Entropy dissipation methods for degenerate parabolic problems and generalized Sobolev inequalities^�

J. A. Carrillo^†, A. Jüngel^‡, P.A. Markowich^§,

G. Toscani^¶, A. Unterreiter^‖

November 29, 1999

Abstract We analyse the large-time asymptotics of quasilinear (possibly) degenerate parabolic systems in three cases: 1) scalar problems with confinement by a uniformly convex potential, 2) unconfined scalar equations and 3) unconfined systems. In particular we are interested in the rate of decay to equilibrium or self-similar solutions. The main analytical tool is based on the analysis of the entropy dissipation. In the scalar case this is done by proving decay of the entropy dissipation rate and bootstrapping back to show convergence of the relative entropy to zero. As by-product, this approach gives generalized Sobolev-inequalities, which interpolate between the Gross logarithmic Sobolev inequality and the classical Sobolev inequality. The time decay of the solutions of the degenerate systems is analyzed by means of a generalisation of the Nash inequality. Porous media, fast diffusion, p-Laplace and energy transport systems are included in the considered class of problems. A generalized Csizár-Kullback inequality allows for an estimation of the decay to equilibrium in terms of the relative entropy.

∗The authors acknowledge support from the TMR-project “Asymptotic Methods in Kinetic Theory”, No. ERBFRMXCT 970157, funded by the EC. J.A.C acknowledges support from DGES (Spain) PB98-1281 and PB98-1294 and DGESIC MEC-Spain Perfeccionamiento de Doctores en el Extranjero fellowship. A.J. was partially supported by the Gerhard-Hess Program of the Deutsche Forschungsgemeinschaft (DFG), No. JU359/3-1. J.A.C and P.A.M. acknowledge support from the Austrian-Spanish “Acciones Integradas”. J.A.C. and A.J. acknowledge support from the German-Spanish DAAD-“Acciones Integradas” Program.

†University of Texas at Austin, USA, carri@math.utexas.edu, on leave from Universidad de Granada, Spain

‡Universität Konstanz, Germany, juengel@fmi.uni-konstanz.de §Universität Wien, Austria, Peter.Markowich@univie.ac.at ¶Universitá di Pavia, Italy, toscani@dimat.unipv.it ‖Universität Kaiserslautern, Germany, unterreiter@mathematik.uni-kl.de

Contents

1 Introduction 2

2 Degenerate quasilinear parabolic systems

without confinement 6 2.1 Generalized Nash inequalities . . . . . . . . . . . . . . . . . . . . 8 2.2 Long-time behavior of the solutions . . . . . . . . . . . . . . . . . 9 2.3 Example: the energy-transport model . . . . . . . . . . . . . . . . 15

3 Asymptotic behavior of degenerate scalar

parabolic equations and generalized Sobolev inequalities 17 3.1 Equilibrium solutions . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.2 Time dependent scalings, Ω = R^d . . . . . . . . . . . . . . . . . . 28 3.3 Exponential decay of the entropy, Ω bounded . . . . . . . . . . . 29 3.4 Generalized Sobolev inequalities, Ω = R^d . . . . . . . . . . . . . . 50 3.5 Existence of solution and exponential decay of the entropy, Ω = R^d . 55 3.6 A general result on the exponential decay of the entropy . . . . . 64

4 A Csiszár-Kullback-type inequality 68 4.1 Properties of the relative entropy E(.|.) . . . . . . . . . . . . . . . 68 4.2 A Csiszár-Kullback inequality for E(.|u_∞) . . . . . . . . . . . . . 73 4.3 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5 Appendix: List of Assumptions 88 5.1 Section 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 5.2 Sections 3.1-3.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 5.3 Section 3.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 5.4 Section 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

1 Introduction

This paper is concerned with the large-time asymptotics of solutions of degenerate scalar parabolic convection-diffusion equations and of certain systems of degenerate parabolic equations. In the scalar case we consider the nonlinear Fokker-Planck equation ∂u ∂t = div(u∇V (x) + ∇f(u)), (x ∈ R^d , t > 0), (1)

u(x, t = 0) = u_0(x) ≥ 0, (x ∈ R^d ) (2) where the function f and the confining potential V satisfy suitable assumptions which guarantee the existence of a (unique) stationary solution u_∞. For parabolicity we require f^′(u) > 0 for u > 0. We proceed, formally for the moment, to the analysis of the main properties of (1) imposing decay conditions at |x| = +∞. The divergence form of (1) implies that the total mass is conserved at subsequent times, ∫ R^d u(x, t) dx = ∫ R^d u_0(x) dx =: M. In general, mass conservation is the only conservation law we can extract from (1). We now define the strictly convex function ϕ by

Φ^{′′}(u) = f^′(u) u , Φ^′(1) = 0 , Φ(0) = 0

If V u and ϕ(u) belong to L^1(R^d ), a direct calculation shows that the entropy functional defined by

E(u(t)) := ∫ R^d (V (x)u(x, t) + Φ(u(x, t))) dx (3) is nonincreasing in time when evaluated along a solution of (1), and dE(u(t)) dt = − ∫ R^d u(x, t) |∇V + Φ^{′′}(u)∇u|^2 (x, t) dx (4) Equation (4) measures the dissipation of entropy, and the functional

I(u(t)) := ∫ R^d u(x, t) |∇V + Φ^{′′}(u)∇u|^2 (x, t) dx (5) is usually referred as the entropy production functional. Now, one can show that an equilibrium solution of the evolution problem (1) is the minimizer of the entropy functional E on the set of all admissible comparison functions

C := { u ∈ L^1(R^d ) : u ≥ 0, ∫ R^d u(x) dx = M } . Hence, the convergence of the solution of (1) towards the stationary solution can be seen as a consequence of the tendency of the system to evolve towards the state of minimal entropy.

The idea of using the time-monotonicity of the entropy of the system to measure the distance between the solution and the equilibrium density has been developed mainly in the framework of the kinetic theory of rarefied gases, with a detailed study of the spatially homogeneous Boltzmann equation [Cer88], [CIP94].

There, given an initial density of mass ρ, momentum v and temperature T , the stationary solution is the Maxwellian distribution function M_{ρ,v,T} (x) = ρ (2πT )^{d/2} exp { − (x − v)^2 2T } , (6)

and the corresponding entropy functional is the relative entropy well studied in information theory E(u|M_{ρ,v,T} ) = ∫ R^d u(x) log u(x) M_{ρ,v,T} (x) dx. (7) For this relative entropy (7), the classical Csiszar-Kullback inequality [Csi67, Kul67] holds, ‖u − M_{ρ,v,T} ‖^2_{L1(}R_{d)} ≤ 2E(u|M_{ρ,v,T} ), if ρ = ∫ R^d M_{ρ,v,T} (x) dx = ∫ R^d u(x) dx = M and convergence in L^1 of the solution to equilibrium follows from the convergence of the relative entropy to zero as t → ∞.

Recently, this method has been successfully applied to general linear Fokker- Planck equations in [AMTU98]. There, the rate of decay in relative entropy has been obtained from the analysis of the time decay of the entropy production. The same procedure is at the basis of [CaTo98b, DoPi99, Ott99], where the rate of decay in L^1 of the solution of the porous medium/fast diffusion equation towards the self-similar solution has been investigated by studying an equivalent nonlinear Fokker-Planck equation of type (1) obtained through a suitable time rescaling.

The main tool of the entropy method is to analyze the relationship between the entropy production and its time derivative. In fact, if the system is such that, for some λ > 0 dI(u(t)) dt = −λI(u(t)) − R(t), (8) where the remainder R(t) ≥ 0 on R^d , we obtain coupling equation (8) with (4) dE(u(t)) dt = 1 λ [ dI(u(t)) dt + R(t) ]

which implies at once

E(u_0) − E(u_∞) ≤ 1 λ I(u_0) (9) and d[E(u(t)) − E(u_∞)] dt ≤ −λ[E(u(t)) − E(u_∞)], namely exponential convergence of the energy functional towards its minimum at a rate λ. Then, a Csiszar-Kullback type inequality gives exponential convergence in L^1 at a rate λ/2. It is interesting to remark that (9) is a generalized Sobolev type inequality. Thus, in addition to the exponential decay of the solution of the diffusion-advection equation, we obtain as a by-product a proof of differential inequalities which in several cases where unknown. A proof of the classical logarithmic Sobolev inequality originally obtained by Gross [Gro75] by means of the study of the entropy decay of the solution to the linear Fokker-Planck equation can be found in [Tos97].

In Section 2, we study the “time t → ∞” behaviour of certain quasilinear systems of n(∈ N) degenerate parabolic equations in d(∈ N) space dimensions, see equations (10), (11), where the assumptions on the nonlinearities are such that the trivial (zero) solution is a solution of the steady-state system.

Since we have no confinement potential in equation (10), we cannot expect to have exponential but only algebraic time decay of the solutions to the steady state u = 0. In order to derive the decay rate, we shall employ the entropy method in a somewhat simplistic setting. More precisely, by taking the time derivative of the entropy, we derive an entropy inequality involving the entropy production. Then we relate the entropy production to (a power of) the entropy, obtaining a differential inequality which can be solved explicitly. This relation between the entropy production and the entropy is obtained by employing a generalized Nash inequality and making appropriate structural assumptions on the nonlinearities a and b.

We remark that these results are valid for a large class of scalar equations and systems, including fast diffusion, porous medium, p-Laplace equations and energy-transport systems. The decay rates for the solutions of the scalar equations are the same as those of the corresponding Barenblatt-Prattle (fundamental) solutions (see Remark 2).

In the second part of the paper, we shall perform rigorously the program we outlined above, finding conditions on f and V that imply exponential convergence in relative entropy. One of these conditions on the potential V concerns the growth at infinity. Indeed, we require uniform convexity. The case of a subquadratic growth of V (x) (like |x|^α, α < 2) has been recently investigated in [ToVi99] for the linear case f(u) = u. A polynomial decay of the solution towards equilibrium, provided sufficiently many moments of the initial datum are finite, was shown there.

The last Section deals with a proof of new generalized Csiszar-Kullback type inequalities, i.e. estimates for the L^1-distance of two functions in terms of their relative entropy. Classical entropies are defined in terms of a convex function ψ, with ψ(1) = 0 by the formula

L(u_1|u_2) = ∫ IRn ψ ( u_1 u_2 ) u_2 dx where 0 ≤ u_1, u_2 ∈ L^1 and ∫ u_1 = ∫ u_2. For these entropies, the theory is well understood [AMTU98]. In our case, we will consider as relative entropy the difference E(u) − E(u_∞) between the entropies (3) of a general function u ∈ C and the function u_∞, minimizer of the entropy functional E on the set C.

The analysis of Csiszár-Kullback inequalities allows us to obtain an explicit rate of decay in L^1 for all the aforementioned problems.

2 Degenerate quasilinear parabolic systems without confinement

The goal of this section is to show the algebraic time decay of solutions of the following system of n(∈ N) degenerate parabolic equations in d(∈ N) space dimensions:

∂_tb(u) − div a(u, ∇u) = f(u) in R^d × (0, ∞), (10) b(u(·, 0)) = b(u_0) in R^d . (11)

Here a(·, ·) is a matrix-valued function with n rows and d columns, and ∇u stands for the Jacobian of the n-dimensional vector field u, i.e. (∇u)_{ij} =^{∂ui}_{∂xj} . The divergence of a matrix-field is defined in the usual way, i.e. it is the vector whose j-th component is the scalar divergence of the j-th matrix column.

Our assumptions on the nonlinearities are such that the trivial (zero) solution is a solution of the steady-state system. As already mentioned in the introduction, since we have no confinement potential in equation (10), we cannot expect to have exponential but only algebraic time decay of the solutions to 0. In this context we also refer to Section 3.2 of this paper, where connections between confined and unconfined problems are outlined.

Now we specify our assumptions on the nonlinear functions b(u) and a(u, z):

(HA1) The function b : R^n → R^n with b(0) = 0 is strictly monotone and a gradient, i.e. there exists a function χ ∈ C^1(R^n ) with b = ∇χ, χ(0) = 0, and constants β, B > 0, m > 0 such that for all u, v ∈ R^n , β|u − v|^{1+1/m} ≤ (b(u) − b(v)) · (u − v) ≤ B|u − v|^{1+1/m}. (HA2) The function a : R^n × R^{n×d} → R^{n×d} is continuous in R^n × R^{n×d} and elliptic in the sense

(a(u, z_1) − a(u, z_2)) · (z_1 − z_2) ≥ α|z_1 − z_2|^p

for all u ∈ R^n , z_1, z_2 ∈ R^{n×d} , with constants α > 0 and p > 1.

(HA3) The function f : R^n → R^n satisfies f(u) · u ≤ 0, |f(u)| ≤ Ce(b(u)), for all u ∈ R^n , where the function e is the Legendre transform of χ, i.e. e(b(u)) = b(u) · u − χ(u), u ∈ R^n . (12) The “·” product of matrices in (HA2) is defined as sum over both indices of products of equally indexed matrix elements, i.e. A · B := trace(AB^T ), where “^T ” stands for matrix transposition.

The initial datum satisfies

(HA4) e(b(u_0)) ∈ L^1(R^d ) with measurable u_0.

Systems of equations like (10)–(11) arise in a variety of physical situations. For example, they describe the evolution of a fluid in non-Newtonian filtration or the water flow through porous media (see [Kal87] and the references therein). In this context, often single equations with n = 1 are considered (see [KnOt96]). Systems of equations with n > 1 arise, for instance, in non-equilibrium thermodynamics [DGJ97], semiconductor modeling [DJP99, Jun96] and alloy solidification processes [HLR83].

The porous medium equation (m > 1) or the fast diffusion equation (0 < m < 1) ∂_t(u^{1/m}) − Δu = 0, u > 0, are included in (10). Furthermore, the p-Laplace equation ∂_tu − div(|∇u|^{p−2}∇u) = 0 is also included. Notice that the corresponding functions b(u) and a(u, z) satisfy the conditions (HA1) and (HA2).

The existence of (global) weak solutions of (10)–(11) in bounded domains subject to mixed Dirichlet-Neumann boundary conditions has been shown by Alt and Luckhaus in [AlLu83] (also see [Kac85]). They obtained an existence result for elliptic-parabolic systems, that is, assuming the function b to be only monotone (instead of strictly monotone). This result has been extended in different directions by various authors, for instance under more general assumptions on a(u, z) or b(u_0) [ADR96, FiKa95, Kac90]. No existence result seems to be available for the whole space problem.

The uniqueness of weak solutions (always in bounded domains) in the case of a single equation has been first shown in [AlLu83] under the additional assumption ∂_tb(u) ∈ L^1. This condition could be removed by Otto in [Ott96]. In the case of systems of equations, uniqueness results seem to be available only for functions a(u, z) = Az + g(u) (see [AlLu83, Jun99]).

The plan of this section is as follows. In Section 2.2 we show the algebraic decay in time of the solutions. The main result of this chapter is Theorem 3. The proof is based on generalized Nash inequalities which we prove in Section 2.1. Section 2.3 is devoted to the time decay for the energy-transport system which arises in non-equilibrium thermodynamics and semiconductor modeling.

2.1 Generalized Nash inequalities

The classical Nash inequality reads as follows [BCLS95, CaLo93, Nas58]: There exists a constant Γ > 0 such that for all w ∈ L^1(R^d ) ∩ H^1(R^d ), ‖w‖^{1+2/d}_{L2} ≤ Γ‖w‖^{2/d}_{L1} ‖∇w‖_L2 . (13) For the degenerate parabolic system (10)–(11) under the assumption (HA1) however, it is more natural to work in the space L^{1+1/m} instead of L^2. We shall call the corresponding inequality generalized Nash inequality:

Lemma 1. Let m > 1/2, d ∈ N and p ∈ [1, ∞) such that p > d(m + 1) dm + m + 1 . Then there exists a constant Γ > 0 only depending on d, m and p such that for all w ∈ W^{1,p}(R^d ) with |w|^{1/m} ∈ L^1(R^d ): ‖w‖^{1+σ}_{L1+1/m} ≤ Γ‖ |w|^{1/m}‖^{σm}_L1 ‖∇w‖_Lp , (14) where σ = dpm + (m + 1)(p − d) dpm^2 > 0. The classical Nash inequality (13) is obtained for m = 1 and p = 2.

Proof. The generalized Nash inequality is a consequence of the Gagliardo-Niren-berg and the Hölder inequality. This is not very surprising since there are close relations between the Sobolev, the Gagliardo-Nirenberg and the Nash inequality [BCLS95].

First, let w ∈ D(R^d ) and r ∈ (1, ∞) with 1/m < r < 1 + 1/m. Then there exists a constant G > 0 only depending on d, p and r such that the Gagliardo- Nirenberg inequality holds: ‖w‖_L1+1/m ≤ G‖∇w‖^θ_Lp ‖w‖^{1−θ}_Lr , (15) where θ = m m+1 −^1_r 1 p −^1_r −^1_d .

It is easy to check that the inequality p > d(m+1)/(dm+m+1) implies 0 < θ < 1.

For all v ∈ L^1(R^d ) ∩ L^{m+1}(R^d ), the Hölder inequality ‖v‖_Lrm ≤ ‖v‖^α_L1 ‖v‖^{1−α}_{Lm+1} holds, where α = m + 1 − rm rm^2 . The inequalities 1/m < r < 1 + 1/m imply 0 < α < 1. Taking v = |w|^{1/m} we obtain ‖w‖_Lr ≤ ‖ |w|^{1/m}‖^{αm}_L1 ‖w‖^{1−α}_{L1+1/m} . Substituting the L^r norm of w in (15), we conclude ‖w‖^{1/θ−(1−α)(1−θ)/θ} L^{1+1/m} ≤ G 1/θ‖ |w|^{1/m}‖^{αm(1−θ)/θ} L^1 ‖∇w‖L^p . Since 1 θ − (1 − α)(1 − θ) θ = 1 + α 1 − θ θ = 1 + dpm + (m + 1)(p − d) dpm^2 = 1 + σ,

we obtain the Nash inequality (14) for all w ∈ D(R^d ). The assertion then follows from a density argument.

2.2 Long-time behavior of the solutions

We introduce our notion of weak solution of the system (10)–(11), see [AlLu83]. We call u ∈ L^p(0, T ; W^{1,p}(R^d )) a weak solution of (10)–(11) on the time interval [0, T ), if b(u) ∈ L^∞(0, T ; L^1(R^d )), ∂_tb(u) ∈ L^{p′} (0, T ; W^{−1,p′} (R^d )), a(u, ∇u) ∈ L^{p′} ((0, T )×R^d ), u satisfies (10) in the distributional sense and the initial condition (11) is satisfied in the weak sense, i.e. ∫_T 0 ⟨∂_tb(u), w⟩dt + ∫_T 0 ∫ R^d (b(u) − b(u_0)) · ∂_twdxdt = 0 for all smooth function w such that w(x, T ) = 0 for all x ∈ R^d . Here, p^′ = p/(p − 1). Later we need an auxiliary result for integration by parts in time:

Lemma 2. Let u be a weak solution of (10)–(11). Furthermore, let (HA4) hold. Then e(b(u)) ∈ L^∞(0, T ; L^1(R^d )) and for almost all t ∈ [0, T ) the following formula holds: ∫ R^d e(b(u(t)))dx − ∫ R^d e(b(u_0))dx = ∫_t 0 ⟨∂_tb(u), u⟩dt. Here ⟨., .⟩ denotes the duality bracket between W^{1,p}(R^d ) and W^{−1,p′} (R^d ).

The proof of this result is almost exactly as in [AlLu83, Lemma 1.5]. Since ⟨∂_tb(u), u⟩ ∈ L^1(0, T ) the entropy H(t) = ∫ R^d e(b(u(x, t)))dx (16) is actually well defined for all t ∈ [0, T ] and absolutely continuous on [0, T ].

The main result of this subsection is the following theorem. Theorem 3. Let the hypotheses (HA1)-(HA4) hold and m > 1 2 , p > d(m + 1) dm + 1 . Let u be a weak solution of the system (10)–(11) for t ∈ [0, ∞) with b(u) ∈ L^∞(0, ∞; L^1(R^d )).

Then there exist constants C_1, C_2, C_3 > 0 only depending on α, β, B, β_0, d, m, n, and p with β_0 = ‖b(u_0)‖_L∞_{(0,∞;L}1_(Rd_{))} such that for almost all t > 0, H(t) ≤ (H(0)^{−δ} + δC_1t)^{−1/δ}, (17) ‖u(t)‖_L1+1/m ≤ C_2(H(0)^{−δ} + δC_1t)^{−m/δ(m+1)}, (18) and if m > 1, ‖u(t)‖_L1 ≤ C_3(H(0)^{−δ} + δC_1t)^{−(m−1)/δm}, (19) where δ = dm(p − 1) + p − d dm > 0. (20)

Proof. The proof is divided into several steps. Step 1: Entropy inequality.

Using equation (10) and conditions (HA2)-(HA3), we obtain for 0 < s < t (see Lemma 2), H(t) − H(s) = ∫_t s ⟨∂_tb(u), u⟩dτ = − ∫_t s ∫ R^d a(u, ∇u) · ∇udxdτ + ∫_t s ∫ R^d f(u) · udxdτ ≤ −α ∫_t s ‖∇u(τ)‖^p_Lp dτ. (21)

The condition (HA1) yields b(u) · u ≥ β|u|^{1/m} for all u ∈ R^n . Therefore, for all i = 1, . . . , n, ‖ |u_i(t)|^{1/m}‖_L1 ≤ ‖ |u(t)|^{1/m}‖_L1 ≤ (1/β)‖b(u(t))‖_L1 ≤ b_0/β, where b_0 = sup_{t>0} ‖b(u(t))‖_L1_(Rd_). Since p satisfies the hypotheses of Lemma 1, we can apply the generalized Nash inequality (14): ‖u_i(t)‖^{1+σ}_{L1+1/m} ≤ Γ(b_0/β)^{σm}‖∇u_i(t)‖_Lp , and hence ‖u(t)‖^{1+σ}_{L1+1/m} = (^n∑ i=1 ‖u_i(t)‖_L1+1/m )_{1+σ}

≤ max(1, n^σ)Γ(b_0/β)^{σm} n∑ i=1 ‖∇u_i(t)‖_Lp = C_0‖∇u(t)‖_Lp , where C_0 = max(1, n^σ)Γ(b_0/β)^{σm}.

Employing the above inequality in (21) we obtain H(t) − H(s) ≤ −αC^{−p}_0 ∫_t s ‖u(τ)‖^{p(1+σ)}_{L1+1/m} dτ.

Step 2: Relation between the entropy and ‖u‖_L1+1/m .

In order to relate the L^{1+1/m} norm of u(τ) to H(τ) we use the condition (HA1). Then, for all u ∈ R^n , e(b(u)) = ∫_1 0 (b(u) − b(σu)) · udσ = ∫_1 0 (b(u) − b(σu)) · (u − σu) dσ 1 − σ ≤ B ∫_1 0 |u − σu|^{1+1/m} dσ 1 − σ = mB m + 1 |u|^{1+1/m}. (22) Therefore H(τ) ≤ mB m + 1 ‖u(τ)‖^{1+1/m}_{L1+1/m} , which yields H(t) − H(s) ≤ −C_1 ∫_t s H(τ)^{mp(1+σ)/(1+m)}dτ, where C_1 = αC^{−p}_0 ( m + 1 mB )_{mp(1+σ)/(m+1)} .

This implies dH dt ≤ −C_1H^{1+δ} for almost all t > 0, where δ > 0 is given by (20). Notice that δ > 0 if and only if p > d(m + 1)/(dm + 1). The above differential inequality immediately implies (17). The decay (18) is obtained from condition (HA1) and (22): H(t) ≥ mβ m + 1

‖u(t)‖^{1+1/m}_{L1+1/m} for almost all t > 0,

with C_2 = ( (m + 1)/mβ )_{m/(m+1)} . Step 3: Decay rate in L^1.

In order to derive the decay rate (19), we employ the estimate (18) and the Hölder inequality ‖w‖_Lm ≤ ‖w‖^{1−1/m2}_{Lm+1} ‖w‖^{1/m2}_{L1} , applied to w = |u_i(t)|^{1/m}, to obtain

‖u(t)‖_L1 = n∑ i=1 ‖u_i(t)‖_L1 ≤ (b_0/β)^{1/m} n∑ i=1 ‖u_i(t)‖^{1−1/m2} L^{1+1/m} ≤ max(1, n^{1/m2} )(b_0/β)^{1/m}‖u(t)‖^{1−1/m2}_{L1+1/m} ≤ C_3(H(0)^{−δ} + δC_1t)^{−(m−1)/δm},

where C_3 = max(1, n^{1/m2} )(b_0/β)^{1/m}C^{1−1/m2}_2 .

This proves the theorem.

Remark 1. The most serious restriction of Theorem 3 is the uniform boundedness of b(u(t)) in L^1(R^d ). In the following two important cases sufficient assumptions can be given:

(1) Let the solution u(t) = (u_1(t), . . . , u_n(t)) of (10)-(11) satisfy u_i(t) ≥ 0 for almost all t > 0, i = 1, . . . , n, and assume b_i(u) ≥ 0, n∑ j=1 f_j(u) ≤ 0 for all u = (u_1, . . . , u_n) with u_k ≥ 0, i, k = 1, . . . , n.

Also let b(u_0) ∈ L^1(R^d ).

(2) n = 1 (scalar case) and b(u_0) ∈ L^1(R^d ).

If (1) or (2) holds then b(u) ∈ L^∞(0, ∞; L^1(R^d )) for the solution u = u(t) of (10)-(11). In the case (1) it is sufficient for the proof to add the rows of (10) and to integrate (formally) over R^d :

‖b(u(t))‖_L1_(Rd_) = n∑ j=1 ∫ R^d b_j(u(t))dx = d∑ j=1 ∫ R^d f(u(t))dx + ‖b(u_0)‖_L1_(Rd_) ≤ ‖b(u_0)‖_L1_(Rd_).

To be more precise, use a regularization of the characteristic function on the ball B_R(0) with center 0 and radius R as test function in the weak formulation of (10). It is not difficult to see that one obtains for R → ∞: ‖b(u(t))‖_L1_(Rd_) = lim_{R→∞} ‖b(u(t))‖_L1_{(BR(0))} ≤ ‖b(u_0)‖_L1_(Rd_).

In the scalar case (2) we take a non-decreasing regularization S^γ of the sign function (with γ > 0 the regularization parameter) such that sign − S^γ → 0 as γ → 0 in L^1(R^d ) and multply Eq. (10) by S^γ(b(u(t))). Integration by parts and the limit γ → 0 give the desired result.

Remark 2. We consider examples for n = 1 (single equation) with b(u) = |u|^{1/m−1}u, a(u, z) = |z|^{p−2}z: 1. Heat equation (m = 1, p = 2): Let u_0 ∈ L^1(R^d ) ∩ L^2(R^d ). Then ‖u(t)‖_L2 ∼ t^{−d/4} as t → ∞. More precisely, we have ‖u(t)‖_L2 ≤ C_2‖u_0‖_L2 (1 + 2C_1‖u_0‖^{4/d}_{L2} t)^{d/4} , which is sharper for large t than the usual estimate ‖u(t)‖_L2 ≤ ‖u_0‖_L2 (see, for instance, [Rac92]).

2. Porous medium equation (m > 1, p = 2): Let u_0 ∈ L^1_+(R^d ) ∩ L^{1+1/m}(R^d ). Then ‖u(t)‖_L1 ∼ t^{−d(m−1)/(dm+2−d)} as t → ∞. (23) This estimate is sharp in the sense that the Barenblatt-Prattle solution has the same decay rate. Indeed, the Barenblatt-Prattle solution V (t, x) = t^{−dk} ([ C − m − 1 2m (|x| t^k )_2] + )_{1/(m−1)} (24)

with k = 1/(2 + d(m − 1)) and C > 0 solves the equation ∂_tV = ΔV^m in R^d , (25) with V (0, x) = Dδ(x), where D is a constant depending on C. Thus U = V^m solves the equation (10) with the special choice of the nonlinear functions a and b given above. An easy calculation shows ‖U(t)‖_L1 ∼ t^{−dk(m−1)} = t^{−d(m−1)/(dm+2−d)} as t → ∞. We also refer to [CaTo98, DoPi99] for related results.

3. Fast diffusion equation (m < 1, p = 2): Let u_0 ∈ L^1_+(R^d ) ∩ L^{1+1/m}(R^d ) and assume m > max(1/2, 1 − 2/d). Then ‖u(t)‖_L1+1/m ∼ t^{−dm2/(dm+2−d)(m+1)} as t → ∞. (26) The Barenblatt-Prattle solution V (see (24)) solves the fast diffusion equation (25) for m > 1 − 2/d, and the function U = V^m satisfies ‖U(t)‖_L1+1/m ∼ t^{−mdk(m+2)/(m+1)} = t^{−dm2/(dm+2−d)(m+1)} as t → ∞. This decay rate is the same as derived above for the solution u (also see [CaTo98, DoPi99]).

The condition m > max(1/2, 1 − 2/d) is weaker than the condition derived by Otto [Ott99], i.e. m > d/(d + 2) and m ≥ 1 − 1/d, if and only if d ≥ 3. For d = 2, both conditions give the restriction m > 1/2.

4. p-Laplace equation (m = 1, p ≥ 2): Let u_0 ∈ L^1(R^d ) ∩ L^2(R^d ). Then ‖u(t)‖_L2 ∼ t^{−d/(2d(p−2)+2p)} as t → ∞. The function U(t, x) = t^{−dκ} ([ C − p − 2 p (|x| t^κ )_{p/(p−1)}] + )_{(p−1)/(p−2)}

with κ = 1/(d(p − 2) + p) and C > 0 solves the p-Laplace equation with U(0, x) = Dδ(x) where, again, D is a constant which depends on C. This function satisfies ‖U(t)‖_L2 ∼ t^{−dκ/2} = t^{−d/(2d(p−2)+2p)} as t → ∞, which is the same decay rate as above. For related results, see, e.g., [Jun93]. Remark 3. The rates of decay of the solution u(t) of the equation ∂_t(u^{1/m}) = Δu in R^d to the Barenblatt-Prattle solution U(t) with the same mass in L^1(R^d ) have been recently obtained in [CaTo98b, DoPi99, Ott99] by spatial-temporal rescaling techniques (cf. section 3.2). For instance, from [CaTo98b, Thm. 6.1] we have the estimate ‖u(t)^{1/m} − U(t)^{1/m}‖_L1 ∼ t^{−1/((dm+2m−d)} as t → ∞, for m > 1, whereas for 1 − 1/d < m < 1 (and d = 2, 3, 4, m ≠^1_2 ) [DoPi99, Thm. 1.2]: ‖u(t) − U(t)‖_L1 ∼ t^{−(1−d(1−m))/(dm+2−d)} as t → ∞. Using the triangle inequality and Remark 2 we can only conclude the same rate for u(t) − U(t) as for u(t) itself (i.e. the rate (23) in L^1 for m > 1 and the rate (26) in L^{1+ 1}m for max(^1_2 , 1 −^2_d ) < m < 1). Clearly, these rates are not sharp.

We do not obtain the same results on the time decay of the difference u(t) − U(t) as in [CaTo98b, DoPi99, Ott99] since we do not control the entropy dissipation rate. However, our method is simpler and valid for a very large class of problems.

2.3 Example: the energy-transport model

In this subsection we show how our methods can be applied to the energytransport equations, which form a system of strongly coupled, quasilinear parabolic equations for a charged fluid or gas, exposed to an electric field. They arise originally from non-equilibrium thermodynamics and are used in many applications of charged particle transport, for instance in semiconductor theory [DJP99], in electro-chemistry [Dey79], and alloy solidification processes [HLR83]. In order to simplify the presentation, we consider a gas consisting only of negatively charged particles with particle density ρ, internal energy density η, chemical potential μ, and temperature T . We assume that the self-consistent electric potential is neglibible compared to the externally given potential V = V (x). Setting

u = (u_1, u_2) = (μ/T, −1/T ) and b(u) = (b_1(u), b_2(u)) = (ρ, η),

the initial-value problem reads as follows [DGJ97]:

∂_tb_1(u) − div J_1 = 0 in R^d , (27) J_1 = L_{11}(u)(∇u_1 + u_2∇V ) + L_{12}(u)∇u_2, (28) ∂_tb_2(u) − div J_2, = −J_1 · ∇V, (29) J_2 = L_{21}(u)(∇u_1 + u_2∇V ) + L_{22}(u)∇u_2, (30) b(u(0)) = b(u_0) in R^d . (31)

The variables u_1, u_2 are called entropy variables, J_1 is the particle current density and J_2 is the energy current density.

We impose the following assumptions on the nonlinear functions: (HB1) Let (HA1) with n = 2 and m ≥ 1 hold.

(HB2) The matrix (L_{ij}) with L_{ij} : R^2 → R is symmetric, uniformly positive definite and bounded: 2∑ i,j=1 L_{ij}(u)z_iz_j ≥ α|z|^2, |L_{ij}(u)| ≤ A, for all u, z ∈ R^2 , for some α, A > 0.

(HB3) e(b(u_0)) ∈ L^1(R^d ) with u_0 measurable, and b(u_0) ∈ L^1(R^d ), V ∈ L^∞(R^d ).

The functions e and H are defined as in the previous section (see (12) and (16)).

We refer to the paper [DGJ97] for a discussion of the above hypotheses. The existence of weak solutions to (27)–(31) subject to mixed Dirichlet-Neumann boundary conditions in bounded domains is shown in [DGJ97] under the assumption m = 1.

We obtain the following decay rate:

Theorem 4. Let u be a global weak solution to (27)–(31) with ρ(t) = b_1(u(t)) ≥ 0 and η(t) = b_2(u(t)) ≥ 0 for a.e. t > 0 and assume (HB1)-(HB3). Then ‖u(t)‖_L1+1/m ≤ C_4t^{−dm2/(dm+2−d)(m+1)} as t → ∞. Remark 4. The non-negativity of the particle density ρ(t) and of the internal energy density η(t) is necessary for a physically reasonable solution. Proof. We cannot apply Theorem 3 directly since the right-hand side of the energy equation (29) may not be dissipative. However, employing the dual entropy variables w_1 = u_1 + u_2V, w_2 = u_2, the system (27)-(30) can be written in symmetrized form: ∂_tb_1(u) − div[D_{11}∇w_1 + D_{12}∇w_2] = 0, (32) ∂_t(b_2(u) − b_1(u)V ) − div[D_{21}∇w_1 + D_{22}∇w_2] = 0, (33) where the new diffusion coefficients are given by

D_{11} = L_{11}, D_{12} = D_{21} = L_{12} − V L_{11}, D_{22} = L_{22} − 2V L_{12} + V^2L_{11}. The matrix (D_{ij}) is also uniformly positive definite. We immediately conclude the uniform L^1 bounds for b_1 and b_2:

‖b_1(u(t))‖_L1 ≤ ‖b_1(u_0)‖_L1 < ∞, ‖b_2(u(t))‖_L1 ≤ ‖V ‖_L∞ ‖b_1(u(t))‖_L1 + ‖b_2(u(t)) − b_1(u(t))V ‖_L1 ≤ ‖V ‖_L∞ ‖b_1(u_0)‖_L1 + ‖b_2(u_0) − b_1(u_0)V ‖_L1 .

A calculation shows that for t > s, H(t) − H(s) = ∫_t s ⟨∂_tb(u), u⟩dτ = ∫_t s (⟨∂_tb_1(u), w_1⟩ + ⟨∂_t(b_2(u) − b_1(u)V ), w_2⟩) dτ = − ∫_t s ∫ R^d 2∑ i,j=1 D_{ij}∇w_i · ∇w_jdxdτ ≤ −λ ∫_t s ‖∇w‖^2_L2 dτ, where λ > 0 depends on ‖V ‖_L∞ . Using the generalized Nash inequality (14) we obtain for i = 1, 2, ‖w_i‖^{1+σ}_{L1+1/m} ≤ Γ‖|w_i|^{1/m}‖^{mσ}_L1 ‖∇w_i‖_L2 ≤ C. Here, σ > 0 and Γ > 0 are given by Lemma 1 and the L^1 norm of |w_1|^{1/m} is uniformly bounded since, by assumption (HB1), ‖|w_1|^{1/m}‖_L1 ≤ c(‖|u_1|^{1/m}‖_L1 + ‖V ‖^{1/m}_L∞ ‖|u_2|^{1/m}‖_L1 ) ≤ c(‖b_1(u)‖_L1 + ‖V ‖^{1/m}_L∞ ‖b_2(u)‖_L1 ) ≤ c, where c > 0 denotes henceforth a constant independent of t. Therefore we obtain ‖w_i‖^{1+σ}_{L1+1/m} ≤ c‖∇w_i‖_L2 and hence H(t) − H(s) ≤ −c ∫_t s ‖w‖^{2(1+σ)} L^{1+1/m} . The assumption (HB1) and the definition of w yield H(t) ≤ c‖u(t)‖^{1+1/m}_{L1+1/m} ≤ c‖w(t)‖^{1+1/m}_{L1+1/m} and H(t) ≥ c‖u(t)‖^{1+1/m}_{L1+1/m} , so that we can conclude dH dt (t) ≤ −cH^{2m(1+σ)/(m+1)} ≤ −c‖u(t)‖^{2(1+σ)}_{L1+1/m} . The assertion of the theorem follows.

Remark 5. We remark that the somewhat ‘unphysical’ result T → ∞ stems from the assumption (HB1) on the constitutive relations ρ = ρ(μ, T ), η = η(ρ, T ) (which itself is physically doubtfull) and from the lack of temperature relaxation in our model.

3 Asymptotic behavior of degenerate scalar parabolic equations and generalized Sobolev inequalities

The main objectives of this section are, first, to study the asymptotic behavior of certain degenerate scalar parabolic equations both in bounded domains with no-flux boundary conditions and in R^d (with confinement) and, second, to establish generalized Sobolev inequalities. Both aims will be accomplished using the entropy method. This method has been applied successfully in the linear case (general linear Fokker-Planck equations see [AMTU98, CaTo98]) and in the porous medium/fast diffusion cases [CaTo98b, Ott99, DoPi99]. In this section we extend these results to a more general class of parabolic equations.

Consider the Cauchy problem for the general nonlinear Fokker-Planck equation ∂u ∂t = div(u∇V (x) + ∇f(u)), (x ∈ Ω, t > 0), (34)

u(x, t = 0) = u_0(x) ≥ 0, (x ∈ Ω) (35) supplemented by a decay condition at |x| = ∞ if Ω = R^d or by a zero outflux condition on ∂ Ω if Ω is bounded. We assume for the moment (further assumptions will be imposed in the course of the analysis) (HD1) Ω ⊆ R^d is either a smooth, bounded domain or Ω = R^d . (HD2) u_0 ∈ L^1(Ω), u_0 ≥ 0 and ∫ Ω u_0(x) dx =: M ∈ (0, ∞). and (HV1) If Ω = R^d , then V ∈ W^{1,1}_{loc} (R^d ), and if Ω is bounded, then V ∈ W^{1,1}(Ω). (HV2) If Ω = R^d , then ∀A ∈ R: {x|V (x) ≤ A} is bounded. (HV3) inf_Ω V = 0.

as well as (HF1) f : R^+_0 → R is continuous, strictly increasing and f(0) = 0. (HF2) f|_{IR}+ ∈ C^3(R^+ ).

(HF3) The function h, defined by

h(u) := ∫_u 1 f^′(s) s ds, u ∈ (0, ∞), belongs to L^1_{loc}([0, ∞)). Then Φ : [0, ∞) → R, Φ(u) = ∫_u 0 h(s) ds is well-defined with Φ^′(u) = h(u) for all u ∈ R^+ .

Remark 6. In case of Ω = R^d assumption (HV2) is, e.g., satisfied for uniformly convex functions V which will be of distinctive importance later on. Furthermore (HV2) implies V (x) → ∞ as |x| → ∞.

Remark 7. a) Throughout this paper we shall be concerned with non-negative solutions u of (34), (35).

b) Canonical examples for f are f(u) = u^m with m ∈ (0, ∞). c) The function h can be interpreted as the enthalpy function in semiconductor modeling or as the pressure in the study of the evolution of a gas density in a porous medium.

d) Since f is stricly increasing the enthalpy h is so, too. Therefore, h is a homeomorphism from (0, ∞) onto the open interval (inf h, sup h) = (h(0+), h(∞)) where in accordance with the definition of h the inequalities −∞ ≤ h(0+) < 0 < h(∞) ≤ ∞ hold.

e) Since h is strictly increasing, the function Φ is strictly convex (Φ^′ = h). f) By a trivial calculation

Φ(u) = u h(u) − f(u), for all u ∈ R^+ .

g) It is easy to verify that min Φ = Φ(1) < 0 and lim_{s→∞} Φ(s) = ∞. From the convexity of Φ we deduce: There is s_∘ ∈ (1, ∞) such that Φ is decreasing and non-positive on [0, 1], increasing and non-positive on [1, s_∘], and increasing and non-negative on [s_∘, ∞).

We shall be concerned with certain “generalized solutions” of (34), (35):

Definition 1. Assume (HD1), (HD2), (HV1)-(HV3), (HF1)-(HF3). Then, u : [0, ∞) × Ω −→ R is a generalized solution of (34)-(35) iff

1. u ∈ L^∞(Ω × (0, T )) for any T > 0.

2. If Ω = R^d , then ∇f(u) ∈ L^1_{loc}(R^d × R_t : R^d ) and

if Ω is bounded, then (∇f(u))|_{Ω×(0,T )} ∈ L^1(Ω×(0, T ) : R^d ), for any T ∈ R^+ .

3. For all test functions ϕ ∈ C^∞_c (R^d_x × R_t ) with supp(ϕ) ∩ (∂Ω × {0}) = ∅ we have ∫ Ω u_0(x) ϕ(x, 0) dx − ∫ Ω×IRt ( u ∂ ϕ ∂ t ) (x, τ) dxdτ

+ ∫ Ω×IRt (u ∇V + ∇f(u)) (x, τ) ∇ϕ(x, τ) dxdτ = 0. Remark 8. If Ω is bounded, then the involved test functions correspond to zero out-flux boundary conditions n(x) · (u∇V + ∇f(u))(x, t) = 0, (x ∈ ∂Ω, t > 0), where n(x) is the outward unit vector of ∂ Ω at x.

This section is organized as follows. First, we study the stationary states of the equation (34). Then we analyze the relation with other nonlinear diffusion problems through time-dependent rescalings. Subsection 1.3 is devoted to the study of the asymptotic behavior for equation (34) in bounded domains with zero out-flux boundary conditions. Then we shall prove the main result of this section about generalized Sobolev inequalities. Finally, we deduce the existence of a weak solution and we analyze its asymptotic behavior for equation (34) in

R^d .

3.1 Equilibrium solutions

We consider stationary solutions of (34) in Ω which satisfy

u∇V (x) + ∇f(u) = 0, ∫ Ω u dx = M. (36) We wish to re-construct u from (36) now. The intuitive way to proceed is to replace ∇f(u) in (36) by u ∇h(u) and to cancel u from the resulting equation. One obtains ∇(V + h(u)) = 0 such that V (x) + h(u(x)) = C, ∀x ∈ Ω, (37) for some C ∈ R.

This argumentation, however, has a gap which concerns the cancellation of u. For the sake of simplicity we only consider continuous u here.

1) The cancellation of u is rigorously justified only if u > 0 in Ω. As a consequence, equation (37) is a priori equivalent to equation (36) if and only if only strictly positive solutions are encountered. Indeed, if (36) has a solution u which is strictly positive, then u will satisfy (37) for some C ∈ R. Furthermore if the L^1-norm of u solving (36) is prescribed, then C is - according to the fact that h is strictly increasing - unique. We conclude: (36) has at most one strictly positive solution of a prescribed L^1-norm.

2) In many cases also non strictly positive solutions of (36) are of importance.

But for such u the open set {x : u(x) > 0} may have several components. The derivation of (37) is valid on each of these components then and several, component-dependent constants C ∈ R may arise.

3) Let us now consider (37) for prescribed C ∈ R. Then the value u(x) is uniquely determined only for C − V ∈ (h(0+), h(∞)). In this case, u(x) = h^{−1}(C − V (x)), where h^{−1} : (h(0+), h(∞)) → (0, ∞) is the inverse function of h. No problems arise here if h(0+) = −∞ and h(∞) = ∞. However, if h(0+) > −∞ or h(∞) < ∞, the range of the function C − V may exceed (h(0+), h(∞)). In this case (37) makes no sense anymore.

The questions “Why are strictly positive solutions (if they exist) of (36) distinguished?” and “How to proceed if C − V exceeds the range (h(0+), h(∞)) of h?” can be settled at once by passing from equation (36) to a variational formulation. (This procedure has been succesfully employed for non-linear drift-diffusion models [MaUn93] where similiar difficulties with thermal equilibrium solutions arose [Unt94, Unt95].)

We introduce the energy functional corresponding to the stationary problem, namely

Definition 2. Assume (HD1), (HF1)-(HF3). Let V : Ω → R be measurable and non-negative. Let

E : L^1_+(Ω) → R ∪ {∞}, E(u) = ∫ Ω (V u + Φ^+(u))(x) dx − ∫ Ω Φ^−(u(x)) dx, Φ^−(u) ∈ L^1(Ω)

∞, else ,

where L^1_+(Ω) = {u ∈ L^1(Ω) : u ≥ 0}.

Remark 9. As usual, we denote the non-negative (non-positive) part of a realvalued function g by g^+ (g^−), i.e. g = g^+ − g^− and |g| = g^+ + g^−.

Remark 10. Clearly, E(u) < ∞ iff V u ∈ L^1(Ω) and Φ(u) ∈ L^1(Ω). Furthermore, if E(u) < ∞, then E(u) = ∫ Ω (V u + Φ(u)) dx. Next we introduce

Definition 3. Assume (HD1), (HV1)-(HV3), (HF1)-(HF3). A function u_{∞,M} ∈ L^1(Ω) is an equilibrium solution of (34), (35) iff u_{∞,M} is a minimizer of E in

C := { u ∈ L^1_+(Ω) : ∫ Ω u(x) dx = M } . Remark 11. The definition 3 of an equlilibrium solution explicitly refers to the mass M of the initial condition. This convention simplifies the forthcoming presentation.

As we shall see soon (Lemma 6) we have under rather natural additional assumptions existence and uniqueness of a minimizer of E in C. Before entering the proof and the assumptions a few comments will clarify the situation in advance.

One can expect - and it will turn out that this is indeed justified - that the minimizer of E in C satisfies the corresponding Euler-Lagrange equations, V (x) + h(U(x, C)) = C , if 0 < U(x, C) V (x) + h(U(x, C)) ≥ C , if U(x, C) = 0 , (38) i.e. min_{u∈C} E(u) = E(U(., C)), where C ∈ R and U(., C) ∈ C. The first question is: Does C ∈ R exist such that U(., C) ∈ C, i.e. ∫ Ω U(x, C) dx = M (non-negativity and measurability of U(., C) is obvious) ? To answer this question let us remark that the (in)equality (38) allows for an explicit representation of U(x, C), U(x, C) := h^{−1}(C − V (x)), (39) with the “generalized” inverse h^{−1}

h^{−1} : R → [0, ∞], h^{−1}(σ) =

0 , σ ≤ h(0+) h^{−1}(σ) , h(0+) < σ < h(∞) ∞ , h(∞) ≤ σ .

One immediately verifies that - for all C ∈ R - the function x → U(x, C) is measurable with 0 ≤ U(x, C) ≤ ∞. Hence the quantity M(C) := ∫ Ω U(x, C) dx ∈ [0, ∞] is well-defined for all C ∈ R. We have to impose the additional assumption (HV4) If Ω = R^d and h(0+) = −∞, then there is C ∈ R with U(x, C) ∈ L^1(R^d ).

Remark 12. a) There is no necessity to impose a condition like (HV4) for bounded Ω or if h(0+) > −∞, because in these cases the function U(x, C) will be compactly supported (due to (HV3)) and bounded for any C < h(∞). b) (HV4) is a condition on f as well as on V . If we, e.g., consider in case of

Ω = R^d a potential V (x) = α |x|^2 + β |x|^κ for some α, β, κ > 0, and f(u) = u^m,

m > 0, then (HV4) will be equivalent to the dimension-dependent restriction d − max{2, κ} d < m.

Remark 13. A minimization procedure similiar to “E → min in C” can be found in [McCan97]. In that paper no confining potential is involved and different interaction potentials are considered. The requirements on f are closely related to the ones presented here. In particular the need to impose an assumption like (HF4) arises.

The following continuity and monotonicity properties of the mapping M : C → M(C) are of importance. Let us introduce C^∗ := sup{C ∈ R : U(x, C) ∈ L^1(Ω)}.

We have C^∗ ∈ (h(0+), h(∞)] and C^∗ = h(∞) if Ω is bounded or if h(0+) > −∞.

a) M is increasing.

b) lim_{C→−∞} M(C) = 0, lim_{C→∞} M(C) = ∞. c) M(C) = 0 for all C ∈ (−∞, h(0+)]. d) M(C) = ∞ for all C ∈ (C^∗, ∞).

e) M is continuous and strictly increasing on (h(0+), C^∗). f) If h(0+) ∈ R, then M is continuous at h(0+) with M(h(0+)) = 0. We introduce M̄ = lim_{C→C∗} M(C).

It is clear that M̄ may depend on Ω, we will eventually denote it by M̄(Ω). Let us distinguish several cases depending on h(0+) and h(∞).

1. Case I: h(0+) = −∞ and h(∞) = ∞. (Example: h(u) = u log(u) which corresponds to f(u) = u.) In this case we have h^{−1} = h^{−1} and U(x, C) solves (37). We deduce from the properties of M that M̄ = ∞, i.e. there exists a unique C̄ ∈ (h(0+), C^∗) such that M(C̄) = M. We set u_{∞,M} := U(x, C̄).

2. Case II: −∞ < h(0+) and h(∞) = ∞. (Examples: h(u) = (u^{m−1} − 1)/(1 − (1/m)), 1 < m, which corresponds to f(u) = u^m.) We easily deduce M̄ = ∞. Hence there is a unique C̄ ∈ (h(0+), h(∞)) such that M(C̄) = M. As in Case I we set u_{∞,M} := U(x, C̄).

3. Case III: h(0+) = −∞ and h(∞) < ∞. (Examples: h(u) = (u^{m−1} − 1)/(1 − (1/m)), 0 < m < 1, which corresponds to f(u) = u^m.) If M̄ > M (or, more specifically, M̄ = ∞), then there is a unique C̄ ∈ (−∞, C^∗) with M(C̄) = M. In case of existence we set u_{∞,M} = U(x, C̄).

4. Case IV: −∞ < h(0+) and h(∞) < ∞. Similar arguments as in the two previous cases ensure the existence of a unique equilibrium solution u_{∞,M} with mass M if 0 < M < M̄ = lim_{C→C}∗ M(C).

Summarizing the discussion outlined so far we shall impose the additional assumption (HV5) M < M̄(Ω) = lim_{C→C}∗ M(C).

Remark 14. If h(0+) > −∞ one may work with a functional different from E. Consider Φ̃(u) = Φ(u) − h(0+)u. We observe that Φ̃(u) ≥ 0. Let us define Ẽ : L1_+(Ω) → R ∪ {∞} by

Ẽ(u) = ∫ Ω (V u + Φ̃(u))(x) dx. Of course, Ẽ(u) − E(u) = −h(0+)M.

It remains to verify that u_{∞,M} is indeed the unique minimizer of E in C. The proof of this result heavily relies on the following inequality which involves the relative entropy functional

E(.|u_{∞,M} ) : L^1_+(Ω) → [0, ∞], E(u|u_{∞,M} ) = ∫ Ω (Φ(u) − Φ(u_{∞,M} ) − Φ^′(u_{∞,M} ) (u − u_{∞,M} ))(x) dx, where we implicitly make use of the fact that u_{∞,M} (x) belongs for all x ∈ Ω to the domain of Φ^′ and due to convexity, Φ(u) − Φ(u_{∞,M} ) − Φ^′(u_{∞,M} ) (u − u_{∞,M} )(x) ≥ 0 for all x ∈ Ω such that the integral in the definition ofE(.|u_{∞,M} ) has a well-defined value in [0, ∞].

The key estimate is Proposition 5. Assume (HD1), (HV1)-(HV5), (HF1)-(HF3). Furthermore, assume E(u_{∞,M} ) < ∞. Then, for all u ∈ C, E(u) − E(u_{∞,M} ) ≥ E(u|u_{∞,M}), (40) where equality holds for all u ∈ C iff V (x) + h(u_{∞,M} (x)) = C, for almost all x ∈ Ω.

Proof. Obviously there is nothing to prove in case E(u) = ∞. Hence assume E(u) < ∞. We observe V (x) + h(u_{∞,M} (x)) = C if u_{∞,M} (x) > 0, V (x) + h(0+) ≥ C if u_{∞,M} (x) = 0.

Furthermore, E(u) < ∞ implies V u, Φ(u) ∈ L^1(Ω). Since E(u_{∞,M} ) < ∞ is assumed, we also have V u_∞, Φ(u_{∞,M} ) ∈ L^1(Ω). Let us now prove that these assumptions imply E(u|u_{∞,M} ) < ∞.

It sufficies to prove Φ^′(u_{∞,M} )u, Φ^′(u_{∞,M} )u_{∞,M} ∈ L^1(Ω). This is trivial whenever Φ^′(0+) = h(0+) > −∞. In case of h(0+) = −∞ we have V +Φ^′(u_{∞,M} ) = C such that Φ^′(u_{∞,M} ) = C − V and Φ^′(u_{∞,M} )u = Cu − V u ∈ L^1(Ω), Φ^′(u_{∞,M} )u_{∞,M} = Cu_{∞,M} − V u_{∞,M} ∈ L^1(Ω). This settles E(u|u_{∞,M} ) < ∞.

Next we calculate E(u) − E(u_{∞,M} ) − E(u|u_{∞,M}) = ∫ Ω (V (x)u(x) + Φ(u(x)) − V (x)u_{∞,M} (x) − Φ(u_{∞,M} (x)) − Φ(u(x)) + Φ(u_{∞,M} (x)) + Φ^′(u_{∞,M} (x))(u(x) − u_{∞,M} (x))) dx = ∫ Ω (V (x) + h(u_{∞,M} (x)))(u(x) − u_{∞,M} (x)) dx = ∫ u_{∞,M} >0 (V (x) + h(u_{∞,M} (x)))(u(x) − u_{∞,M} (x)) dx + ∫ u_{∞,M} =0 (V (x) + h(u_{∞,M} (x)))(u(x) − u_{∞,M} (x)) dx = ∫ u_{∞,M} >0 C(u(x) − u_{∞,M} (x)) dx + ∫ u_{∞,M} =0 (V (x) + h(u_{∞,M} (x))) u(x) dx ≥ C ∫ u_{∞,M} >0 (u(x) − u_{∞,M} (x)) dx + C ∫ u_{∞,M} =0 u(x) dx = C ∫ u_{∞,M} >0 (u(x) − u_{∞,M} (x)) dx + C ∫ u_{∞,M} =0 (u(x) − u_{∞,M} (x)) dx = C ∫ Ω (u(x) − u_{∞,M} (x)) dx = 0. The verification of the statement concerning equality is left to the reader. .

Remark 15. If h(0+) = −∞, then one has for all x ∈ Ω the identity V (x) + h(u_{∞,M} (x)) = C. Hence in this case the inequality of Proposition 5 is an equality.

Remark 16. a) The assumption E(u_{∞,M} ) < ∞ is essential for the forthcoming analysis which concerns to a large extent the convergence of E(u(t)) to E(u_{∞,M} ) as t → ∞. b) In case of bounded Ω we trivially have E(u_{∞,M} ) < ∞.

d) For Ω = R^d , E(u_{∞,M} ) < ∞ can be seen as a condition on the growth of u_{∞,M} locally and at |x| = ∞.

e) If Ω = R^d , if V (x) = α |x|^2 + β |x|^κ, α, β, κ > 0, and if f(u) = u^m, m > 0, then E(u_{∞,M} ) < ∞ iff d d + max{2, κ} < m. We shall henceforth assume

(HV6) If Ω = R^d , then E(u_{∞,η}) < ∞ for η ∈ (0, M̄).

Proposition 5 contains the essential informations to prove

Lemma 6. Assume (HD1), (HV1)-(HV6), (HF1)-(HF3). Then u_{∞,M} is the unique minimizer of E in C and, by definition, the unique equlibrium solution of (34), (35).

Proof. Since E is strictly convex there is at most one minimizer of E in C. Hence it sufficies to prove E(u_{∞,M} ) ≤ E(u) for all u ∈ C. This inequality is trivial whenever E(u) = ∞. Therefore we assume E(u) < ∞ henceforth. In this case we obtain from (40) the estimate E(u) ≥ E(u_{∞,M} ) + E(u|u_{∞,M} ) which gives due to the non-negativity of E(u|u_{∞,M} ) the required estimate E(u) ≥ E(u_{∞,M} ). . For later reference we need two monotonicity properties of the functional E:

Lemma 7. Assume (HD1), (HF1)-(HF3). Let V : Ω → R be measurable and non-negative. Assume furthermore

• u_0 ∈ L^1_+(Ω) and (u_n)_{n∈}N is a sequence in L^1_+(Ω).

• E(u_0) < ∞.

• u_n ≤ u_0, for all n ∈ N.

Then E(u_n) < ∞ for all n ∈ N, and if u_n(x) → v(x) as n → ∞ for almost all x ∈ Ω, then v ∈ L^1_+(Ω), E(v) < ∞ and E(v) = lim_{n→∞} E(u_n).

Proof. Due to the positivity of V we have V u_n ≤ V u_0 ∈ L^1(Ω) for all n ∈ N. Hence ∫ Ω(V u_n)(x) dx ≤ ∫ Ω(V u_0)(x) dx. We recall that Φ is decreasing and non-positive on [0, 1], increasing and non-positive on [1, s_∘] and increasing and non-negative on [s_∘, ∞). Hence, |Φ| is increasing on [0, 1] ∪ [s_∘, ∞). We set

Ω^1_0 := {u_0 ≤ 1}, Ω^2_0 := {1 < u_0 < s_∘}, Ω^3_0 := {s_∘ ≤ u_0},

and obtain for each n ∈ N:

If x ∈ Ω^1_0, then |Φ(u_n(x))| ≤ |Φ(u_0(x))|, if x ∈ Ω^2_0, then |Φ(u_n(x))| ≤ |Φ(1)|, if x ∈ Ω^3_0, then |Φ(u_n(x))| ≤ max{|Φ(u_0(x))|, |Φ(1)|}.

Furthermore, both Ω^2_0 and Ω^3_0 have finite measure such that we can conclude

|Φ(u_n)| ≤ |Φ(u_0)| + |Φ(1)| ind_Ω2_0 + max{|Φ(u_0)|, |Φ(1)|} ind_Ω3_0 ∈ L^1(Ω). (41)

Hence |Φ(u_n)| ∈ L^1(Ω) and therefore E(u_n) < ∞.

Now assume u_n(x) → v(x) as n → ∞ for almost all x ∈ Ω. By Lebesgue’s dominated convergence theorem we obtain ∫ Ω(V v)(x) dx = lim_{n→∞} ∫ Ω(V u_n)(x) dx ≤ ∫ Ω(V u_0)(x) dx < ∞. We obtain E(v) < ∞ and E(v) = lim_{n→∞} E(u_n) from Lebesgue’s dominated convergence theorem.

Lemma 8. Assume (HD1), (HF1)-(HF3). Let V : Ω → R be measurable and non-negative. Assume furthermore

• u_0 ∈ L^1_+(Ω) and (u_n)_{n∈}N is a sequence in L^1_+(Ω).

• u_n ≤ u_{n+1} ≤ u_0, for all n ∈ N.

• lim_{n→∞} u_n(x) = u_0(x) for almost all x ∈ Ω.

Then

a) lim_{n→∞} ∫ Ω(V u_n)(x) dx = ∫ Ω(V u_0)(x) dx ∈ R^+ ∪ {∞}.

b) lim_{n→∞} ∫ Ω Φ^+(u_n)(x) dx = ∫ Ω Φ^+(u_0)(x) dx ∈ R^+ ∪ {∞}.

c) lim_{n→∞} ∫ Ω Φ^−(u_n)(x) dx = ∫ Ω Φ^−(u_0)(x) dx ∈ R^+ ∪ {∞}.

d) If ∫ Ω Φ^−(u_0)(x) dx < ∞, then ∫ Ω Φ^−(u_n)(x) dx < ∞ for all n ∈ N, and

lim_{n→∞} E(u_n) = E(u_0).

Proof. a) follows from the non-negativity of V and from the monotone convergence theorem.

b) We observe: Φ^+ is increasing. Hence b) follows from the monotone convergence theorem.

c) We set as in the proof of Lemma 7

Ω^1_0 := {u_0 ≤ 1}, Ω^2_0 := {1 < u_0 < s_∘}, Ω^3_0 := {s_∘ ≤ u_0}.

Since Ω^0_2 has bounded measure and since Φ^−(u_0) is bounded on Ω^2_0, we obtain lim_{n→∞} ∫ Ω^2_0

Φ^−(u_n)(x) dx = ∫ Ω^2_0

Φ^−(u_0)(x) dx from Lebesgue’s dominated convergence theorem. Clearly, ∫ Ω^3_0

Φ^−(u_n)(x) dx = ∫ Ω^3_0

Φ^−(u_0)(x) dx = 0, ∀n ∈ N.

Since Φ^− is increasing on [0, 1] we obtain lim_{n→∞} ∫ Ω^1_0

Φ^−(u_n)(x) dx = ∫ Ω^1_0

Φ^−(u_0)(x) dx

from the monotone convergence theorem. d) We have for all n ∈ N, ∫ Ω^2_0

Φ^−(u_n)(x) dx ≤ |Φ(1)| meas(Ω^2_0) < ∞, ∫ Ω^1_0

Φ^−(u_n)(x) dx ≤ ∫ Ω^1_0

Φ^−(u_0)(x) dx < ∞.

lim_{n→∞} E(u_n) = E(u_0) follows from a),b),c).

3.2 Time dependent scalings, Ω = R^d

Time dependent scalings have been studied in [CaTo98b, DoPi99] establishing a connection between the asymptotic behavior of equations (34) and the general filtration equation ∂v ∂t = Δf(v), (x ∈ R^d , t > 0). (42)

In fact, the results in [CaTo98b] show that if f^′ is homogeneous of degree r with dr + 2 > 0, there exists a time dependent scaling v(x, t) = α(t)^N u(α(t)x, β(t)) (43) with α(0) = 1, β(0) = 0 and β(t) → ∞ as t → ∞, such that u is a solution of (34) with V (x) = |x|^2/2 if and only if v is a solution of (42). Thus, this scaling is valid for f(u) = u^m with d(m − 1) + 2 > 0 for d ≥ 1 or f(u) = log(u) for d = 1.

The time dependent scaling is very useful since results on the asymptotic behavior of equations of the type (34) with V (x) = |x|^2/2 and f(u) = u^m (d(m − 1) + 2 > 0) translate into results of the asymptotic behavior of the equations (42) with f(u) = u^m (d(m − 1) + 2 > 0). This includes the porous medium equation and the fast diffusion equation with m ≥^{d−2}_d .

Moreover, the stationary solutions for (34) obtained in the previous subsection correspond to the Barenblatt-Prattle self-similar solutions for the filtration equation (42) through the scaling (43).

If f is not a power function, there are no self-similar solutions of the corresponding filtration equation (42) and then the time dependent scaling does not work. Nevertheless, one can show very easily that the scaling (43) with α(t) = (2t + 1)^{−1/2} and β(t) = − log α(t) translates (34) with V (x) = |x|^2/2 into ∂v ∂t = α(t)^{d−2}β^′(t)Δf(α(t)^{−d}v), (x ∈ R^d , t > 0). (44)

and choosing w = α(t)^{−d}v we have ∂w ∂t = d 2t + 1 w + Δf(w), (x ∈ R^d , t > 0). (45)

Therefore, we have found a time dependent scaling translating (34) with V (x) = |x|^2/2 into the filtration equation with sources (45).

Again, the stationary solutions of (34) with V (x) = |x|^2/2 correspond to selfsimilar solutions of (45) and the asymptotic behavior of (45) is reduced to the asymptotic behavior of (34) with V (x) = |x|^2/2.

We conclude: From the analysis of the asymptotic behavior of (34), we will obtain (as a byproduct) results on the asymptotic behavior of (35) and (45) using different time dependent scalings (43). The interested reader can produce them without any difficulty.

3.3 Exponential decay of the entropy, Ω bounded

In this section we consider the generalized Fokker-Planck equation ∂u ∂t = div(u∇V (x) + ∇f(u)), (x ∈ Ω, t > 0), (46)

with initial condition

u(x, t = 0) = u_0(x) ≥ 0, (x ∈ Ω) (47)

and zero-outflux boundary condition u ∂V (x) ∂n + ∂f(u) ∂n = 0, (x ∈ ∂Ω, t > 0) (48)

assuming (HD1), (HD2), (HV1)-(HV6), (HF1)-(HF3) and bounded Ω.

The aim of this subsection is to apply the entropy dissipation (production) method to prove exponential decay of the Liapunov-type relative entropy RE(u(t)|u_{∞,M} ) = E(u(t)) − E(u_{∞,M} ), as t → ∞.

The strategy of the proof is the following.

First of all, smooth solutions for appropriately modified data (eventually u_0 and f have to be mollified) are considered. In this case the relative entropy RE(u(t)|u_{∞,M} ) is (twice) differentiable in time. The crucial step is the verification of the exponential decay of the entropy production I(u(t)) := − d d t (RE(u(t)|u_{∞,M} )). From this decay rate it is easy to deduce the corresponding exponential decay of RE(u(t)|u_{∞,M} ). In a second step, the generalized solution u of the original system (46), (47), (48) (which is generally not smooth enough to apply the techniques of the first step) is approximated by solutions u_ε of appropriately defined “mollified” systems. Letting tend ε → 0 means to go back to the original system. Several ε-independent estimates and a lower semi-continuity argument allow for the verification of the exponential decay of the relative entropy. Several difficulties arise from the fact that one might loose the differentiability of the relative entropy in the limit ε = 0.

The entropy production method requires additional assumptions both on f and on V . As it will become clear in the proof of Theorem 11, we have to require

(HV7) Ω is convex.

(HV8) V = W |_Ω, where W ∈ C^2(R^d , R) is uniformly convex, that is, there is α_1 > 0 such that ξ · Hess(W (x)) · ξ^T ≥ α_1|ξ|^2

for any x, ξ ∈ R^d .

(HF4) f(u) ≤ d d − 1 uf^′(u), for all u > 0.

Remark 17. a) Obviously assumption (HV8) implies (HV1) and (HV2). b) Assumption (HF4) restricts the possible values for m if f(u) = u^m, m > 0, namely m ≥^{d−1}_d . Thus, (HF4) is a restriction of the velocity of the diffusion, that is, the diffusion cannot be very fast.

Remark 18. In the sequel assumption (HF4) will be of distinctive importance. It seems appropriate to add a few remarks whose verifications are left to the reader. We assume that f satisfies (HF1)-(HF3). a) (HF4) is equivalent to

• There is a non-decreasing, non-negative function a ∈ C^3(R^+ ) with

0 < a(u) ≤ 1, if 0 < u < 1, and 1 ≤ a(u), if 1 < u, and f(u) = f(1) a(u) u^{d−1d} , u > 0, i.e.

a(u) = exp (∫_u 1 γ(s) ds ) , u > 0, with non-negative γ ∈ C^∞(R^+ ).

b) In the sequel we use approximations f_ε, ε ∈ (0, ∞), of f such that each f_ε satisfies (HF1)-(HF4) with f^′_ε(0+) > 0, f^′_ε ≥ f^′, f^′_ε → f^′ uniformly on compact subsets of (0, ∞) and f_ε → f uniformly on compact subsets of [0, ∞). Indeed, if f^′(0+) > 0, then one may take f_ε = f, so it remains to consider the case f^′(0+) = 0. We choose γ ∈ C^∞(R^+ ) such that supp(γ) ⊆ [0, 2], γ ≥ 0 and γ(u) =^1_{d u} for u ∈ (0, 1). Then we define for ε ∈ (0, ∞) the function f_ε : [0, ∞) → R, where for u ≥ 0, f_ε(u) := f(u) + ε exp (∫_u 1 γ(s) ds ) u^{d−1d} . We obtain: f_ε(u) = ε u + f(u) for 0 < u < 1 and f_ε trivially satisfies (HF1)- (HF4) and the required approximation properties as ε → 0.

Before we develop the entropy production method for sufficiently smooth solutions u(t) we cite an auxiliary result which will be of great importance in the sequel Lemma 9. [Ott99] Given any non negative u ∈ L^1_{loc}(R^d ) and vector valued A ∈ L^1_{loc}(R^d , R^d ): 1 2 ∫ R^d frac { |A|^2(x) : u(x) } dx = sup {∫ R^d A · ξ dx − 1 2 ∫ R^d u|ξ|^2 dx : ξ ∈ C^∞_c (R^d : R^d ) } , where the “generalized fraction” frac is

frac : [0, ∞) × [0, ∞) → R ∪ {∞}, frac{w : z} = w/z , z ≠ 0 0 , w = z = 0 ∞ , w ≠ 0, z = 0 .

The representation of the integral^1_2 ∫ R^d frac {|A|^2(x) : u(x)} dx as supremum of a (nonlinear) functional allows for the verification of a lower semi-continuity property similiar to the lower semi-continuity of the norm.

To fix ideas let us give

Definition 4. Assume (HD1), (HV1). Let f : R^+_0 → R be measurable. Then K_f : L^1_+(Ω) → R ∪ {+∞},

K_f (u) = ∫ Ω frac { |(u ∇V + ∇f(u))(x)|^2 : u(x) } dx , u ∈ D_f ∞ , else ,

where

D_f := {u ∈ L^1_+(Ω) : f(u) ∈ L^1_{loc}(Ω), ∇f(u) ∈ L^1_{loc}(Ω : R^d )}. Then we have Lemma 10. Assume (HD1), (HV8). Let f : R^+_0 → R be measurable. For

n ∈ N let f_n : R^+_0 → R be measurable and let u_n ∈ D_{fn} . Assume furthermore

a) u_n ⇀ u as n → ∞, weakly in L^1(Ω).

b) ∇f_n(u_n) ⇀ ∇f(u) as n → ∞, weakly in L^1(Ω : R^d ). Then, with the notations of Definition 4,

1) K_f (u) ≤ lim inf_{n→∞} K_{fn} (u_n).

2) If lim inf_{n→∞} K_{fn} (u_n) < ∞, then u ∈ D_f and K_f (u) < ∞. Proof. Obviously, we can restrict ourselves to the case lim inf_{n→∞} K_{fn} (u_n) < ∞. We wish to apply Lemma 9 [Ott99] with

A : R^d → R^d , A(x) = { (u∇V + ∇f(u))(x) , x ∈ Ω 0 , else , where we observe that due to assumptions a) and b) we have u ∈ L^1_+(Ω), f(u) ∈ L^1(Ω : R^d ). Furthermore, we infer A ∈ L^1_{loc}(R^d : R^d ) from a), b), (HV8). We also introduce the trivial extension

u^{ext} : R^d → R^d , u^{ext}(x) = { u(x) , x ∈ Ω 0 , else , of u. Then we have K_f (u) = ∫ R^d frac { |A|^2(x) : u^{ext}(x) } dx. (49) Proceeding in analogy we obtain K_{fn} (u_n) = ∫ R^d frac { |A_n|^2(x) : u^{ext}_n (x) } dx, n ∈ N. (50)

According to assumptions a), b), (HV8) we have for each ξ ∈ C^∞_0 (R^d : R^d ) lim_{n→∞} ∫ R^d A_n · ξ dx = ∫ R^d A · ξ dx, lim_{n→∞} ∫ R^d u^{ext}_n |ξ|^2 dx = ∫ R^d u^{ext}|ξ|^2 dx. On the other hand we have for each such ξ and each n ∈ N due to Lemma 9 the estimate ∫ R^d frac { |A_n|^2(x) : u^{ext}_n (x) } dx ≥ 2 ∫ R^d A_n · ξ dx − ∫ R^d u^{ext}_n |ξ|^2 dx, such that we obtain 2 ∫ R^d A · ξ dx − ∫ R^d u^{ext}|ξ|^2 dx = lim_{n→∞} 2 ∫ R^d A_n · ξ dx − ∫ R^d u^{ext}_n |ξ|^2 dx ≤ lim inf n→∞ ∫ R^d frac { |A_n|^2(x) : u^{ext}_n (x) } dx, and we obtain (again due to Lemma 9) the estimate ∫ R^d frac { |A|^2(x) : u^{ext}(x) } dx = sup { 2 ∫ R^d A · ξ dx − ∫ R^d u^{ext}|ξ|^2 dx : ξ ∈ C^∞_0 (R^d : R^d ) }

≤ lim inf n→∞ ∫ R^d frac { |A_n|^2(x) : u^{ext}_n (x) } dx. Propositions 1) and 2) follow from (49) and (50) now.

For later use we define Definition 5. Assume (HD1), (HV1). Let h : R^+ → R be measurable. Then J_h : L^1_+(Ω) → R ∪ {+∞},

J_h(u) = ∫ u>0 ( u |∇V + ∇h(u))|^2 ) (x) dx , u ∈ D_h ∞ , else ,

where D_h is as in definition 4 with “h” replacing “f”.

We introduce for any T > 0, Q_T := (0, T ) × Ω.

Theorem 11. Assume (HD1), (HD2), (HV3)-(HV8), (HF1)-(HF4) with bounded Ω and let u be a generalized solution of (46), (47), (48). Assume furthermore

(A0) For each t ∈ R^+_0 , ‖u(t)‖_L1_{(Ω)} = ‖u_0‖_L1_{(Ω)} = M. (A1) u ∈ C^{1,2}(Q_T ), for each T ≥ 0. (A2) There is ρ_0 ∈ R^+ with u_0 ≥ ρ_0.

(A3) There is K ∈ R^+ such that ‖u(t)‖_L∞_{(Ω)} ≤ K, for all t ∈ R^+_0 . (A4) h(0+) = −∞.

(A5) Each sequence (u_k)_{k∈}N in C^{1,2}(Q_T ) of solutions of (46), (48), which is uniformly bounded in L^∞(Q_T ), has a subsequence (u_{ν(k)})_{k∈}N such that {u_{ν(k)} :

k ∈ N} is equicontinuous.

Then

a) The functions t → RE(u(t)|u_{∞,M} ) and t → E(u(t)) belong to C^2(R^+_0 ) with RE(u(t)|u_{∞,M} ) ≤ RE(u(t_0)|u_{∞,M} ) e^{−2 α1 (t−t0)}, t ≥ t_0 ≥ 0. (51) b) The entropy production rate I(u(t)) := − d dt E(u(t)) = − d dt RE(u(t)|u_{∞,M} ) (52) satisfies I(u(t)) ≤ I(u(t_0)) e^{−2 α1 (t−t0)}. (53) c) RE(u(t)|u_{∞,M} ) and I(u(t)) are related via 0 ≤ RE(u(t)|u_{∞,M} ) ≤ 1 2 α_1 I(u(t)), t ≥ 0. (54) Remark 19. a) The requirement (A1) implies that u(x, t) satisfies the differential equation (46) pointwise and the zero outflux boundary condition (48). b) Due to (A1) the initial function u_0 belongs to C^2(Ω) and satisfies the no-flux boundary condition (48).

c) (A5) can be viewed as requirement on f, [DiB83]. We shall discuss this topic later on.

Proof. The proof is divided into several steps.

Step 0: u(t) ≥ ρ_∞, ρ_∞ ∈ R^+ , for all t ∈ R^+ . By assumption we have u_0 ≥ ρ_0 for some ρ_0 ∈ R^+ . Since h(0+) = −∞ we have for each C ∈ R: U(x, C) = h^{−1}(C − V (x)) = h^{−1}(C − V (x)), such that V + h(U(., C)) = C. We immediately obtain: U(., C) is a generalized solution of ∂ u ∂ t = div (u∇V + ∇f(u)) , u(t = 0) = U(., C), subject to no-flux boundary conditions. Furthermore, U(., C) ≤ h^{−1}(C). Since lim_{C→−∞} h^{−1}(C) = 0, we can take C_∞ ∈ R with u_0 ≥ ρ_0 > h^{−1}(C_∞) ≥ U(., C_∞). Hence by the comparison principle for strictly positive generalized solutions [LSU68] we obtain u(t) ≥ U(., C_∞) ≥ inf_{x∈Ω} U(x, C_∞) =: ρ_∞, where due to the boundedness of V on Ω, ρ_∞ ∈ R^+ .

Step 1: RE(u(t)|u_{∞,M} ) is decreasing with lim_{t→∞} RE(u(t)|u_{∞,M} ) = 0. Since u(t) ≥ ρ_∞ independently of t and since for all T > 0, u ∈ C^{1,2}(Q_T ), we can interchange integration with the derivatives and we obtain

RE(u(t)|u_{∞,M} ) ∈ C^2(R^+_0 )

with −I(u(t)) = d dt RE(u(t)|u_{∞,M} ) = ∫ Ω (V + h(u)) ( ∂ u ∂ t ) (x, t) dx, (55) where we made use of Φ^′(u) = h(u) for all u ∈ R^+ . Since u is a strong solution of (47) we can replace ∂ u/∂ t by div(u∇V (x) + ∇f(u)), and obtain after an integration by parts by using the no-flux boundary condition I(u(t)) = ∫ Ω u(x, t) |y|^2(x, t) dx, where y(x, t) = (∇V + ∇h(u))(x, t). Hence the function t → RE(u(t)|u_{∞,M} ), t ∈

R^+_0 , is decreasing. On the other hand, we trivially have RE(u(t)|u_{∞,M} ) ≥ 0 such

that RE(u(t)|u_{∞,M} ) is bounded below. We obtain: lim_{t→∞} RE(u(t)|u_{∞,M} ) =: H^∗ exists and RE(u_0|u_{∞,M} ) ≥ H^∗ ≥ 0. We furthermore have for all t ∈ R^+ the estimate ∞ > RE(u_0|u_{∞,M} ) ≥ RE(u_0|u_{∞,M} ) − RE(u(t)|u_{∞,M} ) = ∫_t 0 I(u(s)) ds, such that we obtain due to the non-negativity of I(u(.)), I(u(.)) ∈ L^1(R^+_0 ) and 0 ≤ ∫_∞ 0 I(u(s)) ds ≤ RE(u_0|u_{∞,M} ).

Hence there is a sequence (t_k)_{k∈}N in R^+ with lim_{k→∞} t_k = ∞ and lim_{k→∞} I(u(t_k)) = 0. We observe: The set {u(.+t_k) : [0, T ] → Ω : k ∈ N} consists of C^{1,2}(Q_T )-solutions of (47) and is uniformly bounded in L^∞(Q_T ). Hence by assumption there is a subsequence - again denoted by (t_k)_{k∈}N - and û ∈ C(Q_T ) such that u(.+t_k) → û uniformly on Q_T . We especially have u(t_k) → g uniformly on Ω. Furthermore, due to ‖u(t_k)‖_L∞_{(Ω)} ≤ K ∈ (0, ∞), K independent of k ∈ N, and due to u_k ≥ ρ_∞, we have ∫ Ω (u(t_k)∇V + ∇f(u(t_k)))^2(x) dx ≤ ∫ Ω K u(t_k) (u(t_k)∇V + ∇f(u(t_k)))^2(x) dx = K ∫ Ω u(t_k)(∇V + ∇h(u(t_k)))^2(x) dx = K I(u(t_k)) ≤ K_1,

where K_1 ∈ (0, ∞) is independent of k ∈ N. This estimate implies: Since the L^2-norms of u(t_k)∇V are uniformly bounded, the L^2-norms of ∇f(u(t_k)) are uniformly bounded, too. Furthermore the L^∞-norms of f(u(t_k)) are uniformly bounded. We obtain due to the boundedness of Ω and possibly after extraction of a subsequence (which is again denoted (t_k)_{k∈}N),

f(u(t_k)) ⇀ f^∗, weakly in H^1(Ω) as k → ∞.

On the other hand we have f(u(t_k)) → f(g) strongly in L^2(Ω) as k → ∞. Hence f^∗ = f(g) ∈ H^1(Ω).

The convergences u(t_k) → g uniformly on Ω and ∇f(u(t_k)) ⇀ ∇f(g) weakly in H^1(Ω), as n → ∞, allow for an application of Lemma 10:

K_f (g) = ∫ Ω frac { |g∇V + ∇f(g)|^2(x) : g(x) } dx ≤ lim inf k→∞ K_f (u(t_k)) = lim inf_{k→∞} ∫ Ω 1 u(t_k) |u(t_k) ∇V + ∇f(u(t_k))|^2 dx = − lim inf_{k→∞} I(u(t_k)) = 0,

where we made use of the fact that - due to u(t_k) ≥ ρ_∞ on Ω - K_f (u(t_k)) = ∫ Ω 1 u(t_k) |u(tk) ∇V + ∇f(u(tk))| 2 dx. Hence ∫ Ω frac { |g∇V + ∇f(g)|^2(x) : g(x) } dx = 0, from which we readily deduce from the definition of frac, ∫ g>0 1 g |g∇V + ∇f(g)|^2 dx = 0. (56)

On the other we have due to uniform convergence, g ≥ ρ_∞. Hence Ω = {g > 0} and we deduce from (56) I(g) = ∫ Ω g|∇V + ∇h(g))|^2(x) dx = 0, as well as g = h^{−1}(C − V ) for some C ∈ R. Furthermore, ∫ Ω g(x) dx = M. Hence g = u_{∞,M} . We summarize: u(t_k) → u_{∞,M} = g uniformly on Ω as k → ∞. This convergence is sufficient to obtain lim_{k→∞} E(u(t_k)|u_{∞,M} ) = lim_{k→∞} ∫ Ω (V u(t_k) + Φ(u(t_k)))(x) dx = 0,

such that lim_{k→∞} RE(u(t_k)|u_{∞,M} ) = 0. Since RE(u(t)|u_{∞,M} ) is decreasing in t, we finally obtain H^∗ = lim_{t→∞} RE(u(t)|u_{∞,M} ) = 0.

Step 2: Calculation of d dt I(u(t)). Equation (55) relates the relative entropy to the entropy production. From this relation we just concluded the convergence to zero of the solution in relative entropy, without any rate. To find the rate of convergence requires a further step. Therefore let us calculate the time evolution of I(u(t)), d dt I(u(t)) = ∫ Ω ( ∂ u ∂t |y|^2 ) (x, t) dx + 2 ∫ Ω ( uy · ∂y ∂t ) (x, t) dx =: I_1(t) + I_2(t),

where - according to u ∈ C^{1,2}(Q_T ) with u ≥ c_T > 0 such that h(u_T ) ∈ C^{1,2}(Q_T ) as well - we interchanged integration with differentiation. The second term, taking into account the boundary conditions (48), can be written as

I_2(t) = −2 ∫ Ω ( div(uy) ∂ ∂t h(u) ) (x, t) dx = −2 ∫ Ω ( h^′(u)(div(uy))^2 ) (x, t) dx, and the first term can be written as (using again (48) and the assumed smoothness of the involved functions)

I_1(t) = −2 ∫ Ω ( u(y · Jacob(y) · y^T ) ) (x, t) dx . Since Jacob(y) = Hess(V ) + Hess(h(u)) we have

I_1(t)

= −2 ∫ Ω ( u(y · Hess(V ) · y^T ) ) (x, t) dx − 2 ∫ Ω ( u(y · Hess(h(u)) · y^T ) (x, t) dx

Now, the last integral reads ∫ Ω ( u(y · Hess(h(u)) · y^T ) ) (x, t) dx = d∑ i,j=1 ∫ Ω ( uy_iy_j ∂^2h(u) ∂x_i∂x_j ) (x, t) dx

= d∑ i,j=1 ∫ Ω ( 1 u (uy_i)(uy_j) ∂^2h(u) ∂x_i∂x_j ) (x, t) dx.

Using the divergence theorem, the smoothness of the involved functions and taking into account the boundary conditions (46), it is straightforward to check that d∑ i,j=1 ∫ Ω ( 1 u (uy_i)(uy_j) ∂^2h(u) ∂x_i∂x_j ) (x, t) dx

= − d∑ i,j=1 ∫ Ω ( ∂h(u) ∂x_i ( − 1 u^2 (uy_i)(uy_j) ∂u ∂x_j + 1 u ∂[(uy_i)(uy_j)] ∂x_j )) (x, t) dx

= d∑ i,j=1 ∫ Ω ( h^′(u)y_iy_j ∂u ∂x_i ∂u ∂x_j ) (x, t) dx

− d∑ i,j=1 ∫ Ω ( h^′(u) ∂u ∂x_i ( y_i ∂(uy_j) ∂x_j + y_j ∂(uy_i) ∂x_j )) dx

= d∑ i,j=1 ∫ Ω ( h^′(u)y_iy_j ∂u ∂x_i ∂u ∂x_j ) (x, t) dx − 2 d∑ i,j=1 ∫ Ω ( h^′(u)y_i ∂u ∂x_i ∂(uy_j) ∂x_j ) (x, t) dx

+ d∑ i,j=1 ∫ Ω ( h^′(u) ∂u ∂x_i ( y_i ∂(uy_j) ∂x_j − y_j ∂(uy_i) ∂x_j )) (x, t) dx.

Since^{∂yi}_{∂xj} =^{∂yj}_{∂xi} , we obtain d∑ i,j=1 ∂u ∂x_i ( y_i ∂(uy_j) ∂x_j − y_j ∂(uy_i) ∂x_j )

= d∑ i,j=1 u ( y_i ∂u ∂x_i ∂y_j ∂x_j − y_j ∂u ∂x_i ∂y_i ∂x_j )

= u d∑ i,j=1 ( y_i ∂u ∂x_i ∂y_j ∂x_j − 1 2 ∂u ∂x_i ∂y^2_j ∂x_i ) = u ( (y · ∇u)divy − 1 2 ∇|y|^2 · ∇u ) .

Thus, simplifying and collecting terms we obtain

I_1(t) + I_2(t)

= −2 ∫ Ω ( u(y · Hess(V ) · y^T ) ) (x, t) dx − 2 ∫ Ω ( f^′(u)u (divy)^2 ) (x, t) dx − 2 ∫ Ω ( f^′(u) ( (y · ∇u)divy − 1 2 ∇|y|^2 · ∇u )) (x, t) dx. that we can write as

I_1(t) + I_2(t)

= −2 ∫ Ω ( u(y · Hess(V ) · y^T ) ) (x, t) dx − 2 ∫ Ω ( f^′(u)u {divy}^2 ) (x, t) dx − 2 ∫ Ω ({ (y · ∇f(u)) divy − 1 2 ∇|y|^2 · ∇f(u) }) dx. Applying the divergence theorem in the last two terms and taking into account that div(y divy) = (divy)^2 + y · ∇(divy) we deduce d dt I(u(t)) = −2 ∫ Ω ( u(y · Hess(V ) · y^T ) ) (x, t) dx − 2 ∫ Ω ( (f^′(u)u − f(u)) {divy}^2 ) (x, t) dx − 2 ∫ Ω ( f(u) ( 1 2 Δ|y|^2 − (y · ∇(divy)) )) (x, t) dx + 2 ∫ ∂Ω ( f(u)(y · Jacob(y) · n^T ) ) (x, t) dS . Using that^{∂yi}_{∂xj} =^{∂yj}_{∂xi} , we obtain that 1 2 Δ|y|^2 − (y · ∇(divy)) = d∑ i,j=1 ( ∂y_i ∂x_j )_2

and as a consequence d dt I(u(t)|u_{∞,M} ) = −2 ∫ Ω ( u(y · Hess(V ) · y^T ) ) (x, t) dx − 2 ∫ Ω ( (f^′(u)u − f(u))(divy)^2 ) (x, t) dx − 2 ∫ Ω ( f(u) (_d ∑ i,j=1 ( ∂y_i ∂x_j )_2)) (x, t) dx + 2 ∫ ∂Ω f(u)(y · Jacob(y) · n^T ) dS

≤ −2 α_1 I(u(t)) − R(t), (57) where we made use of the uniform convexity of V and we put

R(t) := 2 ∫ Ω ( (f^′(u)u − f(u))(divy)^2 ) (x, t) dx + 2 ∫ Ω ( f(u) (_d ∑ i,j=1 ( ∂y_i ∂x_j )_2)) (x, t) dx − 2 ∫ ∂Ω ( f(u)(y · Jacob(y) · n^T ) ) dS.

Step 3: Exponential decay of I(u(t)).

With respect to (57) it sufficies to prove R(t) ≥ 0. This estimate is a consequence of the convexity of Ω and the imposed assumptions on f:

Let first show that the boundary term of R(t) is negative for convex domains [Ott99]. Consider the function Ψ : ∂Ω −→ R defined by Ψ(x) = y(x) · n(x). Now, since y(x) is a vector in the tangent space to ∂Ω in x due to the boundary condition (48), take a smooth curve α(t) such that α(0) = x and α^′(0) = y(x). Using basic differential geometry calculus we have d dt Ψ(α(t)) = α^′(t)^T Jacob(y)(α(t)) n(α(t)) + y(α(t))^T II_{α(t)} α^′(t)

where II_{α(t)} is the second fundamental form of the manifold ∂Ω. Since Ψ = 0 because of boundary condition (48), we have d dt Ψ(α(t))|_{t=0} = y(x)^T Jacob(y)(x) n(x) + y(x)^T II_x y(x) = 0.

Due to the convexity of Ω we have y(x)^T Jacob(y)(x) n(x) = −y(x)^T II_x y(x) ≤ 0 on the boundary ∂Ω.

We therefore have R(t) ≥ R_∘(t) with

R_∘(t) := 2 ∫ Ω ( (f^′(u)u − f(u)(divy)^2 ) (x, t) dx + 2 ∫ Ω ( f(u) (_d ∑ i,j=1 ( ∂y_i ∂x_j )_2)) (x, t) dx,

which gives d d t I(u(t)) ≤ −2α_1I(u(t)) − R_∘(t). (58)

Let us set Z(x, t) = Jacob(y)(x, t). We can write R_∘(t) as

R_∘(t) = 2 ∫ Ω T (u)(x, t) dx with T (u)(x, t) = ( (a_2 − a_1)(trace (Z))^2 + a_1trace (Z^2) ) (x, t) where a_1(x, t) = f(u)(x, t) and a_2(x, t) = (f^′(u)u) (x, t). Taking into account that Z is symmetric it is easy to show that

(trace (Z))^2 ≤ d trace (Z^2), i.e. (trace (Z))^2(x, t) = θ(x, t) d trace (Z^2)(x, t),

with θ(x, t) ∈ [0, 1]. Hence

T (u)(x, t) = ((a_2 − a_1)θ d + a_1)(x, t) trace (Z^2)(x, t)

which is non-negative if f(u) ≤ d d − 1 uf^′(u) for any u > 0.

Therefore T (u) ≥ 0 which proves R_∘(t) ≥ 0 as well as R(t) ≥ 0. Now we infer from (57)

I(u(t)) ≤ I(u(t_0)) e^{−2 α1 (t−t0)}. (59)

Step 4: Exponential decay of RE(u(t)|u_{∞,M} ). We recover I(u(t)) from (58), and we plug it into (55):

2α_1 d dt RE(u(t)|u_{∞,M} ) ≥ d dt I(u(t)) + R_∘(t). Using lim_{t→∞} RE(u(t)|u_{∞,M} ) = 0 (see Step 1) we integrate between t ≥ 0 and +∞ and obtain 0 ≤ RE(u(t)|u_{∞,M} ) ≤ 1 2 α_1 I(u(t)), t ≥ 0. (60) Finally, we use inequality (60) in (55) to conclude RE(u(t)|u_{∞,M} ) ≤ RE(u(t_0)|u_{∞,M} ) e^{−2 α1 (t−t0)}, t ≥ t_0 ≥ 0. (61)

The next step in the analysis is to get rid of the assumptions (A0)-(A5) by approximation arguments.

Let us recall the available L^1 theory which was developed by M. Bertsch and D. Hilhorst in [BeHi86] for h(0+) > −∞ (plus additional assumptions, see below). However, it is not difficult to check the proofs in [BeHi86, DiB83] to conclude that these results hold for the cases h(0+) = −∞ (see sections 5,7,8 in [BeHi86], Theorems 6.2 and 7.1 in [DiB83] and [LSU68]) as well. Hence we can make use of

Theorem 12. [BeHi86] Assume (HD1), (HD2), (HV3)-(HV8), (HF1)-(HF4) with Ω bounded. Furthermore, assume

(HD3) u_0 ∈ L^∞(Ω).

(HF5) If h(0+) > −∞, then there is s_0 ∈ R^+ with f^{′′}(u) ≥ 0 for all u ∈ (0, s_0).

Then:

a) (46), (47), (48) has a unique non-negative, preserving-mass solution u, i.e. ‖u(t)‖_L1_{(Ω)} = ‖u_0‖_L1_{(Ω)} = M, t > 0.

b) u ∈ C(R^+ × Ω).

c) If u_0 ∈ C(Ω), then u ∈ C(R^+_0 × Ω).

d) u(t) → u_{∞,M} in C(Ω) as t → ∞.

Remark 20. In [BeHi86] it is additionally assumed that f^′(0) = 0. This is, however, a direct consequence of the continuity of f at 0, of the assumed monotonicity of f^′, locally around 0, and of the assumption

lim_{u→0} | | | | ∫_1 u f^′(s) s ds | | | | = |h(0+)| < ∞. Now it is our aim to obtain exponential decay of the entropy (and of the entropy production) under the assumptions of Theorem 12. The strategy is to make use of a “parabolic approximation of the nonlinearity f” as already specified in Remark 18:

Proposition 13. Assume that f : R^+_0 → R satisfies (HF1)-(HF5). Then there is for any ϵ > 0 a function f_ϵ : R^+_0 → R satisfiying (HF1)-(HF5) (with h_ε(u) := ∫_u 1 f^′_ε(s) s^{−1} ds, u > 0) and

1. 0 < c_1(ϵ) ≤ f^′_ϵ(u) (hence h_ε(0+) = −∞ and h_ε(∞) = ∞) and f^′(u) ≤ f^′_ϵ(u) for any u > 0.

2. f_ϵ → f uniformly in compacts of R^+_0 ,

and f^′_ϵ → f^′ uniformly in compacts of R^+ as ϵ → 0.

3. h_ε → h as ε → 0 uniformly in compacts of R^+ .

4. h_ε^{−1} → h^{−1} uniformly on each half-infinite interval (−∞, c], c < h(∞).

5. Φ_ε → Φ uniformly on compacts in R^+_0 , where

Φ_ε : R^+_0 → R, u → Φ_ε(u) := ∫_u 0 h_ε(s) ds, i.e. Φ_ε(u) = u h_ε(u) − f_ε(u) for u > 0 and Φ_ε(0) = 0.

We recall: The function f needs to be regularized only if h(0^+) = h > −∞. For the other cases we can keep the original f.

We refer to [BeHi86, DiB83, LSU68] for the following approximation result: Theorem 14. Assume (HD1)-(HD3), (HV3)-(HV8), (HF1)-(HF5). For ε ∈ R^+ let f_ε as specified in remark 18 and proposition 13, respectively. Then, there exists for each ε ∈ R^+ a function u^ε_0 ∈ C^2(Ω) such that

1) 0 < c_2(ϵ) ≤ u^ϵ_0 ≤ ‖u_0‖_L∞_{(Ω)}, 2) u^ϵ_0 → u_0 in L^2(Ω) as ϵ → 0, 3) the no-flux regularized boundary condition is satisfied, that is,

u^ϵ_0 ∂V (x) ∂n + ∂f_ϵ(u^ϵ_0) ∂n = 0, (x ∈ ∂Ω), and the regularized system ∂u^ϵ ∂t = div(u^ϵ∇V (x) + ∇f_ϵ(u^ϵ)), (x ∈ Ω, t > 0), (62) with initial condition u^ϵ(x, t = 0) = u^ϵ_0(x), (x ∈ Ω) (63) and no-flux boundary condition u^ϵ ∂V (x) ∂n + ∂f_ϵ(u^ϵ) ∂n = 0, (x ∈ ∂Ω, t > 0). (64) satisfies (A5) Each sequence (u^ε_k)_{k∈}N in C^{1,2}(Q_T ) of solutions of (62), (64), which is uniformly bounded in L^∞(Q_T ), has a subsequence (u^ε_{ν(k)})_{k∈}N such that {u^ε_{ν(k)} :

k ∈ N} is equicontinuous,

and for each ε ∈ R^+ , the system (62), (63), (64) has a unique generalized solution u^ϵ which satisfies (A0) for each t ∈ R^+_0 , ‖u^ε(t)‖_L1_{(Ω)} = ‖u^ε_0‖_L1_{(Ω)} =: M_ε, 0 < M_ε < M̄(Ω). (A1) u^ε ∈ C^{1,2}(Q_T ), for each T ≥ 0.

(A3) there is K ∈ R^+ such that ‖u^ε(t)‖_L∞_{(Ω)} ≤ K, for all t ∈ R^+_0 . Furthermore,

4) u^ϵ ≥ c_3(ϵ) > 0, and for all T > 0,

5) u^ϵ → u uniformly in all compacts [τ, T ] × Ω̄ with 0 < τ ≤ T , 6) u^ϵ → u strongly in L^2(Q_T ) and almost everywhere.

where u is the unique non-negative, mass-preserving solution of (46), (47), (48) (see Theorem 12).

Let us discuss the stationary states for the regularized problem now. We adopt the notations of the subsection “Stationary Solutions” and assume that ε ∈ (0, ∞) is fixed. We distinguish two cases.

I) h(0+) = −∞. In this case we have f_ε = f. We particularly have the unique existence of C_ε ∈ (−∞, h(∞)) with M(C_ε) = M_ε < M̄(Ω). Hence the corresponding stationary solution u^ε_{∞,Mε} := u_{∞,Mε} is well-defined.

II) If h(0+) > −∞, then the parabolic regularization f_ε is constructed such that h_ε(0+) = −∞ and h_ε(∞) = ∞. As discussed in the subsection “Stationary Solutions” there is a unique C_ε ∈ R with M_ε(C_ε) = M_ε, where M_ε is defined in analogy to M by replacing “h^{−1}” by “h^{−1}_ε ”. We set u^ε_{∞,Mε} := h^{−1}_ε (C_ε − V ).

We introduce for ε ∈ (0, ∞) the functionals E_ε : C_ε → R ∪ {∞},

E_ε(u) = ∫ Ω (V (x)u(x) + Φ_ε(u(x))) dx , V u, Φ_ε(u) ∈ L^1(Ω)

∞ , else ,

where C_ε := { u ∈ L^1(Ω) : u ≥ 0, ∫ Ω u(x) dx = M_ε } ,

RE_ε(.|u^ε_{∞,Mε} ) : C_ε → R ∪ {∞}, RE_ε(u|u^ε_{∞,Mε}) = E_ε(u) − E_ε(u^ε_{∞,Mε} ), and E_ε(.|u_{∞,Mε} ) : C_ε → [0, ∞], E(u|u_{∞,Mε}) = ∫ Ω (Φ_ε(u) − Φ_ε(u^ε_{∞,Mε} ) − Φ^′_ε(u^ε_{∞,Mε} ) (u − u^ε_{∞,Mε} ))(x) dx. Now it is a straight-forward task to verify that the assumptions of Theorem 14 except (HF5) (which is needed for the limit ε → 0) are sufficient to ensure that system (62), (63), (64) satisfies all assumptions of Theorem 11:

Theorem 15. Assume (HD1)- (HD3), (HV3)-(HV8), (HF1)-(HF5). For

ε ∈ R^+ let f_ε as specified in Remark 18 and Proposition 13, respectively, and let

u^ε_0 as specified in Theorem 14. Let u^ε be the unique, non-negative mass-preserving solution of (46), (47), (48) (see theorem 14).

Then

a) The function t → RE_ε(u^ε(t)|u^ε_{∞,Mε} ) belongs to C^2(R^+_0 ) with RE_ε(u^ε(t)|u^ε_{∞,Mε} ) ≤ RE_ε(u^ε(t_0)|u^ε_{∞,Mε} ) e^{−2 α1 (t−t0)}, t ≥ t_0 ≥ 0. (65) b) The entropy production rate

I_ε(u^ε(t)) := − d dt E_ε(u^ε(t)) = − d dt RE_ε(u^ε(t)|u^ε_{∞,Mε} ) (66) satisfies

I_ε(u^ε(t)) ≤ I_ε(u^ε(t_0)) e^{−2 α1 (t−t0)}, t ≥ t_0 ≥ 0. (67)

c) RE_ε(u^ε(t)|u^ε_{∞,Mε} ) and I_ε(u^ε(t)) are related via 0 ≤ RE_ε(u^ε(t)|u^ε_{∞,Mε} ) ≤ 1 2 α_1

I_ε(u^ε(t)), t ≥ 0. (68)

Now we want to make use of approximation arguments to pass from the propositions of Theorem 15 - valid for regularized data and smooth solutions - to corresponding results for generalized solutions of (46), (47), (48). The involved approximation arguments require a careful handling of the relative entropy and the entropy production rate. It is therefore apropriate to give a few remarks without refering explicitely to several additional assumptions which will be specified later on.

a) It turns out that the relative entropy RE_ε(u^ε(t)|u^ε_{∞,Mε}) converges for all t ≥ 0 to the entropy RE(u(t)|u_{∞,M} ). Hence part a) of Theorem 11 (exponential decay of the relative entropy as t → ∞) will hold for generalized solutions as well. b) A much more delicate question concerns the differentiability of the function t → RE(u(t)|u_{∞,M} ). This is by no means a trivial problem. Indeed Theorem 15 is a consequence of Theorem 11 whose proof makes use of the equalities

I(u(t)) = −J_h(u(t)) = −K_f (u(t)), (69)

and of

J_h(u(t)) = ∫ Ω ( u |∇V + ∇h(u)|^2 ) (x, t) dx, (70) and of

K_f (u(t)) = ∫ Ω ( 1 u |u ∇V + ∇f(u)|^2 ) (x, t) dx. (71) When passing from the regularized problem to the original system one looses the assumptions which are required to verify (69), (70), (71) and - due to the possible lack of differentiability of f and h at 0 - the function I(.) may not be the classical derivative of the entropy anymore.

All in all it is not clear whether after passing to the limit ε → 0, 1) the entropy E(.) is strongly differentiable, i.e. whether the entropy production rate can be defined as classical derivative of E(.); 2) J_h(.) equals K_f (.);

3) the distributional derivative of E(.) equals J_h(.) or K_f (.); 4) by which quantity the function I_ε(u^ε(t)) in b) and c) of Theorem 15 has to be replaced;

5) which modifications of b) and c) of Theorem 15 are necessary.

It turns out - and this is according to the lower semi-continuity of the functional K_f (.), see definition 4 and lemma 10 not entirely surprising - that the exponential decay in time of K_f (u(t)) is not affected by the limiting procedure ε → 0. Theorem 16. Assume (HD1)-(HD3), (HV3)-(HV8), (HF1)-(HF5) with Ω bounded. Let u be the unique, non-negative mass-preserving solution of (46), (47), (48) (see theorem 12). Then a) RE(u(t)|u_{∞,M} ) ≤ RE(u(t_0)|u_{∞,M} ) e^{−2 α1 (t−t0)}, t ≥ t_0 ≥ 0. b) For all t ≥ 0,

K_f (u(t)) ≤ J_h(u_0) e^{−2 α1 t}.

c) For all t ≥ 0, RE(u(t)|u_{∞,M} ) ≤ e^{−2 α1 t} 2 α_1

J_h(u_0).

d) If J_h(u_0) < ∞, then the distributional derivative I := − d dt E(u(.)) = − d dt RE(u(.)|u_{∞,M} ) satisfies

I ≥ K_f (u(.)), in the sense of distributions.

Proof. In the sequel let u^ε, ε ∈ R^+ , be the unique, non-negative mass-preserving solution of (46), (47), (48) as defined in theorem 14. Eventually we shall replace the parameter ε by the term ε(n), where we tacitly assume that (ε(n))_{n∈}N is a sequence in R^+ with lim_{n→∞} ε(n) = 0. Occasionally we shall pass to a subsequence of (ε(n))_{n∈}N and we do this - by a slight abuse of notation - without changing notations.

Step 1: lim_{ε→0} u^ε_{∞,Mε} = u_{∞,M} , uniformly on Ω.

We observe lim_{ε→0} M_ε = M. Let us consider the net (C_ε)_{ε∈}R+ , where u^ε_{∞,Mε} = h^{−1}_ε (C_ε − V ). We wish to prove: lim_{ε→0} C_ε = C, where u_{∞,M} = h^{−1}(C − V ). We deduce from lim_{ε→0} M_ε = M the estimates h(0+) < lim inf_{ε→0} C_ε ≤ lim sup_{ε→0} C_ε < h(∞). Indirect. Assume there is a sequence (η(k))_{k∈}N, η(k) ∈ R^+ , lim_{k→∞} η(k) = 0, such that (C_{η(k)})_{k∈}N does not converge to C. Then - eventually by passing to a subsequence, but without changing notations - we have |C−C_{η(k)}| ≥ ρ_0 > 0, for all

k ∈ N. Since h(0+) < lim inf_{k→∞} C_{η(k)} ≤ lim sup_{k→∞} C_{η(k)} < h(∞), the sequence

(C_{η(k)})_{k∈}N is bounded. Hence - after eventually passing to a subsequence, but without changing notations - we have lim_{k→∞} C_{η(k)} = C^∗ ∈ (h(0+), h(∞)) and h(0+) < a ≤ C_{η(k)} ≤ b < h(∞) for all k ∈ N. We recall: h^{−1}_ε → h^{−1} uniformly on the half-infinite interval (−∞, b]. Hence h^{−1}_{η(k)}(C_{η(k)} − V ) − h^{−1}(C_ε − V ) → 0 uniformly on Ω. Furthermore, h^{−1} is uniformly continuous on (−∞, b]. Hence h^{−1}(C_ε − V ) − h^{−1}(C^∗ − V ) → 0 uniformly on Ω as well. Due to the boundedness of Ω these two convergence statements are sufficient to deduce

lim_{k→∞} M_{η(k)} = ∫ Ω h^{−1}_{η(k)}(C_{η(k)} − V )(x) dx = ∫ Ω h^{−1}(C^∗ − V )(x) dx = M(C^∗) = M,

such that C^∗ = C.

We obtain: lim_{ε→0} C_ε = C. Mimicking the argumentation carried out right now, we easily deduce that

u^ε_{∞,Mε} → u_{∞,M} uniformly on Ω as ε → 0.

Step 2: lim_{ε→0} RE_ε(u^ε(t)|u^ε_{∞,Mε} ) = RE(u(t)|u_{∞,M} ), for all t ≥ 0. We recall: Φ_ε → Φ on compact subsets of R^+_0 . Furthermore, according to theorem 14, we have for all t ∈ R^+ , u^ε(t) → u(t) uniformly on Ω as ε → 0. We also have u^ε_{∞,Mε} → u_{∞,M} uniformly on Ω as ε → 0. Due to the boundedness of Ω, these convergence statements are sufficient to prove lim_{ε→0} RE_ε(u^ε(t)|u^ε_{∞,Mε} ) = RE(u(t)|u_{∞,M} ), for all t > 0.

Furthermore, we have u^ε_0 → u_0 strongly in L^2(Ω) as ε → 0 with ‖u^ε_0‖_L∞_{(Ω)} ≤ ‖u_0‖_L∞_{(Ω)}. Together with the available uniform convergence of Φ_ε → Φ on compact subsets of R^+_0 we also have lim_{ε→0} RE_ε(u^ε_0|u^ε_{∞,Mε} ) = RE(u_0|u_{∞,M} ).

Step 3: RE(u(t)|u_{∞,M} ) ≤ RE(u(t_0)|u_{∞,M} ) e^{−2 α1 (t−t0)}, t ≥ t_0 ≥ 0 We obtain from Step 2 for all 0 ≤ t_0 ≤ t, RE(u(t)|u_{∞,M} ) = lim_{ε→0} RE_ε(u^ε(t)|u^ε_{∞,Mε} ) ≤ lim_{ε→0} RE_ε(u^ε(t_0)|u^ε_{∞,Mε} ) e^{−2 α1(t−t0)} = RE(u(t_0)|u_{∞,M} ) e^{−2 α1(t−t0)}.

Step 4: In case of J_h(u_0) = +∞ nothing remains to be shown. Hence we may assume J_h(u_0) < ∞ henceforth. We observe: According to J_h(u_0) < ∞ we may assume without loss of generality that the sequence (u^{ε(n)}_0 )_{n∈}N in L^∞(Ω) has the additional property

J_{hε(n)} (u^{ε(n)}_0 ) = ∫ Ω (u^{ε(n)}_0 |∇V + ∇h_{ε(n)}(u^{ε(n)}_0 )|^2)(x) dx → J_h(u_0) as n → ∞,

especially ∫ Ω ( u^{ε(n)}(t) |∇V + ∇h_{ε(n)}(u^{ε(n)}(t))|^2 ) (x) dx ≤ K_0, where K_0 ∈ R^+_0 is independent of t ∈ R^+_0 , n ∈ N.

Step 5: K_f (u(t)) ≤ lim inf_{n→∞} K_{fε(n)} (u^{ε(n)}(t)) for all t ∈ R^+ . Let t ∈ R^+ . We set γ(t) := lim inf_{n→∞} K_{fε(n)} (u^{ε(n)}). By passing (if necessary) to a subsequence (which may depend on t) we have lim_{n→∞} K_{fε(n)} (u^{ε(n)}) = γ(t). We recall: u^{ε(n)}(t) → u(t) uniformly on Ω as n → ∞. (In particular: ‖u^{ε(n)}(t)‖_L∞_{(Ω)} ≤ K_1(t) ∈ R^+ , independently of n ∈ N with K_1(t) ∈ R^+ .) Furthermore, f_{ε(n)} → f uniformly on compact subsets of R^+_0 as n → ∞. Hence f_{ε(n)}(u^{ε(n)}(t)) → f(u(t)) uniformly on Ω as n → ∞. In particular we obtain f_{ε(n)}(u^{ε(n)}(t)) ⇀ f(u(t)) in the sense of distributions as n → ∞. From the estimate of Step 4 it is easy to deduce ∫ Ω | |u^{ε(n)}(t)∇V + ∇f^{ε(n)}(u^{ε(n)}(t)) | |^2 (x) dx ≤ K_1(t) K_0.

We obtain: (f^{ε(n)}(u^{ε(n)}(t)))_{n∈}N is a bounded sequence in H^1(Ω). We can extract a subsequence (without changing notations) such that

f^{ε(n)}(u^{ε(n)}(t)) ⇀ g(t), weakly in H^1(Ω) as n → ∞.

Since f^{ε(n)}(u^{ε(n)}(t)) ⇀ f(u(t)) in the sense of distributions as n → ∞, we obtain g(t) = f(u(t)). Now we can apply Lemma 10 to obtain K_f (u(t)) ≤ γ(t) = lim inf_{n→∞} K_{fε(n)} (u^{ε(n)}(t)).

Step 6: Proof of b). We have for each t ∈ R^+_0 and for each n ∈ N the estimate I_{ε(n)}(u^{ε(n)}(t)) = K_{fε(n)} (u^{ε(n)}(t)) ≤ I_{ε(n)}(u^{ε(n)}_0 ) e^{−2 α1 t} = J_{hε(n)} (u^{ε(n)}_0 ) e^{−2 α1 t}, such that we get from Step 4 and Step 6

K_f (u(t)) ≤ lim inf_{n→∞} K_{fε(n)} (u^{ε(n)}(t)) ≤ lim inf n→∞ J_{hε(n)} (u^{ε(n)}_0 ) e^{−2 α1 t} = lim_{n→∞} J_{hε(n)} (u^{ε(n)}_0 ) e^{−2 α1 t} = J_h(u_0) e^{−2 α1 t}, for all t > 0.

Step 7: Proof of c). We deduce c) from a) and Step 4.

Step 8: Proof of d). We have for all T > 0, for all ξ ∈ C^∞_0 (R^+_0 ), and for all n ∈ N ∫_T 0 I_{ε(n)}(u^{ε(n)}(s)) ξ(s) ds = ∫_T 0 ( − d dt RE_{ε(n)}(u^{ε(n)}(t)|u_{∞,Mε(n)} ) ) (s) ξ(s) ds = ∫_T 0 RE_{ε(n)}(u^{ε(n)}(t)|u_{∞,Mε(n)} )(s) d dt ξ(s) ds. We easily obtain from Step 2 lim_{n→∞} ∫_T 0 RE_{ε(n)}(u^{ε(n)}(t)|u_{∞,Mε(n)} )(s) d dt ξ(s) ds = ∫_T 0 RE(u(s)|u_{∞,M} ) d dt ξ(s) ds, such that in the sense of distributions, I_{ε(n)}(u^{ε(n)}) ⇀ I(.) = − d dt RE(u(.)|u_{∞,M} ), as n → ∞. On the other hand we have for each n ∈ N and each t ∈ R^+_0 I_{ε(n)}(u^{ε(n)}(t)) = K_{fε(n)} (u^{ε(n)}(t)), such that we obtain from Fatou’s lemma with the aid of b) for each non-negative ξ ∈ C^∞_0 (R^+_0 ) ∫_T 0 I(s) ξ(s) ds = lim_{n→∞} ∫_T 0 I_{ε(n)}(u^{ε(n)}(s)) ξ(s) ds = lim_{n→∞} ∫_T 0 K_{fε(n)} (u^{ε(n)}(s)) ds = lim inf_{n→∞} ∫_T 0 K_{fε(n)} (u^{ε(n)}(s)) ξ(s) ds ≥ ∫_T 0 K_f (u(s)) ξ(s) ds, which settles d).

Remark 21. Under the assumptions of Theorem 16 one may rather wish to deal with the functional J_h than with K_f . When are they equal ? A sufficient condition is certainly u(t) > 0. In this case we can supplement statements b) and d) as follows:

b.supp) For all t ≥ 0: If u(t) > 0, then J_h(u(t)) ≤ J_h(u_0) e^{−2 α1 t}.

d.supp) If J_h(u_0) < ∞, and if u(.) > 0 on a measurable set τ ⊆ R^+_0 , then I ≥ J_h(u(.)) on τ in the sense of distributions.

We deduce as a byproduct from Theorem 16 c) for t = 0 a generalized Sobolev inequality in bounded domains.

Corollary 1. Assume (HD1)-(HD3), (HV3)-(HV8), (HF1)-(HF5), in particular: u_0(x) ≥ 0 belongs to L^∞(Ω) with mass M. Then, RE(u_0|u_{∞,M} ) ≤ 1 2α_1

J_h(u_0). (72)

3.4 Generalized Sobolev inequalities, Ω = R^d

The aim of this section is to prove generalized Sobolev inequalities on R^d . The procedure is as follows. Let us take a positive function u_0 ∈ L^1(R^d ) with mass M such that the entropy production J_h(u_0) in R^d is finite. We can approximate it by functions defined on Euclidean balls B_n of radius n. For these approximations the generalized Sobolev inequality (72) is available. Letting tend n → ∞ finishes the proof.

Theorem 17. Assume Ω = R^d and assume that u_0 satisfies u_0 ∈ L^1(R^d ), u_0 ≥ 0 and ∫ R^d u^0(x) dx = M.

Furthermore, assume (HF1)-(HF5), (HV3)-(HV8). For n ∈ N let B_n be the Euclidean ball of radius n centered at the origin. Assume that

(U1) There exists g ∈ L^1(R^d ) and n_4 ∈ N such that n |∇V |^2 ind_{{x∈Bn:u0(x)>n}} ≤ g, ∀n ≥ n_4, where ind_{{x∈Bn:u0(x)>n}} is the indicator function of {x ∈ B_n : u_0(x) > n}.

(U2) ∫ R^d

Φ^−(u_0)(x) dx < ∞. Then RE(u_0|u_{∞,M} ) ≤ 1 2α_1

J_h(u_0). (73)

Remark 22. a) According to (HV6), the relative entropy RE(u_0|u_{∞,M} ) has a well-defined value in R ∪ {+∞}. b) u_0 may be unbounded.

c) (U1) is trivially satisfied if u_0 ∈ L^∞(R^d ) or if u_0|∇V |^2 ∈ L^1(R^d ) or if there is A ∈ R^+ such that the set {x : u_0(x) > A} is bounded.

d) (U2) holds if E(u_0) < ∞ or if h(0+) > −∞. However it is worth noting that (U2) is weaker than E(u_0) < ∞.

Proof. We observe: There is nothing to prove in case J_h(u_0) = ∞. Hence assume J_h(u_0) < ∞ henceforth. We introduce for n ∈ N the function u^n_0 := min{n, u_0}|_{Bn} .

We observe: u^n_0 ∈ L^∞(B_n), for all n ∈ N. We set for n ∈ N,

M_n := ∫ Bn u^n_0 (x) dx. It is easy to see that M_n ≤ M for all n ∈ N and M_n → M as n → ∞. Let us put for n ∈ N,

M̄_n := sup {∫ Bn h^{−1}(C − V ) dx : h^{−1}(C − V )|_{Bn} ∈ L^1(B_n) } . It is left to the reader to deduce from the boundedness of B_n for n ∈ N, that M̄_n = lim_{C→h(∞)} ∫ Bn h^{−1}(C − V ) dx. Since lim_{n→∞} ∫ Bn h^{−1}(C − V ) dx = ∫ R^d h −1 (C − V ) dx for any C < h(∞), we obtain M̄ ≤ lim inf_{n→∞} M̄_n.

Taking into account (HV5), there is n_0 ∈ N with 0 < M_n < min{M̄, M̄_n}, n_0 ≤ n, n ∈ N. (74) This observation allows for the unambiguous introduction of

u^n_{∞,Mn} := h^{−1}(C_n − V^n), C_n ∈ R such that ∫ Bn h^{−1}(C_n − V^n(x)) dx = M_n, where n_0 ≤ n ∈ N. Now we introduce for n_0 ≤ n ∈ N the functional E^n : C_n → R ∪ {∞}

u → ∫ Bn (V (x)u(x) + Φ(u(x))) dx , V u, Φ(u) ∈ L^1(B_n) ∞ , else ,

with C_n := { u ∈ L^1(B_n) : u ≥ 0, ∫ Bn u(x) dx = M } , and the functional

L^n_h : L^1_+(B_n) → R ∪ {+∞},

L^n_h(u) = ∫ u>0 ( u |∇V + ∇h(u))|^2 ) (x) dx , u ∈ D^n_h ∞ , else ,

where

D^n_h := {u ∈ L^1_+(B_n) : h(u) ∈ L^1_{loc}(B_n), ∇h(u) ∈ L^1_{loc}(B_n : R^d )}. Step 1: E^n(u^n_{∞,Mn} ) < ∞, for all n_0 ≤ n ∈ N. This is obvious, because u^n_{∞,Mn} is bounded on the bounded set B_n. Hence we can define for each n_0 ≤ n ∈ N, RE^n(u^n_0 |u^n_{∞,Mn}) := E^n(u^n_0 ) − E^n(u^n_{∞,Mn} ).

Step 2: There is n_1 ∈ N with n_0 ≤ n_1 and RE^n(u^n_0 |u^n_{∞,Mn} ) ≤ 1 2 α_1

J^n_h (u^n_0 ), n_1 ≤ n ∈ N. (75) We wish to apply (72) of Corollary 1. We have to check the assumptions imposed there for Ω = B_n, u^n_0 , M_n and V^n, n ∈ N sufficiently large.

(HD1) holds for Ω = B_n, for each n ∈ N.

(HD2) holds for “M_n” replacing “M” for all n_0 ≤ n ∈ N. (HV8) V^n is the restriction of V to B_n, i.e. (HV8) holds for all n ∈ N. (HV7) is satisfied for all n ∈ N. (HV6) is of no relevance.

(HV5) holds due to (74) for all n ∈ N with n_0 ≤ n. (HV4) is of no relevance.

(HV3) holds due to the assumed uniform convexity of V and infRd V = 0 for all sufficiently large n ∈ N, say, for n_3 ≤ n ∈ N with n_3 ∈ N. (HD3) holds due to the definition of u^n_0 for all n ∈ N. (HF1)-(HF5) are not affected by restricting u_0 and V to B_n.

Summarizing the discussion, we obtain (75) from Corollary 1 with n_1 := max{n_0, n_3}.

Step 3: lim_{n→∞} J^n_h (u^n_0 ) = J_h(u_0). We introduce for n_1 ≤ n ∈ N,

a_n : R^d → R,

a_n(x) = u_0(x) |∇V + ∇h(u_0)|^2(x) , x ∈ B_n, 0 < u_0(x) ≤ n n |∇V |^2(x) , x ∈ B_n, u_0(x) > n 0 , else ,

where we tacitly make use of the fact that both h(u_0) and ∇h(u_0) are locally integrable. We obviously have

J^n_h (u^n_0 ) = ∫ R^d a_n(x) dx, and for all sufficiently large n ∈ N (see (U1)),

0 ≤ a_n ≤ u_0|∇V + ∇h(u_0)|^2 + g ∈ L^1(R^d ),

and clearly lim_{n→∞} a_n(x) = (u_0|∇V + ∇h(u_0)|^2) ind_{{u0>0}}(x) for almost all x ∈

R^d . Hence lim_{n→∞} J^n_h (u^n_0 ) = J_h(u_0) by Lebesgue’s dominated convergence theo-

rem.

Step 4: lim_{n→∞} E^n(u^n_{∞,Mn} ) = E(u_{∞,M} ). We have u_{∞,M} = h^{−1}(C − V ). Since M < M̄ there is M^+ ∈ (M, M̄) and C^+ ∈ (C, C^∗) with u_{∞,M} + = h^{−1}(C_+ − V ). Furthermore, for all sufficiently large n ∈ N, u^n_{∞,Mn} = h^{−1}(C_n − V^n), C_n ∈ R. Since M_n → M as n → ∞ we obtain: lim_{n→∞} C_n = C. Due to the growth property of V it is easy to deduce that u^n_{∞,Mn} → u_{∞,M} uniformly on R^d . We furthermore have C < C_+. Due to lim_{n→∞} C_n = C we have C_n < C_+ for all sufficiently large n - say, n ≥ n_5. Hence

U_n := h^{−1}(C_n − V ) ≤ u_{∞,M} +, n ≥ n_5.

Let us denote by [u^n_{∞,Mn} ]^{ext} the trivial extension of u^n_{∞,Mn} to R^d . By (HV6) we have E(u_{∞,M} + ) < ∞. Since [u^n_{∞,Mn} ]^{ext} ≤ U_n ≤ u_{∞,M} + and E([u^n_{∞,Mn} ]^{ext}) = E^n(u^n_{∞,Mn} ) for all n ≥ n_5, we obtain lim_{n→∞} E^n(u^n_{∞,Mn} ) = E(u_{∞,M} ) from Lemma 7. Step 5: lim_{n→∞} E^n(u^n_0 ) = E(u_0). If we denote the trivial extension of u^n_0 to R^d by [u^n_0 ]^{ext}, then we will obtain [u^n_0 ]^{ext} ≤ [u^{n+1}_0 ]^{ext} ≤ u_0. Hence lim_{n→∞} E^n(u^n_0 ) = E(u_0) by Lemma 8.

Step 6: Finishing the proof. By Step 4 and Step 5 we have lim_{n→∞} RE^n(u^n_0 |u^n_{∞,Mn}) = RE(u_0|u_{∞,M} ), by Step 3 we have lim_{n→∞} J^n_h (u^n_0 ) = J_h(u_0). Hence it is possible to pass to the limit n → ∞ in (75) yielding (73).

Equation (73) is a generalized Sobolev inequality. Indeed after some elementary manipulations we obtain in particular for f(u) = u^m and V (x) =^{|x|2}_2 the following inequality (see [CaTo98b, DoPi99]).

Corollary 2. Let u_0(x) ≥ 0 belong to L^1(R^d ) and u^m_0 ∈ L^1(R^d ) with mass M and m ≥ max(^{d−1}_d ,^d_{d+2} ), m ≠ 1,^1_2 such that the distributional gradient of u^{m−1/2}_0 is square integrable, then ( d + 1 m − 1 ) ∫ R^d u^m_0 dx ≤ 1 2 ( 2m 2m − 1 )_2 ∫

R^d |∇u^{m−1/2} 0 |^2 dx + A_m (‖u_0‖_1) (76)

where A_m (M) = ∫ R^d [ |x|^2 2 u_{∞,M} + 1 m − 1 u^m_{∞,M} ] dx. Remark 23. Naturally we derive inequality (76) from Theorem 17 only for functions u_0 which satisfy (U1), (U2). We observe: (U2) holds due to u^m_0 ∈ L^1(R^d ) and if assumption (U1) does not hold, then we can approximate u_0 by L^∞(R^d ) functions and pass to the limit in inequality (76).

In a similiar way we can proceed if m = 1 to recover the logarithmic Sobolev inequality (see [Gro75, AMTU98]).

Corollary 3. Let u_0(x) ≥ 0 belong to L^1(R^d ) with mass M, such that the distributional gradient of √ u_0 is square integrable, then ∫ R^d u_0 log(u_0) dx ≤ 2 ∫ R^d |∇ √ u_0|^2 dx + A_1(‖u_0‖_1), (77) where A_1 (M) = d + M log ( M (2π)^{d/2} ) . 3.5 Existence of solution and exponential decay of the entropy, Ω = R^d .

The main problem to attack the large-time asymptotics in the R^d case is the lack of existence and uniqueness results for problem (34)-(35). We show the existence of generalized solution - Definition 1 - verifiying the exponential convergence of the entropy and the entropy production. Let us denote by F (u) a primitive of the nonlinearity f(u) with F (0) = 0 and G(u) = uf(u) − F (u) such that G^′(u) = uf^′(u).

Theorem 18. Assume (HD1)-(HD2), (HV3)-(HV8), (HF1)-(HF5). In addition, we assume (U1),(U2), (HE1) F (u_0) ∈ L^1(R^d ).

(HE2) There exists A > 0 such that G(u) ≤ AF (u) for u > 0. (HE3) ΔV ∈ L^∞(R^d ). (HE4) u_0 ∈ L^∞(R^d ).

(HF6) Either f is convex on [0, ∞) or f^{−1} is globally Hölder continuous. (HF7) If h(0+) = −∞ we assume there exists 0 < s_1 < 1 such that

b := sup { Φ(u) uh(u) , 0 < u < s_1 } < +∞.

Then, there exists a generalized solution of problem (34)-(35) satisfying a) If h(0+) = −∞, then RE(u(t)|u_{∞,M} ) ≤ RE(u_0|u_{∞,M} ) e^{−2 α1 t}, a.e. t > 0. If h(0+) > −∞, then R̃E(u(t)|u_{∞,M} ) = Ẽ(u(t)) − Ẽ(u_{∞,M} ) ≤ RE(u_0|u_{∞,M} ) e^{−2 α}1^t, a.e. t > 0. b) For a.e. t > 0, K_f (u(t)) ≤ J_h(u_0) e^{−2 α1 t}.

c) For a.e. t > 0,

‖u(t)‖_L1_(Rd_) = M.

Remark 24. a) (HE1)-(HE3) imply an energy estimate needed for the compactness argument. In order to apply this argument we need condition (HF6). Note that f(u) = u^m for all m > 0 satisfies (HF6).

b) Assumption (HE2) is implied by the condition: there exists A > 0 such that f(u) ≥ 1 A uf^′(u) for u > 0.

This condition is verified by f(u) = u^m for any m.

c) We do not know the uniqueness of generalized solution for problem (34)-(35). Under more restrictive assumptions (strong L^1-solutions) one may produce a standard uniqueness result, we refer to [AlLu83, Vaz92].

d) (HE3)-(HE4) can be substituted by alternative hypotheses, we come back to this point after the proof of this theorem.

e) We recall that Ẽ is defined in remark 14. R̃E coincides with RE provided u is a mass-preserving solution.

f) Condition (HF7) is needed for the mass conservation.

Proof. Step 1: Sequence of approximate problems. Consider the sequence of subsets Ω_n defined by

Ω_n = {x ∈ R^d such that V (x) ≤ n}

for any n ≥ 1. Using (HV3)-(HV8) Ω_n is an increasing sequence of convex bounded smooth domains covering R^d as n → ∞. Let us define

u^n_0 := u_0|_{Ωn} .

We observe: u^n_0 ∈ L^∞(Ω_n), for all n ∈ N. We set for n ∈ N,

M_n := ∫ Bn u^n_0 (x) dx. We follow the same notations as in the proof of Theorem 17 by substituting B_n by Ω_n. It is obvious that (U1), (U2) and (HV3)-(HV8) together with the same arguments in the proof of Theorem 17 imply that for n ≥ n_o

1. M_n ≤ M for all n ∈ N, M_n → M as n → ∞, 0 < M_n < min{M̄(Ω_n), M̄}.

2. E^n(u^n_0 ) → E(u_0) as n → ∞.

3. J^n_h (u^n_0 ) → J_h(u_0) as n → ∞.

4. E^n(u^n_{∞,Mn} ) → E(u_{∞,M} ) as n → ∞. 5. ∫ Ωn F (u^n_0 ) dx → ∫ IRd F (u_0) dx as n → ∞. Taking now u^n_0 as the initial data for the problem (34)-(35) in the bounded domain Ω_n and applying Theorem 16, we deduce that the unique solution u^n of the problem (46)-(48) in Ω_n satisfies K^n_f (u^n(t)) ≤ J_h(u^n_0 )e^{−2α1t}, t ≥ 0 (78) and RE^n(u^n|u^n_{∞,M} n ) ≤ RE^n(u^n_0 |u^n_{∞,M} n )e^{−2α1t} t ≥ 0 (79) for n ≥ n_o.

Step 2: Energy estimates. Each solution u^n is obtained using Theorem 14 as the limit of a regularized problem. Let us take u^{n,ϵ} the regularized solution for a regularized initial data u^{n,ϵ}_0 . Then, by the divergence theorem it is straightforward to show that d dt ∫ Ωn F_ϵ(u^{n,ϵ}) dx = ∫ Ωn G_ϵ(u^{n,ϵ})ΔV dx − ∫ Ωn |∇f_ϵ(u^{n,ϵ})|^2 dx − ∫ ∂Ωn G_ϵ(u^{n,ϵ})(∇V · n(x)) dS(x). where F_ϵ and G_ϵ have the same definitions as F and G which correspond to the regularized f_ϵ. In the regularization procedure for the nonlinearity one can assume without loss of generality that (HE1)-(HE2) are preserved, i.e., G_ϵ(u) = uf_ϵ(u) − F_ϵ(u) ≤ AF_ϵ(u) for u > 0 (80) and that ∫ Ωn F (u^{n,ϵ}_0 ) dx → ∫ Ωn F (u^n_0 ) dx as ϵ → 0. (81)

Due to (HV8) and the definition of Ω_n we have ∂V ∂n ≥ 0 on ∂Ω_n, and therefore using (80) d dt ∫ Ωn F_ϵ(u^{n,ϵ}) dx ≤ A ∫ Ωn F_ϵ(u^{n,ϵ})ΔV dx.

This inequality together with (HE3) implies that ∫ Ωn F_ϵ(u^{n,ϵ}) dx ≤ exp{A‖ΔV ‖_L∞_{(IR}d_)t} ∫ Ωn F_ϵ(u^{n,ϵ}_0 ) dx for t ≥ 0 and ∫_T 0 ∫ Ωn |∇f_ϵ(u^{n,ϵ})|^2 dx dt ≤ C(T, V ) ∫ Ωn F_ϵ(u^{n,ϵ}_0 ) dx for any T > 0.

Now, we take the limit ϵ → 0 in the above expressions. Using that

1. u^{n,ϵ} → u^n uniformly in all compacts [τ, T ] × Ω̄_n with 0 < τ ≤ T .

2. f_ϵ(u^{n,ϵ}) → f(u^n) strongly in L^2(Q^n_T ) and weakly in L^2(0, T ; H^1(Ω_n)).

the lower semicontinuity of the norms and (81), we show ∫ Ωn F (u^n) dx ≤ exp{A‖ΔV ‖_L∞_{(IR}d_)t} ∫ Ωn F (u^n_0 ) dx for t ≥ 0 and ∫_T 0 ∫ Ωn |∇f(u^n)|^2 dx dt ≤ C(T, V ) ∫ Ωn F (u^n_0 ) dx for any T > 0.

Step 3: L^∞_{loc} estimate. Let us denote by [u^n]^{ext} the trivial extension of u^n to

R^d × R_t . Using (HE3) and (HE4) it is easy to check that ū^n given by

ū^n(t) := ‖u_0‖_L∞_(Rd_)‖ΔV ‖_L∞_{(IR}d_)e^{dt}.

are supersolutions for the regularized problem. Therefore, by the comparison principle, one has u^{n,ϵ}(t, x) ≤ ū^n(t) for any t ≥ 0, x ∈ Ω_n and n ≥ 1. Using the uniform convergence of u^{n,ϵ} to u^n, one finally deduces that u^n is bounded in L^∞(R^d × (0, T )) for any T > 0 independently of n.

Step 4: Compactness. Let Ω be any bounded domain in R^d . Using step 3 we have that [u^n]^{ext}∇V is bounded in L^2_{loc}(Ω × R_t ) independently of n. Step 2 assures that [∇f(u^n)]^{ext} is bounded in L^2_{loc}(Ω×R_t ) independently of n for n ≥ n_1. Using the equation for^{∂un}_{∂t} we deduce that [^{∂un}_{∂t} ]^{ext} is bounded in L^2_{loc}(R, H^{−1}_{loc} (Ω)) independently of n for n ≥ n_1.

Using the compactness result in [Jun97] in case f convex or in [GaMa96] in case f^{−1} is Hölder continuous we have the compactness of the sequence [u^n]^{ext} for n ≥ n_1 in L^2_{loc}(Ω × R_t ) for any Ω bounded domain in R^d . A standard Cantor diagonal selection argument implies the convergence in L^2_{loc}(R^d × R_t ) and thus, also a.e. in R^d , of a subsequence, that we denote with the same index, to a positive function u.

Let us check that u is a generalized solution of the problem (46)-(47). By step 3 and the a.e. convergence we have u ∈ L^∞(R^d × (0, T )) for any T > 0. Previous estimates imply that [f(u^n)]^{ext} converges to f(u) strongly in L^2_{loc}(Ω × R_t ) and weakly in L^2_{loc}(R_t , H^1(Ω)) for a subsequence, that we continue denoting with the same index. Therefore, ∇f(u) ∈ L^1_{loc}(R^d × R_t : R^d ) and the equation (46) is satisfied in distributional sense.

Step 5: Proof of a). We have to take the limit n → ∞ in (79). In view of the previous properties of the approximations u^n_0 in step 1, the limit as n → ∞ of the right hand sides of (79) is obvious. As a consequence of step 4 we have that for a.e. t > 0, [u^n]^{ext}(t) converges in L^1_{loc}(R^d ) and a.e. in R^d to u(t). Let us fix t > 0 for which this is true.

Let us focus on the left hand side of (79). If h(0+) = −∞ then by Proposition 5 we have that RE(u(t)|u_{∞,M} ) = E(u(t)|u_{∞,M} ) and RE^n(u^n(t)|u^n_{∞,M} n ) = E^n(u^n(t)|u^n_{∞,M} n ) where E^n(u^n(t)|u^n_{∞,M} n ) = ∫ Ωn (Φ(u^n) − Φ(u^n_{∞,M} n ) − Φ^′(u^n_{∞,M} n ) (u^n − u^n_{∞,M} n ))(x, t) dx, Since u^n(t) converges a.e. to u(t), u^n_{∞,M} n converges a.e. to u_{∞,M} and Φ is a convex function we have [(Φ(u^n) − Φ(u^n_{∞,M} n ) − Φ^′(u^n_{∞,M} n ) (u^n − u^n_{∞,M} n ))(x, t)]^{ext} is a sequence of positive functions converging a.e. in R^d to (Φ(u) − Φ(u_{∞,M} ) − Φ^′(u_{∞,M} ) (u − u_{∞,M} ))(x, t). Fatou’s lemma implies that RE(u(t)|u_{∞,M} ) ≤ lim inf_{n→∞} RE^n(u^n(t)|u^n_{∞,M} n). Now, if h(0+) > −∞ we have Φ(u) = Φ̃(u) + h(0+)u with Φ̃(u) ≥ 0 (see remark 14). Then we can write

E^n(u^n(t)) = Ẽ^n(u^n(t)) + h(0+)M^n

where Ẽ^n(u^n(t)) = ∫ Ωn (V u^n + Φ̃(u^n))(x, t) dx.

Since u^n(t) ≥ 0 converges a.e. to u(t) ≥ 0 and Φ̃ is positive we have [(V u^n + Φ̃(un))(x, t)]ext is a sequence of positive functions converging a.e. in Rd to (V u + Φ̃(u))(x, t). Fatou’s lemma and M n → M imply that

Ẽ(u(t)) + h(0+)M ≤ lim inf_{n→∞} E^n(u^n(t)).

Since M^n → M and E^n(u^n_{∞,Mn} ) → E(u_{∞,M} ) as n → ∞, we have E^n(u^n_{∞,Mn} ) → Ẽ(u_{∞,M} ) + h(0+)M as n → ∞. Therefore, R̃E(u(t)|u_{∞,M} ) ≤ lim inf_{n→∞} RE^n(u^n(t)|u^n_{∞,M n}).

Step 6: Proof of b). We have to take the limit n → ∞ in (78). In view of the previous properties of the approximations u^n_0 in step 1, the limit as n → ∞ of the right hand sides of (78) is obvious. As a consequence of step 4 we have that for a.e. t > 0, [u^n]^{ext}(t) converges in L^1_{loc}(R^d ) and a.e. in R^d to u(t). Let us fixed one of the almost t > 0 for which this is true.

As a consequence of step 4, we know that given a bounded domain Ω in R^d , f(u^n) converges strongly to f(u) in L^2_{loc}(Ω × R_t ) and weakly in L^2_{loc}(R_t , H^1(Ω)) for a subsequence which we continue denoting with the same index. Using Lemma 10 we obtain

K^Ω_f (u(t)) ≤ lim inf_{n→∞} K^Ω_f (u^n(t)) ≤ lim inf_{n→∞} K^n_f (u^n(t))

where by K^Ω_f we mean the functional K_f defined on the domain Ω. Using (78) and step 1 we deduce K^Ω_f (u(t)) ≤ J_h(u_0) e^{−2 α1 t}.

for any Ω bounded domain in R^d , which finally proves b).

Step 7: Proof of c). We need first to prove that ∫ R^d (V [u^n]^{ext})(x, t) dx (82) is bounded indepently of n in [0, T ]. Using step 5, we know that E^n(u^n(t)) is bounded independtly of n in [0, T ]. In the case, h(0+) > −∞ since E^n(u^n(t)) = Ẽn(un(t))+h(0+)M n, Φ̃ is positive and M n → M as n → ∞, it is easy to deduce the uniform bound on (82).

Let us focus now on the case h(0+) = −∞. The main difference is that we have to estimate ∫ Ωn Φ^−(u^n)(x, t) dx. In order to do so, we divide Ω_n into three subsets

Ω^1_n := {u^n ≤ u_A}, Ω^2_n := {u_A < u^n < 1} and Ω^3_n := {u^n ≥ 1} where u_A := h^{−1}(C − (V (x)/A)), C < 0 and A > 0 to be specified. Taking into account remark 7 we have Φ^−(u^n) ≤ Φ^−(u_A) in Ω^1_n and Φ^−(u^n) ≤ Φ^−(1)u^n in Ω^3_n. In Ω^2_n we use that the function Φ^−(s)/s is decreasing in s to have ∫ Ω^2_n Φ^−(u^n)(x, t) dx ≤ ∫ Ω^2_n ( u^n Φ^−(u_A) u_A ) (x, t) dx. Now, we take C small enough to assure that u_A is well-defined, u_A ∈ L^1(R^d ) and Φ^−(u_A) ∈ L^1(R^d ) by hypotheses (HV4), (HV5), (HV6). Thus, we deduce ∫ Ωn Φ^−(u^n)(x, t) dx ≤ B_1 + ∫ Ω^2_n ( u^n Φ^−(u_A) u_A ) (x, t) dx. Using (HF6) and taking C small enough we prove Φ^−(u_A) u_A ≤ −bh(u_A) = b A V (x) − bC in R^d . Therefore,_∫ Ωn Φ^−(u^n)(x, t) dx ≤ B_2 + b A ∫ Ωn (V u^n)(x, t) dx. Since E^n(u^n(t)) is decreasing in t, we have that ∫ R^d

(V u^n)(x, t) dx ≤ E^n(u^n(0)) + ∫ Ωn Φ^−(u^n)(x, t) dx Take b < A and using step 1, we conclude that ( 1 − b A ) ∫ R^d (V u^n)(x, t) dx ≤ B_3 and then (82) is proved.

Since u^n converges to u in L^2_{loc}(R^d ×R_t ) and the uniform bound of (82), we have that for a.e. t > 0 u^n(t) converges weakly in L^1(R^d ). Therefore, u(t) ∈ L^1(R^d ) for a.e. t > 0 and u^n(t) → u(t) weakly in L^1(R^d ) and strongly in L^1(Ω) for any Ω bounded domain in R^d .

Now, let us fix ϵ > 0 and T > 0, we can find a ball B_R such that for n ≥ n_ϵ, we have B_R in the support of u^n and ∫ R^d/BR [u^n]^{ext}(x, t) dx < ϵ for any t ∈ [0, T ]. This is proved just by using that V (x) ≥ α_1|x|^2 ≥ α_1R^2 out of B_R. Let us remark that R is independent of n but depends on ϵ, R → ∞ as ϵ → 0. Therefore, we have that ∫ B_R [u^n]^{ext}(x, t) dx ≥ M^n − ϵ for n ≥ n_ϵ. Taking the limit n → ∞ for a.e. t > 0 for which u^n(t) converges strongly in B_R we deduce ∫ B_R u(x, t) dx ≥ M − ϵ. We find the conservation of mass just taking the limit ϵ → 0 in the previous expression and using that ‖u(t)‖_L1_(Rd_) ≤ M.

since u^n(t) → u(t) weakly in L^1(R^d ).

In particular, we can take f(u) = u^m and V (x) =^{|x|2}_2 to recover the following known result (see [CaTo98b, Ott99]), where the generalized solution for the problem (34)-(35) is known to be unique, mass-preserving and C([0, T ], L^1(R^d )) for any T > 0.

Corollary 4. Let u_0(x) ∈ L^1_+ ∩L^∞(R^d ) with mass M and m ≥^{d−1}_d and m >^d_{d+2} . Then, the unique generalized solution of problem (34)-(35) with f(u) = u^m and V (x) =^{|x|2}_2 satisfies

a) For a.e. t > 0, RE(u(t)|u_{∞,M} ) ≤ RE(u_0|u_{∞,M} ) e^{−2 t}. b) For a.e. t > 0, K_f (u(t)) ≤ J_h(u_0) e^{−2 t}.

(HE3) can be dropped if one is able to prove L^∞ estimates for the solution independent of (HE3). The following result is an alternative to the previous theorem.

Theorem 19. Assume (HD1)-(HD2), (HV3)-(HV8), (HF1)-(HF7). In addition, we assume (U1),(U2), (HE1) F (u_0) ∈ L^1(R^d ).

(HE2) There exists A > 0 such that G(u) ≤ AF (u) for u > 0.

(HE3b) There exists 0 < M̃ < M̄ such that u_0 ≤ u_{∞,}~_M in R^d with u_{∞,}~_M ΔV ∈ L^1(R^d ).

Then, there exists a generalized solution of problem (34)-(35) satisfying a) If h(0+) = −∞, RE(u(t)|u_{∞,M} ) ≤ RE(u_0|u_{∞,M} ) e^{−2 α1 t}, a.e. t > 0. If h(0+) > −∞, R̃E(u(t)|u_{∞,M} ) ≤ RE(u_0|u_{∞,M} ) e^{−2 α}1^t, a.e. t > 0.

b) For a.e. t > 0,

K_f (u(t)) ≤ J_h(u_0) e^{−2 α1 t}.

c) For a.e. t > 0,

‖u(t)‖_L1_(Rd_) = M.

The proof is exactly the same as in Theorem 18. We have only to prove the energy and the L^∞ estimates using the hypothesis (HE3b) instead of (HE3)- (HE4). We keep the same notations.The L^∞ estimates are an easy consequence of the comparison principle. The restriction of u_{∞,}~_M to Ω_n is a stationary solution for the problem in Ω_n with different mass, thus u_{∞,}~_M = u^n_{∞,M̃ n} . By (HE3b) we have u^n_0 ≤ u^n_{∞,M̃ n} in Ω_n, then by comparison principle in the bounded domain problem (see [BeHi86]) we have u^n ≤ u^n_{∞,M̃ n} = u_{∞,}~_M for any n ≥ 1. This bound gives us uniform L^∞ global estimates in (x, t) of the sequence u^n.

The energy estimates can be obtained following as in step 2 of Theorem 18. We avoid the use of (HE3) by the following argument. Since F^′(0+) = 0 then, there exists λ > 0 such that F (u) ≤ λu for any u ∈ [0, sup(u_{∞,}~_M)]. Using (HE2)-(HE3b) we have ∫ Ωn G(u^n)ΔV dx ≤ Aλ ∫ Ωn u^nΔV dx ≤ Aλ ∫ R^d u_{∞,}~_M ΔV dx. The proof continues as in Theorem 19.

Remark 25. a) Theorem 19 applies to any positive compactly supported bounded initial data when M̄ = ∞ provided u_{∞,M} ΔV ∈ L^1(R^d ) for any M > 0. The last assertion is true for instance if there exists D > 0 such that ΔV ≤ DV in

R^d and u_{∞,M} V ∈ L^1(R^d ) for any M > 0. For example, this is satisfied for

V (x) = α |x|^2 + β |x|^κ for some α, β, κ > 0, and f(u) = u^m, m > 0 if d d + max{2, κ} < m.

b) Theorems 18 and 19 could be improved if we were able to produce an a priori L^∞(R^d ) estimate of the solution u(t) for any t > 0 in terms of the L^∞(R^d )norm of the initial data. Global uniform estimates were obtained for the porous medium and general filtration equation. Their proof is not trivial at all and involves delicate arguments either on nonlinear semigroup theory [BeBe85, Ver79] or on estimates for non integrable initial data [Vaz92].

3.6 A general result on the exponential decay of the entropy

Theorem 20. Assume Ω = R^d and assume that u_0 satisfies u_0 ∈ L^1(R^d ), u_0 ≥ 0 and ∫ R^d u^0(x) dx = M > 0.

Furthermore, assume (HF1)-(HF5), (HV3)-(HV8).

Let u ∈ L^1_{loc}(R^+ : L^1(R^d )) be a generalized mass-preserving solution of (34), (35). Let 0 ≤ T_0 < T_1. Assume for each t ∈ [T_0, T_1), (HG1) h((u(t)) ∈ L^1_{loc}(R^d ).

(HG2) There is a nonvoid, open interval I_t ⊆ [T_0, T_1) such that (h(u(t)) + V ) u(s) ∈ L^1(R^d ), s ∈ I_t, (HG3) The function P_t : I_t → R, P_t(s) = ∫ R^d (h(u(t)) + V ) u(s) dx is differentiable at t with P^′_t (t) = J_h(u(t)) ( = ∫ R^d u(t) |∇h(u(t)) + ∇V |^2 dx ) < ∞.

(HG4) u(t) satisfies (U1), E(u(t)) < ∞ and lim It∋s→t ∫ R^d Φ(u(s)) − Φ(u(t)) − h(u(t)) (u(s) − u(t)) s − t dx = 0. and assume that the function J : [T_0, T_1) → R, J(t) = J_h(u(t)) belongs to L^1(T_0, T_1). Then RE(u(t)|u_{∞,M} ) ≤ RE(u(T_0)|u_{∞,M} ) e^{−2α1(t−T0)}, T_0 ≤ t < T_1. Proof. We set for the sake of simplicity for t > 0, E(t) := E(u(t)). Then we have E(t) < ∞ for all t ∈ [T_0, T_1) and (h(u(t)) + V ) u(s) ∈ L^1(R^d ) for any s ∈ I_t. Hence,

Φ(u(s)) + V u(s) − Φ(u(t)) − V u(t) − (h(u(t)) + V ) (u(s) − u(t)) ∈ L^1(R^d ), for any s ∈ I_t, such that the integrand of (HG4) is well-defined. We calculate for s ∈ I_t with s ≠ t, E(s) − E(t) s − t = P_t(s) − P_t(t) s − t + ∫ R^d Φ(u(s)) − Φ(u(t)) − h(u(t)) (u(s) − u(t)) s − t dx. Hence by (HG3), E(.) is differentiable at t with

E^′(t) = P^′_t (t) = J(t).

By (HG4) we have J ∈ L^1(T_0, T_1). This sufficies [Rud87] to deduce

E(t) − E(T_0) = ∫_t T_0 J(σ) dσ, (83) with absolutely continuous E(.) : [T_0, T_1) → R. We obtain from the generalized Sobolev inequality (73), RE(u(t)|u_{∞,M} ) − RE(u(T_0)|u_{∞,M} ) ≤ −2 α_1 ∫_t T_0 RE(u(σ)|u_{∞,M} ) dσ, such that due to the continuity of RE(u(.)|u_{∞,M} ), RE(u(t)|u_{∞,M} ) ≤ RE(u(T_0)|u_{∞,M} ) e^{−2α1(t−T0)}, T_0 ≤ t < T_1.

Remark 26. The intention of Theorem 20 is to formulate “minimal” requirements on a generalized solution of (34), (35) which imply exponential decay of the relative entropy. It is useful to relate the assumptions to the theory of parabolic equations.

a) The requirement J_h(u(t)) < ∞ on [T_0, T_1) (see (HG3)) is obligatory for a non-trivial application of the generalized Sobolev inequality which is the main idea behind the proof. Hence assumption (HG1) is a preliminary step to give sense to the integrand of J_h(u(t)).

b) The main step in the proof is the verification of (83) with real E(t) and E(T_0). The assumption E(u(t)) < ∞ on [T_0, T_1) is therefore obligatory. c) A more critical assumption is (HG2). Let us, however, note two aspects: c.1) If one wishes to prove the conservation of mass (we consider here only such solutions) one usually starts with the derivation of estimates on the L^1 norm of V u(t). c.2) According to c.1) one has to check whether h(u(t)) u(s) ∈ L^1(R^d ) for s in an interval containing t. In the pure power case we have u(t) h(u(t)) = c.Φ(u(t)) ∈ L^1(R^d ) (since E(u(t)) < ∞) such that it is rather natural to believe that u(t) h(u(t)) ∈ L^1(R^d ) can be verified. From that point of view the assumption “h(u(t)) u(s) ∈ L^1(R^d )” is a regularity assumption on the time-evolution of u, locally at each t ∈ [T_0, T_1).

d) Once one has verified (HG2) the proof of local continuity of P_t is probably not out of sight. A much more delicate requirement is the differentiability of P_t at t for all t ∈ [T_0, T_1). Certainly, one can not go much beyond the requirements “P_t is differentiable on I_t” and “P^′_t ∈ L^1 (see the assumption on J)” to establish equation (83), compare well-known counterexamples, to be found, e.g. in [Rud87]. e) Yet another aspect of (HG3) is the identity P^′_t (t) = J_h(u(t)). This is seemingly a regularity assumption on u(t) for fixed t: The concept of generalized solutions is usually settled on the identification of u_t with an element of an appropriately chosen dual space of a Banach space of Bochner-integrable functions such that ⟨u_t, ϕ⟩(s) = ( d dt ∫ R^d (∇f(u(s)) + u(s) ∇V ) ∇ϕ dx ) (84)

for a sufficiently large class of (t-independent) test functions ϕ. Now if we assume continuity of u(t), say for t > 0 (which is true for the pure power case), then it is easy to verify that u(t)∇h(u(t)) = ∇f(u(t)) for almost all x ∈ R^d (with the tacit identification u(t)∇h(u(t)) = 0 whenever u = 0) such that ∫ R^d (∇f(u(t)) + u(t) ∇V ) ∇ϕ dx = ∫ u(t)>0 u(t) (∇h(u(t)) + ∇V ) ∇ϕ dx. Finally, one may try a density argument to replace “ϕ” in (84) by the function h(u(t))+V . This strategy could lead to a verification of P^′_t (t) = J_h(u(t)) whenever P_t is differentiable at t.

f) It is reasonable to assume u(t) > 0 pointwise whenever Φ is not differentiable at 0. Hence it is very reasonable to assume that the integrand of (HG4) tends pointwise to 0 as s approaches t. The differentiability assumption of (HG4) is a regularity assumption on the time-evolution of u(t) then. g) As already mentioned in d) one cannot go beyond the L^1 property on J(.). h) Unfortunately, the partial integration in time, i.e. Lemma 2 in Section 2.2, cannot generally be used here. The assumptions of this lemma are that ∂_tu ∈ L^{p′} (0, T ; X^′) and h(u)+V ∈ L^p(0, T ; X) where 1/p+1/p^′ = 1 and X = W^{1,p}(R^d ). If these conditions are satisfied (and the integrals are defined), we obtain RE(u(t)|u_{∞,M} ) − RE(u(s)|u_{∞,M} ) = ∫_t s ⟨u_t, h(u) + V ⟩dt = ∫_t s ∫ R^d u|∇(h(u) + V )|^2dxdt, which is (83). ¿From the proof of [AlLu83] is can be seen that the space W^{1,p}(R^d ) can be replaced by a more general Banach space X satisfying some additional assumptions. However, in the porous medium case with compactly supported initial data the function h(u) + V does not belong to any L^p space.

Yet another strategy to prove exponential decay of the relative entropy in the

R^d may be settled on an approximation of u(t) by solutions u_R(t) which solve

(34), (35) on an euclidean ball B_R centered at the origin with radius R. Definition 6. Assume Ω = R^d and assume that u_0 satisfies u_0 ∈ L^1(R^d ), u_0 ≥ 0 and ∫ R^d u^0(x) dx = M > 0.

Furthermore, assume (HF1)-(HF5), (HV3)-(HV8) and let u ∈ L^1_{loc}(R^+ : L^1(R^d )) be a generalized mass-preserving solution of (34), (35). Let T ∈ R^+ . Then u is said to be consistently approximable at T iff there is a strictly increasing sequence (R_n)_{n∈}N in R^+ and a sequence (u_{0,n})_{n∈}N in ⋃ n∈N L^1(B^Rn ) such that cat.1 For all n ∈ N: u_{0,n} ∈ L^∞(B_{Rn} ), u_{0,n} ≥ 0 and ∫ B_{Rn} u0,n(x) dx = Mn > 0. cat.2 inf_{BRn} V = 0.

cat.3 For all n ∈ N: M_n < M̄(B_{Rn} ).

cat.4 E(u_{∞,M} ) = lim_{n→∞} E([u_{∞,Mn} ]^{ext}), where [u_{∞,Mn} ]^{ext} is the trivial extension of u_{∞,Mn} ∈ L^∞(B_{Rn} ) to R^n .

cat.5 E(u_0) = lim_{n→∞} E([u_{0,n}]^{ext}).

cat.6 There is p ∈ [1, ∞) such that [u_n(T )]^{ext} ⇀ u(t) weakly in L^p(R^d ) as n → ∞, where u_n(t) is the unique solution of (34), (35) on B_{Rn} with initial datum u_{0,n}, see theorem 12.

Remark 27. The approximating sequence u_n(t) may depend on T ∈ R^+ . Theorem 21. Assume Ω = R^d and assume that u_0 satisfies u_0 ∈ L^1(R^d ), u_0 ≥ 0 and ∫ R^d u^0(x) dx = M > 0.

Furthermore, assume (HF1)-(HF5), (HV3)-(HV8) and let u ∈ L^1_{loc}(R^+ : L^1(R^d )) be a generalized mass-preserving solution of (34), (35). Let T ∈ R^+ . Assume that

1. E(u(T )) < ∞.

2. u is consistently approximable at T . Then RE(u(T )|u_{∞,M}) ≤ RE(u_0|u_{∞,M} ) e^{−2α1T} . (85)

Proof. It is left to the reader to verify that the assumptions of theorem 16 are satisfied for the approximative systems on B_{Rn} , n ∈ N. Hence we have for any n ∈ N, RE([u_n(T )]^{ext}|[u_{∞,Mn}]^{ext}) ≤ RE([u_0]^{ext}|[u_{∞,Mn} ]^{ext}) e^{−2α1T} . Due to E(u(T )) < ∞ and due to the convexity of Φ we have by lower semicontinuity (apply cat.6), E(u(T )) ≤ lim inf_{n→∞} E([u_n(T )]^{ext}).

The formula (85) follows from cat.4 and cat.5 now.

4 A Csiszár-Kullback-type inequality

This section is devoted to the derivation of a generalized Csiszár-Kullback inequality for the relative entropy E(.|u_{∞,M} ) introduced in the previous section, i.e. we are looking for a real function U such that the estimate ‖u − u_{∞,M} ‖_L1_{(Ω)} ≤ U(E(u|u_{∞,M} )) holds for a rather general class of functions u.

For the sake of a broader range of applicability the discussion is performed in a more general measure-theoretic background and a larger class of convex functions Φ than used in the previous section is considered.

4.1 Properties of the relative entropy E(.j.)

Henceforth we shall make use of the following notations and assumptions. A.1 Φ : I → R, I = R^+_0 or I = R^+ , is strictly convex and continuous.

If I = R^+ , then Φ(0+) = ∞.

A.2 Φ is differentiable on R^+ and we set I^′ := {s ∈ I : Φ is differentiable at s}, and h := Φ^′ : I^′ → R.

A.3 (S, B, μ) is a measure space.

We note: R^+ ⊆ I^′ ⊆ I ⊆ R^+_0 and if 0 /∈ I^′, then Φ(0+) = ∞.

Let us introduce C := {v ∈ L^1(S) : v(z) ∈ I for μ-aa z ∈ S},

C^′ := {v ∈ L^1(S) : v(z) ∈ I^′ for μ-aa z ∈ S}.

We certainly have C^′ ⊆ C ⊆ L^1_+(S) (with C^′ = C if I^′ = I and C = L^1_+(S) if

I = R^+_0 ). Clearly, C^′, C, L^1_+(S) are closed, convex subsets of L^1(S).

We shall be concerned with relative entropies with respect to a fixed reference function u_∞ and assume A.4 u_∞ ∈ C^′ with ∫ S u_∞ dμ =: M ∈ R^+ .

The derivative h of Φ is strictly increasing. As in the previous section we set h(0+) := inf h = lim_{s→0} h(s) ∈ [−∞, ∞),

h(∞) := sup h = lim_{s→∞} h(s) ∈ (−∞, ∞], where we note that h(0+) = h(0) if Φ is differentiable at 0. We recall the definition of the generalized inverse h^{−1} of h,

h^{−1} : R → [0, ∞], h^{−1}(σ) =

0 , σ ≤ h(0+) h^{−1}(σ) , h(0+) < σ < h(∞) ∞ , h(∞) ≤ σ .

Let us consider for c ∈ R the function h^{−1}(c + Φ^′(u_∞)). We immediately obtain: If c ≤ 0, then h^{−1}(c + Φ^′(u_∞)) ≤ u_∞, hence h^{−1}(c + Φ^′(u_∞)) ∈ L^1_+(S). Due to this observation it is easy to see that J := {c ∈ R : h^{−1}(c + Φ^′(u_∞)) ∈ L^1_+(S)} is an interval containing the non-positive real axis. For c < sup J we set M(c) := ∫ S h^{−1}(c + Φ^′(u_∞)) dμ ∈ R^+_0 .

Now we can introduce M := sup_{c∈J} M(c),

where we immediately obtain M = lim_{c→sup J} M(c) ≥ M, due to monotonicity. As in the previous section it is easy to see that there is for each N ∈ (0, M) exactly one c(N) ∈ J with ∫ S h^{−1}(c(N) + Φ^′(u_∞)) dμ = N. Hence we can define unambigously u^∗_N := h^{−1}(c(N) + Φ^′(u_∞)), N ∈ (0, M).

We note: u^∗_N ∈ C^′ for any N ∈ (0, M).

We introduce the relative entropy functional E(.|.) : C × C^′ → R^+_0 ∪ {∞}, E(v|v^∗) = ∫ S (Φ(v) − Φ(v^∗) − Φ^′(v^∗)(v − v^∗)) dμ, where we make use of the fact that - due to the convexity of Φ - the function Φ(.|.) : I × I^′ → R, (s, s^∗ ) → Φ(s) − Φ(s^∗) − Φ^′(s^∗)(s − s^∗) is non-negative such that E(v|v^∗) has a well-defined value in [0, ∞].

Remark 28. The definition of E(u|u_∞) neither requires Φ(u_∞) ∈ L^1(dμ) nor Φ^′(u_∞) ∈ L^∞(dμ).

We make the following observation.

Proposition 22. Assume A.1-A.4. Let v ∈ C and let v^∗ ∈ C^′ (such that E(v|v^∗), E(v^∗|u_∞), E(v|u_∞) have well-defined values in [0, ∞]). Assume furthermore A. [(Φ^′(u_∞) − Φ^′(v^∗))(v^∗ − v)]^− ∈ L^1(S).

Then E(v|v^∗) + E(v^∗|u_∞) + ∫ S (Φ^′(u_∞) − Φ^′(v^∗))(v^∗ − v) dμ = E(v|u_∞). (86)

Remark 29. Any of the values E(v|v^∗), E(v^∗|u_∞), ∫ S(Φ^′(u_∞) − Φ^′(v^∗))(v^∗ − v) dμ, E(v|u_∞) may be ∞.

Proof. We have due to non-negativity of the first two integrands and due to A., E(v|v^∗) + E(v^∗|u_∞) + ∫ S (Φ^′(u_∞) − Φ^′(v^∗))(v^∗ − v) dμ = ∫ S (Φ(v)−Φ(v^∗)−Φ^′(v^∗)(v^∗ −v)) dμ+ ∫ S (Φ(v^∗)−Φ(u_∞)−Φ^′(u_∞)(v^∗ −u_∞)) dμ + ∫ S (Φ^′(u_∞) − Φ^′(v^∗))(v^∗ − v) dμ = ∫ S (Φ(v) − Φ(u_∞) − Φ^′(v^∗)(v − v^∗) + Φ(v^∗) − Φ(u_∞) − Φ^′(u_∞)(v^∗ − u_∞) + Φ^′(u_∞)(v^∗ − v) − Φ^′(v^∗)(v^∗ − v)) dμ = ∫ S (Φ(v) − Φ(u_∞) − Φ^′(u_∞)(v − u_∞)) dμ = E(v|u_∞).

¿From Proposition 29 one easily deduces

Lemma 23. Assume A.1-A.4. Let N ∈ (0, M). Then for all v ∈ C with ∫ S v dμ = N, E(v|u^∗_N ) + E(u^∗_N |u_∞) ≤ E(v|u_∞), (87) in particular E(u^∗_N |u_∞) ≤ E(v|u_∞). (88) Remark 30. a) In (87), (88) we have N = ‖u^∗_N ‖_L1_{(dμ)} = ‖v‖_L1_{(dμ)}, which is usually not equal to M = ‖u_∞‖_L1_{(dμ)}. This is in contrast to the assumptions on which the (rather similiar) derivation of (40) (‖u‖_L1_{(dμ)} = M) is based. b) As it will become clear from the proof, one has equality in (87) iff (Φ^′(u_∞) − Φ^′(u^∗_N ))(z) = c(N) for μ-aa z ∈ S. This is in particular the case for Φ^′(0+) = −∞. Proof. As already mentioned before, u^∗_N ∈ C^′. Hence E(v|u^∗_N ) is well-defined. We wish to apply (86) of proposition 22. First we have to verify A. It is easy to deduce from the definition of u^∗_N that Φ^′(u^∗_N ) = Φ^′(u_∞) + c(N), if u^∗_N > 0, and Φ^′(0) ≥ Φ^′(u_∞) + c(N), if u^∗_N = 0. Hence due to non-negativity of v ∫ S (Φ^′(u_∞) − Φ^′(u^∗_N ))(u^∗_N − v) dμ = −c(N) ∫ u^∗_N >0 (u^∗_N − v) dμ − ∫ u^∗_N =0

(Φ^′(u_∞) − Φ^′(0)]v dμ ≥ −c(N) ∫ u^∗_N >0 (v − u^∗_N ) dμ − c(N) ∫ u^∗_N =0 v dμ = −c(N) ∫ u^∗_N >0 (v − u^∗_N ) dμ − c(N) ∫ u^∗_N =0 (v − u^∗_n) dμ = −c(N) ∫ S (v − u^∗_N ) dμ = 0, such that A. has to hold. Furthermore, the integral arising in (86) is non-negative. This proves (87). (88) follows from (87) due to non-negativity.

For later reference we state Proposition 24. Assume A.1-A.4. Let v_1, v_2 ∈ C.

If v_1 ≤ v_2 ≤ u_∞, μ-almost everywhere, then E(v_1|u_∞) ≥ E(v_2|u_∞). Proof. Since Φ is convex, we have for all t ∈ R^+_0 :

Δ_t : [0, t] → R, Δ_t(s) :=

Φ(s) − Φ(t) s − t − Φ^′(t) , s < t 0 , s = t is increasing and non-positive. Hence

− E(v_2|u_∞) = ∫ S (Φ(v_2) − Φ(u_∞) − Φ^′(u_∞)(u_∞ − v_2)) dμ = ∫ S Δ_{u∞(z)}(v_2(z)) (u_∞(z) − v_2(z)) dμ(z) ≥ ∫ S Δ_{u∞(z)}(v_1(z)) (u_∞(z) − v_2(z)) dμ(z) ≥ ∫ S Δ_{u∞(z)}(v_1(z)) (u_∞(z) − v_1(z)) dμ(z) = ∫ S (Φ(v_1) − Φ(u_∞) − Φ^′(u_∞) (u_∞ − v_1) dμ = −E(v_1|u_∞).

We introduce for ρ ∈ R^+ C_ρ := { v ∈ C : ∫ S v dμ = ρ } , and R_∞ := sup{E(u|u_∞) : u ∈ C_M }, where we recall ∫ S u_∞ dμ = M. Furthermore, let C^∗_M := {u ∈ C_M : E(u|u_∞) < R_∞}, and S_∞ := sup{‖u − u_∞‖_L1_{(dμ)} : u ∈ C^∗_M }.

Remark 31. Since u_∞ ∈ C_M and since E(u_∞|u_∞) = 0 we have R_∞ ∈ [0, ∞].

To avoid trivialities we shall assume henceforth A.5 R_∞ ≠ 0 and C^∗_M contains an element different from u_∞.

Remark 32. a) Assumption A.5 is a rather technical requirement on the measure space (S, B, μ). A.5 is fullfilled in many cases, e.g. when S is a nonvoid, open subset of R^d , B is the usual Borel-σ-algebra and μ is the Lebesgue-measure. b) According to A.5 we have S_∞ > 0. On the other hand we trivially have S_∞ ≤ 2 M. Hence S_∞ ∈ (0, 2 M].

c) If A.5 did not hold we would have R_∞ = 0 (implying C_M = {u_∞} such that u_∞ is the L^1 function with norm M and well-defined entropy) or C^∗_M = {u_∞} (i.e. u_∞ is the only function in C_M whose entropy is not maximal.). Both cases are not interesting here.

The reader will have no difficulties to verify that the mapping E(.|u_∞) : C → R ∪ {∞}, u → E(u|u_∞) satisfies

∀u ∈ C : E(u|u_∞) ≥ 0 and [E(u|u_∞) = 0 iff u = u_∞] . This property shows that E(u|u_∞) can be interpreted as a ”distance” between u and u_∞. The question is: Does this notion of ”distance” have something in common with the canonical distance ‖u − u_∞‖_L1_{(dμ)} of u and u_∞, at least in C_M ? The affirmative answer is given in the subsequent section.

4.2 A Csiszár-Kullback inequality for E(.ju_∞)

The following Theorem is the main result of this section. Theorem 25. Assume A.1-A.5. Then there is a function

U : R^+_0 → [0, 2 M),

such that

1. U(0) = 0.

2. U is continuous at 0, i.e. lim_{ϕ→0+} U(ϕ) = 0. 3. U is increasing.

4. For all u ∈ C_M with E(u|u_∞) < ∞ one has the Csiszár-Kullback-type inequality ‖u − u_∞‖_L1_{(dμ)} ≤ U(E(u|u_∞)). (89) Proof. The main ingredient of the proof of Theorem 25 is a minimization argument. This can be seen after several preparational steps.

Step 1. Inequality (89) will follow from an estimate involving a function H whose “generalized inverse” equals U.

Definition 7. [BeLo76] Let H : (0, S_∞) → R^+ be increasing. Then the “generalized inverse H^{−∗} of H” is defined as

H^{−∗} : R^+_0 → [0, 2 M],

H^{−∗}(σ) =

0 , 0 ≤ σ < H(0) sup{s ∈ (0, S_∞) : H(s) ≤ σ} , H(0) ≤ σ ≤ H(S_∞) S_∞ , H(S_∞) < σ , where

H(0) := lim_{s→0} H(s) = inf H ∈ R^+_0 , H(S_∞) := lim_{s→S∞} H(s) = sup H ∈ R^+ ∪ {∞}.

For the sake of completeness we give a proof of Lemma 26. [BeLo76] Let H : (0, S_∞) → R^+ be increasing. Then:

a) H^{−∗} is increasing and H^{−∗}(0) = 0.

b) For all σ ∈ R^+_0 and all s ∈ (0, S_∞): If H(s) ≤ σ, then s ≤ H^{−∗}(σ). c) H^{−∗} is continuous at 0, i.e. lim_{σ→0+} H^{−∗}(σ) = 0.

Proof. The proof of a) can be left to the reader.

b) If 0 ≤ σ < H(0), then H(s) ≤ σ < H(0), which is not possible. If H(0) ≤ σ ≤ H(S_∞), then H^{−∗}(σ) = sup{t ∈ (0, S_∞) : H(t) ≤ σ}. Since H(s) ≤ σ we obtain s ≤ H^{−∗}(σ). If H(S_∞) < σ, then H^{−∗}(σ) = S_∞ > s.

c) There is nothing to prove in case of H(0) > 0. Hence assume H(0) = 0 henceforth. We note: H(s) ∈ R^+ , i.e. H(s) > 0 for all s ∈ (0, S_∞). We observe: If (s_n)_{n∈}N is a sequence in (0, S_∞) with lim_{n→∞} H(s_n) = 0, then lim_{n→∞} s_n = 0. (Indeed, if not, then there is a subsequence (s_{μ(n)})_{n∈}N with s_{μ(n)} ≥ s^+ > 0, hence H(s_{μ(n)}) ≥ H(s^+) > 0 by monotonicity of H and by the positivity of H.) Furthermore - due to the positivity of H - H(S_∞) > 0. Now let (σ_n)_{n∈}N be a sequence in R^+ with lim_{n→∞} σ_n = 0. We assume without loss of generality: 0 < σ_n < H(S_∞) for all n ∈ N. By definition of H^{−∗}, there is for each n ∈ N a number s_n ∈ (0, S_∞) with

H(s_n) ≤ σ_n, H^{−∗}(σ_n) ≤ s_n + 1 n , n ∈ N. As shown above, we obtain lim_{n→∞} s_n = 0 which settles lim_{n→∞} H^{−∗}(σ_n) = 0 = H^{−∗}(0).

Step 2: With the aid of the generalized inverse we can re-state the proposition of Theorem 25 as follows.

Lemma 27. Assume A.1-A.5. Let H : (0, S_∞) → R^+ such that

a. H is increasing. b. For all u ∈ C^∗_M :

If ‖u − u_∞‖_L1_{(dμ)} ∈ (0, S_∞), then H(‖u − u_∞‖_L1_{(dμ)}) ≤ E(u|u_∞).

Then

1. H^{−∗}(0) = 0.

2. H^{−∗} is continuous at 0, i.e. lim_{σ→0+} H^{−∗}(σ) = 0. 3. H^{−∗} is increasing.

4. For all u ∈ C_M with E(u|u_∞) < ∞ one has the Csiszár-Kullback-type inequality ‖u − u_∞‖_L1_{(dμ)} ≤ H^{−∗}(E(u|u_∞)). (90) Proof. 1. ,2. and 3. follow from Lemma 26.

4. Let u ∈ C_M . If u ∈ C^∗_M , then we obtain (90) from assumption b) and Lemma 26. It remains to consider the case u ∈ C_M \C^∗_M , i.e. E(u|u_∞) = R_∞ = sup{E(v|u_∞) : v ∈ C_M }. Since E(u|u_∞) < ∞ we obtain R_∞ < ∞. We furthermore - trivially - have due to b) the estimate H(S_∞) ≤ R_∞ = E(u|u_∞). If H(S_∞) < R_∞, then due to the definition of H^{−∗}, ‖u − u_∞‖_L1_{(dμ)} < S_∞ = H^{−∗}(R_∞) = H^{−∗}(E(u|u_∞)), and if H(S_∞) = R_∞, then H(S_∞) < ∞ and (90) follows in a straight-forward manner from the definition of H^{−∗}.

Step 3: As shown in Step 2 it is sufficient to find a function which satisfies a. and b. of Lemma 27. Now we shall prove that the existence of such a function can be established by considering a minimization problem. Lemma 28. Assume A.1 - A.5. Let A_∘ : (0, 1) → R^+ such that

i. A_∘ is decreasing. ii. For all θ ∈ (0, 1):

A_∘(θ) ≤ inf {E(v|u_∞) : v ∈ C_{θM} , v(z) ≤ u_∞(z) for μ-almost all z ∈ S} . Then the function H_∘ : (0, S_∞) → R^+ , H_∘(σ) := A_0 ( 1 − σ 2 M )

has the following properties:

a. H_∘ is increasing. b. For all u ∈ C^∗_M :

If ‖u − u_∞‖_L1_{(dμ)} ∈ (0, S_∞), then H_∘(‖u − u_∞‖_L1_{(dμ)}) ≤ E(u|u_∞).

Proof. a. is obvious.

b. Let u ∈ C^∗_M with 0 < ‖u − u_∞‖_L1_{(dμ)} < S_∞. We put θ :=^1_M ∫ S[u − u_∞]^− dμ. Since ∫ S u dμ = ∫ S u_∞ dμ = M we obtain ‖u−u_∞‖_L1_{(dμ)} = 2Mθ. Hence θ ∈]0, 1[.

Let S^+ := {z ∈ S : u(z) > u_∞(z)}. We put α := ∫ S\S^+ u dμ. Then we obtain ∫ S^+ u∞ dμ = (1 − θ)M − α and E(u|u_∞) = ∫ S Φ(u|u_∞) dμ = ∫ S\S^+ Φ(u|u_∞) dμ + ∫ S^+ Φ(u|u_∞) dμ ≥ ∫ S\S^+ Φ(u|u_∞) dμ ≥ inf {∫ S\S^+ Φ(v|u_∞) dμ : v ∈ C, v(z) ≤ u_∞(z) for μ-aa z ∈ S \ S^+, and ∫ S\S^+ v dμ = α }

= inf {∫ S Φ(v|u_∞) dμ : v ∈ C, v(z) ≤ u_∞(z) for μ-aa z ∈ S \ S^+, and v(z) = u_∞(z) for μ-aa z ∈ S^+, ∫ S v dμ = α + ∫ S^+ u_∞ dμ }

= inf {E(v|u_∞) : v ∈ C, v(z) ≤ u_∞(z) for μ-aa z ∈ S \ S^+, and v(z) = u_∞(z) for μ-aa z ∈ S^+, ∫ S v dμ = (1 − θ)M }

≥ inf { E(v|u_∞) : v ∈ C_{(1−θ)M} , v(z) ≤ u_∞(z) for μ-almost all z ∈ S } = A_∘ (1 − θ) = A_∘ ( 1 − ‖u − u_∞‖_L1_{(dμ)} 2M ) = H_∘(‖u − u_∞‖_L1_{(dμ)}).

Step 4: As shown in Step 3 it is sufficient to prove the existence of a function A_∘ which satisfies i. and ii. of Lemma 28. We observe Lemma 29. Assume A.1-A.5. Then the function

A_0 : (0, 1) → R^+ ∪ {∞}, A_0(θ) = inf_{CθM} E(.|u_∞)

is decreasing.

Proof. We observe: θ ∈ (0, 1) implies θM < M and - since M ≤ M - θ M < M. Hence due to Lemma 23 we obtain E(u^∗_{θM} |u_∞) ≤ E(v|u_∞) for all v ∈ C_{θM} , i.e. E(u^∗_{θM} |u_∞) = inf_{CθM} E(.|u_∞). We recall:

u^∗_{θM} = h^{−1}(c(θM) + Φ^′(u_∞)),

such that due to monotonicity of h^{−1},

If θ_1 ≤ θ_2, then c(θ_1M) ≤ c(θ_2M) ≤ 0 and u^∗_{θ1M} ≤ u^∗_{θ2M} ≤ u_∞. Hence by Proposition 24, E(u^∗_{θ1M} |u_∞) ≥ E(u^∗_{θ2M} |u_∞), i.e. A_0 is decreasing.

We have for any θ ∈ (0, 1), A_0(θ) ≤ inf{E(v|u_∞) : v ∈ C_{θM} , v(z) ≤ u_∞(z) for μ-almost all z ∈ S}.

We deduce from Lemma 29: No matter whether A_0 equals ∞ on a subinterval of (0, 1) or not, there is always a decreasing, positive function A_∘ which satisfies i. and ii. of Lemma 28.

4.3 Applications

Hardly any information about U follows from Theorem 25. This is not surprising, because the function U will usually depend on local properties of u_∞. However upper bounds on U may be available. Theorem 30. Assume A.1 - A.5 and A.6 There are m, λ ∈ R^+ such that for all s, t ∈ I with t ≤ s ≤ ess sup u_∞ ∈

R^+ ∪ {∞} the estimate Φ(t) − Φ(s) − Φ^′(s)(t − s) ≥ m|t − s|^{1+λ} holds.

For θ ∈ (0, 1) let c_θ ∈ R^+ such that^1 ∫ S[u_∞ − c_θ]^+ dμ = θM. Furthermore, let

R : (0, 1) → R^+_0 , R(θ) = sup_{η∈[θ,1)} { m c^{1+λ}_η μ({u_∞ > c_η}) + m ∫ {u∞≤cη} (u_∞)^{1+λ} dμ } . Then,

1. R is decreasing and positive. 2. For all θ ∈ (0, 1), we have

R(θ) ≤ inf{E(v|u_∞) : v ∈ C_{θM} , v(z) ≤ u_∞(z) for μ-almost all z ∈ S}.

3. For all decreasing, positive S : (0, 1) → R^+ with S ≤ R, and all u ∈ C^∗_M with E(u|u_∞) < ∞ one has the Csiszár-Kullback-type inequality ‖u − u_∞‖_L1_{(dμ)} ≤ T^{−∗}_S (E(u|u_∞)), (91) where T^{−∗}_S is the generalized inverse function of

T_S : (0, 2M) → R^+ , T_S(σ) = S ( 1 − σ 2M ) . 1_{It can be left to the reader to verifty that} c_{` ∈} R+_{is uniquely determined.}

Remark 33. a) With respect to 1. one may take S = R.

b) If μ(S) = ∞ or if - more generally - μ({u ≤ c_θ}) ≠ 0 for any θ ∈ (0, 1) - then one may take S = m ∫ u∞≤c_θ (u∞) 1+λ dμ. c) We note: θ → c_θ is decreasing with lim_{θ→1} c_θ = 0. Hence the second condition “μ({u ≤ c_θ}) ≠ 0 for any θ ∈ (0, 1)” of b) is equivalent to “μ({u ≤ c_θ}) > 0 for each θ ∈ (0, 1)”.

d) If μ({u ≤ c_θ}) = 0 for some θ ∈ (0, 1), then μ(S) < ∞ and there is θ^∗ ∈ (0, 1) with μ({u ≤ c_θ}) > 0 on (0, θ^∗) and μ({u ≤ c_θ}) = 0 on (θ^∗, 1). One may take S = mμ(S) min{c^{1+λ}_θ∗ , c^{1+λ}_θ }.

Proof. The verification of 1. is left to the reader.

2.,3. Let v ∈ C_{θM} with θ ∈ (0, 1) and v(z) ≤ u_∞(z) for μ-almost all z ∈ S. We calculate E(v|u_∞) = ∫ S (Φ(v) − Φ(u_∞) − Φ^′(u_∞)(v − u_∞)) dμ ≥ m ∫ S (u_∞ − v)^{1+λ} dμ ≥ m ∫ S (u_∞ − [u_∞ − c_θ]^+)^{1+λ} dμ ≥ m c^{1+λ}_θ μ({u_∞ > c_θ}) + m ∫ {u≤c_θ} (u_∞)^{1+λ} dμ.

Furthermore, since θ → c_θ is decreasing, we obtain for any η ∈ [θ, 1) the estimate m ∫ S (u_∞ − [u_∞ − c_θ]^+)^{1+λ} dμ ≥ m ∫ S (u_∞ − [u_∞ − c_η]^+)^{1+λ} dμ ≥ m c^{1+λ}_η μ({u_∞ > c_η}) + m ∫ {u≤cη} (u_∞)^{1+λ} dμ.

Hence E(v|u_∞) ≥ sup_{η∈[θ,1)} { m c^{1+λ}_η μ({u_∞ > c_η}) + m ∫ {u≤cη} (u_∞)^{1+λ} dμ } . 2. and 3. follow from Lemma 28 now.

As an example, consider Φ(t) = t(log(t) − 1), u_∞ = 1 and μ(S) = 1. Then for all 0 < t ≤ s ≤ 1 we obtain for a ξ ∈ (0, 1) the estimate

Φ(t) − Φ(s) − Φ^′(s)(t − s) = Φ^{′′}(ξt + (1 − ξ)s)(t − s)^2 = 1 ξt + (1 − ξ)s |t − s|^2 ≥ |t − s|^2, hence m = λ = 1. Furthermore, c_θ = 1 − θ and μ({u_∞ > c_θ}) = 1. We deduce from Theorem 30 for all u ∈ L^1_+(dμ) with ∫ S u dμ = 1 the estimate ‖u − 1‖_L1_{(dμ)} ≤ √ 4 ∫ S u log(u) dμ.

We observe that the constant √ 4 is not optimal (the optimal constant is known to be √ 2), but Theorem 30 provides the right decay rate.

In corollary 30 it is only assumed that u_∞ ∈ L^1(dμ) holds. If one additionally assumes u^β_∞ ∈ L^1(dμ) for some β ∈ R, then one can employ Lemma 28 to extend an argumentation outlined in [Ott99] to get Theorem 31. Assume A.1-A.5 and additionally

A.7 There are c ∈ R^+ , a ∈ (1, ∞), b ∈ R such that

A.7.1 For all t, s ∈ I with t ≤ s ≤ ess sup u_∞ ∈]0, ∞] the estimate Φ(t) − Φ(s) − Φ^′(s)(t − s) ≥ c s^{b−a} (s − t)^a holds and A.7.2 u^{a−ba−1}∞ ∈ L^1(dμ). Then for all u ∈ C^∗_M with ‖u − u_∞‖_L1_{(dμ)} ∈ (0, S_∞):

‖u − u_∞‖_L1_{(dμ)} ≤ 2 c^{1/a} (∫ S (u_∞)^{a−ba−1} dμ ) a−1_a (E(u|u_∞))^{1/a} . Proof. We wish to apply Lemma 28. Let v ∈ C_{θM} with θ ∈ (0, 1) and v(z) ≤ u_∞(z) for μ-almost all z ∈ S. Due to assumption A.7 we have the estimate E(v|u_∞) ≥ ∫ S c u^{b−a}_∞ (u_∞ − v)^a dμ. On the other hand we can employ u_∞ ∈ L^{a−ba−1} (dμ) to obtain from Hölder’s inequality the estimate

(1 − θ)M = ∫ S (u_∞ − v) dμ = ∫ S u_∞ ( 1 − v u_∞ ) dμ = ∫ S (u_∞)^{a−ba} [ (u_∞)^{ba} ( 1 − v u_∞ )] dμ ≤ (∫ S (u_∞)^{a−ba−1} dμ ) a−1_a (∫ S u^b_∞ (1 − v u_∞ )^a dμ ) 1_a

= (∫ S (u_∞)^{a−ba−1} dμ ) a−1_a (∫ S u^{b−a}_∞ (u_∞ − v)^a dμ ) 1_a

≤ c^{−1/a} (∫ S (u_∞)^{a−ba−1} dμ ) a−1_a (E(v|u_∞))^{1/a}.

We set

A_∘(θ) := (1 − θ)^aM^a c (∫ S (u_∞)^{a−ba−1} dμ )_{1−a}

and apply Lemma 28.

We wish to apply Theorem 31 in cases where A.1-A.5 holds with Φ(t) = t h(t) − f(t), t h^′(t) = f^′(t), where f is of one of the following types:

a) f(t) = t. Then Φ(t) = t (log(t) − 1), I = R^+_0 and Φ^{′′} = 1/t is decreasing. Hence we have for all t, s ∈ I with t ≤ s ≤ ess sup u_∞ ∈ R^+ ∪ {∞} the estimate

Φ(t) − Φ(s) − Φ^′(s)(t − s) = 1 2 Φ^{′′}(η s + (1 − η) t)(s − t)^2 ≥ 1 2 Φ^{′′}(s) (s − t)^2 = 1 2 s^{−1} (s − t)^2,

because η ∈]0, 1[. We can apply Theorem 31 with c = 1/2, b = 1 and a = 2 to obtain ‖u − u_∞‖_L1_{(dμ)} ≤ √ 8 ∫ S E(u|u_∞).

b) f(t) = t^m with m ∈ (0, 1). Then Φ(t) = −^1_{1−m} t^m, I = R^+_0 and Φ^{′′} = m t^{m−2} is decreasing. As above we have for all t, s ∈ I with t ≤ s ≤ ess sup u_∞ ∈ R^+ ∪{∞}

Φ(t) − Φ(s) − Φ^′(s)(t − s) = 1 2 Φ^{′′}(η s + (1 − η) t)(s − t)^2 ≥ m 2 s^{m−2} (s − t)^2,

such that we obtain with c = m/2, a = 2 and b = m the estimate [Ott99] ‖u − u_∞‖_L1_{(dμ)} ≤ [ 8 m ∫ S (u_∞)^{2−m} dμ ]_{1/2} √ E(u|u_∞). Clearly, this estimate is non-trivial only in cases where u_∞ ∈ L^{2−m}(dμ). c) f(t) = log(t). Then Φ(t) = −1 − log(t), I = R^+ and Φ^{′′} = t^{−2} is decreasing. As above we have for all t, s ∈ I with t ≤ s ≤ ess sup u_∞ ∈ R^+ ∪ {∞}

Φ(t) − Φ(s) − Φ^′(s)(t − s) = 1 2 Φ^{′′}(η s + (1 − η) t)(s − t)^2 ≥ 1 2 s^{−2} (s − t)^2, such that we obtain with c = 1/2, a = 2 and b = 0 the estimate ‖u − u_∞‖_L1_{(dμ)} ≤ [ 8 ∫ S (u_∞)^2 dμ

]_{1/2} √ E(u|u_∞). Clearly, this estimate is non-trivial only in cases where u_∞ ∈ L^2(dμ). d) f(t) = t^m with m ∈ (1, 2). Then Φ(t) =^1_{m−1} t^m, I = R^+_0 and Φ^{′′} = m t^{m−2} is decreasing. As above we have for all t, s ∈ I with t ≤ s ≤ ess sup u_∞ ∈ R^+ ∪{∞}

Φ(t) − Φ(s) − Φ^′(s)(t − s) = 1 2 Φ^{′′}(η s + (1 − η) t)(s − t)^2 ≥ m 2 s^{m−2} (s − t)^2,

such that we obtain with c = m/2, a = 2 and b = m the estimate ‖u − u_∞‖_L1_{(dμ)} ≤ [ 8 m ∫ S (u_∞)^{2−m} dμ ]_{1/2} √ E(u|u_∞). This estimate is non-trivial only in cases where u^{2−m}_∞ ∈ L^1(dμ), where we note that 0 < 2 − m < 1.

e) f(t) = t^2. We can proceed as in d) to obtain ‖u − u_∞‖_L1_{(dμ)} ≤ 2 [∫ S (u_∞)^0 dμ

]_{1/2} √ E(u|u_∞) = √ 4 μ(S) E(u|u_∞). This is a non-trivial estimate if and only if μ(S) < ∞. What happens in case of μ(S) = ∞? Will there be an estimate involving square roots available? The answer to the second question is according to f) below: usually not. f) f(t) = t^2, S =]0, ∞[, B = set of all Borel-measurable subsets of ]0, ∞[, μ = Lebesgue measure, u_∞(z) = e^{−z}. We have for all u ∈ L^1(dμ) with u(z) ≥ 0 μ-aa and ∫_∞ 0 u(z) dz = 1, E(u|u_∞) = ∫_∞ 0 (u(z) − e^{−z})^2 dz.

For θ ∈]0, 2/e[ let c = c(θ) ∈]0, 1/e[ and B = B(θ) ∈]0, ∞[ such that θ = −2 c(θ) log(c(θ)), 2 c(θ) B(θ) = θ. We note lim_{θ→0} c(θ) = 0. For θ ∈]0, 1/e[ let

u_θ : R^+ → R^+_0

u_θ(z) = e^{−z} − c(θ) , 0 < z ≤ − log(c(θ)) e^{−z} + c(θ) , − log(c(θ)) < z ≤ − log(c(θ)) + B(θ) e^{−z} , − log(c(θ)) + B(θ) < z .

We certainly have for all θ ∈]0, 2/e[: u_θ(z) ≥ 0 for μ-aa z ∈]0, ∞[ and

‖u_θ‖_L1_{(dμ)} = ∫_∞ 0 u_θ(z) dz = ∫_{− log(c(θ))} 0 ( e^{−z} − c(θ) ) dz + ∫_{− log(c(θ))+B(θ)}

− log(c(θ)) ( e^{−z} + c(θ) ) dz + ∫_∞ − log(c(θ))+B(θ) e^{−z} dz = 1 + c log(c) + c B = 1, and ‖u_θ − u_∞‖_L1_{(dμ)} = −c log(c) + c B = θ, E(u_θ|u_∞) = −c^2 log(c) + c^2 B = c θ.

Hence

lim_{θ→0} ‖u_θ − u_∞‖^2_{L1(dμ)} E(u_θ|u_∞) = lim_{θ→0} θ c(θ) = lim_{θ→0} −2 log(c(θ)) = ∞.

Hence there is no K ∈]0, ∞[ such that for all u ∈ L^1(dμ), u(z) ≥ 0 for μ-aa z ∈]0, ∞[, ∫_∞ 0 u dμ = 1 an estimate of the form ‖u − u_∞‖_L1_{(dμ)} ≤ K √ E(u|u_∞) would be available.

f) (continued) We keep the notations and assumptions of the previous example. The above discussion suggests an estimate of the form

‖u − u_∞‖_L1_{(dμ)} ≤ K_1 F^{−1}(K_2 E(u|u_∞)), (92)

where K_1, K_2 ∈]0, ∞[, at least for ”small” values of ‖u − u_∞‖_L1_{(dμ)}, where F is the strictly increasing function θ → c(θ) θ, θ ∈]0, 2/e[. Estimate (92) actually follows from Lemma 28. This can be seen as follows. For θ ∈]0, 1[ it is easy to see that we have for all u ∈ L^1_+(dμ) with u_∞(z) = e^{−z} ≥ u(z), ∫_∞ 0 u dμ = θ the estimate

E(u|u_∞) ≥ E([u − c]^+|u_∞) = −c^2 log(c) + c^2/2 ≥ −c^2 log(c) = c (1 − θ) 2 , where c = c(1 − θ). (92) follows with K_1 = K_2 = 2 from Lemma 28 now.

g) f(t) = t^m with m ∈ [2, ∞[ (hence Φ(t) =^1_{m−1} t^m) and μ({u_∞ > 0}) < ∞. According to the discussions of e) and f) the norm ‖u − u_∞‖_L1_{(dμ)} can usually not be estimated by K √ E(u|u_∞). This is shown at hand of the counter example of f). In this example the support of u_∞ has infinite measure. On the other hand the stationary solutions u_∞ of the evolution systems investigated in previous sections are compactly supported, i.e. μ({u_∞ > 0}) < ∞. The question arises whether this additional property of u_∞ can be exploited to achieve a more transparent description of U. The affirmative answer is given in

Theorem 32. Assume A.3, A.4. Let m ∈ [2, ∞[ and let Φ : R_0 → R_0 , Φ(t) = c t^m with c ∈ R^+ . Assume A.5 and additionally μ({u_∞ > 0}) < ∞. Then there is K ∈ R^+ (only depending on m, c, μ({u_∞ > 0})), such that for all u ∈ C^∗_1 with ‖u − u_∞‖_L1_{(dμ)} ∈ (0, S_∞): ‖u − u_∞‖_L1_{(dμ)} ≤ K (E(u|u_∞))^{1/m} . Proof. We wish to apply Lemma 28. Hence we have to estimate inf{E(v|u_∞) : v ∈ L^1(dμ), 0 ≤ v ≤ u_∞, ∫ v dμ = θ}, where θ ∈]0, 1[. Let v ∈ L^1(dμ) with 0 ≤ v ≤ u_∞, ∫ v dμ = θ. We note: θ = ∫ {u∞>0} v dμ and E(v|u_∞) = ∫ [Φ(v) − Φ(u_∞) − Φ^′(u_∞) (v − u_∞)] dμ ≥ ∫ {u∞>0} [Φ(v) − Φ(u_∞) − Φ^′(u_∞) (v − u_∞)] dμ = ∫ {u∞>0,v≠u∞} [Φ(v) − Φ(u_∞) − Φ^′(u_∞) (v − u_∞)] dμ.

Now comes an important estimate: There is K_0(m) ∈ R^+ such that for all σ ∈ [0, 1[ σ^m − m σ + (m − 1)

(1 − σ)^m ≥ K_0. Hence ∫ {u∞>0},v≠u∞ [Φ(v) − Φ(u_∞) − Φ^′(u_∞) (v − u_∞)] dμ = c ∫ {u∞>0},v≠u∞ u^m_∞ [(v/u_∞)^m − m(v/u_∞) + m − 1] dμ ≥ c K_0 ∫ {u∞>0},v≠u∞ u^m_∞ [1 − (v/u_∞)]^m dμ

= c K_0 ∫ {u∞>0},v≠u∞ (u_∞ − v)^m dμ = c K_0 ∫ {u∞>0} (u_∞ − v)^m dμ ≥ c K_0 (μ{u_∞ > 0})^{1−m} (∫ {u∞>0} (u_∞ − v) dμ )_m

=: K_1 (1 − θ)^m.

Hence, due to Lemma 28: If u ∈ C^∗_1 and if ‖u − u_∞‖_L1_{(dμ)} ∈ (0, S_∞), then

K_1 ( ‖u − u_∞‖_L1_{(dμ)} 2 )_m ≤ E(u|u_∞), which finishes the proof.

Remark 34. In the previous sections exponential decay has been established for superentropies E(t) of E(u(t)|u_∞) (i.e. E(t) ≥ E(u(t)|u_∞)). Due to Lemma 32 we have under the assumptions mentioned there for f(t) = log(t) or f(t) = t^m,

m ∈ R^+ , the estimate ‖u(t) − u_∞‖_L1_{(dμ)} ≤ K (E(t))^{1/κ} , where K ∈ R^+ and κ = 2 for lim_{t→∞} f(t) t^{−2} = 0 and κ = m for f(t) = t^m with m ∈ [2, ∞). References

[ADR96] F. Abergel, A. Decarreau, J. Rakotoson. Study of a nonlinear ellipticparabolic equation with measures as data: existence, regularity and behaviour near a singularity. Nonlin. Anal. TMA 26 (1996), 1869-1887.

[AlLu83] H. Alt, S. Luckhaus. Quasilinear elliptic-parabolic differential equations. Math. Z. 183 (1983), 311-341.

[AMTU98] A. Arnold, P. Markowich, G. Toscani, A. Unterreiter. On logarithmic Sobolev inequalities, Csiszar-Kullback inequalities and the rate of convergence to equilibrium for Fokker-Planck type equations. preprint.

[BCLS95] D. Bakry, T. Coulhon, M. Ledoux, L. Saloff-Coste. Sobolev inequalites in disguise. Ind. Univ. Math. J. 44 (1995), 1033-1074.

[BeBe85] P. Bénilan, J. Berger. Estimation uniforme de la solution de u_t = Δϕ(u) et caractérisation de l’éffet régularisant. C. R. Acad. Sci. Paris Ser. I Math. 300 (1985), 573–576.

[BeLo76] J. Bergh, J. Löfström. Interpolation Spaces. Springer. 1976.

[BeHi86] M. Bertsch, D. Hilhorst. A density dependent diffusion equation in population dynamics: stabilization to equilibrium. SIAM J. Math. Anal. 17 (1986), 863-883.

[CaLo93] E. Carlen, M. Loss. Sharp constants in Nash’s inequality. Int. Math.

Res. Not. 7 (1993), 213-215.

[CaTo98] J. A. Carrillo, G. Toscani. Exponential convergence toward equilibrium for homogeneous Fokker-Planck type equations. Math. Meth. Appl. Sci. 21 (1998), 1269-1286.

[CaTo98b] J. A. Carrillo, G. Toscani. Asymptotic L^1-decay of solutions of the porousmedium equation to self-similarity. Indiana J. Math (to appear) (1999).

[Cer88] C. Cercignani. The Boltzmann equation and its applications. Springer.

New York. 1988.

[CIP94] C. Cercignani, R. Illner, and M. Pulvirenti. The mathematical theory of dilute gases. Springer. New York. 1994.

[Csi67] I. Csiszar. Information-type measures of difference of probability distributions and indirect observations. Stud. Sci. Math. Hung., 2 : 299–318 , 1967.

[DGJ97] P. Degond, S. Génieys, A. Jüngel. A system of parabolic equations in nonequilibrium thermodynamics including thermal and electrical effects. J. Math. Pures Appl. 76 (1997), 991-1015.

[DJP99] P. Degond, A. Jüngel, P. Pietra. Numerical discretization of energytransport models for semiconductors with non-parabolic band structure. preprint, TU Berlin, Germany, (1999).

[Dey79] Z. Deyl (editor). Electrophoresis: A survey of techniques and applications. Elsevier, Amsterdam 1979.

[DiB83] E. DiBenedetto. Continuity of weak solutions to a general porous medium equation. Indiana Math. Univ. J. 32 (1983), 83-118.

[DoPi99] J. Dolbeault, M. del Pino. Generalized Sobolev inequalities and asymptotic behaviour in fast diffusion and porous medium problems. preprint TMR, (1999).

[FiKa95] J. Filo, J. Kačur. Local existence of general nonlinear parabolic systems.

Nonlin. Anal. TMA 24 (1995), 1597-1618.

[GaMa96] G. Gagneux and M. Madaune-Tort. Analyse mathématique de modèles non linéaires de l’ingénierie pétrolière. Springer, Paris, 1996.

[GaVa94] V. Galaktionov, J. L. Vázquez. Asymptotic behaviour for an equation of superslow diffusion. The Cauchy problem. Asymptotic Analysis 8 (1994), 145-159.

[Gro75] L. Gross. Logarithmic Sobolev inequalities, Amer. J. of Math. 97 (1975), 1061–1083.

[HLR83] R. Hills, D. Loper, P. Roberts. A thermodynamically consistent model of a mushy zone. Q. J. Mech. Appl. Math. 36 (1983), 505-539.

[Jun96] A. Jüngel. Stationary transport equations for charge carriers in semiconductors including electron-hole scattering. Appl. Anal. 62 (1996), 53-69.

[Jun97] A. Jüngel. A nonlinear drift-diffusion system with electric convection arising in semiconductor and electrophoretic modeling. Math. Nachr. 185 (1997), 85-110.

[Jun99] A. Jüngel. Regularity and uniqueness of solutions to a system of parabolic equations in nonequilibrium thermodynamics. Nonlin. Anal. TMA (to appear) (1999).

[Jun93] Z. Junning. The asymptotic behaviour of solutions of a quasilinear degenerate parabolic equation. J. Diff. Eqs. 102 (1993), 33-52.

[Kac85] J. Kačur. Method of Rothe in Evolution Equations. Teubner, Leipzig.

1985.

[Kac90] J. Kačur. On a solution of degenerate elliptic-parabolic systems in Orlicz- Sobolev spaces I. Math. Z. 203 (1990), 153-171.

[Kal87] A. Kalashnikov. Some problems of the qualitative theory of non-linear degenerate second-order parabolic equations. Russ. Math. Surveys 42 (1987), 169-222.

[KnOt96] P. Knabner, F. Otto. Solute transport in porous media with equilibrium and non-equilibrium multiple-site adsorption: uniqueness of weak solutions. Preprint no. 195, Universität Erlangen, Germany (1996).

[Kul67] Kullback, S. A lower bound for discrimination information in terms of variation. IEEE Trans. Inf. The., 4 : 126–127, 1967.

[LSU68] O.A. Ladyzenskaja, V.A. Solonnikov, N.N. Ural’ceva. Linear and Quasilinear Equations of Parabolic Type. AMS, Providence, Rhode Island. 1968.

[MaUn93] P. Markowich, A. Unterreiter. Vacuum Solutions of the Stationary Drift-Diffusion Model. Ann. Sc. N. Sup. di Pisa. XX (IV) (1993), 371-386.

[McCan97] R. J. McCann. A convexity principle for interacting gases. Adv. Math.

128(1) (1997), 153-179.

[Nas58] J. Nash. Continuity of solutions of parabolic and elliptic equations.

Amer. J. Math. 80 (1958), 931-954.

[Ott96] F. Otto. L^1-contraction and uniqueness for quasilinear elliptic parabolic equations. J. Diff. Eqs. 131 (1996), 20-38.

[Ott99] F. Otto. The geometry of dissipative evolution equations: the porous medium equation. Reprint No. 8, Max-Planck-Institut Leipzig, Germany (1999).

[Rac92] R. Racke. Lectures on nonlinear evolution equations. Initial value problems. Vieweg, Braunschweig. 1992.

[Rud87] W. Rudin. Real and Complex Analysis. McGraw-Hill. 1987.

[Tos97] G. Toscani. Sur l’inégalité logarithmique de Sobolev. C.R. Acad. Sc.

Paris , A 324 série 1 (1997) 689-694.

[ToVi99] G. Toscani, C. Villani. On the trend to equilibrium for some dissipative systems with slowing increasing a priori bounds. J. Statist. Phys. (to appear) (1999).

[Unt94] A. Unterreiter. The Thermal Equilibrium State of Semiconductor Devices. Appl. Math. Lett. 7 (1994), 39-43.

[Unt95] A. Unterreiter. Vacuum and Non-Vacuum Solutions of the Quasi- Hydrodynamic Semiconductor Model in Thermal Equilibrium. Math. Meth. Appl. Sc. 18 (1995), 224-254.

[Vaz92] J. L. Vázquez. An introduction to the mathematical theory of the porous medium equation. Shape optimization and free boundaries (Montreal, PQ, 1990). NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 380, 347–389, Kluwer Acad. Publ., 1992.

[Vaz97] J. L. Vázquez. Asymptotic behaviour for the porous medium equation in the whole space. Notas del curso de doctorado Métodos asintóticos en ecuaciones de evolución.

[Ver79] L. Véron. Effets régularisants de semi-groupes non linéaires dans des espaces de Banach. Ann. Fac. Sci. Toulouse Math. 1 (1979) 171-200.

5 Appendix: List of Assumptions

5.1 Section 2

(HA1) The function b : R^n → R^n with b(0) = 0 is strictly monotone and a gradient, i.e. there exists a function χ ∈ C^1(R^n ) with b = ∇χ, χ(0) = 0, and constants β, B > 0, m > 0 such that for all u, v ∈ R^n , β|u − v|^{1+1/m} ≤ (b(u) − b(v)) · (u − v) ≤ B|u − v|^{1+1/m}. (HA2) The function a : R^n × R^{n×d} → R^{n×d} is continuous in R^n × R^{n×d} and elliptic in the sense (a(u, z_1) − a(u, z_2)) · (z_1 − z_2) ≥ α|z_1 − z_2|^p for all u ∈ R^n , z_1, z_2 ∈ R^{n×d} , with constants α > 0 and p > 1.

(HA3) The function f : R^n → R^n satisfies f(u) · u ≤ 0, |f(u)| ≤ Ce(b(u)), for all u ∈ R^n , where the function e is the Legendre transform of χ, i.e. e(b(u)) = b(u) · u − χ(u), u ∈ R^n . (HA4) e(b(u_0)) ∈ L^1(R^d ) with measurable u_0.

(HB1) Let (HA1) with n = 2 and m ≥ 1 hold.

(HB2) The matrix (L_{ij}) with L_{ij} : R^2 → R is symmetric, uniformly positive definite and bounded: 2∑ i,j=1 L_{ij}(u)z_iz_j ≥ α|z|^2, |L_{ij}(u)| ≤ A,

for all u, z ∈ R^2 , for some α, A > 0.

(HB3) e(b(u_0)) ∈ L^1(R^d ) with u_0 measurable, and b(u_0) ∈ L^1(R^d ), V ∈ L^∞(R^d ).

5.2 Sections 3.1-3.5

(HD1) Ω ⊆ R^d is either a smooth, bounded domain or Ω = R^d . (HD2) u_0 ∈ L^1(Ω), u_0 ≥ 0 and ∫ Ω u_0(x) dx =: M ∈ (0, ∞).

(HD3) u_0 ∈ L^∞(Ω).

(HV1) If Ω = R^d , then V ∈ W^{1,1}_{loc} (R^d ), and if Ω is bounded, then V ∈ W^{1,1}(Ω). (HV2) If Ω = R^d , then ∀A ∈ R: {x|V (x) ≤ A} is bounded. (HV3) inf_Ω V = 0.

(HV4) If Ω = R^d and h(0+) = −∞, then there is C ∈ R with U(x, C) ∈ L^1(R^d ). (HV5) M < M̄(Ω) = lim_{C→C}∗ M(C).

(HV6) If Ω = R^d , then E(u_{∞,η}) < ∞ for η ∈ (0, M̄). (HV7) Ω is convex.

(HV8) V = W |_Ω, where W ∈ C^2(R^d , R) is uniformly convex, that is, there is α_1 > 0 such that ξ · Hess(W (x)) · ξ^T ≥ α_1|ξ|^2 for any x, ξ ∈ R^d .

(HF1) f : R^+_0 → R is continuous, strictly increasing and f(0) = 0. (HF2) f|_{IR}+ ∈ C^3(R^+ ).

(HF3) The function h, defined by h(u) := ∫_u 1 f^′(s) s ds, u ∈ (0, ∞), belongs to L^1_{loc}([0, ∞)). Then Φ : [0, ∞) → R, Φ(u) = ∫_u 0 h(s) ds is well-defined with Φ^′(u) = h(u) for all u ∈ R^+ .

(HF4) f(u) ≤ d d − 1 uf^′(u), for all u > 0.

(HF5) If h(0+) > −∞, then there is s_0 ∈ R^+ with f^{′′}(u) ≥ 0 for all u ∈ (0, s_0). (HF6) Either f is convex on [0, ∞) or f^{−1} is globally Hölder continuous. (HF7) If h(0+) = −∞ we assume there exists 0 < s_1 < 1 such that b := sup { Φ(u) uh(u) , 0 < u < s_1 } < +∞.

(U1) There exists g ∈ L^1(R^d ) and n_4 ∈ N such that n |∇V |^2 ind_{{x∈Bn:u0(x)>n}} ≤ g, ∀n ≥ n_4, where ind_{{x∈Bn:u0(x)>n}} is the indicator function of {x ∈ B_n : u_0(x) > n}.

(U2) ∫ R^d

Φ^−(u_0)(x) dx < ∞.

(HE1) F (u_0) ∈ L^1(R^d ).

(HE2) There exists A > 0 such that G(u) ≤ AF (u) for u > 0. (HE3) ΔV ∈ L^∞(R^d ). (HE4) u_0 ∈ L^∞(R^d ).

(HE3b) There exists 0 < M̃ < M̄ such that u_0 ≤ u_{∞,}~_M in R^d with u_{∞,}~_M ΔV ∈ L^1(R^d ).

5.3 Section 3.6

(HG1) h((u(t)) ∈ L^1_{loc}(R^d ).

(HG2) There is a nonvoid, open interval I_t ⊆ [T_0, T_1) such that (h(u(t)) + V ) u(s) ∈ L^1(R^d ), s ∈ I_t, (HG3) The function P_t : I_t → R, P_t(s) = ∫ R^d (h(u(t)) + V ) u(s) dx is differentiable at t with

P^′_t (t) = J_h(u(t)) ( = ∫ R^d u(t) |∇h(u(t)) + ∇V |^2 dx ) < ∞. (HG4) u(t) satisfies (U1), E(u(t)) < ∞ and lim It∋s→t ∫ R^d Φ(u(s)) − Φ(u(t)) − h(u(t)) (u(s) − u(t)) s − t dx = 0.

5.4 Section 4

A.1 Φ : I → R, I = R^+_0 or I = R^+ , is strictly convex and continuous.

If I = R^+ , then Φ(0+) = ∞.

A.2 Φ is differentiable on R^+ and we set I^′ := {s ∈ I : Φ is differentiable at s}, and h := Φ^′ : I^′ → R.

A.3 (S, B, μ) is a measure space. A.4 u_∞ ∈ C^′ with ∫ S u_∞ dμ =: M ∈ R^+ .

A.5 R_∞ ≠ 0 and C^∗_M contains an element different from u_∞. A.7 There are c ∈ R^+ , a ∈ (1, ∞), b ∈ R such that

A.7.1 For all t, s ∈ I with t ≤ s ≤ ess sup u_∞ ∈]0, ∞] the estimate Φ(t) − Φ(s) − Φ^′(s)(t − s) ≥ c s^{b−a} (s − t)^a holds and A.7.2 u^{a−ba−1}∞ ∈ L^1(dμ).