Inviscid Limits of the Complex Ginzburg-Landau Equation

Philippe Bechouche Departamento de Matemática Aplicada, Facultad de Ciencias, Universidad de Granada, 18071 Granada, Spain, and Laboratoire Dieudonné, Université de Nice, BP 71, F – 06108 Nice Cedex 2, France, e-mail: phbe@math.unice.fr

Ansgar Jüngel Fachbereich Mathematik, Technische Universität Berlin, Straße des 17. Juni 136, D – 10623 Berlin, Germany, e-mail: jungel@math.tu-berlin.de, and Laboratoire Dieudonné, Université de Nice, BP 71, F – 06108 Nice Cedex 2, France

Abstract

In the inviscid limit the generalized complex Ginzburg-Landau equation reduces to the nonlinear Schrödinger equation. This limit is proved rigorously with H^1 data in the whole space for the Cauchy problem and in the torus with periodic boundary conditions. The results are valid for nonlinearities with arbitrary growth exponent in the defocusing case and with subcritical or critical growth exponent at the level of L^2 in the focusing case, in any spatial dimension. Furthermore, optimal convergence rates are proved. The proofs are based on estimates of the Schrödinger energy functional and on Gagliardo-Nirenberg inequalities.

Keywords. Generalized complex Ginzburg-Landau equation, nonlinear Schrödinger equation, energy estimates, optimal rate of convergence, strong solutions.

1991 Mathematics Subject Classification. 35K55, 35Q55, 81Q05.

Acknowledgments. The authors would like to thank Dave Levermore for stimulating discussions. The authors acknowledge support from the DAAD-PROCOPE Program, the DAAD ‘Acciones Integradas’ Program, and from the TMR Project “Asymptotic Methods in Kinetic Theory”, grant number ERB-FMBX-CT97-0157. The second author is partly supported by the Gerhard-Hess Program of the Deutsche Forschungsgemeinschaft, grant number JU359/3-1.

1 Introduction

The description of spatial pattern formation or chaotic dynamics in continuum systems, in particular fluid dynamical systems, is a challenging task in theoretical physics and applied mathematics. Due to the complexity of the corresponding nonlinear evolution equations, simpler model equations for which the mathematical issues can be solved with greater success, have been derived. The complex Ginzburg-Landau equation is one of these equations. It models the evolution of the amplitude of perturbations to steady-state solutions at the onset of instability [23, 31].

Originally discovered by Ginzburg and Landau for a phase transition in superconductivity [17], this equation was subsequently derived for instability waves in hydrodynamics such as the nonlinear growth of Rayleigh-Bénard convective rolls [33, 34], the appearance of Taylor vortices in the Couette flow between counterrotating cylinders [39], and the development of Tollmien-Schlichting waves in plane Poiseuille flows [2]. The equation is also used to model the transition to turbulence in chemical reactions [19, 20, 24] or to describe pattern formation [8, 32].

The generalized complex Ginzburg-Landau (CGL) equation for the function u(x, t) is given by

∂_tu = (a + iν)Δu + Ru − (b + iμ)f(u) in Ω, t > 0, (1.1) u(x, 0) = u_0(x) for x ∈ Ω. (1.2)

We consider this equation either in the whole space Ω = R^d or in the torus T^d = (R/2πZ)^d. In the latter case we prescribe periodic boundary conditions. The parameters a, b, ν, μ, R are real with R ≥ 0, a > 0 and b > 0. Without loss of generality, we take ν > 0. The interaction term f(u) is a nonlinear function of u, a typical form of which is f(u) = u|u|^{2σ}, u ∈ C , (1.3) for some σ > 0. Usually, the CGL equation with cubic nonlinearity σ = 1 has been considered in physics.

The Eq. (1.1) reduces to the nonlinear Schrödinger (NLS) equation for a = b = 0 ∂_tu = iνΔu + Ru − iμf(u) in Ω, t > 0, (1.4) (more commonly with R = 0) and to the nonlinear heat equation with dissipative nonlinearity for ν = μ = 0, so that one may expect for it a mixture of the properties that occur in those two cases. Now, the self-focusing mechanism and its resulting finite-time blow-up for solutions of the NLS equation (with R = 0) is well understood both physically and mathematically [26, 30, 36]. More precisely, necessary conditions for the possible formation of finite-time singularities are μ < 0 and σ ≥ d/2. In this case, the interaction is attractive, and when σ ≥ d/2 this attraction is strong enough to lead to singularities. When μ > 0, the interaction is repulsive, and there is no tendency for the particles to concentrate.

Therefore, it is of particular mathematical interest to ask how “far” is the solution of the CGL equation (1.1) from the solution of the NLS equation (1.4), in order to relate the results for the NLS equation to the behavior of the solution to the CGL equation. In this paper we answer this question. More precisely, we prove rigorously the inviscid limit a → 0, b → 0 in the Eq. (1.1) and give optimal convergence rates for the difference of the solutions to Eqs. (1.1) and (1.4).

Optimal convergence rates for the difference of the solutions to Eqs. (1.1) and (1.4) have also been given by Wu in [41], however, his estimates do not allow the limit a → 0, b → 0, except in the case of linear interactions. The results of this paper are valid for any nonlinearity satisfying some structure conditions (see below).

Bartuccelli et al. [1] obtained asymptotic bounds for the CGL equation (with periodic boundary conditions) which suggest that large intermittent fluctuations can occur in two or three space dimensions near the inviscid limit. In one space dimension, however, only small deviations from mean quantities are possible. Numerical studies of the CGL equation near the inviscid limit have been performed in [18, 38]. Another paper which relates the CGL equation to the NLS equation is [25]. The authors show that so-called traveling holes of the CGL equation are singular perturbations of nonlinear Schrödinger dark solitons. Furthermore, Levermore studied recently the inviscid limit in terms of wavenumber modes [27].

In order to describe the main results of this paper we suppose that 0 < a < a_0, 0 < b < b_0, ν > 0, R ≥ 0, μ ∈ R, d ≥ 1, (1.5) and, for the sake of presentation, we assume that the nonlinearity f(u) is given by (1.3). In Section 2 we present results for more general nonlinearities. We show the inviscid limit for nonlinearities with arbitrary growth exponent when μ ≥ 0 and at the level of L^2 when μ < 0. Here, the term “subcritical at the level of L^2” indicates that σ < 2/d. More precisely, we assume that

if μ ≥ 0 : 0 < σ < ∞; (1.6) if μ < 0 : (i) σ < 2/d, or (ii) σ = 2/d and ‖u_0‖_L2 is small enough. (1.7)

Let ε = (a, b), let the initial datum satisfy u_0 ∈ V^{def}= H^1(Ω) ∩ L^{2σ+2}(Ω), T > 0, and let u_ε be the solution to the CGL equation (1.1)–(1.2) in Ω × (0, T ) (see Section 2 for a review on existence results). Furthermore, when μ < 0, let (ba^{−dσ/2}) be bounded as ε → 0.

Theorem 1.1 Let the above assumptions hold. Then there exists a subsequence of (u_ε) (not relabeled) such that, as ε → 0, u_ε converges to a function u which solves the NLS equation (1.4), (1.2). The convergence is strong in the space L^∞(0, T ; L^r_{loc}(Ω)), where r < 2d/(d − 2), and weak-∗ in the spaces L^∞(0, T ; H^1(Ω)) and W^{1,∞}(0, T ; V^∗).

If the NLS equation is uniquely solvable (e.g., when σ ≤ 2/(d − 2); cf. [6]) then the whole sequence (u_ε) converges.

For the convergence rates, let u_ε be the solution to the CGL equation (1.1), (1.2) with initial datum u_{ε0} and let u be the solution to the NLS equation (1.4), (1.2) with initial datum u_0. We assume that u_{ε0}, u_0 ∈ H^n(Ω) with n > d/2 and ‖u_{ε0} − u_0‖_L2 = O(a) + O(b) as ε → 0.

Theorem 1.2 Let the above assumptions hold. Then there exists a constant T^∗ > 0 independent of a, b such that for all 0 ≤ t < T^∗,

‖(u_ε − u)(t)‖_L2 = O(a) + O(b) as ε → 0.

Moreover, we can take T^∗ = T if d = 1.

The growth condition for the nonlinearity in the above results is sharp. Indeed, when Ω = R^d and u_0 ∈ H^1(Ω)∩L^{2σ+2}(Ω), there exists a global in time weak solution to the NLS equation if the conditions (1.6)–(1.7) hold. Moreover, if σ ≥ 2/d then there exist solutions that blow up in finite time (see [6, Rem. 6.5.1, Thm. 9.4.1]). Theorems 1.1 and 1.2 are corollaries from the more general results of Section 2 (see Theorems 2.1, 2.2, 2.4, and 2.5).

In the following we explain our method of proof of the inviscid limits. The basic idea is to treat the CGL equation as a perturbation of the NLS equation. Now, the NLS flow (with R = 0) conserves the mass M and the energy E, which are defined by M(t) = ∫ Ω |u(t)|^2 dx, (1.8) E(t) = ν 2 ∫ Ω |∇u(t)|^2 dx + μ 2 ∫ Ω F (|u(t)|^2) dx, (1.9)

and F is given by F (s) = 1 σ + 1 s^{σ+1}, s ≥ 0. One may expect that in the case of the CGL equation, these quantities are also bounded in terms of M(0), E(0), and Rt (if R > 0). This is indeed true. Let u be a weak solution to the CGL equation. A simple computation shows that, when μ ≥ 0 (see Section 3), ∂_tM ≤ 2RM, ∂_tE ≤ 2R(σ + 1)E, for all t > 0, which implies that M(t) ≤ M(0)e^{2Rt}, E(t) ≤ E(0)e^{2R(σ+1)t}. When μ ≥ 0 we immediately obtain H^1 and L^{2σ+2} bounds for u(t) uniformly in a, b. In the case μ < 0 we need, for instance, to control the integral − μ 2 ∫ Ω F (|u(t)|^2)dx = − μ 2(σ + 1) ∫ Ω |u(t)|^{2σ+2}dx with the H^1 norm of u(t). This is achieved through the Gagliardo-Nirenberg inequality (see Lemma 2.6) ‖u‖_L2σ+2 ≤ C(σ, d)‖u‖^θ_H1 ‖u‖^{1−θ}_{L2} , where the interpolation parameter θ satisfies θ = σd/(2σ +2). Notice that 0 < θ < 1 if and only if 0 < σ < 2/(d − 2). This inequality gives, for 0 ≤ t ≤ T , E(t) + ν 2 M(t) = ν 2 ‖u(t)‖^2_H1 + μ 2(σ + 1) ‖u(t)‖^{2σ+2}_{L2σ+2} ≥ ν 2 ‖u(t)‖^2_H1 + μC^′‖u(t)‖^{(2σ+2)θ}_{H1} ‖u(t)‖^{(2σ+2)(1−θ)}_{L2} .

Because ‖u(t)‖_L2 is uniformly bounded, this estimate provides an upper bound for ‖u(t)‖_H1 uniformly in a, b, whenever E(t) is uniformly bounded and the exponent of the H^1 norm of u(t) in the second term of the right-hand side is less than in the first term, which is the case if and only if σ < 2/d. For the limit case σ = 2/d, the above estimate gives a uniform bound for ‖u(t)‖_H1 provided that ‖u(t)‖_L2 or, equivalently, ‖u_0‖_L2 is small enough.

It is clear that the uniform H^1 bound for u(t) is the key estimate in the proof of Theorem 1.1. In a similar way, one can obtain uniform H^n bounds for u(t) (n > 1) by estimating the quantities ∂_t‖u‖^2_Hn (see Sections 5 and 7). These bounds can be only derived for small enough t > 0, since the use of the Gagliardo-Nirenberg inequality leads to inequalities of the type

∂_t‖u‖^2_Hn ≤ C_1 + C_2‖u‖^{2+α}_Hn ,

with positive α = α(σ, d).

For the proof of Theorem 1.2 we consider the equation satisfied by the difference u_ε − u, where u_ε with ε = (a, b) solves the CGL equation and u solves the NLS equation. In order to estimate the term f(u_ε) − f(u) we need uniform L^∞ bounds for the solutions which are obtained via the Sobolev embedding theorem from the uniform H^n bounds with n > d/2.

This paper is organized as follows. In Section 2 we recall some existence results for the CGL equation and state our main theorems. Section 3 is concerned with the uniform H^1 estimate for the solutions of the CGL equation. The first convergence result is proved in Section 4. A uniform bound in H^2 is derived in Section 5. Finally, the proof of the optimal convergence rate is presented in Section 6 (for at most three spatial dimensions) and Section 7 (for any spatial dimension).

2 Preliminaries and main results

The (global in time) existence and uniqueness of solutions to the generalized CGL equation (1.1)–(1.2) is shown by Ginibre and Velo for Ω = R^d [14, 15, 16] and by

Doering, Gibbon and Levermore for Ω = T^d [9] (also see the review [28]) under some assumptions on the nonlinearity. In particular, assume the following:

Let Ω = R^d or Ω = T^d (d ≥ 1), u_0 ∈ V^{def}= H^1(Ω) ∩ L^{2σ+2}(Ω), T > 0, 0 < σ < ∞ and, in the case μ < 0, let either (i) σ < 2/d, or (ii) σ = 2/d and ‖u_0‖_L2 be small enough.

(2.1)

Note that V = H^1(Ω) if σ ≤ 2/(d − 2). We impose the following assumption on the non-linearity f(u): f(u) = ug(|u|^2), u ∈ C , (2.2) where the function g(s) satisfies:

g ∈ C^1([0, ∞); [0, ∞)) and there exist σ, γ, Γ, Γ^′ > 0 such that for all s ≥ 0 γs^σ ≤ g(s) ≤ Γ(1 + s^σ), 0 ≤ sg^′(s) ≤ Γ^′(1 + s^σ).

(2.3)

For instance, the functions g(s) = s^σ, g(s) = s^σ + log(1 + s), or g(s) = se^s/(1 + e^s) satisfy the condition (2.3). In order to define the mass (1.8) and energy (1.9) we introduce F (s) = ∫_s 0 g(ξ)dξ, s ≥ 0. Under the above assumptions there exists a unique solution u to (1.1)–(1.2) satisfying

u ∈ H^1(0, T ; L^2(Ω)) ∩ C^0([0, T ]; H^1(Ω) ∩ L^{2σ+2}(Ω)) ∩ L^2(0, T ; H^2(Ω)).

This follows from the a priori estimates of Section 3 and the compactness arguments of [9, 14]. Furthermore, if additionally u_0 ∈ H^n(Ω) (n ∈ N), then the solution u satisfies

u ∈ H^1(0, T ; H^{n−1}(Ω)) ∩ C^0([0, T ]; H^n(Ω)) ∩ L^2(0, T ; H^{n+1}(Ω)).

This regularity result can be achieved by applying, for instance, Theorems II.3.2 and II.3.3 in [40, Ch. I.3.3].

Concerning the existence and uniqueness of solutions to the NLS equation (1.4), (1.2) we refer to [6, 7, 13] for Ω = R^d and to [3, 4, 21] for Ω = T^d (see also [22] and the reviews in [11, 12]).

Our first main result is concerned with the convergence of the solution u_ε of the CGL equation with initial datum u_0 and parameter ε = (a, b) to a solution u of the NLS equation. In the case μ < 0 we need an additional technical assumption on the parameters a and b:

Let (ba^{−dσ/2}) be bounded as (a, b) → 0. (2.4)

Theorem 2.1 Let the assumptions (1.5), (2.1)–(2.4) hold. Furthermore, let Ω = T^d . Let u_ε be the solution to the CGL equation (1.1)–(1.2). Then there exists a subsequence of u_ε (not relabeled) such that, as ε → 0,

u_ε ⇀ u in L^∞(0, T ; H^1(Ω)) weakly-∗, ∂_tu_ε ⇀ ∂_tu in L^∞(0, T ; V^∗) weakly-∗, u_ε → u in L^∞(0, T ; L^r_{loc}(Ω)) strongly, f(u_ε) → f(u) in L^∞(0, T ; L^q_{loc}(Ω)) strongly,

where r < 2d/(d − 2) (r < ∞ if d ≤ 2); 2/(2σ + 1) < q < (2σ + 2)/(2σ + 1) when μ ≥ 0; q = 2d/(d+2) when μ < 0; and u ∈ L^∞(0, T ; H^1(Ω))∩W^{1,∞}(0, T ; H^{−1}(Ω))∩ L^{(2σ+1)q} (Ω × (0, T )) solves the NLS equation (1.4), (1.2).

Theorem 2.2 Let the assumptions of Theorem 2.1 hold, but assume that Ω = R^d and that g(s) ≤ Γs^σ for σ ≥ 0. Then the same conclusion as in Theorem 2.1 holds.

The proof of this result is based on a uniform bound for u_ε in L^∞(0, T ; H^1(Ω)), which allows to bound the term f(u_ε). In one space dimension, the Sobolev embedding H^1(Ω) → L^∞(Ω) therefore provides a uniform bound for u_ε in L^∞(Ω × (0, T )) from which we can conclude a O( √ a) + O( √ b) convergence rate for the difference u_ε − u in L^∞(0, T ; L^2(Ω)) under the condition that the initial data satisfies

‖u_{ε0} − u_0‖_L2 = O( √ a) + O( √ b) as a, b → 0. (2.5)

Theorem 2.3 Let d = 1 and assume that the hypotheses (1.5), (2.1)–(2.5) hold. Then we have for all 0 ≤ t ≤ T ,

‖(u_ε − u)(t)‖_L2 = O( √ a) + O( √ b) as a, b → 0. More precisely, there exist two constants M_1(T ), M_2(T ) > 0 depending on the data but not on a, b such that for all 0 ≤ t ≤ T ,

‖(u_ε − u)(t)‖_L2 ≤ ‖u_{ε0} − u_0‖_L2 + M_1(T ) √ a + M_2(T ) √ b. In order to get the optimal convergence rate O(a)+O(b) for (u_ε −u)(t) in L^2(Ω), we have to impose stronger assumptions on the nonlinearity g. Suppose that

g ∈ C^2([0, ∞); [0, ∞)) and there exist σ ≥ 1/2, Γ_1, Γ^′_1 > 0 such that for all s ≥ 0 0 ≤ sg^′(s) ≤ Γ_1(s^{1/2} + s^σ), 0 ≤ s^2g^{′′}(s) ≤ Γ^′_1(s^{1/2} + s^σ).

(2.6)

It can be easily checked that the condition on g^′ in (2.6) implies that

0 ≤ sg^′(s) ≤ Γ_2(1 + s^σ) for all s ≥ 0,

for some Γ_2 > 0. Thus the condition on g^′ in (2.6) is stronger than the corresponding condition in (2.3).

Theorem 2.4 Let 1 ≤ d ≤ 3 and u_{ε0}, u_0 ∈ H^2(Ω) and assume the conditions (1.5), (2.1)–(2.6). Then, if ‖u_{ε0} − u_0‖_L2 = O(a) + O(b), there exists a constant T^∗ > 0 depending on the data but not on a, b such that for all 0 ≤ t < T^∗, ‖(u_ε − u)(t)‖_L2 = O(a) + O(b) as a, b → 0. Moreover, we can take T^∗ = T if d = 1.

More precisely, there exist two constants M_3(t), M_4(t) > 0 which are independent of a, b such that for all 0 ≤ t < T^∗,

‖(u_ε − u)(t)‖_L2 ≤ ‖u_{ε0} − u_0‖_L2 + M_3(t)a + M_4(t)b.

The constant T^∗ > 0 depends on d, σ, R, Γ_1, |b_0 +iμ|, C_4, C_6 and ‖Δu_0‖_L2 (see (5.8)). See (5.3) and (5.6) for the definitions of C_4 and C_6.

Our last result is concerned with the optimal convergence rate in any space dimension. In order to avoid cumbersome assumptions on the function g, we suppose that g(s) = s^σ for some σ > 0. (2.7)

Theorem 2.5 Let d ≥ 1, u_{ε0}, u_0 ∈ H^n(Ω) with n ∈ N, n > d/2, and suppose that (1.5), (2.1)–(2.4) and (2.7) hold. Then, if ‖u_{ε0} − u_0‖_L2 = O(a) + O(b), there exists a constant T^∗ > 0 depending on the data but not on a, b such that for all 0 ≤ t < T^∗, ‖(u_ε − u)(t)‖_L2 = O(a) + O(b) as a, b → 0. In the proofs of the main theorems we employ the Gagliardo-Nirenberg inequality (see, e.g., [6, p. 21] or [10, p. 242]):

Lemma 2.6 Let Ω = R^d , or Ω = T^d , or let Ω ⊂ R^d be a bounded domain with ∂Ω ∈ C^{0,1}, and d, m ≥ 1. Furthermore, let 1 ≤ p, q, r ≤ ∞, j ∈ N ∪ {0} with j < m and θ ∈ [j/m, 1] such that 1 p = j d + θ (1 r − m d ) + (1 − θ) 1 q , provided that m − j − d/r is not a nonnegative integer (else take θ = j/m). Then there exists G = G(d, m, j, θ, q, r) such that for all u ∈ W^{m,r}(Ω) ∩ L^q(Ω) ∑ |α|=j ‖D^αu‖_Lp ≤ G‖u‖^θ_W m,r ‖u‖^{1−θ}_Lq .

Frequently, we use the inequality

‖v‖_H2 ≤ C_0(‖v‖_L2 + ‖Δv‖_L2 ) (2.8)

which is valid for all v ∈ H^2(Ω) with Ω = R^d or Ω = T^d .

3 A uniform bound in H^1

We show that the mass M and the energy E (see (1.8), (1.9), respectively) of the solution u to the CGL equation (1.1)–(1.2) is bounded uniformly in a, b. In the following we assume that (1.5), (2.2)–(2.3) hold. Lemma 3.1 Let u_0 ∈ L^2(Ω). For all 0 ≤ t ≤ T , it holds M(t) ≤ K_0(T ), where K_0(T ) = e^{2RT} ‖u_0‖^2_{L2} .

Proof. The proof of this lemma is standard. Indeed, multiply the equation (1.1) by u^∗, integrate over Ω, integrate by parts and take the real part to get 1 2 ∂_t‖u(t)‖^2_L2 + a‖∇u‖^2_L2 + b ∫ Ω |u|^2g(|u|^2)dx = R‖u‖^2_L2 . An application of Gronwall’s lemma gives the assertion.

Lemma 3.2 Let u_0 ∈ H^1(Ω) ∩ L^{2σ+2}(Ω), μ ≥ 0, and σ < ∞. Then, for all 0 ≤ t ≤ T , E(t) ≤ K_1(T ), where K_1(T ) = (E(0) + μRΓT K_0(T ))e^{2R max(1,(σ+1)Γγ−1 )T} .

Proof. For every solution u to (1.1), (1.2), we get

E(t) − E(0) = Re ∫_t 0 ∫ Ω (−νΔu + μf(u))∂_tu^∗ dxdτ = −νa ∫_t 0 ‖Δu‖^2_L2 dτ − μb ∫_t 0 ‖f(u)‖^2_L2 dτ + νR ∫_t 0 ‖∇u‖^2_L2 dτ + μRRe ∫_t 0 ∫ Ω f(u)u^∗ dxdτ − μRe ∫_t 0 ∫ Ω (a − iν)∇f(u) · ∇u^∗ dxdτ − νRe ∫_t 0 ∫ Ω (b − iμ)∇f(u)^∗ · ∇u dxdτ = −νa ∫_t 0 ‖Δu‖^2_L2 dτ − μb ∫_t 0 ∫ Ω |u|^2g(|u|^2) dxdτ + νR ∫_t 0 ‖∇u‖^2_L2 dτ + μR ∫_t 0 ∫ Ω |u|^2g(|u|^2) dxdτ (3.1) − (aμ + bν)Re ∫_t 0 ∫ Ω ∇f(u) · ∇u^∗ dxdτ.

The fourth term on the right-hand side of (3.1) is estimated as follows. We use (2.3) to obtain μR ∫_t 0 ∫ Ω |u|^2g(|u|^2) dxdτ ≤ μRΓ ∫_t 0 ∫ Ω (|u|^2 + |u|^{2σ+2}) dxdτ ≤ μRΓ ∫_t 0 ‖u‖^2_L2 dτ + μRΓγ^{−1}(σ + 1) ∫_t 0 ∫ Ω F (|u|^2) dxdτ. For the last integral we use g^′(s) ≥ 0 and Re((∇u^∗)^2u^2) ≤ |∇u|^2|u|^2: −(aμ + bν)Re ∫_t 0 ∫ Ω ∇f(u) · ∇u^∗ dxdτ = −(aμ + bν) ∫_t 0 ∫ Ω [ g(|u|^2)|∇u|^2 + g^′(|u|^2)|u|^2|∇u|^2 + g^′(|u|^2)Re((∇u^∗)^2u^2) ] dxdτ ≤ −(aμ + bν) ∫_t 0 ∫ Ω g(|u|^2)|∇u|^2 dxdτ ≤ 0. Therefore, we get from (3.1) E(t) ≤ E(0) + νR ∫_t 0 ‖∇u‖^2_L2 dτ + μRΓ ∫_t 0 ‖u‖^2_L2 dτ + μRΓγ^{−1}(σ + 1) ∫_t 0 ∫ Ω F (|u|^2) dxdτ ≤ E(0) + μRΓK_0(T )T + 2R max(1, Γγ^{−1}(σ + 1)) ∫_t 0 E(τ) dτ, using Lemma 3.1. From Gronwall’s lemma, we conclude E(t) ≤ K_1(T ). The lemma is proved.

Remark 3.3 The condition (2.3) on g^′ can be weakened. Indeed, instead of assuming s · g^′(s) ≥ 0 for s ≥ 0 it suffices to assume that sg^′(s) ≥ − 1 2 g(s) for s ≥ 0. (3.2) In order to see this we have to estimate the last term on the right-hand side of (3.1): −(aμ + bν)Re ∫_t 0 ∫ Ω ∇f(u) · ∇u^∗ dxdτ

≤ (aμ + bν) ∫_t 0 ∫ Ω |∇u|^2 [ − g(|u|^2) + |u|^2(|g^′(|u|^2)| − g^′(|u|^2)) ]

≤ (aμ + bν) ∫_t 0 ∫ Ω |∇u|^2[−g(|u|^2) + g(|u|^2)] dxdτ = 0.

In the case μ < 0 we need more restrictive conditions on σ:

Lemma 3.4 Let u_0 ∈ H^1(Ω) ∩ L^{2σ+2}(Ω), μ < 0, and either (i) σ < 2/d, or (ii) σ = 2/d and ‖u_0‖_L2 is small enough. Then, for all 0 ≤ t ≤ T , ‖∇u(t)‖^2_L2 ≤ K_2(T ), where K_2(T ) depends on the given data, on T and on ba^{−dσ/2}.

We use the Gagliardo-Nirenberg inequality (see Lemma 2.6) in some special cases: There exist G_1, G_2, G_3, G_4 > 0 such that for all u ∈ H^2(Ω)

‖u‖_L2σ+2 ≤ G_1‖u‖^{θ1}_H1 ‖u‖^{1−θ1}_{L2} , θ_1 = dσ 2σ + 2

∈ (0, 1), (3.3)

‖u‖_L2σ+2 ≤ G_2‖u‖^{θ2}_{H2} ‖u‖^{1−θ2}_{L2} , θ_2 = dσ 4σ + 4 ∈ ( 0, 1 2 ] , (3.4)

‖u‖_L4σ+2 ≤ G_3‖u‖^{θ3}_{H2} ‖u‖^{1−θ3}_{L2} , θ_3 = dσ 4σ + 2

∈ (0, 1), (3.5) ‖∇u‖_L2σ+2 ≤ G_4‖u‖^{θ4}_{H2} ‖u‖^{1−θ4}_{L2} , θ_4 = σ(2 + d) + 2 4σ + 4 ∈ [ 0, 1 2 ) . (3.6)

These inequalities are valid for all σ ≤ 2/(d − 2) if d > 2 and σ < ∞ if d ≤ 2.

Proof of Lemma 3.4. Again we start from the relation (3.1). Since μ < 0, we get ν 2 ‖∇u(t)‖^2_L2 + aν ∫_t 0 ‖Δu‖^2_L2 dτ ≤ ν 2 ‖∇u_0‖^2_L2 + |μ| 2 ∫ Ω F (|u(t)|^2) dx + |μ|b ∫_t 0 ∫ Ω |u|^2g(|u|^2)^2 dxdτ + νR ∫_t 0 ‖∇u‖^2_L2 dτ (3.7) − (aμ + bν)Re ∫_t 0 ∫ Ω ∇f(u) · ∇u^∗ dxdτ. We have to estimate the second, third and fifth term on the right-hand side. For the second term we use the hypothesis (2.3), the Gagliardo-Nirenberg inequality (3.3) and Lemma 3.1: |μ| 2 ∫ Ω F (|u(t)|^2 dx

≤ |μ| 2 Γ ∫ Ω (|u(t)|^2 + (σ + 1)^{−1}|u(t)|^{2σ+2}) dx ≤ |μ| 2 ΓK_0(T ) + |μ|Γ 2σ + 2

G^{2σ+2}_1 ‖u(t)‖^{(2σ+2)θ1} H^1 ‖u(t)‖ (2σ+2)(1−θ_1 ) L^2 ≤ |μ| 2 ΓK_0(T ) + |μ|ΓG^{2σ+2}_1 σ + 1 (‖u(t)‖^{dσ}_L2 + ‖∇u(t)‖^{dσ}_L2 )‖u(t)‖^{2σ+2−dσ}_{L2} . In the last step we have used the inequality

(x + y)^{(2σ+2)θ1} = (x + y)^{dσ} ≤ 2(x^{dσ} + y^{dσ}) for x, y ≥ 0,

since dσ ≤ 2. Again using Lemma 3.1 we get |μ| 2 ∫ Ω F (|u(t)|^2) dx ≤ |μ| 2 ΓK_0(T ) + |μ|ΓG^{2σ+2}_1 σ + 1

K_0(T )^{σ+1} (3.8) + |μ|ΓG^{2σ+2}_1 σ + 1 ‖∇u(t)‖^{dσ}_L2 ‖u(t)‖^{2σ+2−dσ}_{L2} . Now we have to distinguish the cases dσ < 2 and dσ = 2. Let first dσ < 2.

Then, by Young’s inequality, |μ|ΓG^{2σ+2}_1 σ + 1 ‖∇u(t)‖^{dσ}_L2 ‖u(t)‖^{2σ+2−dσ}_{L2} ≤ ε dσ 2 |μ|ΓG^{2σ+2}_1 σ + 1 ‖∇u(t)‖^2_L2 + (1 ε )_{dσ/(2−dσ)} 2 − dσ 2 |μ|ΓG^{2σ+2}_1 σ + 1 ‖u(t)‖^{(4σ+4−2dσ)/(2−dσ)} L^2

and taking ε = ν(σ + 1)/(2dσ|μ|ΓG^{2σ+2}_1 ), we conclude |μ| 2 ∫ Ω F (|u(t)|^2) dx ≤ C_1 + ν 4 ‖∇u(t)‖^2_L2 , (3.9)

where

C_1 def= |μ| 2 ΓK_0(T ) + |μ|ΓG^{2σ+2}_1 σ + 1

K_0(T )^{σ+1} (3.10) + (2dσ|μ|ΓG2σ+2_1 ν(σ + 1) )_{dσ/(2−dσ)} (2 − dσ)|μ|ΓG2σ+2_1 2σ + 2 K_0(T )^{(2σ+2−dσ)/(2−dσ)} . In the case dσ = 2 we choose ‖u_0‖_L2 small enough such that |μ|ΓG^{2σ+2}_1 σ + 1 e^{2σRT} ‖u_0‖^{2σ}_L2 ≤ ν 4 . Hence, by (3.8), |μ| 2 ∫ Ω F (|u(t)|^2) dx ≤ |μ| 2 ΓK_0(T ) + |μ|ΓG^{2σ+2}_1 σ + 1

K_0(T )^{σ+1} + ν 4 ‖∇u(t)‖^2_L2 ≤ C_1 + ν 4 ‖∇u(t)‖^2_L2 , and C_1 > 0 is given by (3.10).

The third term on the right-hand side of (3.7) is estimated by employing the assumption (2.3), the Gagliardo-Nirenberg inequality (3.5), and the relation (2.8) b|μ| ∫_t 0 ∫ Ω |u|^2g(|u|^2)^2 dxdτ ≤ 2b|μ|Γ^2 ∫_t 0 ∫ Ω (|u|^2 + |u|^{4σ+2}) dxdτ ≤ 2b|μ|Γ^2T K_0(T ) + 2b|μ|Γ^2G^{4σ+2}_3 ∫_t 0 ‖u‖^{(4σ+2)θ3} H^2 ‖u‖ (4σ+2)(1−θ_3 ) L^2 dτ ≤ 2b|μ|Γ^2T K_0(T ) + 4b|μ|Γ^2(G_3C^{θ3}_0 )^{4σ+2} ∫_t 0 (‖u‖^{dσ}_L2 + ‖Δu‖^{dσ}_L2 )‖u‖^{4σ+2−dσ}_{L2} dτ ≤ 2b|μ|Γ^2T K_0(T ) + 4b|μ|Γ^2(G_3C^{θ3}_0 )^{4σ+2}T K_0(T )^{2σ+1}

+ 4b|μ|Γ^2(G_3C^{θ3}_0 )^{4σ+2} ∫_t 0 ‖Δu‖^{dσ}_L2 ‖u‖^{4σ+2−dσ} L^2 dτ. (3.11)

Again, we have to distinguish the cases dσ < 2 and dσ = 2. If dσ < 2 we use Young’s inequality ∫_t 0 ‖Δu‖^{dσ}_L2 ‖u‖^{4σ+2−dσ} L^2 dτ ≤ ε dσ 2 ∫_t 0 ‖Δu‖^2_L2 dτ + (1 ε )_{dσ/(2−dσ)} 2 − dσ 2 ∫_t 0 ‖u‖^{(8σ+4−2dσ)/(2−dσ)} L^2 dτ and choose ε = a b ν 4|μ|Γ^2dσ(G_3C^{θ3}_0 )^{4σ+2} to get b|μ| ∫_t 0 ∫ Ω |u|^2g(|u|^2)^2 dxdτ ≤ C_2 + aν 2 ∫_t 0 ‖Δu‖^2_L2 dτ, (3.12)

where

C_2 def= 2b_0|μ|Γ^2T K_0(T ) + 4b_0|μ|Γ^2(G_3C^{θ3}_0 )^{4σ+2}T K_0(T )^{2σ+1} + 2(ba^{−dσ/2})^{2/(2−dσ)}|μ|Γ^2(G_3C^{θ3}_0 )^{4σ+2}(2 − dσ) (3.13) × ( 4ν^{−1}|μ|Γ^2dσ(G_3C^{θ3}_0 )^{4σ+2} )_{dσ/(2−dσ)} T K_0(T )^{(4σ+2−dσ)/(2−dσ)} . In the case dσ = 2 choose ‖u_0‖_L2 such that

4|μ|Γ^2(G_3C^{θ3}_0 )^{4σ+2}e^{(4σ+2−dσ)RT} ‖u_0‖^{4σ+2−dσ}_{L2} ≤ ν 2 a b . Clearly, we have to assume that the quotient b/a remains bounded as a, b → 0. Thus, we conclude from (3.11) b|μ| ∫_t 0 ∫ Ω |u|^2g(|u|^2)^2 dxdτ

≤ 2b|μ|Γ^2T K_0(T ) + 4b|μ|Γ^2(G_3C^{θ3}_0 )^{4σ+2}T K_0(T )^{2σ+1} + aν 2 ∫_t 0 ‖Δu‖^2_L2 dτ ≤ C_2 + aν 2 ∫_t 0 ‖Δu‖^2_L2 dτ, (3.14) and C_2 is given by (3.13).

It remains to estimate the last term on the right-hand side of (3.7): −(aμ + bν)Re ∫_t 0 ∫ Ω ∇f(u) · ∇u^∗ dxdτ ≤ a|μ| ∫_t 0 ∫ Ω [g(|u|^2)|∇u|^2 + 2g^′(|u|^2)|u|^2|∇u|^2] dxdτ ≤ a|μ|(Γ + 2Γ^′) ∫_t 0 ∫ Ω (1 + |u|^{2σ})|∇u|^2 dxdτ (3.15) = a|μ|(Γ + 2Γ^′) ∫_t 0 ‖∇u‖^2_L2 dτ + a|μ|(Γ + 2Γ^′) ∫_t 0 ∫ Ω |u|^{2σ}|∇u|^2 dxdτ. The last integral is estimated by employing the Hölder inequality and the Gagliardo- Nirenberg inequalities (3.4) and (3.6): ∫_t 0 ∫ Ω |u|^{2σ}|∇u|^2 dxdτ ≤ ∫_t 0 ‖u‖^{2σ}_L2σ+2 ‖∇u‖^2_L2σ+2 dτ ≤ G^{2σ}_2 G^2_4 ∫_t 0 ‖u‖^{1+α1}_{H2} ‖u‖^{1+α2}_{L2} dτ, where α_1 def= 2σθ_2 + 2θ_4 − 1 = dσ 2 ∈ (0, 1], α_2 def= 2σ(1 − θ_2) + 2(1 − θ_4) − 1 = (4 − d)σ 2 ∈ (−1, 3], since σ ≤ 2/d. The inequalities (2.8) and (x + y)^{1+α1} ≤ 2(x^{1+α1} + y^{1+α1} ) for all x, y ≥ 0 imply

a|μ|(Γ + 2Γ^′) ∫_t 0 ∫ Ω |u|^{2σ}|∇u|^2 dxdτ ≤ 2a|μ|(Γ + 2Γ^′)G^{2σ}_2 G^2_4 ∫_t 0 (‖u‖^{1+α1}_{L2} + ‖Δu‖^{1+α1}_{L2} )‖u‖^{1+α2}_{L2} dτ ≤ 2a|μ|(Γ + 2Γ^′)G^{2σ}_2 G^2_4T K_0(T )^{σ+1} (3.16) + 2a|μ|(Γ + 2Γ^′)G^{2σ}_2 G^2_4 ∫_t 0 ‖Δu‖^{1+α1}_{L2} ‖u‖^{1+α2}_{L2} dτ.

If σ < 2/d then 1 + α_1 < 2, and we can apply Young’s inequality to the last integral: ∫_t 0 ‖Δu‖^{1+α1}_{L2} ‖u‖^{1+α2}_{L2} dτ ≤ ε 1 + α_1 2 ∫_t 0 ‖Δu‖^2_L2 dτ + (1 ε )_{(1+α1 )/(1−α1 )} 1 − α_1 2 ∫_t 0 ‖u‖^{(2+2α1)/(1−α1 )} L^2 dτ ≤ ε 1 + α_1 2 ∫_t 0 ‖Δu‖^2_L2 dτ + (1 ε )_{(1+α1 )/(1−α1 )} 1 − α_1 2 T K_0(T )^{(1+α1)/(1−α1 )}, and taking ε = ν 2|μ|(1 + α_1)(Γ + 2Γ^′)G^{2σ}_2 G^2_4 , we obtain from (3.16)

a|μ|(Γ + 2Γ^′) ∫_t 0 ∫ Ω |u|^{2σ}|∇u|^2 dxdτ ≤ C_3 + aν 2 ∫_t 0 ‖Δu‖^2_L2 dτ, where C_3 def= a_0|μ|(Γ + 2Γ^′)G^{2σ}_1 G^2_4T ( 2K_0(T )^{σ+1} + (1 − α_1)ε^{−(1+α1)/(1−α1 )}K_0(T )^{(1+α1)/(1−α1 )} ) . (3.17) In the case σ = 2/d we get 1 + α_1 = 2. Choose ‖u_0‖_L2 small enough such that 2a|μ|(Γ + 2Γ^′)G^{2σ}_2 G^2_4 ∫_t 0 ‖Δu‖^{1+α1}_{L2} ‖u‖^{1+α2}_{L2} dτ ≤ aν 2 ∫_t 0 ‖Δu‖^2_L2 dτ. Hence, the estimate (3.15) becomes −(aμ + bν)Re ∫_t 0 ∫ Ω ∇f(u) · ∇u^∗ dxdτ ≤ a_0|μ|(Γ + 2Γ^′) ∫_t 0 ‖∇u‖^2_L2 dτ + C_3 + aν 2 ∫_t 0 ‖Δu‖^2_L2 dτ. (3.18) Now we insert the inequalities (3.9), (3.12), and (3.18) into (3.7) to get ν 4 ‖∇u(t)‖^2_L2 ≤ ν 2 ‖∇u_0‖^2_L2 + C_1 + C_2 + C_3 + (νR + a_0|μ|(Γ + 2Γ^′)) ∫_t 0 ‖∇u‖^2_L2 dτ. Notice that C_2 depends on ba^{−dσ/2}. An application of Gronwall’s inequality yields ‖∇u(t)‖^2_L2 ≤ K_2(T ), 0 ≤ t ≤ T, where

K_2(T ) def= ( 2‖∇u_0‖^2_L2 + 4ν^{−1}(C_1 + C_2 + C_3) ) (3.19)

× exp ( 4T (R + ν^{−1}a_0|μ|(Γ + 2Γ^′)) ) . This proves the lemma.

The Lemmas 3.1, 3.2 and 3.4 yield a uniform H^1-bound for the solutions to (1.1),(1.2), provided that ba^{−dσ/2} remains bounded as a, b → 0 in the case μ < 0:

Corollary 3.5 Let (2.1)–(2.3) hold. In the case μ < 0 we also have to require that ba^{−dσ/2} remains bounded as a, b → 0. Then there exists a constant K_3(T ) > 0, only depending on the data and on T , but not on a, b, such that for every solution u to (1.1),(1.2) it holds

‖u(t)‖^2_H1 ≤ K_3(T ) for all 0 ≤ t ≤ T.

Remark 3.6 The constant K_3(T ) is defined by

K_3(T ) = { K_0(T ) + K_1(T ) if μ ≥ 0 K_0(T ) + K_2(T ) if μ < 0.

The precise values of K_0(T ) and K_1(T ) are given in Lemma 3.1, 3.2, respectively. The constant K_2(T ) is defined in (3.19), with constants C_1, C_2, C_3 which are introduced in (3.10), (3.13) and (3.17), respectively.

Remark 3.7 The above corollary also holds true if μ ≥ 0 and the second chain of inequalities in condition (2.3) is replaced by − 1 2 g(s) ≤ s · g^′(s) ≤ Γ^′(1 + s^σ) for s ≥ 0

(see Remark 3.3).

Remark 3.8 The estimates of Lemma 3.1 and 3.2 are rather standard, whereas the estimate of Lemma 3.4 seems to be new, in the sense that the particular estimate and the dependence on the parameters have not been presented before.

4 Proof of Theorems 2.1 and 2.2

Let u_ε be a solution to (1.1)–(1.2). Let p = 2d/(d−2) (p < ∞ if d ≤ 2). When μ ≥ 0, we choose 2/(2σ+1) < q < (2σ+2)/(2σ+1). When μ < 0, take q = 2d/(d+2); then q is the conjugate exponent to p, i.e. 1/p+1/q = 1, and the condition σ < 2/d implies (2σ + 1)q < p, showing that the embedding H^1(Ω) → L^{(2σ+1)q} (Ω) is continuous.

In order to give uniform bounds for f(u_ε) we have to consider the cases Ω = R^d and Ω = T^d separately. First let Ω = T^d and μ ≥ 0. From (2.3) we get, for all 0 ≤ t ≤ T , ‖f(u_ε(t))‖_Lq ≤ Γ (∫ Ω |u_ε(t)|^q(1 + |u_ε(t)|^{2σ})^qdx )_{1/q}

≤ Γ ( ‖u_ε(t)‖^q_Lq + ‖u_ε(t)‖^{(2σ+1)q}_{L(2σ+1)q} )_{1/q} ≤ c ( ‖u_ε(t)‖_L2 + ‖u_ε(t)‖^{2σ+1}_{L2σ+2} ) , where here and in the following we denote by c, c_i positive constants independent of ε = (a, b) and t. In the last step we have used that q < 2, hence L^2(Ω) → L^q(Ω), and L^{2σ+2}(Ω) → L^{(2σ+1)q} (Ω), because Ω is bounded. When μ < 0, we obtain as above (since q = 2d/(d + 2) < 2) ‖f(u_ε(t))‖_Lq ≤ Γ ( ‖u_ε(t)‖^q_Lq + ‖u_ε(t)‖^{(2σ+1)q}_{L(2σ+1)q} )_{1/q} ≤ c ( ‖u_ε(t)‖_L2 + ‖u_ε(t)‖^{2σ+1}_{H1} ) . Applying Lemma 3.2 and Corollary 3.5, we conclude that (f(u_ε)) is uniformly bounded in L^∞(0, T ; L^q(Ω)) when Ω = T^d .

Now let Ω = R^d . Then the above arguments do not apply since the injection L^q(Ω) → L^2(Ω) is generally not valid. Here we need the condition g(s) ≤ Γs^σ. Then, if μ ≥ 0, ‖f(u_ε(t))‖_Lq ≤ Γ‖u_ε(t)‖^{2σ+1}_{L(2σ+1)q} ≤ c. The last inequality follows from the fact that the uniform bounds on u_ε(t) in L^2(Ω) and L^{2σ+2}(Ω) imply a uniform bound in L^{(2σ+1)q} (Ω) since 2 < (2σ + 1)q < 2σ + 2, by interpolation. When μ < 0, we obtain ‖f(u_ε(t))‖_Lq ≤ Γ‖u_ε(t)‖^{2σ+1}_{L(2σ+1)q} ≤ c‖u_ε(t)‖^{2σ+1}_{H1} ≤ c. Applying Corollary 3.5, we conclude that (f(u_ε)) is uniformly bounded in L^∞(0, T ; L^q(Ω)). Since V^∗ = H^{−1}(Ω) + L^{(2σ+2)/(2σ+1)} (Ω), this implies that (see, e.g., [6, p. 217]) ‖∂_tu_ε(t)‖_V ∗ ≤ c‖u_ε(t)‖_V ≤ c. This shows that the sequence (u_ε) is uniformly bounded in L^∞(0, T ; H^1(Ω)) and W^{1,∞}(0, T ; V^∗).

From the above estimates we get the following weak convergence results for a subsequence of (u_ε), which is not relabeled:

u_ε ⇀ u in L^∞(0, T ; H^1(Ω)) weakly-∗, ∂_tu_ε ⇀ ∂_tu in L^∞(0, T ; V^∗) weakly-∗, f(u_ε) ⇀ f in L^∞(0, T ; L^q(Ω)) weakly- ∗ .

It remains to identify the limit f. For this, let ω ⊂ Ω be an arbitrary bounded open set. Then (u_ε) is also bounded in L^∞(0, T ; H^1(ω)) and W^{1,∞}(0, T ; V^∗(ω)), where V^∗(ω) = H^{−1}(ω) + L^{(2σ+2)/(2σ+1)} (ω). By Lemma 9.4.6 of [6], there exists a subsequence, still denoted by (u_ε), such that for every t > 0, u_ε(x, t) → u(x, t) for almost every x ∈ ω, and u ∈ L^∞(0, T ; H^1(ω)) ∩ W^{1,∞}(0, T ; V^∗(ω)). Applying the mean value theorem to both Re(f) and Im(f), we get for all u, v ∈ C , f(u) − f(v) = ∫_1 0 ( (u − v)(g(|w_λ|^2) + |w_λ|^2g^′(|w_λ|^2)) + (u − v)^∗w^2_λg^′(|w_λ|^2) ) dλ, (4.1) where w_λ = λu + (1 − λ)v. Thus, using Hölder’s inequality and condition (2.3), for all 0 ≤ s, t ≤ T , ‖f(u_ε(t)) − f(u(t))‖_Lq_{(ω)} ≤ (Γ + 2Γ^′) [∫ ω |u_ε(t) − u(t)|^q (∫_1 0 (1 + |λu_ε(t) + (1 − λ)u(t)|^{2σ})dλ )_q dx ]_{1/q}

≤ (Γ + 2Γ^′) [∫ ω |u_ε(t) − u(t)|^q ( 1 + max(1, 2^{2σ−1})(|u_ε(t)|^{2σ} + |u(t)|^{2σ}) )_q dx ]_{1/q}

≤ c_1 [∫ ω |u_ε(t) − u(t)|^q(1 + |u_ε(t)|^{2σ} + |u(t)|^{2σ})^qdx ]_{1/q}

≤ c_2‖u_ε(t) − u(t)‖_Lq_{(ω)} + c_2 [∫ ω |u_ε(t) − u(t)|^q(|u_ε(t)|^{2σq} + |u(t)|^{2σq})dx ]_{1/q}

≤ c_2‖u_ε(t) − u(t)‖_Lq_{(ω)} + c_2 ( ‖u_ε(t)‖^{2σ}_{L(2σ+1)q} + ‖u(t)‖^{2σ}_{L(2σ+1)q} ) ‖u_ε(t) − u(t)‖_L(2σ+1)q_{(ω)}, where c_1 = (Γ + 2Γ^′) max(1, 2^{2σ−1}) and c_2 = 3^{1−1/q}c_1. First, consider μ ≥ 0. Then, since (u_ε(t)) is bounded in L^{(2σ+1)q} (Ω) (see above), ‖f(u_ε(t)) − f(u(t))‖_Lq_{(ω)} ≤ c_2‖u_ε(t) − u(t)‖_Lq_{(ω)} + c_3‖u_ε(t) − u(t)‖_L(2σ+1)q_{(ω)}.

We know that u_ε(t) → u(t) a.e. in ω and (u_ε(t)) is uniformly bounded in L^{2σ+2}(ω). Hence, by Lemma 1.3 of [29, Ch. 1], u_ε(t) → u(t) in L^s(ω) strongly for all s < 2σ +2. In particular, we can choose s = q and s = (2σ + 1)q. Hence, f(u_ε) → f(u) in L^∞(0, T ; L^q(ω)) strongly. (4.2) Now, let μ < 0. Then, by Corollary 3.5, ‖f(u_ε(t)) − f(u(t))‖_Lq_{(ω)} ≤ c_2‖u_ε(t) − u(t)‖_Lq_{(ω)} + 2c_2 sup_{0<t<T} ‖u_ε(t)‖^{2σ}_H1_{(Ω)}‖u_ε(t) − u(t)‖_L(2σ+1)q_{(ω)}

≤ c_2‖u_ε(t) − u(t)‖_Lq_{(ω)} + c_4‖u_ε(t) − u(t)‖_Lr_{(ω)}.

To see the last step observe that, since (2σ + 1)q < p, there exists r < p such that (2σ+1)q ≤ r. The pointwise a.e. convergence of (u_ε(x, t)) and the uniform bound on (u_ε) in L^∞(0, T ; H^1(ω)) imply the strong convergence of (u_ε) to u in L^∞(0, T ; L^r(ω)) with r < p = 2d/(d − 2), and hence the convergence (4.2) holds.

Therefore, we get f(u) = f in ω × (0, T )

for every bounded ω ⊂ Ω, hence almost everywhere in Ω × (0, T ).

Now, the limit in the equation satisfied for u_ε can be performed and we see that u solves the nonlinear Schrödinger equation (1.4). Finally, notice that the initial value is satisfied in the sense of V^∗.

5 A uniform bound in H^2(Ω)

In this section we derive a uniform bound in H^2(Ω) for the solution u of the CGL equation for space dimensions d ≤ 3. First we prove the existence of a uniform bound in one space dimension.

Lemma 5.1 Let the conditions (2.1)–(2.2), (2.4), (2.6) hold. Furthermore, let d = 1 and u_0 ∈ H^2(Ω). Then there exists a constant K_4(T ) > 0, only depending on the data and on T , but not on a, b such that

‖∂_{xx}u(t)‖^2_L2 ≤ K_4(T ) for all 0 ≤ t ≤ T.

Proof. The first part of the proof is valid for any space dimension. We impose the restriction d = 1 later for the estimation of the L^∞ bound of u.

Taking the Laplacian of Eq. (1.1) we obtain

∂_tΔu = (a + iν)Δ^2u + RΔu − (b + iμ) ( g(|u|^2)Δu + 2g^′(|u|^2)∇u · ∇|u|^2 + ug^{′′}(|u|^2)(∇|u|^2)^2 + ug^′(|u|^2)Δ|u|^2 ) . Multiplying this equation by Δu^∗, taking the real part and integrating over Ω yields 1 2 ∂_t‖Δu‖^2_L2 = −a‖∇Δu‖^2_L2 + R‖Δu‖^2_L2 − b ∫ Ω g(|u|^2)|Δu|^2dx − 2Re ∫ Ω (b + iμ)g^′(|u|^2)∇u · ∇|u|^2Δu^∗dx − Re ∫ Ω (b + iμ)ug^{′′}(|u|^2)(∇|u|^2)^2Δu^∗dx − Re ∫ Ω (b + iμ)ug^′(|u|^2)Δ|u|^2Δu^∗dx. (5.1)

The fourth term on the right-hand side can be estimated by using (2.6) and the inequality |∇|u|^2| ≤ 2|∇u||u|: −2Re ∫ Ω (b + iμ)g^′(|u|^2)∇u · ∇|u|^2Δu^∗dx ≤ 4Γ_1|b + iμ| ∫ Ω (1 + |u|^{2σ−1})|∇u|^2|Δu|dx ≤ 4Γ_1|b + iμ|(1 + ‖u‖^{2σ−1}_L∞ )‖∇u‖^2_L4 ‖Δu‖_L2 . The fifth term on the right-hand side of (5.1) is treated similarly −Re ∫ Ω (b + iμ)ug^{′′}(|u|^2)(∇|u|^2)^2Δu^∗dx ≤ 4Γ^′_1|b + iμ| ∫ Ω (1 + |u|^{2σ−1})|∇u|^2|Δu|dx ≤ 4Γ^′_1|b + iμ|(1 + ‖u‖^{2σ−1}_L∞ )‖∇u‖^2_L4 ‖Δu‖_L2 . In the last term of (5.1) we use the inequality |Δ|u|^2| ≤ 2|Δu||u| + |∇u|^2 to get −Re ∫ Ω (b + iμ)ug^′(|u|^2)Δ|u|^2Δu^∗dx ≤ 2Γ_1|b + iμ| ∫ Ω (1 + |u|^{2σ−1})(2|Δu||u| + |∇u|^2)|Δu|dx ≤ 2Γ_1|b + iμ|(1 + ‖u‖^{2σ−1}_L∞ )(2‖Δu‖_L2 ‖u‖_L∞ + ‖∇u‖^2_L4 )‖Δu‖_L2 . Hence, we obtain from Eq. (5.1)

∂_t‖Δu‖^2_L2 ≤ 2R‖Δu‖^2_L2 + 4Γ_1|b + iμ|(1 + ‖u‖^{2σ−1}_L∞ )‖u‖_L∞ ‖Δu‖^2_L2 + 8(2Γ_1 + Γ^′_1)|b + iμ|(1 + ‖u‖^{2σ−1}_L∞ )‖∇u‖^2_L4 ‖Δu‖_L2 .

The following Gagliardo-Nirenberg inequality holds for d ≤ 4: ‖∇u‖_L4 ≤ G_5‖∇u‖^{d/4}_{H1} ‖∇u‖^{1−d/4}_{L2} . By employing Lemma 3.2 and Corollary 3.5 this gives ‖∇u‖^2_L4 ≤ G^2_5‖∇u‖^{d/2}_{H1} ‖∇u‖^{2−d/2}_{L2} ≤ G^2_5(‖∇u‖^2_L2 + ‖Δu‖^2_L2 )^{d/4}‖∇u‖^{2−d/2}_{L2} ≤ G^2_5K^{1−d/4}_3 max(1, K^{d/4}_3 )(1 + ‖Δu‖^{d/2}_{L2} ), and we can continue to estimate

∂_t‖Δu‖^2_L2 ≤ [2R + 4Γ_1|b_0 + iμ|(1 + ‖u‖^{2σ−1}_L∞ )‖u‖_L∞ ]‖Δu‖^2_L2 + C_4(1 + ‖u‖^{2σ−1}_L∞ )(1 + ‖Δu‖^{d/2}_{L2} )‖Δu‖_L2 , (5.2) where we have set C_4 def= 8(2Γ_1 + Γ^′_1)|b_0 + iμ|G^2_5K^{1−d/4}_3 max(1, K^{d/4}_3 ). (5.3) In order to bound the L^∞ norm of u, we have to impose the condition d = 1.

Then it holds ‖u‖_L∞ ≤ G‖u‖^{1/2}_{H1} ‖u‖^{1/2}_{L2} (5.4) with G = √ 2 if Ω = R and G = 1/ √ π if Ω = T. Thus, by Lemma 3.1 and Corollary 3.5, ‖u‖_L∞ ≤ (4K_0K_3)^{1/4}, and using the elementary inequalities ‖∂_{xx}u‖_L2 ≤ 1 2 (1 + ‖∂_{xx}u‖^2_L2 ), ‖∂_{xx}u‖^{3/2}_{L2} ≤ 1 4 (1 + 3‖∂_{xx}u‖^2_L2 ), we obtain from (5.2)

∂_t‖∂_{xx}u‖^2_L2 ≤ [2R + 4Γ_1|b + iμ|(1 + (4K_0K_3)^{σ/2−1/4})(4K_0K_3)^{1/4}]‖∂_{xx}u‖^2_L2 + C_4(1 + (4K_0K_3)^{σ/2−1/4}) (3 4 + 5 4 ‖∂_{xx}u‖^2_L2 )

≤ 3 4 C_4(1 + (4K_0K_3)^{σ/2−1/4}) + C_5‖∂_{xx}u‖^2_L2 , where C_5 def= 2R + 4Γ_1|b + iμ|(1 + (4K_0K_3)^{σ/2−1/4})(4K_0K_3)^{1/4} + 5 4 C_4(1 + (4K_0K_3)^{σ/2−1/4}).

By Gronwall’s lemma, we conclude that ‖∂_{xx}u(t)‖^2_L2 ≤ K_4(T ) for all 0 ≤ t ≤ T, where K_4(T ) def= ‖∂_{xx}u_0‖^2_L2 + 3 4 C_4(1 + (4K_0K_3)^{σ/2−1/4})e^{C5T} .

This finishes the proof.

In two and three space dimensions we have the following result: Lemma 5.2 Let the conditions (2.1)–(2.2), (2.4), (2.6) hold. Furthermore, let 1 ≤ d ≤ 3 and u_0 ∈ H^2(Ω). Then there exist constants K_5(t), T^∗ > 0 depending on the data but not on a, b such that ‖Δu(t)‖^2_L2 ≤ K_5(t) for all 0 ≤ t < T^∗.

Remark 5.3 The constant K_5(t) satisfies lim_{t→T} ∗ K_5(t) = +∞. Proof. We start from the inequality (5.2) which holds for 1 ≤ d ≤ 4. For space dimensions d ≥ 2, we cannot use the H^1 norm for estimating the L^∞ norm of u as in the proof of Lemma 5.1. Instead we employ the Gagliardo-Nirenberg inequality ‖u‖_L∞ ≤ G_6‖u‖^{d/4}_{H2} ‖u‖^{1−d/4}_{L2} , (5.5) which holds for d ≤ 3. Thus, using the inequality (2.8) we get ‖u‖_L∞ ≤ G_6C^{d/4}_0 (K^{d/8}_0 + ‖Δu‖^{d/4}_{L2} )K^{1/2−d/8}_0 ≤ C_6(1 + ‖Δu‖^{d/4}_{L2} ), where we have set C_6 def= G_6C^{d/4}_0 K^{1/2−d/8}_0 max(1, K^{d/8}_0 ). (5.6) The above estimate together with the inequality (5.2) yields

∂_t‖Δu‖^2_L2 ≤ 2R‖Δu‖^2_L2 + 4Γ_1|b_0 + iμ|C_6(1 + C^{2σ−1}_6 (1 + ‖Δu‖^{d/4}_{L2} )^{2σ−1}) ×(1 + ‖Δu‖^{d/4}_{L2} )‖Δu‖^2_L2 + C_4(1 + C^{2σ−1}_6 (1 + ‖Δu‖^{d/4}_{L2} )^{2σ−1})(1 + ‖Δu‖^{d/2}_{L2} )‖Δu‖_L2 .

Since d < 4 the largest exponent of ‖Δu‖_L2 is 2 + σd/2, and therefore, there exist two constants L_1, L_2 > 0 only depending on d, σ, R, Γ_1, |b_0 + iμ|, C_4, and C_6 such that ∂_t‖Δu‖^2_L2 ≤ L_1 + L_2‖Δu‖^{2+σd/2}_{L2} . (5.7) From the Gronwall-type inequality of the appendix we conclude that ‖Δu(t)‖^2_L2 ≤ K_5(t) for all 0 ≤ t < T^∗, where

K_5(t) def= {[ ‖Δu_0‖^2_L2 + (L_1 L_2 )_{4/(4+σd)}]−σd/4 − σd 4 L_2t }_{−4/σd} − (L_1 L_2 )_{4/(4+σd)}

and T^∗ def= 4 σdL_2 [ ‖Δu_0‖^2_L2 + (L_1 L_2 )_{4/(4+σd)}]−σd/4 . (5.8) This proves the lemma.

Remark 5.4 Lemma 5.2 can be improved slightly by replacing the Gagliardo-Niren-berg inequality (5.5) by the inequality [40] ‖u‖_L∞ ≤ B_0‖u‖^{1/2}_{H1} ‖u‖^{1/2}_{H2} (5.9) if d = 3, and by the Brézis-Gallouet inequality [5, 35] ‖u‖_L∞ ≤ B_1‖u‖_H1 ( 1 + ( ln(1 + B_2‖u‖_H2 ))^{1/2} ) (5.10) if d = 2, in the sense that the final time T^∗ > 0 can be chosen larger than in (5.8). Indeed, from (5.2) we obtain for d = 3, using (5.9), ∂_t‖Δu‖^2_L2 ≤ B_3 + B_4‖Δu‖^{2+σ}_{L2} , and for d = 2, employing the elementary inequality ln(1 + x) ≤ C_δ(1 + x^δ) for x ≥ 0, δ > 0, and the Brézis-Gallouet inequality (5.10), ∂_t‖Δu‖^2_L2 ≤ B_5 + B_δ‖Δu‖^{2+δ}_{L2} , for any δ > 0. Now Lemma 8.1 of the Appendix applies. Since the exponents of the right-hand sides of the above two estimates are smaller than the corresponding exponent in (5.7) (if δ < σ), we can choose T^∗ > 0 larger than in (5.8). Remark 5.5 The estimates of Lemmas 5.1 and 5.2 seem to be new in the presented form.

6 Proof of Theorems 2.3 and 2.4

Proof of Theorem 2.3. The difference w = u_ε − u satisfies the equation ∂_tw = iνΔw − iμ(f(u_ε) − f(u)) + Rw + aΔu_ε − bf(u_ε). Multiplying this equation by w^∗, integrating over Ω, taking the real part and finally, using the formula (4.1) gives 1 2 ∂_t‖w‖^2_L2 = μIm ∫ Ω ∫_1 0 w^2_λg^′(|w_λ|^2)(w^∗)^2dλdx + R‖w‖^2_L2

+ aRe ∫ Ω Δu_εw^∗dx − bRe ∫ Ω f(u_ε)w^∗dx, where w_λ = λu_ε + (1 − λ)u. Therefore, by assumption (2.3), ∂_t‖w‖^2_L2 ≤ 2|μ|Γ^′ ∫ Ω (1 + max(1, 2^{2σ−1})(|u_ε|^{2σ} + |u|^{2σ}))|w|^2dx

+ 2R‖w‖^2_L2 + 2a | | | ∫ Ω Δu_εw^∗dx | | | + 2bΓ ∫ Ω (1 + |u_ε|^{2σ})|u^ε||w|dx ≤ 2|μ|Γ^′(1 + max(1, 2^{2σ−1})(‖u_ε‖^{2σ}_L∞ + ‖u‖^{2σ}_L∞ ))‖w‖^2_L2 + 2R‖w‖^2_L2 + 2a | | ∫ Ω Δu_εw^∗dx | | + 2bΓ(1 + ‖u_ε‖^{2σ}_L∞ )‖u^ε‖_L2 ‖w‖_L2 . (6.1)

Now, let d = 1. Then, using the inequality (5.4) and observing that G ≤ √ 2, we get ‖u_ε‖^2_L∞ ≤ G^2(K_0K_3)^{1/2} ≤ (4K_0K_3)^{1/2}, ‖u‖^2_L∞ ≤ G^2(K_0K_3)^{1/2} ≤ (4K_0K_3)^{1/2}, where we also have used Lemma 3.1 and Corollary 3.5. Hence, since ‖w‖_L2 ≤ ‖u_ε‖_L2 + ‖u‖_L2 ≤ 2K^{1/2}_0 , ‖w‖_H1 ≤ ‖u_ε‖_H1 + ‖u‖_H1 ≤ 2K^{1/2}_3 , we obtain from (6.1)

∂_t‖w‖^2_L2 ≤ 2|μ|Γ^′(1 + max(2, 2^{2σ})(4K_0K_3)^{σ/2})‖w‖^2_L2 + 2R‖w‖^2_L2 + 2a‖∂_xu_ε‖_L2 ‖∂_xw‖_L2 + 4bΓ(1 + (4K_0K_3)^{σ/2})K_0 ≤ C_7‖w‖^2_L2 + a · 4K_3 + b · 4ΓK_0(1 + (4K_0K_3)^{1/2}), where we have set C_7 def= 2R + 2|μ|Γ^′(1 + max(2, 4^σ)(4K_0K_3)^{σ/2}). (6.2) Applying Gronwall’s lemma, we conclude that

‖w(t)‖^2_L2 ≤ ‖w(0)‖^2_L2 + a · 4K_3e^{C7T} + b · 4ΓK_0(1 + (4K_0K_3)^{σ/2})e^{C7T} , which proves the theorem.

Proof of Theorem 2.4. We start from the inequality (6.1) which is valid for any d ≥ 1. In order to bound the L^∞ norm of u_ε and u we use the Gagliardo-Nirenberg inequality (5.5), the inequality (2.8) and Lemmas 5.1 and 5.2: ‖u_ε‖_L∞ ≤ G_6‖u_ε‖^{d/4}_{H2} ‖u_ε‖^{1−d/4}_{L2} ≤ G_6C^{d/4}_0 (‖u_ε‖^{d/4}_{L2} + ‖Δu_ε‖^{d/4}_{L2} )‖u_ε‖^{1−d/4}_{L2} ≤ C_8, where C_8 def= G_6C^{d/4}_0 K^{(4−d)/8}_0 (K^{d/8}_0 + max(K_4, K_5)^{d/8}). (6.3) Moreover, ‖u‖_L∞ ≤ C_8. Then the estimate (6.1) yields

∂_t‖w‖^2_L2 ≤ [2R + 2|μ|Γ^′(1 + max(2, 4^σ)C^{2σ}_8 )]‖w‖^2_L2 + 2a‖Δu_ε‖_L2 ‖w‖_L2 + 2bΓ(1 + C^{2σ}_8 )K^{1/2}_0 ‖w‖_L2 ≤ 2C_9‖w‖^2_L2 + 2[a max(K_4, K_5)^{1/2} + bΓ(1 + C^{2σ}_8 )K^{1/2}_0 ]‖w‖_L2 , where C_9 def= R + |μ|Γ^′(1 + max(2, 4^σ)C^{2σ}_8 ). (6.4) Therefore,

∂_t‖w‖_L2 ≤ C_9‖w‖_L2 + a · max(K_4, K_5)^{1/2} + b · Γ(1 + C^{2σ}_8 )K^{1/2}_0 , and we obtain from Gronwall’s lemma ‖w(t)‖_L2 ≤ ‖w(0)‖_L2 + a · max(K_4, K_5)^{1/2}e^{C9t} + b · Γ(1 + C^{2σ}_8 )K^{1/2}_0 e^{C9 t}, for all 0 ≤ t < T^∗ (and 0 ≤ t ≤ T if d = 1). This finishes the proof.

7 Proof of Theorem 2.5

First we prove the following uniform bound in H^n(Ω) for the solution u to (1.1)– (1.2).

Lemma 7.1 Under the assumptions of Theorem 2.5 there exist constants T^∗ > 0 and K_6(t) > 0 independent of a, b such that ‖u(t)‖_Hn ≤ K_6(t) for all 0 ≤ t < T^∗.

Proof. Let D^αu denote the partial derivative of u according to the multi-index α. Applying D^α with |α| = n to the CGL equation (1.1), multiplying this equation by D^αu^∗, taking the real part and integrating over Ω yields ∂_t ∑ |α|=n ∫ Ω |D^αu|^2dx = −2a ∑ |α|=n+1 ∫ Ω |D^αu|^2dx + 2R ∑ |α|=n ∫ Ω |D^αu|^2dx − 2Re ∑ |α|=n (b + iμ) ∫ Ω D^α(|u|^{2σ}u)D^αu^∗dx. Using the notations ∇^nu = (D^αu)_{|α|=n}, ‖∇^nu‖^2_L2 = ∑ |α|=n ∫ Ω |D^αu|^2dx, we obtain

∂_t‖∇^nu‖^2_L2 ≤ 2R‖∇^nu‖^2_L2 + 2|b_0 + iμ| | | | ∫ Ω ∇^n(|u|^{2σ}u) · ∇^nu^∗dx | | |. (7.1) From [28, p. 183] we get the existence of a constant c(d) > 0 only depending on the space dimension, such that the last term of the above inequality is majorized by 2|b_0 + iμ|c(d)‖∇^nu‖^2_L2 ‖u‖^{2σ}_L∞ .

The L^∞ norm of u is estimated by using the Gagliardo-Nirenberg inequality ‖u‖_L∞ ≤ G_7‖u‖^θ_Hn ‖u‖^{1−θ}_{L2} , (7.2) with θ = d/2n < 1, so that we conclude from (7.1) ∂_t‖∇^nu‖^2_L2 ≤ 2R‖∇^nu‖^2_L2 + 2G^{2σ}_7 c(d)|b_0 + iμ|K^{σ(1−θ)}_0 ‖u‖^{2σθ}_Hn ‖∇^nu‖^2_L2 . There exists a constant ~C_0 > 0 such that ‖u‖_Hn ≤ ~C_0(‖u‖_L2 + ‖∇^nu‖_L2 ). Hence, introducing y(t) = ‖∇^nu(t)‖^2_L2 , this gives ∂_ty ≤ (2R + C_{10}K^{σθ}_0 )y + C_{10}y^{1+σθ}, where C_{10}^{def}= 2C^{2σ}_7 c(d)|b_0 + iμ|K^{σ(1−θ)}_0 ~C^{2σθ}_0 max(1, 2^{2σθ−1}).

Employing Hölder’s inequality, there exist two constants D_1, D_2 > 0 such that ∂_ty ≤ D_1 + D_2y^{1+σθ}.

Lemma 8.1 of the Appendix implies that for 0 ≤ t < T^∗,

y(t) ≤ K_6(t)^{def}= (( y(0) + ( D_1 D2 )_{1/(1+σθ)})_{−σθ} − σθD_2t )_{−1/σθ} − (D_1 D_2 )_{1/(1+σθ)} , where T^∗ > 0 is given by T^{∗ def}= [ σθD_2 ( y(0) + (D_1 D_2 )_{1/(1+σθ)})_{σθ}]−1 . The lemma is proved.

Proof of Theorem 2.5. The proof is very similar to the proof of Theorem 2.4. We only have to use the Gagliardo-Nirenberg inequality (7.2) instead of (5.5) and to apply Lemma 7.1 in order to obtain a uniform L^∞ bound on u_ε.

8 Appendix

Lemma 8.1 Let the function y : (0, T ) → R be absolutely continuous and satisfy the following differential inequality: y^′ ≤ Ay^α + B for t > 0, with α > 1, A, B > 0 and y(0) > 0. Then there exists a constant T^∗ > 0 such that for all 0 ≤ t < T^∗,

y(t) ≤ [( y(0) + (B A )_{1/α})1−α + (1 − α)At ]_{−1/(α−1)} − (B A )_{1/α} , where T^∗ > 0 is given by

T^∗ = [ (α − 1)A ( y(0) + (B/A)^{1/α} )_{α−1}]−1 . Proof. Via the change of variable z = y + C, where C = (B/A)^{1/α}, we get from

(y + C)^α ≥ y^α + C^α

the differential inequality z^′ − Az^α ≤ 0. This inequality can be integrated: z(t) ≤ ( z(0)^{1−α} + (1 − α)At )_{−1/(α−1)} , for all 0 ≤ t < T^∗. The lemma follows.

References

[1] M. Bartuccelli, P. Constantin, C. Doering, J. Gibbon, and M. Gisselfält. On the possibility of soft and hard turbulence in the complex Ginzburg-Landau equation. Physica D, 44:421–444, 1990.

[2] P. Blennerhassett. On the generation of waves by wind. Philos. Trans. Roy. Soc.

London, Ser. A, 298:451–494, 1980.

[3] J. Bourgain. Exponential sums and nonlinear Schrödinger equations. Geom. Funct.

Anal., 3:157–178, 1993.

[4] J. Bourgain. Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evolution equations. Geom. Funct. Anal., 3:109–156, 1993.

[5] H. Brézis and T. Gallouet. Nonlinear Schrödinger evolution equations. Nonlin. Anal.

TMA, 4:677–681, 1980.

[6] T. Cazenave. An Introduction to Nonlinear Schrödinger Equations. Textos de Métodos Matemáticos 26. Universidade Federal do Rio de Janeiro, Rio de Janeiro, 3rd edition, 1996.

[7] T. Cazenave and F. Weissler. The Cauchy problem for the critical nonlinear Schrödinger equation in H^s. Nonlin. Anal. TMA, 14:807–836, 1990.

[8] M. Cross and P. Hohenberg. Pattern formation outside of equilibrium. Rev. of Modern Phys., 65:851–1089, 1993.

[9] C. Doering, J. Gibbon, and C.D. Levermore. Weak and strong solutions of the complex Ginzburg-Landau equation. Physica D, 71:285–318, 1994.

[10] D. Gilbarg and N. S. Trudinger. Elliptic Partial Differential Equations of Second Order. Springer, Berlin, 2nd edition, 1983.

[11] J. Ginibre. Le problème de Cauchy pour des EDP semi-linéaires périodiques en variables d’espace. Astérisque, 237:163–187, 1996.

[12] J. Ginibre. An introduction to nonlinear Schrödinger equations. In Agemi et al., editor, Nonlinear waves, volume 10 of Gakkutosho Gakuto Int. Ser., pages 85–133, Tokyo, 1997.

[13] J. Ginibre and T. Ozawa. Long range scattering for non-linear Schrödinger and Hartree equations in space dimension n ≥ 2. Comm. Math. Phys., 151:619–645, 1993.

[14] J. Ginibre and G. Velo. The Cauchy problem in local spaces for the complex Ginzburg- Landau equation. I. Compactness methods. Physica D, 95:191–228, 1996.

[15] J. Ginibre and G. Velo. The Cauchy problem in local spaces for the complex Ginzburg- Landau equation. II. Contraction methods. Comm. Math. Phys., 187:45–79, 1997.

[16] J. Ginibre and G. Velo. Generalized estimates and Cauchy problem for the logarithmic complex Ginzburg-Landau equation. J. Math. Phys., 38:2475–2482, 1997.

[17] V. Ginzburg and L. Landau. On the theory of superconductivity. Zh. Eksp. Fiz., 20:1064, 1950. English transl. in: Men of Physics: L. D. Landau, Vol. I, D. Ter Haar (ed.), Pergamon Press, pages 546-568, New York, 1965.

[18] D. Goldman and L. Sirovich. The one-dimensional complex Ginzburg-Landau equation in the low dissipation limit. Nonlinearity, 7:417–439, 1994.

[19] G. Huber and P. Alstrom. Universal decay of vortex density in two dimensions.

Physica A, 195:448–456, 1993.

[20] G. Huber, P. Alstrom, and T. Bohr. Nucleation and transients at the onset of vortex turbulence. Phys. Rev. Lett., 69:2380–2383, 1992.

[21] M. Kastenholz, H. Lange, and D. Nieder. Periodic solutions of nonlinear Schrödinger equations. Portug. Math., 46:517–537, 1989.

[22] C. Kenig, G. Ponce, and L. Vega. Small solutions in nonlinear Schrödinger equations.

Annales I.H.P., Anal. non lin., 10:255–288, 1993.

[23] P. Kirrmann, G. Schneider, and A. Mielke. The validity of modulation equations for extended systems with cubic nonlinearities. Proc. Roy. Soc. Edinb., Sect. A, 122:85–91, 1992.

[24] Y. Kuramoto. Chemical Oscillations, Waves and Turbulence, volume 19 of Series in Synergetics. Springer, New York, 1984.

[25] J. Lega and S. Fauve. Traveling hole solutions to the complex Ginzburg-Landau equation as perturbation of nonlinear Schrödinger dark solitons. Physica D, 102:234– 252, 1979.

[26] B. LeMesurier, G. Papanicolau, C. Sulem, and P. Sulem. Local structure of the selffocusing singularity of the nonlinear Schrödinger equation. Physica D, 32:210–226, 1988.

[27] C.D. Levermore. Work in preparation. 2000.

[28] C.D. Levermore and M. Oliver. The complex Ginzburg-Landau equation as a model problem. In P. Deift, editor, Dynamical systems and probabilistic methods in partial differential equations, volume 31 of Lectures in Appl. Math., pages 141–190, Providence, 1996. AMS.

[29] J.L. Lions. Quelques méthodes de résolution des problèmes aux limites non linéaires.

Dunod, Paris, 1969.

[30] F. Merle and Y. Tsutsumi. L^2-concentration of blow-up solutions for the nonlinear Schrödinger equation with critical power nonlinearity. J. Diff. Eqs., 84:205–214, 1990.

[31] A. Mielke and G. Schneider. Derivation and justification of the complex Ginzburg- Landau equation as a modulation equation. In P. Deift et al., editor, Dynamical Systems and Probabilistic Methods in Partial Differential Equations, volume 31 of Lectures in Appl. Math., pages 191–216, Providence, 1996. AMS.

[32] A. Newell, T. Passot, and J. Lega. Order parameter equations for patterns. Annual Rev. Fluid Mech., 25:399–453, 1993.

[33] A. Newell and J. Whitehead. Finite bandwidth, finite amplitude convection. J. Fluid Mech., 38:279–303, 1969.

[34] A. Newell and J. Whitehead. Review of the finite bandwidth concept. In H. Leipholz, editor, Proceedings of the Internat. Union of Theor. and Appl. Math., pages 284–289, Berlin, 1971. Springer.

[35] T. Ozawa. On critical cases of Sobolev’s inequalities. J. Funct. Anal., 127:259–269, 1995.

[36] I. Rasmussen and K. Rypdal. Blow-up in Schrödinger equations I – A general review.

Physica Scripta, 33:498–504, 1987.

[37] J. Simon. Compact sets in the space L^p(0, T ; B). Ann. Math. Pura Appl., 146:65–96, 1987.

[38] D. Stark. Structure and turbulence in the complex Ginzburg-Landau equation with a nonlinearity of arbitrary order. PhD thesis, University of Arizona, Tucson, USA, 1995.

[39] J. Stuart and R. Di Prima. The Eckhaus and Benjamin-Feir resonance mechanisms.

Proc. Roy. Soc. London, Ser. A, 362:27–41, 1978.

[40] R. Temam. Infinite-Dimensional Dynamical Systems in Mechanics and Physics.

Springer, New York, 1988.

[41] J. Wu. The inviscid limit of the complex Ginzburg-Landau equation. J. Diff. Eqs., 142:413–433, 1998.