A System of Parabolic Equations in Nonequilibrium Thermodynamics including Thermal and Electrical Effects

Pierre Degond, Stéphane Génieys MIP, UFR MIG, Laboratoire CNRS (UMR 5640), Université Paul Sabatier, 118, route de Narbonne, 31062 Toulouse Cedex, France

Ansgar Jüngel Fachbereich Mathematik, Universität Rostock, Universitätsplatz 1, D – 18055 Rostock, Germany and Fachbereich Mathematik, Technische Universität Berlin, Straße des 17. Juni 136, D – 10623 Berlin, Germany

Abstract The time-dependent equations for a charged gas or fluid consisting of several components, exposed to an electric field, are considered. These equations form a system of strongly coupled, quasilinear parabolic equations which in some situations can be derived from the Boltzmann equation. The model uses the duality between the thermodynamic fluxes and the thermodynamic forces. Physically motivated mixed Dirichlet-Neumann boundary conditions and initial conditions are prescribed.

The existence of weak solutions is proven. The key of the proof is (i) a transformation of the problem by using the entropic variables, or electro-chemical potentials, which symmetrizes the equations, and (ii) a priori estimates obtained by using the entropy function. Finally, the entropy inequality is employed to show the convergence of the solutions to the thermal equilibrium state as the time tends to infinity.

Keywords. Entropy, existence of solutions, semidiscretization of time, long-time behavior, Lyapunov functional, energy-transport model for semiconductors.

1991 Mathematics Subject Classification. 35K55, 65M20, 78A35.

1 Introduction

We consider a gas or fluid consisting of n components (species), which is influenced by thermal, electrical and diffusive forces. Each component, labeled by i and with density ρ_i, has the charge e_i per particle. The evolution of the particles is governed by the conservation laws of the mass and of the energy (see, e.g., [18, 25]) : ∂ρ_i ∂t + div J_i = W_i, i = 1, . . . , n, (1.1) ∂U ∂t + div J_{n+1} = n∑ k=1 F_k · J_k + W_{n+1} in Ω × (0, τ ), (1.2)

where Ω ⊂ IR^d (d ≥ 1) is the (bounded) domain occupied by the gas or fluid and τ > 0. The carrier flux density of the i-th component is denoted by J_i, the energy flux density or heat flux is denoted by J_{n+1}, and U is the internal energy density. The functions W_i are source terms, and F_i are external forces. We assume the situation where the external forces are due to the electric potential V , i.e. F_i = −e_i∇V, i = 1, . . . , n, (1.3) solving the Poisson equation ΔV = − n∑ k=1 e_kρ_k − C(x) in Ω × (0, τ ). (1.4)

The given function C(x) models fixed charged background particles.

The thermodynamic fluxes J_i (i = 1, . . . , n + 1) are assumed to depend on the thermodynamic forces X_i = ∇(μ_i/T )+e_i∇V/T (i = 1, . . . , n) and X_{n+1} = ∇(−1/T ) where μ_i denotes the chemical potential and T the temperature of the gas or fluid:

J_i = J_i(X_1, . . . , X_{n+1}), i = 1, . . . , n + 1.

For sufficiently small deviations from the thermal equilibrium state J_i = 0 (i = 1, . . . , n + 1), the phenomenological relations between the fluxes and the forces are given by

J_i = − n+1∑ k=1 L_{ik}X_k, i = 1, . . . , n + 1. (1.5) From Onsager’s principle, the symmetry of the coefficient matrix L = (L_{ik}) can be concluded. The second law of thermodynamics requires that (L_{ik}) is positive definite [25]. We refer to the monographs [18, 19, 25] for a discussion of the choice of the fluxes and forces and the relation between them. Furthermore, we mention that recently, in the context of semiconductor theory, the model (1.1)-(1.5) is derived from the Boltzmann equation [1, 3]. This justifies the relation (1.5).

Setting u = (u_1, . . . , u_n, u_{n+1}) = (μ_1/T, . . . , μ_n/T, −1/T ) and ρ_{n+1} = U the particle densities ρ_i and the internal energy density ρ_{n+1} are assumed to depend on u: ρ_i = ρ_i(u), i = 1, . . . , n + 1. The main assumption on ρ = (ρ_1, . . . , ρ_{n+1}) is that ρ is strongly monotone and ∃χ : ρ = ∇χ. (1.6) The thermodynamic model (1.1)-(1.5) occurs in many applications of charged particle transport, for instance in semiconductor theory [1, 23], in electro-chemistry [10, 13], and alloy solidification processes [8, 20]. We only present the energytransport model for semiconductors as an important example for (1.1)-(1.5) and refer to [11] for the details of other examples.

Example: energy-transport model for semiconductors. This model consists of equations for the electron density ρ_1 with charge e_1 = −1, the electron temperature T > 0, and the electric potential V : ∂ρ_1 ∂t + div J_n = 0, ∂U ∂t + div J_w = −J_n · ∇V + W (μ_1, T ), ΔV = ρ_1 − C(x),

where the electron and energy current densities are given by

J_n = −L_{11} ( ∇( μ_1 T ) − ∇V T ) − L_{12}∇ ( − 1 T ) , J_w = −L_{21} ( ∇( μ_1 T ) − ∇V T ) − L_{22}∇ ( − 1 T ) . The model describes the flow of electrons through a doped semiconductor crystal which is characterized by the doping profile C(x). It can be derived rigorously from the Boltzmann equation incorporating electron-electron and elastic collisions [1, 2, 16]. The energy relaxation term W (μ_1, T ) satisfies

W (μ_1, T )(T − T_L) ≤ 0,

where T_L is the lattice temperature. The variables ρ_1, U and the coefficients L_{ik} depend on μ_1 and T . In the case of Boltzmann statistics and parabolic band structure, under an additional hypothesis on elastic collisions, the diffusion matrix L can be written explicitly in terms of ρ_1 and T [1]:

L = c_0ρ_1T^{1/2} ( 1 2T 2T 6T^2 ) , where c_0 > 0, and

ρ_1 = T^{3/2} exp(μ_1/T ), ρ_2 = U = 3 2 ρ_1T.

The energy-transport model corresponds to (1.1)-(1.5) for n = 1. Notice that ρ(u) = ( − 1 u_2

)_3/_2

exp(u_1) · ( 1 −(3/2)u_2 )

is strongly monotone and a gradient, i.e. χ(u) = (−1/u_2)^{3/2} exp(u_1) satisfies ∇χ = ρ.

The model (with different diffusion coefficients) is investigated numerically in many papers, see, e.g., [7, 9, 30]; in the mathematical literature, however, only the stationary model was analyzed [5, 11]. No results are available for the timedependent equations.

This paper is concerned with the existence and long-time behavior of the solutions to (1.1)-(1.5). Introducing e_{n+1} = 0 we can rewrite (1.1)-(1.5) as ∂ ∂t ρ_i(u) + div J_i = W_i(u, V ), i = 1, . . . , n, (1.7) ∂ ∂t ρ_{n+1}(u) + div J_{n+1} = W_{n+1}(u, V ) − n∑ k=1 e_k∇V · J_k, (1.8)

ΔV = − n∑ k=1 e_kρ_k(u) − C(x) in Ω × (0, τ ), (1.9)

J_i = − n+1∑ k=1 L_{ik}(u, V )(∇u_k − e_ku_{n+1}∇V ), i = 1, . . . , n + 1. (1.10) The equations have to be supplemented with physically motivated initial and boundary conditions. The boundary ∂Ω of the domain Ω consists of two disjoint subsets Γ_D and Γ_N . The electric potential, the chemical potentials, and the temperature are fixed at Γ_D, whereas Γ_N models the union of insulating boundary segments (zero outflow):

u = u_D, V = V_D on Γ_D × (0, τ ), (1.11) J_i · ν = ∇V · ν = 0 on Γ_N × (0, τ ), i = 1, . . . , n + 1, (1.12)

where ν denotes the exterior normal vector of ∂Ω. Thanks to the relation between ρ and u, the carrier densities and the temperature instead of u can be prescribed at Γ_D. Thus the boundary condition

ρ = ρ_D, T = T_{D,} V = V_D on Γ_D × (0, τ ),

is equivalent to (1.11) (note that ρ(u) is invertible since it is strongly monotone). The initial condition is given by

ρ(u(0)) = ρ(u^0) in Ω. (1.13)

Mathematically, there arise two main difficulties in the analysis of (1.7)-(1.13). First, the variable of the time differential operator, i.e. ρ, and the variable of the space differential operator, i.e. u, are different and related by the algebraic relation ρ = ρ(u). For a single equation with ρ(0) = 0, this type of differential equation is called doubly-degenerate [27]. For more than one equation, this type of equation with V = 0 is studied in, e.g., [6, 14].

Secondly, the equations form a system of strongly coupled parabolic equations and maximum principle arguments cannot be used in general to derive L^∞ bounds for the variables u_i. Now, the term J_k ·∇V on the right hand side of (1.8) contains the term L_{ik}u_{n+1}|∇V |^2 which is quadratic in the gradient. Note that, due to the mixed boundary conditions (1.11)-(1.12), we cannot expect to get “regular” solutions, and generally, |∇V |^2 ∈ L^1(Ω) only holds. But then, u_{n+1} not being in L^∞(Ω), the term L_{ik}u_{n+1}|∇V |^2 is not defined.

The key of the proof of the existence as well as the long-time behavior is (i) to use another set of variables which symmetrizes the problem and (ii) to obtain a priori estimates by using the entropy function (see below).

(i) Transformation of variables. Define the entropic variables, or electro-chemical potentials, w_i = u_i − e_iu_{n+1}V (i = 1, . . . , n), w_{n+1} = u_{n+1}, (1.14) and set w = (w_1, . . . , w_{n+1}). To simplify the notation, we set e = (e_1, . . . , e_{n+1}) = (e_1, . . . , e_n, 0) and define e · ξ = n∑ k=1 e_kξ_k for ξ ∈ IR^{n+1}.

Then the problem (1.7)-(1.13) is equivalent to ∂ ∂t b_i(w, V ) + div I_i = Q_i(w, V ), i = 1, . . . , n, (1.15) ∂ ∂t b_{n+1}(w, V ) + div I_{n+1} = Q_{n+1}(w, V ) + V e · Q(w, V ) + ∂V ∂t e · b(w, V ), (1.16) ΔV = −e · b(w, V ) − C(x) in Ω × (0, τ ), (1.17)

I_i = − n+1∑ k=1 D_{ik}(w, V )∇w_k, i = 1, . . . , n + 1, (1.18) subject to the initial and boundary conditions

w = w_D, V = V_D on Γ_D × (0, τ ), (1.19) I_i · ν = ∇V · ν = 0 on Γ_N × (0, τ ), i = 1, . . . , n + 1, (1.20) b(w(0), V (0)) = b(w^0, V^0) in Ω, (1.21)

where b_i(w, V ) = ρ_i(u), i = 1, . . . , n, b_{n+1}(w, V ) = ρ_{n+1}(u) + V e · ρ(u), Q_i(w, V ) = W_i(u, V ), i = 1, . . . , n + 1, w_D = u_D − eu_{D,n+1}V_D, w^0 = u^0 − eu^0_{n+1}V^0,

V^0 is the solution of ΔV^0 = −e · ρ(u^0) − C(x) under the mixed boundary conditions V^0 = V_D(0) on Γ_D and ∇V · ν = 0 on Γ_N , and finally, the new diffusion coefficients are given by D_{ik} = L_{ik}, i, k = 1, . . . , n, D_{i,n+1} = D_{n+1,i} = L_{i,n+1} + V n∑ k=1 e_kL_{ik}, i = 1, . . . , n, D_{n+1,n+1} = L_{n+1,n+1} + 2V n∑ k=1 e_kL_{n+1,k} + V^2 n∑ i,k=1 e_ie_kL_{ik}. The equivalence of (1.7)-(1.10) and (1.15)-(1.18) can be shown by elementary computations. Strictly speaking, the two problems are only equivalent if the corresponding solutions are regular enough. The used notion of solution as well as the needed assumptions on the nonlinear functions are stated in the following section.

The diffusion matrix D = (D_{ik}) is symmetric and positive definite. Indeed, it holds D = P^T LP , where P = (P_{ik}) is the regular matrix defined by

P_{ik} = 1 if i = k ∈ {1, . . . , n + 1} e_kV if i = n + 1, k ∈ {1, . . . , n} 0 else.

Thus, if L is symmetric, positive definite, then D is symmetric, positive definite, too.

We note that the transformation (1.14) is well known in nonequilibrium thermodynamics [18, §53] and is also used in the drift-diffusion model for semiconductors (i.e. T = const.), where w_i is called quasi-Fermi potential. Recently, this transformation appears naturally in the derivation of an energy-transport model for semiconductor heterostructures [12]. The symmetrization property of the transformation (1.14) is also observed by Albinus [4] in the case of the energy-transport model. The system (1.7)-(1.13) is mathematically investigated here for the first time.

(ii) Entropy function. To derive a priori estimates we use the entropy function S(t) = ∫ Ω (ρ(u) · (u − u_D) − (χ(u) − χ(u_D))) − 1 2 u_{D,n+1} ∫ Ω |∇(V − V_D)|^2, where u_{D,n+1} = const. < 0 and ρ = ∇χ (see above). In Section 4 we show that S(t) is non-negative and satisfies the so-called entropy inequality (if w_D = const.):

S(t_2) + c ∫ t_2 t_1 ∫ Ω n+1∑ k=1 |∇(w_k − w_{D,k})|^2 ≤ S(t_1) for 0 ≤ t_1 < t_2 < ∞ (1.22) and for some c > 0. (If ∇w_D does not vanish then the right hand side of (1.22) has to be replaced by S(t_1) + c(w_D).) Indeed, introducing the entropy density s(t, x) by S(t) = ∫ Ω s(t, x)dx, it holds ∂s ∂t + div n+1∑ k=1 I_k(w_k − w_{D,k}) = n+1∑ k=1 I_k · ∇(w_k − w_{D,k}) ≤ 0, (1.23)

and equation (1.23) leads (formally) to equation (1.22) since the matrix D is symmetric, positive definite. Therefore we can interpret ∑ k I_k(w_k −w_{D,k}) as the entropy current and ∑ k I_k · ∇(w_k − w_{D,k}) as the entropy production rate with the thermodynamic fluxes I_i and the generalized thermodynamic forces ∇(w_k − w_{D,k}) [25]. Furthermore, if V = 0, the entropy density relates the extensive variables ρ_1, . . . , ρ_{n+1} and the intensive variables u_1, . . . , u_{n+1} by ∂s/∂ρ_i = u_i − u_{D,i} for i = 1, . . . , n + 1. Mathematically, s(t, x) can be interpreted as the Legendre transform of χ.

The plan of the paper is as follows. In Section 2 we state the assumptions and the existence theorems. We get existence of weak solutions (u, V ) under mixed boundary conditions in two space dimensions, and under Dirichlet boundary conditions in three space dimensions. In two dimensions, we get the regularity V (t) ∈ W^{1,p}(Ω) for some p > 2 [17, 26]. Since u(t) ∈ H^1(Ω) → L^q(Ω) for all q < ∞, this implies J_i(t) ∈ L^2(Ω) and hence, the product ∇V (t) · J_i(t) is defined. In three dimensions, we need more regularity. Indeed, if V (t) ∈ W^{1,3}(Ω), then J_i(t) ∈ L^2(Ω) and ∇V (t) · J_i(t) ∈ L^1(Ω). However, for mixed boundary conditions this regularity can only be obtained under restrictive assumptions on the data [28] so that we take Dirichlet boundary conditions.

Section 3 is devoted to the proof of the existence theorems. The method of the proof is a semidiscretization of time (or method of lines, or Rothe’s method) as in [15] (see also the monographs [21, 24]). The resulting elliptic problems are solved by employing Leray-Schauder’s fixed point theorem. The convergence of the discrete solution to the continuous solution is obtained by compactness arguments (see, e.g., [21]).

In Section 4 the long-time behavior of the solutions is studied. Assuming that the boundary functions (u_D, V_D) are in thermal equilibrium (i.e. J_i = 0 for i = 1, . . . , n + 1 or, equivalently, ∇w = 0), we show that the solution constructed in Section 3 converges to the thermal equilibrium state. More precisely,

u(t) → u_D in L^2(Ω), V (t) → V_D in H^1(Ω) (t → ∞).

The proof is based on the entropy inequality (1.22). In particular, S(t) is nonincreasing and S(t) → 0 as t → ∞. Thus S(t) can be interpreted as a Lyapunov functional. Similar results for T = const. (or u_{n+1} = const.) are proved in [15, 22].

2 Assumptions, existence results, semidiscretization

We start with some notations. Denote by W^{s,q}(Ω), W^{s,q}(Ω; IR^{n+1}) the usual Sobolev space of real-valued, vector-valued functions, respectively. The norm of W^{s,q}(Ω) and W^{s,q}(Ω; IR^{n+1}) is denoted in both cases by ‖ · ‖_{s,q,Ω}. We abreviate W^{s,q}(X)^{def}= W^{s,q}(0, T ; X) if X is a Banach space. Furthermore, set V = H^1_0 (Ω ∪ Γ_N ; IR) and V^{n+1} = H^1_0 (Ω ∪ Γ_N ; IR^{n+1}) (see [32]), and denote by V^∗ the dual space to V. Then ⟨·, ·⟩_V ∗_{,V} is the duality pairing between V^∗ and V. Finally, we set Q_τ = Ω × (0, τ ).

We impose the following hypotheses:

(A1) Ω ⊂ IR^d (1 ≤ d ≤ 3) is a bounded domain with Lipschitzian boundary ∂Ω = Γ_D ∪ Γ_N , Γ_D ∩ Γ_N = ∅, meas_{d−1}(Γ_D) > 0, and Γ_N is open in ∂Ω.

(A2) ρ = (ρ_1, . . . , ρ_{n+1}) ∈ W^{1,∞}(IR^{n+1}; IR^{n+1}) is strongly monotone and a gradient, i.e. (ρ(u) − ρ(v)) · (u − v) ≥ c_0|u − v|^2 for u, v ∈ IR^{n+1}, where c_0 > 0, and there exists a (convex) function χ ∈ C^1(IR^{n+1}; IR) such that ρ = ∇χ. (A3) L = (L_{ik}) ∈ L^∞(Q_τ × IR^{n+1} × IR; IR^{(n+1)×(n+1)}) is a Carathéodory function (see [32]) and a symmetric, uniformly positive definite matrix.

(A4) W_i : Q_τ × IR^{n+1} × IR → IR (i = 1, . . . , n + 1) are Carathéodory functions satisfying n∑ k=1 (W_k(u, V ) − W_k(û, V̂ ))(u_k − û_k) ≤ 0, e · W (u, V ) = 0, W_{n+1}(x, t, u, V )(u_{n+1} − u) ≤ 0, |W_i(x, t, u, V )| ≤ c(1 + |u| + |V |), i = 1, . . . , n + 1, for all u, V , û, V̂ , with u < 0 and e = (e_1, . . . , e_n, 0).

(A5) u_D ∈ C^0([0, τ ]; H^1(Ω; IR^{n+1}))∩H^1(0, τ ; L^2(Ω; IR^{n+1})), V_D ∈ C^0([0, τ ]; L^∞(Ω))∩ H^1(W^{1,p0}(Ω)) with p_0 > 2 if d = 2 and p_0 = 3 if d = 3; u^0 = (u^0_1, . . . , u^0_{n+1}) ∈ L^∞(Ω; IR^{n+1}) ∩ H^1(Ω; IR^{n+1}); C ∈ L^∞(Ω), e_1, . . . , e_n ∈ IR, and u_{D,n+1} = u.

In the papers [6, 14] the hypothesis (A2) is also used. It is satisfied in the energytransport model for semiconductors (see above) if the particle density and the temperature are bounded. The assumption (A3) follows from basic physical principles, as explained in Section 1. The monotonicity condition for W_{n+1} in assumption (A4) means that W_{n+1} is a “relaxation” term. For the energy-transport model for semiconductors, this condition is verified as can be proven rigorously [1, 3]. We assume that the temperature u_{n+1} is constant at the contacts, i.e. we neglect surface thermal effects. The term W_{n+1} relaxes to the constant temperature at the boundary (assumption (A4)).

In the case of the bipolar energy-transport model for semiconductors (i.e. n = 2 and ρ_1, ρ_2 are the electron and hole density, respectively), usually the Shockley- Read-Hall term W_1(u) = W_2(u) = (ρ_1(u)ρ_2(u) − 1)/(c_1ρ_1(u) + c_2ρ_2(u) + c_3) is used as source term. Since e_1 = −1, e_2 = +1, we get e_1W_1 + e_2W_2 = 0. Furthermore, W_i is monotone in the sense of (A4). Therefore, the hypothesis (A4) is satisfied in this case.

Now we can state the existence theorems:

Theorem 2.1 Let (A1)-(A5) hold and let τ > 0. If d ≤ 2 there exists p > 2 and a solution (u, V ) of (1.7)-(1.13) with

u − u_D ∈ L^2(V^{n+1}) ∩ C^0([0, τ ]; L^2(Ω; IR^{n+1})), (2.1) ρ(u) ∈ H^1((V^∗)^{n+1}) ∩ L^2(Q_τ ), (2.2) V − V_D ∈ L^∞(V) ∩ L^∞(W^{1,p}). (2.3)

Theorem 2.2 Let (A1)-(A5) hold. Let d = 3 and ∂Ω = Γ_D ∈ C^{1,1}. Then there exists a solution (u, V ) of (1.7)-(1.13) such that (2.1)-(2.3) holds and, moreover, V ∈ L^∞(Q_τ ) ∩ L^∞(W^{1,3}).

Notice that our regularity results are sufficient to conclude that the product ∇V · J_i is integrable in Q_τ .

As mentioned in Section 1, the proof of the theorems is based on a semidiscretization of time. This method is also of interest from a numerical point of view. We introduce partitions 0 = t_0 < t_1 < · · · < t_N = τ of [0, τ ] such that h_j^{def}= t_j − t_{j−1} < 1 and h^{def}= max j=1,...,N h j → 0 (N → ∞), sup_{N>0} max_{j=2,...,N} ( h_j h_{j−1} + h_{j−1} h_j ) < ∞. (2.4)

For instance, uniform partitions satisfy (2.4). We denote by C_N (0, τ ; X) (for a Banach space X) the space of all functions u^{(N )} : (0, τ ] → X which are constant on (t_{j−1}, t_j], and we set u^{(N )}(t) = u^j for t ∈ (t_{j−1}, t_j], j = 1, . . . , N.

Let u^{(N )}_D , V^{(N )}_D ∈ C_N (0, τ ; H^1(Ω)) be defined by

u^j_D^{def}= h^{−1}_j ∫ t_j t_{j−1} u_D(τ )dτ, V^j_D^{def}= h^{−1}_j ∫ t_j t_{j−1} V_D(τ )dτ for j = 1, . . . , N. Furthermore, define the shift operator σ_N : C_N (0, τ ; L^2(Ω)) → C_N (0, τ ; L^2(Ω)) by (σ_N u^{(N )})^j = u^{j−1}, j = 1, . . . , N, and the linear interpolation of u^{(N )} ∈ C_N (0, τ ; L^2(Ω)) by

ũ^{(N )}(x, t) = h^{−1}_j (t_j − t)(u^j − u^{j−1}) + u^j for x ∈ Ω, t ∈ (t_{j−1}, t_j], for j = 1, . . . , N, where u^0 is the initial value of (A5). Then, thanks to (2.4) (see [21, Lemma 5.2.5]), u^{(N )}_D → u_D in L^2(H^1), ũ^{(N )}_D → u_D in H^1(L^2), V^{(N )}_D → V_D in H^1(H^1) as N → ∞.

The time discretization of (1.7)-(1.13) is, for j = 1, . . . , N

h^{−1}_j (ρ_i(u^j) − ρ_i(u^{j−1})) + div J^j_i = W_i(u^j, V^j), i = 1, . . . , n, (2.5) h^{−1}_j (ρ_{n+1}(u^j) − ρ_{n+1}(u^{j−1})) + divJ^j_{n+1} = W_{n+1}(u^j, V^j ) − n∑ k=1 e_k∇V^j · J^j_k ,(2.6) ΔV^j = −e · ρ(u^j) − C(x) in Ω, (2.7) J^j_i = − n+1∑ k=1 L_{ik}(u^j, V^j)(∇u^j_k − e_ku^j_{n+1}∇V^j), i = 1, . . . , n + 1, (2.8)

with boundary conditions u^j = u^j_D, V^j = V^j_D on Γ_D, (2.9) J^j_i · ν = ∇V^j · ν = 0 on Γ_N . (2.10) For given ρ(u^0) and V^0 (computed from ΔV^0 = e · ρ(u^0) − C with mixed boundary conditions), the equations (2.5)-(2.10) define recursively (u^j, V^j), for j = 1, . . . , N. Using the discrete transformation w^j = u^j − eu^j_{n+1}V^j, j ≥ 0, (2.11) the above discrete system is (formally) equivalent, for j = 1, . . . , N, to h^{−1}_j (b_i(w^j, V^j) − b_i(w^{j−1}, V^{j−1})) + div I^j_i = Q_i(w^j , V^j), i = 1, . . . , n, (2.12) h^{−1}_j (b_{n+1}(w^j, V^j) − b_{n+1}(w^{j−1}, V^{j−1})) + div I^j_{n+1} (2.13) = Q_{n+1}(w^j , V^j) + V^j e · Q(w^j, V^j ) + h^{−1}_j (V^j − V^{j−1})e · b(w^{j−1}, V^{j−1}), ΔV^j = −e · b(w^j, V^j ) − C(x) in Ω, (2.14) I^j_i = − n+1∑ k=1 D_{ik}(w^j , V^j)∇w^j_k, i = 1, . . . , n + 1, (2.15)

subject to the boundary conditions w^j = w^j_D, V^j = V^j_D on Γ_D, (2.16) I^j_i · ν = ∇V^j · ν = 0 on Γ_N , (2.17) where w^j_D = u^j_D − eu^j_{D,n+1}V^j_D ∈ H^1(Ω; IR^{n+1}) thanks to (A5).

For given (w^{j−1}, V^{j−1}), the problem (2.12)-(2.17) is a system of strongly coupled elliptic equations for (w^j, V^j ). If (w^j , V^j) ∈ H^1(Ω; IR^{n+1}) × L^∞(Ω) is such that V^j ∈ W^{1,p}(Ω) with p > 2 if d ≤ 2 and p = 3 if d = 3, then u^j ∈ H^1(Ω; IR^{n+1}), and the problems (2.12)-(2.17) and (2.5)-(2.10) are equivalent.

3 Proof of the existence results

To prove Theorems 2.1 and 2.2 we proceed as follows. First we solve recursively (2.12)-(2.17) to get functions w^{(N )} ∈ C_N (0, T ; H^1) and V^{(N )} ∈ C_N (0, T ; H^1) where w^{(N )} = (w^1, . . . , w^N ) and V^{(N )} = (V^1, . . . , V^N ). Then, setting u^{(N )} = w^{(N )} − ew^{(N )}_{n+1}V^{(N )} ∈ C_N (0, T ; L^2), we prove that (u^{(N )}, V^{(N )}) solves (2.5)-(2.10). Using compactness arguments we let N → ∞ to get a solution to the continuous problem (1.7)-(1.13).

The proof of the existence of solutions to (2.12)-(2.17) is based on estimates on the discrete entropy function

S^{j def}= S(u^j, V^j) = ∫ Ω (ρ(u^j) · (u^j − u^j_D) − (χ(u^j) − χ(u^j_D))) − 1 2 u_{D,n+1} ∫ Ω |∇(V^j − V^j_D)|^2.

Notice that, since u_{D,n+1} = u < 0, we have S^j ≥ 0 for all j ≥ 0.

The following lemma provides a priori estimates for the existence of solutions to the discrete system (2.12)-(2.17) as well as for the proof of Theorems 2.1 and 2.2.

Lemma 3.1 Let (A1)-(A5) hold and let (w^j, V^j) ∈ H^1(Ω; IR^{n+1})×(H^1(Ω)∩L^∞(Ω)) be a solution to (2.12)-(2.17) such that u^j ∈ H^1(Ω; IR^{n+1}). Then ‖u^j‖_{0,2,Ω} + ‖V^j‖_{1,2,Ω} + h_j‖w^j‖_{1,2,Ω} ≤ c_1, (3.1) ‖u^{(N )}‖_L∞_{(L}2_) + ‖V^{(N )}‖_L∞_{(H}1_) + ‖w^{(N )}‖_L2_{(H}1_) ≤ c_2, (3.2) where c_1 > 0 is independent of (w^j, V^j) and c_2 > 0 is independent of (w^{(N )}, V^{(N )}) and N.

Proof. Using the convexity of χ, which implies χ(u^j) − χ(u^{j−1}) − ∇χ(u^{j−1}) · (u^j − u^{j−1}) ≥ 0, and the fact that (w^j, V^j ) solves (2.12), (2.14), we can estimate as follows: S^j − S^{j−1} ≤ ∫ Ω (∇χ(u^j) − ∇χ(u^{j−1})) · (u^j − u^j_D) − u ∫ Ω ∇(V^j − V^{j−1}) · ∇(V^j − V^j_D) + ∫ Ω ( − ρ(u^{j−1}) · (u^j_D − u^{j−1}_D ) + χ(u^j_D) − χ(u^{j−1}_D )) + u ∫ Ω (∇(V^{j−1} − V^{j−1}_D ) · ∇(V^j_D − V^{j−1}_D ) − 1 2 |∇(V^j_D − V^{j−1}_D )|^2) = K_1 + . . . + K_4.

First we estimate the integrals K_1 and K_2. Since (w^j , V^j) solves (2.12), (2.14), we obtain

K_1 + K_2 = −h_j n∑ k=1 ∫ Ω div I^j_k(u^j_k − u^j_{D,k}) + h_j n∑ k=1 ∫ Ω Q_k(w^j, V^j)(u^j_k − u^j_{D,k}) + ∫ Ω (ρ_{n+1}(u^j) − ρ_{n+1}(u^{j−1}))(u^j_{n+1} − u^j_{D,n+1}) − u ∫ Ω e · (ρ(u^j) − ρ(u^{j−1}))(V^j − V^j_D).

Taking into account (2.13), we get K_1 + K_2 = −h_j n∑ k=1 ∫ Ω div I^j_k(w^j_k − w^j_{D,k}) − h_j n∑ k=1 ∫ Ω div I^j_ke_k ( V^j(w^j_{n+1} − w_{D,n+1}) + w_{D,n+1}(V^j − V^j_D) ) + h_j n∑ k=1 ∫ Ω Q_k(w^j, V^j )(u^j_k − u^j_{D,k}) + ∫ Ω (b_{n+1}(w^j, V^j) − b_{n+1}(w^{j−1}, V^{j−1}))(w^j_{n+1} − w_{D,n+1}) − ∫ Ω ( e · (ρ(u^j) − ρ(u^{j−1}))V^j + e · ρ(u^{j−1})(V^j − V^{j−1}) ) (w^j_{n+1} − w_{D,n+1}) − u ∫ Ω e · (ρ(u^j) − ρ(u^{j−1}))(V^j − V^j_D) = −h_j n+1∑ k=1 ∫ Ω div I^j_k(w^j_k − w^j_{D,k}) − h_j n∑ k=1 ∫ Ω div I^j_ke_k ( V^j(w^j_{n+1} − w_{D,n+1}) + w_{D,n+1}(V^j − V^j_D) ) + h_j n+1∑ k=1 ∫ Ω Q_k(w^j, V^j)(u^j_k − u^j_{D,k}) + h_j ∫ Ω V^je · Q(w^j, V^j)(w^j_{n+1} − w_{D,n+1}) − ∫ Ω e · (ρ(u^j) − ρ(u^{j−1}))V^j(w^j_{n+1} − w_{D,n+1}) − u ∫ Ω e · (ρ(u^j) − ρ(u^{j−1}))(V^j − V^j_D).

Using (2.12) again and the assumption (A4), we obtain

K_1 + K_2 = −h_j n+1∑ k=1 ∫ Ω div I^j_k(w^j_k − w^j_{D,k}) − h_j u ∫ Ω Q(w^j, V^j) · e(V^j − V^j_D) + h_j n+1∑ k=1 ∫ Ω Q_k(w^j , V^j)(u^j_k − u^j_{D,k}) ≤ h_j n+1∑ k=1 ∫ Ω I^j_k · ∇(w^j_k − w^j_{D,k}) − h_j u ∫ Ω W (u^j, V^j) · e(V^j − V^j_D) + h_j n∑ k=1 ∫ Ω (W_k(u^j, V^j ) − W_k(u^j_D, V^j_D))(u^j_k − u^j_{D,k})

+ h_j n∑ k=1 ∫ Ω W_k(u^j_D, V^j_D)(u^j_k − u^j_{D,k}) ≤ −h_j n+1∑ k,ℓ=1 ∫ Ω D_{kℓ}(w^j , V^j)∇w^j_ℓ · ∇(w^j_k − w^j_{D,k}) + εh_j ∫ Ω |u^j − u^j_D|^2 + c(ε, u^j_D, V^j_D)h_j n∑ k=1 ∫ Ω W_k(u^j_D, V^j_D)^2

employing Young’s inequality, where ε > 0. Taking into account the symmetry of D, we obtain − n+1∑ k,ℓ=1 ∫ Ω D_{kℓ}(w^j, V^j )∇w^j_ℓ · ∇(w^j_k − w^j_{D,k})

= − 1 2 n+1∑ k,ℓ=1 ∫ Ω D_{kℓ}(w^j , V^j)∇(w^j_ℓ − w^j_{D,ℓ}) · ∇(w^j_k − w^j_{D,k}) − 1 2 n+1∑ k,ℓ=1 ∫ Ω D_{kℓ}(w^j , V^j)∇w^j_ℓ · ∇w^j_k + 1 2 n+1∑ k,ℓ=1 ∫ Ω D_{kℓ}(w^j, V^j)∇w^j_{D,ℓ} · ∇w^j_{D,k}. By Stampacchia’s estimate (see [31]), we get, since d ≤ 3, ‖V^j‖_{0,∞,Ω} ≤ c(1 + ‖u^j‖_{0,2,Ω}). Since the matrix D is positive definite, there exists δ(u^j) > 0 such that n+1∑ i,k=1 D_{ik}(w^j , V^j)ξ_iξ_k ≥ δ(u^j)|ξ|^2 for all ξ ∈ IR^{n+1}. (3.3)

Indeed, δ depends on the L^∞(Ω) norm of V^j , by the definition of D, and thus on the L^2(Ω) norm of u^j, by the above elliptic estimate. Taking into account ∇w_{D,n+1} = 0 due to (A5), the positive definiteness of L, and D_{ik} = L_{ik} for all i, k = 1, . . . , n by the definition of D, we get further − n+1∑ ℓ,k=1 ∫ Ω D_{kℓ}(w^j, V^j )∇w^j_ℓ · ∇(w^j_k − w^j_{D,k}) ≤ − 1 2 n+1∑ k=1 ∫ Ω δ(u^j)|∇w^j_k|^2 + 1 2 n∑ k,ℓ=1 ∫ Ω L_{ℓk}(u^j, V^j)∇w^j_{D,ℓ} · ∇w^j_{D,k} ≤ − 1 2 n+1∑ k=1 ∫ Ω δ(u^j)|∇w^j_k|^2 + c(w^j_D). This implies

K_1 + K_2 ≤ − 1 2 h_j n+1∑ k=1 ∫ Ω δ(u^j)|∇w^j_k|^2 + εh_j ∫ Ω |u^j − u^j_D|^2 + c(ε)h_j .

Now we estimate the remaining integrals K_3 and K_4. Recalling that h_j < 1, we employ (A2) and Young’s inequality with ε > 0 to get

K_3 = − ∫ Ω ((ρ(u^{j−1}) − ρ(u^{j−1}_D )) · (u^j_D − u^{j−1}_D ) + ρ(u^{j−1}_D ) · (u^j_D − u^{j−1}_D )

− χ(u^j_D) + χ(u^{j−1}_D )) ≤ εh_{j−1} ∫ Ω |u^{j−1} − u^{j−1}_D |^2 + c(ε)h^{−1}_{j−1} ∫ Ω |u^j_D − u^{j−1}_D |^2 + c(u^{j−1}_D ) and K_4 ≤ εh_{j−1} ∫ Ω |∇(V^{j−1} − V^{j−1}_D )|^2 + c(ε)h^{−1}_{j−1} ∫ Ω |∇(V^j_D − V^{j−1}_D )|^2

We proceed by estimating

S^m − S^0 = m∑ j=1 (S^j − S^{j−1}) ≤ − 1 2 m∑ j=1 h_j n+1∑ k=1 ∫ Ω δ(u^j)|∇w^j_k|^2 + ε m∑ j=0 h_j ∫ Ω |u^j − u^j_D|^2 + ε m∑ j=0 h_j ∫ Ω |∇(V^j − V^j_D)|^2 + c(ε) m∑ j=1 h^{−1}_j ∫ Ω |u^j_D − u^{j−1}_D |^2 + c(ε) m∑ j=1 h^{−1}_j ∫ Ω |∇(V^j_D − V^{j−1}_D )|^2 + c(ε) m∑ j=1 h_j, where we have used the fact that h_j/h_{j−1} is bounded independently of j and N (see (2.4)). Since m∑ j=1 h^{−1}_j ∫ Ω (|u^j_D − u^{j−1}_D |^2 + |∇(V^j_D − V^{j−1}_D )|^2) ≤ ‖ ‖ ‖ ∂ũ^{(N )}_D ∂t ‖ ‖ ‖ L^2(L^2) + ‖ ‖ ‖ ∂Ṽ^{(N )}_D ∂t ‖ ‖ ‖ L^2(H^1) ≤ c independently of N (see Section 2), we get finally

S^m − S^0 ≤ − 1 2 m∑ j=1 h_j n+1∑ k=1 ∫ Ω δ(u^j)|∇w^j_k|^2 + ε m∑ j=1 h_j ∫ Ω |u^j − u^j_D|^2 + ε m∑ j=1 h_j ∫ Ω |∇(V^j − V^j_D)|^2 + c(ε, u_D, V_D, τ ). On the other hand, since ρ is strongly monotone,

S^m = ∫ Ω ∫_1 0 (ρ(u^m) − ρ(su^m + (1 − s)u^m_D)) · (u^m − (su^m + (1 − s)u^m_D)) ds 1 − s − 1 2 u_{D,n+1} ∫ Ω |∇(V^m − V^m_D )|^2 ≥ c_0 2 ∫ Ω |u^m − u^m_D|^2 + 1 2 |u| ∫ Ω |∇(V^m − V^m_D )|^2.

The above two estimates imply

c_0 2 ∫ Ω |u^m − u^m_D|^2 + 1 2 |u| ∫ Ω |∇(V^m − V^m_D )|^2 + 1 2 m∑ j=0 h_j n+1∑ k=1 ∫ Ω δ(u^j)|∇w^j_k|^2

≤ S^0 + ε m∑ j=0 h_j ∫ Ω |u^j − u^j_D|^2 + ε m∑ j=0 h_j ∫ Ω |∇(V^j − V^j_D)|^2 + c(ε).

Applying the maximum over m = 1, . . . , N yields

c_0 2 ‖u^{(N )} − u^{(N )}_D ‖^2_L∞_{(L}2_) + 1 2 |u|‖V^{(N )} − V^{(N )}_D ‖^2_L∞_{(V)} + 1 2 N∑ j=0 h_j n+1∑ k=1 ∫ Ω δ(u^j)|∇w^j_k|^2

≤ S^0 + ε‖u^{(N )} − u^{(N )}_D ‖_L2_{(L}2_) + ε‖V^{(N )} − V^{(N )}_D ‖_L2_{(V)} + c(ε). (3.4) This implies, for sufficiently small ε > 0, ‖u^{(N )}‖_L∞_{(L}2_) + ‖V^{(N )}‖_L∞_{(H}1_) ≤ c, where c > 0 only depends on the given data. In particular, ‖u^j‖_{0,2,Ω} + ‖V^j ‖_{1,2,Ω} ≤ c, j = 1, . . . , N. It can be seen that therefore δ(u^j) ≥ δ_0 > 0 for j = 1, . . . , N.

Hence we conclude from (3.4) ‖w^{(N )}‖^2_L2_{(H}1_) ≤ c and ‖w^j‖_{1,2,Ω} ≤ c with c > 0 only depending on the data. This finishes the proof. 2 We are now able to prove the existence of solutions to the discrete problem (2.12)-(2.17).

Lemma 3.2 Let (A1)-(A5) hold and let (w^{j−1}, V^{j−1}) ∈ H^1(Ω; IR^{n+1}) × (H^1(Ω) ∩ L^∞(Ω)) be given. Then there exists a solution (w^j , V^j) ∈ H^1(Ω; IR^{n+1}) × (H^1(Ω) ∩ L^∞(Ω)) to (2.12)-(2.17).

Proof. The proof is based on the Leray-Schauder fixed point theorem. To define the fixed point operator, let ũ ∈ L^2(Ω; IR^{n+1}) and let V ∈ H^1(Ω) be the unique solution of ΔV = −e · ρ(ũ) − C(x) in Ω, V = V^j_D on Γ_D, ∇V · ν = 0 on Γ_N .

From Stampacchia’s estimate for elliptic equations [31] follows that V ∈ L^∞(Ω). Thus w̃^{def}= ũ − V ũ_{n+1}e ∈ L^2(Ω; IR^{n+1}). Now consider the linear system for w:

−div n+1∑ k=1 D_{ik}(w̃, V )∇w_k = σ( − h^{−1}_j (b_i(w̃, V ) − b_i(w^{j−1}, V^{j−1})) + Q_i(w̃, V )),

−div n+1∑ k=1 D_{n+1,k} (w̃, V )∇w_k = σ( − h^{−1}_j (b_{n+1}(w̃, V ) − b_{n+1}(w^{j−1}, V^{j−1})) + Q_{n+1}(w̃, V ) + V e · Q(w̃, V ) + h^{−1}_j (V − V^{j−1})e · ρ(u^{j−1})), where i = 1, . . . , n, subject to the boundary conditions

w = σw_D on Γ_D, n+1∑ k=1 D_{ik}(w̃, V )∇w_k · ν = 0 on Γ_N , i = 1, . . . , n + 1,

where σ ∈ [0, 1]. By Lax-Milgram’s theorem, there exists a unique solution w ∈ H^1(Ω; IR^{n+1}), since the right-hand side of this elliptic problem lies in L^2(Ω; IR^{n+1}). Finally, define u = w + V w_{n+1}e ∈ L^2(Ω; IR^{n+1}).

Hence the fixed point operator S : L^2(Ω; IR^{n+1}) × [0, 1] → L^2(Ω; IR^{n+1}), (ũ, σ) → u, is well-defined. It holds S(ũ, 0) = 0 for all ũ ∈ L^2(Ω; IR^{n+1}). Every fixed point u of S with σ = 1 solves (2.12)–(2.17). Indeed, let S(u, 1) = u then we only have to show that w = w̃. Now, w̃_{n+1} = u_{n+1} = w_{n+1} and w̃_i = u_i − V w_{n+1}e = w_i for i = 1, . . . , n. Therefore, w = u − V u_{n+1}e.

To show that S is a compact operator, let u ∈ L^2(Ω; IR^{n+1}) be a fixed point of S with σ ∈ [0, 1]. Similarly as in the proof of Lemma 3.1 we get the estimates ‖u‖_{0,2,Ω} + ‖w‖_{1,2,Ω} + ‖V ‖_{1,2,Ω} ≤ c, where c > 0 is independent of u, w, V , and σ. Thus ‖∇u‖_{0,3/2} ≤ c(‖∇w‖_{0,2} + ‖∇V ‖_{0,2}‖w_{n+1}‖_{0,6} + ‖V ‖_{0,6}‖∇w_{n+1}‖_{0,2}) ≤ c(‖w‖_{1,2} + ‖V ‖_{1,2}) ≤ c, using H^1(Ω) → L^6(Ω). Standard arguments show that S is continuous and compact, noting that the embedding W^{1,3/2}(Ω) → L^2(Ω) is compact (for d ≤ 3). Leray- Schauder’s theorem gives the desired result. 2 Corollary 3.3 Let (A1)-(A5) hold and let (u^{j−1}, V^{j−1}) ∈ H^1(Ω; IR^{n+1}) × (H^1(Ω) ∩ L^∞(Ω)) be given. Then there exists a solution (u^j, V^j) ∈ H^1(Ω; IR^{n+1}) × (H^1(Ω) ∩ L^∞(Ω)) to (2.5)-(2.10).

Taking into account the estimate (3.2) for u^{(N )}, the regularity result for elliptic problems of [17, 26], and Stampacchia’s elliptic estimate [31] ‖V^j ‖_{0,∞,Ω} ≤ c(1 + ‖u^j‖_{0,2,Ω}) we conclude:

Lemma 3.4 There exists p > 2 such that ‖V^{(N )}‖_L∞_{(L}∞_) + ‖V^{(N )}‖_L∞_{(W} 1,p_) ≤ c, (3.5) where c > 0 is independent of N. Furthermore, p = 3 if d = 3.

We proceed now by proving further a priori estimates independent of N. From (3.2) and (3.5) follows: Lemma 3.5 It holds ‖u^{(N )}‖_L2_{(H}1_) ≤ c, (3.6) ‖J^{(N )}_i ‖_L2_{(L}2_) ≤ c, i = 1, . . . , n + 1, (3.7) where J^{(N )}_i ∈ C_N (0, T ; L^2) is such that J^{(N )}_i = J^j_i on (t_{j−1}, t_j], j = 1, . . . , N, and c > 0 is independent of N. Proof. We have for i = 1, . . . , n

‖∇u^{(N )}_i ‖_L2_{(L}2_) ≤ ‖∇w^{(N )}_i ‖_L2_{(L}2_) + c‖w^{(N )}_{n+1}‖_L2_{(L}q_)‖∇V^{(N )}‖_L∞_{(L}p_) + c‖∇w^{(N )}_{n+1}‖_L2_{(L}2_)‖V^{(N )}‖_L∞_{(L}∞_), where p > 2 and q = 2p/(p − 2) if d = 2, and p = 3, q = 6 if d = 3. Since the embedding H^1(Ω) → L^q(Ω) is continuous, we obtain (3.6). To prove (3.7), we use that L is bounded in Q_τ × IR^{n+1} × IR:

‖J^{(N )}_i ‖_L2_{(L}2_) ≤ c( n+1∑ k=1 ‖∇u^{(N )}_k ‖_L2_{(L}2_) + ‖u^{(N )}_{n+1}‖_L2_{(L}q_)‖∇V^{(N )}‖_L∞_{(L}p_)) ≤ c, (3.8) where i = 1, . . . , n + 1 and p and q are as above. 2

Our final a priori estimates are necessary for the compactness argument. For this, define the linear interpolation of ρ(u^{(N )}) by

ρ̃^{(N )}(x, t) = h^{−1}_j (t_j − t)(ρ(u^j) − ρ(u^{j−1})) + ρ(u^j) for x ∈ Ω, t ∈ (t_{j−1}, t_j], for all j = 1, . . . , N. Recall that h = max_j h_j and that σ_N is the shift operator defined by (σ_N u^{(N )})^j = u^{j−1} for j = 1, . . . , N.

Lemma 3.6 It holds for a positive constant c independent of N: ‖u^{(N )} − σ_N u^{(N )}‖^2_L2_{(L}2_) ≤ ch, (3.9) ‖ ‖ ‖ ∂ρ̃_i^{(N )} ∂t ‖ ‖ ‖ L^2(V^∗) + ‖ρ̃i (N )‖ L^2(H^1) ≤ c, i = 1, . . . , n + 1. (3.10)

Proof. Use u^j − u^{j−1} − (u^j_D − u^{j−1}_D ) as test function in the weak formulation of (2.5)- (2.6) and use the monotonicity of ρ (see (A2)) to get

c_0h^{−1}_j ∫ Ω |u^j − u^{j−1}|^2 ≤ h^{−1}_j ∫ Ω (ρ(u^j) − ρ(u^{j−1})) · (u^j − u^{j−1}) = h^{−1}_j ∫ Ω (ρ(u^j) − ρ(u^{j−1})) · (u^j_D − u^{j−1}_D ) + ∫ Ω n+1∑ k=1 J^j_k · ∇(u^j_k − u^{j−1}_k − (u^j_{D,k} − u^{j−1}_{D,k} )) + ∫ Ω W (u^j, V^j) · (u^j − u^{j−1} − (u^j_D − u^{j−1}_D )) − ∫ Ω n∑ k=1 e_k∇V^j · J^j_k (u^j_{n+1} − u^{j−1}_{n+1} − (u^j_{D,n+1} − u^{j−1}_{D,n+1})) ≤ c_0 2 h^{−1}_j ∫ Ω |u^j − u^{j−1}|^2 + ch^{−1}_j ∫ Ω |u^j_D − u^{j−1}_D |^2 + n+1∑ k=1 (‖J^j_k ‖_{0,2} + ‖W_k(u^j, V^j)‖_{0,2})(‖u^j_k − u^{j−1}_k ‖_{1,2} + ‖u^j_D − u^{j−1}_D ‖_{1,2}) + c n∑ k=1 ‖∇V^j‖_{0,p}‖J^j_k ‖_{0,2}(‖u^j_{n+1} − u^{j−1}_{n+1}‖_{0,q} + ‖u^j_{D,n+1} − u^{j−1}_{D,n+1}‖_{0,q}) with p and q as in the proof of Lemma 3.5. Summing this inequality over j from 1 to N yields:

h^{−1}‖u^{(N )} − σ_N u^{(N )}‖^2_L2_{(L}2_) ≤ N∑ j=1 h^{−1}_j ∫ Ω |u^j − u^{j−1}|^2 ≤ c ( 1 + ‖J^{(N )}‖_L2_{(L}2_) + ‖u^{(N )}‖_L2_{(L}2_) + ‖V^{(N )}‖_L2_{(L}2_) +‖∇V^{(N )}‖_L∞_{(W} 1,p_)‖J^{(N )}‖_L2_{(L}2_) )( ‖u^{(N )}‖_L2_{(H}1_) + ‖u^{(N )}_D ‖_L2_{(H}1_) + ‖ ‖ ‖ ∂ũ^{(N )}_D ∂t ‖ ‖ ‖ L^2(L^2) ) ≤ c, using Lemmas 3.4 and 3.5. This proves (3.9). To prove (3.10) observe that for i = 1, . . . , n + 1 ‖∇ρ̃^{(N )}_i ‖^2_L2_{(L}2_) ≤ c N∑ j=1 ∫ t_j t_{j−1} (‖∇u^j‖^2_{0,2} + ‖∇u^{j−1}‖^2_{0,2}) ≤ c(1 + ‖u^{(N )}‖^2_L2_{(H}1_)) ≤ c by Lemma 3.5. Since for i = 1, . . . , n + 1 ‖div J^{(N )}_i ‖_L2_{(V} ∗_) ≤ c, we get immediately for i = 1, . . . , n ‖ ‖ ‖ ∂ρ̃^{(N )}_i ∂t ‖ ‖ ‖^2

L^2(V^∗) = N∑ j=1 h^{−1}_j ‖ρ(u^j) − ρ(u^{j−1})‖^2_V ∗

≤ ‖div J^{(N )}_i ‖^2_L2_{(V} ∗_) + ‖W_i(u^{(N )}, V^{(N )})‖^2_L2_{(L}2_) ≤ c. For i = n + 1, observe that ∇V^j · J^j_i is bounded in L^2(L^{2p/(p+2)}) independently of N with p as in Lemma 3.4 and that L^{2p/(p+2)} → V^∗, and therefore ‖ ‖ ∂ρ̃^{(N )}_{n+1} ∂t ‖ ‖ L^2(V^∗) ≤ ‖div J

(N )

n+1‖_L2_{(V} ∗_) + ‖W_{n+1}(u^{(N )}, V^{(N )})‖_L2_{(L}2_) + n∑ k=1 ‖e_k∇V^{(N )} · J^{(N )}_k ‖_L2_{(L}2p/(p+2)_) ≤ c. This proves the lemma. 2

Proof of Theorems 2.1 and 2.2.

First step: strong convergence of u^{(N )}. We choose partitions of [0, τ ] satisfying (2.4). From Lemma 3.6 follows that for all i = 1, . . . , n+1 the sequences (ρ̃_i^{(N )})_N are bounded in L^2(H^1)∩H^1(V^∗) and therefore relatively compact in L^2(Q_τ ) (by Aubin’s lemma, see [21, 29]). Taking into account Lemma 3.5, there exists a subsequence of N, not relabelled, such that

u^{(N )} ⇀ u weakly in L^2(H^1), (3.11) ρ̃^{(N )} ⇀ r weakly in L^2(H^1) and in H^1((V^∗)^{n+1}), (3.12) ρ̃^{(N )} → r in L^2(Q_τ ; IR^{n+1}) (N → ∞). (3.13)

Now we identify r with ρ(u) by using a monotonicity argument. From Lemma 3.6 we conclude

u^{(N )} − σ_N u^{(N )} → 0 in L^2(Q_τ ; IR^{n+1}) (N → ∞),

thus, ρ being uniformly Lipschitz continuous,

ρ(u^{(N )}) − ρ(σ_N u^{(N )}) → 0 in L^2(Q_τ ; IR^{n+1}) (N → ∞).

Recalling that

ρ̃^{(N )}(x, t) = h^{−1}_j (t_j − t)(ρ(u^j) − ρ(u^{j−1})) + ρ(u^j) for x ∈ Ω, t ∈ (t_{j−1}, t_j],

for all j = 1, . . . , N, we conclude

‖ρ̃^{(N )} − ρ(u^{(N )})‖_L2_{(L}2_) ≤ ‖ρ(u^{(N )}) − ρ(σ_N u^{(N )})‖_L2_{(L}2_) → 0 (N → ∞), which implies ρ(u^{(N )}) → r in L^2(Q_τ ; IR^{n+1}). (3.14) It holds for all v ∈ L^2(Q_τ ; IR^{n+1}) ∫ Qτ (ρ(u^{(N )}) − ρ(v)) · (u^{(N )} − v) ≥ 0.

Letting N → ∞ gives, taking into account (3.11) and (3.14), ∫ Qτ (r − ρ(v)) · (u − v) ≥ 0, and hence r = ρ(u) by the strong monotonicity of ρ. Since

c_0 ∫ Qτ |u^{(N )} − u|^2 ≤ ∫ Qτ (ρ(u^{(N )}) − ρ(u)) · (u^{(N )} − u) → 0 (N → ∞),

we get finally u^{(N )} → u in L^2(Q_τ ; IR^{n+1}). (3.15) Second step: convergence of V^{(N )} and J^{(N )}. By Lemma 3.1 the sequence (V^{(N )}) is uniformly bounded in L^2(H^1), i.e. there exists a subsequence (not relabelled) such that V^{(N )} ⇀ V weakly in L^2(H^1) (3.16) and therefore ΔV = −e · ρ(u) − C, V − V_D ∈ L^2(V), since V^{(N )}_D → V_D in L^2(H^1) (see Section 2). This result implies, together with (3.15), V^{(N )} → V in L^2(H^1). (3.17) The strong convergence of u^{(N )} and V^{(N )} in L^2(L^2) implies L_{ik}(u^{(N )}, V^{(N )}) → L_{ik}(u, V ) in L^2(L^2). From (3.5) and (3.6) we conclude that u^{(N )}_{n+1}∇V^{(N )} → u_{n+1}∇V in L^1(L^1). Hence, since L_{ik}(u, V ) ∈ L^∞(Q_τ ), J^{(N )} ⇀ J weakly in L^1(Q_τ ; IR^{n+1}), where J = (J_1, . . . , J_{n+1}) and

J_i = − n+1∑ k+1 L_{ik}(u, V )(∇u_k − e_ku_{n+1}∇V ), i = 1, . . . , n + 1. In view of the bound (3.7) this yields (for a subsequence) J^{(N )} ⇀ J weakly in L^2(L^2) (N → ∞). (3.18) Third step: the limit N → ∞ in the equations. The weak formulation of (2.5) is ∫ T 0 ⟨ ∂ρ̃_i^{(N )} ∂t , ϕ ⟩ V^∗,V − ∫ Qτ J^{(N )}_i · ∇ϕ = ∫ Qτ W_i(u^{(N )}, V^{(N )})ϕ, for ϕ ∈ L^2(V), where i = 1, . . . , n. Using (3.12), (3.15)-(3.18), we can let N → ∞ to get the weak formulation of (1.7). In order to get the weak formulation of (1.8) we observe that for ϕ ∈ L^2(V) ∩ L^∞(L^∞) n∑ k=1 ∫ Qτ e_kJ^{(N )}_k · ∇V^{(N )}ϕ → n∑ k=1 ∫ Qτ e_kJ_k · ∇V ϕ (N → ∞), using (3.17) and (3.18). Finally, u − u_D ∈ L^2(V^{n+1}) and ρ(u(0)) = ρ(u^0) in Ω, since the bound (3.10) implies ρ(u) ∈ C^0([0, τ ]; L^2(Ω)), and ρ̃^{(N )}(t = 0) = ρ(u^0). Furthermore, by the strong monotonicity, u ∈ C^0([0, τ ]; L^2(Ω)). The theorems are proved. 2

4 Long-time behavior of the solution

In this section we show that the solution constructed in the previous section converges to the thermal equilibrium state if the boundary data are in thermal equilibrium. The thermal equilibrium state is defined by J_i = 0, i = 1, . . . , n + 1, which is equivalent to ∇w_i = 0 for i = 1, . . . , n + 1. In particular, the temperature T = −1/w_{n+1} is constant in Ω.

The following assumptions are needed:

(A6) n∑ k=1 W_k(u_D, V_D) = 0.

(A7) u_D ∈ H^1(Ω), V_D ∈ H^1(Ω) ∩ L^∞(Ω), ∇w_D = 0, and ΔV_D = −e · ρ(u_D) − C.

The first assumption is needed to show that the entropy function S(t) introduced in Section 1 is non-increasing. In the case of the bipolar energy-transport model for semiconductors (see Section 2), it holds W_1(u_D, V_D) = W_2(u_D, V_D) = 0, so the assumption (A6) is satisfied for this model. The second assumption means that the boundary data is time-independent and in thermal equilibrium. Setting c_k = w_{D,k} = const., the differential equation for V_D is equivalent to ΔV_D = −e · ρ(c_k + e_kuV_D) − C. Using mixed boundary conditions for V_D as in Section 2, we see that this problem is uniquely solvable in H^1(Ω) since ρ is monotone and u < 0.

Theorem 4.1 Let (A1)-(A7) hold. Then there exist c, μ > 0 such that for t > 0 ‖u(t) − u_D‖_{0,2,Ω} + ‖V (t) − V_D‖_{1,2,Ω} ≤ ce^{−μt}, where (u, V ) is the solution constructed in Section 3. Furthermore, S(t) ≥ 0 is non-increasing and S(t) → 0 as t → ∞.

Proof. In the proof we use ideas of [15]. First, introduce the entropy density s(t)^{def}= ρ(u(t)) · (u(t) − u_D) − (χ(u(t)) − χ(u_D)) − 1 2 u_{D,n+1}|∇(V (t) − V_D)|^2. Thanks to (A2) and u_{D,n+1} = u < 0 it holds s(t) ≥ c_1(|u(t) − u_D|^2 + |∇(V (t) − V_D)|^2), (4.1) s(t) ≤ c_2(|u(t) − u_D|^2 + |∇(V (t) − V_D)|^2). (4.2) where c_1, c_2 > 0. Set

S_0(t) = S_0(u(t))^{def}= ∫ Ω (ρ(u(t)) · (u(t) − u_D) − (χ(u(t)) − χ(u_D))). Using methods of convex analysis as in [15, p. 15] and the convergence results of the previous section, it can be seen that for a.e. 0 ≤ τ_1 < τ_2 < ∞ S_0(τ_2) − S_0(τ_1) ≤ ∫ τ_2 τ_1 n+1∑ k=1 ⟨ ∂ ∂t ρ_k(u(t)), u_k(t) − u_{D,k} ⟩ V^∗,V dt. (4.3) This result also follows directly from the convexity of χ. Indeed, let 0 = t_0 < t_1 < · · · < t_N = τ be a partition of [0, τ ] and let ℓ, m be such that τ_1 ∈ (t_{ℓ−1}, t_ℓ] and τ_2 ∈ (t_{m−1}, t_m]. Then ∫ t_m t_ℓ n+1∑ k=1 ⟨ ∂ ∂t ρ̃^{(N )}_k , u^{(N )}_k − u_{D,k} ⟩ V^∗,V dt = m∑ j=ℓ+1 ∫ Ω (ρ(u^j ) − ρ(u^{j−1})) · (u^j − u_D) ≥ m∑ j=ℓ+1 (S_0(u^j) − S_0(u^{j−1})) = S_0(u^m) − S_0(u^ℓ) and thus ∫ τ_2 τ_1 n+1∑ k=1 ⟨ ∂ ∂t ρ̃^{(N )}_k , u^{(N )}_k − u^{(N )}_{D,k} ⟩ V^∗,V dt + O(h) ≥ S 0(u^{(N )}(τ_2)) − S_0(u^{(N )}(τ_1)).

Letting N → ∞ (thus h → 0) gives (4.3).

Now we estimate similarly as in the beginning of the proof of Lemma 3.1. Employing (1.7)-(1.10), we get for all μ ≥ 0, e^{μτ} S(τ ) − S(0) ≤ ∫ τ 0 e^{μt} ( n^{+1}∑ k=1 ⟨ ∂ ∂t ρ_k(u), u_k − u_{D,k} ⟩ V^∗,V − u_{D,n+1} ∫ Ω ∇ ∂V ∂t · ∇(V − V_D) + μ ∫ Ω s(t) ) dt = ∫ τ 0 e^{μt} ( − n∑ k=1 ⟨div J_k, u_k − u_{D,k}⟩_V ∗_{,V}

+ n∑ k=1 ⟨W_k(u, V ), u_k − u_{D,k}⟩_V ∗_{,V} + ⟨ ∂ρ_{n+1} ∂t , u_{n+1} − u_{D,n+1} ⟩ V^∗,V − u_{D,n+1} n∑ k=1 e_k ⟨ ∂ ∂t ρ_k(u), V − V_D ⟩ V^∗,V + μ ∫ Ω s(t) ) dt = ∫ τ 0 e^{μt} ∫ Ω ( n^{+1}∑ k=1 I_k · ∇(w_k − w_{D,k}) + n+1∑ k=1 W_k(u, V )(u_k − u_{D,k}) + μs(t) ) dt ≤ ∫ τ 0 e^{μt} ∫ Ω ( − δ(V (t)) n+1∑ k=1 |∇(w_k − w_{D,k})|^2 (4.4) + c_2μ|u − u_D|^2 + c_2μ|∇(V − V_D)|^2 ) dt, where we have used (A4), (A6), (4.2), and (3.3) for the last inequality. If μ = 0 we get, using (4.1), ‖u(τ ) − u_D‖_{0,2,Ω} + ‖V (τ ) − V_D‖_{1,2,Ω} ≤ c, with c > 0 independent of τ > 0. Therefore, ρ(u) ∈ L^∞(0, ∞; L^2(Ω)) and, by Stampacchia’s elliptic estimate, V ∈ L^∞(0, ∞; L^∞(Ω)). Hence there exists δ_0 > 0 such that δ(V (t)) ≥ δ_0. For μ > 0 we obtain from (4.4) e^{μτ} c_1 ∫ Ω (|u(τ ) − u_D|^2 + |∇(V (τ ) − V_D)|^2) ≤ e^{μτ} S(τ ) ≤ S(0) + ∫ τ 0 e^{μt} ∫ Ω ( − δ_0 n+1∑ k=1 |∇(w_k − w_{D,k})|^2 + c_2μ|u − u_D|^2 + c_2μ|∇(V − V_D)|^2 ) dt. Now, if we can show that ∫ Ω (|u − u_D|^2 + |∇(V − V_D)|^2) ≤ c_3 ∫ Ω n+1∑ k=1 |∇(w_k − w_{D,k})|^2, (4.5) then the theorem follows after choosing μ ≤ δ_0/(c_2c_3). To prove (4.5) we use (A2), (A7), and (1.9):

c_0 4 ∫ Ω |u − u_D|^2 + c ∫ Ω |w − w_D|^2 ≥ ∫ Ω (ρ(u) − ρ(u_D)) · (w − w_D) ≥ c_0 ∫ Ω |u − u_D|^2 − u ∫ Ω e · (ρ(u) − ρ(u_D))(V − V_D) − ∫ Ω e · (ρ(u) − ρ(u_D))(u_{n+1} − u)V ≥ c_0 2 ∫ Ω |u − u_D|^2 − u ∫ Ω |∇(V − V_D)|^2 − c(V ) ∫ Ω |w_{n+1} − w_{D,n+1}|^2, where c(V ) > 0 depends on the L^∞(Ω × (0, ∞)) norm of V . Employing Poincare’s inequality and observing u < 0, we obtain (4.5). 2

Acknowledgments. The authors acknowledge support from the EC-network, contract # ERBCHRX{CT930{413 and by the DAAD-PROCOPE Program. The third author acknowledges support from the Deutsche Forschungsgemeinschaft, grant numbers MA1662/-1 and -2.

References

[1] N. Ben Abdallah and P. Degond. On a hierarchy of macroscopic models for semiconductors. J. Math. Phys., 37:3308–3333, 1996.

[2] N. Ben Abdallah, L. Desvillettes, and S. Génieys. On the convergence of the Boltzmann equation for semiconductors towards an energy transport model. In preparation, 1997.

[3] N. Ben Abdallah, P. Degond, and S. Génieys. An energy-transport model for semiconductors derived from the Boltzmann equation. To appear in J. Stat. Phys., 1997.

[4] G. Albinus. A thermodynamically motivated formulation of the energy model of semiconductor devices. Preprint No. 210, Weierstrass-Institut, Berlin, 1995.

[5] W. Allegretto and H. Xie. Nonisothermal semiconductor systems. In X. Liu and D. Siegel, editors, Comparison methods and stability theory, Lecture notes in pure and applied mathematics, vol. 162, New York, 1994. Marcel Dekker.

[6] H. Alt and S. Luckhaus. Quasilinear elliptic-parabolic differential equations. Math.

Z., 183:311–341, 1983.

[7] Y. Apanavich, E. Lyumkis, B. Polsky, A. Shur, and P. Blakey. Steady-state and transient analysis of submicron devices using energy-balance and simplified hydrodynamic models. IEEE Trans. CAD of Integ. Circuits Syst., 13:702–711, 1994.

[8] A. Bermudez and C. Saguez. Mathematical formulation and numerical solution of an alloy solidification problem. In A. Fasano, editor, Free Boundary Problems: Theory and Applications, volume 1, pages 237–247. Pitman, 1983.

[9] D. Chen, E. Kan, U. Ravaioli, C. Shu, and R. Dutton. An improved energy transport model including nonparabolicity and non-maxwellian distribution effects. IEEE Electr. Dev. Letters, 13:26–28, 1992.

[10] Y. Choi and R. Lui. Multi-dimensional electrochemistry model. Arch. Rat. Mech.

Anal., 130:315–342, 1995.

[11] P. Degond, S. Génieys, and A. Jüngel. A steady-state system in nonequilibrium thermodynamics including thermal and electrical effects. Submitted to Math. Meth. Appl. Sci., 1996.

[12] P. Degond and C. Schmeiser. Macroscopic models for semiconductor heterostructures.

Article in preparation, 1997.

[13] Z. Deyl, editor. Electrophoresis: A survey of techniques and applications, Amsterdam, 1979. Elsevier.

[14] J. Filo and J. Kačur. Local existence of general nonlinear parabolic systems. Nonlin.

Anal., 24:1597–1618, 1995.

[15] H. Gajewski and K. Gröger. Semiconductor equations for variable mobilities based on Boltzmann statistics or Fermi-Dirac statistics. Math. Nachr., 140:7–36, 1989.

[16] S. Génieys. Energy-transport model for a non degenerate semiconductor. Convergence of the Hilbert expansion in the linearized case. To appear in Asympt. Anal., 1997.

[17] K. Gröger. A W^{1,p}-estimate for solutions to mixed boundary value problems for second order elliptic differential equations. Math. Ann., 283:679–687, 1989.

[18] S. De Groot. Thermodynamik irreversibler Prozesse. Bibliographisches Institut, Mannheim, 1960.

[19] S. De Groot and P. Mazur. Non-equilibrium thermodynamics. Dover, 1984. [20] R. Hills, D. Loper, and P. Roberts. A thermodynamically consistent model of a mushy zone. Q. J. Mech. Appl. Math., 36:505–539, 1983.

[21] J. Jerome. Approximation of Nonlinear Evolution Systems. Academic Press, New York, 1983.

[22] A. Jüngel. Qualitative behavior of solutions of a degenerate nonlinear drift-diffusion model for semiconductors. Math. Models Meth. Appl. Sci., 5:497–518, 1995.

[23] A. Jüngel. Stationary transport equations for charge carriers in semiconductors including electron-hole scattering. Appl. Anal., 62:53–69, 1996.

[24] J. Kačur. Method of Rothe in Evolution Equations. Teubner, Leipzig, 1985. [25] H. Kreuzer. Nonequilibrium Thermodynamics and its Statistical Foundation. Clarendon Press, Oxford, 1981.

[26] J. Naumann and M. Wolff. On a global L^q estimate on weak solutions of nonlinear elliptic systems. Preprint, Dipartimento di Matematica, Università di Catania, Italy, 1991.

[27] F. Otto. L^1-contraction and uniqueness for quasilinear elliptic-parabolic systems.

Preprint no. 397, Universität Bonn, Germany, 1995.

[28] E. Shamir. Regularization of mixed second-order elliptic problems. Israel J. Math., 6:150–168, 1968.

[29] J. Simon. Compact sets in the space L^p(0, T ; B). Ann. Math. Pura Appl., 146:65–96, 1987.

[30] K. Souissi, F. Odeh, H. Tang, and A. Gnudi. Comparative studies of hydrodynamic and energy transport models. COMPEL, 13:439–453, 1994.

[31] G. Stampacchia. Equations elliptiques du second ordre à coefficients discontinus. Les Presses de l’Université de Montréal, Canada, 1966.

[32] G. M. Troianiello. Elliptic Differential Equations and Obstacle Problems. Plenum Press, New York, 1987.