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Introduction

History of Intel processors

4004
1971 108 KHz, 2250 transistors,
channel length: 10um (1um= 10"%m)

80286
1982 12 MHz, 134,000 transistors,
channel length: 1.5pum

Pentium 1
1993 66 MHz, 7,500,000 transistors,
channel length: 0.35um

Core 2
2008 3 GHz, 410,000,000 transistors,
channel length: 0.045um= 45nm
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Transistor feature size
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Challenges in semiconductor simulation

Future processors (2011):
@ Number of transistors > 1,000,000,000
@ Transistor channel length 22 nm

o Highly-integrated circuits:
power density > 100 W /cm?

Key problems:

Decreasing power supply — noise effects

Increasing frequencies —  multi-scale problems

Increasing design variety — need of fast and accurate simulations
Increasing power density —  parasitic effects (heating, hot spots)
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What are semiconductors?

@ (*)
_— o— _+
(4] o—>
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Strom .
Elektronen Dotierung

Non-conducting at temperature T = 0K, conducting at T > 0 (heat,

light etc.)
Modern definition: energy gap of order of a few eV
Basis materials: Silicon, Germanium, GaAs etc.

Doping of the basis material with other atoms, gives higher
conductivity

Modeled by doping concentration C(x)
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How does a semiconductor transistor work?

Source Gate Drain

Elektronen

70 Nanometer

MOSFET = Metal-Oxide Semiconductor Field-Effect Transistor
Source and drain contact: electrons flow from source to drain
Gate contact: applied voltage controls electron flow
Advantage: small gate voltage controls large electron current

Used as an amplifier or switch
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Objectives

@ Describe quantum transport in semiconductors
@ Formulate microscopic quantum models

@ Model macroscopic electron transport (numerically cheaper than
microscopic models)

@ Describe simple quantum collision mechanisms and quantum diffusion

@ Numerical approximation of quantum models
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Introduction

Overview

@ Semiconductor modeling
@ Microscopic quantum models
o Density matrices
e Schrodinger models
o Wigner models
© Macroscopic quantum models
e Quantum Maxwellian
o Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models
@ Actual and emerging directions
o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Classical particle transport

Given particle ensemble with mass m moving in a vacuum

Trajectory (x(t), v(t)) computed from Newton equations

x=v, mv=F, t>0, x(0)=x, v(0)=w

Force: F =V V/(x,t), V(x,t): electric potential
M > 1: use statistical description with probability density f(x, v, t)

Theorem (Liouville)
Let x = X(x,v), v=U(x,v). If
ox ou

S T g, =0 then f(x(),v(t),t) = fi(x0, %), t >0

— Assumption satisfied if F = F(x, t)

Ansgar Jingel (TU Wien) Quantum Semiconductor Modeling www.jungel.at.vu 11 / 154



Vlasov equation

o Differentiation of f(x(t), v(t),t) = fj(x0, vo) gives Vlasov equation:

0= %f(x(t), v(t),t) = 0if + X - Vxf +v- -V, f

= Ouf + % Vuf + Vi V(x, 1)V, f
@ Moments of f(x, v, t):
Particle density: n(x,t) = / f(x,v,t)dv
R3

Current density:  J(x,t) = / vf(x, v, t)dv
R3

Energy density: (ne)(x,t) = / g]v\zf(x, v, t)dv
R3

@ Electrons are quantum mechanical objects: quantum description
needed
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Electrons in a semiconductor

@ Semiconductor = ions (nuclei + core electrons) and valence electrons
@ State of ion-electron system described by wave function 1
@ Schrodinger eigenvalue problem:
h2
—— Ay —qVi(x)y = Ep, xe€R3
2m
o V| =V, + Veg: periodic lattice potential
e V,;: electron-ion Coulomb interactions
o V. effective electron-electron interactions (Hartree-Fock approx.)

o Goal: exploit periodicity of lattice potential
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Electrons in a semiconductor

Schrodinger eigenvalue problem:

h2
— oA — qVi(x)y = Ey, x €R?
2m

Theorem (Bloch)

Schrédinger eigenvalue problem in R3 can be reduced to Schrodinger

problem on lattice cell, indexed by k € B (B: dual cell or Brillouin zone)
2

A~ V6w = BV, (x+ ) = FNu(x), y € attice

For each k, there exists sequence (E, ) = (En(k),¥nk), n € N
Ynk(x) = e*¥u, k(x), where uy  periodic on lattice

En(k) is real, periodic, symmetric on Brillouin zone

e E,(k) = n-th energy band
@ energy gap = all E* for which there is no k with E,(k) = E*
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Semiconductor modeling

Energy bands

Silicon

Gallium Arsenide

conduction band

valence band

Energy
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Parabolic band approximation

@ Taylor expansion around k = 0 if E(0) = 0:

E(k) ~ E(0) + VLE(0) - k + E kTﬁ(o)k
~ « 2" dk?
1 +d’E
— kT
2 dk? (0)
@ Diagonalization:
1/m; 0 0 . . (1) m* 0 0
1 d’E ! . isotropic .
0 0 1/mj 0 0 1/m
Parabolic band approximation
h2
E(k) = k|?
(K) = 5K
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Semi-classical picture
h2
ihdyy) = *%Aw —q(Vi(x) + V(X))
where V) : lattice potential, V: external potential

Theorem (Semi-classical equations of motion)

hx = hvp(k) = ViEa(k), hk=qV,V

e Momentum operator: Py = (h/i)V

@ Mean velocity: v, = (P)/m = (h/im) [, ; Vxtp kdx
“Proof” of theorem:

o Insert 1, x(x) = e**u, x(x) in Schrédinger equation = first eq.
o Py = hky if 1) = e**: hk = crystal momentum = p
o Newton's law: hk = p = F = gV, V gives second equation
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Effective mass

@ Semi-classical equations of motion:
hix = vy (k) = ViEn(k), hk=qV,V
@ Definition of effective mass m*:
p=m"v,, wherep=hk

o Consequence:

0 m* 0 m* d°E,. m* d°E
. * n n.
= m —Vy, = — —v E = — k e
P=Mot™ = h ot - hodke T 2 dk2 P

o Effective mass equation:

d?E,\ 1

m* = ﬁ2< n)

dk?
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Semi-classical kinetic equations

@ Semi-classical equations:
hx = ViE(k), hk=qV,V(x), p=m'v

@ Liouville's theorem: If

0 0
—VkE(k)+ z-qVxV(x) =0 then f(x(t),k(t),t)= fi(xo, ko)
ox Ok
@ Semi-classical Vlasov equation:
d .
0= 2 F(x k1) = Def+5-Vuf -+ Vif = atf+v(k)-VXf+%VX V-V, f

e Include collisions: assume that df /dt = Q(f)

Semi-classical Boltzmann equation

B + v(k) - Vif + %vxv Vif = Q(f)
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Semiconductor modeling

Poisson equation

@ Electric force given by E = Ecxt + Emean
@ Mean-field approximation of electric field:

Eucn(x.t) = [ nly, OE(x.y)dy
R

@ Electric force given by Coulomb field:
q

q X—Yy .
Ec(x,y)=————"= = divEpean = ——
() dres |x — y3 1V Fmea asn

o External electric field generated by doping atoms:

q X—Yy . q
Eext(x, t) = —— Cly)——=dy = divEy=—C
(et =72 [ e =ay iv Eu = L C(x)
@ Since curl E = 0, there exists potential V such that E = —VV
Poisson equation

esAV = —EsdiV(Emean + Eext) = q(n - C(X))
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Semiconductor modeling

Holes
electron orbital vacancy
t=0: ; . t>0: ?
crystal atom  vacancy slectron

@ Hole = vacant orbital in valence band
@ Interpret hole as defect electron with positive charge

@ Current flow = electron flow in conduction band and hole flow in
valence band

@ Electron density n(x, t), hole density p(x, t)
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Semiconductor modeling

Holes
E(k)‘ conduction band E(k)‘ conduction band
°
A
energy energy
emission absorption
Y
®
valence band valence band
Tk Tk

@ Recombination: conduction electron recombines with valence hole

@ Generation: creation of conduction electron and valence hole
@ Shockley-Read-Hall model:

2
n: — np . .. .
R(n,p) = ! , n;: intrinsic density
Tp(n+ ng) + Ta(p + Pd)
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Boltzmann distribution function
Bef + v(K) - Vif + %vxv Vif = Q(F), v(k) = VE(K)/E

Definition of distribution function:
number of occupied states in dx dk in conduction band

f(x, k,t) =

total number of states in dx dk in conduction band

Quantum state has phase-space volume (27)3 (integrate
ke B~ (—m,7)%)
e Total number of quantum states (take into account electron spin):

. 2 1
N (X, k)dX dk = de dk = Rdx dk

@ Total number of electrons in volume dk:

dn = £(x, k, )N"(x, kK)dk = F(x, k, £)-2

yP
o k
@ Electron density: n(x, t) :/ dn :/ f(x, k, t)di

5 B 473
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Collisions

@ Probability that electron changes state k’ to k is proportional to
occupation prob. f(x, k', t) x non-occupation prob.(1 — f(x, k, t))
@ Collisions between two electrons in states k and k':
(Q())(x, k, t) = (Probability k" — k) — (Probability k — k')

= / (s(x, k', K)F'(1 = F) — s(x, k, K')F(1 — ') dk’
B

where f' = f(x, k', t), s(x, k', k): scattering rate
@ Important collision processes:

o Electron-phonon scattering
e lonized impurity scattering
o Electron-electron scattering
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Scattering rates

Electron-phonon scattering:

Collisions of electrons with vibrations of crystal lattice (phonons)
Phonon emission: E(k’) — E(k) = hw = phonon energy

Phonon absorption: E(k') — E(k) = —hw

Phonon occupation number: N = 1/(exp(hw/kgT) — 1)
General scattering rate:

s(x,k, k') = o ((1+ N)S(E' — E + hw) + N6(E' — E — hw))

where 0: delta distribution, E' = E(k’)
If phonon scattering is elastic: s(x, k, k') = o(x, k, k")6(E' — E)

(Qa(F))(x, k, t) = / o(x, k,k"Yo(E' — E)(f' — f)dk'
B
Mass and energy conservation:

/ Qu(F)dk = / E(K) Qu(f)dk = 0
B B
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E—cn o Teto e N
Scattering rates

lonized impurity scattering:

@ Collisions of electrons with ionized doping atoms: elastic scattering
o Collision operator

mﬁm&hﬂ:/d&hMME—QM—ﬂﬂ’

B
Electron-electron scattering:

o Electrons in states k" and ki collide and scatter to states k and k;
e Elastic collisions: s(k, k', ki, ky) = 0d(E' + E{ — E — E;)
e Collision operator:
(Q(F))(x, k, 1) :/ s(k, k' ki, k)
B3
x (f'H(1—f)(1—h)— M —F)1—F))dk dki dk
@ Mass and energy conservation: [ Q(f)dk = [z E(k)Q(f)fdk =0
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Summary
Electron motion in semi-classical approximation:
Semi-classical Boltzmann equation

Bef + v(K) - Vif + %vxv-ka — Q(f), xcR% keB

B: Brillouin zone coming from crystal structure

k: pseudo-wave vector, p = hk: crystal momentum
Mean velocity: v(k) = V(E(k)/h

Energy band E(k); parabolic band approximation:
E(k) = h?|k|?/2m*

Electric potential V' computed from Poisson equation

esAV = qg(n— C(x)), C(x): doping profile

Electron density:

n(x,t) = /B f(x, k, t)ﬂ

473
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Semiconductor modeling

Overview

@ Semiconductor modeling
@ Microscopic quantum models
e Density matrices
e Schrodinger models
o Wigner models
© Macroscopic quantum models
e Quantum Maxwellian
o Quantum drift-diffusion models
e Quantum energy-transport models
e Quantum hydrodynamic models
@ Actual and emerging directions
o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Microscopic quantum models Density matrices

Liouville-von Neumann equation

Formulations of quantum mechanical motion of electrons:
@ Schrodinger formulation
@ Density-matrix formulation
o Kinetic Wigner formulation

Schrodinger equation:

. h?
ihdep = Hep = (= 5B = V(x.8) ), ¥(-,0) =t
Motivation for density matrix formulation:

e Define density matrix p(x, y, t) = ¥(x, t)¥(y, t)
e Evolution equation for p(x, y, t):

ihdep = ih(Dep(x, t)1b(y, t) + P(x, t)0x(y, t))
= Hxp(x, )y, t) — P(x, t)Hyib(y, t) = Hxp — Hyp = [H, p]
@ Motivates Liouville-von Neumann “matrix” equation:
ihp = [H, p]
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Density matrix

General quantum state is represented by density matrix operator p

Liouville-von Neumann equation:

ihdp=[H,pl, t>0, A0)=7

Commutator [H, p] = Hp — pH

th/hﬁ/eth/h (

There exists density matrix p(x, y, t) such that

Formal solution: p(t) = e~ if H time-independent)

@) = [ oty )ity )y

Particle density: n(x, t) = 2p(x,x,t) >0
Particle current density: J(x,t) = ’%"(V, —Vaq)p(r,q,t)|r=qg=x
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sty e
Density matrix
@ p: self-adjoint compact solution of Liouville-von Neumann equation

@ p(x,y,t): corresponding density matrix
@ (%}, \j): eigenfunction-eigenvalue pairs of p

Proposition (Properties of density matrix)

@ p solves Liouville-von Neumann “matrix” equation

ihatp(xayv t) = (HX - Hy)P(ny’ t)a t> 07 P(X;Y;O) = PI(X>)/)7

where H, H, act on x, y, respectively, and p, is given by

)00 = [ piley)oly)dy
@ p can be expanded in terms of (wj)'

p(x,y,t ZAJ% x, )i(y, t)

j=1
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Microscopic quantum models Density matrices

Relation between density matrix and Schrodinger equation

@ p: solution of Liouville-von Neumann equation
@ (1}, \j): eigenfunction-eigenvalue pairs of p
° wj(-): eigenfunctions of initial datum p;

Theorem (Mixed-state Schrodinger equation)

Eigenfunction 1; solves
ihOxp; = Hyj,  t>0, (-,0) =)
and particle density can be written as
n(x, t)—Z)\ |4bj(x, t)|?

Conversely, let (1, \;) be solutlons to the Schrodinger equation. Then

p(x,y,t ZA,% X, £)j(y, t)
j=1
solves Liouville-von Neumann equation.
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Mixed states and single state

Mixed states:
@ Sequence of solutions ; to

ihdeb; = Hij, t>0, 4(-,0) =)

@ Sequence of numbers \;: gives particle density
[e.e]
n(x, t) =Y Ajlui(x, t)
j=1
Single state:
o If pi(x,y) = v1(x)¥(y) then p(x,y, t) = (x, t)y(y, t), where

ihOpp = Hip, t>0, (-,0) =1

e Particle density: n(x, t) = 2p(x, x, t) = 2|¢(x, t)|?
e Current density: J = —(hq/m)Im(¢V, 1))
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Microscopic quantum models Density matrices

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Schrodinger equation

@ Suitable for ballistic transport (no collisions)
o Closed quantum systems: no interactions with environment
@ Open quantum systems: interactions with environment

Stationary Schrodinger equation:
2

Ay —qV(x)=E¢y inQ
2m*

@ Scaling: x =Lxs, V=(kgT./q)Vs, E = (kg T_)Es
@ Scaled Schrodinger equation:

AU VO = Eb e=——

2 ’ Vm*kg T L2
Macroscopic quantities:

e Electron density: n(x,t) = |1(x, t)|?
@ Electron current density: J(x,t) = —lm() V)
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Microscopic quantum models Schrédinger models

Transparent boundary conditions

Objective: solve Schrodinger equation in R
Idea: solve Schrodinger equation in bounded interval

Problem: how to choose (transparent) boundary conditions

What can go wrong?
@ Example: transient Schrodinger equation in R
@ Solve Schrodinger equation in bounded interval / with boundary
conditions ¥ = 0 on 0/
@ Problem: spurious oscillations when wave hits the boundary
@ Solution: construct transparent boundary conditions

[, t1) 2
|u(z, t2)]?
(e, t3)[*
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One-dimensional transparent boundary conditions

@ One-dimensional stationary equation: —%A@[J —V(x)Y=E¢inR
@ Active region: (0,1), wave guides: (—o0,0) and (1, 00)
e Electric potential: V(x) = V(0) for x <0, V(x) = V(1) for x > 1

Objective: construct exact transparent boundary conditions (Lent/Kirkner
1990, Ben Abdallah/Degond/Markowich 1997)

p>0 :
mjected i | transmitted
electrons ! ! electrons
reflected
electrons ! !
0 1 <
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Microscopic quantum models Schrédinger models

One-dimensional transparent boundary conditions

@ Ansatz for explicit solution if p > 0:

Up(x) = { exp(ipx/e) + r(p) exp(—ipx/e) for x <0
g t(p) exp(ip+(p)(x — 1)/¢) for x > 1

e r(p) and t(p) can be determined from Schrodinger equation
@ Insert ansatz into Schrodinger equation:

2

E=2-V(0), pilp) = va(E+ V(D) = /p2 +2(V(1) - V(0))

@ Boundary conditions at x = 0 and x = 1: employ ansatz and
eliminate r(p):

e1p(0) + ipYp(0) = 2ip, 8%(1) = ip+(P)¥p(1)

e Similar results for p < 0 with p_(p) = 1/p? +2(V(1) — V(0))
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Microscopic quantum models Schrédinger models

One-dimensional transparent boundary conditions

Theorem (Lent-Kirkner boundary conditions)

The solution (1, Ep) of the eigenvalue problem

&
—5%' — V()Y = Epthp, x €R,

solves the Schrédinger equation on (0,1) with boundary conditions

ep(0) + iphp(0) = 2ip, ey, (1) = ip+(P)p(1), P >0

—e,(1) + ipthp(1) = 2ip, €,(1) = —ip—(P)Yp(1), P <O

where E, = p?/2 — V(0) if p> 0 and E, = p?/2 — V(1) if p < O

e r(p) and t(p) are given in terms of 4,(x), ¥5,(x) for x = 0,1

o Electron density: n(x) = [ f(p)[¥p(x)|*dp, f(p): statistics

PIm(1p(x)Vipp(x))dp

Quantum Semiconductor Modeling

e Current density: J(x) = qh Jz f(
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Microscopic quantum models Schrédinger models

Multi-dimensional transparent boundary conditions

@ Generalization due to Ben Abdallah 2000,
BenAbdallah/Méhats/Pinaud 2005

@ Semiconductor domain Q = Qo U QU --- U Qp
@ Active region: Qq, wave-guide zones (cylinders): Q;

Objective: formulate Schrodinger problem on Qq only

N

O

Ansgar Jingel (TU Wien)

I

.Qz yo
_ _ A
L I
r.
Qo
I
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Multi-dimensional transparent boundary conditions

Boundary between active region and wave guides: I
Assumption: V' depends only on transversal directions &; in ;

Let (w/m, E{n) be solution to the transversal Schrodinger problem

2
—%MJ V() =Eyp inT;, =0 onal;

Solution in waveguide €;:

P(&,mj) Zz/)/ (£)M,(n;), M, = longitudinal plane waves

Jj=1
Result: boundary condition on 0€: LS
= O —_ = fm 3 m by e w saunis
QMro ) 85771 r mz_l (w W ) I; m; > Q;
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Microscopic quantum models Schrédinger models

Transient transparent boundary conditions

2
ieBhm = —%A¢m —V(x, )m N Q, >0, Ym(-,0) =12

Homogeneous boundary conditions: Arnold 1998, Antoine/Besse 2001
Inhomogeneous boundary cond.: BenAbdallah/Méhats/Pinaud 2005
Let 49 be waveguide solutions in Q;

Let ¥h" be plane waves in ;

Reduction to Schrodinger problem on Qg possible with boundary
condition (in 1D approximation)

8 W 717r W
anj W wp ) \/ . /4\/> wp on FJ-
Fractional derivative:

t
NG W—l/zd/ _f(s)
0

dt t—s
Implementation of \/J; delicate: review Arnold/Ehrhardt et al. 2008
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Microscopic quantum models Schrédinger models

Transient transparent boundary conditions

2
icdt) = —%mp “V(xt) inQ, t>0
Second approach: Imaginary potential

@ Idea: add to Schrédinger the imaginary potential /W (x)

2
iedpp = —%M —(V(x, t) + W)y inQUQ, t>0

where W =0 in Q (active region) and W > 0 in Q; (comput. region)
o For ed:|[y|> = —W(x)[%|?, |1 (x, t)|?> decays to zero
@ Advantages: easy implementation, fast computation
@ Drawbacks: computational domain larger, need to adapt values of W
@ Discussion of form of W: Neuhauser/Baer 1989, Ge/Zhang 1998
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Microscopic quantum models SIS gt T@nTet S

Confined electron transport

S0,

Quasi-2D electron gas

/S0,

180.,

170.)

180.
E 150,
E

1 140

130
120..

250

Y (nmy "0

X {nm)
Ben Abdallah/Polizzi 2002

@ Quantum waveguides rely on formation of quasi 2D electron gas

@ Objective: derive 2D Schrodinger model

@ Confinement of electrons in z direction, transport in other directions

@ Assumption: z length scale is of order of de Broglie wave length

Ansgar Jingel (TU Wien) Quantum Semiconductor Modeling www.jungel.at.vu 44 / 154



Partially quantized Schrodinger models

Scaled Schrodinger equation:

. g2 1

200 = =5 D) = S0z = V(. 2, )%, Y(-0) =1y
Solve for (x,z) € R™ x (0,1), t > 0, V given

e: ratio between length scale in transversal/longitudinal directions
Objective: ¢ — 0 (Ben Abdallah/Méhats 2005)
Subbands:

@ Transversal Hamiltonian —%83 — V has discrete spectrum
e Eigenfunction-eigenvalue pairs (x5, E;) of

1
—Eaij; — Vx5 = Exxp Xp(x,z,t) =0 forz=0,1

e Definition of subband: L?(R™) ® span(xj)

Hard-wall boundary conditions: ¢ (x,z,t) =0 for z=0and z =1

o Effects as ¢ — 0: adiabatic decoupling of subbands and semi-classical

transport within each subband
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Partially quantized Schrodinger models

£2

i€0) = ——

Db 230~ V2 000, 9(,0) =

o Electron and current densities: n. = 1|2, J. = elm (. V1))
@ Surface electron and current densities: nf = fol n.dz, JS = fol Jodz

Theorem (Ben Abdallah/Méhats 2005)

Ase — 0, (ng, J:) converges (in the sense of distributions) to

n(x, z, t) = Z (/Rm fo(x, v, t)dv) Ixp(x, 2, t)|?

p

J(x,z,t) :Z(/

p

folx, v, £)vdlv ) [xplx, 2, ),

m

where f,, solves a Vlasov equation.

v
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Partially quantized Schrodinger models

n(x,z,t) = Z (/R"’ fo(x, v, t)dv) IXp(x, 2, t)?

p

J(x,z,t) = Z (/Rm fo(x, v, t)vdv) Ixp(x, 2, t)|2,

P

@ Vlasov equation for f,:
Otfp +v - Vify = VyE, - Vi, =0, f(-,-,0) = £, (X, v),
e Initial datum f,; given by Wigner transform of 1), (see below)
e (ng,JZ) converges to (n®, J5) = fol(n,J)dz with
0in® —div) =0

e Transport in subband driven by V. E,, where E, = lim._o E;

@ Advantage: dimension reduction, cheaper numerical cost
@ Inclusion of Poisson equation: Ben Abdallah/Méhats/Pinaud 2006
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Microscopic quantum models Schrédinger models

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Reminder: semi-classical Vlasov equation

hk
8tf+gvxf+%vxvka:07 XER37kER3

Pseudo-wave vector: k € R3

Parabolic band structure: E(k) = h?|k|?/2m*,

v(k) = VE(k)/h = lik/m*

Electric potential V' computed from Poisson equation

esAV = q(n— C(x)), C(x): doping profile

Electron density:

dk
n(X, t) = /R3 f(X, k, 1‘.')4771_3 Z 0

Formulate equation in terms of crystal momentum p = hk
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Reminder: semi-classical Vlasov equation

atf_F%.vxf_quxv-fo:O, xeR3 peR®

Crystal momentum: p = hk € R3

Parabolic band structure: E(k) = h?|k|?/2m*,

v(k) = VE(k)/h = hk/m* = p/m*

Electric potential V computed from Poisson equation

esAV =q(n— C(x)), C(x): doping profile

@ Electron density:

dp
n(x,t) = f(x,p,t >0
(0= [ Flep it >
Objective: formulate quantum kinetic equation
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Wigner transform

@ Liouville-von Neumann “matrix” equation:
ihoep(r,s,t) = (Hy — Hs)p(r,s,t), p(r,s,0) = pi(r,s)
@ Fourier transform and its inverse:
FENE) = [ ey
F @) = e [ elp)e?"dp
e Wigner transform (Wigner 1932):

Yy Yy
W[p](X7 P, t) = (f(U))(X7 P, t)a U(X7y7 t) = p(x + E’X - 57 t)
o Wigner-Weyl transform = inverse of Wigner transform
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Wigner equation

Proposition (Quantum Vlasov or Wigner equation)
Let p be solution to Liouville-von Neumann equation. Then W|p] solves
Orw + % “Vxw+qf[Vlw =0, t>0, w(x,p,0)=w/x,p),

where

wi(x, p) = /R3 pi <X+ g,x - % t>e"y"’/hdy

Proof: write Liouville eq. in (x,y) variables, apply Fourier transform
e Pseudo-differential operator 6[V/]:

(OIVIw)(x, p, ) = (2rh) > | 6V(x,y, )w(x, p, t)e” PP/ dp’ dy
R3

e Symbol of A[V]:

oV(x,y,t)= %(V(X—F )2—/, t) — V(x — %, t))
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Potential operator

(OIVIW)(x, p.t) = (2nh) ™ | 6V(x,y, )w(x, o/, ) (P=) "l dy
RE}

SV(x,y, t) = %(V(x—i— %,t) - V(x— %,t))

@ Acts in the Fourier space as multiplication operator:
(OIVIw)(x, p,t) = (2mh)*F(6V (x,y, t)u(x, ~y, 1))
@ Symbol §V = discrete directional derivative:
SV(x,hy,t) — iVxV(x,t)-y as “h— 0"
@ Relation to classical Liouville equation: 8[|x|?/2] = x - V,w

Otw—|— Vw4 gV (BE) - Vw =0
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Wigner equation: scaling

atw+%'vxw+q9[V]w:O, £>0, w(x,p,0)=wl(x,p)

@ Reference length A, reference time 7, reference momentum m*\/r,
reference voltage kg T, /q
@ Assumption: wave energy < thermal/kinetic energies

h/T B h/T
kB TL N m()\/T)2
@ Scaled Wigner equation:

Ootw+p-Viw +0[V]lw =0

(O[VIw)(x, p, t) = (2wh)~> / SV(x,n, t)w(x, p', t)e™ P~ dp’ dn
R3

=ex1

oV(x,n,t) = é(V(X%— %77, t) — V(X— %n, t))
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Wigner equation: properties

ow+p-Vew+60.[Vilw=0, t>0, w(x,p,0)=w/x,p),
Semi-classical limit:
@ Recall that 6V/(x,n,t) — iV, V(x,t)-nase—0
@ Limit in potential operator: §.[V]w — V.,V -V,w ase — 0
@ Semi-classical limit of Wigner equation = Vlasov equation

ow+p-Viw+V,V-Vow=0

Nonnegativity of Wigner function:
@ Solution of Liouville equation preserves nonnegativity: not true for
Wigner equation, but n(x,t) = [ w(x, p,t)dp/4(hr)® >0
@ Hudson 1974:

w(x, p,t) = /R3w(x + %, t)@[)(x + )2—/, t)e_iy'p/hdy

nonnegative if and only if ¢ = exp(—x T A(t)x — a(t) - x — b(t))
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Semi-classical Wigner equation

Objective: Wigner equation for general energy bands E(k), k € B
@ Wigner function on lattice L:

w(x, k, t) = Zp(x + %,X - g, t) e~k
yeL

@ Arnold et al. 1989: «, 3, v parameter
Oew + - [BE (k+ 2:9.) - BE(k - 5:9.)
«a 2i 2i
+ ny<x+ E_Vk) — ’yV(X — g.Vk)] w =0,
2i 2i
where E(---), V(---) are pseudo-differential operators
@ « = ratio of characteristic wave vector and device length

e Simplification: let & — 0 in lattice L = aLgy, Lo = O(1), but not in
potential operator (to maintain quantum effects)

Orw + BVE(k) - Vxw + 0[V]w =0
@ Reference: Ringhofer 1997
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Wigner-Boltzmann equation

ow +p-Vyiw 4+ 0[V]w = Q(w)
Caldeira-Leggett model:
Q(w) = DppApw + 27div p(pw)

@ Problem: Does not satisfy Lindblad condition which is generic to
preserve complete positivity of density matrix

o Caldeira-Leggett model quantum mechanically not correct

Quantum Fokker-Planck model:

Q(w) = DppApw +2vdiv p(pw) 4+ DggAxw + 2Dpqdiv «(Vpw)
—_————

class. diff. friction quantum diffusion

e Satisfies Lindblad condition DppDqq — D3, > ~2/4 (diffusion
dominates friction) = Preservation of positivity of density matrix
@ Analysis of Wigner-Fokker-Planck models: Arnold et al. 2002-2008
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Wigner-Boltzmann equation

BGK (Bhatnagar-Gross-Krook) model:

1/n
Q(w) = —(—WO - W)
@ Particle densities: T 2o

2 2
t) = ——= t)d t) = ——= t)d
n(X7 ) (27Th)3 /R3 W(X7p7 ) p, nO(X7 ) (27Th)3 /]R3 WO(X7P7 ) p
e wy = Wigner function of quantum thermal equilibrium, defined by

peq(r,s) = Z f(Ej)Yj(r)vi(s), 1 Schrodinger eigenfunctions
J

@ Used in tunneling diode simulations (Frensley 1987, Kluksdahl et al.
1989)

Other models:
@ Semi-classical Boltzmann operator — quantum mech. not correct
e Degond/Ringhofer 2003: derived collision operator which conserves
set of moments and dissipates quantum entropy — highly nonlocal
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Microscopic quantum models Wigner models

Summary

Relation between density matrix — Schrodinger — Wigner formulation

Mixed-state
Schrédinger
equation

Vlasov equation

limit

classical

Wigner equation

Ansgar Jingel (TU Wien)

no collisio

ns

Wigner-Boltzmann
equation

Quantum Semiconductor Modeling

Liouville-

von Neumann

equation
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Microscopic quantum models Wigner models

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Wigner equation

8tw—|— — - Vuw + g0[V]w = 0, x,p € R3

Scaling:
reference length A reference time 7
reference momentum m*A/7 | reference voltage kg T, /q
@ Assume that

h/T h/T
— A 1
ke Ty & m*(\/T)? e

@ Scaled Wigner equation:

Otw+p-Viw +0[V]lw =0

VIl p.t) = s | BV ey Ol )b ) dy

oV(x,y, t)= é(V(XﬁL 4 t) — V(x— 5 t))
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Classical Maxwellian

Classical thermal equilibrium:

lp — UI2)
2T
Derived from maximization of kinetic entropy

S(f) = /Rg/ (log f — 1+ E(p))dxdp

under the constraints of given moments m;:

[ o) 5 = mi () = (1pIoP2)
B

73

M(p) = nexp ( -

Quantum thermal equilibrium: maximize quantum entropy
Quantum exponential/logarithm: (Degond/Ringhofer 2001)
Exp(f) = W(exp W™Y(f)), Log(f) = W(log W'(f))

Properties: 4 d |ogw = l/W, JwExpw = Expw
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Quantum Maxwellian

@ Relative quantum entropy:

2
S(W):—W/RGW<LOgW—1+2— )dxdp

e Weight functions x(p) = (ko(p), - ., kn(p)) given with ko(p) = 1,
r2(p) = 3lpl®
e Moments of w(x, p, t):

my(x.£) = (w(x. . )5 (P)) = gymgs || wlx.p. ()

@ Constrained maximization problem: given w, solve
max{S(f) : (F(x, p, t)(p)) = (w(x, p, t)(p)) for all x, t}
Formal solution:
M[w]| = Exp(A - k), X = Lagrange multiplier
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Quantum Maxwellian

@ Define, for given w, electron density n, mean velocity u, energy

density ne,
n 5 1
hu (Xa t) ~ 79-\3 W(X7p7 t) p dp
2me)3 /
ne (2me)3 Jrs %’PP

@ One moment (n) prescribed:

My[w](x.p. 1) = Exp(A(x. 1) — 21,

e Two moments (n, ne) prescribed:

|pI®
Mo[w] = E (A ) — )
2[W] Xp (X ) 2T(X7 t)
@ Three moments (n, nu, ne) prescribed:
_ ‘P - V(Xa t)|2>

Ms[w] = Exp (A(x7 t) 3T(x 1)
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Quantum Maxwellian

Expansion of quantum Maxwellian in powers of £

M [w] = Exp(A(x, t) — |p2]2) = exp (A(x, t) — wj)
2

< [1+ 8(AA+7|VA|2 P (Ve V)Ap)| + 0(=*)

Maw] = Exp(A — éo_f) = exp (A — Z)_’;)

1
- - 2 = T
[1 + 8T(AA+ IVA| (V@ V)Ap
\p\2

PLAG+T(p VB2 + 2opT(V e V)ip

2
§(p vo)e-vA) - 2o va - Plva v

B vsp)] < o). p=1T

Ipl2
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Quantum Maxwellian

e Maximization of quantum entropy without constraints (T = const.)
Mo = Exp(V — 3|pI?)
e Expansion in powers of £2:
Mo = eV IPI/2 [1 +3 <AV+ SIVVR - pr(V®V)Vp>} +0(%)

— first derived by Wigner 1932

@ Compare to Maxwellian of constrained problem:

M[w] = A~ 1P/ [1+ . (AA+7\VA|2—7 (V®V)Ap)} +0(h)
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Macroscopic quantum models Quantum Maxwellian

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Derivation

e Diffusion-scaled Wigner-Boltzmann equation: t — t/«,
Q(w) — Q(w)/a
a?0ewy + a(p - Viwy + Q[V]Wa) = Q(wa)

e BGK-type collision operator: Q(w) = M[w]| — w,
M[w] = Exp(A — 3|p|?) (one moment prescribed)
@ Properties of collision operator:

(Q(w)) =0, Q(w)=0 & w=M|w|
@ Properties of potential operator:
O[VIw) =0, (pd[V]w)=—(w)V,V forall w

@ Derivation performed in three steps

Step 1: limit @ — 0 in Wigner-BGK equation = Q(w) = 0, where
w = limg_o W = w = M[w] = Exp(A — 1|p|?)

Ansgar Jingel (TU Wien) Quantum Semiconductor Modeling www.jungel.at.vu

68 / 154



Derivation

A’Orwy + a(p - Viwy + Q[V]Wa) = M[wy] — wa
Step 2: Chapman-Enskog expansion
o Insert w, = M[w,] + ag, into collision operator:

a0 Wo + (P - Viwy + O[V]Wa) = ail(M[Wa] - Wa) = —8a
@ Limit « — 0:

g = lim g, = —(p- VM[w] + 6[VIM[w])

Step 3: limit @ — 0 in moment equation
@ Moment equation:

Oe(Wa) + o Hdivk (PM[wa]) +divy(pga)
—_——

=0
+a L OVIMW,]) + (0] V]ga) = (Q(wa))
T \H:/—JO %f—’zo
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Quantum drift-diffusion models
Derivation
e Moment equation: 9¢(w,) + divyx(pgs) =0
e Limit o« — O:
9 (M[w]) + divi(pg) = 0
o Computation of current density J:

Jn = —(pg) = (p(p - VxM[w] + 0[VIM[w]))
= divy(p @ pM[w]) — (M[w])V,V

Theorem (Nonlocal quantum drift-diffusion model)
orn—divJ, =0, J,=divP—nVV, M)AV =n— C(x),
where the electron density and quantum stress tensor are defined by

2 lpl? 2 |pl?
— E SR PV P = Exp(A——)d
g (2me)3 /R3 Xp( 2 ) & (2me)3 /Ra PP Xp( 2 ) -

v
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Expansion in powers of &2

@ Nonlocal relations:

2 |p|? 2 |pI?
= | exp(A-Pdp, P = Exp(A-"P") g
"7 ore)? /R3 Xp( 2 ) P 7= (2ne)3 /R3 PP Xp( 2 ) P

@ Expansion of quantum exponential:

Exp(A— 20 = exp (A(x, 1) — 20
2

« [1 n %(AA + %|VA|2 . %pT(v ® V)Ap)} +0(4

o Electron density:

= g (1 (84 394 o6
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Expansion in powers of &2

@ Electron density:

n= (27152)3’/26A<1 + i;(AA + %]VAF)) + 0(ch)

@ Quantum stress tensor:
24 g2 12
Pit = Gmey® (1 + E(AA +5IVA ))514
52 eA 62/4
6(27e)3/2 " Oxj0x;
g2 9%A
- o(*
12" om0
. g2 1 5 4
divP = Vn— Env(AAJr SIVA ) +0(c%)

+ 0(ch)

= ndjs —

@ Express A in terms of n
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Queniain difi-GiEan mode
Expansion in powers of &2
@ Express A in terms of n: Since n = 2(2me)~3/2e” + O(¢?) and
VA =Vn/n+ O(?),

AV

AA + —\VA|2 =2=v_ 7

+0(£?)
@ Recall formula:
. g2 1 5 4
divP = Vn— Env(AA+ SIVA )+ 0"

@ Current density:

Ay/n
NG

Jy=divP—nVV =Vn—nVV — —v(

- ) + 0(M

Theorem (Local quantum drift-diffusion equations)
2
A
Oen—divJ, =0, Jp=Vn—nVV - 8—nv(Lﬁ>
6 Vvn
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Local quantum drift-diffusion equations

2 A
Sen—divdy =0, Jy=Vn—nVV — inv( \/5), xeQ
6 vn
Mathematically fourth-order parabolic equation
Expression Ay/n/\/n: quantum Bohm potential

Ancona 1987: strong inversion layers near oxide of MOS transistor

Notation in engineering literature: density-gradient model

Boundary conditions: 02 =Tp Uy

n=np, V=Vp onlp, J,-v=VV.-vr=0 only

Ay/n
V(\/ﬁ>-u—0 on Iy, Avn=0 onlp

no quantum current

no quantum effects on I'p
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Local quantum drift-diffusion equations

2
A
den — div J, = 0, J,,:Vn—nVV—%nV< \/\?) xeQ

n=np, V=Vp onlp, J, - v=VV.-vr=0 only

@ Alternative boundary condition for quantum quasi-Fermi potential

F =logn—V —(£2/6)Av/n/+/n:
VF-v=0 onI'N, F:FD onFD

Mathematical results:
e 1D, V = 0: local existence of solutions (Bleher et al. 1994)
e 1D, V = 0: global existence of solutions (A.J./Pinnau 2000)
e 1D, V # 0: global existence of solutions (A.J./Violet 2007)

e 3D, V = 0: global existence of solutions (A.J./Matthes 2008,
Gianazza/Savaré/Toscani 2008)
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Queniain difi-GiEan mode
Resonant tunneling diode

Geometry: Numerical method:
o AlGaAs layer width: 5nm @ semi-discretization in time
@ device length: 75nm e finite differences in space
e doping: nTnnt structure (one-dimensional)
@ barrier height: 0.4eV o Newton iterations

metal

AlGaAs
GaAs |, [ GaAs ;[ GaAs

tunnel barriers substrate

s——t
10...100 nm
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Time-dependent simulations of tunneling diode

Electron density n(t) Current density J(t)

13
10 T T T T

Electrondensity

102

X[100nm]

Current Density J [Am™?]

Time t[5]
sl X107

— stabilization after ~ 107! sec. (100 GHz)
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(\VEYS (TN TETNI Mo M Quantum drift-diffusion models

Current-voltage characteristics of tunneling diode

5 7
3x 10 gx 10
8 = g
.25 m = 0.067 1 m 0.126
b — T 7T T=77K 1
g T=77K I £ |
- -
= = 5 4
2 151 1 ]
) T 4f i
a a
g 1r 1 & 31 1
3 3 2t ]
0.5f 4
1l 1
[ o
(S 0.1 0.2 0.3 0.4 o 0.1 0.2 0.3 0.4
Voltage U [V] Voltage U [V]
10 o
25%20 25x29
m = 0.067 4T m=0.126
& 2t gl
‘s T = 300K ‘e T = 300K
= =< 3t
- L -
=z 2 25}
2} 2
53 S o
o 1l a
5 ; 1.5f
3 osf 3 1
0.5
o o
o 0.1 0.4 () 0.1 0.3 0.4

0.2 0.3 0.2 E
Voltage U [V] Voltage U [V]
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Queniain difi-GiEan mode
Coupled QDD-Schrodinger-Poisson model

(El Ayyadi/A.J. 2005)

| QDD |Schrt')dinger-Poisson| QDD |
! n* region | n channel | n* region |
14X107 -
12} SP
Numerical comparison: -9 QDD-SP
@ Schrodinger-Poisson (SP) %  DD-SP
o QDD-Schrodinger-Poisson ;‘é i
Sl

@ Drift-Diffusion-Schrodinger-
Poisson (Degond/El Ayyadi
2002)

N
T

0 005 01 015 02 025 03 035 04
Voltage [V]
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Quantum entropy

2
A
On—divy =0, Jy=Vn—nVV— %nV( \/‘?)

@ Quantum kinetic entropy (or free energy):

_ 2 lpl?
o Quantum fluid entropy: insert wo = Exp(A — |p|?/2)
2
=—— A—1—V)dxdp=— A—1-V)d
S(u0) = ~ 3y [, ol Jaxdp =~ [ nf ).
e Entropy inequality (Degond/Ringhofer 2003):
dS

dt
@ Expansion of quantum entropy: logn =~ A + %(AA + %\VA|2)

2
So = —/ (n(logn —1)+ €—|V\/ﬁ|2 — nV) dx + O(e*)
- 6

—(wp) > / n0:Vdx, n solves nonlocal model
R3
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Quantum entropy

2
So = —/ (n(logn -1)+ 6—|Vﬁ]2 — nV) dx
R3 6
Proposition (Entropy inequality)
Let n solve local quantum drift-diffusion model. Then

—dj:—i—/3n‘v<logn— ;Af)\ dx —/R3natde

Proof:
@ Quantum drift-diffusion equation:

Oen = div (nV( log 7 — 562 A\/\?»

o Differentiate Sy:

2
LSO = —/ (Iog nogn + iVﬁ~ 0:Vv/n— VOin — n@tV> dx
dt R3 3
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Quantum entropy

2A
Oyn = div (nV(Iogn _v-S j))
6 /n
Proposition (Entropy inequality)
Let n solve local quantum drift-diffusion model. Then

—ﬁ)Jr/Rzn‘V(Iogn— —iAﬁﬂzdx:—/R?’n@tVdX

@ Differentiate Sg:

dSo g2
= = —/ (Iog nden + —V+/n-0:Vy/n— Vdn — natV)dX
dt R3 3

= —/R3 (atn<|ogn—€62A\g— V) —n@tV>dx

:/RSn‘V(Iogn— —iAﬁﬁ)de/RanatVdX
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Quantum entropy

50:—/R (n(logn—1)+ |V\f]2—nv>dx

@ Let (n, V) solve quantum drift-diffusion model with Poisson equation
MAV = n— C(x)

@ Quantum entropy:
g2 1
S = _/ (n(logn— 1)+ STVl — (n- OV ) dx
R3 6 2
g2 A2
= —/ (n(logn 1)+ —|VVn? + —D|VV|2) dx
R3 6 2

@ Entropy inequality:

R
dt R3
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Summary

Local quantum drift-diffusion model (QDD)

. e2_/AVn
Ben — div Jp = 0, J,,:Vn—nVV—EV<\/E>, ALAV = n— C(x)

Derivation from Wigner-BGK equation by moment method and
O(&*)-expansion

@ Simulation of resonant tunneling diode: negative differential
resistance for small temperature or large effective mass

Coupled QDD-Schrodinger model gives qualitatively good results

Mathematical theory well developed

Quantum entropy provides a priori estimates
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(\VEYS (TN TETNI Mo M Quantum drift-diffusion models

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Wigner-BGK equation

o Wigner-BGK equation in diffusion scaling:
0P0Wa + a(p- Viwy + 0[VIwa) = Q(wa), x,p€R? t>0
o Collision operator:
Qw) = Qo(w) +a*Q1(w),  Qo(w) = M[w] — w

@ Quantum Maxwellian: M[w] = Exp(k - \) for given weight functions
k= (Ko,...,kn)
@ Quantum Maxwellian for two prescribed moments:

Mw] = Exp(A - ‘pr)

o Moment equations: set (g(p)) = 2(2me) 3 [zs g(p)dp

Ot (kwy) + ot (diva(rpwa) + (k[ V]wa)) = (kQ1(wa))
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Macroscopic quantum models Quantum energy-transport models

Derivation

a28tWa + OZ(P - VWy + Q[V]Woz) = QO(Wa) + a2Q1(Wa)
Step 1: limit & — 0 in Wigner-BGK equation = Qy(w) =0,
w = lima—owo = w = M[w] = Exp(A — |p|?/2T)
Step 2: Chapman-Enskog expansion w, = M[w,] + aga
@ Insert into Wigner-BGK equation:

ga = — H(M[wa] — wa) = —adiwy — p- VyWe — [ V]we + aQ1(wey)
o Limita — 0: g =limy—oga = —p - ViM[w]| — 0[V]M][w]
Step 3: limit & — 0 in moment equations:
o Insert w, = M[w,] + ag,

Ot (kwy) + o tdivy (kpM[wa]) +a~t (k[ VIM[w,])
— —

=0 =0
+ divi(rpga) + (kO[V]ga) = (kQ1(Wa))

Ansgar Jingel (TU Wien)
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Derivation

@ Moment equations:

at<’€Wa> + diVx<Kpga> + <"€9[V]ga> = </{Ql(Wa)>

e Limit a — O:
Or(kM[w]) + divi(prg) + (0]V]g) = (rQ1(M[w]))
where g = —p - V,M[w] — 0[VIM[w]
Lemma
(O[VIw) =0, (pf[V]w) = —=(w)VV
(3lpI*01VIw) = —(pw) - VV,
(3plPIPOIVIW) = —((p ® pw) + (31pPw) 1) VV + (W) VAV
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Derivation

Lemma
(O[VIw) =0, (po[VIw) = —(w)VV, (3|pPO[VIw) = —(pw) -V V,
(plpl2O[VIw) = —({p @ pw) + (3[p[2w) Id) VV + S (w) VAV

e Moment equation with ko(p) = 1 (if Q1 conserves mass):
O¢ (M[w]) +divx (pg) + (0[V]g) = (Qu(M[w]))

= On—div),=0

@ Moment equation with x2(p) = 1[p|?:

O¢ (31pI*M[w]) +divx (3p|*pg) + (31pI*0[V]g) = (3|pI* Q(M[w]))
| S ——
=ne =—Je =—(pg) V<V =w
= Oi(ne) —divde+ J,-VV =W
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Derivation

Lemma
(O[VIw) =0, (po]V]w) = —(w)VV, (3[pPO[VIw) = —(pw) - VV,
(3pIpIPOIVIW) = —((p ® pw) + (3IPPW) I) VV + T (w) VAV

Current densities:
Jn = (plp - VeM[w] + O[VIMIW])) = divs (p © pM[w]) + (pO[VIM[w])
=divP — nVV =P =—(M[w])V,V
Je = (31pPP(p - VxM[w] + 6[VIM[w]))
= divx (3p @ p|p|>M[w]) +(3p|p|*[VIM[w])

=U
= divU — ({(p @ pM[w]) + (X|pPM[W])IA)VV + & (M[w])VAV

— divU — (P + neld)VV + £nVAV
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Macroscopic quantum models Quantum energy-transport models

Quantum energy-transport model

Theorem (Nonlocal quantum energy-transport equations)

Assume that Q1 conserves mass. Then

orn—divd, =0, 0¢(ne)—divde+ J,-VV =W

J,=divP —nVV, Je:diVU—(P—FneId)VV—i-E;nVAV
where

o= (ma(a=2E)). o= (Lipr(a- 22))

= (pomn(a- ). U= (Lpospisa(a— D))

w= (L (eola- )

Ansgar Jingel (TU Wien)
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Macroscopic quantum models Quantum energy-transport models

Nonlocal quantum energy-transport model

orn—divd, =0, 0¢(ne)—divde+J,-VV =W
2

Jp=divP—nVV, Jo=divU—(P+neld)VV + %nVAV
@ Evolution system for n and ne, nonlocally dependent on A and T
o Classical interpretation: A = chemical potential, T = temperature

@ Quantum entropy:

=— (27r25)3 s M[w](Log M[w] — 1)dp dx
2 |pl? I&
it Lela B B

e Entropy inequality: —dS/dt <0
(Proof uses Liouville-von Neumann formalism)
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Macroscopic quantum models Quantum energy-transport models

Local quantum energy-transport model
Otn —divd, =0, O¢(ne) —divde + Jp - VV =W
2
Jp=divP —nVV, Jo=divU—(P+ neld)VV + %nVAV

O(c*) expansion:

2
P=nTId - %n(v ® V)logn+ O(c")
ne = §nT - énA log n + O(*)
2" T "k
5 2
U= 5nT2 Id — ;—4nT(A lognld +7(V @ V) log n) + 0(s%)

Open problems:
@ Fourth-order differential equations
@ Mathematical structure still unknown
@ Entropic structure? Entropy inequality?
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Summary

Local quantum energy transport equations

Oen —divJ, =0, Oe(ne)—divle+ Jp-VV =W
2

Jp=divP —nVV, Je:divU—(P+neId)VV+%nVAV
P—nTId—in(VQ@V)Io n ne—énT—inAlo n
- 12 B MEZ NI T 1708
2

U= gnT2 Id — %nT(A lognld +7(V @ V) log n)

@ Derivation from Wigner-BGK equation using moment method

@ Procedure can in principle be generalized to higher-order quantum
diffusive models

@ Mathematical structure unclear
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\VEYS (T (TET I M (el [ Quantum energy-transport models

Model hierarchy

Quantum drift-diffusion and energy-transport models

Wigner-Boltzmann equation

diffusion
approximation

Entropic quantum
drift-diffusion model

Nonlocal quantum

drift-diffusion model

Nonlocal quantum
energy-transport model

O(h?)

expansion

Local quantum
drift-diffusion model

Local quantum
energy-transport model

Entropic QDD = nonlocal QDD

Ansgar Jingel (TU Wien)
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Macroscopic quantum models Quantum energy-transport models

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
e Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Macroscopic quantum models Quantum hydrodynamic models

Single-state Schrodinger equation
h2
ihdwp = =2 D — qV(x, t)y,  x € R3, t>0

@ Scaling: reference length A, reference time 7, reference voltage U,
and assume that m(\/7)? = qU

g2 h/T wave energy
O = — = Ap— V _ _
=0t 2 4 SRICEE m(\/7T)?  kinetic energy

@ Madelung transform: ¢ = \/nexp(iS/e), where n: particle density, S:
phase function

@ Quantum hydrodynamic equations for n = |¢|? and J = —clm(¥V¥)):

Ben—divJy =0, ey —div (J”fj") +nVV+622nV<A\/\?> —0

@ Schrodinger — QHD if initial datum well-prepared,

Y(-,0) = \/njexp(iS;/¢)
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Zero-temperature quantum hydrodynamic model

Oen—divy =0, 0;Jy — div (%) L AvV ¢ inV(A\/\?) —0

Single state equation = no temperature or pressure term

Mathematically third-order differential equations

Analytical and numerical difficulties: highly nonlinear, vacuum points
(x, t) at which n(x,t) =0

Quantum Bohm potential Ay/n/+/n appears naturally

Nondiagonal quantum stress tensor: P = (£2/4)n(V @ V)logn

2 A 2
%nV( f) g—dlv( (V®V)logn),
@ Applications: description of quantum trajectories, superfluidity
models, photodissociation problems etc.
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Schrodinger equation and quantum hydrodynamics

Liouville-von Neumann and mixed-state Schrodinger
@ Given density matrix operator p, solving Liouville-von Neumann
equation
ihoep =[H,p], t>0
e Eigenfunction-eigenvalue pairs (¢;, A;) of p
@ 1; solves mixed-state Schrodinger system ih0:1); = Hj, j € N, with
particle density

oo
n= ZAj\zij, Aj > 0: occupation probability
Mixed-state Schrodinger and quantum hydrodynamics

@ Let (¢;, \j) be solution of mixed-state Schrodinger system
@ Define electron and current density:

n=> nm=> MNP J= ZJ_ sZAIm Vb))
j=1 j=1
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Macroscopic quantum models Quantum hydrodynamic models

Schr'ddinger equation and quantum hydrodynamics

Z/\sz\z J:Z :—EZ)\Im Vi)

Jj=1
e Then (n,J) soIves

8en = div J, 8xJ — div (% + n9) L avV 4+ gnv(Aﬁ) —0

Vn
o0
nirrdi J JiJ
o=> N2 (Z-2)e(L-2)+5 V|og @ Viog L
Tnl\n n n;
J=1 J —— ~
current temperature osmotic temperature

@ Closure condition 1: § = T Id, T > 0 (isothermal model)
@ Closure condition 2 (Gasser/Markowich/Ringhofer 1996): small
temperature and small € gives equation for energy tensor

1/J®J g2
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Wigner equation and quantum hydrodynamics

@ Wigner-Boltzmann equation in hydrodynamic scaling:
adew + a(p - Viw + 0[V]Iw) = Qo(w) + Q1 (w)

@ Advantages of approach:
e Scattering can be included
e Closure obtained through limiting process

@ Assumptions on scattering: Qg conserves mass, momentum, energy,
Q@1 conserves mass

(Qo(w)) = (Qu(w)) =0, (pQo(w)) =0, (3[p|*Qo(w)) =0
and Qo(w) = 0 if and only if w = quantum Maxwellian
e Quantum entropy: S(w) = —ﬁ Jgs w(Logw — 1+ @ — V)dx dp
@ Quantum Maxwellian: Let w be given and M[w]| be solution of

S(w*) = max S(v) under constraints (kjv) = (kjw)

where x = (1, p, %|p[2) = M[w] = Exp(A—|p — v[*/2T)
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Macroscopic quantum models Quantum hydrodynamic models

Derivation

OrWy + (P - Viwy + H[V]Woz) = a_lQO(Wa) + Ql(Wa)

Step 1: Limit @ — 0 in Wigner-Boltzmann equation = Qo(w) = 0, where
w = limg—o Wy = w = M[w]

Step 2: Limit in moment equations

@ Moment equations:

O (kjWo) + divi(prjwe) + (Kj0[V]wa) = (kjQ1(Wa))

e Limit « — 0:

Ot (rjM[w]) + divx(prejM[w]) + (r;6[VIM[W]) = (r; Q1 (M[w]))

o Moments: (n, nu, ne) = ((1, p, 1|p|>)M[w]), J = —nu
@ Use properties

(OIVIMw]) =0, (p[VIM[w]) = —nVV, (3|p?6[VIM[w]) = J-VV

Ansgar Jingel (TU Wien) Quantum Semiconductor Modeling www.jungel.at.vu 102 / 154



Derivation

@ Balance equation for electron density n:

9 (M[w]) +divx (pM[w]) + (O[VIM[w]) = (Qu(M[w]))
t,ﬂ-/ t:J—/ ;T) 0

@ Balance equation for current density J:
9t (pM[w]) +divx(p @ pM[w]) + (pO[VIM[w]) = (pQi(M[w]))
=—J =—nVV

@ Balance equation for energy density ne:

B¢ (31pI>M[w]) +div, (3 plp|? Mw])+ (3 [pI*0[VIM[w]) = (3|p|*Qu(w))
—_———

[\

=ne =J-VV

@ Define quantum stress tensor and quantum heat flux

P={(p—u)@(p—u)Mw]), q=(5(p—u)lp—u>M[w])
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Macroscopic quantum models Quantum hydrodynamic models

Derivation

Theorem (Nonlocal quantum hydrodynamic model)

J®J

den — div J = 0, 8,_»J—div( +P) FnVV = —(pQi(w))
O¢(ne) — div ((P + neld)J — q) + J- VV = (1|p|?Qu(w))

where

P={(p—u)®(p—u)Mw]), q=(3(p—u)lp— ulMw])

Simplifications:

e Isothermal model: M[w] = Exp(A — |p — v|?/2)

@ Local model: O(&*) expansion
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Isothermal quantum hydrodynamic model

@ Derived by Degond/Gallego/Méhats 2007

e Quantum Maxwellian: M[w] = Exp(A — |p — v|?/2)

Isothermal model equations:

on—divd =0, 9 J+div(JRVv)+(Vv)(J+nv)+nV(V-A)=0

Relation between (n,J) and (A, v):

~(oo(a S v)). =~ {pmn{a- 3o )

Relation between velocity u = —J/n and v: nu = nv + O(&?)
@ Local isothermal model (A.J./Matthes 2005):

den—divd =0, Uy = mi:l (%L)I(T - g;:,,) (aai: - gjﬁ

. (J®d €2 Ay/n g2
atJ—dlv( p )—Vn+nVV+€nV(ﬁ) Edw(nU)
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Macroscopic quantum models Quantum hydrodynamic models

Isothermal quantum hydrodynamic model

Orn —divJ = 0, Ujé = Z (aal;m _ aa)l(’lj > <88[;IZ
¥ m

m=1
9:J — div (Jlﬁ) —Vn+nVV+ inv(Aﬂ)

Interpretation of U:
@ Vorticity w = curl u satisfies

Orw + curl(w x v) =0,

@ Relation between U and vorticity:

B
B aii)

e
= Edlv(nU)

div (nU) = w x (curl(nw)) + %nV(|w|2).
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Local quantum hydrodynamic model

Orn —divJ =0, 0;J — div (& + P) +nVV = —(pQi(w))

de(ne) — div (P + neld)J — q) + J-VV = <%]p\2Q1(W)>
Expansion of ne, P, and q: Rjy = Ouj/0x; — Oug/0x;

3 3
ne fnT+fn|u|2—*"(Abg”—?TT(RT )= 5IVlog TP

—AIogT—VIogT-VIogn) + 0(e")

2

P_nTId+En<2V|ogT®V|ogT—VIogT®V|ogn—V|ogn®VIogT

1 n

_ 2 - pT < 4

(V© V)log(nT?) + =R R) + 5 lev(TV|og T) +0(*)
82

qg= —ﬂn(SRV log T + 2div R + 3Au) +0(e")
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Macroscopic quantum models Quantum hydrodynamic models

Conserved quantities

din—div) =0, 8,J—div (Ji,;JJrP) £ AVV =0

d¢(ne) — div (P + neld)J —q) +J-VV =0

he =

2

P = nT Id 4 e2-quantum correction
2
g= —%n(SRV log T + 2div R + 3Au)

1 ,
nT + En]ulz + £?-quantum correction

Proposition
The energy is conserved, dE /dt = 0, where

) 2 3 1, 5 A} )
E(t) /}R3 (ne+—|VV\ )dX/Ra (EnT—i-En]u] +7\VV|

2
yvﬂQ n|VIog TI?+ =—nTr(RTR ))dx >0

24T

v
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Macroscopic quantum models Quantum hydrodynamic models

Local quantum hydrodynamic model

J®J

Ben—divJ = 0, 9;J — div (T n P) +nVV = —(pQu(w))

O¢(ne) — div (P + neld)J — q) + J- VV = <%]p\201(w)>

First simplification: small temperature Vlog T = O(£?)

Lo

3 1, &2 1 T
ne = 5nT+ En\u\ - ﬂn(A log n — 7Tr(R R))
2
P=nTId - En((v ® V)logn —
2
q= —ﬂn(2d1vR+3Au)

— Gives closed set of equations
Second simplification: R = O(g2)
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Macroscopic quantum models Quantum hydrodynamic models

Local quantum hydrodynamic model

Theorem (Local quantum hydrodynamic model)
8tn —divJ =0
. (J®Jd €2 Av/n
9ed — div <T) —V(nT)+nVV + Env( v ) = —(pQu(w))
2

d¢(ne) — div ((P + neId)J) = %div(nAu) +J.-VV = (%\p\201(w))
where

2

1 2
P=nTId - %n(V@ V)logn, ne= gnT—k En\u\z — ;—4nA log n

v

Quantum heat flux g = —(¢2/8)nAu:
@ Also derived by Gardner 1995 from mixed-state Wigner model
@ Appears in “smooth” QHD model (Gardner/Ringhofer 2000)
@ Seems to stabilize system numerically (A.J./Matthes/Milisic 2006)
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Other quantum hydrodynamic models

@ Quantum hydrodynamic model with energy equation first derived by
Ferry/Zhou 1993

@ Derivation from Wigner equation by Gardner 1994:

Den — div J = 0
2
atJ—div(JfJ) V(nT)+nVV+—V<A ") = —(p@i(w))

O¢(ne) — div ((P + neld)J) + dlvq—l—J VV ={
iy

|pI? Qi(w))

@ Gardner uses unconstrained quantum equilibrium :

VvV _L T 4
8T<AV+ 3T 37° (V®V)Vp)]+o(€)

and substitutes VV = TV log n + O(£?)

wq = ¥/ TP 1y
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Other quantum hydrodynamic models

@ Gardner uses unconstrained quantum equilibrium:

2
_V/T—|pl2/2T VV| 4
we =e [1+8T<AV+ 3T 37" P (VEV)V) | +0(e)
and substitutes VV = TV log n + O(e?)
@ Quantum Maxwellian:
M[w] = eA~ PP /2[1+ . (AA+7|VA|2 - (V®V)Ap)]+0(54).

and, if T = const.,, VA= Vlogn+ O(£?) = wg = M[w] + O(£?)
@ “Smooth” quantum hydrodynamic model (Gardner/Ringhofer 1996):
_ g2 Ay/n g2
expressions - V( 7 > and E(V®V)Inn

2 2
are replaced by 5Zdiv(n(v ®V)V) and 5I(V ® V)V

and V = V(x, T) depends nonlocally on x and T
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Dissipative QHD models

3tn—diVJ: 0

J®J Ayn
NG

O¢(ne) — div ((P + neId)J) — E;div(nAu) +J-VV = (%\p|2Q1(W))

) —V(nT)+nVV + EznV(

8, — div ( -

) = —(pQ@i(w))

Caldeira-Leggett operator: Qi(w) = L(A,w + div,(pw))
@ Averaged quantities:

J

~{pQw) =2, (31pPQu(w)) =~ (ne ~ >n)

o Relaxation-time model: J(t) — 0, (ne)(t) — 2n(t) — 0 as t — oo
@ Formal equivalence to Schrodinger-Langevin equation if T = 1:

. g2 2 i€ P iS/e
igd) = —?Alﬁ — Vb + log(|9|7)y — . log E’ Y =+/ne
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Queritan (g leehieie modks
Dissipative QHD models
Caldeira-Leggett operator:

8tn—diVJ:0
J®J

Aﬁ) _J
N

. e 2 3
Or(ne) — div (P + neld)J) — —div(ndu) + J- VV = == (ne - 5n)
T

@ Does not satisfy Lindblatt cond. (positivity-preserving density matrix)
@ Rescaled time and current density: t — t/7, J — 7J

70:n —7div) =0

GtJ—div< )—V(nT)—i—nVV—i—E;nV(

. 52 m J
720:J — T2div (J&;J) —Vn+nVV + EnV(A\‘fnf) =-7=

o Limit 7 — 0 gives quantum drift-diffusion model:

) g2 Ay/n
den — div J = 0, J—Vn—nVV—EnV(\/E>
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Dissipative QHD models

Caldeira-Leggett operator:
On—div) =0

0 J — div (J&’;J) —V(nT) +nVV + Egnv(Aﬁ) - _%

: e . 2 3
d¢(ne) — div ((P + neld)J) — gdlv(nAu) +J-VV = — (ne - En)

e Existence of stationary “subsonic” solutions with T =1 and |J/n|
“small” (A.J. 1998)

@ Nonexistence of solutions with T = 1 and special boundary conditions
(A.J./Gamba 2001)

e Existence of transient solutions with T = 1 (Antonelli/Marcati 2008)

@ Numerical solution: upwind finite differences (Gardner 1994), central
finite differences (A.J./Milisic 2007)
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Dissipative QHD models

Orn —divJ = (Q1(w))

J®J AVn

) —V(nT)+nVV + fnv( N ) — —(pQu(w))

8tJ —div <
2
O¢(ne) — div ((P + neld)J) — %div(nAu) +J-VV = (3|2 Q(w))

Fokker-Planck operator:

Qu(w) = DppApw + 27vdivp(pw) + DggAxw + 2Dpgdivy(Vpw)
o Lindblatt condition satisfied if Dp,Dqq — D3, > 72 /4
@ Averaged quantities:

(Qi(w)) = DggAxn, —(pQr(w)) = —2vJ 4+ 2DpgVxn + DggAyJ
3 :
<%‘p|2Q1(W)> = -2 (2vne - EDppn> + 2Dpqdivyd + DgqAx(ne)

@ Gives viscous quantum hydrodynamic model
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Viscous quantum hydrodynamic model

Otn —divJ = DggAn

0,J — div (Jf’J) V(nT) +nVV + inV(A\}f)

= DggAJ —2vJ +2DpgVxn
2
de(ne) — div ((P + neld)J) — %div (nAu)+J-VV

3
= Dagx(ne) — 2(2yne - 5D,,,,n) + 2Dpgdivy

Dgq provides diffusive terms

Effective current density Jog = J — DgqVn: Orn — div Jeg = 0
Existence of 1D stationary solutions with T =1 (A.J./Milisic 2007)
Lobal existence of 3D transient solutions (Chen/Dreher 2006), global
existence of 1D transient solutions (Gamba/A.J./Vasseur 2009)

@ Open problem: global existence of solutions for full system
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Macroscopic quantum models Quantum hydrodynamic models

Quantum Navier-Stokes equations

Objective: Derive Navier-Stokes correction (Brull/Méhats 2009)
Wigner-BGK equation:
@ Hydrodynamic scaling:
adw + a(p- Viw + 0[V]w) = M[w] — w

e Quantum Maxwellian: M[w] = Exp(A — |p — v|?/2) (isothermal case)
Step 1: Moment equations

@ Balance equation for electron density n:
Ot (w) +div  (pw) + (O[V]w) = o (M[w] — w)
= =nu =0 =0
@ Balance equation for current density —nu:
O (w) +div(p © pw) + (B[V]w) = o~ (p(M[w] — w))
=nu =—nVV =0
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Quantum Navier-Stokes equations

Oen+div (nu) =0, O¢(nu) + (p® pw) —nVV =0
Step 2: Chapman-Enskog expansion w = M[w] + ag
@ Computation of g: insert expansion into Wigner-BGK equation

g = {(Mw] - w) = ~9w — (p- Vew + 6[V]w)
= —0:M[w] = (p- VixM[w] + 0[VIM[w]) + O(a)
@ Second-order moment: insert Chapman-Enskog expansion

(p@ pw) = (p® pM[w]) — S
S = (p® p(d:M[w] + p - V. M[w] + 6] VIM[w]))

@ Stress tensor:
P={((p—u)®(p—u)Mw]) =(p&pM[w]) — nu®u
@ Second-order moment: (p® pw) = P+ nu® u — aS

Ansgar Jingel (TU Wien) Quantum Semiconductor Modeling www.jungel.at.vu 119 / 154



Quantum Navier-Stokes equations

Otn+div(nu) =0, 0O¢(nu) +div(nhu® u+ P)—nVV =aS

@ Correction S depends on n, nu, A, v, and P
e O(c*) expansion under small vorticity assumption
Vu—Vu' = 0(£?):
2
P=nld-— —an log n + O(g*)
Si=">_(0j(0;uxPy + 0j(ruxPpc) + ak(ukPU))
Jok
— 10;(0:A) + 3 Ou(nui) A — 5 Z (ndZu) + O(a)
k 7
= 9j(n(8;uj + 9ju;)) + O(£?) + (a), where 9; = 0/0x; etc.
e Correction term:

a$S = 2adiv (nD(u)) + O(ae?) + 0(a?), D(u)=3(Vu+Vu')
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Quantum Navier-Stokes equations

Theorem (Local quantum Navier-Stokes equations)

Neglecting O(ag?) + O(a?) term in aS gives

O¢n+div (nu) =0

Ot(nu) + div (nu ® u) + Vn — 62 V(A\\[f> — nVV = 2adiv (nD(u))

@ Classical Navier-Stokes correction:
S =2div (u(n)D(u)) + V(A(n)div u)

e Viscosity coefficients: u(n), A(n)
@ Monoatomic gases: A\ = %u

@ Quantum Navier-Stokes correction: p(n) = an and A(n) =0
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Quantum Navier-Stokes equations

Reformulation of quantum Navier-Stokes model:

O¢n+div (nu) =0
2
(nu) + div (nu ® u) + Vn — va(Aﬁ) — V'V = 2adiv (nD(u))
n

o Assumption: o = £2/6
o Effective velocity: w = u+ /aVlogn
@ Quantum Navier-Stokes system is equivalent to viscous Euler system:

O¢n + div (nw) = alAn
O¢(nw) + div (nw @ w) + Vn — nVV = aA(nw)

@ Same viscous terms in viscous quantum hydrodynamic model!

@ Velocity w also used in viscous Korteweg-type models
(Bresch/Desjardins) and fluid mixtures (Joseph/Huang/Hu 1996)
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Queniai Lydhodiemte GeskE
Hierarchy of quantum hydrodynamic models

Quantum hydrodynamic models

Schrédinger Mixed-state Wigner-Boltzmann
equation Schrédinger equation
Madelung constant Caldeira- Fokker-
trans- temperature Leggett Planck
formation closure operator operator
Zero-temperature Isothermal Relaxation-time Viscous
QHD model QHD model QHD model QHD model
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Queniai Lydhodiemte GeskE
Resonant tunneling diode

Geometry: Numerical method:
o AlGaAs layer width: 5nm @ Relaxation scheme (QHD)
o channel length: 25nm e Central finite differences
e doping: nTnnt structure (viscous QHD)
@ barrier height: 0.4eV o Newton iterations

metal

AlGaAs
GaAs |, [ GaAs ;[ GaAs

tunnel barriers substrate

s——t
10...100 nm
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\VEYS (TN TETNAI Mo M Quantum hydrodynamic models

Zero external potential

o Classical gas dynamics: subsonic means J/n < VT
@ Quantum hydrodynamics: dashed line separates sub- and supersonic

e From (a) to (d): increasing applied voltage
@)

(b)

1 1
0.8 0.8
0.6 0.6
0.4 04 - - e e e e e e e - -
o 20 0.5 1 0.20 0.5 1
(©) (d)
1 1
0.8 0.8
0.6 [ 2= R N
oal W\ 0.4
O'20 0.5 1 ° 20 0.5 1
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Queniai Lydhodiemte GeskE
Resonant tunneling diode: current-voltage characteristics

4x1o4

| X
L '

- i, ; i

1] l:T ,

/\—‘:’i 1

0 . . . .

— hysteresis phenomenum
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Macroscopic quantum models Quantum hydrodynamic models

Upwind finite differences

x 10°
——N =500
-==N=750

=

[$2)

~
.~

Current Density J [Am™?]

0 0.05 0.1 0.15 0.2 0.25 0.3
Voltage U [V]

@ Scheme strongly mesh dependent
@ Central finite difference scheme unstable
@ Central finite differences for viscous QHD stable
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Macroscopic quantum models Quantum hydrodynamic models

Viscous quantum hydrodynamic model

Isothermal viscous QHD:

8
x 10
3 .
a —V=Y
B
£ v=15v
< 25)--- o A\
; ‘‘‘‘‘ V= 3v0
2 2 b
8 /
=15 . i
g Noo
=1 ’ ~ -
o 1 AN
[} N ~
2 |
] ~
0 =]

0 0.05 0.1 0.2 0.25 0.3

0.15
Voltage U [V]

@ Curve not physical (wrong
jump)

@ Use full viscous quantum
hydrodynamic model

Ansgar Jingel (TU Wien) Quantum Semiconductor Modeling

Full viscous QHD:

~ 4><108
b T=77K
£ 357 m_ =0092m
= eff O a2y
")E 3
2
B 25
=4
j°)
a 2
5
£ 15
=1
o 2,12
%) 1 .
2 .
8 05 .~
2 0. .-
w | T
ol====
0 005 01 015 .
Voltage U [V]

o Effective mass larger than

0.25

0.3

physical mass m* = 0.067mg

@ Weak negative differential
resistance — viscosity too

strong
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Summary

Quantum hydrodynamic equations

8n —divJ = 0, 8,J — div (J&’;J + P) +nVV = —(pQ1(w))

O¢(ne) — div ((P + neld)J — q) + J - VV = (1[p|?Qu(w))

Single-state Schrodinger — zero-temperature quantum
hydrodynamics

Mixed-state Schrodinger — isothermal quantum hydrodynamics
Diffusion approximation of Wigner equation — full quantum
hydrodynamics

O(c*) expansion gives local quantum hydrodynamic model with
vorticity-type terms

Scattering models: Caldeira-Leggett and Fokker-Planck

Viscous quantum hydrodynamic model: influences (too) strongly

quantum effects
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Macroscopic quantum models Quantum hydrodynamic models

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Quantum transistor
Quantum transistor: principle
@ Controls electron current by potential variation in stub

@ Transistor has two states: on-state and off-state
o Typical size: 10...25nm

— 70
25+

25
-5

Lo
1520

3 [nm]

30

21 [nm]

-
80 U 3 [nm]
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Quantum transistor: numerical approximation

Time-splitting method: (Bao/Jin/Markowich 2002)
o Trotter splitting: approximate solution e/€2/2+V(x)/e py gich/2gV(x)/e

iedhr = =S A in [t 1], Ua(t) = o,
ie@th = —V(X)w2 in [t:ja tj-‘rl], ¢2(t:]) = wl(tj+1)

o Equation for t,: explicit solution ¥o(tj11) = e/ (t;11)
e Equation for t1: use spectral method (write equation in discrete
Fourier space)
Algorithm:
@ Compute discrete Fourier transform of 1
@ Solve equation for 11 in discrete Fourier space
e Multiply solution by e=V/e
Use discrete FFT for Fourier transformations: complexity O(N log N)
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Quantum transistor: numerical details

Transparent boundary conditions: imaginary potential method

Incoming plane waves: e’**~“t describes plane wave with energy
E = |hk|?/2m, frequency w, construct additive incoming wave

Boundary of transistor realized by smoothed external potential
Initial condition: stationary solution from Numerov method
Implementation: Matlab, FFT package; visualization: POV-Ray

Computing time: 4 hours on quad-core processor for 3D
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Quantum transistor: evolution of density
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Actual and emerging directions Quantum transistor

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Actual and emerging directions Spintronics

Spin-based devices

@ Up to now, only electron charge used in semiconductors
@ Electrons can be distinguished by their spin: “up” or “down”
@ What is spintronics? “Teaching electrons new tricks.” (Patrick
Bruno, Germany)
Applications:
@ Densely-packed storage in hard drives
@ Spin-polarized transport in transistors
Giant magnetoresistance:
@ 2007 Nobel Prize in Physics for Fert and Griinberg
@ Hard disc with layers of different ferromagnetic material
@ Magnetization influences electrical resistance

@ Allows for increased sensitivity of hard-drive read head
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Spin transistor

Source Gate Drain

—s"

Elektronen

70 Nanometer

Spin field-effect transistor due to Datta/Das 1990

Source and drain made of ferromagnetic materials

Source: gives spin-polarized electrons

Drain: works as spin analyzer

Gate voltage: changes spin of electrons to control the current

Objective: Derive spintronics models
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Schrodinger spin models

@ Vector-valued Schrodinger equation:
ihdpp = Hip + Hsyp, x € R3, ¢ e C?

@ Energy Hamiltonian:
h2

H = <_ B+ V(x, t))I[g, Ip : identity matrix in C2<2

m

@ Spin-orbit Hamiltonian:

Hy = ahQ(x, t,ihVy) - &

where «a: coupling constant, Q: effective field (pseudo-differential
operator), & = (01, 02,03)
@ Pauli matrices:

(01 (0 —i (1 0
1=\ 0)0%27\0i o) 70 -1
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Schrodinger spin models

ihdpp = Hip + Hep, x € R3, ¢ e C?

e Example: Rashba spin-orbit Hamiltonian (for 2D electron gas):

Hs = aih(010, — 020x)
@ Electron density and current density:

N(x,t) = 9(x, t) @ P(x, t) € C**?

S 1) = - (V6 0) © 9, 1) — (x, ) @ V9 (x, 1)
Semi-classical limit:

@ Scaled Schrodinger model:

62

ie0etbe = = Dpe + Ve + aQ(x, t,icVy) - G2
@ Objective: € — 0 (Ben Abdallah/EIl Hajj 2008)
@ Assumption: weak spin-orbit coupling, a = O(¢)
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Actual and emerging directions Spintronics

Schrodinger spin models
g2 =
iede). = —EAxwg + Vpe + eQ(x, t,ieVy) - 0.
Theorem (Spinor Vlasov equation)
Wigner function

Floesp,t) = 2027)° [l = en/2.8) @ Bl + enf2, )y
R
converges (in the sense of distributions) to a solution to

OF +p-ViF+VyV -V,F=ilQ-3,F

e Commutator: [A,B] = AB — BA
@ Electron and current densities:

Nexit) = [ Flp.tidp. Jxt) = [ Flxp.t)pds
R3 R3
@ Strong spin-orbit coupling &« = O(1): F decomposes into Fy;, and
Faown solving two Vlasov equations
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Spinor Boltzmann model

8tF+p~VXF+VXV-VpF:Q(F)+%’[ &, F] + Qs(F)

Q(F): Semi-classical collision operator without spin interactions
- - - . ) _ 1

Spin-flip interactions: Qs(F) = -(tr(F)L> — F)

Basis in class of C2*2 Hermitian matrices: Iy, o1, 02, 03

Decompose distribution function in this basis:
F(x,p,t) = 3f(x,p, )2 + fi(x,p, t) - &

where f.: charge distributions function, x spin distribution function
@ System of spinor Boltzmann equations:

Oefe+p- Vife+ ViV -Vpfe =0
Oefo+ P Vhe + ViV - Vpfy = —afl x £,
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Macroscopic spinor models

o Diffusion-scaled spinor Boltzmann equation:
20, F. +e(p-VyF. 4V, V-V,F.) = Q(FE)+asé[Q.5, F.]+22Qs(F)

@ Objective: Limit ¢ — 0 for various regimes of o

Weak spin-orbit coupling: o« = O(g)
e El Hajj 2008: As e — 0, F. — F = N(x, t)M(p), where M(p):
Maxwellian and

d¢N + div (D(VN — NV V)) = é[ﬁ/ - &, N] + Qs(N)

@ Diffusion matrix D: symmetric positive definite
o Effective field: H(x, t) fR3 x, p, t)M(p)dp
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Macroscopic spinor models

Strong spin-orbit coupling: a = O(¢71)

@ Diffusion-scaled spinor Boltzmann equation:
20,F. +2(p- ViFe + ViV -V,F.) = Q(F.) + é[ﬁ -G, F]+22Qs(F)

@ Assumption: direction of Q independent of eV
@ Ase — 0, F. — F, where F(x,p,t) = N(x, t)M(p),
N:%nc}lz—l—ns'c?

@ Spin-up/down densities ny, = nc + Ns, Ngown = Nc — Ns solve
. 1
O¢nyp — div (D1(Vnyp — nypyVV)) = ;(ndOWn — Nyp)

. 1
8tndown —div (D2(Vnd0wn - ndownv V)) = ;(nup - ndown)

@ Spin relaxation time 7 depends on 75, @, and 9)
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Numerical example

@ Subband quantum/drift-diffusion model: quantum confinement in x3
direction, transport in x = (x1, x2) direction

@ Schrodinger eigenvalue problem in x3 direction

@ Stationary two-component drift-diffusion model for (nc, ns)

@ Rashba effective field (numerical results by El Hajj)

Spin drain current as a function of the gate voltage:

x 10*

4
o g /]
£ o
= /
T 2 / "
]
i - \ :
5 1 . 1
c P \\ /
5 of / j
e . /
3
5 4 \ )
S 1L ]
E \\ //
=1 AN /
v 2 \ / =

L .

o 0.5 1 1.5 2 2.5 3 3.5

Vgs
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Actual and emerging directions Spintronics

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Actual and emerging directions New materials and devices

Beyond silicon

@ Silicon may be used up to 22 nm technology
(expected 2011) but devices are extremely
sensitive to fabrication spreads

@ New materials allow for higher speed and
less power:

Gallium arsenide used 1993 in Cray 3 design
Indium-antimonide-based transistor (Intel
2006): 1.5 times the speed of silicon-based
transistors and 1/10 the power

Blend of silicon and indium antimonide
(Intel 2008): runs as fast as 140 GHz
Hafnium-based 45nm devices (IBM, Intel
2008): reduce leak current

Drawbacks: smaller wafers, expensive
production

@ Silicon-based nanowires: very small, easy
handling, but high power consumption
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W il e dstees
Carbon nanotubes
e Advantages: extremely small (diameter 1 nm), potential for ultra

high-speed
o Difficulty: to place nanotubes precisely
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New transistors

Gate .
Source sio, Drain
n* Si undoped Si channel n* Si
Sio,
Gate

@ Double-gate field-effect transistor
e Allows for a very efficient control of carrier transport
e Fabrication more complex than standard MQOS transistors
e Suitable for sub-10 nm silicon transistors?
@ Single-electron transistor
e Like MOS transistor with channel replaced by quantum dot limited by
two tunnel barriers
o Difficulties: Sensitivity to random background charges and to

fabrication spreads
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Possible future devices

Quantum dot arrays (logical devices)

Single-electron memory cells

Quantum-based devices (tunneling diodes, spin transistors)
Polymer thin-film transistors

Molecular-based devices

Devices based on self-assembly

Devices for quantum computing
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Actual and emerging directions New materials and devices

Overview

@ Semiconductor modeling
@ Microscopic quantum models

o Density matrices

e Schrodinger models

o Wigner models
© Macroscopic quantum models
Quantum Maxwellian
Quantum drift-diffusion models
Quantum energy-transport models
Quantum hydrodynamic models

@ Actual and emerging directions

o Quantum transistor
e Spintronics
o New materials and devices

© Summary and open problems
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Summary

Semiconductor modeling:
@ Bloch decomposition of wave function
@ Semi-classical picture
Microscopic quantum models:
@ Three formulations: Density matrix — Schrodinger — Wigner
@ Density matrix: describes statistical state of quantum system
@ Schrodinger equation: describes ballistic carrier transport
@ Wigner equation: allows one to include scattering models
Macroscopic quantum models:
@ Close moment equations using quantum Maxwellian
@ Three- or two-step derivation from Wigner-Boltzmann equation

@ Expansion in powers of scaled Planck constant gives local models
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Summary

Semi-classical models Quantum models

N
Newton equations Liouville-von Neumann eq. §
4
Q
3
Vlasov equation ‘ Quantum Vlasov equation ‘ ‘mixed-state Schrodinger eq,‘ S
| | :
IS)
&
Boltzmann equation ‘Wigner—BoItzmann equation‘ ‘single-state Schrédinger eq.‘ 723
diffusive models hydrodynamic models diffusive models hydrodynamic models
‘ Drift-diffusion model ‘ ‘ Isothermal HD model ‘ ‘ Quantum drift-diffusion ‘ ‘ Zero-temperature QHD ‘ §
3
[
3
‘ Energy-transport model ‘ ‘ HD model ‘ ‘ Quantum energy-transport ‘ ‘ Isothermal QHD ‘ T,
o
3
8
‘ SHE model ‘ ‘ Extended HD model ‘ ‘ higher-order models ‘ ‘ QHD model ‘ (%

Higher-order models Extended QHD model
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Some open problems

Microscopic quantum models:
@ Numerical solution of multi-dimensional Wigner or density matrix
models
@ Modeling of semiconductor devices in magnetic fields
@ Theory for quantum scattering operators
@ Entropy methods for the Liouville-von Neumann equation
Quantum drift-diffusion models:
e Existence results for the nonlocal model (entropic structure!)
@ Develop a mathematical theory for nonlinear higher-order parabolic
equations
@ Numerical simulations of 3D quantum devices
Quantum energy-transport models:
@ Understand the mathematical structure
@ Numerical approximation
o Existence of global-in-time or stationary solutions

@ Importance of temperature effects in quantum devices
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Some open problems

Quantum hydrodynamic models:
@ Strict positivity of solutions
@ Equivalence to Schrodinger equation
@ Better numerical approximation schemes

@ Existence of global-in-time solutions to multi-dimensional viscous
QHD models

Other open problems:
@ Derive macroscopic quantum models by variational methods
@ Numerical approximation of macroscopic models for spintronics

@ Numerical simulation of quantum dot arrays
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