VV|

2
yvﬂQ n|VIog TI?+ =—nTr(RTR ))dx >0

24T

v
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Quantum macroscopic models Quantum hydrodynamic models

Local quantum hydrodynamic model

J®J

Ben—divJ = 0, 9;J — div (T n P) +nVV = —(pQu(w))

O¢(ne) — div (P + neld)J — q) + J- VV = <%]p\201(w)>

First simplification: small temperature Vlog T = O(£?)

Lo

3 1, &2 1 T
ne = 5nT+ En\u\ - ﬂn(A log n — 7Tr(R R))
2
P=nTId - En((v ® V)logn —
2
q= —ﬂn(2d1vR+3Au)

— Gives closed set of equations
Second simplification: R = O(g2)
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[OETIAIT WL BTl (I I S Quantum hydrodynamic models

Local quantum hydrodynamic model

Theorem (Local quantum hydrodynamic model)
8tn —divJ =0
. (J®Jd €2 Av/n
9ed — div <T) —V(nT)+nVV + Env( v ) = —(pQu(w))
2

d¢(ne) — div ((P + neId)J) = %div(nAu) +J.-VV = (%\p\201(w))
where

2

1 2
P=nTId - %n(V@ V)logn, ne= gnT—k En\u\z — ;—4nA log n

v

Quantum heat flux g = —(¢2/8)nAu:
@ Also derived by Gardner 1995 from mixed-state Wigner model
@ Appears in “smooth” QHD model (Gardner/Ringhofer 2000)
@ Seems to stabilize system numerically (A.J./Matthes/Milisic 2006)
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Other quantum hydrodynamic models

@ Quantum hydrodynamic model with energy equation first derived by
Ferry/Zhou 1993

@ Derivation from Wigner equation by Gardner 1994:

Den — div J = 0
2
atJ—div(JfJ) V(nT)+nVV+—V<A ") = —(p@i(w))

O¢(ne) — div ((P + neld)J) + dlvq—l—J VV ={
iy

|pI? Qi(w))

@ Gardner's uses unconstrained quantum equilibrium :

VvV _L T 4
8T<AV+ 3T 37° (V®V)Vp)]+o(€)

and substitutes VV = TV log n + O(£?)

wq = ¥/ TP 1y
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Other quantum hydrodynamic models

@ Gardner's uses unconstrained quantum equilibrium:

2
_V/T—|pl2/2T VV| 4
we =e [1+8T<AV+ 3T 37" P (VEV)V) | +0(e)
and substitutes VV = TV log n + O(e?)
@ Quantum Maxwellian:
M[w] = eA~ PP /2[1+ . (AA+7|VA|2 - (V®V)Ap)]+0(54).

and, if T = const., VA= Vlogn+ 0(?) = wg = M[w]
@ “Smooth” quantum hydrodynamic model (Gardner/Ringhofer 1996):
. g2 Ay/n g2
expressions - V( 7 > and E(V®V)Inn

2 2
are replaced by 5Zdiv(n(v ®V)V) and 5I(V ® V)V

and V = V(x, T) depends nonlocally on x and T
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Dissipative QHD models

3tn—diVJ: 0

J®J Ayn
NG

O¢(ne) — div ((P + neId)J) — E;div(nAu) +J-VV = (%\p|2Q1(W))

) —V(nT)+nVV + EznV(

8, — div ( -

) = —(pQ@i(w))

Caldeira-Leggett operator: Qi(w) = L(A,w + div,(pw))
@ Averaged quantities:

J

~{pQw) =2, (31pPQu(w)) =~ (ne ~ >n)

o Relaxation-time model: J(t) — 0, (ne)(t) — 2n(t) — 0 as t — oo
@ Formal equivalence to Schrodinger-Langevin equation if T = 1:

. g2 2 i€ P iS/e
igd) = —?Alﬁ — Vb + log(|9|7)y — . log E’ Y =+/ne
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Queritan (g leehieie modks
Dissipative QHD models
Caldeira-Leggett operator:

8tn—diVJ:0
J®J

Aﬁ) _J
N

. e 2 3
Or(ne) — div (P + neld)J) — —div(ndu) + J- VV = == (ne - 5n)
T

@ Does not satisfy Lindblatt cond. (positivity-preserving density matrix)
@ Rescaled time and current density: t — t/7, J — 7J

70:n —7div) =0

GtJ—div< )—V(nT)—i—nVV—i—E;nV(

. 52 m J
720:J — T2div (J&;J) —Vn+nVV + EnV(A\‘fnf) =-7=

o Limit 7 — 0 gives quantum drift-diffusion model:

) g2 Ay/n
den — div J = 0, J—Vn—nVV—EnV(\/E>
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Dissipative QHD models

Caldeira-Leggett operator:
On—div) =0

0 J — div (J&’;J) —V(nT) +nVV + Egnv(Aﬁ) - _%

: e . 2 3
d¢(ne) — div ((P + neld)J) — gdlv(nAu) +J-VV = — (ne - En)

e Existence of stationary “subsonic” solutions with T =1 and |J/n|
“small” (A.J. 1998)

@ Nonexistence of solutions with T = 1 and special boundary conditions
(A.J./Gamba 2001)

e Existence of transient solutions with T = 1 (Antonelli/Marcati 2008)

@ Numerical solution: upwind finite differences (Gardner 1994), central
finite differences (A.J./Milisic 2007)
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Dissipative QHD models

Orn —divJ = (Q1(w))

J®J AVn

) —V(nT)+nVV + fnv( N ) — —(pQu(w))

8tJ —div <
2
O¢(ne) — div ((P + neld)J) — %div(nAu) +J-VV = (3|2 Q(w))

Fokker-Planck operator:

Qu(w) = DppApw + 2vdivp(pw) + DggAxw + 2Dpgdivy(Vpw)
o Lindblatt condition satisfied if Dp,Dqq — D3, > 72 /4
@ Averaged quantities:

(Qi(w)) = DggAxn, —(pQr(w)) = —2vJ 4+ 2DpgVxn + DggAyJ
3 :
<%‘p|2Q1(W)> = -2 (2vne - EDppn> + 2Dpqdivyd + DgqAx(ne)

@ Gives viscous quantum hydrodynamic model
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Viscous quantum hydrodynamic model

Otn —divJ = DggAn

0,J — div (Jf’J) V(nT) +nVV + inV(A\}f)

= DggAJ —2vJ +2DpgVxn
2
de(ne) — div ((P + neld)J) — %div (nAu)+J-VV

3
= Dagx(ne) — 2(2yne - 5D,,,,n) + 2Dpgdivy

Dgq provides diffusive terms

Effective current density Jog = J — DgqVn: Orn — div Jeg = 0
Existence of 1D stationary solutions with T =1 (A.J./Milisic 2007)
Lobal existence of transient solutions (Chen/Dreher 2006), global
existence of 1D transient solutions (Gamba/A.J./Vasseur 2008)

@ Open problem: global existence of solutions for full system
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Queniai Lydhodiemte GeskE
Hierarchy of quantum hydrodynamic models

Quantum hydrodynamic models

Schrédinger Mixed-state Wigner-Boltzmann
equation Schrédinger equation
Madelung constant Caldeira- Fokker-
trans- temperature Leggett Planck
formation closure operator operator
Zero-temperature Isothermal Relaxation-time Viscous
QHD model QHD model QHD model QHD model
Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models www.jungel.at.vu
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Queniai Lydhodiemte GeskE
Resonant tunneling diode

Geometry: Numerical method:
o AlGaAs layer width: 5nm @ Relaxation scheme (QHD)
o channel length: 25nm e Central finite differences
e doping: nTnnt structure (viscous QHD)
@ barrier height: 0.4eV o Newton iterations

metal

AlGaAs
GaAs |, [ GaAs ;[ GaAs

tunnel barriers substrate

s——t
10...100 nm
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[OETIAIT WL BTl (I I S Quantum hydrodynamic models

Zero external potential

o Classical gas dynamics: subsonic means J/n < VT
@ Quantum hydrodynamics: dashed line separates sub- and supersonic

e From (a) to (d): increasing applied voltage
@)

(b)

1 1
0.8 0.8
0.6 0.6
0.4 04 - - e e e e e e e - -
° 20 0.5 1 0'20 0.5 1
(©) (d)
1 1
0.8 0.8
0.6 o6r _ N |-
oal W\ 0.4
O'20 0.5 1 ° 20 0.5 1
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Queniai Lydhodiemte GeskE
Resonant tunneling diode: current-voltage characteristics

4x1o4

| X
L '

- i, ; i

1] l:T ,

/\—‘:’i 1

0 . . . .

— hysteresis phenomenum

Ansgar Jingel (TU Wien)
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Quantum macroscopic models Quantum hydrodynamic models

Upwind finite differences

x 10°
——N =500
-==N=750

=

[$2)

~
.~

Current Density J [Am™?]

0 0.05 0.1 0.15 0.2 0.25 0.3
Voltage U [V]

@ Scheme strongly mesh dependent
@ Central finite difference scheme unstable
@ Central finite differences for viscous QHD stable
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Quantum macroscopic models Quantum hydrodynamic models

Viscous quantum hydrodynamic model

Isothermal viscous QHD:

8
x 10
3 .
a —V=Y
B
£ v=15v
< 25)--- o A\
; ‘‘‘‘‘ V= 3v0
2 2 b
8 /
=15 . i
g Noo
=1 ’ ~ -
o 1 AN
[} N ~
2 |
] ~
0 =]

0 0.05 0.1 0.2 0.25 0.3

0.15
Voltage U [V]

@ Curve not physical (wrong
jump)

@ Use full viscous quantum
hydrodynamic model

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models

Full viscous QHD:

~ 4><108
b T=77K
£ 357 m_ =0092m
= eff O a2y
")E 3
2
B 25
=4
j°)
a 2
5
£ 15
=1
o 2,12
%) 1 .
2 .
8 05 .~
2 0. .-
w | T
ol====
0 005 01 015 .
Voltage U [V]

o Effective mass larger than

0.25

0.3

physical mass m* = 0.067mg

@ Weak negative differential
resistance — viscosity too

strong
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Summary

Quantum hydrodynamic equations

8n —divJ = 0, 8,J — div (J&’;J + P) +nVV = —(pQ1(w))

O¢(ne) — div ((P + neld)J — q) + J - VV = (1[p|?Qu(w))

Single-state Schrodinger — zero-temperature quantum
hydrodynamics

Mixed-state Schrodinger — isothermal quantum hydrodynamics
Diffusion approximation of Wigner equation — full quantum
hydrodynamics

O(*)-expansion gives local quantum hydrodynamic model with
vorticity-type terms

Scattering models: Caldeira-Leggett and Fokker-Planck

Viscous quantum hydrodynamic model: influences (too) strongly

quantum effects
Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models www.jungel.at.vu 170 / 190



Quantum macroscopic models Quantum hydrodynamic models

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
o Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
o Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems
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Electric circuits

Semiconductor devices and electric circuits

> u

@ Today: compact models in highly-integrated circuits
@ Objective: use PDE models for critical devices
@ Leads to coupled network-device models: partial differential-algebraic
equations (PDAE)
References:
@ Giinther 2001: PDAE with hyperbolic egs., models transmission lines
@ Bartel/Giinther 2002: coupled network and electrothermal model
o Tischendorf et al. 2003: network and drift-diffusion models
@ Brunk/A.J. 2007: network and energy-transport models
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Circuit modeling

Reduces electric circuits to RCL circuits

Kirchhoff laws:

@ Sum of all branch currents entering a node
equals zero:

Ai =0, i: branch currents

@ Sum of all branch voltages in a loop equals
zero:
v=ATe

v: branch voltages, e: node potentials

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models

Circuits contain resistors, capacitors, inductors, voltage sources

Modal analysis: replace circuit by directed graph (branches & nodes)
Characterize circuit by incidence matrix A = (ajx) describing
node-to-node relations (with entries 1, —1, or 0)
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Electric circuits

Circuit modeling

@ Current-voltage characteristics:

. : d do .
ir = g(vR), ic = Z(ve), vi="1-(it)

g: conductivity of resistor, g: charge of capacitor, ®: flux of inductor
@ Network branches numbered such that incidence matrix A consists of
block matrices Agr, Ac, AL, A;, Ay

@ Input functions for current and voltages sources: is(t), vs(t)
Charge-oriented modified nodal analysis:
@ Kirchhoff current law gives:

Acic + Arir + Arit + Aviy = —Ajls
@ Replace ic and ig by current-voltage characteristics:
dq . . .
ACE(VC) + ARg(VR) + AL+ Aviy = —Ajls
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Electric circuits

Circuit modeling

d
AC?Z(VC) + Arg(vr) + ALit + Aviy = —Ajis

Differential-algebraic equations for e(t), i (t), iv(t)
@ Replace v¢ and vg by Kirchhoff voltage law:

d . . .
Acd—z(AEe) + Arg(Age) + AvLiL + Ai, = —Ajis

@ Kirchhoff voltage laws for v; and vs:
do
E(.L)—A;_rezo, A;re: Vs

@ Index at most two if circuit contains neither loops of voltage sources
only nor cutsets of current sources only

@ Index at most one if circuit contains neither LI cutsets nor CV loops
with at least one voltage
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Coupling of network and energy-transport model

First coupling: semiconductor — circuit
@ Semiconductor current density at terminal 'y,

Jo = / Jiog - s, o = Jn + Ja
[

Jg = —)\%,GtVV: displacement current, guarantees charge
conservation since div Jioy = O:n — )\2D8tAV =0
@ Include js = (jk)x into Kirchhoff current law:

dq . . . .
ACE(AEG) + Arg(Ake) + ALiL + Aviy + Asjs = —Ajis
Second coupling: circuit — semiconductor
@ Let terminal ', of device be connected to circuit node i

@ Electric potential in semiconductor device:
V(t) = ei(t) on g
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Complete coupled model

Energy-transport and drift-diffusion equations

den—divJo=—R(n, p), 0:(3nT)—div h+Jo - VV=W(n, T)—3TR(n, p)
Uy = u*(Vn _ ;vv), = %,u*(V(nT) —nVV), AV =n— C(x)
Op+divd, = —R(n,p), Jp=-Vp—pVV

Network equations

d . . . .
AcZL(ATe) + Arg(Ake) + Avit + Ay, + Asjs = —Ajis

()
CiTt(L) —Ale=0, Ale=v,

Coupling in 1D:
Js(t) = Jn(0,£) + XpOe Vi,  V(0,1) =€, V(Lt) =g
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Numerical discretization of coupled model

Numerical solution of differential-algebraic equations:

Implicit Runge-Kutta schemes or backward-difference formulas (BDF)
Order reduction of Runge-Kutta methods possible

k-step BDF with k < 6 feasible and weakly unstable

Implicit Euler: damping too strong

Radau lla: stiffness matrix from semiconductor model not M-matrix

2-step BDF provides M-matrix

Numerical solution of energy-transport equations:
@ Time discretization: 2-step BDF

@ Space discretization: mixed finite elements
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Electric circuits

Rectifying circuit

tilde o
Uout
o—1
Input

5
=
@

g 0
S
>

-5

0 2 8 10
time [s] x 10°

Ansgar Jingel (TU Wien)

o Contains four pn diodes with
length 0.1 um

@ Voltage source:
v(t) = Upsin(2rwt), Up =5V
@ Input frequency: w = 10GHz

Output

voltage [V]
[

— ET transient

0
— ET stationary
— DD transient
05 . . .
2 4 6 8 10
time [s] x10°
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Rectifying circuit

Electron temperature Electron energy

-
a1
=}
S
S

=
o
S
S
S

o1
=}
S
S

electron temperature [K]

0 S ""N‘
6 S Ul
R o055 oo
o ..'.%;"z‘,“m“\\\‘%;\\\\ 10
x10 2 =< 5 1
< X
position [m] 00 fime [s] position [m] 00 fime [5]

@ high temperature in reverse bias
o few electrons in reverse bias — low energy density
@ high energy density in forward bias
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Electric circuits

High-pass filter including optoelectronic devices

17 Oplus
JUU Luin ARNEEE— 2 ;

[

Uout

i

O minus

o Laser diode: digital input signal with frequency 1 GHz and 5 GHz
@ Photo diode: receives signal and coupled to high-pass filter

@ High-pass filter: only passes frequencies larger than cutoff frequency
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Electric circuits

High-pass filter including optoelectronic devices

1 GHz: Output of laser diode

o
0

I
IS

0.31

0.2

output power [W]

0.1r

— ET transient
--- ET stationary
- DD transient

o
o

2 3
time [ns]

5 GHz: Output of laser diode

0.8

o
)

—ET transient
--- ET stationary
~ DD transient [

o
IS

output power [W]

o
N

Ansgar Jingel (TU Wien)

0.2 0.4
time [ns]

UM

VoM

Output of high-pass filter

—ET transient
--- ET stationary
- DD transient |-

Macroscopic Semiconductor Models

"~
1
5
[3
¥

1

i

P

1.5 2 2.5 3
time [ns]

Output of high-pass filter

0.5 1

—ET transient
--- ET stationary
- DD transient

H X
B
\

0.2 0.6 0.8

0.4
time [ns]
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Modeling of device heating

electric-thermal
network interface

electric network-semi- Electric network

conductor interface

Semiconductor

. Thermal network
devices

thermal network-
semiconductor interface

Electric network modeled by circuit equations (diff.-algebraic egs.)
Thermal network modeled by 1D heat equation with power dissipation
Semiconductor devices modeled by bipolar energy-transport equations
Lattice temperature modeled by heat equation

Define coupling conditions: (1) electric—thermal network, (2) electric
network—semiconductor devices, (3) thermal network—semiconductor
device
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Electric circuits

Frequency multiplier

N
L1 ©

@ Diode and resistors thermally

. . relevant
gm :él ng :—2 E Vout

@ Input frequency of 3.2 GHz

Vi
" @ Solve PDE + DAE system
Temperature of diode Temperature of R1

%
g <
L S 300.1
8 o
g g
s \\\ 5
4 ol
2 L
&0 k7
% x 1

. 1
postion [nm)

100

05

[ S S

0 05 15 2 time [ns] 00

fime [ns]1 position [um]
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Summary

@ Electric circuit modeled by differential-algebraic equations obtained
from Kirchhoff's laws and modified nodal analysis

@ Energy-transport model for semiconductor devives consists of partial
differential equations

@ Coupled circuit-device model consists of partial differential-algebraic
equations

@ Time discretization: implicit Ringe-Kutta or BDF schemes
@ Space discretization: mixed finite elements

@ Numerical examples: rectifying circuit, high-pass filter including laser
and photo diode
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Electric circuits

Overview

© Semiconductor modeling

@ Semi-classical macroscopic models
o General strategy
e Energy-transport models
o Higher-order diffusion models
e Hydrodynamic models

© Quantum macroscopic models
o Wigner models and quantum Maxwellian
e Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models

@ Electric circuits

© Summary and open problems

Ansgar Jingel (TU Wien) Macroscopic Semiconductor Models
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Summary

Semiconductor modeling:
@ Bloch decomposition of wave function
@ Semi-classical picture
Semi-classical macroscopic models:
@ Three- or two-step derivation from semi-classical Boltzmann equation
@ Step 1: knowledge about kernel of scattering operator (Maxwellian)

@ Step 2: Chapman-Enskog expansion for diffusion correction (only
needed for diffusive models)

@ Step 3: limit of vanishing Knudsen number in moment equations
Quantum macroscopic models:

@ Three- or two-step derivation from Wigner-Boltzmann equation

@ Definition of quantum Maxwellian

@ Expansion in powers of scaled Planck constant gives local models
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Summary

Semi-classical models Quantum models

N
Newton equations Liouville-von Neumann eq. §
4
Q
3
Vlasov equation ‘ Quantum Vlasov equation ‘ ‘mixed-state Schrodinger eq,‘ S
| | :
IS)
&
Boltzmann equation ‘Wigner—BoItzmann equation‘ ‘single-state Schrédinger eq.‘ 723
diffusive models hydrodynamic models diffusive models hydrodynamic models
‘ Drift-diffusion model ‘ ‘ Isothermal HD model ‘ ‘ Quantum drift-diffusion ‘ ‘ Zero-temperature QHD ‘ §
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‘ SHE model ‘ ‘ Extended HD model ‘ ‘ higher-order models ‘ ‘ QHD model ‘ (%

Higher-order models Extended QHD model
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Some open problems

Energy-transport models:
@ Improved boundary conditions (derived from kinetic conditions)
@ Existence of solutions under general assumptions
e Coupling with lattice temperature in 3D (Kristofel, in progress)
Higher-order diffusive models:
@ Numerical approximation and comparison to Grasser's model
@ Including Fermi-Dirac statistics (Krause, in progress)
@ Existence of solutions, rigorous derivation
Quantum drift-diffusion models:

e Existence results for nonlocal model (entropic structure!)
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Some open problems

Quantum energy-transport models:
@ Understand mathematical structure
@ Numerical approximation
@ Existence of solutions
Quantum hydrodynamic models:
@ Positivity of solutions
@ Equivalence to Schrodinger equation

@ Better numerical approximation schemes
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