ASYMPTOTIC LIMITS IN MACROSCOPIC PLASMA MODELS

ANSGAR JÜNGEL^∗

Abstract. A model hierarchy of macroscopic equations for plasmas consisting of electrons and ions is presented. The model equations are derived from the transient Euler-Poisson system in the zero-relaxation-time, zero-electron-mass and quasineutral limits. These asymptotic limits are performed using entropy estimates and compactness arguments. The resulting limits equations are Euler systems with a nonlinear Poisson equation and nonlinear drift-diffusion equations.

Key words. Zero-relaxation-time limit, zero-electron-mass limit, quasineutral limit, entropy functional, weak solutions, compensated compactness, compactness by convexity, plasmas.

AMS(MOS) subject classifications. Primary 35K55, 35L60, 35B25, 82D10.

1. Introduction. For the description of physical phenomena in plasmas, fluid dynamical models like the hydrodynamic (or Euler-Poisson) equations are widely used. The numerical solution of the hydrodynamic models requires a lot of computing power and special algorithms. In some situations, however, the model equations can be approximated by simpler models in the sense that a small parameter appearing in the equations—for instance, the (scaled) momentum relaxation time, the electron mass, or the Debye length—is set equal to zero. Some of these formal limits are known by physicists, see, e.g., [2, 4, 13]. Then the natural question arises if the solution of the full model converges, as the parameter tends to zero, to a solution of the limit model. In this review we present recent results how these asymptotic limits can be made rigorously.

More specifically, we consider an unmagnetized plasma consisting of electrons with (scaled) mass m_e and charge q_e = −1 and of a single species of ions with mass m_i and charge q_i = +1. Denoting by n_e = n_e(x, t), j_e = j_e(x, t) (n_i, j_i, respectively) the scaled particle density and current density of the electrons (ions, respectively) and by ϕ = ϕ(x, t) the electrostatic potential, these variables satisfy the following scaled Euler-Poisson system

∗Fachbereich Mathematik und Statistik, Universität Konstanz, Fach D193, 78457 Konstanz, Germany. E-mail: juengel@fmi.uni-konstanz.de. The author acknowledges partial support from the Gerhard-Hess Program of the Deutsche Forschungsgemeinschaft, grant number JU 359/3-1, the TMR Project “Asymptotic methods in kinetic theory”, grant number ERB-FMBX-CT97-0157, and from the German-French DAAD- Procope Program. 1

(HD-EI):

∂_tn_α + div j_α = 0, (1.1)

m_α∂_tj_α + m_α div ( j_α ⊗ j_α n_α ) + ∇p_α(n_α) = −q_αn_α∇ϕ − m_α j_α τ_α , (1.2)

−λ^2Δϕ = n_i − n_e, (1.3)

where α = e, i and (x, t) ∈ R^d × (0, ∞). Here, j_α ⊗ j_α denotes the tensor product with components j_{αk} j_{αl} for k, l = 1, . . . , d. The pressure functions are of the form

p_α(n_α) = a_αn^{γα}_α , n_α ≥ 0, (1.4)

where a_α > 0 and γ_α ≥ 1 are constants. The plasma is called isothermal if γ_α = 1 and adiabatic if γ_α > 1. The system (1.1)-(1.3) is complemented by initial conditions for n_α and j_α and by boundary conditions for ϕ (α = e, i):

n_α(x, 0) = n_{α0}(x), j_α(x, 0) = j_{α0}(x), x ∈ R^d , (1.5) lim |x|→∞ ϕ(x, t) = 0, a.e. t > 0. (1.6)

The homogeneous boundary condition for ϕ means that the plasma is in equilibrium at infinity.

The physical parameters are the (scaled) momentum relaxation time constants τ_e, τ_i > 0 of the electrons and ions, respectively, and the Debye length λ > 0. More precisely, these parameters are defined by

τ_α = τ^∗_α τ_0 , λ = √ ε_0k_B T_0 q^2L^2N

, m_α = m^∗_αv^2_0 k_B T_0

, (1.7)

where τ^∗_α is the unscaled relaxation time, τ_0 = L/v_0 a typical time scale, L a typical length, v_0 a typical velocity, ε_0 the permittivity constant, k_B the Planck constant, T_0 the ambient temperature, q the elementary charge, N a typical density and m^∗_α the unscaled particle mass. We wish to perform rigorously the limits τ_α → 0 for long time and small current density (i.e. we rescale t → t/τ^2 and j_α = τj_α with τ = τ_e = τ_i → 0 and refer to this limit as the zero-relaxation-time limit) and the limits m_e → 0 (zeroelectron-mass limit) and λ → 0 (quasineutral limit).

We now explain these asymptotic limits into more detail. Usually, the ions are heavy compared to the electrons, i.e. m^∗_i ≫ m^∗_e . Therefore, if v^2_0 is equal to k_B T_0/m^∗_i , we obtain (see (1.7))

m_i = 1, m_e = m^∗_e m^∗_i ≪ 1. Letting formally m_e → 0 in Eq. (1.2) for α = e, we get

0 = ∇p_e(n_e) − n_e∇ϕ = n_e∇(h_e(n_e) − ϕ),

(QH-EI)^{λ→0}←−−− (HD-EI)^{me→0}−−−→ (HD-I)^{λ→0}−−−→ (QH-I) ′τ_e=τ_i→0^′ ′_{τe=τi→0′} ′_{τi→0′} ′_{τi→0′} (QD-EI)^{λ→0}←−−− (DD-EI)^{me→0}−−−→ (DD-I)^{λ→0}−−−→ (QD-I)

Fig. 1. A hierarchy of macroscopic plasma models. The limits^′τ_α → 0^′ denote the zero-relaxation-time limits as explained in the text.

where h_α (α = e, i) is the enthalpy function defined by h^′_α(s) = p^′_α(s)/s (s > 0), h_α(1) = 0. Hence, if n_e > 0, we conclude h_e(n_e) = ϕ or, introducing the function f_e = h^{−1}_e , n_e = f_e(ϕ). The integration constant can be set equal to zero by choosing a reference point for the potential. Hence, the system (HD-EI) reduces in the zero-electron-mass limit to the model (HD-I) (see Fig. 1):

∂_tn_i + div j_i = 0, (1.8)

m_i∂_tj_i + m_i div ( j_i ⊗ j_i n_i ) + ∇p_i(n_i) = −n_i∇ϕ − m_i J_i τ_i , (1.9)

−λ^2Δϕ = n_i − f_e(ϕ). (1.10)

Another set of equations is derived in the zero-relaxation-time limit in the models (HD-EI) and (HD-I). For this, introduce a scaling of time s = tτ (with τ = τ_e = τ_i) and define N_α(x, s) = n_α ( x, s τ ) , J_α(x, s) = 1 τ j_α ( x, s τ ) , (1.11) Φ(x, s) = ϕ ( x, s τ ) . (1.12)

Setting again t = s, the model (HD-EI) becomes

∂_tN_α + div J_α = 0, (1.13)

τ^2m_α∂_tJ_α + τ^2m_α div ( J_α ⊗ J_α N_α ) + ∇p_α(N_α)

= −q_αN_α∇Φ − m_αJ_α, (1.14) − λ^2ΔΦ = N_i − N_e. (1.15)

Letting formally τ → 0, we obtain the drift-diffusion-model (DD-EI):

m_α∂_tN_α − div(∇p_α(N_α) + q_αN_α∇Φ) = 0, (1.16) −λ^2ΔΦ = N_i − N_e, (1.17) where α = e, i. Using the diffusion scaling (1.11)-(1.12) in the model (HD-I) and letting τ → 0, we obtain the model (DD-I):

m_i∂_tN_i − div(∇p_i(N_i) + N_i∇Φ) = 0, (1.18) −λ^2ΔΦ = N_i − f_e(Φ). (1.19)

This model can also be derived from (DD-EI) in the limit m_e → 0. Indeed, from (1.16) for α = e we obtain

0 = div(∇p_e(N_e) − N_e∇Φ) = div(N_e∇(h_e(N_e) − Φ)).

Usually, drift-diffusion equations are studied in bounded domains with mixed Dirichlet-Neumann boundary conditions (see Section 3). Hence, if h_e(N_e) − Φ = 0 on a part of the domain boundary and N_e > 0 in the domain, we conclude h_e(N_e) = Φ or N_e = f_e(Φ) in the domain, which gives (1.19).

The quasineutral limit λ → 0 in the model (HD-EI) implies n^{def}= n_e = n_i. Hence adding Eqs. (1.2) for α = e, i, simplifying τ = τ_e = τ_i and introducing the center-of-mass current density j = (m_ej_e+m_ij_i)/(m_e+m_i), we obtain the model (QH-EI):

∂_tn + div j = 0, div(j_e − j_i) = 0, (1.20)

∂_tj + div ( j ⊗ j n ) + m_em_i (m_e + m_i)^2 div ( (j_e − j_i) ⊗ (j_e − j_i) n )

+ 1 m_e + m_i

∇(p_e(n) + p_i(n)) = − j τ . (1.21)

Notice that the electric field −∇ϕ is eliminated in the equations. Under some assumptions, the above system can be simplified. Indeed, consider the equations in one space dimension in a bounded domain Ω with periodic boundary conditions and with no relaxation term, τ = +∞, and assume that the mean initial current densities for the electrons and ions are equal, ∫ Ω j_e(x, 0)dx = ∫ Ω j_i(x, 0)dx. Then from the second equation in (1.20) follows that j_e −j_i is constant in space and from Eq. (1.21) we conclude after integration over Ω, that j_α(t) equals ∫ Ω j_α(x, 0)dx/ meas(Ω) and therefore, j_e − j_i = 0.

Performing the zero-relaxation-time limit in the above equations gives the diffusion model (QD-EI): ∂_tN − 1 m_e + m_i

Δ(p_e(N) + p_i(N)) = 0, (1.22)

where N^{def}= N_e = N_i. In the case of an adiabatic plasma (i.e. p_α(n) = a_αn^{γα} with γ_α > 1 and α = e, i), this equation is of degenerate type. This model is well known in plasma physics [4, p. 160]. Let us assume that the electrons and ions are described by the same density-pressure relation but with different diffusivities, which account for the different masses: p_α(s) = D_αp(s), α = e, i. Then Eq. (1.22) becomes

∂_tN − DΔp(N) = 0 with D =

D_e + D_i m_e + m_i . This means that the new diffusivity of the quasi-neutral plasma is given by the so-called ambipolar diffusion coefficient D [4, p. 160].

The model (QD-EI) can also be obtained directly from (DD-EI) after letting λ → 0 and adding Eqs. (1.16) for α = e and α = i.

The limit λ → 0 in the system (HD-I) leads to n_i = f_e(ϕ) or ϕ = h_e(n_i) and the model (QH-I)

∂_tn_i + div j_i = 0, (1.23)

m_i∂_tj_i + m_i div ( j_i ⊗ j_i n_i ) + ∇(p_i(n_i) + p_e(n_i)) = −m_i j_i τ_i , (1.24)

since n_i∇ϕ = n_i∇h_e(n_i) = ∇p_e(n_i). These equations can be also found in the physical literature [2]. Performing the zero-relaxation-time limit in (1.23)-(1.24) we obtain the diffusion model (QD-I): ∂_tN_i − 1 m_i Δ(p_i(N_i) + p_e(N_i)) = 0. (1.25)

Clearly, this model follows from (QD-EI) after letting m_e → 0. Moreover, the quasineutral limit in (DD-I) also gives Eq. (1.25).

The (formal) limits of the above models are summarized in Fig. 1. Let us mention that there are other plasma models, e.g. magnetohydrodynamic and kinetic models [13] and nonlinear Poisson models [3], which can be derived from (DD-EI) or (DD-I) in the limit m_e → 0 (see [28]).

In Section 2 we present mathematical results which make rigorously some of the above limits in the whole-space hydrodynamic models. Section 3 is devoted to the proofs of the asymptotic limits in the drift-diffusion equations in bounded domains. Finally, in Section 4, some open problems are mentioned.

2. Asymptotic limits in the hydrodynamic equations. In this section we prove rigorously the zero-relaxation-time, zero-electron-mass and quasineutral limits in the models (HD-EI), (HD-I), respectively.

2.1. Zero-relaxation-time limits. We consider the zero-relaxation-time limits in the hydrodynamic models (HD-EI) and (HD-I) in the onedimensional case d = 1. We study only this case since an existence theory is available only for d = 1. Our main goal is to give rigorous proofs of the limits (HD-EI)→(DD-EI) and (HD-I)→(DD-I). Under the assumption (1.4) for γ_α > 1 and

0 ≤ n_{α0} , j_{α0} n_{α0} ∈ L^∞(R) and n_{α0} (x) = 0 for |x| ≥ L, (2.1)

where α = e, i and L > 0 is a given constant, there exists a global weak entropy solution (N_τ , J_τ , Φ_τ ) of the rescaled problem (HD-I)

∂_tN_τ + ∂_xJ_τ = 0, (2.2)

τ^2m_i ( ∂_tJ_τ + ∂_x ( J^2_τ N_τ )) + ∂_xp_i(N_τ ) = −N_τ ∂_xΦ_τ − J_τ , (2.3)

− ∂^2_xΦ_τ = N_τ − f_e(Φ_τ ), (2.4)

for x ∈ R, t > 0, with the initial and boundary conditions

N_τ (·, 0) = n_{i0}, J_τ (·, 0) = τ^{−1}j_{i0} in R, (2.5) lim |x|→∞ Φ_τ (x, t) = 0, a.e. t > 0. (2.6)

This solution satisfies 0 ≤ N_τ , J_τ N_τ ∈ L^∞(R × R^+ ), 0 ≤ Φ_τ ∈ L^∞(0, T, W^{2,∞}(R)),

where T > 0 [12, 38]. For the existence of weak entropy solutions (N_{ατ} , J_{ατ} , Φ_τ ) to (1.13)-(1.15) with initial and boundary conditions corresponding to (2.5)-(2.6), we refer to [7, 32, 39]. Then it holds:

Theorem 2.1 ((HD-I)→(DD-I)). Let the assumptions (1.4) for γ_α > 1 (α = e, i) and (2.1) hold. Then, as τ → 0, maybe passing to subsequences, (N_τ , J_τ , Φ_τ ) converges to (N, J, Φ), which is a solution of (1.18)-(1.19), in the following sense:

N_τ → N strongly in L^p_{loc}(R × (0, T )) for any p ∈ (1, ∞), J_τ ⇀ J weakly in L^2(R × (0, T )), τ^2J^2_τ /N_τ → 0 strongly in L^2(R × (0, T )), Φ_τ → Φ strongly in L^q_{loc}(R × (0, T )) for any q ∈ [γ_e/(γ_e − 1), ∞) .

The solution (N, J, Φ) satisfies

N ∈ L^∞(0, T ; L^p(R)), J ∈ L^2(R × (0, T )), Φ ∈ L^∞(0, T ; W^{2,r}(R)),

where p ∈ (1, ∞) and r ∈ [max(γ_e/(γ_e − 1), 2), ∞).

Theorem 2.2 ((HD-EI)→(DD-EI)). Let the assumptions of Theorem 2.1 hold. Then, as τ → 0, maybe passing to subsequences, (N_{ατ} , J_{ατ} , Φ_τ ) converges to (N_α, J_α, Φ) which is a solution of (1.16)-(1.17), in the sense of Theorem 2.1, where N_τ , J_τ , N, J are replaced by N_{ατ} , J_{ατ} , N_α, J_α, respectively.

The proofs of the above theorems are based on high-energy (or entropy) estimates. More precisely, choosing special convex entropies in the sense of Lions-Perthame-Tadmor [30] and deriving the corresponding entropy inequalities, it is possible to prove that, for instance, (N_τ )_τ is bounded in L^∞(0, T ; L^p(R)) for any p < ∞ and (J_τ )_τ is bounded in L^2(R × (0, T )). In order to get strong convergence of subsequences of (N_τ )_τ and (Φ_τ )_τ we are using the div-curl lemma [42] and the Poisson equation. We refer to [26, 28] for the details and the proofs. Notice that not necessarily the whole sequence (N_τ , J_τ , Φ_τ ) converges since there is no general uniqueness result for the limiting problem (DD-I) or (DD-EI). (The uniqueness question of these models is addressed to in, e.g. [14, 24].)

The relaxation limit for isothermal plasmas has been carried out by Junca and Rascle in [20, 21]. They consider a plasma consisting only of ions. The proof of their result is based on an entropy inequality and the de la Vallée-Poisson lemma. Notice that here, L^1 weak convergence of the particle density is enough to pass to the limit in the linear pressure term.

The first mathematical relaxation limit for adiabatic plasmas has been shown by Marcati and Natalini [31, 36] assuming uniform L^∞ estimates. Let us mention some related results. In [5] the relaxation limit has been performed for adiabatic pressure and small smooth initial data. The same authors have also obtained a similar result for the so-called energy hydrodynamic model which includes an equation for the energy [6]. This result has been generalized by Ali et al. [1] for initial data that is a perturbation of the stationary solution of the thermal equilibrium state. A relaxation-time limit for a boundary-value problem has been performed in [19]. The steadystate problem has been addressed to in [33]. At our knowledge, no mathematical results are available for the relaxation limit (QH-EI)→(QD-EI). The limit (QH-I)→(QD-I), however, can be performed using the techniques of the proof of Theorem 2.1. In fact, the proof becomes easier since the electric term does not appear.

2.2. Zero-electron-mass limits. The limit m_e → 0 in the hydrodynamic model is only solved in the one-dimensional case under additional assumptions [18].

Theorem 2.3 ((HD-EI)→(HD-I)). Let the assumptions (1.4) and (2.1) hold and set δ = m_e. Let (n_{αδ} , j_{αδ} , E_δ) with E_δ = −∂_xϕ_δ be a weak entropy solution to (1.1)-(1.6). Assume furthermore that the sequences (n_{eδ} )_δ and (j^2_{eδ} /n_{eδ})_δ are bounded in L^{2γe}_{loc} (R × (0, T )) and L^2_{loc}(R × (0, T )), respectively. Then there is a subsequence of (n_{αδ} , j_{αδ} , E_δ), not relabeled, converging, as δ → 0, to (n_α, j_α, E) in the following sense:

n_{iδ} → n_i, j_{iδ} → j_i strongly in L^p_{loc}(R × (0, T )) for any p ∈ [1, ∞), n_{eδ} → n_e strongly in L^p_{loc}(R × (0, T )) for any p ∈ [1, γ_e + 1], j_{eδ} ⇀ j_e weakly in L^2(R × (0, T )) E_δ ⇀ E weakly* in L^∞(R × (0, T )),

and (n_α, j_α, E) is a weak solution of (1.8)-(1.9) for α = i and

λ^2∂_xE = n_i − n_e, ∂_xp_e(n_e) = −n_eE in R × (0, T ). (2.7)

Notice that if n_e > 0 in R × (0, T ) then we can eliminate n_e in Eq. (2.7) and obtain the nonlinear Poisson equation (1.10) with E = −∂_xϕ. For the proof of Theorem 2.3, we use the div-curl lemma and the monotonicity of p_e to conclude the strong convergence of (n_{eδ} )_δ . The weak convergence of (j_{eδ} )_δ is a consequence of our assumptions. Finally the strong convergence of the sequences (n_{iδ} )_δ and (j_{iδ} )_δ follows from the H^{−1}_{loc} compactness technique of [29].

2.3. Quasineutral limits. The quasineutral limit has been proved for strong solutions of (HD-I) or (HD-EI) locally in time [10, 11]. First we consider the limit in (HD-I).

Let the assumption (1.4) for γ_e, γ_i ≥ 1 hold and let m_i = 1, τ_i = ∞. Define the ion mean velocity by u_i = j_i/n_i and let (n_{iλ}, u_{iλ}, ϕ_λ) be a solution of

∂_tn_{iλ} + ∂_x(n_{iλ}u_{iλ}) = 0, (2.8) ∂_tu_{iλ} + u_{iλ}∂_xu_{iλ} + 1 n_{iλ} ∂_xp_i(n_{iλ}) = −∂_xϕ_λ, (2.9)

−λ^2∂^2_xϕ_λ = n_{iλ} − f_e(ϕ_λ) in R × (0, ∞), (2.10) n_{iλ}(·, 0) = n_{i0}, u_{iλ}(·, 0) = u_{i0} in R. (2.11)

Assume that the plasma is uniform and electrically neutral at infinity, i.e. let ρ be a smooth, strictly positive function, constant outside of [−1, 1], and tending to ρ_± as x → ±∞, let lim_{|x|→∞} ϕ(x, t) = 0, a.e. t > 0 and let n_{i0}, u_{i0} satisfy

n_{i0} − ρ, u_{i0} ∈ H^s(R), n_{i0} ≥ n > 0 for some s >^3_2 and n > 0.

If λ = 0 we obtain the following system:

∂_tn_i + ∂_x(n_iu_i) = 0, (2.12) ∂_tu_i + u_i∂_xu_i + 1 n_i (p^′_e(n_i) + p^′_i(n_i))∂_xn_i = 0. (2.13)

Theorem 2.4 ((HD-I)→(QH-I)). Let the above assumptions hold and let (n_i, u_i) be a strong solution to (2.12)-(2.13) with initial conditions corresponding to (2.11), on the time interval [0, T ], T > 0. Then there exist solutions (n_{iλ}, u_{iλ}) to (2.8)-(2.11) existing at least on [0, T ]. Moreover, for any T^′ < T there exist constants c > 0, s^′ < s such that ‖n_{iλ} − n_i‖_L∞_{(0,T} ′_{;H}s′_{(R))} + ‖u_{iλ} − u_i‖_L∞_{(0,T} ′_{;H}s′_{(R))} ≤ cλ, where c > 0 is independent of λ.

The existence of strong local-in-time solutions to the limit problem (2.12)-(2.13) follows from classical results (see [11]). In order to prove Theorem 2.4, the system (2.12)-(2.13) is written equivalently as a system for the functions n̄ and ū which are the first-order expansions of the solutions in powers of λ, i.e. n_{iλ} = n_i + λn̄ and u_{iλ} = u_i + λū. Then it is shown in [11], using pseudodifferential techniques and energy estimates, that (n̄, ū) are bounded in H^{s′} (R) uniformly in λ.

Let us consider now a plasma described by (HD-EI) in the one-dimen-sional torus T and assume the condition (1.4) for γ_e = γ_i = 1. Furthermore, let m_e = m_i = 1 and τ_e = τ_i = ∞. Define similarly as above the mean velocities u_α = j_α/n_α, α = e, i, and let (n_{αλ}, u_{αλ}, ϕ_λ) be a solution of (α = e, i) ∂_tn_{αλ} + ∂_x(n_{αλ}u_{αλ}) = 0, (2.14) ∂_t(n_{αλ}u_{αλ}) + ∂_x(n_{αλ}u^2_{αλ} + a_αn_{αλ}) = −q_αn_{αλ}∂_xϕ_λ, (2.15) −λ^2∂^2_xϕ_λ = n_{iλ} − n_{eλ} in T × (0, ∞), (2.16) n_{αλ}(·, 0) = n_{α0}, u_{αλ}(·, 0) = u_{α0} in T. (2.17)

We assume that

n_{e0} = n_{i0}, u_{e0} = u_{i0} in T. (2.18)

In order to derive the limit problem, let λ = 0 in Eqs. (2.14)-(2.17) and set n^{def}= n_e = n_i. Then, by Eq. (2.14), j^{def}= n_iu_i − n_eu_e = n(u_i − u_e) is constant independently of x ∈ T. Integration of Eq. (2.15) for λ = 0 in the form

∂_tu_α + ∂_x(^1_2 u^2_α + a_α log n_α) = −q_α∂_xϕ

over T yields ∫ T u_α(x, t)dx = ∫ T u_{α0}(x)dx. Hence, by assumption (2.18), j ∫ T dx n = ∫ T (u_i − u_e)dx = ∫ T (u_{i0} − u_{e0})dx = 0, which gives j = 0. Therefore, adding Eqs. (2.15) for α = e, i to eliminate ϕ and setting u^{def}= (m_eu_e + m_iu_i)/(m_e + m_i), we obtain

∂_tn + ∂_x(nu) = 0, (2.19) ∂_t(nu) + ∂_x(nu^2 + (a_e + a_i)n) = 0. (2.20)

In [10] the following theorem is shown by using pseudodifferential techniques:

Theorem 2.5 ((HD-EI)→(QH-EI)). Let n_{α0}, u_{α0} ∈ H^s(T) for sufficiently large s > 0 and assume (2.18). Then there exists T > 0 such that, for λ > 0 small enough, there are solutions (n_{αλ}, u_{αλ}) to (2.14)-(2.17) in L^∞(0, T ; H^{s′} (T)) with s^′ < s such that, as λ → 0,

n_{αλ} → n in L^∞(0, T ; H^{s′} (T)), u_{αλ} → u in L^∞(0, T ; H^{s′} (T)),

and (n, u) solves Eqs. (2.19)-(2.20).

There are only a few further results in the mathematical literature. Gasser and Marcati [17] proved an interesting result for a combined relaxation and quasineutral limit in (HD-EI) for weak entropy solutions. Indeed, assuming the diffusion scaling t → t/λ, j_i → λj_i and the relation λ = τ^β_i with 0 < β < 2(γ_i −2)/3(γ_i −1) and γ_e = γ_i > 2, they have shown that the solution (n_{αλ}, j_{αλ}, λ^2∂_xϕ_λ) of (HD-EI) converges in appropriate Lebesgue spaces to a solution of a pure diffusion model for the limit particle density. This model can be written equivalently as an inhomogenous Burgers equation for the limit function of (λ^2∂_xϕ_λ)_λ.

Furthermore, traveling wave solutions and jump relations in the quasineutral limit have been studied by Cordier et al. [8, 9]. Slemrod has proved the limit λ → 0 in the one-dimensional steady-state hydrodynamic equations [41].

3. Asymptotic limits in drift-diffusion models. The limits m_e → 0 and λ → 0 in the drift-diffusion models are studied in bounded domains. For this, we assume that assumption (1.4) holds and that

Ω ⊂ R^d (d ≥ 1) is a bounded domain with Lipschitzian boundary ∂Ω = Γ_D ∪ Γ_N , Γ_D ∩ Γ_N = ∅, meas_{d−1}(Γ_D) > 0, (3.1) and Γ_N is open in ∂Ω, T > 0.

We consider the model (DD-EI) subject to the initial and boundary conditions

N_α = N_{αD}, Φ = Φ_D on Γ_D × (0, T ), (3.2) ∇p_α(N_α) · ν = ∇Φ · ν = 0 on Γ_N × (0, T ), (3.3) N_α(·, 0) = N_{α0} in Ω, α = e, i, (3.4) where ν is the exterior unit normal vector to ∂Ω. Analogous initial and boundary conditions are imposed for the model (DD-I). We assume furthermore that

0 ≤ N_{αD} ∈ C^0([0, T ]; L^∞(Ω)) ∩ H^1(Ω × (0, T )), 0 ≤ N_{α0} ∈ L^∞(Ω), α = e, i, (3.5) Φ_D ∈ L^∞(Ω × (0, T )) ∩ H^1(0, T ; H^1(Ω)).

Under these assumptions, there exists a global weak solution (N_α, Φ) to (1.16)-(1.17), (3.2)-(3.4), and a global weak solution (N_i, Φ) to (1.18)- (1.19), (3.2)-(3.4) for α = i [22, 23].

3.1. Zero-electron-mass limits. In order to perform the limit m_e → 0 rigorously, we need additional assumptions. Assume that the initial and boundary data are compatible with the zero-electron-mass limit, i.e.

N_{eD} = f_e(Φ_D) in Ω × (0, T ), N_{e0} = N_{i0} in Ω. (3.6)

Theorem 3.1 ((DD-EI)→(DD-I)). Let the assumptions (1.4) and (3.1), (3.5)-(3.6) hold and assume that N_{αD} ≥ N > 0 on Γ_D × (0, T ) and N_{α0} ≥ N > 0 in Ω, for some N > 0, α = e, i. Let δ = m_e and let (N_{αδ}, Φ_δ ) be a weak solution to (1.16)-(1.17), (3.2)-(3.4). Then there exists a subsequence, not relabeled, converging, as δ → 0, to a weak solution (N_i, Φ) to (1.18)-(1.19), (3.2)-(3.4) for α = i, in the following sense:

N_{eδ} → f_e(Φ) strongly in L^p(Ω × (0, T )) for any p ≥ 1, N_{iδ} → N_i strongly in L^p(Ω × (0, T )) for any p ≥ 1, N_{iδ} ⇀ N_i weakly in L^2(0, T ; H^1(Ω)),

Φ_δ → Φ strongly in L^2(0, T ; H^1(Ω)).

The result of this theorem remains valid for more general (monotone) pressure functions (see [25]).

The proof is based on entropy estimates and compactness arguments. Indeed, define the entropy (or free energy) of the model (DD-EI): η(t) = i∑ α=e ∫ Ω { ∫_{Nαδ (t)} N_{αD} (t) ( f^{−1}_e (s) − f^{−1}_e (N_{αD}(t)) ) ds } dx + λ^2 2 ∫ Ω |∇(Φ_δ − Φ_D)|^2dx.

Then the following entropy inequality holds for a.e. t > 0: η(t) + δ^{−1} ∫_t 0 ∫ Ω N_{eδ} |∇(f^{−1}_e (N_{eδ} ) − Φ_δ)|^2dxds ≤ η(0) + C, (3.7) and C > 0 depends on N_{iδ} and Φ_D but not on δ (or λ). Here, we have used the conditions (3.6). By the minimum principle, N_{eδ} ≥ N > 0 in Ω × (0, T ), for some N > 0. Therefore, f^{−1}_e (N_{eδ} ) − Φ_δ → 0 strongly in L^2(0, T ; H^1(Ω)) and N_{eδ} − f_e(Φ_δ) → 0 strongly in L^2(Ω × (0, T )). Using the maximum principle and the Poisson equation, it can be shown that N_{eδ} and Φ_δ converge weakly in some Lebesgue spaces to N_e and Φ, respectively. In order to identify N_e and f_e(Φ) we need the strong convergence of one of the sequences (N_{eδ} )_δ or (Φ_δ )_δ. However, since we do not have an appropriate uniform bound for the time derivative ∂_tN_{eδ} in some space, we cannot conclude the strong compactness for (N_{eδ} )_δ , like for (N_{iδ} )_δ , by an application of Aubin’s lemma [40]. Instead the strong compactness of (Φ_δ )_δ is shown by using the monotone Poisson equation (1.19) and an argument which is related to a compactness-by-convexity result [25].

3.2. Quasineutral limits. Recently, the limit λ → 0 in the transient drift-diffusion equations has been studied by several authors in the plasma or semiconductor context. We present here the results of [27, 37]. The following theorem concerns the quasineutral limit in the model (DD-EI).

Theorem 3.2 ((DD-EI)→(QD-EI)). Let the hypotheses (1.4), (3.1) and (3.5) hold. Furthermore, let N_{αD} ≥ N > 0 on Γ_D × (0, T ) and N_{α0} ≥ N > 0 in Ω, for some N > 0, α = e, i, and let N_{e0} = N_{i0} in Ω. Let (N_{αλ}, Φ_λ) be a weak solution to (1.16)-(1.17), (3.2)-(3.4) and let ω ⊂ Ω satisfy ω ⊂ Ω. Then the sequence (N_{αλ}, Φ_λ) converges, as λ → 0, in the following sense:

N_{αλ} → N strongly in L^p(ω × (0, T )) for any p ≥ 1, N_{αλ} ⇀ N, Φ_λ ⇀ Φ weakly in L^2(0, T ; H^1(ω)),

and N solves Eq. (1.22) and the initial condition N(·, 0) = N_{e0} = N_{i0} in the sense of H^{−1}(ω). The limit Φ is a solution of

div(N∇Φ) = 1 m_e + m_i

Δ(m_ep_i(N) − m_ip_e(N)).

Moreover, it holds, as λ → 0,

‖N_{eλ} − N_{iλ}‖_L2_{(Ω×(0,T ))} = O(λ^{1/2}), (3.8) ‖N_{eλ} − N_{iλ}‖_L2_{(ω×(0,T ))} = O(λ). If in addition the condition N_{eD} = N_{iD} on Γ_D ×(0, T ) holds, the above convergence results are valid for ω = Ω and N satisfies the boundary condition N = N_{eD} on Γ_D × (0, T ).

For the quasineutral limit in the model (DD-I) we need additional assumptions since we need strong convergence of Φ_λ and it turns out that we have to estimate ∇Φ_λ · ν on Γ_D:

∂Ω ∈ C^{1,1}, Γ_D ∩ Γ_N = ∅, and Φ_D ∈ L^2(0, T ; H^2(Ω)). (3.9)

This assumption ensures that Φ_λ ∈ L^2(0, T ; H^2(Ω)) and hence, ∇Φ_λ · ν ∈ L^2(Γ_D × (0, T )) [43].

Theorem 3.3 ((DD-I)→(QD-I)). Let the assumptions of Theorem 3.2 hold for α = i and let (3.9) hold. Let (N_{iλ}, Φ_λ) be a weak solution to (1.16)- (1.17), (3.2)-(3.4) for α = i. Then (N_{iλ}, Φ_λ) converges, as λ → 0, in the following sense:

N_{iλ} → N, Φ_λ → Φ strongly in L^2(Ω × (0, T )),

and (N, Φ) solves (1.25) and Φ = f^{−1}_e (N) in Ω × (0, T ), and N(·, 0) = N_{i0} in the sense of H^{−1}(ω). Moreover, it holds, as λ → 0,

‖N_{iλ} − f_e(Φ_λ)‖_L2_{(Ω×(0,T ))} = O(λ^{1/2}), ‖∇Φ_λ‖_L2_{(Ω×(0,T ))} = O(λ^{−1/2}), ‖N_{iλ} − f_e(Φ_λ)‖_L2_{(ω×(0,T ))} = O(λ), ‖∇Φ_λ‖_L2_{(ω×(0,T ))} = O(1).

The proofs of the above theorems are based on entropy estimates. Consider the model (DD-EI). Then an entropy inequality similar to (3.7) and an application of the maximum principles yields uniform bounds for the sequences (f^{−1}_α (N_{αλ}) + q_αΦ_λ)_λ and (λΦ_λ)_λ in L^2(0, T ; H^1(Ω)) and L^∞(0, T ; H^1(Ω)), respectively. With these bounds, the Poisson equation and Aubin’s lemma [40] we obtain the results of Theorem 3.2 [27]. (The estimate (3.8) is proved in [37].) The limit λ → 0 can also be performed without the positivity assumption on the initial and boundary data if we assume that p_e = p_i [27].

Concerning the proof of Theorem 3.3, entropy estimates yield uniform bounds for f^{−1}_i (N_{iλ}) + Φ_λ and λΦ_λ in L^2(0, T ; H^1(Ω)) and L^∞(0, T ; H^1(Ω)), respectively. Then, the strong convergence of Φ_λ (and N_{iλ}) in L^2(Ω × (0, T )) is shown by deriving a uniform estimate for λ∇Φ_λ · ν on Γ_D, using an idea of [3], and by employing compensated compactness and compactness-by-convexity tools [27]. Under the additional assumptions p_i(s) = s and N_{iD} = f_e(Φ_D ) the positivity condition on N_{eD} and N_{eD} can be removed.

The above theorems show that boundary layers may occur if no compatibility condition on the boundary data is imposed. One may ask which values the limit N takes on the boundary. In view of the uniform estimates for the quasi-Fermi potentials f^{−1}_α (N_{αλ})+q_αΦ_λ in L^2(0, T ; H^1(Ω)) it is not very difficult to show that, under the assumptions of Theorem 3.2,

f^{−1}_e (N) + f^{−1}_i (N) = f^{−1}_e (N_{eD} ) + f^{−1}_i (N_{iD} ) on Γ_D × (0, T ).

For instance, if f_e(s) = f_i(s) = exp(s) (this corresponds to isothermal plasmas) then N = √ N_{eD}N_{iD} on Γ_D × (0, T ).

The quasineutral limit in macroscopic plasma models has been first studied by Brézis et al. in [3]. In this paper the limit λ → 0 is shown for the nonlinear Poisson equation, the ion density being fixed. Gasser et al. [15, 16] considered this limit in the semiconductor drift-diffusion equations (i.e. the Poisson equation contains a given function which models fixed background charges) with pure Neumann boundary conditions. Finally, for the one-dimensional stationary equations, asymptotic expansions of the solutions in powers of λ are derived in [34] and a boundary-layer analysis for semiconductor pn-junctions has been performed in [35].

4. Open problems. We present some open problems concerning the discussed asymptotic limits in the hydrodynamic and drift-diffusion plasma models:

• Prove the relaxation-time limit in the magnetohydrodynamic equations (see [13, p. 234]).

• Prove, if possible, the combined zero-relaxation-time and zeroelectron-mass limits in the hydrodynamic equations (HD-EI).

• Prove the zero-electron-mass limit in the hydrodynamic equations (HD-EI)→(HD-I) witout the uniform boundedness assumption of Theorem 2.3.

• Perform a boundary-layer analysis for the model (DD-EI) in the zero-electron-mass limit without the first assumption in (3.6).

• Prove the quasineutral limit in the hydrodynamic models for weak entropy solutions.

• Prove the quasineutral limit in the hydrodynamic models in bounded domains with appropriate (not periodic) boundary conditions.

• Prove the quasineutral limit (HD-EI)→(QH-EI) without assuming (2.18).

• Prove the three asymptotic limits in the energy hydrodynamic equations.

REFERENCES

[1] G. Ali, D. Bini, and S. Rionero. Global existence and relaxation limit for smooth solutions to the Euler-Poisson model for semiconductors. Submitted for publication, 2000.

[2] L. Artsimowitsch and R. Sagdejew. Plasmaphysik für Physiker. Teubner, Stuttgart, 1983.

[3] H. Brézis, F. Golse, and R. Sentis. Analyse asymptotique de l’équation de Poisson couplée à la relation de Boltzmann. Quasi-neutralité des plasmas. C. R. Acad. Sci. Paris, 321:953–959, 1995.

[4] F. Chen. Introduction to Plasma Physics and Controlled Fusion, Vol. 1. Plenum Press, New York, 1984.

[5] G.-Q. Chen, J. Jerome, and B. Zhang. Particle hydrodynamic models in biology and microelectronics: singular relaxation limits. Nonlin. Anal., 30:233–244, 1997.

[6] G.-Q. Chen, J. Jerome, and B. Zhang. Existence and the singular relaxation limit for the inviscid hydrodynamic energy model. In J. Jerome, editor, Modelling and Computation for Application in Mathematics, Science, and Engineering, Oxford, 1998. Clarendon Press.

[7] S. Cordier. Global solutions to the isothermal Euler-Poisson plasma model. Appl.

Math. Lett., 8:19–24, 1995.

[8] S. Cordier, P. Degond, P. Markowich, and C. Schmeiser. Quasineutral limit of travelling waves for the Euler-Poisson model. In G. Cohen, editor, Mathematical and Numerical Aspects of Wave Propagation. Proceedings of the Third International Conference, Mandelieu-La Napoule, France, pages 724–733, Philadelphia, 1995. SIAM.

[9] S. Cordier, P. Degond, P. Markowich, and C. Schmeiser. Travelling wave analysis and jump relations for Euler-Poisson model in the quasineutral limit. Asymptotic Anal., 11:209–224, 1995.

[10] S. Cordier and E. Grenier. Quasineutral limit of two species Euler-Poisson systems.

Proceedings of the Workshop “Recent Progress in the Mathematical Theory on Vlasov-Maxwell Equations” (Paris), pages 95–122, 1997.

[11] S. Cordier and E. Grenier. Quasineutral limit of an Euler-Poisson system arising from plasma physics. Comm. P.D.E., 25:1099–1113, 2000.

[12] S. Cordier and Y.-J. Peng. Système Euler-Poisson non linéaire – existence globale de solutions faibles entropiques. Mod. Math. Anal. Num., 32:1–23, 1998.

[13] J. Delcroix. Plasma physics. John Wiley, London, 1965.

[14] J. I. Díaz, G. Galiano, and A. Jüngel. On a quasilinear degenerate system arising in semiconductor theory. Part I: existence and uniqueness of solutions. To appear in Nonlin. Anal., 2000.

[15] I. Gasser. The initial time layer problem and the quasi-neutral limit in a nonlinear drift-diffusion model for semiconductors. To appear in Nonlin. Diff. Eqs. Appl., 1999.

[16] I. Gasser, D. Levermore, P. Markowich, and C. Schmeiser. The initial time layer problem and the quasineutral limit in the drift-diffusion model for semiconductors. Submitted for publication, 2000.

[17] I. Gasser and P. Marcati. The combined relaxation and vanishing Debye length limit in the hydrodynamic model for semiconductors. To appear in Math. Meth. Appl. Sci., 2000.

[18] T. Goudon, A. Jüngel, and Y.-J. Peng. Zero-electron-mass limits in hydrodynamic models for plasmas. Appl. Math. Lett., 12:75–79, 1999.

[19] L. Hsiao and K.J. Zhang. The relaxation of the hydrodynamic model for semiconductors to the drift-diffusion equations. J. Diff. Eqs., 165:315–354, 2000.

[20] S. Junca and M. Rascle. Strong relaxation of the isothermal Euler-Poisson system to the heat equation. Preprint, Université de Nice, France, 1999.

[21] S. Junca and M. Rascle. Relaxation of the isothermal Euler-Poisson system to the drift-diffusion equations. To appear in Quart. Appl. Math., 2000.

[22] A. Jüngel. On the existence and uniqueness of transient solutions of a degenerate nonlinear drift-diffusion model for semiconductors. Math. Models Meth. Appl. Sci., 4:677–703, 1994.

[23] A. Jüngel. A nonlinear drift-diffusion system with electric convection arising in semiconductor and electrophoretic modeling. Math. Nachr., 185:85–110, 1997.

[24] A. Jüngel. Quasi-hydrodynamic Semiconductor Equations. To appear in Progress in Nonlinear Differential Equations. Birkhäuser, Basel, 2000.

[25] A. Jüngel and Y.-J. Peng. A hierarchy of hydrodynamic models for plasmas. Zeroelectron-mass limits in the drift-diffusion equations. Ann. Inst. H. Poincaré, Anal. non linéaire, 17:83–118, 2000.

[26] A. Jüngel and Y.-J. Peng. Zero-relaxation-time limits in hydrodynamic models for plasmas revisited. Z. Angew. Math. Phys., 51:385–396, 2000.

[27] A. Jüngel and Y.J. Peng. A hierarchy of hydrodynamic models for plasmas: quasineutral limits in the drift-diffusion equations. Submitted for publication, 1999.

[28] A. Jüngel and Y.J. Peng. A hierarchy of hydrodynamic models for plasmas: zerorelaxation-time limits. Comm. P.D.E., 24:1007–1033, 1999.

16 ANSGAR J^¨UNGEL

[29] P.L. Lions, B. Perthame, and E. Souganidis. Existence of entropy solutions for the hyperbolic system of isentropic gas dynamics in Eulerian and Lagrangian coordinates. Comm. Pure Appl. Math., 44:599–638, 1996.

[30] P.L. Lions, B. Perthame, and E. Tadmor. Kinetic formulation for the isentropic gas dynamics and p-system. Comm. Math. Phys., 163:415–431, 1994.

[31] P. Marcati and R. Natalini. Weak solutions to a hydrodynamic model for semiconductors and relaxation to the drift diffusion equations. Arch. Rat. Mech. Anal., 129:129–145, 1995.

[32] P. Marcati and R. Natalini. Weak solutions to a hydrodynamic model for semiconductors: The Cauchy problem. Proc. Roy. Soc. Edinb., Sect. A, 125:115–131, 1995.

[33] P. A. Markowich. On steady state Euler-Poisson models for semiconductors. Z.

Angew. Math. Phys., 42:385–407, 1991.

[34] P. A. Markowich, C. Ringhofer, and C. Schmeiser. An asymptotic analysis of onedimensional models of semiconductur devices. IMA J. Appl. Math., 37:1–24, 1986.

[35] P. A. Markowich and C. A. Ringhofer. A singularly perturbed boundary value problem modelling a semiconductor device. SIAM J. Appl. Math., 44:231– 256, 1984.

[36] R. Natalini. The bipolar hydrodynamic model for semiconductors and the driftdiffusion equations. J. Math. Anal. Appl., 198:262–281, 1996.

[37] Y.-J. Peng. Boundary layer analysis of the quasi-neutral limits in the drift-diffusion equations. Submitted for publication, 2000.

[38] Y.-J. Peng. Convergence of the fractional step Lax-Friedrichs scheme and Godunov scheme for a nonlinear Euler-Poisson system. Nonlin. Anal., 42:1033–1054, 2000.

[39] F. Poupaud, M. Rascle, and J. Vila. Global solutions to the isothermal Euler- Poisson system with arbitrarily large data. J. Diff. Eqs., 123:93–121, 1995.

[40] J. Simon. Compact sets in the space L^p(0, T ; B). Ann. Math. Pura Appl., 146:65– 96, 1987.

[41] M. Slemrod. Private communication, 2000.

[42] L. Tartar. Compensated compactness and applications to partial differential equations. In Nonlinear analysis and mechanics: Heriot-Watt Symp., Vol. 4, volume 39 of Res. Notes Math., pages 136–212, 1979.

[43] G. M. Troianiello. Elliptic Differential Equations and Obstacle Problems. Plenum Press, New York, 1987.