A Hierarchy of Hydrodynamic Models

for Plasmas. Quasi-Neutral Limits in the Drift-Diffusion Equations

Ansgar Jüngel Fachbereich Mathematik, Technische Universität Berlin, Straße des 17. Juni 136, D – 10623 Berlin, Germany, e-mail: jungel@math.tu-berlin.de, and Laboratoire Dieudonné, Université de Nice, BP 71, F – 06108 Nice Cedex 2, France

Yue-Jun Peng Laboratoire de Mathématiques Appliquées, CNRS UMR 6620, Université Blaise Pascal, F – 63177 Aubière Cedex, France, e-mail: peng@ucfma.univ-bpclermont.fr

Abstract

This paper is a continuation of a series of papers in which (quasi-) hydrodynamic models for plasmas are rigorously derived by means of asymptotic analysis. Here, the quasi-neutral limit (zero-Debye-length limit) in the drift-diffusion equations is performed in the two cases: weakly ionized plasmas and not weakly ionized plasmas.

The model consists of the continuity equations for the electrons and ions, the constitutive relations for the particle current densities, and the Poisson equation for the electrostatic potential in a bounded domain. In the case of a weakly ionized plasma, the continuity equation for the electrons is replaced by a relation between the electrostatic potential and the electron density such that the Poisson equation becomes nonlinear. The equations are complemented by mixed Dirichlet-Neumann boundary conditions and initial conditions.

The quasi-neutral limits are shown without assuming compatibility conditions on the boundary densities. The proofs rely on the use of the so-called entropy functional which yields appropriate uniform estimates, and compensated compactness methods.

Keywords. Asymptotic analysis, singular perturbation, drift-diffusion equations, plasmas, entropy method, boundary layers.

1991 Mathematics Subject Classification. 35B25, 35B40, 35K57.

Acknowledgments. The authors acknowledge support from the DAAD-PROCOPE Program. The first author acknowledges support from the TMR Project “Asymptotic methods in kinetic theory”, grant number ERB-FMRX-CT97-0157, and from the Gerhard-Hess Program of the DFG, grant number JU 359/3-1. The research of the second author was partially supported by the TMR network of the Project “Hyperbolic systems of conservation laws”, grant number ERB-FMRX-CT96-0033. The second author would like to thank E.Grenier for valuable discussions.

1 Introduction

Recently, we started a program to derive rigorously a hierarchy of macroscopic models for plasmas. In particular, we are interested in justifying mathematically various asymptotic limits in the hydrodynamic and the drift-diffusion equations used in plasma physics, namely (i) the zero-relaxation-time limit, (ii) the zero-electron-mass limit, and (iii) the quasi-neutral limit. In this paper we continue our program by studying the quasi-neutral limit in the drift-diffusion equations. We refer to the papers [14, 18, 19, 20] for the limits (i) and (ii).

Consider an unmagnetized plasma consisting of electrons with density n^ε_e and of a single species of positively charged ions with density n^ε_i . We suppose that the particle densities satisfy the drift-diffusion equations coupled self-consistently to the Poisson equation for the electrostatic potential ϕ^ε (system (DD-EI)):

∂_tn^ε_i − div (∇p_i(n^ε_i ) + μ_in^ε_i ∇ϕ^ε) = 0, (1.1) ∂_tn^ε_e − div (∇p_e(n^ε_e) − μ_en^ε_e∇ϕ^ε) = 0, (1.2) −ε^2Δϕ^ε = n^ε_i − n^ε_e (1.3)

in an open and bounded domain Ω ⊂ R^d (d ≥ 1). The boundary ∂Ω of the domain is supposed to consist of two disjoint sets Γ_D and Γ_N . The system (DD-EI) is complemented by mixed Dirichlet-Neumann boundary conditions and initial conditions:

n^ε_α = n_{D,α}, ϕ^ε = ϕ_D on (0, T ) × Γ_D, (1.4) ∇p_α(n^ε_α) · ν = ∇ϕ^ε · ν = 0 on (0, T ) × Γ_N , (1.5) n^ε_α(0) = n_{I,α} in Ω, (1.6)

for α = e, i. Here, p_e(n^ε_e), p_i(n^ε_i ) denote the pressure functions of the electrons and ions, respectively. The function ν is the normal unit vector of ∂Ω which is assumed to exist almost everywhere. The physical parameters are the (constant) mobilities μ_e > 0, μ_i > 0 and the (scaled) Debye length ε > 0. The model (1.1)–(1.3) can be derived from the hydrodynamic plasma equations in the zero-relaxation-time limit [18, 19]. Our first main goal is to perform the limit ε → 0 in the system (DD-EI) rigorously.

When the kinetic energy of the electrons is much smaller than their thermal energy, the electron continuity equation (1.1) reduces asymptotically to the relation (see [20] for details) 0 = h_e(n^ε_e) − μ_eϕ^ε,

where h_α is the enthalpy function defined by

sh^′_α(s) = p^′_α(s) for s > 0 and h_α(1) = 0, α = e, i.

Hence the electron density is given by the relation n^ε_e = f_e(ϕ^ε), where

f_e(s) = h^{−1}_e (μ_es) and ϕ^ε solves the nonlinear Poisson equation

−ε^2Δϕ^ε = n_i − f_e(ϕ^ε).

In this situation (‘weakly ionized plasma’), the ion density and the electrostatic potential solve the problem (DD-I):

∂_tn^ε_i − div (∇p_i(n^ε_i ) + μ_in^ε_i ∇ϕ^ε) = 0, (1.7) −ε^2Δϕ^ε = n^ε_i − f_e(ϕ^ε) (1.8)

subject to the boundary and initial conditions (1.4)–(1.6) for α = i. Our second main goal is to study rigorously the limit ε → 0 in (DD-I).

Before stating our main results, we perform the quasi-neutral limit ε → 0 formally in the systems (DD-EI) and (DD-I) to derive the limit problems. In (DD-EI) we get for ε = 0:

n^{def}= n_e = n_i, ∂_tn − div (∇p_i(n) + μ_in∇ϕ) = 0, ∂_tn − div (∇p_e(n) − μ_en∇ϕ) = 0. Adding and subtracting these equations leads to

2∂_tn − div (∇(p_i(n) + p_e(n)) + (μ_i − μ_e)n∇ϕ) = 0, −div ((μ_i + μ_e)n∇ϕ) = Δ(p_i(n) − p_e(n)).

Inserting the second equation in the first, we can eliminate the drift term, and the final system (QN-EI) becomes

∂_tn − Δp(n) = 0, (1.9) −div ((μ_i + μ_e)n∇ϕ) = Δ(p_i(n) − p_e(n)), (1.10)

where p(n) = μ_e μ_i + μ_e p_i(n) + μ_i μ_i + μ_e p_e(n). (1.11)

As an example, let us assume that the electrons and ions are described by the same density-pressure relation, but with different diffusivities, which accounts for the different masses, i.e. p_α(s) = D_αp_0(s), α = e, i. Then Eqs. (1.9)–(1.10) become

∂_tn − D_aΔp_0(n) = 0, −div (n∇ϕ) = D_bΔp_0(n),

where D_a =

D_eμ_i + D_iμ_e

μ_i + μ_e

, D_b = D_i − D_e μ_i + μ_e .

This means that the new diffusivity of the quasi-neutral plasma is given by the so-called ambipolar diffusion coefficient D_a. This relation is well-known in plasma physics [7, p. 160].

The quasi-neutral limit in the system (DD-I) gives formally

∂_tn_i − div (∇p_i(n_i) + μ_in_i∇ϕ) = 0, n_i = f_e(ϕ).

Hence, we get the limiting system (QN-I) for n^{def}= n_i:

∂_tn − Δ(p_i(n) + (μ_i/μ_e)p_e(n)) = 0, (1.12) ϕ = h_e(n)/μ_e, (1.13)

where the functions p_e and h_e are defined, for given f_e, by p^′_e(s) = sh^′_e(s), p_e(1) = 0, and h_e(s) = μ_ef^{−1}_e (s), s > 0.

In order to make the quasi-neutral limits in the systems (DD-EI) and (DD-I) rigorously, we assume that at t = 0, the electron and ion density are equal: n_{I,e} = n_{I,i}. (1.14) This assumption avoids the formation of initial layers (see also [13]). Furthermore, we assume that the boundary and initial densities are strictly positive. Then we can show that in the system (DD-EI) the sequences n^ε_e and n^ε_i converge locally in some Sobolev spaces to a function n satisfying the limit equation (1.9) (see Theorem 2.1). In general we cannot expect to get global convergence due to boundary layer phenomena. However, if the electron and ion densities coincide on the Dirichlet boundary, then we have strong convergence. Moreover, if the boundary and initial densities are only non-negative, we can also perform the quasi-neutral limit (see Theorem 3.6).

For the quasi-neutral limit in the system (DD-I) we have a stronger result. Indeed, we do not need compatibility conditions on the boundary or initial functions in order to get strong global convergence of the sequences. However, we need some regularity for the electrostatic potential, i.e., we need to require that the Dirichlet and Neumann boundary segments do not meet (see Theorem 2.2). For the quasi-neutral limit in the case of only non-negative densities, we refer to Theorem 4.6.

The quasi-neutral limit in macroscopic models for plasmas has been first studied by Brézis et al. in [4] and by Cordier et al. in [8, 9]. In the first mentioned paper the limit ε → 0 is rigorously performed for the nonlinear Poisson equation (the ion density being fixed). In the second article the authors study the quasi-neutral limit for the traveling wave solutions of the hydrodynamic plasma equations. The quasi-neutral limit in the hydrodynamic equations for smooth solutions is rigorously performed by Cordier and Grenier in [10]. Asymptotic expansions in powers of ε to the one-dimensional drift-diffusion equations for semiconductors are derived by Markowich and Ringhofer [22]. Recently, Gasser et al. [13] also studied the quasi-neutral limit in the drift-diffusion equations for semiconductors. They used homogeneous Neumann boundary conditions which simplifies the analysis, since no boundary layers are expected. In this paper, however, the main difficulty comes from the possible presence of boundary layers, and the analysis has to be more careful on this subject.

The proofs of the Theorems 2.1 and 2.2 are based on the entropy method. The entropy (or free energy or entropy functional) gives additional a priori estimates via the entropy inequality. It is defined essentially (up to the contribution of the boundary functions) by ∫ Ω ( P_e(n^ε_e) + P_i(n^ε_i ) + 1 2 |∇ϕ^ε|^2 ) dx, where P^′_α(s) = p_α(s) (α = e, i). The entropy method has been used very successfully in the analysis of parabolic equations. First used by Alt and Luckhaus [1] to obtain the existence of solutions to elliptic-parabolic systems, this method has been subsequently employed for the analysis of the long-time behavior of solutions [12, 16] and their decay rates as t → ∞ [2, 5, 6, 23] and for singular perturbation analysis [13, 20].

First we prove uniform L^∞ bounds for n^ε_e, n^ε_i by means of the maximum principle. Then the entropy inequality shows that the entropy and the entropy production ∫_t 0 ∫ Ω {| |∇ ( h_e(n^ε_e) − μ_eϕ^ε )| |^2 + | |∇ ( h_i(n^ε_i ) + μ_iϕ^ε )| |^2 } dxdτ are bounded uniformly in ε, for t > 0. Away from the boundary, using the Poisson equation and the above estimates, we get uniform bounds for ∇n^ε_α and ∂_tn^ε_α in appropriate Sobolev spaces such that the Aubin compactness result can be used to get the compactness of n^ε_α in the Lebesgue space L^2_{loc} (α = e, i). This allows us to identify the nonlinearities in the limit.

We stress the fact that in Theorem 2.2, we do not suppose any compatibility condition on the boundary or initial data but nevertheless, we get strong convergence of the sequences. In order to get this result, we first prove that the normal derivative ∇ϕ^ε · ν on the Dirichlet boundary is of order O(ε^{−1}), using the idea in [4]. This shows that n^ε_i − f_e(ϕ^ε) → 0 strongly in L^2 as ε → 0. Finally, in order to identify the nonlinear functions we employ compensated compactness and compactness-by-convexity tools.

The plan of this paper is as follows. In Section 2 we recall the existence results and state the main results for the quasi-neutral limits in the systems (DD-EI) and (DD-I). The limit ε → 0 for the system (DD-EI) is proved in Section 3, whereas the quasi-neutral limit in (DD-I) is shown in Section 4.

2 Main results

In this section we recall some existence results for the systems (DD-EI) and (DD-I) and state the main results for the quasi-neutral limit for general pressure functions.

Let Ω ⊂ R^d with d ≥ 1 be an open and bounded domain with boundary ∂Ω = Γ_D ∪Γ_N satisfying Γ_D ∩Γ_N = ∅, meas(Γ_D) > 0, and Γ_N is open in ∂Ω. We introduce the notations

Ω_T = (0, T ) × Ω, Σ_D = (0, T ) × Γ_D, Σ_N = (0, T ) × Γ_N ,

and impose the following assumptions for α = e, i:

(A1) n_{I,α} ∈ L^∞(Ω), n_{D,α} ∈ C^0([0, T ]; L^∞(Ω)) ∩ H^1(Ω_T ), ϕ_D ∈ H^1(0, T ; H^1(Ω)) ∩ L^∞(Ω_T ), μ_α > 0.

(A2) There exist two constants n, n > 0 such that 0 < n ≤ n_{I,α} ≤ n in Ω and 0 < n ≤ n_{D,α} ≤ n on Σ_D.

(A3) p_α ∈ C^1([0, +∞)) is strictly increasing on (0, +∞).

Notice that the case p^′_α(0) = 0 is allowed in hypothesis (A3), and then the Eqs. (1.1)–(1.2) are of degenerate type. Under the assumptions (A1) and (A3) it has been proved in [15, 17] that there exists a solution (n^ε_e, n^ε_i , ϕ^ε) to the problem (1.1)– (1.6) satisfying

n^ε_α ∈ H^1(0, T ; V^∗) ∩ L^∞(Ω_T ) ∩ L^2(0, T ; H^1(Ω)), (2.1) ϕ^ε ∈ L^∞(0, T ; H^1(Ω)), (2.2)

where V^∗ is the dual space of

V = {u ∈ H^1(Ω) : u = 0 on Γ_D}.

Moreover, under the assumptions (A1)–(A3), ∂Ω = Γ_D, and some regularity conditions on the boundary functions, the solution is unique. The assumption (A2) implies that the densities n^ε_α are strictly positive in Ω_T (see Lemma 3.1). The quasi-neutral limit without assuming (A2) will be studied in Theorems 3.6 and 4.6.

For the quasi-neutral limit we also use the compatibility conditions:

(A4) n_{I,e} = n_{I,i} in Ω.

(A5) n_{D,e} = n_{D,i} on Σ_D.

Then it holds:

Theorem 2.1 (Quasi-neutral limit in the system (DD-EI)) Let T > 0 and the hypotheses (A1)–(A4) hold. Let (n^ε_e, n^ε_i , ϕ^ε) be a weak solution to (1.1)-(1.6). Furthermore, let ω ⊂ Ω be such that ω ⊂ Ω. Then there is a subsequence (not relabeled) such that for α = e, i, as ε → 0,

n^ε_α → n in L^p(ω_T ) strongly, for all p ∈ [1, +∞), n^ε_α ⇀ n in L^2(0, T ; H^1(ω)) weakly, ϕ^ε ⇀ ϕ in L^2(0, T ; H^1(ω)) weakly, and (n, ϕ) is a solution of Eqs. (1.9)–(1.10) and n(0) = n_{I,e} = n_{I,i} in the sense of H^{−1}(ω). Moreover, it holds

‖n^ε_e − n^ε_i ‖_L2_{(ωT )} = O(ε),

with ω_T = (0, T ) × ω. If additionally (A5) holds, then the above convergence results hold for ω = Ω and for the whole sequence (n^ε_e, n^ε_i , ϕ^ε), and the corresponding boundary conditions for the limit problem (1.9)–(1.10) are satisfied.

Concerning the system (DD-I) we have to specify our assumption on the nonlinearity f_e. From the derivation of the problem (DD-I), f_e(s) is equal to h^{−1}_e (μ_es). Here, we consider general functions f_e:

(A6) f_e ∈ C^1(R) is increasing on R and strictly increasing on (0, +∞), f_e(0) > 0, f_e(+∞) = +∞.

(A7) The function s → s(h_i(s)+h_e(s)) is of class C^2 and strictly convex on (0, +∞).

The assumptions (A6) and (A7) are satisfied for isothermal or adiabatic pressure functions of the form p_α(s) = a_αs^{γα} with γ_α ≥ 1 and a_α > 0 since then (if f_e is defined via h_e)

h_α(s) = a_α log(n), f_e(s) = e^{μes/ae} if γ_α = 1;

h_α(s) =^{aαγα}_{γα−1} (s^{γα−1} − 1), f_e(s) = (_{μe(γe−1)} a_eγ_e s + 1 )_{1/(γe −1)} + if γ_α > 1.

Since we have to estimate |∇ϕ^ε · ν| on Γ_D, we need some regularity for ϕ^ε. Therefore we suppose

(A8) ∂Ω ∈ C^{1,1}, Γ_D ∩ Γ_N = ∅, and ϕ_D ∈ L^2(0, T ; H^2(Ω)).

Then the electric potential satisfies ϕ^ε ∈ L^2(0, T ; H^2(Ω)) [25].

The existence of weak solutions (n^ε_i , ϕ^ε) to (1.7)–(1.8), (1.4)–(1.6) satisfying (2.1)–(2.2) for α = i has been proved in [20] under the assumptions (A1), (A3), and (A6). Uniqueness of solutions follows under the additional hypothesis (A2), ∂Ω = Γ_D and regularity assumptions on the boundary functions. Under the conditions (A1)–(A3) for α = i and (A6), (A8) we are able to show show that

‖n^ε_i − f_e(ϕ^ε)‖_L2_{(ΩT )} = O( √ ε) as ε → 0. In order to obtain the strong compactness of the sequence (n^ε_i , ϕ^ε), we need the hypothesis (A7).

Theorem 2.2 (Quasi-neutral limit in the system (DD-I)) Let the hypotheses (A1)–(A3) for α = i and (A6)–(A8) hold. Furthermore, let ω ⊂ Ω be such that ω ⊂ Ω. Then there is a sequence of weak solutions (n^ε_i , ϕ^ε) to the problem (DD-I) such that, as ε → 0,

n^ε_i → n in L^2(Ω_T ) strongly, ϕ^ε → ϕ in L^2(Ω_T ) strongly, and (n, ϕ) solves Eqs. (1.12)–(1.13) and n(0) = n_{I,i} in the sense of H^{−1}(ω). Moreover, we have ‖n^ε_i − f_e(ϕ^ε)‖_L2_{(ΩT )} = O(ε^{1/2}), ‖∇ϕ^ε‖_L2_{(ΩT )} = O(ε^{−1/2}), (2.3) ‖n^ε_i − f_e(ϕ^ε)‖_L2_{(ωT )} = O(ε), ‖∇ϕ^ε‖_L2_{(ωT )} = O(1). (2.4) If additionally, n_{D,i} = f_e(ϕ_D), then (n, ϕ) also satisfies the boundary conditions (1.4)–(1.5) for α = i.

3 The quasi-neutral limit in (DD-EI)

In this section, we suppose that the assumptions (A1)–(A3) hold. Before proving Theorem 2.1 we show some auxiliary lemmas. For this purpose, let (n^ε_e, n^ε_i , ϕ^ε) be a weak solution to (1.1)–(1.6). Lemma 3.1 It holds 0 < n ≤ n^ε_α(t, x) ≤ n in Ω_T , α = e, i. Proof. Use μ_e(n^ε_i − n)^+, μ_i(n^ε_e − n)^+ as test functions in Eqs. (1.1), (1.2) respectively and add both equations to get (omitting the index ε) 1 2 ∫ Ω [μ_e(n_i − n)^+(t)^2 + μ_i(n_e − n)^+(t)^2]dx + ∫ Ω_t

[μ_ep^′_i(n_i)|∇(n_i − n)^+|^2 + μ_ip^′_e(n_e)|∇(n_e − n)^+|^2]dxdτ = μ_eμ_i ∫ Ω_t (n_e − n)∇ϕ · ∇(n_e − n)^+ + μ_eμ_i ∫ Ω_t n∇ϕ · ∇(n_e − n)^+dxdτ − μ_eμ_i ∫ Ω_t (n_i − n)∇ϕ · ∇(n_i − n)^+ − μ_eμ_i ∫ Ω_t n∇ϕ · ∇(n_i − n)^+dxdτ = μ_iμ_e 2 ∫ Ω_t

∇ϕ · ∇(n_e − n)^{+2} + μ_iμ_en ε^2 ∫ Ω_t (n_i − n_e)(n_e − n)^+dxdτ − μ_eμ_i 2 ∫ Ω_t ∇ϕ · ∇(n_i − n)^{+2} − μ_eμ_in ε^2 ∫ Ω_t (n_i − n_e)(n_i − n)^+dxdτ = − μ_eμ_i 2ε^2 ∫ Ω_t

(n_i − n_e)((n_i − n)^{+2} − (n_e − n)^{+2})dxdτ − μ_eμ_in ε^2 ∫ Ω_t

(n_i − n_e)((n_i − n)^+ − (n_e − n)^+)dxdτ ≤ 0, since the functions s → s^+ and s → (s^+)^2 are non-decreasing. Thus n_α ≤ n in Ω_T .

Using μ_e(n_i − n)^−, μ_i(n_e − n)^− as test functions in Eqs. (1.1), (1.2) respectively and employing the Poisson equation (1.3) as above leads to 1 2 ∫ Ω [μ_e(n_i − n)^−(t)^2 + μ_i(n_e − n)^−(t)^2]dx + ∫ Ω_t

[μ_ep^′_i(n_i)|∇(n_i − n)^−|^2 + μ_ip^′_e(n_e)|∇(n_e − n)^−|^2]dxdτ = − μ_eμ_i 2ε^2 ∫ Ω_t

(n_i − n_e)((n_i − n)^{−2} − (n_e − n)^{−2})dxdτ − μ_eμ_in ε^2 ∫ Ω_t (n_i − n_e)((n_i − n)^− − (n_e − n)^−)dxdτ ≤ − μ_eμ_i 2ε^2 ∫ Ω_t (n_i − n_e)((n_i − n)^{−2} − (n_e − n)^{−2})dxdτ, since the functions s → s^− = min(0, s) is non-decreasing. Thus

min(μ_e, μ_i) ∫ Ω [(n_i − n)^−(t)^2 + (n_e − n)^−(t)^2]dx ≤ μ_eμ_in ε^2 ∫ Ω_t

[(n_i − n)^{−2} + (n_e − n)^{−2}]dxdτ.

From Gronwall’s lemma we conclude that n_α ≥ n in Ω_T , α = e, i.

Lemma 3.2 It holds ϕ^ε ∈ H^1(0, T ; H^1(Ω)).

Proof. For almost all t > 0, the function ϕ^ε(t) ∈ H^1(Ω) solves

−ε^2Δϕ^ε(t) = (n_i − n_e)(t) in Ω, ϕ^ε(t) = ϕ_D(t) on Γ_D, ∇ϕ^ε(t) · ν = 0 on Γ_N .

Since n_i − n_e ∈ L^2(0, T ; H^1(Ω)), ϕ^ε is Bochner-measurable. Furthermore, ε‖ϕ^ε(t)‖_V ≤ c(‖(n_i − n_e)(t)‖_V ∗ + ε‖ϕ_D(t)‖_V ), which yields ϕ^ε ∈ L^2(0, T ; H^1(Ω)). Finally, for h > 0 and almost all t < T − h, ε ‖ ‖ ‖ 1 h ( ϕ^ε(t + h) − ϕ^ε(t) )‖ ‖_V ≤ c (‖ ‖ 1 h ( (n_i − n_e)(t + h) − (n_i − n_e)(t) )‖ ‖_{V ∗} + ε ‖ ‖ 1 h ( ϕ_D(t + h) − ϕ_D(t) )‖ ‖_V ) , so that the regularity properties n_i, n_e ∈ H^1(0, T ; V^∗), ϕ_D ∈ H^1(0, T ; H^1(Ω)) imply that ∂_tϕ^ε ∈ L^2(0, T ; H^1(Ω)). The assertion of the lemma follows.

For general pressure functions, the entropy is defined by H_ε(t) = ∫ Ω [ 1 μ_e ∫_nε_{e(t)} n_{D,e}(t) (h_e(s) − h_e(n_{D,e}(t)))ds + 1 μ_i ∫_nε_{i (t)} n_{D,i}(t) (h_i(s) − h_i(n_{D,i}(t)))ds ] dx + ε^2 2 ∫ Ω |∇(ϕ^ε(t) − ϕ_D(t))|^2dx. This function is non-negative and well defined for t = 0 and for almost all t > 0. Notice that under the assumption (A4), H_ε(0) is bounded uniformly in ε > 0. Indeed, ϕ^ε(0) solves −ε^2Δϕ^ε(0) = (n^ε_i − n^ε_e)(0) = 0 in Ω, ϕ^ε(0) = ϕ_D(0) on Γ_D, ∇ϕ^ε(0) · ν = 0 on Γ_N , and the initial and boundary data do not depend on ε > 0.

The key result is the following lemma:

Lemma 3.3 Assume that (A4) hold. Then the sequences

(F^ε_i )_{ε>0}^{def}= (h_i(n^ε_i ) + μ_iϕ^ε)_{ε>0}, (F^ε_e )_{ε>0}^{def}= (h_e(n^ε_e) − μ_eϕ^ε)_{ε>0} (3.1) are bounded in L^2(0, T ; H^1(Ω)). Furthermore, (εϕ^ε)_{ε>0} is bounded in L^∞(0, T ; H^1(Ω)).

Proof. Omitting the index ε, we obtain for almost all t > 0,

H_ε(t) − H_ε(0) = ∫_t 0 i∑ α=e 1 μ_α [ ⟨∂_tn_α, h_α(n_α) − h_α(n_{D,α})⟩_V ∗_{,V} − 1 μ_α ∫ Ω_t h^′_α(n_{D,α})∂_tn_{D,α}(n_α − n_{D,α})dx ] dτ (3.2)

+ ε^2 ∫ Ω_t ∇∂_t(ϕ − ϕ_D) · ∇(ϕ − ϕ_D)dxdτ. From the Poisson equation −ε^2Δ∂_tϕ = ∂_tn_i − ∂_tn_e we get, using (1.1), (1.2),

ε^2 ∫ Ω_t ∇∂_tϕ · ∇(ϕ − ϕ_D)dxdτ = − ∫ Ω_t n_i∇(h_i(n_i) + μ_iϕ) · ∇(ϕ − ϕ_D)dxdτ + ∫ Ω_t n_e∇(h_e(n_e) − μ_eϕ) · ∇(ϕ − ϕ_D)dxdτ. Inserting this relation into (3.2) and introducing the quasi-Fermi potentials on the Dirichlet boundary F_{D,i} = h_i(n_{D,i}) + μ_iϕ_D, F_{D,e} = h_e(n_{D,e}) − μ_eϕ_D, (3.3) we infer

H_ε(t) − H_ε(0) = − ∫ Ω_t 1 μ_e n_e∇F_e · ∇(F_e − F_{D,e})dxdτ − ∫ Ω_t 1 μ_i n_i∇F_i · ∇(F_i − F_{D,i})dxdτ (3.4) − i∑ α=e 1 μ_α ∫ Ω_t h^′_α(n_{D,α})∂_tn_{D,α}(n_α − n_{D,α})dxdτ − ε^2 ∫ Ω_t ∇∂_tϕ_D · ∇(ϕ − ϕ_D)dxdτ. Then, with the use of Young’s and Hölder’s inequalities we can estimate:

H_ε(t) ≤ H_ε(0) − ∫ Ω_t ( n 2μ_e |∇F_e|^2 + n 2μ_i |∇F_i|^2 ) dxdτ + ∫ Ω_t ( n 2μ_e |∇F_{D,e}|^2 + n 2μ_i |∇F_{D,i}|^2 ) dxdτ (3.5) + i∑ α=e ‖h^′_α(n_{D,α})‖_L∞_{(Ωt)}‖∂_tn_{D,α}‖_L1_{(Ωt)}‖n_α − n_{D,α}‖_L∞_{(Ωt)} + ε^2 2 ∫ Ω_t |∇(ϕ − ϕ_D)|^2dxdτ + ε^2 2 ∫ Ω_t |∇∂_tϕ_D|^2dxdτ. In the following, c > 0 denotes a constant independent of ε ∈ (0, 1) with different values at different occurrences. We conclude from the above inequality ε^2 2 ∫ Ω |∇(ϕ − ϕ_D)(t)|^2dx ≤ c + ε^2 2 ∫ Ω_t |∇(ϕ − ϕ_D)|^2dxdτ. By Gronwall’s lemma, for almost all t ∈ (0, T ), ε^2‖∇(ϕ − ϕ_D)(t)‖^2_L2_{(Ω)} ≤ 2ce^T .

In view of Poincaré’s inequality we obtain the second assertion of the lemma. The first assertion then follows directly from (3.5). Corollary 3.4 Let (A4) hold. Then ‖n^ε_i − n^ε_e‖_L∞_{(0,T ;V} ∗_) = O(ε) as ε → 0.

Proof. From the Poisson equation (1.3) and Lemma 3.3 follows that ‖n^ε_i − n^ε_e‖_L∞_{(0,T ;V} ∗_) = ε^2‖Δϕ^ε‖_L∞_{(0,T ;V} ∗_) ≤ ε^2‖ϕ^ε‖_L∞_{(0,T ;H}1_{(Ω))} ≤ cε.

Proof of Theorem 2.1. Let ω ⊂ Ω be a domain such that ω ⊂ Ω and set ω_T = (0, T ) × ω. We claim that there exists a constant independent of ε > 0 such that ‖n^ε_i − n^ε_e‖_L2_{(ωT )} ≤ c √ ε, √ ε‖∇ϕ^ε‖_L2_{(ωT )} ≤ c.

For α = e, i, we denote by ~f_α the inverse function of h_α, and we write n^ε_i = ~f_i(F^ε_i − μ_iϕ^ε), n^ε_e = ~f_e(F^ε_e + μ_eϕ^ε). (3.6) Let v ∈ D(Ω_T ) be satisfying v ≥ 0 and v = 1 in ω. From the Poisson equation we have ‖n^ε_i − n^ε_e‖^2_L2_{(ωT )} ≤ ∫ Ω_T (n^ε_i − n^ε_e)^2vdxdt = −ε^2 ∫ Ω_T Δϕ^ε(n^ε_i − n^ε_e)vdxdt (3.7) = ε^2 ∫ Ω_T ∇ϕ^ε · ∇(n^ε_i − n^ε_e)vdxdt + ε^2 ∫ Ω_T ∇ϕ^ε · ∇v(n^ε_i − n^ε_e)dxdt = ε^2 ∫ Ω_T

∇ϕ^ε · [ ~f^′_i (F^ε_i − μ_iϕ^ε)∇(F^ε_i − μ_iϕ^ε) − ~f^′_e(F^ε_e + μ_eϕ^ε)∇(F^ε_e + μ_eϕ^ε)]vdxdt + ε^2 ∫ Ω_T ∇ϕ^ε · ∇v(n^ε_i − n^ε_e)dxdt = ε^2 ∫ Ω_T [ ~f^′_i (F^ε_i − μ_iϕ^ε)∇ϕ^ε · ∇F^ε_i − ~f^′_e(F^ε_e + μ_eϕ^ε)∇ϕ^ε · ∇F^ε_e ]vdxdt − ε^2 ∫ Ω_T

( ~f^′_i (F^ε_i − μ_iϕ^ε) + ~f^′_e(F^ε_e + μ_eϕ^ε))|∇ϕ^ε|^2vdxdt + ε^2 ∫ Ω_T ∇ϕ^ε · ∇v(n^ε_i − n^ε_e)dxdt, where we have used the expressions (3.6). In view of the identities ~f^′_i (F^ε_i − μ_iϕ^ε) = ~f^′_i (h_i(n^ε_i )) = 1 h^′_i(n^ε_i ) = n^ε_i p^′_i(n^ε_i )

, ~f^′_e(F^ε_e + μ_eϕ^ε) = n^ε_e p^′_e(n^ε_e) and the uniform lower and upper bounds for n^ε_α (α = e, i), there exist two constants f_0, f_1 > 0 such that f_0 ≤ ~f^′_i (F^ε_i − μ_iϕ^ε) ≤ f_1, f_0 ≤ ~f^′_e(F^ε_e + μ_eϕ^ε) ≤ f_1 in Ω_T .

Therefore, by Young’s inequality,

‖n^ε_i − n^ε_e‖^2_L2_{(ωT )} ≤ ε^2 2 ∫ Ω_T

( ~f^′_i (F^ε_i − μ_iϕ^ε)|∇F^ε_i |^2 + ~f^′_e(F^ε_e + μ_eϕ^ε)|∇F^ε_e |^2)vdxdt − ε^2 2 ∫ Ω_T

( ~f^′_i (F^ε_i − μ_iϕ^ε) + ~f^′_e(F^ε_e + μ_eϕ^ε))|∇ϕ^ε|^2vdxdt + ε^2‖∇ϕ^ε‖_L2_{(σT )}‖n^ε_i − n^ε_e‖_L2_{(σT )}‖∇v‖_L∞_{(ΩT )}, (3.8) where we have set σ = supp(v) and σ_T = (0, T ) × σ^o. Taking into account the uniform estimate for ε∇ϕ in L^2(Ω_T ), this yields

‖n^ε_i − n^ε_e‖^2_{L2(ωT )} + ε^2f_0‖∇ϕ^ε‖^2_{L2(ωT )} ≤ c(ε^2f_1 ∫ Ω_T (|∇F ε i |^2 + |∇F^ε_e |^2)dxdt + ε). Hence we get the estimates ‖n^ε_i − n^ε_e‖_L2_{(ωT )} ≤ c √ ε, √ ε‖∇ϕ^ε‖_L2_{(ωT )} ≤ c. (3.9) These estimates are valid for any domain ω ⊂ Ω with ω ⊂ Ω. In particular, since σ ⊂ Ω, the inequalities (3.9) also hold for σ in the place of ω. Going back to (3.8), we obtain for all ω ⊂ Ω with ω ⊂ Ω,

‖n^ε_i − n^ε_e‖^2_L2_{(ωT )} + ε^2f_0‖∇ϕ‖_L2_{(ωT )} ≤ cε^2,

which improves (3.9).

Now we prove the strong compactness of the sequences (n^ε_α)_{ε>0} in L^2_{loc}. First we claim that (n^ε_α)_{ε>0} is uniformly bounded in L^2(0, T ; H^1(ω)) (α = e, i). Indeed, ∫_T 0 ‖∇n^ε_i ‖_L2_{(ω)}dt = ∫_T 0 ‖∇ ~f_i(F^ε_i − μ_iϕ^ε)‖_L2_{(ω)}dt = ∫_T 0 ‖ ~f^′_i (F^ε_i − μ_iϕ^ε)‖_L∞_{(ω)}‖∇(F^ε_i − μ_iϕ^ε)‖_L2_{(ω)}dt ≤ ‖ ‖ n^ε_i p^′_i(n^ε_i ) ‖ ‖ L^∞(Ω_T ) ( ‖∇F^ε_i ‖_L2_{(ωT )} + |μ_i|‖∇ϕ^ε‖_L2_{(ωT )} ) ≤ c. A similar estimate holds for ∇n^ε_e. Furthermore, the sequences (∂_tn^ε_α)_{ε>0} (α = e, i) are uniformly bounded in L^2(0, T ; H^{−1}(ω)) since ∫_T 0 ‖∂_tn^ε_α‖_H−1_{(ω)}dt = ∫_T 0 ‖div (n^ε_α∇F^ε_α)‖_H−1_{(ω)}dt ≤ ∫_T 0 ‖n^ε_α∇F^ε_α‖_L2_{(ω)}dt ≤ c. From Aubin’s lemma [3, 21] we conclude the existence of a subsequence (not relabeled) such that, as ε → 0,

n^ε_i → n, n^ε_e → n in L^2(ω_T ) strongly.

The strong convergence in any L^p(ω_T ) (1 ≤ p < ∞) follows from the uniform L^∞ bound for n^ε_i and n^ε_e.

Thanks to the above uniform estimates it can be easily seen that (n, ϕ) solves the equations (1.9)–(1.10) locally. From the uniform bounds of n^ε_α in H^1(0, T ; H^{−1}(ω)) and L^∞(0, T ; L^∞(ω)) we get, applying Aubin’s lemma again, that up to a subsequence, n^ε_α → n in C^0([0, T ]; H^{−1}(ω)) strongly.

Hence the initial condition for n is satisfied in the sense of H^{−1}(ω).

Now let the compatibility condition (A5) hold. Then we choose v = 1 in Ω_T in the relation (3.7). Performing integration by parts in (3.7), the boundary integral vanishes due to condition (A5). Thus the above convergence results also hold for ω = Ω. In view of the uniform estimates the corresponding boundary conditions for the limit problem (1.9)–(1.10) are satisfied. In this case, the convergence of the whole sequence (n^ε_e, n^ε_i , ϕ^ε) follows from the unique solvability of the limit equations. This proves the theorem.

Remark 3.5 If the compatibility condition (A5) is not satisfied, we cannot expect that, for instance, (∇ϕ^ε)_{ε>0} is bounded in L^2(Ω_T ). Indeed, if this would be the case then also the sequences ∇n^ε_α are uniformly bounded in L^2(Ω_T ), thanks to the relations n^ε_i = ~f_i(F^ε_i − μ_iϕ^ε) and n^ε_e = ~f_e(F^ε_e + μ_eϕ^ε), and we obtain, up to subsequences, n^ε_α ⇀ n in L^2(0, T ; H^1(Ω)) weakly, α = e, i.

Therefore (see, e.g., [25, p. 88, 1.27])

n^ε_α|_{ΓD} ⇀ n|_{ΓD} in L^2(0, T ; H^{1/2}(Γ_D)) weakly, α = e, i.

Since n^ε_α|_{ΓD} = n_{D,α} do not depend on ε, we get n|_{ΓD} = n_{D,e} = n_{D,i}, contradiction.

However, we can replace (A5) by the weaker assumption

‖n^ε_{D,e} − n^ε_{D,i}‖_L2_{(0,T ;H}1/2_{(ΓD ))} = O(ε) as ε → 0.

We can prove the quasi-neutral limit in the problem (DD-EI) without assuming the positivity of the densities (A2) under a stronger assumption on the pressure functions:

(A2)’ p^{def}= p_e = p_i, Q(0) = 0, and Q^{−1} is Hölder continuous,

where Q is defined as Q(s) = ∫_s 0 √ yh^′(y)dy, s ≥ 0, and h^{def}= h_e = h_i. For instance, the function p(s) = s^γ with γ ≥ 1 satisfies the assumption (A2)’.

Theorem 3.6 Let (A1), (A2)’ and (A3)–(A5) hold. Then, as ε → 0,

n^ε_i → n, n^ε_e → n in L^2(Ω_T ) strongly,

the limit n solves the nonlinear heat equation

∂_tn − Δp(n) = 0 in Ω_T ,

and the initial and boundary conditions (1.4)–(1.6) are satisfied for n.

Proof. We first notice that under the assumptions of Theorem 3.6, Lemmas 3.1 and 3.2 hold and the densities n^ε_α are uniformly bounded in L^∞(Ω_T ) independently of the validity of (A2). However, we only get the non-negativity of n^ε_α in Ω_T , i.e., n^ε_α ≥ 0. Omitting the index ε, we get from (3.4)

H_ε(t) ≤ H_ε(0) − i∑ α=e ∫ Ω_t μ^{−1}_α n_α∇F_α · ∇(F_α − F_{D,α})dxdτ + ε^2 2 ∫ Ω_t |∇(ϕ − ϕ_D)|^2dxdτ + c, where c > 0 depends on the L^∞ bounds for n_α and on the data. Using the definitions of F_α and F_{D,α} and employing Young’s inequality, we have − i∑ α=e ∫ Ω_t μ^{−1}_α n_α∇F_α · ∇(F_α − F_{D,α})dxdτ

≤ − ∫ Ω_t 1 4 (^i∑ α=e μ^{−1}_α n_α|∇h_α(n_α)|^2 + (μ_in_i + μ_en_e)|∇ϕ|^2 ) dxdτ − ∫ Ω_t ∇(p_i(n_i) − p_e(n_e)) · ∇(ϕ − ϕ_D)dxdτ + ∫ Ω_t ( 2 i∑ α=e μ^{−1}_α n_α|∇h_α(n_{D,α})|^2 + 1 2 (μ_in_i + μ_en_e)|∇ϕ_D|^2 ) dxdτ. The last integral is uniformly bounded. For the second integral we use the assumptions (A5) and (A2)’ and the monotonicity of p to obtain − ∫ Ω_t ∇(p_i(n_i) − p_e(n_e)) · ∇(ϕ − ϕ_D)dxdτ = −ε^{−2} ∫ Ω_t (p(n_i) − p(n_e))(n_i − n_e)dxdτ ≤ 0. Therefore

H_ε(t) + c ∫ Ω_t

(n_e|∇h_e(n_e)|^2 + n_i|∇h_i(n_i)|^2 + (n_e + n_i)|∇ϕ|^2)dxdτ ≤ c + ε^2 2 ∫ Ω_t |∇(ϕ − ϕ_D)|^2dxdτ (3.10) and, by Gronwall’s lemma, the left-hand side of this inequality is uniformly bounded. In particular, we get

‖Q(n_e)‖_L2_{(0,T ;H}1_{(Ω))} + ‖Q(n_i)‖_L2_{(0,T ;H}1_{(Ω))} ≤ c.

By assumption (A2)’, the function Q^{−1} is Hölder continuous with, say, exponent θ. Thus we can apply a result due to Chavent (see [11]) which gives, for all 0 < s < 1, ∫_T 0 ‖n_α‖^{2/θ}_{W θs,2/θ(Ω)}dt ≤ c ∫_T 0 ‖Q(n_α)‖^2_Hs_{(Ω)}dt ≤ c ∫_T 0 ‖Q(n_α)‖^2_H1_{(Ω)}dt ≤ c,

where α = e, i. The above estimates show that (n^ε_α)_{ε>0} is bounded in H^1(0, T ; V^∗) and L^{2/θ}(0, T ; W^{θs,2/θ}(Ω)). Since W^{θs,2/θ}(Ω) is compactly embedded into L^2(Ω), we obtain from Aubin’s lemma [3, 21] the existence of a subsequence (not relabeled) such that, as ε → 0, n^ε_α → n in L^2(Ω_T ) strongly.

Moreover, we get weak convergence of p_α(n^ε_α) to p_α(n_α) in L^2(0, T ; H^1(Ω)) and strong convergence of (a subsequence of) n^ε_α to n_α in C^0([0, T ]; V^∗) which shows that n_α satisfies the initial and boundary conditions (1.4)–(1.6) in the weak sense.

We prove now that the limit n solves the nonlinear heat equation. Adding the Eqs. (1.1) and (1.2) (divided by μ_α) we have

∂_t(μ^{−1}_i n^ε_i + μ^{−1}_e n^ε_e) − div (μ^{−1}_i ∇p(n^ε_i ) + μ^{−1}_e ∇p(n^ε_e)) = div ((n^ε_e − n^ε_i )∇ϕ^ε).

The left-hand side of this equation converges (in the sense of distributions, for instance) to 2(μ^{−1}_i + μ^{−1}_e )(∂_tn − Δp(n)).

It remains to show that the right-hand side converges to zero. To this end, we use the estimate (3.10) and Hölder’s inequality: ∫ Ω_T |(n^ε_i − n^ε_e)∇ϕ^ε|dxdt ≤ (∫ Ω_T

(n^ε_i − n^ε_e)^2 n^ε_i + n^ε_e dxdt )_{1/2} (∫ Ω_T (n^ε_i + n^ε_e)|∇ϕ^ε|^2dxdt )_{1/2}

≤ c ( ∫ Ω_T |n^ε_i − n^ε_e|dxdt )_{1/2} , since the function (x, y) → (x − y)/(x + y) is bounded in (0, +∞)^2. Hence div ((n^ε_e − n^ε_i )∇ϕ^ε) → 0 in the sense of distributions. This shows the desired result.

4 The quasi-neutral limit in (DD-I)

We suppose that (A1)–(A3), (A6) hold. Again, we first show some auxiliary results for the system (DD-I).

Lemma 4.1 There exists a solution (n^ε_i , ϕ^ε) such that

k ≤ ϕ^ε ≤ K, 0 < m ≤ n^ε_i ≤ M in Ω_T , (4.1)

where m = min(n, f_e(0)), M = max(n, f_e(‖ϕ_D‖_L∞_{(ΣD )})), and k, K > 0 are such that f_e(k) = m and f_e(K) = M.

Notice that m > 0 in view of hypothesis (A6).

Proof. In the following we omit the index ε > 0. Since the electric potential is only defined up to an additive constant, we can choose ϕ_D such that ϕ_D ≥ 0 on Σ_D. Define s^{(M,m)} = max(m, min(s, M)) for s ∈ R and let δ > 0. In [20] the existence of a solution (n_i, ϕ) to the truncated problem

∂_tn_i − div (∇(p_i(n^{(M,m)}_i ) + δn_i) + μ_in^{(M,m)}_i ∇ϕ) = 0, (4.2) −ε^2Δϕ = n^{(M,m)}_i − f_e(ϕ), (4.3)

subject to the initial and boundary conditions (1.4)–(1.6) for α = i has been proved. We show that the above lower and upper bounds hold for the approximate solution to (4.2)–(4.3) and pass then to the limit δ → 0. In [20] it is shown that the limit δ → 0 can be performed in L^2(Ω_T ) strongly. Therefore, the lower and upper bounds hold also for the limit solution which solves the problem (1.7)–(1.8), (1.4)–(1.6) for α = i. In order to prove the upper bound for ϕ, we use (ϕ−K)^+ = max(0, ϕ−K) as test function in (4.3). This is possible since the inequalities f_e(ϕ) ≤ f_e(‖ϕ_D‖_L∞_{(ΣD )}) ≤ M = f_e(K) on Σ_D and the strict monotonicity of f_e on (0, +∞) imply that (ϕ−K)^+ vanishes on Σ_D. We get

ε^2 ∫ Ω_T |∇(ϕ − K)^+|^2dxdτ = ∫ Ω_T (n^{(M,m)} i − f_e(ϕ))(ϕ − K)^+dxdτ ≤ ∫ Ω_T (M − f_e(K))dxdτ = 0,

and hence ϕ ≤ K in Ω_T . Since f_e(ϕ) ≥ f_e(0) ≥ m = f_e(k) on Σ_D, we get (ϕ − k)^− = min(0, ϕ − k) ∈ L^2(0, T ; V ). Thus, using (ϕ − k)^− as test function in (4.3) gives

ε^2 ∫ Ω_T |∇(ϕ − k)^−|^2dxdτ = ∫ Ω_T (n^{(M,m)} i − f_e(ϕ))(ϕ − k)^−dxdτ ≤ ∫ Ω_T (m − f_e(k))(ϕ − k)^−dxdτ = 0.

Thus ϕ ≥ k in Ω_T .

In view of the definition of M we have (n_i − M)^+ ∈ L^2(0, T ; V ). Using this function as a test function in (4.2), observing that n^{(M,m)}_i = M in {n_i > M} and employing (4.3) we obtain 1 2 ∫ Ω (n_i − M)^+(t)^2dx + δ ∫ Ω_t |∇(n_i − M)^+|^2dxdτ ≤ −μ_i ∫ Ω_t n^{(M,m)} i ∇ϕ · ∇(n_i − M)^+dxdτ

= − μ_iM ε^2 ∫ Ω_t (n^{(M,m)} i − f_e(ϕ))(n_i − M)^+dxdτ ≤ − μ_iM ε^2 ∫ Ω_t (M − f_e(K))(n_i − M)^+dxdτ = 0, which implies that n_i ≤ M in Ω_T . Finally we employ the test function (n_i − m)^− ∈ L^2(0, T ; V ) in (4.2): 1 2 ∫ Ω (n_i − m)^−(t)^2dx ≤ − μ_im ε^2 ∫ Ω_t (n^{(M,m)} i − f_e(ϕ))(n_i − m)^−dxdτ ≤ − μ_im ε^2 ∫ Ω_t (m − f_e(k))(n_i − m)^−dxdτ = 0.

Hence n_i ≥ m in Ω_T . The lemma is proved.

We fix now the solution (n^ε_i , ϕ^ε) to (1.7)–(1.8) of Lemma 4.1 with the properties (4.1).

Lemma 4.2 The function ϕ^ε lies in the space H^1(0, T ; H^1(Ω)) and satisfies the estimate

ε^2‖∂_tϕ^ε‖_L2_{(0,T ;H}1_{(Ω))} ≤ c_1‖∂_tϕ_D‖_L2_{(0,T ;H}1_{(Ω))} + ‖∂_tn^ε_i ‖_L2_{(0,T ;V} ∗_), (4.4) where the constant c_1 > 0 only depends on f_e, k, and K.

Proof. Set, for h > 0 and almost all 0 < t < T − h, omitting the index ε > 0, n^h_i (t) = 1 h (n_i(t + h) − n_i(t)) and g^h(t) = f_e(ϕ(t + h)) − f_e(ϕ(t)) ϕ(t + h) − ϕ(t) if ϕ(t + h, x) ≠ ϕ(t, x) and g^h(t, x) = 0 else, and

ϕ^h(t) = 1 h (ϕ(t + h) − ϕ(t)), ϕ^h_D(t) = 1 h (ϕ_D(t + h) − ϕ_D(t)).

Then ϕ^h solves −ε^2Δϕ^h + g^hϕ^h = n^h_i in Ω_T .

Employing ϕ^h − ϕ^h_D ∈ L^2(0, T ; V ) as test function yields

ε^2 ∫ Ω_T |∇(ϕ^h − ϕ^h_D)|^2dxdt + ∫ Ω_T g^h(ϕ^h − ϕ^h_D)^2dxdt = −ε^2 ∫ Ω_T ∇ϕ^h_D · ∇(ϕ^h − ϕ^h_D)dxdt − ∫ Ω_T g^hϕ^h_D(ϕ^h − ϕ^h_D)dxdt + ∫ Ω_T n^h_i (ϕ^h − ϕ^h_D)dxdt.

Observing that g^h ≥ 0 in Ω_T and that g^h is bounded in L^∞(Ω_T ) uniformly in ε, thanks to the L^∞ bounds for ϕ, we obtain

ε^2‖∇(ϕ^h − ϕ^h_D)‖^2_L2_{(ΩT )} ≤ (ε^2‖∇ϕ^h_D‖_L2_{(ΩT )} + c‖g^h‖_L∞_{(ΩT )}‖ϕ^h_D‖_L2_{(ΩT )} + ‖n^h_i ‖_L2_{(0,T ;V} ∗_))‖ϕ^h − ϕ^h_D‖_L2_{(0,T,V )} and ε^2‖∇(ϕ^h − ϕ^h_D)‖_L2_{(ΩT )} ≤ ε^2‖∇ϕ^h_D‖_L2_{(ΩT )} + c‖g^h‖_L∞_{(ΩT )}‖ϕ^h_D‖_L2_{(ΩT )} + ‖n^h_i ‖_L2_{(0,T ;V} ∗_).

Performing the limit h → 0 we see that ∂_tϕ ∈ L^2(0, T ; H^1(Ω)), by Poincaré’s inequality, and that the estimate (4.4) holds. The lemma is proved.

The entropy for the system (DD-I) can be obtained by setting formally n^ε_e = f_e(ϕ^ε) in the entropy for the system (DD-EI):

H_ε(t) = ∫ Ω ( 1 μ_i ∫_nε_{i (t)} n_{D,i}(t) (h_i(s) − h_i(n_{D,i}(t)))ds + ∫_{fe(ϕ}ε_{(t))} f_e(ϕ_D (t))

(h_e(s) − h_e(f_e(ϕ_D(t))))ds ) dx + ε^2 2 ∫ Ω |∇(ϕ^ε − ϕ_D)(t)|^2dx. The entropy is well defined for t = 0 and for almost all t > 0. Moreover, H_ε(t) is non-negative and H_ε(0) is bounded uniformly in ε, since ϕ^ε(0) solves −ε^2Δϕ^ε(0) = n_{I,i} − f_e(ϕ^ε(0)) in Ω, ϕ^ε(0) = ϕ_D(0) on Γ_D, ∇ϕ^ε(0) · ν = 0 on Γ_N .

It follows that (ϕ^ε(0))_{ε>0} is bounded in L^∞(Ω). Multiplying the equation by ϕ^ε(0) − ϕ_D(0) and integrating over Ω we obtain

ε^2 ∫ Ω ∇ϕ^ε(0) · ∇(ϕ^ε(0) − ϕ_D(0))dx = ∫ Ω (n_{I,i} − f_e(ϕ^ε(0)))(ϕ^ε(0) − ϕ_D(0))dx.

The right-hand side of the above relation is bounded uniformly in ε. Therefore, by Young’s inequality, the sequence (ε∇ϕ^ε(0))_{ε>0} is bounded in L^2(Ω), which implies the uniform bound for H_ε(0).

Lemma 4.3 For almost all t > 0 it holds H_ε(t) + 1 2μ_i ∫ Ω_t n^ε_i |∇F^ε_i |^2dxdτ ≤ c. (4.5) In particular, we have the uniform bounds ‖F^ε_i ‖_L2_{(0,T ;H}1_{(Ω))} ≤ c, ε‖∇ϕ^ε‖_L∞_{(0,T ;L}2_{(Ω))} ≤ c, (4.6) where F^ε_i is defined by (3.1) and c > 0 does not depend on ε.

Proof. It holds (omitting the index ε again) H_ε(t) = H_ε(0) + 1 μ_i ∫_t 0 ⟨∂_tn_i, h_i(n_i) − h_i(n_{D,i})⟩dτ − 1 μ_i ∫ Ω_t h^′_i(n_{D,i})∂_tn_{D,i}(n_i − n_{D,i})dxdτ + ∫ Ω_t f^′_e(ϕ)∂_tϕ(ϕ − ϕ_D)dxdτ − ∫ Ω_t ∂_tϕ_D(f_e(ϕ) − f_e(ϕ_D))dxdτ + ε^2 ∫ Ω_t ∇∂_t(ϕ − ϕ_D) · ∇(ϕ − ϕ_D)dxdτ. From the Poisson equation −ε^2Δ∂_tϕ = ∂_tn_i − f^′_e(ϕ)∂_tϕ, we get

ε^2 ∫ Ω_t ∇∂_tϕ · ∇(ϕ − ϕ_D)dxdτ = ∫_t 0 ⟨∂_tn_i, ϕ − ϕ_D⟩_V ∗_{,V} dτ − ∫ Ω_t f^′_e(ϕ)∂_tϕ(ϕ − ϕ_D)dxdτ. Therefore we have from Eq. (1.7) H_ε(t) = H_ε(0) − 1 μ_i ∫ Ω_t n_i∇F_i · ∇(F_i − F_{D,i})dxdτ − 1 μ_i ∫ Ω_t h^′_i(n_{D,i})∂_tn_{D,i}(n_i − n_{D,i})dxdτ − ∫ Ω_t ∂_tϕ_D(f_e(ϕ) − f_e(ϕ_D))dxdτ − ε^2 ∫ Ω_t ∇∂_tϕ_D · ∇(ϕ − ϕ_D)dxdτ ≤ H_ε(0) − 1 2μ_i ∫ Ω_t n_i|∇F_i|^2dxdτ + 1 2μ_i ∫ Ω_t n_i|∇F_{D,i}|^2dxdτ + 1 μ_i ‖h^′_i(n_{D,i})‖_L∞_{(ΩT )}‖∂_tn_{D,i}‖_L2_{(ΩT )}‖n_i − n_{D,i}‖_L2_{(ΩT )} + ‖∂_tϕ_D‖_L2_{(ΩT )}‖f_e(ϕ) − f_e(ϕ_D)‖_L2_{(ΩT )} + ε^2 2 ∫ Ω_t |∇(ϕ − ϕ_D)|^2dxdτ + ε^2 2 ∫ Ω_t |∇∂_tϕ_D|^2dxdτ ≤ c − 1 2μ_i ∫ Ω_t n_i|∇F_i|^2dxdτ + ε^2 2 ∫ Ω_t |∇(ϕ − ϕ_D)|^2dxdτ. (4.7) In particular we have ε^2 2 ∫ Ω |∇(ϕ − ϕ_D)(t)|^2dx ≤ c + ε^2 2 ∫ Ω_t |∇(ϕ − ϕ_D)|^2dxdτ, which yields, by the Gronwall inequality, ε^2 2 ∫ |∇(ϕ − ϕ_D)(t)|^2dx ≤ ce^T .

Hence we can bound the last term in (4.7) uniformly in ε, and we conclude the estimate (4.5). Finally, the estimates (4.6) follow from the uniform lower bound for n^ε and the definition of H_ε(t) which ends the proof of the lemma. Lemma 4.4 For almost all t ∈ (0, T ) it holds ε ∫ Γ_D |∇ϕ^ε(t) · ν|dγ = O(1) as ε → 0. Proof. Let ϕ_1 ∈ L^∞(Ω_T ) ∩ L^∞(0, T ; H^2(Ω)) be such that

Δϕ_1 ∈ L^∞(Ω_T ), ϕ_1 = ϕ_D − 1 on Σ_D, ∇ϕ_1 · ν = 0 on Σ_N . This function exists in view of hypothesis (A8). Then ϕ^ε_2 = ϕ^ε − ϕ_1 satisfies L_εϕ^ε_2^{def}= −ε^2Δϕ^ε_2 + ϕ^ε_2 = f^ε_1 in Ω_T , ϕ^ε_2 = 1 on Σ_D, ∇ϕ^ε_2 · ν = 0 on Σ_N , where f^ε_1^{def}= n^ε_i + ϕ^ε − f_e(ϕ^ε) − L_εϕ_1 = L_ε(ϕ^ε − ϕ_1). By Lemma 4.1, (f^ε_1 )_{ε>0} is bounded in L^∞(Ω_T ), i.e. there exist two constants M_+ ≥ M_− such that M_− ≤ f^ε_1 ≤ M_+ in Ω_T .

Now consider the following two problems:

L_εϕ^ε_± = M_± in Ω, ϕ^ε_± = 1 on Γ_D, ∇ϕ^ε_± · ν = 0 on Γ_N . From the comparison principle we obtain ϕ^ε_− ≤ ϕ^ε_2(t) ≤ ϕ^ε_+.

The functions ϕ^ε_+, ϕ^ε_−, and ϕ^ε_2(t) have the same trace on Γ_D, thus if ε ∫ Γ_D |∇ϕ^ε_± · ν|dγ = O(1), (4.8) then ε ∫ Γ_D |∇ϕ^ε_2(t) · ν|dγ = O(1), and hence, by the definition of ϕ^ε_2, ε ∫ Γ_D |∇ϕ^ε(t) · ν|dγ = O(1). From Proposition 3 in [4], we know that the solution ϕ^ε_0 of L_εϕ^ε_0 = 0 in Ω, ϕ^ε_0 = 1 on Γ_D, ∇ϕ^ε_0 · ν = 0 on Γ_N satisfies ε ∫ Γ_D |∇ϕ^ε_0 · ν|dγ = O(1). Therefore, the relation (4.8) follows from ϕ^ε_± = M_± + (1 − M_±)ϕ^ε_0.

This finishes the proof.

Proposition 4.5 There exists a constant c > 0, independent of ε, such that ‖n^ε_i − f_e(ϕ^ε)‖_L2_{(ΩT )} ≤ cε^{1/2}, ‖∇ϕ^ε‖_L2_{(ΩT )} ≤ cε^{−1/2}, ‖n^ε_i − f_e(ϕ^ε)‖_L2_{(0,T ;L}2_{loc(Ω))} ≤ cε, ‖∇ϕ^ε‖_L2_{(0,T ;L}2_{loc(Ω))} ≤ c.

Proof. It follows from the definition n^ε_i = ~f_i(F^ε_i − μ_iϕ^ε) where ~f_i is the inverse of h_i, and the Poisson equation that

‖n^ε_i − f_e(ϕ^ε)‖^2_L2_{(ΩT )} = −ε^2 ∫ Ω_T Δϕ^ε(n^ε_i − f_e(ϕ^ε))dxdt = −ε^2 ∫_T 0 ∫ Γ_D ∇ϕ^ε · ν(n_{D,i} − f_e(ϕ_D))dγdt + ε^2 ∫ Ω_T ∇ϕ^ε · ∇( ~f_i(F^ε_i − μ_iϕ^ε) − f_e(ϕ^ε))dxdt. The last term on the right-hand side can be estimated as follows: ∫ Ω_T ∇ϕ^ε · ∇(f_i(F^ε_i − μ_iϕ^ε) − f_e(ϕ^ε))dxdt = ∫ Ω_T

[ ~f^′_i (F^ε_i − μ_iϕ^ε)∇ϕ^ε · (∇F^ε_i − μ_i∇ϕ^ε) − f^′_e(ϕ^ε)|∇ϕ^ε|^2]dxdt (4.9) = ∫ Ω_T ~f^′_i (h_i(n^ε_i ))∇ϕ^ε · ∇F^ε_i dxdt − ∫ Ω_T

(μ_i ~f^′_i (h_i(n^ε_i )) + f^′_e(ϕ^ε))|∇ϕ^ε|^2dxdt ≤ 1 2μ_i ∫ Ω_T n^ε_i p^′_i(n^ε_i ) |∇F^ε_i |^2dxdt − min(1, μ_i/2) ∫ Ω_T ( nε_i p^′_i(n^ε_i )

+ f^′_e(ϕ^ε) ) |∇ϕ^ε|^2dxdt. By Lemma 4.1, there exist two constants c_2, c_3 > 0 such that

‖n^ε_i − f_e(ϕ^ε)‖^2_L2_{(ΩT )} + c_2ε^2‖∇ϕ^ε‖^2_L2_{(ΩT )}

≤ c_3ε^2‖∇F^ε_i ‖^2_L2_{(ΩT )} − ε^2 ∫_T 0 ∫ Γ_D ∇ϕ^ε · ν(n_{D,i} − f_e(ϕ_D))dγdt. (4.10) Thus, the first two estimates of the proposition follow from Lemmas 4.3 and 4.4. The remaining two estimates can be proved similar as in the proof of Theorem 2.1.

Proof of Theorem 2.2. First we prove that there is a subsequence of (n^ε_i , ϕ^ε) (not relabeled) such that n^ε_i → n, ϕ^ε → ϕ in L^2(Ω_T ) strongly as ε → 0, where (n, ϕ) satisfies Eqs. (1.12)–(1.13).

We define the two sequences U_ε = (n^ε_i , n^ε_i ∇F^ε_i ), V_ε = (F^ε_i , 0, . . . , 0).

From the L^∞ bound for (n^ε_i )_{ε>0} and the L^2(0, T ; H^1) bound for (F^ε_i )_{ε>0}, we deduce that (U^ε)_{ε>0}, (V^ε)_{ε>0} are bounded in (L^2(Ω_T ))^{d+1}, and div_{t,x}U^ε = 0, (rot_{t,x}V^ε)_{ε>0} is bounded in (L^2(Ω_T ))^{(d+1)2} .

Therefore, the div-curl lemma [24] can be applied to (U^ε, V^ε), and we have in the sense of distributions (after passing, if necessary, to a subsequence): lim_{ε→0} n^ε_i F^ε_i = lim_{ε→0}(U^ε · V^ε) = lim_{ε→0} n^ε_i · lim_{ε→0} F^ε_i , or, equivalently, lim_{ε→0} n^ε_i (h_i(n^ε_i ) + μ_iϕ^ε) = n lim_{ε→0}(h_i(n^ε_i ) + μ_iϕ^ε) in D^′(Ω_T ), (4.11) where n = lim_{ε→0} n^ε_i in L^∞(Ω_T ) weakly– ∗ .

Now, let us introduce h_e(s) = μ_ef^{−1}_e (s), s > 0, and α^{ε def}= n^ε_i − f_e(ϕ^ε), δ^{ε def}= μ_i(ϕ^ε − f^{−1}_e (n^ε_i )) = μ_iϕ^ε − h_e(n^ε_i ).

Then from Proposition 4.5, lim_{ε→0} α^ε = 0 in L^2(Ω_T ) strongly.

We deduce that, since (n^ε_i ) and (ϕ^ε) are bounded in L^∞(Ω_T ), lim_{ε→0} δ^ε = lim_{ε→0}(h_e(n^ε_i − α^ε) − h_e(n^ε_i )) = − lim_{ε→0} h^′_e(ξ^ε)α^ε = 0 in L^2(Ω_T ) strongly, where ξ^ε lies between n^ε_i − α^ε and n^ε_i . Hence, we obtain lim_{ε→0}(n^ε_i · δ^ε) = lim_{ε→0} n^ε_i · lim_{ε→0} δ^ε = 0 in L^2(Q_T ) strongly.

This gives lim_{ε→0} n^ε_i (h_i(n^ε_i ) + μ_iϕ^ε) = lim_{ε→0} n^ε_i (h_i(n^ε_i ) + h_e(n^ε_i )) in D^′(Ω_T ), and n lim_{ε→0}(h_i(n^ε_i ) + μ_iϕ^ε) = n lim_{ε→0}(h_i(n^ε_i ) + h_e(n^ε_i )) in D^′(Ω_T ).

Let G^{def}= h_i + h_e. From (4.11) we obtain

lim_{ε→0} n^ε_i G(n^ε_i ) = lim_{ε→0} n^ε_i · lim_{ε→0} G(n^ε_i ) in D^′(Ω_T ).

Since h_i and h_e are strictly increasing, so is G. Thus, we have the identification

lim_{ε→0} G(n^ε_i ) = G(n) in L^∞(Ω_T ) weakly–∗,

which yields lim_{ε→0} n^ε_i G(n^ε_i ) = nG(n) in L^∞(Ω_T ) weakly– ∗ .

Finally, we conclude the strong convergence of (n^ε_i )_{ε>0} from the L^∞ bound and the strict convexity of the function s → sG(s), see [26]. The strong convergence of (ϕ^ε)_{ε>0} follows immediately. It is clear that in this situation, we can pass to the limit in the system (at least locally in Ω) and (n, ϕ) satisfies (1.12)–(1.13). The local estimates for n^ε_i imply as in the proof of Theorem 2.1 that the initial condition is satisfied in the sense of H^{−1}_{loc} (Ω). Finally, if n_{D,i} = f_e(ϕ_D), it is easy to see as in the proof of Theorem 2.1 that (n, ϕ) also satisfies the boundary conditions (1.4)–(1.5) for α = i. This proves the theorem.

One may ask if the quasi-neutral limit in (DD-I) can be proved without assumption (A2), similar to Theorem 3.6. The answer is affirmative under the additional assumptions:

p_i(s) = s, n_{D,i} = f_e(ϕ_D) on Σ_D. (4.12)

Theorem 4.6 Let (A1), (A6) and (4.12) hold. Then, as ε → 0,

n^ε_i → n, ϕ^ε → ϕ in L^2(Ω_T ) strongly, (4.13) ∇ϕ^ε ⇀ ∇ϕ in L^2(Ω_T ) weakly, (4.14)

and the limit (n, ϕ) solves the problem (1.12)–(1.13), (1.4)–(1.6) for α = i.

Proof. First we notice that Lemmas 4.1 and 4.2 and the estimate (4.5) are valid without assumption (A2), where only m ≥ 0 holds (see Lemma 4.1). Then, the conditions (4.12) together with the relation (4.9) in the proof of Proposition 4.5, imply that

‖n^ε_i − f_e(ϕ^ε)‖^2_L2_{(ΩT )} + c_1ε^2‖∇ϕ^ε‖^2_L2_{(ΩT )} ≤ c_2ε^2‖ √ n^ε_i ∇F^ε_i ‖^2_L2_{(ΩT )}.

We can conclude, using the estimate (4.5) that

‖n^ε_i − f_e(ϕ^ε)‖_L2_{(ΩT )} ≤ cε, ‖∇ϕ^ε‖_L2_{(ΩT )} ≤ c.

Therefore, using the uniform L^∞ bound on n^ε_i it can be easily seen that n^ε_i is uniformly bounded in L^2(0, T ; H^1(Ω)). Hence, as in the proofs of the previous theorems, we get the convergence results (4.13) and (4.14) and finally, the conclusion of the theorem.

References

[1] H. Alt and S. Luckhaus. Quasilinear elliptic-parabolic differential equations. Math.

Z., 183:311–341, 1983.

[2] A. Arnold, P. Markowich, G. Toscani, and A. Unterreiter. On logarithmic Sobolev inequalities, Csiszar-Kullback inequalities, and the rate of convergence to equilibrium for Fokker-Planck type equations. Submitted for publication, 1998.

[3] J.P. Aubin. Un théorème de compacité. C. R. Acad. Sci. Paris, 256:5042–5044, 1963.

[4] H. Brézis, F. Golse, and R. Sentis. Analyse asymptotique de l’équation de Poisson couplée à la relation de Boltzmann. Quasi-neutralité des plasmas. C. R. Acad. Sci. Paris, 321:953–959, 1995.

[5] J. Carrillo, A. Jüngel, P. Markowich, G. Toscani, and A. Unterreiter. Article in preparation, 1999.

[6] L. Carrillo and G. Toscani. Asymptotic L^1-decay of solutions of the porous media equation to self-similarity. To appear in Indiana Math. Univ. J., 1999.

[7] F. Chen. Introduction to Plasma Physics and Controlled Fusion, Vol. 1. Plenum Press, New York, 1984.

[8] S. Cordier, P. Degond, P. Markowich, and C. Schmeiser. Quasineutral limit of traveling waves for the Euler-Poisson model. In G. Cohen, editor, Mathematical and numerical aspects of wave propagation. Proceedings of the third international conference, Mandelieu-La Napoule, France, pages 724–733, Philadelphia, 1995. SIAM.

[9] S. Cordier, P. Degond, P. Markowich, and C. Schmeiser. Traveling wave analysis and jump relations for Euler-Poisson model in the quasineutral limit. Asymptotic Anal., 11:209–224, 1995.

[10] S. Cordier and E. Grenier. Quasineutral limit of two species Euler-Poisson systems.

Proceedings of the Workshop “Recent Progress in the Mathematical Theory on Vlasov- Maxwell Equations” (Paris), pages 95–122, 1997.

[11] G. Gagneux and M. Madaune-Tort. Analyse mathématique de modèles non linéaires de l’ingénierie pétrolière. Springer, Paris, 1996.

[12] H. Gajewski. On existence, uniqueness and asymptotic behavior of solutions of the basic equations for carrier transport in semiconductors. ZAMM, 65:101–108, 1985.

[13] I. Gasser, D. Levermore, P. Markowich, and C. Schmeiser. Article in preparation, 1999.

[14] T. Goudon, A. Jüngel, and Y.J. Peng. Zero-electron-mass limits in hydrodynamic models for plasmas. Appl. Math. Lett., 12:75–79, 1999.

[15] A. Jüngel. On the existence and uniqueness of transient solutions of a degenerate nonlinear drift-diffusion model for semiconductors. Math. Models Meth. Appl. Sci., 4:677–703, 1994.

[16] A. Jüngel. Qualitative behavior of solutions of a degenerate nonlinear drift-diffusion model for semiconductors. Math. Models Meth. Appl. Sci., 5:497–518, 1995.

[17] A. Jüngel. A nonlinear drift-diffusion system with electric convection arising in semiconductor and electrophoretic modeling. Math. Nachr., 185:85–110, 1997.

[18] A. Jüngel and Y.J. Peng. A hierarchy of hydrodynamic models for plasmas. Zerorelaxation-time limits. To appear in Comm. Part. Diff. Eqs., 1999.

[19] A. Jüngel and Y.J. Peng. Zero-relaxation-time limits in hydrodynamic models for plasmas revisited. To appear in Z. Angew. Math. Phys., 1999.

[20] A. Jüngel and Y.J. Peng. A hierarchy of hydrodynamic models for plasmas. Zeroelectron-mass limits in the drift-diffusion equations. To appear in Annales I.H.P., Anal. non lin., 2000.

[21] J. L. Lions. Quelques méthodes de résolution des problèmes aux limites non linéaires.

Dunod-Gauthier-Villard, 1969.

[22] P. A. Markowich and C. Ringhofer. An asymptotic analysis of one-dimensional models for semiconductor devices. IMA J. Appl. Math., 37:1–24, 1986.

[23] F. Otto. The geometry of dissipative evolution equations: the porous medium equation. Preprint No. 8, Max-Planck-Institut für Mathematik, Leipzig, Germany, 1999.

[24] L. Tartar. Compensated compactness and applications to partial differential equations. In Nonlinear analysis and mechanics: Heriot-Watt Symp., Vol. 4, volume 39 of Res. Notes Math., pages 136–212, 1979.

[25] G. M. Troianiello. Elliptic Differential Equations and Obstacle Problems. Plenum Press, New York, 1987.

[26] A. Visintin. Strong convergence results related to strict convexity. Comm. Part. Diff.

Eqs., 9:439–466, 1984.