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Introduction

What mathematics skills are needed?

Entropy methods are intradisciplinary!

o Partial differential equations: Fokker-Planck equations, parabolic
equations, Sobolev spaces

@ Functional analysis: Lemma of Lax-Milgram, fixed-point theorems,
compactness

@ Stochastics: Markov processes, Markov chain theory
@ Numerics: Finite-difference methods, finite-volume methods

o Differential geometry: Geodesic convexity of entropy (not convered in
these lectures)
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Entropy in physics

@ Entropy = measure of molecular
disorder or energy dispersal

@ Introduced by Clausius (1865) in
thermodynamics (measure of
irreversibility)

@ Statistical definition by

Boltzmann, Gibbs, Maxwell
(1870s)

S=—kg Zp,- log pj, pi: probability of ith microstate
i
@ Von Neumann (1927): Quantum mechanical entropy
o Bekenstein, Hawking (1970s): Black hole entropy (to satisfy second
law of thermodynamics), entropy ~ radius?: description of volume
encoded on its boundary
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Entropy in information theory

111111
110/110(0]1{1]11{0|1

@ Shannon 1948: Concept of information entropy (measure of
information density)

@ Information content: /(p) = —log, p, p: probability of event
@ Rationale: /(1) = 0: no information content of sure events,

I(p1p2) = I(p1) + I(p2): information of independent events additive
@ Entropy = expected information content

S= Z P, Pl - Z Pi Iog2 pi
iex iex

@ Applications: Redundancy in language structure, data compression
(entropy coding, idea: minimize entropy)
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Introduction

Entropy in mathematics

@ Mathematical entropy is nonincreasing, i.e. negative physical entropy
@ Hyperbolic conservation laws (Lax 1971):

Oru+ Oxf(u) =0, weR"

h is an entropy if 3q : ¢'(u) = f'(u)h'(u) and entropy inequality:
O¢h(u) + dxq(u) <0

o Kinetic equations: entropy h(f) = [p4 f log f dx gives a priori
estimates for Boltzmann equation (DiPerna/Lions 1989), large-time
behavior of solutions (Desvillettes/Villani 1990, Mouhot 2006)

@ Large-time behavior for stochastic processes (Bakry/Emery 1985) and
parabolic equations (Toscani 1997)

@ Regularity for parabolic equations (Nash 1958)
@ Relations to gradient flows in metric spaces (Ambrosio, Otto,
Savaré...), functional inequalities (Gross, Arnold et al., Dolbeault...)
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Introduction

Entropy in literature
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Introduction

Entropy and partial differential equations

Generally: Entropy S(E, X1, ..., Xy) is function of internal energy E and
state variables X; (e.g. density, volume) such that

S is concave, g—g >0, S homogeneous of order one.
Def. temperature % = g—g, chem. potential p = —9% (p: mass density)

@ Euler equations in thermodynamics:

Orp + div(pv) = 0,
Ot(pv) +div(pv@ v —T) =0,
Ot(pe) +div(pve+q) =T : Vv

where v: velocity, T: stress tensor, e: internal energy, g: heat flux
@ Energy balance:
gy d P B
§]v| + pe |dx =0

@ Monoatomic ideal gas: energy density pe = %p@,

entropy density ps = —plog(p/93/2) = ggﬁg = % >0
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Introduction

Aims of lecture course

@ To introduce into several entropy methods for partial differential
equations (PDEs)

@ To use entropy methods to prove the qualitative behavior of solutions
to PDEs (large-time asymptotics, existence analysis, L bounds)

@ To prove functional inequalities (convex Sobolev inequalities)

@ To relate entropy methods to physical principles and the theory of
stochastic processes

@ To introduce into the theory of cross-diffusion systems
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Introduction

Overview
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o Extensions

© Uniqueness of weak solutions

@ Towards discrete entropy methods
@ Time-continuous Markov chains
@ Time-discrete entropy methods
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Example: Heat equation
Oru=Au, wu(0)=uwuy>0 inT9 (torus), t >0

o Steady state: uUs = [r4 Uodx = [p u(t)dx, meas(T9) =1
@ Question: u(t) — ux as t — oo in which sense and how fast?
o Define the functional Ha[u] = [1q(u — uss)?dx
@ Compute time derivative: entropy production

dHZ[ ]—2/ (U — Uso)Orudx = —2 / |Vul?dx <0
Td

@ Poincaré inequality: Ha[u] = |lu — ux |2, < Cp|Vull2,
@ Combining expressions:

dH
= ~2lVulf < 2G5 Hlu]

—2C,

@ By Gronwall's inequality, [|u(t) — uso||?, < e™2%P tHuo — Uso|%,
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Example: Heat equation
Oru=Au, wu(0)=uwuy>0 inT9 (torus), t >0

. —1
@ Conclusion: ||u(t) — tso|l 2 < e P lug — oo |12
@ Same result with spectral theory: C;l = first eigenvalue of — A
@ Since spectral analysis gives the same result: What is the benefit?

First answer: Different “distances” admissible
@ Entropy functional Hi[u] = [r4 ulog(u/us)dx >0

dHl [u] / (Iogu + 1> Drudx = —4/ |V /ul?dx
Uso Td

o Logarithmic Sobolev ineq.: [14 ulog(u/uss)dx < Cp [14 |V/ul?dx
@ By Gronwall inequality,

dH .
1[u]< —ACT H U] = Hh[u(8)] < e tHy[ug], £ >0
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Example: Heat equation

Second answer: Method applicable to nonlinear equations
@ Quantum diffusion equation: J;u = —div(uVA*Tf) in T9
@ Occurs in quantum semiconductor modeling, u: electron density
@ Entropy functional: Hy[u] = [14 ulog(u/us)dx

@ Entropy production:

dHl[ ] = /Td div <uv \}{) log udx = — y A\/\?Audx

_ H/Ed(Aﬁ)zdx <-£ /w Vil < — e Hill]

o Exponential decay of u(t) to usx with explicit rate:

Hi[u(t)] < e */ (PO H [we], t>0
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Strategy

Oru+A(u)=0, t>0, u(0)=up
Strategy:

@ Given an entropy H[u], compute entropy production:
—dH/dt = (A(u), H'[u])
@ Find relation between entropy and entropy production:
H[u] < C{A(u),H'[u]) = dH/dt < —CH
@ By Gronwall's inequality, conclude exponential decay:
Hlu(t)] < e~ H[uo]
Entropy methods can do much more:
@ Self-similar asymptotics
@ A priori estimates and global-in-time existence analysis
@ Proof of functional inequalities (like logarithmic Sobolev ineq.)
@ Positivity of solutions and L* bounds (no maximum principle!)
@ Uniqueness of weak solutions
@ Stability of numerical discretizations (structure-preservation)
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Definitions
Setting:
@ A: D(A) C X — X' operator, consider 0;u + A(u) =0, t > 0,
u(0) = wo
@ Steady state: u., € D(A) solves A(ux) =0
Definitions:

@ Lyapunov functional: H: D(A) — R such that ‘Z,—’;’[u(t)] <0,t>0
@ Entropy: H: D(A) — R convex Lyapunov functional such that
o 3¢ € COR): ®(0) =0 and
e d(u,us) < O(H[u] — Hluso]) for u € D(A) and some metric d.
e Entropy production: EP[u(t)] = —%[u(t)]
@ Entropy of kth order: contains kth-order partial derivatives
No clear definition of (mathematical) entropy in the literature!
Examples: Fy: Fisher information

Ho[u] = /Q(ua —ul)dx, Fulu]l= /Q IVu/?2dx, o >1

Ansgar Jiingel (TU Wien Entropy dissipation methods www.jungel.at.vu 16 / 129
g g



Heat equation revisited

Oru=Au, wu(0)=uwuy>0 inT9 (torus), t >0
Claim: Hi[u] = [1q ulog(u/uss)dx is an entropy for the heat equation
Proof:

@ Lyapunov functional: dH1 Alu] = — [14 |VVul?dx <0
o Convexity: u — Hi[u] is convex

o Csiszar-Kullback inequality for ®(s) = Cy+/s, d(f,g) = ||f — g1
d(u, uso) < Cy(Hr[u] — Hrluso])Y/? using Hi[uso] = 0

Lemma (Csiszér-Kullback-Pinsker)

Let ¢ € C3(R) be strictly convex, ¢(1) =0, and [y, fdx = [1q gdx = 1.
Then, for some Cy > 0,

f
If — gl < C¢/ ¢ <> gadx
Td g

Proof: Taylor expansion of ¢ around 1
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Fokker-Planck equations Bakry-Emery approach

Linear Fokker-Planck equation

O =div(Vu+uVV) inR?, >0, wu(u)=up>0

@ Assumptions: [pq todx =1, lim|y_,o, V/(x) = 0o (confinement)
@ Steady state: 0 = Vi + U VV = uxxV(log us + V) =

Uso = ce— Y, where ¢ is such that Jga toodx =1
@ Entropy: Let ¢ € C* be convex

Hy[u] = /Rd ¢ <u‘o’o> oo dX — ¢</Rd udx>

Theorem (Bakry/Emery '85, Arnold/Markowich/Toscani/Unterreiter '01)
Let uplog ug € L1(RY), V2V > X\ >0, 1/¢" concave. Then
lu(t) — usollr < e C; 2 Hyluo] Y2, t>0

Example O: ¢(s) = s(logs—1)+1, ¢(s) =s*—1—a(s—1) (1 <a <2)
Example O0: ¢(s) = slogs, V(x) = %|x|2 then A =1 (optimal!)
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Fokker-Planck equations Bakry-Emery approach

Proof: First time derivative

Oru = div(Vu + uVV) =div (UOOVU> . Uso =ceV
Uso

First time derivative: Hy[u] = [po d(u/uoo)toodx — B(1), set p = ;=

H,
= [ 0@owd = [ 5"()VoPuax <0
t Rd Rd

Second time derivative: (key ideal)

d’H,
dtf [u] = - /d (6" (p)0:ulVp|* +2¢" (p)Vp - VOipuso)dx = =l — I
R

First integral:

V(8" (0)|VpI?) - (uVp)dx

d

/l//

%\%\

p)|Vp|* + 29" (p)VpV?pV p) usodx
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Fokker-Planck equations Bakry-Emery approach

Proof: Second time derivative

d’H,

il = —h b, b= /R (S Tpl* + 28" (0)V TPV p) e
Second integral: compute V:p = VAp — V?p-VV —V2VVp, p = e
h=2[ ¢ : sod
? /Rd P PIVp - VOrpiood >AVpf?

—_——~

= 2/ ¢"(p)(Vp-VLAp—VpV2pVV — VpVVVp)dx
Rd

< 2/ ¢"(p)(div(V?pVp) — [V?p|? = VpV2pVV — A|Vp|?) uodx
]Rd

=0
——
= 2/g—¢”’VpV2pruoo — "V pV2p (Vs VV) —¢" V2 p|? o) dx
R
dH
- 2A/ ¢"(p)|Vp|Puscdx, note: / ¢ (p)|VpPusodx = —°
Rd Rd dt
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Proof: Second time derivative
Add both integrals /; and I, and use ¢ convex, 1/¢” concave:

d?H,
dt?

dH,
dt

[u] — /Rd (¢////|Vp|4 + 4¢”’VpV2pV,o + 2¢”|V2p’2)uoodX —2)

" 1112
— /Rd <2¢// V2p+ Z” V,O@V,O‘ ( " 2(¢¢//) ) |V,0|4> LloodX
>0 — (¢//)2(1/¢//)//20
dH, d ¢ d
— 22— g [u] > 22— dt
Integrate over (t, oo):
dH dH
lim =2 [u(s)] =2 [u(6)] = —2X Jim Hy[u(s)] +2AHy[u(1)]
S =0 =0

Gronwall lemma and Csiszar-Kullback inequality:
lu(t) = usclfa < CsHolu(t)] < Cpe™* Hluo]
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A T
Bakry-Emery: Remarks

Theorem (Bakry/Emery '85, Arnold/Markowich/Toscani/Unterreiter '01)
Let uglog ug € L1(RY), V2V > X > 0, ¢ convex, 1/¢" concave. Then
At ~1)2
() — ool < €7 C/ 2 Hyfu] 2

Exponential L' decay with (optimal) rate A
Difficult part of proof: justify computations for weak solutions
Proof yields convex Sobolev inequality for all (smooth) u (p = -*):

1 dH 1,
Holud = [ op)udx—o(1) < —5- 20l = 55 | ()1 pPuncd

Example: V(x) = 3|x|2, ¢(s) = s(logs — 1) + 1, then A =1

d 1 2
/ ulog udx + — log(27) + d < / [V dx, / udx =1
R4 2 2 Rd u Rd

e ©

@ Benefit: Simultaneous proof of deacy rate and convex Sobolev ineq.

Ansgar Jingel (TU Wien) Entropy dissipation methods www.jungel.at.vu 23 /129



Fokker-Planck equations Bakry-Emery approach

Bakry-Emery for Markov processes

@ Given Markov process (X¢)¢>0, semigroup S:f(x) = E[f(X¢)|Xo = x],
infinitesimal generator Lf = lim;_,o(S:f — f)/t
Example: Lf = Af — x - Vf on RY (Fokker-Planck-type), S:fy is
solution to 0:f = Lf, f(0) = fy
@ Assume: 3 invariant measure 1: [ fdw = [ Sifdw
Carré-du-champ operator: I'(f,g) = %(L(fg) — flLg — glLf)
Example: I'(f,g) = Vf-Vg
Gamma-deux operator: To(f,g) = 3(LI(f,g) — T(Lf,g) — [(f, Lg))
Example: To(f, f) = |V2f|? + |Vf|? = To(f,f) > [(f,f)

Theorem (Bakry/Emery 1985)

Let ¢ € C? be convex, 1/¢" concave, and 3\ > 0: To(f, f) > X[(f,f) for
all f > 0. Then for probability density functions p,

/¢ p)dm — ¢ (/ pd7r>2k/ " (p)F (p, p)dm
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Fokker-Planck equations Bakry-Emery approach

Bakry-Emery for Markov processes

Example: Fokker-Planck-type equation
@ We have I'(p, p) = |Vp|? and d7 = usodx with uy = ce™V
@ Choose p = u/Uso: [ga pdT = [pg udx
@ Relation to previous convex Sobolev inequality:

qub(P)\djT_,qb(/Rd@) /qb” Tp.0) dr

=Usodx —udx =|Vp|? —uoodx

Example O: ¢(s) = s(logs — 1) gives logarithmic Sobolev inequality

1 I
/ plogpdw—/ pdwlog/ pdr < — / (p’p)dw
Rd Rd 2\ P

Example O: ¢(s) = s? gives Poincaré inequality

2

1
/ (p—/ udx) dwg)\/ M(p,p)dm
Rd Rd Rd

Benefit: Abstract framework for convex Sobolev inequalities
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B
Extensions of the Bakry-Emery method

[0 More on convex Sobolev inequalities: Compare Poincaré,
logarithmic Sobolev, and Beckner inequalities

[ Isoperimetric inequality for entropy: Relation to information
theoretical approach (entropy power)

[0 Relaxation to self-similarity: Analyze intermediate
asymptotics of solution of heat equation

O Linear Fokker-Planck equations with variable diffusion matrix

[1 Nonlinear Fokker-Planck equations
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Fokker-Planck equations Extensions

[1 More on convex Sobolev inequalities

1
seusd — o [ pucdc) < 30 [ o) pPuncox
Rd Rd 2)\ Rd
@ Logarithmic Sobolev inequality: ¢(s) = slogs (for [y pscdx = 1)
2
/ plog pusdx < / IV p/2 2 U dx
Rd )\ Rd

@ Poincaré inequality: ¢(s) = s

2
1
/p2uoodx—</ puoodx) g)\/ \Vp‘2uoodx
Rd R Rd

@ Beckner inequality: ¢(s) =s% 1 <a <2

1 « 2
/ P Usodx — / Ploodx < / IV p/ 2 o dx
a—1 Rd Rd a Rd
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Fokker-Planck equations Extensions

Relations between functional inequalities

1 * 2
/ P Usodx — / Plsodx / |V p/2 2 tgo dx
a—1 Rd Rd Od)\

@ « — 1 in Beckner gives logarithmic Sobolev inequality since

1
/ (p*1 = 1) pusedx —>/ plog puscdx
Rd Rd

a—1
@ « — 2 in Beckner gives Poincaré inequality
@ Logarithmic Sobolev implies Poincaré (use p = 1 + eg with
Jgd BUsedx and e — 0) and Beckner (Latala/Oleszkiewicz 2000)

Beckner (a)

ay \w

logarithmic
Sobolev

Poincaré
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Fokker-Planck equations Extensions

[1 Isoperimetric inequality for entropy

Aim: Relation between logarithmic Sobolev ineq. and isoperimetric ineq.
@ Entropy: H[u] = [pq ulog udx
@ Fisher information: /[u] =4 [gq |V ut/?2dx
@ Entropy power: N[u] = exp(—2H[u])

Theorem (Isoperimetric inequality for entropy)
For all probability density functions u, N[u]l[u] > 2med. J

@ Equivalent formulation: 47Texp( Hlu]) < ed RY ¢ |Vul/?2dx

o Compare with isoperimetric inequality on R?: 47A < L2 for closed
curve with length L and enclosed area A

@ Approximating e > z gives logarithmic Sobolev inequality:

2 2
/ ulog udx = —H[u] < — |Vu1/2| dx
d Rd med
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Fokker-Planck equations Extensions

Isoperimetric inequality for entropy

Theorem (Isoperimetric inequality for entropy)
For all probability density functions u, N[u]l[u] > 2med. J

Proof:
@ N[u] is concave (Costa 1985, Villani 2000) since

d’N 2\ 2 dH\? dd?H
ST (2)N( () 22 ) <o
dt? d dt 2 dt?

Let v solve 0;v = Av, v(0) = u:

d 2 (., dd\ 2 dH\? d d’H
_ = — —_— = — _— —_—— — <
gt NMITVD) dN<I 3 dt) dN(<dt> 2 dt2> =0

(4

@ N[v(t)]/[v(t)] reaches minimum as t — oo = N[v(t)]/[v(t)] > m
@ Scaling argument: m = N[M]I[M], where M(x) = W exp(—%)
@ Conclusion: N[u]/[u] = N[v(0)]/[v(0)] > N[M]I[M] = 2med
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Fokker-Planck equations Extensions

[1 Relaxation to self-similarity

Consider heat equation in whole space:
deu=~Au inR? t>0, u(0) = wp, / ugdx =1
Rd

@ Explicit solution:
u(x, t) = (4mt)~9/2 [o,exp(—|x — y|2/(4t))uo(y)dy, thus
u(t) > 0in L* as t — o0

@ Entropy is decreasing but

Hi[u(t)] = /Rd ulog udx < /Rd u(t)dxlog ||u(t)||fee — —00 (t — o)

@ Entropy method fails! Problem: uy, = 0 has not unit mass
@ Solution: Analyze u(t) — U(t) — 0, where self-similar solution
1 [xI?
U(x,t) = e -
b ) (2n(2t + 1))92 =P ( 2(2t + 1))
@ |dea: Transform variables to make U stationary: y = x//2t + 1,
s =logv2t+1, and v(y,s) = e®u(ey, 3(e* — 1))
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Fokker-Planck equations Extensions

Relaxation to self-similarity

ou=Au inRY  v(y,s)=e®u(esy, %(e2S —1))
o Function v solves dsv = divy(V,v + yv) in R?
@ Self-similar solution becomes
M(y) = (2t + 1)%2U(x, t) = (2m)~¥/? exp(—|y[?/2)
@ Bakry-Emery shows:
[v(s) — M|, < 2e > Hy[ug], s>0
@ Back-transformation:

lv(s) = My = lu(t) = U()[[72, 2e7* =2(2t+1)7"

Theorem
Let fRd updx = 1, u solves d;u = Au in RY, u(0) = wp, and
U(x,t) = (2m(2t + 1))~ 92 exp(—|x|?/(2(2t 4 1))). Then

lu(t) — U(t)llx < (2t +1)72Q2H[u(0)])/? ~ t/2 (& — o0)
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Fokker-Planck equations Extensions

U Variable diffusion matrix

Oru = div(D(x)(Vu + uVV)) = div(D(x)uxsVp) inR?,  D(x) e R

@ Steady state: U =ce™ "V, p= To

@ Assumptions: D(x) pos. definite, lim|y|_,oo V(x) = 00, [pd tiodx =1
@ Entropy: H[u] = [p4 ¢(p)uscdx, ¢ convex, ¢(1) =0, 1/¢” concave
@ Entropy production: dH

— L =— /qb” (p)Vp DV pusdx < 0

Theorem (Arnold/Markowmh/Toscam/Unterrelter 2001)
Assume H[u(0)] < oo and
D(x) = const., V2V >AD"! or
D(x) = a(x)l, (% _ f)fVa ®Va+ L(Aa—Va-VV)I

+aViV + 1(VV®Va+Vag VD) > A
Then

H[u(t)] < e 2 tH[u(0)], t>0

v

Ansgar Jingel (TU Wien) Entropy dissipation methods www.jungel.at.vu 33 /129



B
Nonsymmetric Fokker-Planck equations

Oru = div[D(x)(Vu + u(VV + F(x)))] in R,

Assume: div(DFus) = 0 in R? = uy, = ce™" is still steady state

@ Operator div(D(Vu+uVV)) = div(Dus V(u/us)) symm. in L2(ul)

o

@ Operator div(DuF) is skew-symmetric in L2(u3})

e & ¢ ¢

o0
= evolution = symmetric + skew-symmetric

Entropy production: (some computations needed)

Hn— T _ -
™ [u] = /]Rd d(p)Vp' DV pusodx /Rd o(p) dIV(D::UOO) dx

Entropy and entropy production are independent of F
Prove as before that ‘2,27’24 + 2)\% >0
Implies exponential decay for non-symmetric equation

Bolley/Gentil 2010: Assumption div(DFus,) = 0 not necessary
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Fokker-Planck equations Extensions

Degenerate Fokker-Planck equations

dru = div(DVu + Cxu) inRY,  u(0) = up
@ Matrix D € R9*9 constant and degenerate, C € Rdxd
@ Assumption 0: Vv: CTv = Acv = v & ker(D)
Consequence: up € L' = u € C®(R,; x RY) (hypoellipticity)
@ Assumption O: V¢ eigenvalues of CT: Re(A¢) > 0
Consequence: Drift towards x = 0 due to confinement potential
Theorem (Erb/Arnold 2014)

Let assumptions hold, . = min{Re(A¢)}. Then 3 ¢ > 0:
Hu(t)] < coe 2*H[up], t >0

if all X € o(C) with Re(\) = p are non-defective (i.e. geometric =
algebraic multiplicity), otherwise reduced rate 2( — ), € > 0.

v

Idea of proof: %[u] = 0 for u # uy possible, thus use modified functional
Iu] :/ ¢"(p)Vp' PVpussdx, P positive definite
Rd
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Fokker-Planck equations Extensions

Generalized Beckner inequalities

1 ¢ 2
/ u®pdx — / updx < / D(x)|Vu®'?|? pelx
a—1 Rd Rd a\ Rd

e Valid for u®/? ¢ HY{(RY; ) N L2/*(RY; ), 1 < o < 2
o If u(x)=e 2 D(x)=1then A=1foralll<a <2
@ Question: Determine A for D(x) # const.? (Matthes/A.J./Toscani '11)

Example: Linearized fast-diffusion eq. d;u = D(x)Au — x-Vu
e D(x) = a? + B?|x|?
0 ji(x) = Cla? + F|x2) -1/
@ (3 > 0: no Sobolev inequality and
A—=0asa—1

@ Pointwise Bakry-Emery approach
(T2 > Al') does not work

@ |dea: Use integral expressions
o Figure: p=2/a, C, =2/(a))
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Fokker-Planck equations Extensions

(1 Nonlinear Fokker-Planck equations
Aim: Extend Bakry-Emery method to
Oru =div(VF(u) +uVV) inQ, t>0, u(0)=u >0

where Q = R or Q bounded (with no-flux boundary cond.). Assume
o f € C3 strictly increasing, £(0) =0, f(s) < ;%5sf'(s), f"(0) >0
@ Q convex, V2V >\ >0, infg V=0

Example: f(s) =s™ (m > %), V(x) = 5|x|? for x € R?
@ Steady state: uxo(x) = (N — ";—,_nl]x]2)i/(m_1), N >0
@ Relative entropy: H*[u] = H[u] — H[uso], where

H[u]—/Rd(CD(u)—i—uV(x))dx, " (u) =

Theorem (Carrillo/A.J./Markowich /Toscani/Unterreiter 2001) J

f'(u)

u

Let H[ug] < co. Then, for t > 0, ||u(t) — tsol/;2 < e M C(H*[uo]).
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Extensions
Proof (f(u) = u™, V(x) = 3|xP)

Theorem (Carrillo/A.J./Markowich/Toscani/Unterreiter 2001) J

Let H[ug] < co. Then, for t > 0, |lu(t) — tsol/;2 < e M C(H*[uo]).

@ Step 1. First time derivative (entropy production)

dH*
dt

[u] = — /Rd ulV(h(u) + V)PPdx <0, h(u) = um=1

@ Step 2. Second time derivative

d?H* dH*
dt? hd__—zA(#

R(t) = /Rd u™((m — 1)(A(h(u) + V))? + [V2(h(u) + V)P)dx >0

d?H* dH*
>
" [u] > —2A ™ [u]

[u] — 2R(¢)
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Extensions
Proof (f(u) = u™, V(x) = 3|xP)

d?H* dH*
d 2 [U] — _2>\ dt [U]

@ Step 3. Functional inequality: integrate, use lim;_,c “2-[u(t)] =0

)] < —2XAH*[ug] = H*[u(t)] < e H*[uo]

o Step 4. Csiszar-Kullback inequality: introduce U = auly,<gy

lu = toolyx < [lu =Bl 13+ |8 — ool 1 < Ce™

SH*[U]I/Q Ce— At
Question: Does entropy production ineq. relate to functional ineq.? Yes:
Gagliardo-Nirenberg inequality: Let 1 < p < 2, u € HY(RY) N LP(RY):

d(2—
lull gpraer < CHVUHLl”uHLP , 0= m

Proof: Show fRd vMdx < AfRd \va*1/2]2dx + B(fRd vdx)?, m = ’%2
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Fokker-Planck equations Extensions

Summary

Let u(t) solve Oru+ A(u) =0, let uy solve A(us) = 0.
Define entropy H[u]. Entropy method:

o Compute dH/dt and d?H/dt?
@ Show that d?H/dt? + kdH/dt > 0 = H[u(t)] < e *tH[u(0)]

@ Csiszar-Kullback inequality gives exponential L' decay rate:
Ju(t) = uscllir < e /C(HIU(O)]), >0
@ Also yields convex Sobolev inequality with explicit constant:
entropy = H[u] < Iiil( — ‘é—’;’[u]) = ! x entropy production
@ Applies to Markov processes (see book of Bakry/Gentil/Ledoux '14)

@ Also yields intermediate asymptotics of type ||u(t) — U(t)||;x < Ct™7
@ Very robust for nonsymm./degenerate/nonlinear diffusion equations

Problem: Many integration by parts are needed — make them systematic!
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Fokker-Planck equations Extensions

Overview

@ Introduction

© Entropies

© Fokker-Planck equations
@ Bakry-Emery approach
@ Extensions

© Systematic integration by parts

© Cross-diffusion systems
o Examples from physics and biology
@ Derivation, gradient flows
@ Boundedness-by-entropy method
o Extensions

© Uniqueness of weak solutions

@ Towards discrete entropy methods
@ Time-continuous Markov chains
@ Time-discrete entropy methods

Ansgar Jingel (TU Wien) Entropy dissipation methods www.jungel.at.vu 41 /129



Systematic integration by parts

Systematic integration by parts: Motivation

Second time derivative d?>H/dt? requires well chosen integrations by parts.
Aim: Make the integrations by parts systematic.
Motivation: Consider thin-film equation

drt = —(UP o) in T (torus), t >0, u(0)=up>0

@ Models the flow of thin liquid along surface with film height u(x, t)
@ Entropy H,[u] = ﬁ J u®dx: For which o > 1 is H,, an entropy?

dH 1
. [u] = / U 19pudx = / u B2y udx
dt o — 1 T T

=—(a+p-2) /T ue P32 0 dx — /11‘ ue P22 dx, WPy = g(u?()x

1
— S+ p-2at5-3) [w - [ a R k<0
T T

if2<a+pB<3but3<a+p<3is optimall
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Idea of method

Example: Thin-film equation 0:u = — (1’ U )x on torus T
@ Entropy production for H,[u] = m Jp u®dx
dH,,

1 . -
— a dx = | u* P 2u U dx = —EP[u] <07
p” [u] a_l/Tu Orudx /Tu Uy Uy X [u] <

@ Standard integration by parts:
uoz+ﬁ—1

EP - - ath-2 x xxxd :/ XXXXd
[u] /Tu U Usexse X Ta+ﬁ—1u Ix

@ Formalization of integration by parts:

13:/ua+,8<(a+ﬁ_1)uxuxxx + Uxxxx>dx
T u u

u

= /(ua+ﬁ_1uxxx)xdx =0
T

= EP[u] = EP[u] + ¢l with ¢ = 15—
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Systematic integration by parts

Integration-by-parts rules

EP[u] = —/ U P2y yndx > 07
T

Question: How many independent rules of integration by parts?

e [ (e () aa(5) ) aec
b= [us((ar s -2 (B) s (M) ) g
I3:/ua+ﬂ ((Oé—i—ﬁ—].)ux Uxxx+uxxxx>d —0

T u u

Aim: Prove that Jc1, ¢, c3 € R: EP[u] = EP[u] + cih + coh + c3/3 > 0
New idea: Identify §; = “x, {&, = == etc. and formulate using polynomials
EP[u]  corresponds to S5(&) = —&1&3
Iy  corresponds to T1(€) = (o + B — 3)&7 + 3636,
I  corresponds to T2(8) = (0 + B -2+ b+ &
I3 corresponds to T3(8) = (a+ 5 —1)&& + &
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Systematic integration by parts

Integration-by-parts rules

Plu]  corresponds to 5(¢) = —&i&s
li  corresponds to T1(€) = (o + B — 3)&F + 3636,
I,  corresponds to (&) =(a+B-2)Eo + &G+ 6
I3 corresponds to T3(8) = (a+ B —1)&1&+ &
T; = integration-by-parts polynomials = shift polynomials

Nonnegativity of entropy production follows ...

dci, 0,3 R P[u] = P[u] +ch+cob+calh>0
... from solution of decision problem:

dcy, ¢, c3 € R:VE (5 +caTi+ol+ C3T3)(§) >0

o Calculate EP[u] = — 2, gives polynomial S

@ Determine shift polynomials T; (depends on differential order of eq.)
@ Solve decision problem

@ Show that 3k > 0: EP[u] — kQ[u] > 0, Q[u] contains |V2u7|? etc.
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Systematic integration by parts

Solution of decision problem

dci, 0,03 € R:VE: (5—|— ali+ol,+ C3T3)(£) >0
@ Tarski 1930: Polynomial decision problems can be reduced to a
quantifier-free statement in an algorithmic way
@ Problem well known in real algebraic geometry

@ Implementations in Mathematica, QEPCAD (Collins/Hong 1991)
available, give complete and exact answer

@ Algorithms are doubly exponential in number of ¢;, £

Reductions:
@ Not all integration-by-parts rules are needed: reduces number of ¢;

@ Write polynomial as sum of squares: many algorithms available,
quickly solvable, but only numerical results (relation to Hilbert's 17th
problem), and 3 polynomial P > 0 with P # sum of squares

@ Several dimensions: symmetry reduction, use scalar variables |Vu|,
Au, |V2u] etc.
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Systematic integration by parts

Entropies for thin-film equation

Oru = —(uﬂuXXX)X, S(8) = =613
@ Shift polynomials:
T1(€) = (a+ 5 - 3)¢} + 3¢,
T2(6) = (a+ B -2 + & + 16
T3(8) = (a+ B —1)61&5 + &
@ Decision problem:
Ja, 0,63 €RVEER  (S+aTi+aTa+cT3)(€) >0

@ Eliminate £, = ¢3 = 0; eliminate {163 = oo =1
@ Reduced decision problem: 3c; € R : V¢ € R? :

(a+B-3)all +(a+B8—-2+3c)éi + & >0

@ Solution: 9(c; + §(a+B))>+ §(a+B8—3)(a+5-3) <0
@ Choose ¢c; = —%(a—{—ﬁ) = positive if and only if % <a+p3<3
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Systematic integration by parts

Bakry-Emery revisited
Oru = div(Vu + uVV) in R?
+ K dH"‘ > 0 with systematic integration by parts

Aim: Show & Ha
@ Assume: V2V > )\ one-dimensional case
@ Multi-dimensional case: see Matthes/A.J./Toscani 2011

@ Entropy:
H,[u] = a(/ (L)auoodx— (/ udx) >, l<a<?2
R R

4(a—1) Uso

@ Set w = u®? and compute
d’H, 2/ 2 [a(w>2+(2_a)(Wx>2Wxx
R w

a2« w w
— 2 %%V (2 a)(%) Vi +a<v:;<) Vf}uoodx

@ Integrand formulated as polynomial:
S$(&) = a3 + (2 — a)&26 — 2a616 Ve — (2 — Q)& Vi + a2 V2
www.jungel.at.vu 48 / 129
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Shift polynomials
S2(8) = a8 + (2 — a)&& — 20616 Vi — (2 — )& Vi + o V7

@ First time derivative: dH‘* = [p Wlusedx = S1(&) = &3
@ Shift polynomials: (recaII that uso x = —Uoo Vi)

/ (W2 Vytino ) xdx = / (2w Wi Ve + W2 Ve — w2 V)t dx
Rd
( )_25152\/ +€1 XX f%\/j
/ (W w2t )xdx = / w L (Bwiwie — wtwd — w2V, ) usodx
Rd
)

T2(¢) = 3¢f6 — &1 - 6 Vi
@ Decision problem: Jc;, ¢ € R, ¢ > 0: V¢ € R3:
S')=(S+aTi+caT—c5)(E) >0
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Systematic integration by parts

Solution of decision problem

§(€) = a&f + (2 — a +3e)E & + 2(—a + a)aée V
—(2-a+ )G Vit (a—a)if V2 — bt + (Vi — )&
@ Eliminate £16 Vi ¢1 = a, eliminate &V, o = —(2 — )
@ Since Vi > \: choose ¢ = a)
@ This gives with x = 55, y =&
S°(€) 2 a&l —2(2— )&+ (2—a)éf = ay® —2(2—a)xy+(2—a)x’
@ S*(¢)>0ifandonly if a(2—a) > (2 —a)? or 22— a)(a—1) >0
=1<a<?
We have shown: & H“ + /\dHO‘ >0forl<a<?

Theorem
Let V2V > \. Then the solution of O;u = div(Vu + uVV) in R? satisfies

Holu(t)] < e M Hy[u(0)], 1<a<?2
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Systematic integration by parts

Summary

Systematic integration by parts
o Formulate [,(---)dx > 0 as polynomial S(¢)
@ Determine shift polynomials T1(€),..., Th(§)
@ Solve decision problem dcy,...,c, € R:VE € R™:

(5+C1T1+"'+CnTn)(§) >0

@ Can be solved by quantifier elimination in an algorithmic way

What comes next? Entropy methods are also useful for ...
@ Structural information for diffusion systems (gradient flows)
@ Gradient estimates and existence analysis for cross-diffusion systems

@ Positivity, L*° bounds, uniqueness of weak solutions,
structure-preserving numerical discretizations
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Systematic integration by parts

Overview

@ Introduction

© Entropies

© Fokker-Planck equations
@ Bakry-Emery approach
@ Extensions

© Systematic integration by parts

© Cross-diffusion systems
o Examples from physics and biology
@ Derivation, gradient flows
@ Boundedness-by-entropy method
o Extensions

© Uniqueness of weak solutions

@ Towards discrete entropy methods
@ Time-continuous Markov chains
@ Time-discrete entropy methods

Ansgar Jingel (TU Wien) Entropy dissipation methods www.jungel.at.vu 52 /129



Cross-diffusion systems Examples from physics and biology

Cross-diffusion systems

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=u®, no-flux b.c.

o Meaning: div(A(u)Vu); = > 1 div(A;(u)Vy;), A€ R™" u € R"
@ Diagonal diffusion matrix: Ajj(u) =0 for i # j

@ Cross-diffusion matrix: generally Ajj(u) # 0 for i # j
Why study cross-diffusion systems?
@ They arise in many applications from physics, biology, chemistry...
@ Diffusion-induced instabilities may arise
@ Cross-diffusion may allow for pattern formation
@ They may exhibit an unexpected gradient-flow/entropy structure
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Cross-diffusion systems Examples from physics and biology

Example [: Cross-diffusion population dynamics

Oru — div(A(u)Vu) = f(u) in Q, t >0,

no-flux b.c.

@ u = (u1,u2) and u; models population density of ith species

@ Diffusion matrix:

Alu) = (alo + aiiur + anpw

aur

@ Suggested by Shigesada-
Kawasaki-Teramoto 1979:
models population segregation

@ Lotka-Volterra functions:
fi(u) = (bio — bjrur — bjau2)u;
@ Diffusion matrix is not
symmetric, generally not

gdelln
TU Wien

(

ago + agitn + 822U2)

Entropy dissipation methods
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Cross-diffusion systems Examples from physics and biology

Example [: lon transport through nano-pores

Oru — div(A(u)Vu) = f(u) in Q, t >0, wu(0)=1u’, no-flux b.c.

N-1

o (u1,...,un) ion concentrations, uy =1 — 3 77" uj
@ Diffusion matrix for N = 4:
Dl(]. — Uy — U3) D1U1 D1U1
A(u) = Douo Dr(1 — u1 — u3) Do uo
D3U3 D3U3 D3(]. — Uy — U3)

@ Derived by Burger-Schlake-Wolfram 2012 from lattice model
@ Electric field neglected to simplify

@ Diffusion matrix generally not ® ~ posiive  meutral

O
e 0000000
®

. . ®
positive definite — expect that @. ® ) ‘@ .6 S
0<uy <1 O ©
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Cross-diffusion systems Examples from physics and biology

Example [I: Tumor-growth modeling

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=u®, no-flux b.c.
@ Volume fractions of tumor cells vy, extracellular matrix wuo,
nutrients/water uz3 =1 — u3 — up
o Diffusion matrix: (3, 6: pressure parameters)

Au) = 2u1(1—u1)—ﬁ9u1u§ —2Buyua(1 4+ Quy)
(u) = —2uiuy + BOUR(1 — 1) 2Bup(1l — wp)(1 + Ouy)

@ Derived by Jackson-Byrne 2002
from continuum fluid model

@ Describes avascular growth of
symmetric tumor

@ Diffusion matrix generally not
positive definite — expect that
0<u <1
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Cross-diffusion systems Examples from physics and biology

Example [I: Multicomponent gas mixtures

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=u®, no-flux b.c.
@ Volume fractions of gas components uy, up, u3 =1 — u; — Up
@ Diffusion matrix: 6(u) = dida(1 — ug — w2) + do(drur + dau)
Alu) = 1 (dz +(do — c2)ur  (do— di)us )
(S(U) (dO - d2)U2 dy + (do — dl)u2
@ Application: Patients with airway obstruction
inhale Heliox (helium-oxygen mixture) to speed
up diffusion
@ Proposed by Maxwell 1866/Stefan 1871

@ Duncan/Toor 1962: Fick's law (J; ~ Vu;) not
sufficient, include cross-diffusion terms

@ Uphill diffusion possible

@ Boudin/Grec/Salvarani 2013: Derivation from
Boltzmann equation for simple mixtures
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Cross-diffusion systems Derivation, gradient flows

Derivation of cross-diffusion models

Starting models: (u) p+(u)
© Random-walk lattice model
© Continuum fluid model i | 5 + ]

© System of Boltzmann equations

© Stochastic differential equations n u
P

describing many-particle system

(uH—I)

[0 Random-walk lattice model:
Single species: one space dimension to simplify

@ Master equation: time variation = incoming — outgoing
Oeu(xi) = p(u(xi-1) + u(xit1)) — 2pu(x;)
@ Taylor expansion: (h = grid size)
u(xix1) — u(x;) = £hocu(x;) + %h28)2<u(x,-) + O(h3)
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Cross-diffusion systems Derivation, gradient flows

Derivation from on-lattice model

o Taylor expansion: u(xj+1) — u(x;) = £hdcu(x;) + h292u(x;) + O(h®)
o Diffusion scaling: t +— t/h® = O ~ h?0;
h*deu(x;) = p(u(xi—1) — u(x;)) + p(u(xiz1) — u(x))
= ph*d2u(x;) + O(h®)
@ Limit h — 0 gives 0;u(x) = pd2u(x) (heat equation)
@ Rigorous limit: De Masi, Lebowitz, Sinai, Spohn etc. (from 1980s on)

Multiple species:
@ Master equation for particle number uj(x;) at ith cell:

Beuj(xi) = piiuj(xi1) + pij g ui(xiv1) — (Pf + Py ) ui(x)

@ Taylor expansion, diffusion scaling and limit h — 0 leads to system of
diffusion equations 0;uj = 0, (D>, Ajk(u)Oxux)
@ Multi-dimensional case analogous
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Cross-diffusion systems Derivation, gradient flows

Derivation from continuum fluid model

Example: two-species system
@ Transition rates p;j(u) = ajo + ajiur + ajouo, j =1,2
o Diffusion matrix A = (Aj(u)) ~» population model
A= (910 +2a11u01 + anpw ajply
ax U2 ax + axiu1 + 2axnup

O Continuum fluid model:
@ Mass and force balance equations:

Orpi + div(pivi) =0, e(0:(pivi) + div(pivi ® v;)) —div T; — pVp; = f;
fi= Sy k(v —vi)pipj, i=1,....N

@ Properties: Z,N:1 pi=1, Z,N:1 pivi =0, Z,N:l ;=0

@ Interphase pressure: pVp;, p: phase pressure (Drew/Segel 1971)

@ Assumptions: inertia approximation (¢ = 0), k := kj;, stress tensor:
Ti = —pi(pld + P;), Pj: isotropic pressures, Py = 0
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Cross-diffusion systems Derivation, gradient flows

Derivation from continuum fluid model

N
Orpi +div(pivi) =0, —divTi — pVpi = fi =Y kij(vj — vi)pip;
j=1
o Consequence of k := kj: fi = —kpjv;
@ Consequence of pressure: —div T; — pVp; = p;Vp + div(p;P;)

o Add all force balance equations:
N—1

0= Zf, = Z p,Vp+div(p;P;)) Vp+ Z div(piP;)
i=1

i=1

@ Replace Vp and expand div P; = Zjlv_ll gpp" Vpj:

depi + Zd.v i(p)Vp) =0, i=1,...,N—1
Example: N =3, P1 = pl Py = Bpa(1+ 6p1) ~ tumor-growth model

Alp) = ( 201(1 = p1) — BOp1p5  —2Bpupa(l +0p1) )
—2p1p2 + BOp3(1 — p2)  2Bp2(1 — p2)(1 + Op1)

Ansgar Jingel (TU Wien) Entropy dissipation methods www.jungel.at.vu 61 / 129



Cross-diffusion systems Derivation, gradient flows

Cross-diffusion systems

Oru — div(A(v)Vu) = f(u) in Q, t >0, u(0)=ug, no-flux b.c.

Main features:

o Diffusion matrix A(u) non-diagonal

@ Matrix A(u) may be neither symmetric nor positive definite

@ Variables u; may be bounded from below and/or above
Objectives:

@ Global-in-time existence of weak solutions

@ Positivity and boundedness of weak solutions

9 Large-time asymptotics
Mathematical difficulties:

@ No general theory for diffusion systems available

@ Generally no maximum principle, no regularity theory

@ Lack of positive definiteness — local existence nontrivial
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Cross-diffusion systems Derivation, gradient flows

Previous results

Oru — div(A(u)Vu) = f(u)in Q, t >0

Global existence if ...

@ Growth conditions on nonlinearities (LadyZenskaya ... 1988)

@ Control on L* and Holder norms (Amann 1989)

@ Invariance principle holds (Redlinger 1989, Kiifner 1996)

@ Positivity, mass control, diagonal A(u) (Pierre-Schmitt 1997)
Unexpected behavior:

@ Finite-time blow-up of Holder solutions (Stara-John 1995)

@ Weak solutions may exist after L blow-up (Pierre 2003)

@ Cross-diffusion may lead to pattern formation (instability) or may
avoid finite-time blow-up (Hittmeir/A.J. 2011)

Special structure needed for global existence theory:
gradient-flow or entropy structure
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PG e
Abstract gradient flows

Definition: Gradient flow if d;u = — grad H|, on differential manifold
@ Example: R" with Euclidean structure, 0;u = —VH(u), H:R" - R
d

EH(U) = VH(u) - 8;u = —|VH(u)|*> = H is Lyapunov functional

@ Can be generalized to 0:u € VH(u) on HiIbert space (Brézis 1973)
@ Heat equation is gradient flow for H(u) = 3 [54 |Vul?dx in L?(RY):

grad H(u)¢ = Vu-Vdx = — Aufdx = Oiu= Au
RY RY

@ Otto 2001: Heat eq. is gradient flow for H(u fRd ulog udx in
Wasserstein space (= probability measures W|th Wasserstein metric)
@ Advantage: allows for geometric interpretation
@ Reference for abstract gradient flows: Ambrosio/Gigli/Savaré 2005
Our formal definition: Gradient flow if 0;u = div(BV grad H(u))
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Cross-diffusion systems Derivation, gradient flows

Gradient flows: Cross-diffusion systems

Main assumption

Oru — div(A(u)Vu) = f(u) possesses formal gradient-flow structure
Oru — div (BV grad H(u)) = f(u),

where B is positive semi-definite, H(u) = [, h(u)dx entropy

Equivalent formulation: grad H(u) ~ h'(u) =: w (entropy variable)

Oru — div(BVw) = f(u), B = A(u)h"(u)™!
Consequences:
@ H is Lyapunov functional if f = 0:

dH /atu H (u) dx = —/VW:BVWdXSO
C/t Q —— Q

@ L bounds for u: Let /' : D — R" (D C R") be invertible =
u=(h)"Y(w) € D (no maximum principle needed!)
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Cross-diffusion systems Derivation, gradient flows

Example [: Population-dynamics model

O — div(A(w)Vu) =0in Q, t >0, u(0)=u®, no-flux b.c.

@ u = (u1,u2) and u; models population density of ith species
@ Diffusion matrix:
Alu) = (310 + arur + apu aipuy )
au2 agp + ag1un + agup

@ Entropy:
ui u»
Hlu] = / h(u)dx = / <(Iog up — 1)+ —(loguy — 1)> dx
Q Q \ 912 ari
@ Entropy production:

dH [ |
7[IJ] = / < O8 th 8tU1 + °8 U2atU2) dx
dt o \ 212 a1

2 2
= —2/ <(alo + 311U1)|V\/U1|2 + —(ax + 322U2)|V\/U2|2
Q \ 912 azi

+ |V\/u1uz]2> dx <0
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Cross-diffusion systems Derivation, gradient flows

Example [: Population-dynamics model

h(u) = X (logur — 1) + —2 (log up — 1)
ar as1
Question: Does the model allow for a gradient-flow/entropy structure?
Oru — div(B(w)Vw) =0, B(w) = A(u)h"(u)™*
Answer: Yes!
@ Entropy variable w = H'(u):

Oh log uy Oh log up
_ _ Wo — _

W = — = , = —— = up ~ e positive!
Ouy a1 Oup a
@ New diffusion matrix:
-1
5 _ ((a10+ a11857 €™t + e"2)e™ eWitwe
(W) - eW1+W2 3 +4a a—leW2 + eW1 eW2
20 214d1o

det B(W) > ape™ + axe™? >0

@ Matrix B(w) is symmetric, positive definite (not uniform in w € R?!)
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Cross-diffusion systems Derivation, gradient flows

Example [: lon-transport model

O — div(A(w)Vu) =0in Q, t >0, u(0)=u®, no-flux b.c.

@ u = (u1,ur,u3) and u; models the ith ion concentration
@ Diffusion matrix:

D1(1 — Uy — U3) D1U1 D1U1
A(u) = Do uy Dy(1 — g — u3) Do u»
D3U3 D3U3 D3(1 — Uy — U3)

o Entropy: H[u] = [ h(u)dx, us =133 | u;
3

3
h(u) = uj(log uj — 1) + ug(log us — 1) + > log(D;)u;

i=1 i=1

@ Entropy production:
dH 3 3 3
E[u] = /Q (; Oru; log u; — ,z_; Oru;ilog ug + ; Otu;log D,-) dx
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Cross-diffusion systems Derivation, gradient flows

Example [: lon-transport model

3 3

h(u) = Z ui(log ui — 1) + us(log ug — 1) + Z log(D;)u;
i=1 i=1
Entropy production:

3
dH D,'U,'
dt[u]-/g)Elog( ” >8tu,dx
= 3
¢ [ (&S [var+ [9var ) o
Q i=1

(]

IA

Difficulty: degeneracy at uy = 0!
New diffusion matrix:
B(w) = ua diag(Dyu1, Dauz, D3us)

Entropy structure: w; = 0h/0u; = log(u;/us), back-transformation:

®

(]

evi

T lfem e tem

€(0,1) = L* bounds!

ui
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Cross-diffusion systems Derivation, gradient flows

Relation to nonequilibrium thermodynamics

@ Chemical potential: u; = gs s: physical entropy density, p;: mass
density of ith species

@ Entropy variables: w; = g;’ h = —s: mathematical entropy
@ Mixture of ideal gases: u; = u,- + log pi, u? = const. =

Js 0

wi= 5 =u] +logp; or p;=e"H

Ipi
@ Non-ideal gases: u; = log aj, a; = 7vipi: thermodynamic activity
@ Example: volume-filling case, v; =1+ Z 1 aj

pi = ai _ ai exp(4i)
1
Vi 1437 1a, 1+§J 1exp(,u,)

— exactly the expression for the ion-transport model!

@ Open problem: Include nonconstant temperature
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e T
Boundedness-by-entropy method

Oru — div(A(u)Vu) = f(u) in Q, t >0, wu(0)=uy, no-fluxb.c.
Assumptions:
© 3 entropy density h € C2(D;[0,00)), H invertible on D C R”
Example: h(u) = ulogu for u€ D = (0,00), (W)~ }(w) =e" € D
Q Hh'’(u)A(u) is positive semidefinite for u € D
implies z" h"(u)A(u)z = (h'(u)z) " B(w)(h"'(u)z) > 0 for z € RN
© A continuous on D, 3C > 0:Vu € D: f(u) - H(u) < C(1+ h(u))
needed to control reaction term f(u)

Problem: h”(u)A(u) semidefinite not sufficient, need gradient estimate!
Solution: Assume D C (a, b)", af >0, m; > 0, and

n
zTH'(u)A(u)z > Z ai(u)?z?
i=1
where a;(u) = af(u; — a)™ L or a;(u) = a¥(b — u;)™ !
— Can probably be generalized to arbitrary increasing functions a;
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e T
Boundedness-by-entropy method

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=ug, no-fluxb.c.
Assumptions:

© 3 convex entropy h € C?(D;[0,00)), h' invertible on D C R”
Q Assume D C (a, b)”, ar >0, m,- > 0, and

Th// Z>Zal ” )Nu -1

© A continuous on D, 3C > 0:Vu e D: f(u)-H(u) < C(1+ h(u))
Consequence of 0: VuT ' (u)A(u)Vu > C(|Vu™|? + |Vui?|?)

Theorem (A.J. 2014)

Let the above assumptions hold, let D C R™ be bounded, uy € L*(Q) N D.
Then 3 global weak solution such that u(x, t) € D and

ue LIOC(O, o0; Hl(Q)), Oiu € LIOC(O, 00; Hl(Q)/)
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e T
Boundedness-by-entropy method

Theorem (A.J. 2014)

Let the above assumptions hold, let D C R" be bounded, up € L'(Q) N D.
Then 3 global weak solution such that u(x,t) € D and

ue LIZOC(O, o0; Hl(Q)), Otu € L1200(0, 00; Hl(Q)’)

Remarks:

@ Result valid for rather general model class

Yields L* bounds without using a maximum principle

Boundedness assumption on D is strong (can be weakened in some
cases; see examples below)

@ Main assumption: existence of entropy h and invertibility of /' on D
@ How to find entropy functions h? Physical intuition, trial-and-error
@ Theorem can be generalized for degenerate problems

What's next? Proof of existence result, concrete examples, extensions
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Cross-diffusion systems Boundedness-by-entropy method

Proof of existence theorem

Oru — div(A(u)Vu) = f(u) or 0Oru(w) —div(B(w)Vw) = f(u(w))
Key ideas:
o Discretize in time: replace d;u(w) by L(u(wk) — u(w*~1))
Benefit: Avoid issues with time regularity
@ Regularize in space by adding “e A™wk”
Benefit: Since div(B(w)Vw) is not uniformly elliptic; yields solutions
wk € H™(Q) C L=(Q) if m > d/2
@ Solve problem in w* by fixed-point argument
Benefit: Problem in w-formulation is elliptic (not true for
u-formulation)
@ Perform limit (g,7) — 0, obtain solution u(t) = lim u(w*)
Benefit: Compactness comes from entropy estimate; L* bounds
coming from u(wX) € D = ue D
Strategy: Problem in u — Solve in w — Limit gives problem in u
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Boundedness-by-entropy method
Proof of existence theorem

Oru — div(A(u)Vu) = f(u) or Oru(w) —div(B(w)Vw) = f(u(w))
More details:
o Implicit Euler: Replace d;u(tx) by L(u(wk) — u(wk=1)), ti = k7 to
obtain elliptic problems, w: entropy variable
@ Regularization: Add e(—1)" 3, _, D?*w + ew, where
H™(2) C L*°(2) ~~ uniform ellipticity
@ Solve approximate problem using Leray-Schauder fixed-point theorem
@ Derive estimates uniform in (7, ) from entropy production estimate
@ Use compactness to perform the limit (7,¢) — 0

Approximate problem: Given wk=! € L>°(Q), solve
1
/(u(wk) — u(w 1)) - pdx +/ Vo : B(wk)Vwkdx
Q Q

T

+e/Q( > Dawk-Dagb+Wk-¢>dx:/Qf(u(wk))-¢dx

laf=m
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e T
Step [J: Lax-Milgram argument

@ Define S : L%(Q) x [0,1] — L>(Q), S(y,6) = wk and w* solves
linear problem:

a(wk,¢):/ﬂv¢:B(y)Vwkdx+€/Q< > Do‘wk-Do‘qﬁ—i—Wk-(;S)dx

o=
1) 1
=2 [ )~ ulwh ) ¢dx+6/ ) ok = F(9)

T

o Lax-Milgram lemma gives solution w* = S well defined
@ Properties: S(y,0) =0, S compact (since H™ < L compact)

Theorem (Leray-Schauder)

Let B Banach space, S : B x [0,1] — B compact, S(y,0) =0 fory € B,
3C>0:VyeB,6dc0,1]: S(y,0)=y = |ylls <C.

Then S(-,1) has a fixed point.
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e T
Step [: Leray-Schauder argument

@ Discrete entropy estimate: choose test fct. w¥, 7 < 1, use h convex

(5/ dx—i—v‘/ vwk . BVwkdx + erC||w*||2m
k k—1
S\C%(i/ﬂ( + h(u(w")))dx + <51 /Qh(u(w ))dx
< <

@ Yields ||w¥|| .~ < C||wK||gm < C(e,7) = estimate uniform in (w*, )
@ Leray-Schauder: 3 solution w* € H™(Q)
@ Sum discrete entropy estimate (slight/y simplified):

/(( )dx—i—CTZZ/[Vu, )™ 2

j= 1 i=1
+57’CZ [w/||3m < C
k=1
@ |dea: Derive estimates for u = u(w), not for w
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Cross-diffusion systems Boundedness-by-entropy method

Step [: Uniform estimates

o Estimates uniform in (7,¢): set u(7)(-,t) = u(w¥), t € ((k — 1), k7]
H(UET))mi”B(O,T;Hl) + \/5HW(T)HL2(0,T;Hm) <C
T W () — u (= 1)l 2gr 7 qumyy < C
Theorem (Nonlinear Aubin-Lions lemma, Chen/A.J./Liu 2014)
Let (u(T)) be piecewise constant in time, k € N, s > % and

7 Hu () = D = )l arrireyy + 1OV 20,70y < €
Then exists subsequence u(™) — u strongly in L?5(0, T; L%%)

Remarks:

@ Generalization of standard Aubin-Lions lemma (s = 1)
@ Result can be generalized to (u(7))* € LP(0, T; W'9) and
o(uM) € 12(0, T; H) if (u(?) bounded in L, ¢ monotone
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Boundednessby-entropy method
Step O: Limit (7,e) = 0

LT [ () )
T/O /Q(u (t) = w7 (t = 7)) ¢dxdt+/ /w M)V u dxdt
-
a, (1) . pa (7). _ My .
+e/0 /Q(Mzmp w(™ . D% + w ¢>dxdt /0 /Qf(u ) - dxdt

@ Nonlinear Aubin-Lions lemma:

u(™ = u strongly in L%(0, T; L?)
ew(™ — 0 strongly in L2(0, T; H™)
ANV U) = A(u)Vu  weakly in L2(0, T; L2)

@ Limit (7,) — 0 in weak formulation = u solves diffusion system
o u satisfies initial datum: Show that linear interpolant of (u(")) is
bounded in CO([0, T]; (H™)') = u(-,0) = up defined in H™(Q)’

@ Boundary conditions: Contained in weak formulation
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Cross-diffusion systems Boundedness-by-entropy method

Summary

Theorem (A.J. 2014)

Let the above assumptions hold, let D C R" be bounded, uy € L'(Q) N D
Then 3 global weak solution such that u(x,t) € D and

ue LIZOC(O, o0; Hl(Q)),

deu € L2.(0, 00; H(Q)')
Strategy of the proof:

@ Implicit Euler discretization and A™ regularization

@ Entropy formulation gives a priori estimates and L°° bounds

@ Compactness from nonlinear Aubin-Lions lemma
Benefits:

@ General global existence theorem

@ Yields bounded weak solutions without a maximum principle
Limitations:

@ Boundedness of domain D, how to find entropy density h?

@ Particular positive definiteness condition on h”(u)A(u)
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Cross-diffusion systems Extensions

[J Population model of Shigesada-Kawasaki-Teramoto
Oru —div(A(u)Vu) =0in Q, t >0, wu(0)=up, no-flux b.c.

@ Entropy defined on unbounded domain D = (0, c0)?
@ Entropy-dissipation inequality:

dH 2
T[U] = —2/ <(310 + 311U1)|V\/U1’2
t Q \ 912
2
+ ;21(320 + anu)|Vy/u2)? + IV\/U1U2|2> dx

@ Yields estimate for (y/u;) in H*(2): Previous proof applies

@ Main difference: We do not have (u;) bounded in L*°(2) but only
(u;) bounded in L°%() (if space dimension < 3)

@ Assumption: Transition rates p;(u) = ajo + aj1u1 + appup

@ What about more general transition rates?
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Cross-diffusion systems Extensions

General population models

@ General systems derived from on-lattice model can be written as

Oruj = div(A(v)Vu)i = A(uipi(u)), pj: transition rates

@ Population model of Shigesada-Kawasaki-Teramoto:
pi(u) = ajo + ajru1 + ajpun, i = 1,2
@ Nonlinear transition rates: p;j(u) = ajo + ajuj + ajpu3, s >0
@ Desvillettes/Lepoutre/Moussa 2014: 0 < s <1
@ AJ . 2014: 0<s< 4 (1- %)812321 < ajia (weak cross-diffusion)
@ Desvillettes/Lepoutre/Moussa/Trescases 2015: s > 1 and

(S+})2a12321 < ajiaz (less restrictive than above)
o Key idea: Exploit extra regularity using duality method for A(ujp;i(u))
Further generalization: n > 3 equations
Existence result only under conditions on aj;, related to detailed balance
principle (Daus/A.J., in progress)
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Cross-diffusion systems Extensions

[ lon-transport model

Entropy production: recall that ug=1—ug —up — u3

H[u) () ]+C//<u4 Zw M)1212 4 19 (uf )1/2\2>dxds<H[u0]

@ Problem: degeneracy at u£ 7 =0, no estimate for V(u )1/2
@ Consequence [1:

V(2 ‘23 8UY)(U,(T))1/2‘V(uf”)”ﬁ 2u{”)? | 1/2‘2< C
= (W) 2ul) < V2 weakdy in L2 but 2 =7

] Consequence Ll: By nonlinear Aubin-Lions Iemma

71H (t=7) L2(7, T;(HmY) H
)—> u strongly in LX(0, T; LY)

@ Consequence [1: L* bound: u( Ty weakly* in L
@ strong x weak = weak: (u )1/2 ()

Ansgar Jingel (TU Wien)

N2

L2(0,T;HY) —

1/2 .
— u4/ uj = z weakly in L1
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Cross-diffusion systems Extensions

[ lon-transport model

wi = ()20 = 0% weakly in 120, T HY)
Y= (Y2 5 5? strongly in L2(0, T 12)
v(ul(f))l/2 N Vui/2 weakly in L2(0, T; L?)
@ Aim: Perform limit in

ANV =b; yO v —3D; W vy
N~ S—— ——— —
strong  weak weak weak

@ Problem: weak x weak # weak. Solution: Use lemma below
@ Gives global existence of bounded weak solutions (u1, uz, u3)
Let (y(7)), (u{7)) piecewise constant, bounded, y(7) — y in L[2(0, T; L?),

||y(T)||L2(O,T;H1) =G
Iy u | 20,74y + 77 HUD(8) = Ut = )27y < C
Then 3 subsequence: w(™) = y(M (") — yuy strongly in L2(0, T; L?).
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Cross-diffusion systems Extensions

General ion-transport model

@ Existence result valid for n = 4 species and transition rate g;(us) = ug

(]

Generalizes result by Burger/DiFrancesco/Pietschmann/Schlake 2010
Extension: Let gi(un) = Biq(un), Bi > 0 (Zamponi/A.J. 2015)

Ajj(u) = 0;iBiqi(un) + uiq;(un)

©

Entropy density:

n—1

Un
h(u) = Z ui(log uj — 1) + /0 log q(s)ds + log(B;)u;
i=1
@ Extension: Transition rates T; = p;i(uj)q(un) (Zamponi/A.J. 2015)
@ Also other choices possible, e.g. T; = p;j(u;) + gi(up) (Painter 2009)
Open problems:
@ General functions g;j(us) or general transition rates T;
@ How to determine entropy for general T;? VT; : 3 entropy?
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Cross-diffusion systems Extensions

[1 Tumor-growth model

Oru —div(A(u)Vu) = f(u) in Q, t >0, u(0)=ug, no-fluxb.c.

@ Volume fractions of tumor cells vy, extracellular matrix (ECM) up,
nutrients/water u3 = 1 — u; — up, in one space dimension
@ Diffusion matrix: (3, 6: pressure parameters)

Au) = 2u1(1—u1)—ﬁ9u1u§ —2Buyua(1 4+ Quy)
Y= —2uuy + BOU3(1 — 1) 2Bup(1l — wp)(1 + Ouy)

@ Entropy: H[u] = |, h(u)dx, where
h(u) = ui(log uy —1)+up(log up—1)+(1—u1 —wr)(log(1—uy —u2)—1)

@ Entropy production inequality:

T+ G [ () + (2u0n)) o < C(F)

and Gy > 0 if and only if § < 0* :=4/\/B
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Cross-diffusion systems Extensions

[1 Tumor-growth model

Theorem (A.J./Stelzer 2012)

Let < 4/\/B, H[u] < oo = 3 bounded weak solution with
0<u,p<l

Question: What happens for 6 > 6*7
Partial answer: Numerical results show “peaks” in ECM fraction

0.25 0.6

0.2 205
g

2 0.4
3 0.15 5
— 3

S =03
E 0.1 S

£0.2
|

0.05 01

0 0

(o] 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Spatial position Spatial position

@ Tumor front spreads from left to right (production rate f(u) =0 )

@ Tumor causes increase of ECM (encapsulation of tumor)
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Cross-diffusion systems Extensions

[l Multicomponent gas mixtures

8tu,'—diVJ,' = f,-(u), VU,’ :ZCU(UJ'J,'—U,'JJ'), I = 1,...,[’1
JF#I
No-flux boundary conditions, u(0) = up in Q

Assume: Isothermal ideal gas mixture, equal
molar masses

®

Volume fractions u;, fluxes J;

Problem: Vu; depends on J; not vice versa,
need to invert relation

Solution: Use linear algebra
(Perron-Frobenius theorem)

(]

Theorem (Perron-Frobenius, special case)

Let C = (Cjj) be quasi-positive (Cjj > 0 for i # j), irreducible, 3 C;j = 0.
Then spectrum o(C) C {0} N{z € C: Re(\) < 0}
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Cross-diffusion systems Extensions

Matrix analysis

8tu; —div ./,' = f,(u) Vu; = Z c,'j(uJ-J,' — u,-Jj), no-flux b.c.
J#i
Formulate: Vu=—C(u)J, u=(u1,...,un), J=(J,...,Jn)
n
C,'J'IC,'J'U,' for i;éj, C,','I—ZC,'J'UJ', ZJ,':O
J#i i=1
Zj Cjj = 0 = C has eigenvalue zero = C not invertible
Perron-Frobenius: Matrix is quasi-positive, irreducible = spectrum
o(—=C) c {0} U6, 00) with § = min; ¢ > 0, eigenvalue 0 simple
@ Reduction to n — 1 eqgs.: Because of zero eigenvalue, 3X € R"*":

_x-lox — <%o g) G e R-DX(-D)

@ Matrices —X~1CX and —C are similar:
o(G)U {0} = a(—X’lCX) =o(—C) C {0} UJd, o0)

@ Consequence: o((p) C [d,00) and Gy is invertible

Ansgar Jingel (TU Wien) Entropy dissipation methods www.jungel.at.vu 89 / 129



Entropy structure
Oru—div) = f(u), Vu=-C(u)J
o Let v/ = (u1,...,up—1): VU =GJ = J = C(;1Vu’
@ Solve 9;u' — div(Cy V') = f'(u)
Entropy structure: h(v') =37 ; ui(loguj — 1), up =1 — Zjnz_ll uj
@ Entropy variables: w; = 0h/0u; (i=1,...,n—1)
o New diffusion matrix: B(w) = Gy *(V?h)~! symm., positive definite
O (w) — div(B(w)Vw) = f'(u'(w)), u(w(0)) = ug, no-flux b.c.
@ Boundedness-by-entropy method applies with D = (0,1)"
Theorem (A.J./Stelzer 2014)

Let (cjj) symmetric, 3.7 fi(u) log uj < 0 Then 3 global weak solution
/ € L100(07OO;H1) 0<u <1, ZI 1 Ui <1
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Cross-diffusion systems Extensions

Extensions of Maxwell-Stefan models

Limitations: zero barycentric velocity, equal molar masses, isothermal
More realistic models: (see Bothe/Dreyer 2015)
@ Include barycentric velocity v:
Orpi +div(piv—J;))=0, i=1,...,n
Otp +div(pv) =0, 0Ot(pv) +div(pv ® v) + Vp = pf +vAv
where p: total mass density, p: pressure
@ Include molar masses m;: p; = mjc; with number densities ¢;
@ Include pressure in driving forcnes:
iV Iog% +Vp = ci(pidi— pidy), i=1,....n

Jj=1
where ¢ = 3" ; ¢;: total number density

Mathematical difficulties and open problems:
@ Pressure in compressible Navier-Stokes egs. not a function of p
@ Maxwell-Stefan relations include Vp (regularity issues)

Ansgar Jingel (TU Wien) Entropy dissipation methods www.jungel.at.vu 91 / 129



Cross-diffusion systems Extensions

Summary

Extensions of boundedness-by-entropy method:

o

Q
o
"

Population model: Transition rates p;(u) = ajo + aj1u; + ajpu3 with
s <lors>1, the case n > 3 being work in progress

lon-transport model: Transition rates g;(u,) = Siun or nonlinear,
valid for all n € N, yields bounded weak solutions

Tumor-growth model: Entropy structure only for pressure coefficients
0 < 0%, the case 6 > 0* being not well understood

Maxwell-Stefan model: Needs matrix inversion, extension to more
general cases (Navier-Stokes coupling) delicate

Further extensions/questions:

)

)

Different boundary conditions: Dirichlet or Robin conditions
Drift terms in cross-diffusion systems (e.g. due to electric forces)
Include general reaction terms (Fischer 2015: renormalized solutions)

Are weak solutions to population models bounded?
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Cross-diffusion systems Extensions

Supplement: Energy-transport equations

Motivation: All models so far depend on particle densities. What about
models including temperature?

o Equations: particle density p(x, t), temperature 0(x, t)
Bep = D(p0Y%F),  8:(p0) = KA(p>>P) + 2(1—6) in Q

@ Parameters: —% <pB<i k= %(2 - 5)
@ Dirichlet-Neumann boundary conditions, p(0) = p°, 0(0) = 6°

@ Parameter 3 related to elastic scattering rate, relaxation term:
2(1 — ) with relaxation time 7 > 0

@ Electric field neglected; to simplify, we ignore boundary conditions

Special case: = % leads to uncoupled heat equations
Physical cases: 3 =0and 8= —3
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Cross-diffusion systems Extensions

Entropy structure
Dep = D(p0™777),  0:(p0) = KA(p6>*7F) + £(1 - 0)

Mathematical difficulties:
@ Equations are not in divergence form (loss of regularity)
@ Equations are strongly coupled and degenerate at 6 =0
Entropy structure: H[p,0] = [, plog(6=3/2p)dx
@ Entropy variables: w; = log(6=3/%p), wo = —1/6
@ New diffusion matrix:

. 1 (2-p)6 _
B(w) = 61278 ((2 — 80 (3-B)2 _5)02> = pos. semi-def.

@ Entropy-dissipation inequality: constants C;, (; > 0
H
GG [ 0PV 0T < G
Q

Problem: Estimate is not helpful near § = 0
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B
Entropy structure
Dep = D(p0™777),  0:(p0) = KA(p6>*7F) + £(1 - 0)

Key ideas:
o New variables u = pf1/2=F v = pg3/2=F = ¢ = v/u:

at((s)l/wu> _ Au, at((u)lmﬁ ):Av+R(u,v)

@ Nonlogarithmic entropies:

T 20bdx+C1 / |V (062017294 2dx < G

@ Special ch0|ces of b € R yields estimates
(V6P + 9uP +19vP)de < G
@ Implicit Euler scheme (uk, v ): apply maximum principle

k> m* vy >0, v > mu v >0
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Cross-diffusion systems Extensions

Global existence
Dep = D(p0™777),  0:(p0) = KA(p6>*7F) + £(1 - 0)
Theorem (Zamponi/A.J. 2015)

Let d <3, —% <p< % Then 3 weak solution p >0, pf >0inQ, t >0
P pngleoc(()?OO;Hl)? bE{l,%—B,%—B}

@ Proof highly technical: truncate ¥ = v /u¥, show that
0% > m(6*~1) > 0, include boundary cond., use different entropies
@ Open problem: Existence with electric field term

Bep = div (V(p01278) 4 po= /2787 V)
@ Equilibration to constant steady state (pp, 0p):
G
(1 —+ C2 t)1/2

@ Open problem: Prove exponential decay rate (numerical evidence)

[n(t) = npll2 + [10(t) = Opl[ .2 <
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Cross-diffusion systems Extensions

Overview

@ Introduction

© Entropies

© Fokker-Planck equations
@ Bakry-Emery approach
@ Extensions

© Systematic integration by parts

© Cross-diffusion systems
o Examples from physics and biology
@ Derivation, gradient flows
@ Boundedness-by-entropy method
o Extensions

© Uniqueness of weak solutions

@ Towards discrete entropy methods
@ Time-continuous Markov chains
@ Time-discrete entropy methods
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Uniqueness of weak solutions

Entropy methods useful for ...
o Large.time asymptotics (Bakry-Emery method)

@ Understanding the structure of diffusion systems (gradient flows)
@ Existence analysis, L°° bounds for the solutions

Surprisingly, entropy concept may help to prove uniqueness of solutions
Example: 0;u = div(Vu+ uVV) in Q, u(0) = up, no-flux b.c., V given

@ Assume that up, up € L2(O, T; Hl) are nonnegative weak solutions,
take difference of corresponding equations

@ Use test function u; — up:

1d
5@ (1 — wp)?dx = / Or(u1 — w2)(u1 — w2)dx
tJa Q

= — [ |V(u — w)|?dx —/ (11 — wp)V(u1 — up) -V Vdx
Q Q

=1V((1n—w)?)
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Uniqueness of weak solutions

Example

First idea: Integration by parts

1d

/(u1 - u2)2dx+/ |V(u — u2)|2dx:—/(u1 — w)V(u1 — u)-V Vdx
2dt Jq Q Q

:_1/ V(11 — 1)) - V Velx = 1/(ul—uQ)2Ade
2 Q 2 Q

If AV € L*°: apply Gronwall = u; — up = 0, but strong condition on V!

Second idea: Cauchy-Schwarz inequality
1d

5% Q(u1 — wp)?dx + /Q |V (u1 — w)|?dx
1
< 2/ IV (u1 — w)]Pdx + [|[VV| /(u1 — wp)?dx
Q Q
If VV € L*°: apply Gronwall = u; — up = 0, but still strong condition!
Third idea: Entropy method (Gajewski 1994)
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Uniqueness of weak solutions

Example
Third idea: Entropy method, ¢(s) = s(logs —1)+1>0
oo, ee) = [ (o) + o(un) 20 252 ) )
Q

o Convexity of ¢ gives d(uy, u2) > gllur — w22
@ Assumption: u; € L>(0, T; L°) but only V € L2(0, T; HY)
o Differentiate d(u1, u2) and insert O:u; = div(Vu; + u;VV)

d 2
Ed(ula w) = ;/ﬂ <¢>/(Ui) - <Z>/<UIJ2FUZ>>3tu,'dX

_ —4/Q (IV6l2P2 4 (V6P — [V (0 + ) /22) dx < 0

@ Integrate over t:
gllur — |72 < d(un(t), ua(t)) < d(v1(0), 12(0)) =0 = 11 = up

@ Drawback: Possibly not very robust (see Gajewski-Skrypnik 2004)
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Uniqueness of weak solutions

A cross-diffusion example

deu — div(A(u)Vu) =0 in Q,  A;(u) = 8;qi(un) + uiq(un)

Homogeneous Neumann boundary conditions, initial condition
u=(u1,...,up): vector of concentrations, u, =1 — S "= u;
Models ion transport with volume filling and transition rate g;
Simplification: g := g; for i =1,...,n, g monotone

Yields equations in drift-diffusion form:

Oruj = div(q(un)Vuj — uiVq(un)), i=1,...,n—1

e 6 6 ¢ ¢

Step O: Uniqueness for u,
o Idea: H™1 method
@ Sum equations for i =1,...,n— 1:
Orup = div(g(un)Vun + (1 — un)Va(un)) = AQ(un),
Q'(s)=q(s) +(1—s)d'(s) =0

@ Let u,, v, be two weak solutions with same initial data
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H~1 method for u,
atun = AQ(Un) in Q, Vun -v=0o0n 89, Un(o) = ug

@ Use test function ¢ solving —A¢ = up, — v, and homogeneous b.c.
2dt/ V¢ dX—/V8t§ Védx = — /8tA(§ Edx
= / Ot (up — vp)&dx = —/ V(Q(un) — Q(vn)) - VEdx
Q Q
~ (@)~ @un)un — vr)ee <0

@ Implies that |V¢| = const. and u, — v, = —A{ =0
Step U: Uniqueness for uq,...,u,_1
Oruj = div(q(un)Vui — uiVaq(up)), i=1,...,n—1
@ Idea: entropy method, let ¢(s) = s(logs — 1) +1
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Entropy method for u;

d(u, V):In_z_:i/ﬂ <¢(ui)+¢(v;)—2gb<ui;Vi))dx

@ It holds d(u,v) > %Hu —v||2, and

n—1
d - 1/2,2 1/2,2 1/22
dtd(u,v)——4§/ﬂ<\Vu, 24 V2P 90+ )P ) de < 0

@ d(u(0),v(0)) = d(u° u®) =0 = d(u(t),v(t)) =0V t=u=v
Difficulty: As uj, v; >0, log((u; + vi)/2) may be undefined
Solution: Use ¢.(s) = (s+¢)(log(s+¢c)—1)+1andlete — 0
Theorem (Zamponi/A.J. 2015)
Let g be nondecreasing. Then there exists at most one weak solution to
Oru —div(A(u)Vu) =0 inQ, Ajj(u) = 6;qi(un) + uiqi(un)
with Vu; -v =0 on 0Q, u;(0) = u?, i=1,...,n.
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Uniqueness of weak solutions

Overview
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Towards discrete entropy methods

Towards discrete entropy methods

Aims:
@ Extend entropy methods to the discrete setting
@ Goal: Develop structure-preserving numerical schemes (stable, highly
efficient, higher-order accurate)
Main difficulties:
@ Proofs need integration by parts and chain rules
@ Integration by parts ~» summation by parts
@ Extension of chain rule to discrete case is challenging:

Vi(u) = f'(u)Vu ~ f(u;)— f(uj—1) = M(Ui — Uj-1)
Uj — Uj—1
Problem: many choices for approx. of f’(u), multi-dimens. case?
Possible solutions:
@ Design numerical discretizations satisfying particular chain rules
@ Minimize use of integrations by parts and chain rules
@ Exploit finite-state Markov chain theory
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Towards discrete entropy methods

Discrete-time Markov chains

Markov chain: Describes change of state from time t to t 4+ 1 of stochastic
process X, t € ¥ (finite or countable state space)

)

*]
]
o

Markov property: transition probability depends on t only
Transition probability: p; = P(Xiy1 = sj| Xt = sj)

Transition matrix: P = (pj), >_; pj = 1
Markov chain irreducible if any state
reachable from any state

Markov chain is positive recurrent if first
return time is finite

7 is stationary distribution (invariant
measure) if 7P = 7 (row vector)

Theorem: If Markov chain is irreducible, positive recurrent, and aperiodic

then lim,_ 00 P" = (7, ..., m)

T, 7 stationary J
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RENVEG B MR NNCTAN S I Time-continuous Markov chains

Time-continuous Markov chains

@ Let X be finite or countable state space, X; time-homogeneous

Markov process (i.e. jump probabilities depend on elapsed time)
@ Transition probability: p:(§,n) = d¢(n) + tQ(&,n) + o(t) (t — 0)
@ Semigroup S;: (S:f)(x) = E[f(X;)|Xo = x] for f € L2(X)

@ Generator L: operator on L?(X) such that S; = ett

Example U: Let Q be a (finite or infinite) matrix, >°, Q(§,n) =0
@ Generator: (Lf)(§) =>_, Q(& n)f(n) can be identified with Q
@ Semigroup: S;f = e'Qf solves ODE system d;u = Qu, ug = f
@ Relation to transition probabilities: (5:f)(&) = >_, pe(&,m)f(n)
Example O: Let Lu = div(Vu + xu) be Fokker-Planck operator in RY
@ Semigroup: S;f = ettf solves PDE dyu = Lu, ug = f
@ Relation to Markov chain: discretize PDE, then L ~~ matrix
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RENVEG B MR NNCTAN S I Time-continuous Markov chains

Time-continuous Markov chains

@ Dual semigroup S;: defined by [ Sifdpu = [ fd(S; ) for measures p

@ Given ™ > 0, §} can be identified with p; via 5} = pem, where p;
solves 0;p = L*p and L* is adjoint of L in L?(7)

@ Invariant measure m: S;m = 7 or

/Lder:O or /Stfdﬂ':/ fdm  for all
X X pN

@ Detailed balance or reversible measure: 3 measure 7w such that
m(§)Q(€,m) = n(n)Q(n, &) forall §,n € ¥ & L* = L on L*(n)
Example [0: ODE system 0;u = Qu
@ Dual semigroup: S; = ett” where L* adjoint to L = Q in L2(7r)
@ Invariant measure:
0=3-(LN(E(E) = X Qe =3 ( X /(e n)r(a
3 &m n 3

= 7Q =0 or 1 = Pr, where P = (p(&,7))
@ 7 reversible measure satisfies (&) Q(&,n) = 7(n)Q(n, §)
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RENVEG B MR NNCTAN S I Time-continuous Markov chains

Time-continuous Markov chains

@ Dual semigroup S;: defined by [ Sifdyu = [ fd(S; ) for measures p

@ Given m > 0, S} can be identified with p; via (5f 1) = pem, where p;
solves 0;p = L*p and L* is adjoint of L in L?(7)

@ Invariant measure m: Sfm = 7 or

/Lder:O or /Stfdﬂ':/ fdm for all f
b b pX

@ Detailed balance or reversible measure: 3 measure 7 such that
m(€)Q(&,m) = m(n)Q(n, &) for all £,m € ¥ < L* = L on L%(7)
Example [: Fokker-Planck operator Lu = div(Vu + xu) in RY
@ L symmetric with respect to dm = elxI*/2dx:
/ Luve|X|2/2dx:—/ (Vu+xu)-(Vv+xv)e|X|2/2dx:/ ulvelX*/2 dx
RY Rd RY
= m is reversible measure
@ Invariant measure dm = pdx solves 0 = [p4 Lfpdx = [pq4 fL'pdx =
0=Lp=Ap—x-Vp= p=const.
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e
Entropy and entropy production

@ Relative entropy: H[u|n] = [ plog pdm, where p = %
@ Entropy for functions: For f log f € LY(m),

Entﬂ[f]:/ f log fd7r—/ fdﬁlog/ fdr
b pu

If f = 9 then Ent,[f] = H[u|r] (r is probability measure)
® pr = dg p, where L* is adjoint of L in L?(7)
° Entropy production:

[5 plm] = /atpt|0gptd7r—/ L* ptlogptdw—/ptLlogptdﬂ'

o Under detailed balance (i.e. L = L*), py = Bl = 5,9 —. 5, f.

dm

[5 ] = / Sof Llog Sefdm —: —E(Suf,log Sf)
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G T G
Exponential decay
*
dStp
drm

dH
E[S:N’ﬂ'] = —&(Stf,log S¢f),  Sif =
@ Exponential decay: If Ent,[f] < k1E(f,log f) then
dH * * * —K
90 (5¢ ] <~ Enty[Scf]=—sH[Splx] = H[S:plr]<e " Hlul

@ Question: How to prove Ent,[f] < k 1E(f,log f)?
@ Dai Pra/Posta 2014: Compute second time derivative

2 2
B 5 (LS:1)
7dt2 Entﬂ[Stf] = L(L Stf |Og Stf + Stf dm

> KE(S¢f, log Sif) = —&% Ent,[S:f]

@ Integration from 0 to oo yields
d
—5(50)[, log Sof) = a Entﬂ-[SOf] < —K Entﬂ-[Sof]

= Desired estimate Ent,[Sof] = Ent,[f] < 1E(F, log f)
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RENVEG B MR NNCTAN S I Time-continuous Markov chains

Verification of inequality

It remains to prove:
KE(F,log f) < / (L*flog f + f~Y(LF)?)dn
pN

@ Generator: Lf(§) =3, Q(&,n)(f(£) — f(n)), Q: jump rates

@ Under detailed balance,
E(f,logf) = —fZQ & m)(F(€) — £(n))(log £(§) — log (1)) > 0

and thus, ¢ & H(s; ,u|7r] —&(f,logf) <0, f = @
@ Computation of L2f log f + f~1(Lf)? much more involved!
Approach [J: Caputo/Dai Pra/Posta 2009
@ Employ certain (Bochner) identity and convexity of log terms

@ Involves R(&,n), can to be determined in special cases

Approach [I: Mielke 2013
Write Markov chain as a gradient flow, apply gradient-flow techniques
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Towards discrete entropy methods Time-continuous Markov chains

Discretized Fokker-Planck equation

One-dimensional Fokker-Planck equation: us(x) = e~ Y (Mielke 2013)

Oru = Ox(Oxu + ud V) = 0y <uoou”ax <Iog u>> in ©Q, no-flux b.c.

Uoo

Finite-volume approx.: u;(t) = h™? u(x, t)dx, x; = hi, pj = ;=

Xi—1 0o, i
du=—D'LDlogp, L=diag(kiL;), Lj=—LHL"Pi
log pjy1 — log pi
— gives Markov chain model with Q: tridiagonal matrix
@ Discrete gradient: (Du); = —h~Y(ujr1 — u;)
/2 1/2

@ Approximations: k; = u_} 1l approximates U, j, L approx. p;
o Choice of L allows for nonlinear chain rule pViogp = Vp:

(LD log p); = ZLU Dlog p);
Pi+1 — Pi -1
= —Kj h lo i 1—|O i) = RKj D i
AP ——— (log pi+ g pi) = i(Dp)
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RENVEG B MR NNCTAN S I Time-continuous Markov chains

Discretized Fokker-Planck equation

diu=—D"LDlogp

o Discrete entropy: H[u] =), ujlog(ui/us. i) =: (u,log p)
@ Discrete entropy production:

dH
—[u] = (9w, log p) = —(D" LD log p, log p) = —(Dlog p, LD log p)

@ Second time derivative: dt2 Hlu] = (D Iog p, MD log p)

@ Show that M > 2ul = <H > 2,u = exponential decay
Theorem (Mielke 2013)
Let Vii1 —2V;+ Vi_1 > Ah%. Then H[u(t)] < e=?**H[u(0)], where

s 2 3Erf(s/2) — Erf(3s'/2)
= ﬁd) <8>\> — A ash—0, o&(s)= 2 Erf(s1/2)

Error function: Erf(s) = 2n~1/2 [ exp(—t2)dt
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Towards discrete entropy methods Time-discrete entropy methods

Time-discrete entropy methods

Open problems:
@ Markov chain approach only possible for linear equations
@ Mielke 2013: restricted to one-dimensional eq., quasi-uniform grids
@ Erbar-Maas 2014: porous-medium equation, but no exponential decay

New idea: Time discretization instead of space discretization
Motivation: Implicit Euler scheme for uy = u(tx)

7wk — ue—1) = Luy), (L(u),gb'( )) <0, ¢ convex
@ Example L = A on RY: (—L(u), ¢ = [go @"(u)|Vul?dx >0
o Entropy: Hlux] = [ga (uk)dx
@ Multiply equation by ¢'(ug), assume that ¢ is convex:

[ @—otue 1)< [ (wemune)d/ ()= r{L(ue). o () <0
Rd Rd
@ Entropy-dissipative scheme: H[uk] + 7(—L(uk), ¢'(uk)) < H[uk_1]
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Time-discrete entropy methods
Time-discrete BDF-2 discretization

Aim: Derive entropy-dissipative higher-order schemes
Continuous equation:

%ul_a/28t(ua/2) = 0ru = L(u) in Q, u(0)=up, no fluxb.c.

@ Assume: 3 smooth solution u(t) > 0
@ Entropy: H[u] = [, u®dx
@ Entropy production: if (L(u), u®™t) <0,

ﬂ[u] = 2/ u®28,(u*'?)dx = a/ L(u)u®tdx <0
dt o 2 Jq

BDF-2 method: BDF = backward differentiation formula

évﬁ/afl <§Vk+2 —2vjy1 + ;vk> = L(uks2), vk:= u/‘("/2
o Entropy production: H[ukyo] + % (—L(ug), uf ™) < Hluo]
@ Only entropy stability, not entropy dissipation
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Time-discrete entropy methods
Time-discrete BDF-2 discretization

2 1 /(3 1
5"134/3 1 <2V’<+2 — 241 + 2Vk) = L(usa), viko=up/?

o Redefine entropy: Hg[uk+2, ukt1] = 5 [o(ugis + (2uff2 - ui‘fl)z)dx

@ Entropy production: (Bukal-Emmrich-A.J. 2014)

aT

Heluky2, ups1] + 7<—L(Uk+2)7 uf ™Y < Helukst, ui]

@ Questions: O Why is this working? [0 Can it be generalized?

@ Answer [: Use inequality

(b + (2b—¢)?)

1 1 1
2<33—2b—|—c>az2(a2+(2a—b)2)—2

2 2
@ Answer [: Yes, use G-stability theory of Dahlquist
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e T
One-leg multistep methods and G-stability

p p
T (E)vk = L(o(E)w),  p(E)vik =Y ajvicyjs a(E)vi = > Bjvis,
— -

Implicit Euler p =1: (o, 1) = (—1,1), (8o, /1) = (% %)
BDF-2 p = 2: (a, 1, 02) = (%, -2, 2), (5o, P1, 52) = (0,0,1)
A-stability: Numer. solution (vk) of v/ = Av decreasing if Re(\) < 0
G-stability: 3G € RP*P symmetric, positive definite: V(vx) € RP:

e © ¢ ¢

1 1
(P(E)vie, 0(E)vic), = SIIVictalle = 511 Vil

where (-, ), scalar product on R, || V4|2 = Z 0 Gi(Vit1s Vi) 2,
and Vk = (Vk, SN Vk—‘,—p—l)

@ Dahlquist 1963: A-stable scheme (p, o) is at most of second order

@ Dahlquist 1978: (p, o) coprime polynomials: A-stable < G-stable

@ Consequence: G-stable one-leg method is at most of second order!
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e T
One-leg multistep methods and G-stability

p(E)vg =1B(c(E)vk), B(u)= %u1_2/"L(u2/a), Vi = u;f/2
Claim: G-stability implies discrete entropy dissipation
o Assumption: (L(u),u* 1) <0 = (B(v),v) <0 for v = u®/?
o G-stability: (p(E)vk, o(E)vi)2 > 3| Vi llz — 311 VillZ
@ Multiply discrete scheme by o (E)v:

1 1
Vi 2 = SIVelE < (o(Eyve. o(EDw
=T7(B(o(E)vk),0(E)vk) <0
@ Entropy dissipation: G-stable scheme dissipates H[Vi] = 4| Vi|/%

@ Remark: H[V\] ~ V2 ~ Uy

@ Convergence rate: Let (p,o) be G-stable, of second order, p =2,
B+ kld>0 (k>0)= ||vi — u(ty)*?| < Cr?

Ansgar Jingel (TU Wien) Entropy dissipation methods www.jungel.at.vu 119 / 129



e T
Runge-Kutta methods

Question: Re-definition of H[u] unsatisfactory — Can we do better?
Answer: Use Runge-Kutta methods

Deu = L[u], H[u]:/ﬂ¢(u)dx

@ Runge-Kutta discretization (uniform time step 7):

S s
ki1 = U+ 7Y biKi, Ki= L[Uk +TZaUK,}
j=1

i=1
o Goal: H[uk] — Hluk-1] <0
@ |dea: Fix u:= wg, interpret v(7) := uk_1 as function of 7
@ Define G(7) = H[u] — H[v(7)]

G(t) = G(0)+7 G'(0) +272 G"(¢) < 7G'(0), 0<é<T

~—— —— ——
=0 <0 <0

@ To show: G’(0) <0 and G”(0) < 0 (then G"(£) <0 for 7 < 1)
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e T
Runge-Kutta methods

/Q(¢>(uk) — ¢(uk-1))dx = Hu] = Hv(7)] = G(7) = 7G"(0) + 37°G"(€)

@ Solvability for v(7) = uk_1, given u = ug: implicit function theorem

@ To show:

G'(0) = /Q¢/(U)L[u]dx <0, Crk= 2252 b; <1 _ Z a,.j>
i=1

j=1
G"(0) = —/Q (Cr¢'(u) DLIu](L[u]) + ¢"(u)L[u]*)dx < O

where DL[u]: Fréchet derivative of L at u
@ Runge-Kutta constant Crk:

Crk = 2 (explicit Euler), 1 (Runge-Kutta > 2), 0 (implicit Euler)
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Example [: Diffusion equation
Oru = L{u] = div(a(u)Vu) inQ, a(u)Vu-v=0 on 0Q

@ Entropy: H[u] = [, ¢(u)dx, ¢(u) = a(a1+1)“a+1' a>0
@ Derivative: DL[u](w) = div(a'(u)wVu + a(u)Vw) = A(a(u)w)

:/gi)/(u)div(a /gi)// u)|Vul2dx <0
Q

G"(0) = /Q (Crucd/ () A(a(u)L[u]) — ¢" () L[u]?) dx

= _/Q ((CRK + 1)¢" () ()7 + (Cri + 2)p/ (u)(u)€LE%

a(u)
¢//(u)

p(u)? )

TR Y: plu) =
IO “
@ Polynomial variables: & = A¢/'(u), &6 = |V ¢/ ()|
@ Solve by systematic integration by parts
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Towards discrete entropy methods Time-discrete entropy methods

Example [: Diffusion equation

@ Integration-by-parts formulas:
0 §/ div (A(u)(V2¢’(u) e AAMDE V(]ﬁ'(u)) dx, since £ convex
Q

0:/div(B(u)\w’(u)\zw’(u))dx
Q

@ How to find A(u) and B(u)? Leads to nonlinear ODE system
@ Idea: Special solutions or more specific diffusion equations
@ Choose A'(u) = —3(Crk + 2)u(u)p' (u)¢" (u),
B(u) = 3(Crx + 2)p(u)p'(u) to cancel mixed terms
@ Discrete entropy dissipation if A(u) > 0 and

(1 - :,) A(w) + (Crk + 1) (u)(u)? < 0
(Crc + 2)p(u)pt" (1) + (Cri — 1)/ (u)? < 0
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Example [: Diffusion equation

Theorem (A.J./Schuchnigg 2015)
Let Q be convex, k € N, ux Runge-Kutta solution (# steady state). Let

u

A(w) = 5 (Carc+2) / w(s)i ()¢ (s)ds > 0,

up
(1— 1) A(u) + (Cre + 1)¢" (u)p(u)* < 0
(Crrc + 2)u(u)u" (u) + (Crr — L)' (u)? < 0
Then there exists T, > 0 such that for all 0 < 7 < 7y,

Hlu] +T/Q¢"(uk)a(uk)\vuk\2dx < Hlue_]

@ Same conditions as in Liero-Mielke 2013

@ Gives local entropy-dissipation estimate, possibly 7, — 0 as k — oo

@ Numerical experiments indicate that 3 7*: 7, > 7* > 0

o If [ ¢"(u)a(u)|Vul?dx > kH[u] then H[ux] < (1 + 7*k)~*H[uo]
Entropy dissipation methods
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Example [J: Porous-medium equation

deu = A(u?) in Q

@ Compute A(u) and B(u) for
a(u) = BuPL, o) = 2y

@ Top figure: Admissible region
(v, B) for d =2
Yields entropy dissipation

(]

@ Admissible region not optimal

o Ansatz: A(u) = cpu?f—o71,
B(u) = cpu?P—21

@ Solve decision problem by
computer algebra system

@ Bottom figure: Admissible
region («, 3) for d =2

0 i B 3 + s =
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Summary

Time-continuous Markov chains
@ Entropy dissipation for logarithmic entropy

@ Exponential decay for special cases: Caputo/Dai Pra/Posta 2009
(discrete Bochner identity) and Mielke 2013 (matrix analysis)

@ Heavy computations, so far only for linear situations
Space-discrete diffusion equations:

@ Only one result by Mielke 2013 for linear Fokker-Planck equation

@ Porous-medium equation: work in progress (A.J.-Yue)

Time-discrete diffusion equations:

@ One-leg multistep: Entropy stability for BDF-2, entropy dissipation
for schemes of order p < 2, but only for G-matrix entropy

@ Runge-Kutta: entropy dissipation using systematic integr. by parts
Many open problems for discrete entropy methods!
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Total summary

Bakry-Emery approach

@ Exponential time decay for diffusion equations, very flexible method,
applicable to nonlinear equations, non-constant coefficients etc.

@ Yields convex Sobolev inequalities, sometimes with optimal constants
@ Systematic integration by parts by solving polynomial decision
problems
Cross-diffusion systems
@ Formal gradient-flow or entropy structure
@ Global existence analysis, L> bounds, uniqueness of weak solutions
Discrete entropy methods
@ Spatial discretization: Markov-chain approach of Caputo et al., Mielke
@ Time discretization: BDF methods, Runge-Kutta methods
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Open problems

Around Fokker-Planck:
@ Large-time asymptotics for nonsymmetric Fokker-Planck-type egs.
@ Exploiting techniques from information theory (entropy power)
@ Optimality of systematic integration by parts
Around cross-diffusion:
@ Bakry-Emery approach for (cross-) diffusion systems
@ Finding entropies for general cross-diffusion systems
@ Entropy structure for diffusion systems with temperature
@ Coupling Maxwell-Stefan and Navier-Stokes models
@ Uniqueness of weak solutions to cross-diffusion systems
Around discrete methods:
@ Discrete analogue to Bakry-Emery approach
o Field is widely open for nonlinear equations
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Thank you for your attention!
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