Analysis of the viscous quantum hydrodynamic equations for semiconductors^∗

Maria Pia Gualdani and Ansgar Jüngel^†

Abstract

The steady-state viscous quantum hydrodynamic model in one space dimension is studied. The model consists of the continuity equations for the particle and current densities, coupled to the Poisson equation for the electrostatic potential. The equations are derived from a Wigner-Fokker-Planck model and they contain a third-order quantum correction term and second-order viscous terms. The existence of classical solutions is proved for “weakly supersonic” quantum flows. This means that a smallness condition on the particle velocity is still needed but the bound is allowed to be larger than for classical subsonic flows. Furthermore, the uniqueness of solutions and various asymptotic limits (semiclassical and inviscid limits) are investigated. The proofs are based on a reformulation of the problem as a fourth-order elliptic equation by using an exponential variable transformation.

AMS Classification. 35J40, 35B25, 76Y05.

Keywords. Quantum hydrodynamics, viscosity, Wigner-Fokker-Planck model, existence and uniqueness of solutions, semiclassical limit, inviscid limit.

1 Introduction

In semiconductor device simulation, the modeling of quantum effects becomes more and more important as the characteristic device lengths can nowadays be smaller than about 100 nm. Usually, quantum effects are modeled by using microscopic equations, like the Schrödinger or Wigner equation [16, 21]. In recent years, macroscopic quantum equations have been developed and used in quantum device simulation [1, 8, 11, 13, 17, 23, 26]. There are several advantages of a macroscopic description of semiconductors. First, the Wigner or Schrödinger equation is computationally very expensive, whereas for fluid-type models efficient numerical algorithms are available. Second, as semiconductor devices are modeled in bounded domains, it is easier to find physically relevant boundary conditions for the macroscopic variables than for the Wigner function or the wave function.

∗The authors acknowledge partial support from the Project “Hyperbolic and Kinetic Equations” of the European Union, grant HPRN-CT-2002-00282, from the Deutsche Forschungsgemeinschaft, grants JU359/3 and JU359/5, and from the German-Italian DAAD-Vigoni Project.

†Fachbereich Mathematik und Informatik, Universität Mainz, Staudingerweg 9, 55099 Mainz, Germany; e-mail: gualdani@mathematik.uni-mainz.de, juengel@mathematik.uni-mainz.de

It is well known since 1927 that there exists a fluiddynamical formulation of the Schrödinger equation [20]. In fact, by separating the real and the complex part of the single-state Schrödinger equation, the electron density n(x, t) and current density J(x, t) are satisfying (formally) the scaled Madelung equations

∂_tn + div J = 0,

∂_tJ + div ( J ⊗ J n ) − n∇V − ε^2 2 n∇ ( Δ √ n √ n ) = 0,

where V (x, t) is the electrostatic potential, satisfying the Poisson equation λ^2ΔV = n − C(x), with the concentration of fixed background charges C(x). The physical constants are the (scaled) Planck constant ε and the Debye length λ. The symbol J ⊗ J denotes the tensor with components J_iJ_k. The Madelung equations can be also derived from the Wigner equation by a moment method [11]. This allows to incorporate temperature effects (for many-electron ensembles) and a relaxation-time term. Temperature effects can be also obtained from a mixedstate Schrödinger approach [12]. This yields the equation

∂_tJ + div ( J ⊗ J n ) + T ∇n − n∇V − ε^2 2 n∇ ( Δ √ n √ n ) = − J τ , where T is the (scaled) temperature and τ the (scaled) momentum relaxation time. This equation, together with the equation for the electron density and the Poisson equation, is called the quantum hydrodynamic model. For vanishing scaled Planck constant ε = 0 (and vanishing relaxation-time term), the above equation is equal to the classical Euler momentum equation for charged particles. The relaxation term models interactions of the electrons with the phonons of the semiconductor crystal lattice.

By assuming a Fokker-Planck collision operator in the Wigner equation [3, 4], the moment method of Gardner [11] yields viscous terms in the conservation equations:

∂_tn + div J = νΔn,

∂_tJ + div ( J ⊗ J n ) + T ∇n − n∇V − ε^2 2 n∇ ( Δ √ n √ n ) = − J τ + νΔJ, where ν > 0 is the viscosity constant. We call these equations, coupled to the Poisson equation, the viscous quantum hydrodynamic model. We refer to the appendix for details on the derivation (and scaling) of this model. For vanishing scaled Planck constant ε = 0, we obtain a parabolic regularization of the hyperbolic hydrodynamic equations. This regularization has been employed to prove the existence of solutions to the one-dimensional Euler equations [18].

The objective of this paper is to analyze the one-dimensional stationary version of the viscous quantum hydrodynamic model:

J_x = νn_{xx}, (1) ( J^2 n ) x + T n_x − nV_x − ε^2 2 n ( ( √ n)_{xx} √ n ) x = − J τ + νJ_{xx}, (2) λ^2V_{xx} = n − C(x) in (0, 1). (3)

We choose the physically motivated boundary conditions

n(0) = n(1) = 1, n_x(0) = n_x(1) = 0, V (0) = V_0, J(0) = J_0, (4)

V_0 = − ( 2ν^2 + ε^2 2 ) ( √ n)_{xx}(0) +

J^2_0 2 . (5)

The last boundary condition can be interpreted as a Dirichlet condition for the Bohm potential at x = 0. Indeed, as the electrostatic potential is only defined up to an additive constant, this constant can be choosen such that ( √ n)_{xx}(0) = α holds for any α ∈ R (often α = 0, see, e.g., [17]).

Notice that we prescribe the current density but not the applied voltage V (1)−V (0). Given J_0, the applied voltage can be computed from the solution of the above boundary-value problem, which gives a well-defined current-voltage characteristic.

Concerning the mathematical analysis of the (inviscid) quantum hydrodynamic model, only partial results are available. It has been shown (in one or several space dimensions) that there exists a weak solution to (1)-(3) with ν = 0 (and for various choices of the boundary conditions), if a subsonic-type condition of the form

J_0 n < √ T + ε^2 4 in (0, 1) (6)

is satisfied, i.e., if the current density is small enough [10, 14, 15, 25]. (Recall that an Euler flow is called subsonic if J_0/n < √ T .) Moreover, for special boundary conditions, it has been proved [10] that the quantum hydrodynamic equations do not possess a weak solution if the current density is sufficiently large. The main difficulty in the existence analysis (besides of the mathematical treatment of the third-order quantum term) is the convection term (J^2/n)_x. In fact, in [10] it has been shown that this term forces the particle density to cavitate if the current density is large enough. Without this term, the stationary equations (still with ν = 0) become the quantum drift-diffusion model for which a solution exists for any data [5]. The thirdorder quantum term possesses a regularizing effect since the condition (6) allows for slightly “supersonic” flows [14].

The question arises if, as in the case of the classical hydrodynamic equations, the viscous terms regularize the equations in such a way that the existence of solutions can be proved for all values of the current densities. In this paper we give a partial answer to this question.

More precisely, we prove the existence of classical solutions if the following “weakly supersonic” condition holds: J_0 n < 1 √ 2 √ T + ε^2 16 + ν τ in (0, 1). (7)

Thus, the current density is allowed to be large if either the viscosity ν is large or the (scaled) relaxation time is small enough. The reason for this restriction comes from the fact that, roughly speaking, the viscous term νJ_{xx} can be reformulated (up to a factor) as the third-order quantum term. In fact, integrating (1) and using the boundary condition for J(0) we obtain

J = νn_x + J_0,

which gives ( J^2 n ) x − νJ_{xx} = −2ν^2n ( ( √ n)_{xx} √ n ) x + ( J^2_0 n ) x + 2νJ_0(log n)_{xx}, and therefore, we can reformulate equation (2) formally as ( J^2_0 n ) x + ( T + ν τ ) n_x − nV_x − ( 2ν^2 + ε^2 2 ) n ( ( √ n)_{xx} √ n ) x = − J_0 τ − 2J_0ν(log n)_{xx}. (8)

This formulation shows that the viscous terms indeed regularize the equations (as the coefficient of the quantum term becomes larger) but there is still a convection term which may force the solutions to cavitate for large values of the current density J_0. (Unfortunately, the method in [10] cannot be applied to prove this conjecture rigorously.) Thus we expect a similar restriction on the current density as (6), but allowing for larger current densities.

We notice that the factor 1/ √ 2 in (7) is needed in order to estimate the last term in (8).

However, for sufficiently large ν/τ, we can allow for “supersonic” current densities J_0/n > √ T + ε^2/4. We also remark that the above argument only holds in one space dimension. For the multi-dimensional problem, no results are available. This situation is similar to the inviscid quantum hydrodynamic equations, where mathematical results are essentially only available in one space dimension (except [15]).

The above reformulation (8) is the main idea of this paper, together with the key estimate (9) below.

In order to prove the existence of solutions to (8) and (3)-(5), we rewrite (8) as a fourthorder equation and employ the technique of exponential transformation of variables n = e^u as in [14] (first used in [6]). The existence of a weak solution u ∈ H^2(0, 1) provides a weak solution n = e^u which is strictly positive. Notice that maximum principle arguments can generally be not applied to third- or fourth-order equations, and therefore, the exponential transformation of variables circumvents this fact to prove positive lower bounds for the particle density. Our results can be easily extended to Dirichlet boundary conditions n(0) ≠ n(1), following the technique used in [14], but we use (4) for the sake of a smoother presentation. The existence of solutions is proved in Section 3.

As a second result we prove in Section 4 the uniqueness of solutions of (1)-(3) for sufficiently small parameters ν, ε and J_0. It is well known in semiconductor problems that uniqueness of solutions can only be expected for sufficiently small current densities since there are devices based on multiple solutions.

Using u = log n as a test function in the weak formulation of the fourth-order equation, we obtain the estimate ( ν^2 + ε^2 4 ) ‖u_{xx}‖_L2 + ( T + ν τ ) ‖u_x‖_L2 ≤ K, (9) where K > 0 is a constant which does not depend on u, ν or ε (see Lemma 3.1). This inequality is the key estimate of this paper. It provides an H^1 bound for u independently of ν and ε. This allows to perform the inviscid limit ν → 0 and the semiclassical limit ε → 0. These limits as well as the combined limit ν^2 + ε^2 → 0 are shown in Section 5.

Finally, the Appendix is concerned with a sketch of the derivation of the model and its scaling.

2 Reformulation of the equations and statement of the main results

We reformulate the system (1)-(2) as an elliptic fourth-order equation. After integration of (1) and substitution into (2) we obtain the expression (8). When we divide (8) by n and differentiate with respect to x, this equation is formally equivalent to − ( 2ν^2 + ε^2 2 ) ( ( √ n)_{xx} √ n ) xx + ( T + ν τ ) (log n)_{xx} = n − C λ^2

+ J^2_0 (n_x n^3 ) x − 2J_0ν ( 1 n (log n)_{xx} ) x − J_0 τ ( 1 n ) x , (10)

where we have used the Poisson equation (3). The electrostatic potential can be recovered from (8), after division by n and integration: V (x) = − ( 2ν^2 + ε^2 2 ) ( √ n)_{xx} √ n (x) + ( T + ν τ ) log n(x) +

J^2_0 2n(x)^2 + J_0 τ ∫_x 0 ds n(s) + 2J_0ν n_x n^2

(x) + 2J_0ν ∫_x 0 n^2_x n^3 ds. (11) The integration constant vanishes due to the boundary condition (5). Now we rewrite the fourth-order term as n ( ( √ n)_{xx} √ n ) xx = 1 2 (n(log n)_{xx})_{xx}

and introduce as in [14] the exponential variable n = e^u to arrive to the problem − ( ν^2 + ε^2 4 ) ( u_{xx} + u^2_x 2 ) xx + ( T + ν τ ) u_{xx} = λ^{−2}(e^u − C) + J^2_0 (e^{−2u}u_x)_x − 2J_0ν(e^{−u}u_{xx})_x −

J_0 τ (e^{−u})_x, (12) V (x) = − ( ν^2 + ε^2 4 ) ( u_{xx} + u^2_x 2 ) (x) + ( T + ν τ ) u(x) + J^2_0 2 e^{−2u(x)} + J_0 τ ∫_x 0 e^{−u(s)}ds + 2J_0νe^{−u(x)}u_x(x) + 2J_0ν ∫_x 0 e^{−u}u^2_xds. (13) Equation (12) has to be solved in the interval (0, 1) with the boundary conditions

u(0) = u(1) = 0, u_x(0) = u_x(1) = 0. (14)

The problems (1)-(5) and (12)-(14) are equivalent for classical solutions if n > 0 in (0, 1). Indeed, we have already shown that a classical solution to (1)-(5) with n > 0 in (0, 1) provides via u = log n a classical solution to (12)-(14). Conversely, let (u, V ) be a classical solution to (12)-(14). Setting n = e^u gives n > 0 in (0, 1), and the equations (10) and (11) hold. Differentiating (11) twice, multiplying by n and comparing with (10) yields the Poisson equation (3). Then, differentiating (11) once and multiplying the resulting equation by n, we obtain (2). Finally, the boundary condition (5) follows from (11) using (4). Thus it is sufficient to prove the existence of solutions to (12)-(14).

Our existence result is as follows.

Theorem 2.1 (Existence and uniqueness) Let C ∈ L^∞(0, 1), C > 0 in (0, 1), 0 < γ < 1, and 0 < J_0 ≤ γ √ 2 e^{−M(γ)} √ T + ε^2 16 + ν τ , (15)

where the constant M(γ) > 0 is defined in (25). Then there exists a classical solution (n, J, V ) to (1)-(5) such that n(x) ≥ e^{−M(γ)} > 0 for x ∈ (0, 1). Furthermore, if J_0 > 0 and ν^2 + ε^2 are sufficiently small, the problem (1)-(5) has a unique solution.

The restriction (15) implies (7) since

J_0 n ≤ J_0e^{M(γ)} < 1 √ 2 √ T + ε^2 16 + ν τ . We are able to prove the semiclassical limit ε → 0, the inviscid limit ν → 0 and the combined semiclassical-inviscid limit ε → 0 and ν → 0. We refer to the appendix for the physical assumptions on the parameters, which correspond to such limits.

Theorem 2.2 (Inviscid limit) Let (n_ν , J_ν , V_ν ) be a solution to (1)-(5) and assume that condition (15) holds for ν = 0. Then, as ν → 0, maybe for a subsequence,

n_ν ⇀ n weakly in H^2(0, 1), V_ν ⇀ V weakly in H^4(0, 1), J_ν ⇀ J weakly in H^1(0, 1),

and (n, J, V ) is a (classical) solution of the quantum hydrodynamic equations ( J^2 n + T n ) x − nV_x − ε^2 2 n ( ( √ n)_{xx} √ n ) x = − J τ , J = J_0, λ^2V_{xx} = n − C in (0, 1), n(0) = n(1) = 1, n_x(0) = n_x(1) = 0, V (0) = V_0.

Theorem 2.3 (Semiclassical limit) Let (n_ε, J_ε, V_ε) be a solution to (1)-(5) and assume that condition (15) holds for ε = 0. Then, as ε → 0, maybe for a subsequence,

n_ε ⇀ n weakly in H^2(0, 1), V_ε ⇀ V weakly in H^4(0, 1), J_ε ⇀ J weakly in H^1(0, 1),

and (n, J, V ) is a (classical) solution of ( J^2 n + T n ) x − nV_x = νJ_{xx} − J τ , J_x = νn_{xx}, λ^2V_{xx} = n − C in (0, 1),

n(0) = n(1) = 1, n_x(0) = n_x(1) = 0, V (0) = V_0, J(0) = J_0.

Theorem 2.4 (Semiclassical-inviscid limit) Let δ = ν^2 + ε^2/4, V_0 = J^2_0 /2, let (n_δ, J_δ, V_δ) be a solution to (1)-(5), and assume that condition (15) holds for δ = 0. Then, as δ → 0, maybe for a subsequence (see Remark 5.2),

n_δ ⇀ n weakly in H^1(0, 1), (16) V_δ ⇀ V weakly in H^3(0, 1), (17) J_δ ⇀ J weakly in H^1(0, 1), (18)

and (n, J, V ) is a (classical) solution of the hydrodynamic equations ( J^2 n + T n ) x − nV_x = − J τ , J = J_0, λ^2V_{xx} = n − C in (0, 1), (19)

n(0) = n(1) = 1, V (0) = V_0. (20)

3 Existence of solutions

As usual, we call u ∈ H^2_0 (0, 1) a weak solution of (12), (14) if for all ψ ∈ H^2_0 (0, 1) it holds − ( ν^2 + ε^2 4 ) ∫ 1 0 ( u_{xx} + 1 2 u^2_x ) ψ_{xx}dx − ( T + ν τ ) ∫ 1 0 u_xψ_xdx (21)

= 2J_0ν

∫_1 0 u_{xx}e^{−u}ψ_xdx − J^2_0 ∫_1 0 u_xe^{−2u}ψ_xdx + J_0 τ ∫_1 0 e^{−u}ψ_xdx + 1 λ^2

∫_1 0 (e^u − C)ψdx. In order to prove Theorem 2.1 we consider the following truncated problem: − ( ν^2 + ε^2 4 ) ∫ 1 0 ( u_{xx} + 1 2 u^2_x ) ψ_{xx}dx − ( T + ν τ ) ∫ 1 0 u_xψ_xdx (22)

= 2J_0ν

∫_1 0 u_{xx}e^{−uM} ψ_xdx − J^2_0 ∫_1 0 u_xe^{−2uM} ψ_xdx + J_0 τ ∫_1 0 e^{−u}ψ_xdx + 1 λ^2

∫_1 0 (e^u − C)ψdx, where M = M(γ) > 0 is the constant from (15) defined in (25) below and u_M = min{M, max{−M, u}}. The following lemma is the key result of this paper.

Lemma 3.1 (H^2-Estimate). Let u ∈ H^2_0 (0, 1) be a solution of (22) and let (15) hold for some 0 < γ < 1. Then ( ν^2 + ε^2 4 ) ‖u_{xx}‖^2_L2 + ( T + ν τ ) ‖u_x‖^2_L2 ≤ K(γ), (23)

where K(γ) > 0 is independent of u, ν, and ε (see (27) for its definition). In particular, it follows ‖u‖_L∞ ≤ M(γ), (24) where M(γ) = √ K(γ) T . (25)

Proof. We use ψ = u as a test function in the weak formulation of (22) to obtain ( ν^2 + ε^2 4 ) ∫ 1 0 ( u^2_{xx} + 1 2 u^2_xu_{xx} ) dx + ( T + ν τ ) ∫ 1 0 u^2_xdx = −2J_0ν

∫_1 0 u_{xx}e^{−uM} u_xdx + J^2_0 ∫_1 0 u^2_xe^{−2uM} dx − J_0 τ ∫_1 0 e^{−u}u_xdx − 1 λ^2

∫_1 0 u(e^u − C)dx = I_1 + I_2 + I_3 + I_4. (26)

We estimate the right-hand side term by term. By Young’s inequality,

I_1 = −2J_0ν

∫_1 0 u_{xx}e^{−uM} u_xdx ≤ 2J_0e^M ν ∫_1 0 |u_{xx}||u_x|dx ≤ (1 − η)ν^2

∫_1 0 u^2_{xx}dx + J^2_0 e^{2M} 1 − η ∫_1 0 u^2_xdx, where 0 < η < (1 − γ^2)/(1 − γ^2/2). Furthermore,

I_2 = J^2_0

∫_1 0 u^2_xe^{−2uM} dx ≤ J^2_0 e^{2M}

∫_1 0 u^2_xdx. Due to the boundary conditions (14), the third integral vanishes: I_3 = 0. It is not difficult to see that 1/e + ‖C log C‖_L∞ is an upper bound for the function u → −u(e^u − C(x)), u ∈ R, for any x ∈ (0, 1). Here we use the assumption that the concentration C(x) is positive. Therefore,

I_4 ≤ λ^{−2}(e^{−1} + ‖C log C‖_L∞ ).

Noticing that the integral ∫_1 0 u^2_xu_{xx}dx = 1 3 (u^3_x(1) − u^3_x(0)) = 0

vanishes, due to the boundary conditions (14), we conclude that (26) can be estimated as ( ην^2 + ε^2 4 ) ‖u_{xx}‖^2 + ( T + ν τ − 2 − η 1 − η J^2_0 e^{2M} ) ‖u_x‖^2 ≤ λ^{−2}(e^{−1} + ‖C log C‖_L∞ ).

In view of condition (15) we obtain T + ν τ − 2 − η 1 − η J^2_0 e^{2M} ≥ ( 1 − 2 − η 1 − η γ^2 2 )( T + ν τ ) − 2 − η 1 − η γ^2 2 ε^2 16 . Using the Poincaré inequality

ε^2 16 ∫_1 0 u^2_xdx ≤ ε^2 4 ∫_1 0 u^2_{xx}dx, this gives [ ην^2 + ( 1 − γ^2(2 − η) 2(1 − η) )ε2 4 ] ‖u_{xx}‖^2_L2 + ( 1 − γ^2(2 − η) 2(1 − η) )( T + ν τ ) ‖u_x‖^2_L2 ≤ λ^{−2}(e^{−1} + ‖C log C‖_L∞ ) or ( ν^2 + ε^2 4 ) ‖u_{xx}‖^2_L2 + ( T + ν τ ) ‖u_x‖^2_L2 ≤ K(γ), where K(γ) = 1 λ^2 (1 e + ‖C log C‖_L∞ ) min { η, 1 − γ^2(2 − η) 2(1 − η) }_{−1} . (27)

Notice that 1−γ^2(2−η)/(2(1−η)) > 0 due to the choice of η. Finally, from the Poincaré-Sobolev estimate, ‖u‖_L∞ ≤ ‖u_x‖_L2 ≤ M(γ), where M(γ) = √ K(γ)/T . This proves the lemma. □

Lemma 3.2 Under the assumptions of Lemma 3.1, there exists a solution u ∈ H^2_0 (0, 1) of (21).

Proof. The existence of a solution of the problem (21) is shown by using the Leray-Schauder fixed-point theorem. For this, we consider the following linear problem for given w ∈ H^1_0 (0, 1) with test functions ψ ∈ H^2_0 (0, 1): − ( ν^2 + ε^2 4 ) ∫ 1 0 u_{xx}ψ_{xx}dx − σ ( ν^2 + ε^2 4 ) ∫ 1 0 1 2 w^2_xψ_{xx}dx − ( T + ν τ ) ∫ 1 0 u_xψ_xdx = −2J_0σν ∫_1 0 w_x(e^{−w}ψ_x)_xdx − J^2_0 σ

∫_1 0 w_xe^{−2w}ψ_xdx + J_0 τ σ ∫_1 0 e^{−w}ψ_xdx + σ λ^2

∫_1 0 (e^w − C)ψdx, (28) where σ ∈ [0, 1]. We define the bilinear form a(u, ψ) = ( ν^2 + ε^2 4 ) ∫ 1 0 u_{xx}ψ_{xx}dx + ( T + ν τ ) ∫ 1 0 u_xψ_xdx, (29) and the linear functional F (ψ) = −σ ( ν^2 + ε^2 4 ) ∫ 1 0 1 2 w^2_xψ_{xx}dx + 2J_0σν ∫_1 0 w_x(e^{−w}ψ_x)_xdx + J^2_0 σ

∫_1 0 w_xe^{−2w}ψ_xdx − J_0 τ σ ∫_1 0 e^{−w}ψ_xdx − σ λ^2

∫_1 0 ψ(e^w − C)dx. (30) Since the bilinear form a(u, ψ) is continuous and coercive on H^2_0 (0, 1) × H^2_0 (0, 1) and the linear functional F is continuous on H^2_0 (0, 1), we can apply the Lax-Milgram theorem to obtain the existence of a solution u ∈ H^2_0 (0, 1) of (28). Thus, the operator

S : H^1_0 (0, 1) × [0, 1] → H^1_0 (0, 1), (w, σ) → u,

is well-defined. Moreover, it is continuous and compact since the embedding H^2_0 (0, 1) → H^1_0 (0, 1) is compact. Furthermore, S(w, 0) = 0. Following the steps of the proof of Lemma 3.1, we can show that ‖u‖_H2_0 ≤ const. for all (u, σ) ∈ H^0_1 (0, 1) × [0, 1] satisfying S(u, σ) = u. Therefore, the existence of a fixed point u with S(u, 1) = u follows from the Leray-Schauder fixed-point theorem. This fixed point is a solution of (22) and, in fact, also of (21) since |u(x)| ≤ M(γ). □

Theorem 3.3 Under the assumptions of Lemma 3.1, there exists a solution (u, V ) ∈ H^4(0, 1)× H^2(0, 1) of (12)-(14).

Proof. Let u be a weak solution of (21) or (12). Since u ∈ H^2_0 (0, 1), it holds u^2_x ∈ H^1_0 (0, 1) and (e^{−u}u_{xx})_x ∈ H^{−1}(0, 1). Then, from (12), we infer u_{xxxx} ∈ H^{−1}(0, 1). Hence, there exists w ∈ L^2(0, 1) such that w_x = u_{xxxx}. This implies u_{xxx} = w + const. ∈ L^2(0, 1) and, by (12), u_{xxxx} ∈ L^2(0, 1). This allows us to conclude that u ∈ H^4(0, 1) and from the regularity of u and from (13) follows the regularity of V . □

4 Uniqueness of solutions

Theorem 4.1 If ν, ε, and J_0 > 0 are sufficiently small, the problem (12)-(14) has a unique solution.

Proof. We proceed similarly as in [14]. Let u, v ∈ H^2_0 (0, 1) be weak solutions of (12). We observe that, in view of the boundary conditions for u_x,

u^2_x(x) = 2 ∫_x 0 u_x(s)u_{xx}(s)ds ≤ 2‖u_x‖_L2 ‖u_{xx}‖_L2 and thus ‖u_x‖_L∞ ≤ α 2 ‖u_x‖_L2 + 1 2α ‖u_{xx}‖_L2 for all α > 0. By Lemma 3.1 we obtain ‖u_x‖_L∞ ≤ ( α 2 √ ν^2 + ε^2/4 + 1 2α √ T + ν/τ )√ K(γ). Choosing α = √ (T + ν/τ)/K(γ) then gives ‖u_x‖_L∞ ≤ √ T + ν/τ 2 √ ν^2 + ε^2/4 + K(γ) T + ν/τ . Now we choose ν and ε so small that √ ν^2 + ε^2/4 ≤ (T + ν/τ)^{3/2} 2K(γ) . As T is positive, such a choice is possible. This implies ‖u_x‖_L∞ ≤ √ T + ν/τ ν^2 + ε^2/4 . A similar estimate can be obtained for v_x. Therefore ‖(u + v)_x‖_L∞ ≤ 2 √ T + ν/τ ν^2 + ε^2/4

. (31)

Now we start to estimate the difference u − v. The weak formulation of the difference of the equations satisfied by u and v, with the test function u − v, reads as follows: ( ν^2 + ε^2 4 ) ∫ 1 0 (u − v)^2_{xx} + ( T + ν τ ) ∫ 1 0 (u − v)^2_xdx + 1 2 ( ν^2 + ε^2 4 ) ∫ 1 0 (u^2_x − v^2_x)(u − v)_{xx}dx

= −2J_0ν

∫_1 0 (u_{xx}e^{−u} − v_{xx}e^{−v})(u − v)_xdx − 1 2 J^2_0

∫_1 0 (e^{−2u} − e^{−2v} )_x(u − v)_xdx − 1 λ^2

∫_1 0 (e^u − e^v)(u − v)dx + J_0 τ ∫_1 0 (e^{−u} − e^{−v})(u − v)_xdx = I_1 + I_2 + I_3 + I_4. (32)

The mean value theorem and the estimate (24) with M = M(γ) yields |e^{−u(x)} − e^{−v(x)}| ≤ e^M |u(x) − v(x)|. Therefore, using Poincaré’s inequality,

I_4 ≤

J_0 τ e^M ‖u − v‖_L2 ‖(u − v)_x‖_L2 ≤ J_0 τ e^M ‖(u − v)_x‖^2_L2 .

The monotonicity of x → e^x implies I_3 ≤ 0. For the estimate of the second integral we obtain similarly as above

I_2 = J^2_0

∫_1 0 [e^{−2u}(u − v)^2_x + (e^{−2u} − e^{−2v})v_x(u − v)_x]dx ≤ J^2_0 K_1e^{2M} ‖(u − v)_x‖^2_L2 ,

where the constant K_1 > 0 depends on ‖v_x‖_L∞ . Finally, we write for the first integral

I_1 = −2J_0ν

∫_1 0 [e^{−u}(u − v)_{xx} + (e^{−u} − e^{−v})v_{xx}](u − v)_xdx. As we do not have an L^∞ bound for v_{xx}, we integrate by parts in the second addend:

I_1 = −2J_0ν

∫_1 0 [e^{−u}(u − v)_{xx}(u − v)_x − e^{−u}v_x(u − v)^2_x − (e^{−u} − e^{−v})v^2_x(u − v)_x − (e^{−u} − e^{−v})v_x(u − v)_{xx}]dx ≤ ν^2 2 ‖(u − v)_{xx}‖^2_L2 + J^2_0 e^{2M} K_2‖(u − v)_x‖^2_L2 ,

and K_2 > 0 depends on ‖v_x‖_L∞ . In the last step we have used again the mean value theorem and Young’s and Poincaré’s inequalities. We conclude from (32) I = ( ν^2 + ε^2 4 ) ∫ 1 0 (u − v)^2_{xx} + ( T + ν τ ) ∫ 1 0 (u − v)^2_xdx + 1 2 ( ν^2 + ε^2 4 ) ∫ 1 0 (u + v)_x(u − v)_x(u − v)_{xx}dx ≤ ν^2 2 ‖(u − v)_{xx}‖^2_L2 + J_0 (eM τ + J_0K_1e^{2M} + J_0K_2e^{2M} ) ‖(u − v)_x‖^2_L2 . (33)

The estimate of the last integral of the left-hand side of (32) is more delicate. We use the bound (31): I ≥ 1 2 ( ν^2 + ε^2 4 ) ∫ 1 0 (u − v)^2_{xx} + 1 2 ( T + ν τ ) ∫ 1 0 (u − v)^2_xdx + 1 2 ∫_1 0 (√ ν^2 + ε^2/4|(u − v)_{xx}| − √ T + ν/τ|(u − v)_x| )_2 dx + √ ν^2 + ε^2/4 √ T + ν/τ ∫_1 0 |(u − v)_x||(u − v)_{xx}| ( 1 − 1 2 √ ν^2 + ε^2/4 T + ν/τ |(u + v)_x| ) dx ≥ 1 2 ( ν^2 + ε^2 4 ) ∫ 1 0 (u − v)^2_{xx} + 1 2 ( T + ν τ ) ∫ 1 0 (u − v)^2_xdx. Thus putting together this estimate and (33), for sufficiently small J_0 > 0, we arrive to

ε^2 8 ∫_1 0 (u − v)^2_{xx} + 1 2 ( T + ν τ ) ∫ 1 0 (u − v)^2_xdx ≤ 0. This implies u − v = 0 in (0, 1). □

For the proof of Theorem 2.1 it remains to show that the solution (u, V ) of (12)-(14) provides a solution (n, V ) of (1)-(5). Then both formulations are equivalent and the uniqueness of solutions of (1)-(5) follows.

Let (u, V ) be the unique solution of (12)-(14) and set n = e^u. Then we obtain (10) and (11). We differentiate (11) twice with respect to x: V_{xx} = − ( 2ν^2 + ε^2 2 ) ( ( √ n)_{xx} √ n ) xx + ( T + ν τ ) (log n)_{xx} +

J^2_0 2 ( 1 n^2 ) xx + J_0 τ ( 1 n ) x + 2J_0ν (n_x n^2 ) xx + 2J_0ν (n2_x n^3 ) x , and, comparing with (10), Poisson’s equation (3) follows. Furthermore, from (11) it holds:

V (0) = − ( 2ν^2 + ε^2 2 ) ( ( √ n)_{xx} √ n ) (0) +

J^2_0 2 = V_0,

taking into account (5).

Now we differentiate (11) with respect to x and multiply the resulting equation with n: nV_x = − ( 2ν^2 + ε^2 2 ) n ((√n)_{xx} √ n ) x + ( T + ν τ ) n_x − J^2_0 n_x n^2 + J_0 τ − 2J_0ν (n2_x n^2 − n_{xx} n ) . Introducing J(x) := νn_x(x) + J_0, equation (1) follows after differentiation. Finally, from −2ν^2n ((√n)_{xx} √ n ) x + ν τ n_x − 2J_0ν (n2_x n^2 − n_{xx} n ) + J_0 τ − J^2_0 (n_x n^2 ) = (J 2 n ) x − νJ_{xx} + J τ equation (2) follows.

5 Asymptotic limits

We only prove Theorem 2.4 as the proofs of Theorems 2.2 and 2.3 are very similar (and in fact, easier). The proof is a consequence of the key estimate (23) and the compact embedding H^1(0, 1) → L^∞(0, 1). First we show:

Theorem 5.1 Let (u_δ, V_δ) be a solution of (12)-(14) for δ = ν^2 + ε^2/4 > 0 and let (15) hold for ν = 0. Set J_δ = ν exp(u_δ)u_{δ,x} + J_0. Then there exists a subsequence of (u_δ, J_δ, V_δ) (not relabeled) such that

u_δ ⇀ u weakly in H^1 and strongly in L^∞, (34) V_δ ⇀ V weakly in H^3, (35) J_δ ⇀ J weakly in H^1, (36)

and (u, J, V ) is a solution of

J = J_0, (37) T u_{xx} = e^u − C λ^2

+ J^2_0 (u_xe^{−2u})_x −

J_0 τ (e^{−u})_x, (38)

V (x) = T u(x) + 1 2 J^2_0 e^{−2u(x)} +

J_0 τ ∫_x 0 e^{−u(x)}ds, x ∈ (0, 1), (39) with boundary conditions u(0) = u(1) = 0. (40)

Proof. From Lemma 3.1 and Poincaré’s inequality we obtain a uniform H^1 bound for u_δ. Then there exists a subsequence of (u_δ) (not relabeled) such that (34) holds. The weak formulation of (12) reads, for any ψ ∈ C^∞_0 (0, 1), after integration by parts, −δ ∫_1 0 u_δψ_{xxxx} − δ 2 ∫_1 0 u^2_{δ,x}ψ_{xx}dx = ( T + ν τ ) ∫ 1 0 u_{δ,x}ψ_xdx + 2J_0ν ∫_1 0 u^2_{δ,x}e^{−uδ} ψ_xdx − 2J_0ν ∫_1 0 u_{δ,x}e^{−uδ} ψ_{xx}dx − J^2_0

∫_1 0 u_{δ,x}e^{−2uδ} ψ_xdx + J_0 τ ∫_1 0 e^{−uδ} ψ_xdx + 1 λ^2

∫_1 0 (e^{uδ} − C)ψdx. The convergences (34) allow us to pass to the limit δ → 0 in the above equation, observing that the left-hand side vanishes in the limit: −T ∫_1 0 u_xψ_xdx = −J^2_0

∫_1 0 u_xe^{−2u}ψ_xdx + J_0 τ ∫_1 0 e^{−u}ψ_xdx + 1 λ^2

∫_1 0 (e^u − C)ψdx. Now we rewrite (13) as V_δ(x) = −δ ( u_{δ,xx} + 1 2 u^2_{δ,x} ) + ( T + ν τ ) u_δ + 2J_0νe^{−uδ} u_{δ,x} + 2J_0ν ∫_x 0 e^{−uδ} u^2_{δ,x}ds + 1 2 J^2_0 e^{−2uδ} +

J_0 τ ∫_x 0 e^{−uδ} ds. (41)

Differentiating this equation twice with respect to x and comparing to (12) yields V_{δ,xx} = λ^{−2}(e^{uδ} − C). Thus, from (23) follows that V_δ is uniformly bounded in H^3 and (35) is proved.

Next we multiply (41) by ϕ ∈ C^∞_0 (0, 1) and integrate over (0, 1). Integrating by parts and using (14), we find

∫_1 0 V_δϕdx = −δ ∫_1 0 u_δϕ_{xx}dx − δ 2 ∫_1 0 u^2_{δ,x}ϕdx + ( T + ν τ ) ∫ 1 0 u_δϕdx + 2J_0ν

∫_1 0 e^{−uδ} u_{δ,x}ϕdx + 2J_0ν ∫_1 0 ϕ ∫_x 0 e^{−uδ} u^2_{δ,x}dsdx + 1 2 J^2_0

∫_1 0 e^{−2uδ} ϕdx + J_0 τ ∫_1 0 ϕ ∫_x 0 e^{−uδ} dsdx. (42) Using the uniform L^∞ and H^1 bounds of u_δ and the convergence (34), we can pass to the limit δ → 0 in (42): ∫_1 0 V ϕdx = ∫_1 0 ( T u + 1 2 J^2_0 e^{−2u} +

J_0 τ ∫_x 0 e^{−u}ds ) ϕdx. Finally, we consider the equation J_δ = νe^{uδ} u_{δ,x} + J_0. As νu_{δ,x} is uniformly bounded in H^1, by Lemma 3.1, a subsequence of (J_δ) converges weakly in H^1, i.e., (36) holds. Multiplying the above equation by some ϕ ∈ C^∞_0 (0, 1) and integrating over (0, 1) gives ∫_1 0 J_δϕdx = −ν ∫_1 0 e^{uδ} ϕ_xdx + J_0 ∫_1 0 ϕdx, and the limit ν → 0 implies (37). □ Remark 5.2 For sufficiently small current densities J_0 > 0, the quantum hydrodynamic model (37)-(40) is uniquely solvable (see, e.g., [10, 14]). This means that the whole sequence (u_δ, V_δ, J_δ) converges to (u, V, J_0) in the sense of (34)-(36).

We prove Theorem 2.4. Setting n_δ = e^{uδ} and n = e^u, where u is the solution of (38), obtained as the limit of the subsequence (u_δ), the convergence results (16)-(18) hold. We rewrite (38) in the variable n: T (log n)_{xx} = n − C λ^2

+ J^2_0 (n_x n^3 ) x − J_0 τ ( 1 n ) x . (43)

Notice that n is strictly positive since n(x) ≥ exp(−‖u‖_L∞ ) ≥ exp(−M(γ)), x ∈ (0, 1). Differentiating (39) twice with respect to x, we obtain

V_{xx}(x) = T (log n)_{xx} +

J^2_0 2 ( 1 n^2 ) xx + J_0 τ ( 1 n ) x . (44)

Comparing (43) and (44) gives Poisson’s equation (see (19)). Differentiating (39) with respect to x and multiplying by n, the resulting equation is equal to the first equation in (19). Finally, from (39) we have V (0) = 1 2 J^2_0 = V_0,

which equals (20).

6 Appendix: Derivation and scaling of the model

The viscous quantum hydrodynamic equations are derived similarly as in [11] by applying a moment method to the following Wigner-Fokker-Planck equation: ∂_tw + ℏ m k · ∇_xw + q ℏ θ[V ](w) = L(w), x, k ∈ R^d , t > 0, (45) w(x, k, 0) = w_0(x, k), x, k ∈ R^d . (46) Here, w = w(x, k, t) is the Wigner distribution function depending on the space variable x ∈ R^d (d ≥ 1), the wave vector k ∈ R^d , and the time t > 0. The physical parameters are the reduced Planck constant ℏ = h/2π, the effective mass m of the electrons, and the elementary charge q. The operator θ[V ] is defined in the sense of pseudo-differential operators [22] as (θ[V ])(w)(x, k, t) = i (2π)^d ∫ R^d ∫ R^d m ℏ [ V ( x + η 2 , t ) − V ( x − η 2 , t )]

× w(x, k^′, t)e^{−i(k−k′)·η}dk^′ dη, where V = V (x, t) is the electrostatic potential, usually selfconsistently given by the Poisson equation div_x(ε_s∇_xV ) = q(n − C(x)), x ∈ R^d .

Here, ε_s denotes the permittivity of the semiconductor material and C(x) the concentration of fixed charged background ions (doping profile). The particle density n(x, t) and the current density J(x, t) are related to the Wigner function by n(x, t) = ∫ R^d w(x, k, t)dp, J(x, t) = q m ∫ R^d w(x, k, t)pdp, with the momentum p = ℏk.

The quantum Fokker-Planck operator L(w) = D_{pp} ℏ^2

Δ_kw + 1 τ_0 div_k(kw) + D_{pq} ℏ div_x(∇_kw) + D_{qq}Δ_xw (47)

models the interaction of the electrons with the phonons of the crystal lattice (oscillators) with constants D_{pp} = k_BT_0 mτ_0 , D_{pq} = Ωℏ^2 6πm^2k_B T_0τ_0 , D_{qq} = ℏ^2 12mk_B T_0τ_0 , where k_B denotes the Boltzmann constant, T_0 the lattice temperature, τ_0 the momentum relaxation time, and Ω the cut-off frequency of the reservoir oscillators. This model governs the dynamical evolution of an electron ensemble in the single-particle Hartree approximation interacting dissipatively with an idealized heat bath consisting of an ensemble of harmonic oscillators and modeling the semiconductor lattice.

The Wigner-Fokker-Planck model (45)-(47) has been derived in [7, 9] under the main assumptions that

• the thermal energy k_BT_0 is of the same order as the energy ℏΩ corresponding to the cut-off frequency;

• the reservoir memory time 1/Ω is much smaller than the characteristic time scale t^∗ of the electrons and the momentum relaxation time τ_0.

For a discussion of the model (45), we refer to [4]. The existence and uniqueness of solutions to the periodic and the whole-space problem (45)-(47) have been shown in [3, 4].

In order to derive macroscopic equations from (45) for the macroscopic variables n and J, the moment method as in [11] can be applied, i.e., equation (45) is multiplied by 1 and p = ℏk, respectively, and integrated over R^d with respect to p. The resulting system is closed by assuming that the Wigner function w is close to the quantum thermal equilibrium density approximation by Wigner [24]. The only difference to the derivation in [11] is that the Fokker- Planck operator has to be integrated. This yields ∫ R^d (L(w))(x, k, t)d(ℏk) = D_{qq}Δ_xn(x, t), ∫ R^d (L(w))(x, k, t)(ℏk)d(ℏk) = − J(x, t) τ_0 − q m D_{pq}∇_xn(x, t) + D_{qq}Δ_xJ(x, t). Therefore, we obtain the viscous quanutm hydrodynamic equations ∂_tn + 1 q divJ = D_{qq}Δn, ∂_tJ + 1 q div ( J ⊗ J n ) + qk_B T_0 m ( 1 + D_{pq} k_BT_0 ) ∇_xn − q^2 m n∇V − qℏ^2 6m^2 n∇ ( Δ √ n √ n )

= − J τ_0 + D_{qq}ΔJ, where J ⊗ J is a matrix with the components J_iJ_k, i, k = 1, . . . , d.

In order to scale these equations, we introduce the characteristic length L and the characteristic time t^∗ and define the characteristic density, voltage and current density, respectively, by C^∗ = sup |C|, V^∗ = k_BT_0 q , J^∗ = qk_BT_0C^∗t^∗ LM L ι , where ι is the mean-free path defined by ι^2 = k_BT_0τ^2_0 /m. After introducing the scaling x → Lx, t → t^∗t, n → C^∗n, C → C^∗C, V → V^∗V, J → J^∗J, we obtain the scaled viscous quantum hydrodynamic equations ∂_tn + divJ = νΔn, ∂_tJ + div ( J ⊗ J n ) + T ∇n − n∇V − ε^2 2 n∇ ( Δ √ n √ n ) = − J τ + νΔJ, λ^2ΔV = n − C(x). The scaled parameters are

ε^2 = 1 6 ( L_b L )_2 , ν = 1 6 ( L_b L )_2 L ι t^∗ τ_0

, T = 1 + 1 √ 18π Ωℏ k_BT_0 L_b ι , τ = τ_0 t^∗ , λ^2 = ε_sk_BT_0 q^2L^2C^∗ , and L_b = ℏ/ √ 2mk_BT_0 is the de Broglie length. Notice that the scaled effective temperature T is the sum of the scaled temperature (which is one) and the correction term ΩℏL_b/ √ 18πk_BT_0ι.

The correction is small if the mean free path is large compared to the de Broglie length, since Ωℏ/k_B T_0 is assumed to be of order one.

The parameters ε and ν can be small depending on the physical situations:

1. T_0 = 300 K, τ = 10^{−12} s, L = 1 μm: With these values we have L_b/L ≈ 10^{−3} and ι/L ≈ 0.1 and hence ε^2 ≪ 1 and ν ≪ 1 if the characteristic time t^∗ is of the same order as τ_0.

2. T_0 = 300 K, τ = 10^{−12} s, L = 100 nm: We obtain L_b/L ≈ 0.01 and ι/L ≈ 1. If the characteristic time is much larger than the relaxation time, t^∗/τ_0 ≫ 1, such that (L_b/L)^2(t^∗/τ_0) is of order one, this gives ε^2 ≪ 1 but ν is of order one.

3. T_0 = 3 K, τ = 10^{−12} s, L = 100 nm: This yields L_b/L ≈ 0.1 and ι/L ≈ 1. If the characteristic time is much smaller than the momentum time, t^∗/τ_0 ≪ 1, we obtain ν ≪ ε. 7 Conclusions

In this paper we analyzed a macroscopic model for quantum semiconductor devices including viscous terms which model collisions of the electrons with the semiconductor lattice. The derivation of the so-called viscous quantum hydrodynamic equations from the Wigner-Fokker- Planck model is sketched. The existence and uniqueness of classical stationary solutions of the one-dimensional model is shown for “weakly supersonic” flows. This means that for sufficiently large viscosity or, equivalently, sufficiently small momentum relaxation time, the flow is allowed to be supersonic in the classical sense. Furthermore, the inviscid and semiclassical limits are investigated and it is shown that the solution of the viscous quantum hydrodynamic model converges to the quantum hydrodynamic equations in the inviscid limit and to the classical hydrodynamic equations in the combined inviscid-semiclassical limit.

References

[1] M. Ancona and G. Iafrate. Quantum correction to the equation of state of an electron gas in a semiconductor. Phys. Rev. B 39 (1989), 9536-9540.

[2] A. Anile and O. Muscato. Improved hydrodynamical model for carrier transport in semiconductors. Phys. Rev. B 51 (1995), 16728-16740.

[3] A. Arnold, J.A. Carrillo, and E. Dhamo. On the periodic Wigner-Poisson-Fokker-Planck system. J. Math. Anal. Appl. 275 (2002), 263-276.

[4] A. Arnold, J.L. López, P. Markowich, and J. Soler. An analysis of quantum Fokker-Planck models: a Wigner function approach. Preprint, TU Berlin, Germany, 2000.

[5] N. Ben Abdallah and A. Unterreiter. On the stationary quantum drift-diffusion model. Z.

Angew. Math. Physik 49 (1998), 251-275.

[6] F. Brezzi, I. Gasser, P. Markowich, and C. Schmeiser. Thermal equilibrium states of the quantum hydrodynamic model for semiconductors in one dimension. Appl. Math. Lett. 8 (1995), 47-52.

[7] A. Caldeira and A. Leggett. Path integral approach to quantum Brownian motion. Physica A 121 (1983), 587-616.

[8] P. Degond and C. Ringhofer. Quantum moment hydrodynamics and the entropy principle.

To appear in J. Statist. Phys., 2003.

[9] L. Diósi. On high-temperature Markovian equation for quantum Brownian motion. Europhys. Lett. 22 (1993), 1-3.

[10] I. Gamba and A. Jüngel. Positive solutions of singular equations of second and third order for quantum fluids. Arch. Rat. Mech. Anal. 156 (2001), 183-203.

[11] C. Gardner. The quantum hydrodynamic model for semiconductor devices. SIAM J. Appl.

Math. 54 (1994), 409-427.

[12] I. Gasser, P. Markowich, D. Schmidt, and A. Unterreiter. Macroscopic theory of charged quantum fluids. In: P. Marcati (ed.), Mathematical Problems in Semiconductor Physics, pages 42-75, Pitman, Rome, 1995.

[13] H. Grubin and J. Kreskovsky. Quantum moment balance equations and resonant tunneling structures. Solid-State Electr. 32 (1989), 1071-1075.

[14] M. T. Gyi and A. Jüngel. A quantum regularization of the one-dimensional hydrodynamic model for semiconductors. Adv. Diff. Eqs. 5 (2000), 773-800.

[15] A. Jüngel. A steady-state potential flow Euler-Poisson system for charged quantum fluids.

Comm. Math. Phys. 194 (1998), 463-479.

[16] A. Jüngel. Quasi-hydrodynamic Semiconductor Equations. Birkhäuser, Basel, 2001. [17] A. Jüngel and R. Pinnau. A positivity preserving numerical scheme for a nonlinear fourthorder parabolic equation. SIAM J. Num. Anal. 39 (2001), 385-406.

[18] Y.-G. Lu. An explicit lower bound of viscosity solutions to isentropic gas dynamics and Euler equations. Preprint, Universität Heidelberg, 1995.

[19] M. Loffredo and L. Morato. On the creation of quantum vortex lines in rotating He II. Il nouvo cimento 108B (1993), 205-215.

[20] E. Madelung. Quantentheorie in hydrodynamischer Form. Z. Physik 40 (1927), 322-326. [21] P. Markowich, C. Ringhofer, and C. Schmeiser. Semiconductor Equations. Springer, Vienna, 1990.

[22] M. Taylor. Pseudodifferential Operators. Princeton University Press, Princeton, 1981. [23] A. Wettstein. Quantum effects in MOS devices. Volume 94 of Series in Microelectronics, Hartung-Gorre, Konstanz, 2000.

[24] E. Wigner. On the quantum correction for thermodynamic equilibrium. Phys. Rev. 40 (1932), 749-759.

[25] B. Zhang and J. Jerome. On a steady-state quantum hydrodynamic model for semiconductors. Nonlin. Anal. 26 (1996), 845-856.

[26] J. Zhou and D. Ferry. Simulation of ultra-small GaAs MESFET using quantum moment equations. IEEE Trans. Electr. Devices 39 (1992), 473-478.