Exponential decay in time of solutions of the viscous quantum hydrodynamic equations

Maria Pia Gualdani, Ansgar Jüngel Fachbereich Mathematik, Universität Konstanz, 78457 Konstanz, Germany

Giuseppe Toscani Dipartimento di Matematica, Università di Pavia, Via Ferrara 1, 27100 Pavia, Italy

Abstract. The long-time asymptotics of solutions of the viscous quantum hydrodynamic model in the one space dimension is studied. This model consists of continuity equations for the particle density and the current density, coupled to the Poisson equation for the electrostatic potential. The equations are a dispersive and viscous regularization of the Euler equations. It is shown that the solutions converge exponentially fast to the (unique) thermal equilibrium state as the time tends to infinity. For the proof we employ the entropy dissipation method, applied for the first time to a third-order differential equation.

Keywords. Quantum hydrodynamics, Wigner-Fokker-Planck equation, long-time behavior of solutions, entropy dissipation method.

1 Introduction

It is well known that quantum models, like the Schrödinger equation or the Wigner equation, allow for a fluiddynamical description in terms of macroscopic quantities, like the particle density or the current density, satisfying the so-called Madelung or quantum hydrodynamic equations [9]. These equations do not include a model of collisions. Collisions of the particles with an oscillator bath can be modeled by the Wigner-Fokker-Plank equation [1, 2]. From this equation, the macroscopic viscous quantum hydrodynamic model can be derived, using a moment method as in [4]. This model consists of the continuity equations for the particle density n(x, t) and the current density J(x, t), coupled to the Poisson equation for the electrostatic potential V (x, t). The scaled equations in one space dimension read as follows:

n_t + J_x = νn_{xx}, (1)

J_t + ( J^2 n + T n ) x − nV_x − ε^2 2 n (√ n_{xx} √ n ) x = νJ_{xx} − J τ , (2)

λ^2V_{xx} = n − 1, x ∈ Ω, t > 0, (3)

with initial conditions n(·, 0) = n_I , J(·, 0) = J_I in Ω. (4)

The (scaled) physical parameters are the temperature constant T > 0, the Planck constant ε > 0, the momentum relaxation time constant τ > 0, and the Debye length λ > 0. The viscosity ν > 0 models the strength of interaction of the particles with the oscillators. Equations (1)-(2) can be derived exactly as in [4], where the (linear) Fokker-Planck term gives the viscous contributions nun_{xx} and νJ_{xx} to the right-hand sides of (1)-(2). In the Poisson equation, we have prescribed a constant concentration of fixed background charges. For the choice of boundary conditions, see below.

For ε = 0 and ν = 0, the system (1)-(3) is the hydrodynamic model for the ensemble of charged particles, for instance, electrons moving in a semiconductor crystal [6]. For ε > 0 and ν = 0 (and T = 0, 1/τ = 0), equations (1)-(3) are the Madelung equations used in the modeling of superfluids [8]. With this choice of parameters, (1)-(3) are formally equivalent to the Schrödinger-Poisson system. Finally, the equations (1)-(3) with ν = 0 are known as the quantum hydrodynamic equations which have been used to model quantum semiconductor devices [4, 6]. No results are available in the mathematical literature for (1)-(3) with ε > 0 and ν > 0.

In this paper we study the long-time asymptotics of the solutions of (1)-(3) to the so-called thermal equilibrium state where no bias is applied. We choose the boundary conditions:

n = 1, n_x = 0, V = 0 on ∂Ω × (0, ∞), (5) ∫ ∂Ω J [ J_x ( ε^2 4ν + ν ) − 1 2 J^2 ] (·, t)ds = 0, t > 0. (6) The boundary data is in thermal equilibrium. Indeed, thermal equilibrium means J = 0. Thus, by (1) and (5), n = 1 in Ω and, by (3) and (5), V = 0 in Ω. The boundary condition (6) can be interpreted as a generalized thermal equilibrium condition for the current density (see Remark 1). We prove that any strong solution of (1)-(6) converges exponentially fast to the (unique) thermal equilibrium state (n, J, V ) = (1, 0, 0). The rate of convergence for n(·, t) and V (·, t) depends on the viscosity constant ν > 0. If ν = 0, no convergence rate can be obtained. The proof is based on the entropy dissipation method. This method has been used to derive explicit convergence rates of second- and fourth-order equations [3, 7]. Here we apply the method for the first time to a third-order equation.

The entropy dissipation method is based on a priori estimates for the entropy (or, more precisely, free energy) functional: E(t) = ∫_1 0 [ ε^2 2 ( √ n)^2_x + T (n(log n − 1) + 1) + λ^2 2 V^2_x +

J^2 2n ] (x, t)dx ≥ 0 (7) consisting of the quantum energy, thermodynamic entropy, electric energy, and kinetic energy of the system. The idea is to derive an inequality of the form: E(t) + ∫_t 0 ∫_1 0 P (x, t)dxds ≤ E(0), where the entropy dissipation rate P (x, t) ≥ 0 depends on the variables and his derivatives. We show that ∫_1 0 P (x, t)dx ≥ γE(t) for some γ > 0 and thus Gronwall’s lemma implies E(t) ≤ E(0)e^{−γt}, t ≥ 0. More precisely, our main result reads as follows.

Theorem 1 Let n ∈ H^1(0, T^∗; L^2(Ω)) ∩ L^2(0, T^∗; H^3(Ω)), J ∈ H^1(0, T^∗; L^2(Ω)) ∩ L^2(0, T^∗; H^2(Ω)), V ∈ L^2(0, T^∗; H^2(Ω)) be a solution to (1)-(3) for any T^∗ > 0 such that n > 0 in

Ω × (0, T^∗) and let n_I ∈ H^1(Ω), J_I ∈ L^2(Ω) such that n_I > 0 in Ω. Then

ε^2‖n(·, t) − 1‖^2_L∞_{(Ω)} ≤ 2E(0)e^{−4ν(1+2T /ε2 )t}, λ^2‖V (·, t)‖^2_L∞_{(Ω)} ≤ 2E(0)e^{−4νt}, ‖ ‖ J(·, t) √ n(·, t) ‖ ‖^2 L^2(Ω) ≤ 2E(0)e^{−2t/τ} , t > 0. Remark 1 (i) The global-in-time existence for (1)-(3) will be studied in [5].

(ii) The boundary condition (6) is needed for technical reasons. It is a weaker condition than the (physically reasonable, but mathematically over-determining) boundary conditions J(0, t) = J(1, t) = 0, t > 0.

(iii) As expected, no convergence rate for n and V can be expected if ν = 0. However, the kinetic energy J^2(·, t)/n(·, t) converges to zero exponentially in the L^1(Ω) norm with a decay rate 1/τ. This is physically reasonable since τ models the momentum relaxation time.

2 Proof of Theorem 1

Let T^∗ > 0 and fix t ∈ (0, T^∗). Multiply (2) by J/n, integrate over Ω = (0, 1) and integrate by parts:

∫_1 0 J_t J n dx = − ∫_1 0 ( J^2 n ) x J n dx − T ∫_1 0 J n_x n dx + ∫_1 0 V_xJdx − ε^2 2 ∫_1 0 J_x ( ( √ n)_{xx} √ n ) dx + ε^2 2 ∫ ∂Ω J ( ( √ n)_{xx} √ n ) ds − ν ∫_1 0 J_x ( J n ) x dx + ν ∫ ∂Ω J_x ( J n ) ds − 1 τ ∫_1 0 J^2 n dx = A_1 + · · · + A_8. (8)

Multiply (2) by the function T log n − J^2/2n^2 − V − ε^2( √ n)_{xx}/2 √ n, integrate over Ω and integrate by parts:

∫_1 0 n_t ( T log n − J^2 2n^2 − V − ε^2 ( √ n)_{xx} 2 √ n ) dx = −νT ∫_1 0 n^2_x n dx + ν ∫_1 0 1 2 J^2 2n^2 n_xdx + ν ∫_1 0 V_xn_xdx − ν ε^2 2 ∫_1 0 n_{xx} ( ( √ n)_{xx} √ n ) dx + T ∫_1 0 J(log n)_xdx +

∫_1 0 J^2J_x 2n^2 dx − ∫_1 0 V_xJdx + ε^2 2 ∫_1 0 J_x ( ( √ n)_{xx} √ n ) dx = = B_1 + · · · + B_8. (9)

Here, we have used that n_x = 0 and V = 0 on ∂Ω.

First we consider the terms on the left-hand side of (8) and (9). Since n_x = 0 and V = 0 on ∂Ω, it holds:

∫_1 0 ( JJ_t n − 1 2 J^2n_t n^2 ) dx = ∂_t ∫_1 0 1 2 J^2 n dx, ∫_1 0 n_t log ndx = ∂_t ∫_1 0 (n(log n − 1) + 1)dx,

− ∫_1 0 V n_tdx = −λ^2 ∫_1 0 V_{xxt}V dx = λ^2 ∫_1 0 V_{xt}V_xdx = λ^2 2 ∂_t ∫_1 0 V^2_x dx, − ∫_1 0 ε^2 2 n_t ( ( √ n)_{xx} √ n ) dx = −ε^2 ∫_1 0 n_t 2 √ n ( √ n)_{xx}dx = −ε^2 ∫_1 0 ( √ n)_t( √ n)_{xx}dx = ε^2 2 ∂_t ∫_1 0 ( √ n)^2_xdx. Hence, the sum of the left-hand sides of (8) and (9) is equal to ∂_tE(t) where E(t) is defined in (7).

Now we compute the right-hand sides of (8) and (9). Notice that A_2 +B_5 = 0, A_4 +B_8 = 0, A_3 + B_7 = 0. Using n = 1 on ∂Ω, we obtain:

A_1 + B_6 =

∫_1 0 ( n_xJ^3 n^3 − 3 2 J^2J_x n^2 ) dx = − 1 2 ∫_1 0 ( J^3 n^2 ) x dx = 1 2 J^3(0) − 1 2 J^3(1).

A computation gives

A_6 + B_2 = ν

∫_1 0 ( − J^2_x n + 2JJ_xn_x n^2 − J^2n^2_x n^3 ) dx = −ν ∫_1 0 ( J_x √ n − n_xJ √ n^3

)_2 dx. By integration by parts and n_x = 0 on ∂Ω we obtain ∫_1 0 n^2_xn_{xx} n^2 dx = 2 3 ∫_1 0 n^4_x n^3 dx, and therefore,

B_4 = −ν ε^2 2 ∫_1 0 n_{xx} ( ( √ n)_{xx} √ n ) dx = ε^2ν ∫_1 0 ( 1 8 n^2_xn_{xx} n^2 − 1 4 n^2_{xx} n ) dx = −ε^2ν

∫_1 0 ( ( √ n)^2_{xx} + 1 48 n^4_x n^3 ) dx. Finally, the boundary condition n = 1 on ∂Ω implies

B_3 = ν

∫_1 0 V_x(n − 1)_xdx = − ν λ^2

∫_1 0 (n − 1)^2dx (10)

Here we need that n = const. on ∂Ω.

The above computations show that the sum of (8) and (9), integrated over (0, t), can be written as: E(t) − E(0) = − ∫_t 0 ∫_1 0 [ ε^2ν( √ n)^2_{xx} + ε^2ν 1 48 n^4_x n^3

+ 4νT ( √ n)^2_x + ν λ^2

(n − 1)^2 + ν ( J_x √ n − n_xJ n^{3/4} )_2 + 1 τ J^2 n ] dxdt + ∫_t 0 ∫ ∂Ω [ ε^2 2 ( ( √ n)_{xx} √ n J ) + νJJ_x − 1 2 J^3 ] dsdt. Since n_x = 0 and n = 1 on ∂Ω, we can write the boundary integral as ∫_t 0 ∫ ∂Ω [ ε^2 4 n_{xx}J + νJJ_x − 1 2 J^3 ] dsdt and from (1), because of n ∈ H^1(0, T^∗, L^2(Ω)) and J ∈ L^2(0, T^∗, H^2(Ω)), yields νn_{xx}(·, t) = J_x(·, t) on ∂Ω. Then, by (6), the boundary integral vanishes: ∫_t 0 ∫ ∂Ω [ ε^2 4 n_{xx}J + νJJ_x − 1 2 J^3 ] dsdt = ∫_t 0 ∫ ∂Ω [ ε^2 4ν JJ_x + νJJ_x − 1 2 J^3 ] dsdt = 0. The remaining integral on the right-hand side is the entropy dissipation rate. We apply the Poincaré inequality ‖u‖_L2_{(Ω)} ≤ 1 √ 2 ‖u_x‖_L2_{(Ω)} ∀u ∈ H^1_0 (Ω)

to u = ( √ n)_x to obtain

ε^2 2 ∫_1 0 ( √ n)^2_x(x, t)dx ≤ E(t) ≤ E(0) − (2νε^2 + 4νT )

∫_1 0 ∫_t 0 ( √ n)^2_x(x, t)dxdt Gronwall’s lemma implies

ε^2‖( √ n)_x(·, t)‖^2_L2_{(Ω)} ≤ 2E(0)e^{−4ν(1+2T /ε2 )t}, t ≥ 0.

The Sobolev-Poincaré inequality

‖u − 1‖_L∞_{(Ω)} ≤ ‖u_x‖_L2_{(Ω)}, ∀u − 1 ∈ H^1_0 (Ω)

then gives ε^2‖ √ n(·, t) − 1‖^2_L∞_{(Ω)} ≤ 2E(0)e^{−4ν(1+2T /ε2 )t}, t ≥ 0.

Furthermore, we conclude from 1 2 ∫_1 0 J^2 n dx ≤ E(t) ≤ E(0) − 1 τ ∫_1 0 ∫_t 0 J^2 n dxdt the convergence rate ‖ ‖ ‖ J(·, t) √ n(·, t) ‖ ‖ ‖ 2 L^2(Ω) ≤ 2E(0)e^{−2t/τ} , t ≥ 0. Finally, from the elliptic estimate √ 2λ^2‖V ‖_L2_{(Ω)} ≤ ‖n − 1‖_L2_{(Ω)}

we infer λ^2 2 ∫_1 0 ∫_t 0 V^2_x dxdt ≤ E(t) ≤ E(0) − 2νλ^2 ∫_1 0 ∫_t 0 V^2_x dxdt, and hence λ^2‖V (·, t)‖^2_L∞_{(Ω)} ≤ λ^2‖V_x(·, t)‖^2_L2_{(Ω)} ≤ 2E(0)e^{−4νt}, t ≥ 0.

This proves the theorem.

Acknowledgments. The authors acknowledge partial supprt from the German-Italian DAAD-Vigoni Program. The first and second author have been supported by the Deutsche Forschungsgemeinschaft, grants JU 359/3 (Gerhard-Hess Program) and JU 359/5 (Priority Program “Multiscale Problems”), the European IHP Project “Hyperbolic and Kinetic Equations” and the AFF Project of the University of Konstanz.

References

[1] A. Arnold, J. Lopez, P. Markowich and J. Soler. An analysis of Quantum Fokker-Plank Models:

Wigner Function Approach. Preprint 2000.

[2] A. Caldeira and A. Leggett. Path integral approach to quantum Brownian motion. Physica A 121 (1983), 587-616.

[3] J. A. Carrillo, A. Jüngel, P. Markowich, G. Toscani and A. Unterreiter. Entropy dissipation methods for degenerate parabolic problems and generalized Sobolev inequalities. Monatsh. Math. 133 (2001), 1-82.

[4] C. Gardner. The quantum hydrodynamic model for the semiconductor devices. SIAM J. Appl.

Math. 54 (1994), 409-427.

[5] M. Gualdani and A. Jüngel. Article in preparation, 2002.

[6] A. Jüngel. Quasi-hydrodanamic semiconductor equations, Birkhäuser, Basel, 2001. [7] A. Jüngel and G. Toscani. Exponential time decay to a nonlinear fourth-order parabolic equation.

To appear in Z. Angew. Math. Phys., 2002.

[8] M. Loffedro and L. Morato. On the creation of quantum vortex lines in rotating HeII. Il nuovo cimento 108B (1993), 205-215.

[9] E. Madelung. Quantentheorie in hydrodynamischer Form. Z. Physik 40 (1927), 322. [10] C. Sparber, J. A. Carrillo, J. Dolbeault and P. Markowich. On the long time behavior of the quantum Fokker-Planck equation. Preprint, 2002.