Recent Progress on Quantum Hydrodynamic Models for Semiconductors

Ansgar Jüngel Fachbereich Mathematik und Statistik, Universität Konstanz, 78457 Konstanz, Germany, e-mail: ansgar.juengel@uni-konstanz.de

Hailiang Li, Peter Markowich, Shu Wang Institut für Mathematik, Universität Wien, 1090 Wien, Austria, e-mail: {hailiang.li, peter.markowich, shu.wang}@univie.ac.at

1 Introduction

1.1 General Remarks on the QHD Model and Its Derivation

For ultra-small semiconductor devices in which quantum effects are present, the corresponding mathematical models have to incorporate the quantum mechanical phenomena. Roughly speaking, these models can be divided into two classes: microscopic and macroscopic quantum models.

Microscopic models include quantum kinetic equations, like the Wigner equation and the Wigner-(Poisson-)Fokker-Plank model, and Schrödinger-Poisson systems [4, 30]. It has been known since the early days of quantum mechanics [26, 36] that these microscopic models can be written in hydrodynamic form using macroscopic quantities like the electron density or current density. The hydrodynamic form of quantum kinetic equations is termed quantum hydrodynamic models.

The advantage of quantum hydrodynamic models is that in semiconductor applications, the numerical simulation of microscopic models is quite expensive [32] while the numerical approximation of macroscopic models seems to be easier than for the microscopic ones.

Quantum hydrodynamic models (QHD models for short) can be derived from the quantum Wigner-Boltzmann equation using a velocity-moment method [10] or from the Schrödinger equation [9, 25]. It governs the evolution of the electron density ρ, the electron current density J and the electrostatic potential V . Assuming that the typical time scale is given by the momentum relaxation time constant τ (see [13]), we obtain the following unipolar scaled QHD equations:

∂_tρ + divJ = 0, (1)

∂_tJ + div ( J ⊗ J ρ ) + ∇p(ρ) − ρ∇V − ε^2 2 ρ∇ ( Δ √ ρ √ ρ ) = − J τ , (2)

λ^2ΔV = ρ − C(x), (3)

for x ∈ R^d and t > 0. Here,^{ε2}_2 ρ∇ ( Δ √ ρ/ √ ρ ) is the quantum Bohm correction and p(ρ) is the pressure term. The scaled parameters are the Planck constant ε (the ratio of the de Broglie length and the device length) and the Debye length λ. The doping profile C(x) models fixed background charges. Also small mean-free-path asymptotics have been used to derive QHD models in the case of high electric fields. The obtained models have linear quantum corrections [27].

1.2 Connection of the QHD Model with the Schrödinger- Poisson and the Wigner Equation

We start with a single state nonlinear Schrödinger-Poisson system in R^d : iϵ∂_tΨ = − ϵ^2 2 ΔΨ + ( V + T h(|Ψ|^2) ) Ψ, x ∈ R^d , t > 0, (4) λ^2ΔV = |Ψ|^2 − C(x), x ∈ R^d , t > 0, (5) Ψ(0, ·) = Ψ_I in R^d . (6)

The variables are the wave function Ψ = Ψ(t, x), and the electrostatic potential V = V (t, x). The function h(s) can be interpreted as a self-interacting potential, and T > 0 is a constant (see below for the physical meaning of these quantities).

Now introduce the Wigner transform [2, 25, 28] w(t, x, v) = 1 (2π)^d ∫ R^d Ψ ( t, x + η 2 ) Ψ ( t, x − η 2 ) e^{iη·v}dη. A simple calculation shows that w satisfies the so-called Wigner equation ∂_tw + v · ∇w − Θ[V + h(ρ)]w = 0, x, v ∈ R^d , t > 0, (7) w(0, x, v) = w_I (x, v), x, v ∈ R^d , where ρ = ∫ wdv, Θ[V + h(ρ)] is the pseudo-differential operator [33] (Θ[V + h(ρ)]w)(t, x, v) = i (2π)^d ∫ R^d ∫ R^d 1 ε { (V + h(n)) ( t, x + ε η 2 ) − (V + h(n)) ( t, x − ε η 2 )}

× w_j (t, x, v^′)e^{i(v−v′ )·η}dηdv^′, and the initial datum w_I is the Wigner transform of the initial state Ψ_I given by (6). Easy calculations show that the lowest-order moments, i.e. the particle density ρ = |Ψ|^2, the current density J = εIm (Ψ∇Ψ) and the energy density W = ε^2|∇Ψ|^2, are given by [8, 25] ρ(t, x) = ∫ R^d w(t, x, v)dv, (8) J(t, x) = ∫ R^d vw(t, x, v)dv, (9) W (t, x) = ∫ R^d |v|^2w(t, x, v)dv. (10) Therefore, multiplying the Wigner equation (7) by 1 and v and integrating over R^d , we obtain the continuity equation (1) and the momentum equation (2), respectively, where the pressure p(s) is related to h(s) by p^′(s) = T sh^′(s), and T can be interpreted as a temperature (constant). For details, we refer to [8, 9, 25].

We also mention that the momentum variable v of the Wigner equation can be restrained to live in the Brillouin zone for the Schrödinger equation with an oscillating periodic potential V (x/ε) [29] or in the discrete integer set Z^d for the Schrödinger equation on the torus [35].

Clearly, a physical derivation of the QHD model has to start with the linear Schrödinger equation (4) without the self-interacting potential h(ρ). Performing the same calculations as above, we arrive to the QHD equations (1)-(2) without the pressure term p(ρ). A non-zero pressure can be obtained, for instance, by a mixed-state approach; see [8].

1.3 Relaxation-time Limit from the QHD Model to the QDD Model

Rescaling the current density via J → τJ and the time via t → t/τ and performing the formal limit τ → 0, we obtain the scaled quantum drift-diffusion equations (see, for instance, [15]):

∂_tρ + divJ = 0, J = ε^2 2 ρ∇ ( Δ √ ρ √ ρ − T h(ρ) + V ) , (11) λ^2ΔV = ρ − C(x), x ∈ Ω, t > 0. (12) This paper is organized as follows. In Section 2 we present some results on the existence and large-time behavior of solutions to the QHD and QDD models, and Section 3 is concerned with the corresponding semi-classical limits.

2 Existence and Large-Time Behavior of Solutions

2.1 The Stationary QHD Equations

The third-order term ρ∇(Δ √ ρ/ √ ρ) in (2) is the main difficulty in the analytical treatment of the QHD equations. Two strategies have been considered in the mathematical literature: First a potential-flow formulation has been assumed and the stationary momentum equation (2) is integrated once, yielding a second-order elliptic equation. Second, the stationary equation (2) is differentiated with respect to the spatial variable which gives a fourth-order elliptic equation. We review these strategies now in more detail.

Assume that the current density can be written as J = ρ∇S with the quantum quasi-Fermi (or velocity) potential S. This means that we assume a potential flow with irrotational velocity J/ρ = ∇S.

After division by ρ and integration of (2) we obtain the stationary equations:

ε^2 2 Δ √ ρ = √ ρ (_1 2 |∇S|^2 + T h(ρ) − V +^1_τ S ) , (13) div(ρ∇S) = 0, λ^2ΔV = ρ − C(x) in Ω, (14)

subject to Dirichlet boundary conditions:

ρ = ρ_D , S = S_D, V = V_D on ∂Ω. (15)

For a different choice of boundary conditions, see below. In the above formulation, the function h, defined by ρh^′(ρ) = p^′(ρ) and h(1) = 0, is called enthalpy. We assume that Ω ⊂ R^d (d ≥ 1) is a bounded domain with ∂Ω ∈ C^{1,1}. Using a Stampacchia truncation method and elliptic estimates, the following result has been proved in [14] (also see [16]).

Theorem 2.1 Let h(ρ) = log ρ (to simplify) and assume that √ ρ_D ∈ W^{2,p}(Ω) with p > d/2 and inf_Ω ρ_D > 0, S_D ∈ C^{1,1}(Ω), V_D ∈ H^1(Ω) ∩ L^∞(Ω), and C ∈ L^2(Ω). Then there exists η > 0 such that if

T^{−1}‖S_D‖^2_{C1,1(Ω)} ≤ η, (16)

there exists a solution (ρ, S, V ) of (13)-(15) satisfying √ ρ ∈ W^{2,p}(Ω), S ∈ C^1(Ω), V ∈ H^1(Ω) ∩ L^∞(Ω), and inf_Ω ρ > 0.

The assumption (16) can be interpreted as a subsonic-type condition. Indeed, (16) and elliptic estimates imply that |J/ρ| = |∇S| ≤ ‖S‖_C1_{(Ω)} ≤ c‖S_D‖_C1_{(Ω)} ≤ c √ η · √ T , and thus, for sufficiently small η > 0, |J/ρ| < √ T . It is well known that uniqueness of solutions to semiconductor equations cannot hold in general as there are devices which are based on multiple steady states [34]. Generally, uniqueness of solutions is to be expected close to the thermal equilibrium state (defined by J = 0) or, equivalently, for sufficiently small applied voltage. The uniqueness of solutions of (13)-(15) is shown in [14] under the condition (16) and for sufficiently large ε > 0. Notice that S_D is related to the applied voltage such that the first condition is natural; the second condition is needed for technical reasons.

An existence and non-existence result based on the same strategy but with different boundary conditions has been presented in [5]. In this paper, the onedimensional model in Ω = (0, 1) has been analyzed using the set of boundary conditions

ρ(0) = ρ_0 > 0, ρ(1) = ρ_1 > 0, V (0) = V_0, V_x(0) = −E_0, S(0) = K, (17)

where K < 0 is a specific (given) constant depending on the data [5]. Notice that in one space dimension, J = const. The following result has been proved in [5].

Theorem 2.2 Let Ω = (0, 1) and C ∈ L^2(Ω). Then there exist J_0, J_1 > 0 such that

(i) if h(ρ) = log ρ (to simplify) and |J| ≤ J_0 then there exists a classical solution (ρ, V ) of the stationary equations (1)-(2), (17) satisfying min_Ω ρ > 0, and (ii) if h(ρ) = ρ^γ − 1 with γ > 2 and J ≥ J_1 then the stationary QHD equations cannot have a weak solution for any K ∈ R.

It is unknown if the QHD equations (13)-(14) subject to the boundary conditions (15) possess a (weak) solution for sufficiently large S_D (in an appropriate norm). For a simplified QHD model, it is shown in [14] by a simple example that the electron density vanishes for sufficiently large S_D and consequently, no weak solution can be expected in this case.

The second strategy to analyze the one-dimensional QHD model is to differentiate (2) with respect to x and to use the Poisson equation (3). This leads to an equation for the variable u = log ρ: ε^2 2 ( u_{xx} + u^2_x 2 ) xx +J^2(e^{−2u}u_x)_x−T u_{xx}+λ^{−2}(e^{−u}−C(x)) = J τ (e^{−u})_x in Ω = (0, 1),

(18) where we have taken h(ρ) = log ρ. The boundary conditions are

u(0) = u_0, u(1) = u_1, u_x(0) = u_x(1) = 0. (19)

In [12] the following result is shown.

Theorem 2.3 Let C ∈ L^2(Ω). Then there exists J_0 > 0 such that if |J| ≤ J_0 there exists a unique solution u ∈ H^4(Ω) of (18)-(19). Moreover, (ρ, V ) with ρ = e^u (and V satisfying (3)) is a solution of the stationary problem (1)-(3) such that min_Ω ρ > 0.

The positivity of the particle density cannot be proven using the maximum principle since the equation (18) is of fourth order. Instead, Sobolev estimates are derived for the solution u (using the free energy of the problem) such that u ∈ L^∞(Ω). This implies the positivity of n = e^u.

The assumption h(ρ) = log ρ in the above theorem can be substantially weakened. In fact, the pressure p does not need to be a monotone or convex function; for details we refer to [17].

2.2 The Time-Dependent QHD Equations

There are only few results in the mathematical literature concerning the transient QHD equations. Here we review two results. Local-in-time solutions have been studied in [19]. More precisely, existence of strong solutions of the potential-flow formulation

∂_tρ + div(ρ∇S) = 0, λ^2ΔV = ρ − C(x), (20) ∂_tS +^1_2 |∇S|^2 + T h(ρ) − V −^{ε2}_2^{Δ√ρ}√_ρ = −^S_τ in Ω × (0, ∞) (21)

subject to the initial-boundary conditions

ρ = ρ_D, S = S_D, V = V_D on ∂Ω × (0, ∞), (22) ρ(·, 0) = ρ_I , S(·, 0) = S_I in Ω, (23)

has been proved. Here, Ω ⊂ R^d (d ≤ 3) is supposed to be a bounded domain with ∂Ω ∈ C^2.

Theorem 2.4 Assume that p ∈ C^{2,1}(0, ∞), C ∈ L^2(Ω), ρ_D , S_D, V_D, ρ_I , S_I ∈ H^2(Ω) with ρ_I = ρ_D, S_I = S_D on ∂Ω and min_Ω ρ_I > 0. Then there exist T^∗ > 0 and a unique solution (ρ, S, V ) of (20)-(23) satisfying

ρ, S, V ∈ C^0([0, T^∗]; H^2(Ω)) and min_Ω ρ(·, t) > 0 for 0 ≤ t ≤ T^∗.

The proof of this result is based on a reformulation of (20)-(21) as the nonlinear Schrödinger equation iε∂_tψ = − ε^2 2 Δψ − V ψ + h(|ψ|^2)ψ + 1 τ Sψ and the use of semigroup theory.

To our knowledge, the existence of global-in-time solutions has been shown only in the case of small perturbations from the steady state in one space dimension [18]. The initial and boundary conditions are as follows:

ρ(0, t) = ρ_0, ρ(1, t) = ρ_1, ρ_x(0, t) = ρ_x(1, t) = 0, (24) V (0, t) = V_0, V (1, t) = V_1 for t > 0, (25) ρ(x, 0) = ρ_I (x), J(x, 0) = J_I (x) for x ∈ Ω. (26)

Theorem 2.5 Assume that Ω = (0, 1), p ∈ C^4(0, ∞) is non-decreasing (to simplify), C ∈ H^2(Ω), √ ρ_I ∈ H^6(Ω) with min_Ω ρ_I > 0, and J_I ∈ H^5(Ω). Then there exist a classical solution (ρ_0, J_0, V_0) of the stationary QHD equations and a number η > 0 such that if

‖J_I /ρ_I ‖_C1_{(Ω)} + ‖C_x‖_H1_{(Ω)} + ‖ρ_I − ρ_0‖_H6_{(Ω)} + ‖J_I − J_0‖_H5_{(Ω)} ≤ η,

there exists a classical solution (ρ, J, V ) of (1)-(3), (24)-(26) for all time and, moreover,

‖ρ(·, t) − ρ_0‖_H6_{(Ω)} + ‖J(·, t) − J_0‖_H5_{(Ω)} + ‖V (·, t) − V_0‖_H4_{(Ω)} ≤ ce^{−αt},

where c, α > 0 are some constants.

Clearly, the initial and boundary data have to satisfy appropriate compatibility conditions ensuring the needed regularity of the solutions. The idea of the proof is to write (1)-(2) as a fourth-order wave equation and to obtain a-priori estimates which allow to extend the local-in-time solution. The existence of local-in-time solutions is based on a construction of a sequence of approximate solutions converging to the local solution of the transient problem.

2.3 The QDD Equations

The QDD model is quite well understood both analytically and numerically. The existence of solutions to the stationary and the time-dependent equations has been proved.

First we review the well-posedness of the stationary model [1]. We assume that Ω ⊂ R^d (d ≤ 3) is a bounded domain with ∂Ω = Γ_D ∪ Γ_N ∈ C^{1,1}, Γ_D ∩ Γ_N = ∅, Γ_N is relatively open, and meas(Γ_D) > 0.

We impose the following boundary conditions:

ρ = ρ_D, V = V_D , S := Δ √ ρ √ ρ − T h(ρ) + V = S_D on Γ_D, (27)

∇S · ν = ∇V · ν = 0 on Γ_N , (28)

where ν is the exterior unit normal to ∂Ω. The function S can be interpreted as a quantum quasi-Fermi potential, similarly to the QHD model (see section 2.1). However, observe that here, the function S is given explicitly in terms of ρ and V (and its derivatives) whereas in the QHD model, S is a solution of a differential equation.

For the function h, we can choose (for simplicity) h(ρ) = ρ^{γ−1} − 1, with γ > 1, or h(ρ) = log ρ.

Theorem 2.6 In addition to the above assumptions, let ρ_D, F_D V_D ∈ L^∞(Ω) ∩ H^1(Ω) such that inf_Ω ρ_D ≥ 0. (On the parts of the boundary where ρ_D = 0 we do not impose boundary conditions for S.) Then there exists a weak solution (ρ, V ) ∈ L^∞(Ω) ∩ H^1(Ω) of the stationary equations (11)-(12), (27)-(28) satisfying

ρ, F, V ∈ C^0(Ω) and inf_Ω ρ > 0.

Notice that we allow for vanishing electron density on some part of the boundary. Surprisingly, it is possible to prove that the particle density is positive in the domain Ω. For the proof of the above theorem, show first that there exists a unique maximizer of an appropriately truncated energy functional corresponding to the problem (11)-(12), (27)-(28) and then, using the uniform estimates coming from the energy inequality, let the truncation parameter tend to zero. The limiting function is the solution of the problem under consideration. The positivity of the electron density is shown by using the Harnack inequality (if h(ρ) = ρ^{γ−1} − 1) or the classical maximum principle (if h(ρ) = log ρ) and the Hopf principle. We refer to [1] for details and generalizations of the above result. To our knowledge, there does not exist a uniqueness result for the stationary QDD equations.

The time-dependent equations in the one-dimensional interval Ω = (0, 1) are considered with the following initial-boundary conditions:

ρ(·, t) = 1, ρ_x(·, t) = 0, V (·, t) = V_D on ∂Ω × (0, ∞), (29) ρ(·, 0) = ρ_I in Ω. (30)

The following result can be derived from the results of [22] and [21].

Theorem 2.7 Let Ω = (0, 1) and ρ_I ∈ H^2(Ω). Then there exists a solution (ρ, V ) of (11)-(12), (29)-(30) for all time satisfying

ρ ∈ L^2_{loc}(0, ∞; H^2(Ω)) ∩ C^0(Ω × [0, ∞)), V ∈ C^0([0, ∞); C^2(Ω)), min_Ω ρ ≥ 0.

The boundary condition ρ_{xx} = 0 at x = 0, 1 is satisfied in a generalized sense; see [22]. The main idea of the proof is a semi-discretization in time such that elliptic problems have to be solved.

The non-negativity property is proved by using 1 − log ρ as a test function in (11) which yields H^1(Ω) estimates for log ρ. In one space dimension this implies log ρ ∈ L^∞(Ω) and hence ρ > 0. In the limit of vanishing time discretization parameter the strict inequality relaxes to ρ ≥ 0 in Ω × (0, ∞).

An existence result for a simplified equation (T = 0 and V = 0 in (11)) with the boundary conditions ρ = 1, ρ_x = 0 and V = V_D has been presented in [21].

3 Semi-classical Limits

In this section we review two results on the semi-classical limit in the quantum models leading to classical fluiddynamical equations, in particular the combined semi-classical and quasi-neutral limit in the Schrödinger-Poisson system and the semi-classical limit in the QHD equations. In the literature, semi-classical limits have also been performed for other quantum models, for instance for the stationary QDD equations [1].

3.1 From the Schrödinger-Poisson to the Compressible Euler Equation

The combined semi-classical quasi-neutral limit in the bipolar Schrödinger-Poisson system gives the compressible Euler equations. This limit has been made rigorous in [23]. More precisely, consider the Schrödinger-Poisson system iε∂_tψ_j = − ε^2 2 Δψ_j + (q_j V + h(|ψ_j |^2))ψ_j , ψ_j (·, 0) = ψ_{I,j} , j = 1, 2, (31)

λ^2ΔV = |ψ_1|^2 − |ψ_2|^2 in R^d × (0, ∞), (32)

where d ≥ 1, q_1 = −1 and q_2 = +1. Let (ψ^δ_1 , ψ^δ_2, V^δ ) be a solution of (31)-(32) with δ := (ε, λ). In the limit δ → 0, it is possible to prove that the particle densities ρ^δ_j and the current densities J^ε_j , defined by

ρ^δ_j = |ψ^δ_j |^2, J^δ_j = εIm(ψ^δ_j ∇ψ^δ_j ),

converge to ρ and ρu, respectively, where (ρ, u) is a (smooth) solution of

∂_tρ + div(ρu) = 0, ∂_tu + u · ∇u + ∇h(ρ) = 0 in R^d × (0, T^∗), (33) ρ(·, 0) = ρ_I , u(·, 0) = u_0 in R^d , (34)

and (0, T^∗) is the maximal time interval in which there exists a smooth solution (ρ, u) of (33)-(34).

Theorem 3.1 Let h(ρ) = ρ^{γ−1} − 1 with γ ≥ 2, ρ_0 := |ψ^δ_{I,1}|^2 = |ψ^δ_{I,2}|^2 ∈ L^γ (R^d ), u_0 ∈ H^s(R^d ), where s > d/2 + 2. Furthermore, assume that ‖ψ^δ_j ‖_Hs_{(R}d_) is sufficiently small and that ‖u_0ψ^δ_{I,j} + iε∇ψ^δ_{I,j} ‖_L2_{(R}d_) → 0 (35)

as δ → 0 (j = 1, 2). Then, as δ = (ε, λ) → 0,

ρ^δ_j → ρ weakly in L^∞(0, T^∗; L^γ (R^d )),

J^δ_j → ρu in the sense of L^∞(0, ∞; M(R^d )),

where M(R^d ) is the d-vector-valued space of Radon measures and (ρ, u) is the unique H^s(R^d ) solution of (33)-(34).

If ψ^δ_j can be decomposed as ψ^δ_j = √ ρ^δ_j exp(iS^δ_j /ε) the assumption (35) can be written in the form ε‖∇ √ ρ^δ_j ‖^2_L2_{(Ω)}+‖ √ ρ^δ_j (u_0−∇S^δ_j )‖^2_L2_{(R}d_) = ‖u_0ψ_{I,j} +iε∇ψ^δ_{I,j} ‖^2_L2_{(R}d_) → 0 as δ → 0.

In particular, if ρ_0 = ρ^δ_{I,j} and u_0 = ∇S^δ_j (j = 1, 2), then (35) is trivially satisfied since ‖u_0ψ^δ_{I,j} + iε∇ψ^δ_{I,j} ‖^2_L2_{(R}d_) = ε‖∇ √ ρ_0‖^2_L2_{(Ω)} → 0 as δ → 0.

For the proof of Theorem 3.1, the Schrödinger-Poisson system (31)-(32) is formulated as a quantum hydrodynamic model in which the convection term is replaced by an expression which contains the Wigner function. Using estimates from a modulated energy functional, it is possible to prove that ρ^δ_j → ρ weakly* in L^∞(0, T^∗; L^γ (R^d )). Moreover, the Wigner function converges weakly to some Radon measure w as shown in [9, 25]. Then the estimates for the modulated energy functional imply that w(x, v, t) = ρ(x, t)δ(v−u(x, t)), where δ is the Dirac δ-distribution. This concludes the proof (see [23] for details).

The combined semi-classical quasi-neutral limit in the linear Schrödinger equation, coupled to the Poisson equation for one carrier type, to the incompressible Euler equations has been shown in [31].

We notice that there are only a few results on the quasi-neutral limit λ → 0. Brenier [3] and Grenier [11] performed the limit λ → 0 in Vlasov-Poisson systems. The quasi-neutral limit in drift-diffusion equations has been made rigorous in [7, 20].

Another way to perform the semi-classical limit rigorously is to make a WKB ansatz and to reformulate the (defocusing) Schrödinger-Poisson system as a quantum hydrodynamic model. This model can be seen as a dispersive perturbation of the Euler-Poisson problem written in the form of a quasi-linear symmetric hyperbolic system to which the Lax-Friedrich-Kato theory can be applied. In [24] it is proved that the solution of the (unipolar) Schrödinger-Poisson system converges to a (local-in-time smooth) solution of the compressible Euler-Poisson system as ε → 0. 3.2 From the Quantum Hydrodynamic to the Subsonic Hydrodynamic Equations

Let (ρ_ε, V_ε) ∈ H^4(Ω) × H^2(Ω) be the solution of the one-dimensional stationary QHD model (1)-(3) with Ω = (0, 1) and boundary conditions (19) where ρ = e^u. Then it is shown in [12] that (ρ_ε, V_ε) converges to the solution (n, V ) of the hydrodynamic equations ( J^2 ρ + T p(ρ) ) x − ρV_x = − J τ , λ^2V_{xx} = ρ − C(x), (36)

ρ(0) = ρ_0 > 0, ρ(1) = ρ_1 > 0, V (0) = V_0, (37)

if the (constant) current density is small enough and if p(ρ) = ρ.

Theorem 3.2 Let C ∈ L^2(Ω) and p(ρ) = ρ. Then, for sufficiently small J > 0, as ε → 0, ρ_ε → ρ weakly in H^1(Ω) and strongly in C^0(Ω), V_ε → V weakly in L^2(Ω),

and (ρ, V ) ∈ H^1(Ω) × H^1(Ω) is the unique solution of (36)-(37) satisfying min_Ω ρ > 0.

The idea of the proof is to use log ρ_ε − log ρ̃ with ρ̃(0) = ρ_0 and ρ̃(1) = ρ_1 as a test function in the stationary equation (2). The pressure term provides an H^1(Ω) estimate for log ρ_ε independent of ε from which we can conclude the result.

A similar result using different boundary conditions has been presented in [6].

Acknowledgments: A.J. acknowledges partial support from the Deutsche Forschungsgemeinschaft, grants JU 359/3-1 (Gerhard-Hess Award) and JU 359/5-1 (Priority Program “Multiscale Problems”), and by the AFF Project of the University of Konstanz.

H.L. and S.W. are supported by the Wittgenstein Award 2000 of Peter A. Markowich, funded by the Austrian FWF.

A.J and P.M. acknowledge partial support from the TMR Project “Asymptotic Methods in Kinetic Theory”, grant ERB-FMBX-CT97-0157.

S.W acknowledges partial support from the National Youth Natural Science Fundation (grant 10001034) of China and the FWF-Projekt 14876-MAT “Fokker-Planck- und Mittlere-Feld-Gleichungen” (Austria).

References

[1] Ben Abdallah, N., Unterreiter, A. (1998): On the stationary quantum drift-diffusion model. Z. Angew. Math. Phys. 49, 251-275.

[2] Brezzi, F., Markowich, P. (1991): The three dimensional Wigner-Poisson problem:

existence, uniqueness and approximation. Math. Methods Appl. Sci. 14, 35-62. [3] Brenier, Y. (2000): Convergence of the Vlasov-Poisson system to the incompressible Euler equations. Commun. Part. Diff. Eqs. 25, 737-754.

[4] Castella, F., Erdös, L., Frommlet, F., Markowich, P. (2000): Fokker-Planck equations as scaling limits of reversible quantum systems. J. Stat. Phys. 100, 543-601. 1999.

[5] Gamba, I., Jüngel, A. (2001): Positive solutions to singular second and third order differential equations for quantum fluids. Arch. Rat. Mech. Anal. 156, 183-203.

[6] Gamba, I., Jüngel, A. (2002): Asymptotic limits in quantum trajectory models. Commun. Part. Diff. Eqs. 27, 669-691.

[7] Gasser, I., Levermore, C. D., Markowich, P., Schmeiser, C. (2001): The initial time layer problem and the quasi-neutral limit in the semiconductor drift-diffusion model. Europ. J. Appl. Math. 12, 97-116.

[8] Gasser, I., Lin C. K., Markowich, P. (2000): A review of dispersive limits of Nonlinear Schrödinger-type equations. Taiwanese J. Math. 4, 501-529.

[9] Gasser, I., Markowich, P. (1997): Quantum hydrodynamics, Wigner transforms and the classical limit. Asympt. Anal. 14, 97-116.

[10] Gardner, C. (1994): The quantum hydrodynamic model for semiconductor devices.

SIAM J. Appl. Math. 54, 409-427.

[11] Grenier, E. (1996): Oscillations in Vlasov-Poisson systems. Commun. Part. Diff. Eqs.

21, 363-394.

[12] Gyi, M.T., Jüngel, A. (2000): A quantum regularization of the one-dimensional hydrodynamic model for semiconductors. Adv. Diff. Eqs. 5, 773-800.

[13] Jüngel, A. (1997): A note on current-voltage characteristics from the quantum hydrodynamic equations for semiconductors. Appl. Math. Lett. 10, 29-34.

[14] Jüngel, A. (1998): A steady-state potential flow Euler-Poisson system for charged quantum fluids. Commun. Math. Phys. 194, 463-479.

[15] Jüngel, A. (2001). Nonlinear problems in quantum semiconductor modeling. Nonlin.

Anal. 47, 5873-5884.

[16] Jüngel, A. (2001). Quasi-hydrodynamic Semiconductor Equations. Birkhäuser, Basel. [17] Jüngel, A., Li, H.-L. (2001): Quantum Euler-Poisson system: existence of stationary states. Submitted for publication.

[18] Jüngel, A., Li, H.-L. (2002): Quantum Euler-Poisson system: global existence and exponential decay. Submitted for publication.

[19] Jüngel, A., Mariani, M. C., Rial, D. (2001): Local existence of solutions to the transient quantum hydrodynamic equations. Math. Models Meth. Appl. Sci. 12, 485- 495.

[20] Jüngel, A., Peng, Y.-J. (2001): A hierarchy of hydrodynamic models for plasmas:

quasineutral limits in the drift-diffusion equations. Asympt. Anal. 28, 49-73. [21] Jüngel, A., Pinnau, R. (2000): Global non-negative solutions of a nonlinear fourth order parabolic equation for quantum systems. SIAM J. Math. Anal. 32, 760-777.

[22] Jüngel, A., Pinnau, P. (2001): A positivity preserving numerical scheme for a nonlinear fourth-order parabolic system. SIAM J. Num. Anal. 39, 385-406.

[23] Jüngel, A., Wang, S. (2002): Convergence of nonlinear Schrödinger-Poisson systems to the compressible Euler equations. Submitted for publication.

[24] Lin, C. K., Li., H.-L. (2001): Semiclassical limit and well-posedness of Schrödinger- Poisson and quantum hydrodynamics. Preprint.

[25] Lions, P. L., Paul, T. (1993): Sur les mésures de Wigner. Revista Mat. Iberoamericana 9, 553-618.

[26] Madelung, E.(1927): Quantentheorie in hydrodynamischer Form. Z. Physik 40, 322. [27] Markowich, P. A., Ringhofer, C. (1994): Quantum hydrodynamics for semiconductors in the high-field case. Appl. Math. Lett. 7, 37-41.

[28] Markowich, P., Mauser, N. (1993): The classical limit of a self-consistent quantum- Vlasov equation in 3D. Math. Models Meth. Appl. Sci. 3, 109-124.

[29] Markowich, P., Mauser, N., Poupaud, F. (1994): A Wigner-function approach to semiclassical limits: electrons in a periodic potential. J. Math. Phys. 35, 1066-1094.

[30] Markowich, P. A., Ringhofer, C., Schmeiser, C. (1990): Semiconductor equations.

Springer, Vienna.

[31] Puel, M. (2000): Etudes variationnelles et asymptotiques des problèmes de la mécanique des fluides et des plasmas. PhD thesis, Université Paris 6.

[32] Ringhofer, C. (1997): Computational methods for semiclassical and quantum transport in semiconductor devices. Acta Numerica, 6, 485-521.

[33] Taylor, M.(1981): Pseudodifferential Operators. Princeton University Press, Princeton.

[34] Ward, M., Reyna, L., Odeh, F. (1991): Multiple steady-state solutions in a multijunction semiconductor device. SIAM J. Appl. Math. 51, 90-123.

[35] Wang, S. (2002): Quasineutral-semiclassical limit of the defocussing nonlinear Schrödinger-Poisson system. Preprint.

[36] Wigner, E. (1932): On the quantum correction for thermodynamic equilibrum. Phys.

Rev. 40, 749-759.