BLOW-UP OF SOLUTIONS TO SEMI-DISCRETE
PARABOLIC-ELLIPTIC KELLER-SEGEL MODELS

ANSGAR JUNGEL AND OLIVER LEINGANG

ABSTRACT. The existence of weak solutions and upper bounds for the blow-up time for
time-discrete parabolic-elliptic Keller-Segel models for chemotaxis in the two-dimensional
whole space are proved. For various time discretizations, including the implicit Euler,
BDF, and Runge-Kutta methods, the same bounds for the blow-up time as in the contin-
uous case are derived by discrete versions of the virial argument. The theoretical results
are illustrated by numerical simulations using an upwind finite-element method combined
with second-order time discretizations.

1. INTRODUCTION

This paper is concerned with the derivation of upper bounds for the blow-up time in
semi-discrete Keller-Segel systems in R2. The (Patlak-) Keller-Segel model describes the
evolution of the cell density of bacteria or amoebae that are attracted by a chemical
substance [24, 35]. Under simplifying assumptions, the cell density n(x,t) and the density
of the chemo-attractant c(x,t) satisfy the parabolic-elliptic equations

(1) om = div(Vn —nVe), —Ac+ac=n inR?

where @ > 0 measures the degradation rate of the chemical substance. Denoting by B,
the Bessel potential if & > 0 and the Newton potential if « = 0 (see the appendix for the
definitions), this system can be formulated more compactly as a single equation,

(2) O =div (Vn—n(VB, *n)) inR?

with the initial condition
n(-,0) =ng in R?

1.1. Blow-up properties. The coupling in equations (1) is a positive feedback: The cells
produce a signal that attracts other cells. The cell aggregation is counterbalanced by
diffusion, but if the cell density is sufficiently large, the chemical interaction dominates
diffusion and may lead to finite-time blow-up of the cell density.

System (1) exhibits a dichotomy. Consider first the case without degradation, o = 0.
If the initial mass satisfies M := fR2 nodr < 8m, no aggregation takes place and the cells
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just diffuse for all times [6]. On the other hand, if the mass is supercritical, M > 87, and
the second moment I := fR2 no|z|*dz is finite, the solutions blow up in finite time. In the
limit case M = 8, there is blow-up in infinite time with constant second moment [5]. We
remark that the critical space is L%?(R%) in space dimensions d > 2 [16]. When the signal
degradates, a > 0, a similar criterium holds: The solutions exist for all time for subcritical
initial masses M < 8, and they blow up in finite time for supercritical masses M > 8w
and sufficiently small second moment [y [10]. The blow-up time Ti,.x can be estimated
from above by

27'(']0
M (M — 87 —2v/aMIy)
The upper bound for the system with degradation becomes larger than that one without
degradation, indicating that blow-up happens later than without degradation, which is
biologically reasonable. The idea of the proof is a virial argument: The second moment
I(t) = [gon(-, t)dx solves the differential inequality

i _ M Va

(4) o < o (M —8m) + M V1.
If & = 0, this expression becomes an identity. Now, if ¢ > 7™ we infer that I(t) < 0,
contradicting n(-,t) > 0.

Very detailed numerical simulations of the collapse phenomenon in the parabolic-parabol-
ic system have been performed in, e.g., [9]. The asymptotic profile of blow-up solutions in
the parabolic-elliptic model was studied in [17]. Numerical blow-up times were computed,
for instance, in [19] using a kind of H? norm indicator; in [9] using the moving-mesh
method; and in [18] using discontinuous Galerkin approximations.

The aim of this paper is to prove the existence of weak solutions to various versions
of time-discrete equations and to derive discrete versions of inequality (4). We analyze
the implicit Euler and higher-order schemes, including BDF (Backward Differentiation
Formula) and Runge-Kutta schemes. Our goal is not to design efficient numerical schemes
but to continue our program to ‘“translate” mathematical techniques from continuous to
discrete situations [28, 29, 30].

The proof of inequality (4) is based on three properties: nonnegativity of n(z,t), mass
conservation, and a symmetry argument in the nonlocal term in (2). The implicit Euler
scheme satisfies all these properties, while the nonnegativity cannot be proved for higher-
order schemes, although it seems to hold numerically (see Section 4). We discuss this issue
below.

(3) Tmax S T" =

1.2. State of the art. The literature on the analysis and numerical approximation of
Keller-Segel models is enormous. Therefore, we review only papers concerned with the
analysis of numerical schemes and the blow-up behavior of the discrete solutions, in par-
ticular possessing structure-preserving features. We do not claim completeness and refer
to the introduction of [1] for more references.

Most of the numerical schemes for the Keller-Segel model utilize the implicit FEuler
method for the time discretization and aim to preserve some properties of the continuous
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equations, like (local) mass conservation, positivity (more precisely, nonnegativity) preser-
vation, or energy dissipation. These schemes use (semi-implicit) finite-difference methods
[13, 32, 40]; an upwind finite-element discretization [37]; an Eulerian-Lagrangian scheme
based on the characteristics method [42]; a Galerkin method with a diminishing flux limiter
[45]; and finite-volume methods [20, 49]. A finite-volume scheme was also studied in [1] but
with a first-order semi-exponentially fitted time discretization. Finally, a mass-transport
steepest descent scheme was analyzed in [4]. All these schemes are based on first-order
discretizations.

Only few results are concerned with higher-order time integrators. Strongly A(6)-stable
Runge-Kutta finite-element discretizations were analyzed in [34], and the convergence of
the discrete solution was shown. However, mass conservation or positivity preservation
was not verified. As A-stable time integrators are computationally very costly, often split-
ting methods are used. A third-order strong stability preserving (SSP) Runge-Kutta time
discretization for the advection term and the second-order Krylov ITF (implicit integra-
tion factor) method for the reaction-diffusion term, together with a positivity-preserving
discontinuous Galerkin approximation in space, was suggested in [48], but without any
analysis.

A number of papers are concerned with the preservation of the nonnegativity of the
cell density. An example is [14], where a semi-discrete central-upwind scheme was pro-
posed. Moreover, in [15], a hybrid finite-volume finite-difference method was combined
with SSP explicit Runge-Kutta schemes (for the parabolic-parabolic case) or the explicit
Euler scheme (for the parabolic-elliptic case). Clearly, a CFL condition is needed to en-
sure the stability of the explicit schemes. Another approach was used in [47] for a related
tumor-angiogenesis model, where a Taylor series method in time allows for higher-order
but still explicit schemes.

We remark that there do not exist SSP implicit Runge-Kutta or multistep methods of
higher order [22, Section 6]. Moreover, SSP for such methods is guaranteed only under
some finite time step condition [7, 43] (also see the recent work [25]). In view of these
results, positivity preservation of our higher-order schemes cannot be expected.

We do not aim to preserve the free energy of the Keller-Segel system since such schemes
usually destroy the symmetry property needed for the blow-up argument; see Remark 3 for
details. An exception is the work [4], where the virial blow-up argument could be used for
an implicit Euler steepest descent scheme, which also provides the decay of the gradient-
flow energy. Some estimates on the discrete free energy in an implicit Euler finite-volume
approximation were shown in [49]. A numerical scheme that dissipates the free energy
numerically was suggested in [12] using a gradient-flow formulation of the energy functional
with respect to a quadratic transportation distance. It is shown in [40] that the dissipation
of the discrete free energy may fail in an upwind finite-difference scheme. The dissipation
of the discrete entropy in a finite-volume modified Keller-Segel system was proved in [3].

The novelty of this paper is the derivation of the critical initial mass and an upper
bound for the blow-up time for various time discretizations, where the values are the same
as in the continuous case. This shows that the “continuous” methods carry over to the
semi-discrete case. Because of the virial argument, the extension to spatial discretizations
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is more delicate. A possible direction is to extend the virial argument to a discrete Bessel
potential, but we leave details to a future work.

1.3. Main results. Our main results can be sketched as follows (details will be given in
sections 2 and 3). Let ny be an approximation of n(-, k), where 7 > 0 is the time step and
k € N. We recall the definitions M = [, nodz of the initial mass and Iy = [g, nolz|[*dz of
the initial second moment.

e Existence of solutions to the implicit Euler scheme (Theorem 1): For given ny_; > 0
and sufficiently small time step 7, there exists a unique weak solutions n, to the
semi-discrete equations. Moreover, the scheme preserves the positivity, conserves
the mass, and has finite second moment.

e Finite-time blow-up for the implicit Euler scheme (Theorem 2): Let M > 87 and
let Iy be finite (if & = 0) or Iy and 7 be sufficiently small (if & > 0). Then the
semi-discrete solution exists only up to discrete times k7 < T, where T™ is defined
in (3).

e BDF schemes: For sufficiently small 7 > 0, there exists a unique weak solution
to the BDF-2 and BDF-3 scheme, conserving the mass and having finite second
moment. Moreover, under the same assumptions as for the implicit Euler scheme,
the solution blows up and k7 < T* (Theorem 5 for BDF-2 and o > 0, Theorem 7
for BDF-3 and o = 0).

e Runge-Kutta schemes (Theorem 9): If @ = 0 and under the same assumptions as
for the implicit Euler scheme, the solution blows up and k7 < T™. The same result
holds for the implicit midpoint and trapezoidal rule if o > 0.

The interesting fact is that the upper bound 7™ is the same for both the continuous and
semi-discrete equations. Observe that the existence results do not require the condition
M < 8m, since they are local. In particular, the smallness condition on 7 is natural, and
the time step needs to be chosen smaller and smaller when the blow-up time is approached.

The paper is organized as follows. Section 2 is concerned with the analysis of the implicit
Euler scheme, while some higher-order schemes (BDF, Runge-Kutta) are investigated in
section 3. In section 4 we provide some numerical examples to illustrate our theoretical
statements. Finally, the appendix collects some auxiliary results.

2. IMPLICIT EULER SCHEME

We show the existence of weak solutions to the implicit Euler approximation of the
Keller-Segel system (2) and their finite-time blow-up, where

1
(5) —(le — nk_l) = div (V?’Lk - nkVBa * nk) in R2.
T

Here, 7 > 0 is the time step and B, is the Bessel potential if a > 0 and the Newton
potential if & = 0 (see the appendix). First, we study the existence of solutions. For this,
let X := L'(R?*) N L>(R?) with norm |jul|x = max{||u||;1®2), |u|| 1@z} for u e X.
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Theorem 1 (Existence for the implicit Euler scheme). Let ny_1 € X and
1 1
(m+1/2)? (I llx + 1)*
Then there exists a unique weak solution n, € X N H'(R?) to (5) such that

e nonnegativity: if n,_1 > 0 then n, > 0 in R2,
o conservation of mass: [, npdr = [o, np_dz,
e control of second moment: if [, np_1|x[*dr < co then [4, ng|z|*dr < co.

T <<

Proof. The strategy is to prove first the existence of a unique very weak solution n; € X
to the truncated problem

(6) %/R2 (nk — np—1)¢da = /R2 npAddz —I—/ ni (VB *ng) - Vodr

R2
for all ¢ € H'(R?), where n;} = max{0,n;}. The second step is to show that n, € H'(R?).
Then we can use n, = min{0,n,} as a test function in the weak formulation and prove
that n, > 0.
Step 1: Solution to (6). To simplify the notation, we write n := n; and ng := ng_;. We
introduce the operator Ve : X — L>(R?)?, Ve¢[n] = VB, xn. We claim that this operator
is well-defined and continuous. Indeed, set for a > 0,

(7) Ga(r) == / e ) dy <1 for > 0.
0
Then, after the substitution s = |z|?/(4t), we can write
1 =z
8 VB (2) = — 5= 159 (I2]) R?,
) () =5 asmllal, =e

and it follows that

Veln](z)] =

1 T —y
— [ =7 gz — d
27T/ ek (|2 —y[)n(y) y‘

R2 |l'—

1 1
N O Py
2m lz—y|<1 |{L‘ - y| 2m |lz—y|>1 |l‘ - y|

1
(9) < lInllz=me) + o lInllor@e) < blin]lx.
where b:= 1+ 1/(2m). This shows the continuity of Ve.
Next, for given n € X, the linear problem
—An+ 77 (n — ng) = —div(n* Ve[n))

has a unique solution in H'(R?). Indeed, since we have n* € L*(R?), Vc[n] € L>(R?)?,
and therefore f := n*Ve[n| € L*(R?)?, we can apply Lemma 16 in the appendix yielding
the unique solvability of the linear problem. The solution is given by

1
(10) n= ;Bl/T xng — VB * (n"Ven]).
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Hence, we can define the fixed-point operator T': X — X by T[n] := n, and n is given by
(10). Clearly, any fixed point of 7" is a solution to (6). We apply the Banach fixed-point
theorem to 7" on the set S := {n € X : ||n||x < ||nollx + 1}. For this, we need to show
that T': S — S is a contraction.

For the proof of T'(S) C S, we use Lemma 14, the Young inequality with p=¢=7r =1
(see the appendix), and (9):

1
1Tl ey < Nl Bz * noll ey + [V By % (n"Veln)) [l e

1
< ;HBl/THLl(R?)||n0||L1(R2) + [V Byl w2y | Ve[n] || oo w2y 72| 1 m2)

< [Imollzacee) + 57726 mll-
Similarly, we obtain
1Tl ey < limollzoe ey + 57 bllnl
Combining the previous two estimates, we conclude that
IT[n]l[x < llnollx + ng/%Hano

Then choosing 7 < (7b) ~2(||no||x +1)~*, we see that ||T[n]||x < ||nollx +1/2, which shows
that T'[n] € S.
To show the contraction property, let n, m € S. Then, estimating as above,

IT[n] = T[m]||x < ||VBy-* (n*Ven] —m*Vem])||

< IV Byl s [ — ) Veln] + e (Vel) = Velm)
T 172
57
< 7T7'1/2b(Hn0HX +1)[|n — m]|x.

IN

([In* —m* || xIVen] || o @y + lml x| Veln — m]|| Lo g2))

Since 77V/2b(||no||x +1) < 1, T is a contraction. By the Banach fixed-point theorem, T°
has a fixed point n, € X, which is a solution to (6).

Step 2: Regularity of the solution to (6). We prove that for any o > 0, n, € H'(R?)
solves

1
(11) ;/ (N — ng—1)pdr = — | Vny - Vodr + / nt (VB, #ny) - Vodx
R? R2 R2

for all ¢ € H'(R?) and satisfies
(12) 72l 1 (2) < Collnp—12(m2)

for some positive constant Cy which depends on 7 and ||ng_1||x.
Again, we set n := ny and ng := ng_;. Since n € X C L?(R?), we have n™V¢[n| €
L*(R?)%. Therefore, by Lemma 16, n € H'(R?) is the unique solution to (11). We take n
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as a test function in that equation and use the Young inequality:

1 1
(n* —nd)dx < —/ (n —no)ndx = —||Vn|72 g —i—/ n*Veln] - Vndz
R2 R2

; R2 T
1 1
< —§||Vn||%2(m2) + 5||n||%2(R2)ch[n]”%m(RQ)'

By (9) and ||n||x < ||nollx + 1, we find that

1 2
- /RQ(H2 —ng)dx + [|Vnl|72gey < O nll%nlZ2@ey < 0 (IInollx + 1) [1n)|72g2)-

Then, since 3 := 1 — b*(||no||x + 1)>7 > 0, we infer that

Il ) < B”nOH%Q(RQ)’

and the claim follows with Cy = 1/+/B.
Step 3: Nonnegativity of ng. Let nj—1 > 0 in R%. We use n;, = min{0,n;} € H*(R?) as
a test function in (11):

1 1
—/ (ny)?dx < —/ (ng — ng_1)n, dx
T Jr2 T Jr2

= —/ Vn, |*dx +/ niVelng] - Vngdz <0,
R2 R2

since ni_1n; < 0 and the last integral on the right-hand side vanishes. This shows that
nk > 0 in R?, and n; = ny in (11).

Step 4: Mass conservation. The statement follows immediately if we could use ¢(z) =1
as a test function in (6). Since this function is not integrable, we need to approximate.
As in [26], we introduce the radially symmetric cut-off function ¢r(x) = ¢(|z|/R), where
R >1 and

1 for0 <r <1,
1—2(r—1)* forl<r<3/2
13 —
(13) V=90 rp  fwsp<r<e
0 for r > 2.
The following properties hold:
¢r € H*(R?), R}im or(z) =1 for all z € R?,
—00
(14) % e
Vor(z) = Vor(y)| < prlv 9l |Aén(x) < 5 forall z,y € R,

for some constants C;, Cy > 0. Let 0 < p° € C5°(R?) be a standard mollifier and set
& = ¢r*p°. Then ¢% — ¢p in H*(R?) as e — 0 [27, Lemma 1.8.2]. Consequently, up to
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a subsequence, which is not relabeled, ¢% — ¢r, Vo, = Vg, and A¢y; — A¢g a.e. in
R% We use ¢% as a test function in (6) and insert (8):

1
—/ (ng — ng_1)pRdx| = / nrAdg dx—l—/ ng(V By x ng) - Vogde
R2 R2

T

Tr—vY c
L [ L momatie = )22 Voo

By symmetry and (14), the second integral can be estimated as

/ / i (2)(9) g [ — y)) - V5w ddy
R2 R2 | y|

< R2 ||nk||L1 R2) + 5o

271'

r—1Yy c .
- E L] nk<x>nk<y>ga<r:c—yr>‘ =i (Vo) — Vei(w))dydo

- 47TR2 /11@2 /1;{2 e y)dyd = 47 R2 anHLl (R2)-

These estimates allow us to apply the dominated convergence theorem, which leads, in the
limit € — 0, to

1
;/ (nk — nk_1)¢Rd$ = / nkA(dex + / nk(VBa * nk) : V¢Rd13
R2 R2

R2
The same estimates as before show that both integrals on the right-hand side can be
estimated by a multiple of 1/R? such that the limit R — oo leads to

1

—/ (ng — ng—1)dx = 0,
T Jr2
which gives mass conservation.

Step 5: Control of the second moment. Similarly as in step 4, we approximate |z|?
by setting ¥r(z) = |z|*¢r(z), where ¢r is defined in (13). Then vr € H*(R?), Vi is
Lipschitz continuous on R?, and Ay is bounded. Taking a standard mollifier p* > 0, we
set V5 = g * p° € C5°(R?). Using 9% as a test function in (6) and passing to the limit
¢ — 0 and then R — oo, it follows that

1
(15) —/ (ng — ng_1)|z)*dr = 4/ nidr + 2/ ng(V By, * ny) - xdx.
T Jr2 R2 R2

Young’s inequality and estimate (9) for Velng] = VB, * ng show that

2 ‘ / ng(V By * ny,) - xdx
RQ

§2b||nk||x/ nalzldz
RQ

ngnkHX/ nkdx—l—b||nk||X/ nelal2dz.
R2 R2

Therefore, with [|ng||x < [|ng—1llx + 1, (15) gives

(1 = 7b(||ng—allx + 1)) /2 np|zde < /2 ng_1|z]Pdr + (4 + bH”kHX)/ nodz.
R R

RQ
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Since 1 — 7b(||ng—1]|x + 1) > 0, we infer that the second moment of ny is bounded if the
second moment of n;,_; does so. Ul

Next, we turn to the finite-time blow up of semi-discrete solutions. Set, for a > 0,

(M — 87)? ., (M —8nm)

1 = T O -
(16) oM T 20 M?

Theorem 2 (Blow-up for the implicit Euler scheme). Assume that
ng >0, Iy:= / no(z)|zf’dr < co, M = nodx > 8.
R2 R2

Let (ng) C LY(R?) N H'(R?) be a sequence of nonnegative weak solutions to (5). Then this
sequence s finite with maximal index ky.,, where, if a =0,

271'[0
17 kmax S AT o\ "
(17) TM(M — 8r)
In case o > 0, if additionally Iy < I* and T < 7* then
2ml
(18) —

kmaX S .
TM(M — 87 — 2v/aM Iy)

Proof. Let first o = 0 and let ny be a weak solution to (5) with k > 2xly/(TM (M — 8)),
i.e., we assume that (17) does not hold. We set I, = [g, ng|z|[*dz. Then, by (15), for any
J <k,

I —I;_ 1—47’/ njdx—l—QT/ nJ(VBO*nJ) xdx

_47-]\4——/]R2 /Rgn x) y’g) n;(y)dydz,

where we used the conservation of mass and the deﬁmtlon of VBy * ni. A symmetry
argument leads to

I, —1I; 1—47]\/[——/ / r=y) @y >nj($)nj(y)dydm
R2 R2 ’.CU—

yl?
—47]\/[—2—]\/[2 o (87r—M)
Summing this identity over j = 1,..., k and taking into account the choice of k gives
kM
Iy = I — 22 (M — 87) < 0,
™

which is a contradiction to n; > 0.

Next, let v > 0. For the proof, we follow the lines of [10, Section 6] but the end of the
proof is different. Let n, > 0 be a weak solution to (5) such that (18) is not true. Similarly
as above, we find that

Ik — [k,1 = 47'/ ndeC + 27'/ nk<VBa * nk) - xdx
R2 R2
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-
=47 M — 2—/ / 9o |z — y)ng(z)nk(y)dydz
T R2 JR2

M

(19) = Srm =+ o [ (= galle =)ty

where we recall definition (7) of g,.
We need to estimate 1 — g,(r). For this, let z € R? r = |z| € (0,1/y/a). We compute

d <1
(1 - ga(T)) == _O;T / —6_5_0”2/(48)(18 = 271'04‘Z|Bl(\/&2) § \/&K,
0 S

where K = 2msup, . |z|Bi(|z]). It is known that Bi(r) behaves asymptotically as

—log |z] as [z] — 0, so K is finite. A numerical computation shows that sup, - [z|Bi(|x|)
~ 0.0742 and K ~ 0.4662. We conclude that

0<1-ga.(lz]) < VaK|z| for 0<+/alz| <1.

This bound, together with 1 — g,(|z|) < 1, shows that the last integral in (19) can be
estimated as follows:

2 / /waxym} (1 = gallz = yl)) e (z)ns(y) dydz

-
v | (1= gallr — y)) (o) mely) i
T J Jivala—y=1}
< Vo maX{LK}/ / |z — ylng (@) (y)dydz

2m R2 JR2

(20) <P [ limetoy < AR
m RQ T

where we have applied the Cauchy-Schwarz inequality in the last step. We infer from (19)
that

I~ ey < - M(8m — a0y Y2

T T

Now, the argument differs from that one used in [10]. Set 8 = /aM??/r and v =
M(M — 8m)/(2m). Then we need to solve the recursive inequality

(21) Iy — iy < 7f(I) = 7(BL)* = 7).

By definition of I*, we have f(I*) = 0. Since f is increasing and Iy < I*, it holds that
f(ly) < 0. We proceed by induction. Let f(Ix—1) < 0. We suppose that f(I;) > 0 and
show that this leads to a contradiction. Inequality (21) is equivalent to

1/2 1/2 51/2 1/2

]k/ _Ikél Ik/ +]k£1 <7
1/2 5 -
I —’7/5
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Since f(Ix—1) < 0, the first factor is larger than or equal to one, and taking into account
f(Ix) >0 or I;/Q > /B, we deduce that

. L < L7+ 15 <rT
gr BT g o
which contradicts the smallness condition 7 < 7% = v/%. We infer that f(I;) < 0.
Then, summing (21) from £ =1,...,7,

I; < ]0+TZf<]k) < Iy+71jf(1p).
k=1

We deduce that I; becomes negative for j > —1,/(7f(ly)) which contradicts n; > 0. This
completes the proof. O

Remark 3 (Semi-discrete energy dissipation). It is possible to design semi-discrete schemes
that dissipate the discrete free energy

1
B, = / <nk(10g ng — 1) — —cknk) dx
. 2

(and conserve the mass and preserve the positivity). An example, taken from [40], is the
semi-implicit scheme

(22) T (g — np_1) = div(ng — neVep_1), —Acp_i +acg_1 = np_; in RZ

Indeed, by the convexity of s — slogs, we obtain

/ (ni(logny, — 1) — ny_y(log ng—y — 1)) dz
R2

|V7’Lk|2
< (ng — ng_1) logngde = 7 — —— 4+ Vi1 - Vg |dx.
R?2 R2

Nk
Furthermore, translating the computation in [36, Section 5.2.1] to the semi-discrete case,

1 1

_/ (nka - nkflckfl)daj = —/ ((nk - nkﬂ)ck + nk,l(ck — Ckfl))dl’
2 R2 2 R2

1
— 5/ ((nk — ne—1)ee + (= Ak — crm1) + ey — 1)) o ) da
R2
N /2(nk = k)0 = _T/2 (Vnk Vg1 + nk|vclg71‘2)d:c.
R R

Subtracting the latter from the former expression, we conclude that

Ey—Ep 1 < —7'/ nk|V(logny — cp_1)|*dx < 0.
R2

Unfortunately, scheme (22) does not allow us to apply the symmetrization argument used

in the proof of Theorem 2, since the drift part depends on two different time steps. The

question whether (22) admits solutions that blow up in finite time remains open. O
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3. HIGHER-ORDER SCHEMES

We investigate BDF and general Runge-Kutta schemes.

3.1. BDF-2 scheme. The scheme reads as

1/3 1
(23) p (57% —2np1 + §nk2) = div (Vng — ny(VBg x 1)) in R?

for k > 2, where ng is given and n; is computed from ngy using the implicit Euler scheme.

Lemma 4 (Existence for the BDF-2 scheme). Let o > 0, ng_o, ng_1 € L'(R?) N L>®(R?),

and

3 1 1
T< = :
T 2(m 4 1/2)? (14 || 2nk—1 — Enp_allx)?

Then there exists a weak solution ny, € L*(R?)NL>®(R?)NH'(R?) to (23) with the following
properties:

o conservation of mass: [, npdr = [o, np_qde,
e control of second moment: if [o, np_1|x[*dr < co then [u, ng|z|*dr < co.

Proof. The proof is exactly as for Theorem 1 since we can formulate scheme (23) as

3 1 1
—Any + —ny = — (an_l — —’I’Lk_g) — div(niV By, * ng),
2T T 2
and the first term on the right-hand side plays the role of n;_; in the implicit Euler scheme.

The only difference to the proof of Theorem 1 is that we replace n) in (6) by ny, since

the truncation was only needed to show the nonnegativity of n;, which we are not able to
show for the BDF-2 scheme. O

Theorem 5 (Blow-up for the BFD-2 scheme). Assume that a« > 0 and

ng >0, Iy:= / no(z)|z*dr < 0o, M := [ ngdr > 8.
R2 R?

Let (ny,) € LY(R*)N H'(R?) be a sequence of nonnegative weak solutions to (23). Then this
sequence s finite with maximal index kyax, where kyay s bounded from above according to
(17) (if « =0) or (18) (if @ > 0 and additionally Iy < I* and T < 7%, where I* and 7* are
defined in (16)).

Proof. The proof is similar to that one of Theorem 2 but the iteration argument is different.
First, let « = 0. We know from the proof of Theorem 2 that

(24) Iy = Iy = —77,

where we recall that v = M (M — 8r)/(2r). Using the same approximation of |z|* as in
step 5 of the proof of Theorem 2, we can justify the weak formulation (see (15))

1 8
/ (nj —nj_y)|z)*de = —/ (nj_1 —nj_o)|z|’dr + —7'/ njdx
R2 3 Jgr2 3 Jpe
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2
+ —T/ nk(V By *ny,) - xdz.
3" |

The last integral can be calculated as in the proof of Theorem 2 and we end up with

1 2
I = It = 5 (T = Tia) + 5%M(87r — M).

We iterate this identity and insert (24):

1 Ty 1
TVZﬁ ~ gkl _77(1 - 3k1) =T
j=1

As in the proof of Theorem 2, this leads to a contradiction for large values of k.
Next, let a > 0. As the first step is computed with the implicit Euler scheme, the proof
of Theorem 2 gives the estimate

1
el

Iy = Iy1 = L — 1) —

Wl N

Il — I() S Tf(]l),

where f(s) = Bv/s —~ and B = JaM?3/?/w. Moreover, since f(ly) < 0, we know that
I, < Iy, and this gives f(I;) < 0.
For the following time steps, we obtain

1 2T
(25) Iy — Iy < g(]k—l — Ip9) + ?f(fk), k> 2.

Let us assume, by induction, that I, 1 < Iy and f([;_1) < 0 for k& > 2. We will prove
that I, < I_1 and f(I;) < 0. Assume by contradiction that f(I) > 0, which is equivalent

to [,1/2 > v/f. Then, using Iy — Ix_o < 0, we reformulate (25) as
L -2 0+ 2
RP—yp B T3
Since f(Ix—1) < 0, the first factor is larger than or equal to one, so
L+ R _or
g -3

and 7 < /% leads to
1/2 12, 11/2
1/ LR 2 24
LA g — 3 T3P
or I;/Q < 7/, which contradicts f(I) > 0. We conclude that f(I;) < 0 and therefore, by
(25), I < Ix—1 < 0, showing the claim.
We infer that f(I) < f(Ix—1) < --- < f({p), since f is nondecreasing. Hence, again
from (25) and using I; — Iy < 7f(y),

1 2T
I, — I < g([kq —I0) + ?f([o) <

k—1
1
3k71 ([1 — [0) + 2T Z 3_Jf<[0)
7j=1
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< g0+ 7(1= o ) () = 710

3k 1
Thus, I, < Ip+7 ijl f(Io) = Iy + 7k f(lp), and this leads to the contradiction I}, < 0 for
sufficiently large k € N, completing the proof. O

3.2. BDF-3 scheme. The finite-time blow-up can be also shown for solutions to higher-
order BDF schemes, at least in the case a = 0. As an example, let us consider the BDF-3
scheme

1
(26) 6—(11nk —18np_1 + Mo — 2np_3) = div(Vny, — np VB xn;)  in R?,
T

where ng_1, ng_o, and n,_3 are given. The existence of solutions can be shown as in Lemma
4. First, we prove that the scheme preserves the mass.

Lemma 6 (Conservation of mass). Let ng, ny, and ny be given and having the same mass
M. Then the solution ny has the same mass, fR2 nipdx = M, for k > 3.

Proof. We proceed by induction. Employing the mollified version of the cut-off function

(13) as a test function in (26) and passing to the limits ¢ — 0 and R — oo, we arrive at
1
67

If £ =3, this is equlvalent to

18 9 2
dx = —nNg — — — dx = M
/R2n3 x / (11n2 11n1+ 11n0) x ;

since ns, nq, and ng have the same mass M. For the induction step, if ny_1, ng_o, and ny_s
for k > 4 have the same mass, the same argument as above shows that fR2 np = M. [l

We recall that I, = [g, ng|z|*de for k € Ny and v = M (M — 8m)/(2).

Theorem 7 (Blow-up for the BDF-3 scheme). Assume that « =0, [s—1, = I, — Iy = —77,
and

(117’% — 187’Lk 1+ 97’Lk 9 — 271].C 3)d.’17 =0.

ng >0, Iy:= / no(z)|z|*dr < 0o, M := | nedr > 8.
R2

RQ
Let (ng,) € LY(R?*)N HY(R?) be a sequence of nonnegative weak solutions to (26). Then this
sequence is finite with maximal index k., where kyay s bounded from above according to
(17) (if a =0) or (18) (if « > 0 and additionally Iy < I* and 7 < 7*, where I* and T* are
defined in (16)).

Proof. We claim that I, — I;,_; = —717. To prove this, we proceed by induction. Let
k = 3. We take an approximation of |z|* as a test function in (26). Then, arguing as in
the previous sections, we find that

11 7 1
5 — (I3 — 1)) — 6(12 L)+ 5(11 — 1)

1
= Z(11L; — 181, + 91, — 21,) = QiM(g7r M) = 7.
T
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Since I, — I} = I} — Iy = —77, it follows that

11 7 1 11
E(I?’ — L) = ™ + 3TV TV =T
For the induction step, we assume that I, | — I o = I} — I}_3 = —77 for k > 3. Then,
as above,
11 7 1

— (I, — 1 ) — = ([ — I;._ —([._ o — I;._3) = —77.
6(k k—1) 6(k:1 k2)+3(k2 k—3) T

which shows that I, — I,_; = —77. As in the proof of Theorem 2, this leads to a contra-
diction for large values of k. O

The previous proof can be generalized to all BDF-m methods

1 m
- Z aing_; = div(Vng — VB, * ng),
-

=0

where a; € R satisfy > " a;, = 1. Note, however, that only the BDF-m schemes with
m < 6 are A(«)-stable, while they are instable for m > 6.

3.3. Runge-Kutta schemes. The Runge-Kutta scheme reads as follows:
1 S

—(ng —ng—1) = biK;, K;=div(Vm; —m;V B, xm;),

7_(nk Ng_1) Z iv(Vm; —m % 1M )

i=1

(27) s
mi:nk_l—l—TZainj, izl,...7S,
j=1

where s € N is the number of stages, b; > 0 are the weights, and a;; are the Runge-Kutta
cocflicients. We assume that "> | b; = 1. The existence of solutions is only shown for two
particular Runge-Kutta schemes; see below.

First, we claim that the mass is conserved in the following sense.

Lemma 8 (Conservation of mass). Let ny € L'(R?) be a solution to (27) such that m; €
LY(R?) and

. /R2(nk — ng—1)¢dr = ; /R bi(miA¢ +m(VB, *m) - Vo)dx

T

for all ¢ € C5°(R?). Then

mdr = / nipdr = / np_1dr, 1=1,...,s.
R2 R2 R2

Note, however, that we do not know whether m; > 0 in R2  Although we expect
physically that ny is nonnegative, this cannnot be generally expected for m,.
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Proof. Using the mollifier p° and the cut-of function ¢r(x) = ¢(|z|/R), where ¢ is defined
n (13), as a test function in the weak formulation of the equation for K; and performing
the limit ¢ — 0, we find that

/ Kz¢RdI = mZA¢RdI + mi(VBa * mz) : ngRde'
R2 R2 R2

According to (14), the first term on the right-hand side can be estimated as

m; A¢Rd$

||m,||L1 (R2)-

Cs
R2

‘RZ

For the second term, we use formulation (8) of VB,, the symmetry argument, and the
Lipschitz estimate (14) for Vg, which leads to

‘ mZ(VB xm;) - Vordr

mi(@) | (Von(z) = Vén(y) - ﬁgaux — yl)miy)dyda

‘R2

< o [ mito) / g = o

We deduce that for R — oo, fR2 K;dx = 0. Hence,

midx:/ nk_ldx+72aij/ Kjdx:/ Nnp_1dx,
R?2 R2 = R2 R?2
/nkdx—/ nk,l—i-TZbi Kidx—/ ng_1dx,
R2 R2 P R2 2

R
which concludes the proof. Il
We are able to show finite-time blow-up for all Runge-Kutta schemes if o = 0.

Theorem 9 (Blow-up for Runge-Kutta schemes). Let o = 0. Assume that
ng >0, Iy:= / no(z)|zf’dr < 0o, M := [ ngdr > 8.
R2 R?

Let (ny) C LY(R?) N HY(R?) be a sequence of nonnegative weak solutions to (27). Then
this sequence is finite with mazimal index kyay defined in (17).

Proof. Using an approximation of |x|? as a test function in (27) and passing to the de-
regularization limit (see step 5 of the proof of Theorem 2), we find that

I — I 1_72b< x—l/Rzmi(x)/RQ %mi(y)dydx).



SEMI-DISCRETE KELLER-SEGEL MODELS 17

By Lemma 8, the symmetry argument, and » ;_, b; =1,

Iy — I 1_7217 <4M——/2mi(x) 5 mi(y)dydx)

M? M
= bi| 4M — — | = - M
T; < 27T) 27T<87T )

Now, we argue as in the proof of Theorem 2 to conclude. U

The case a > 0 is more delicate since m; > 0 is generally not guaranteed. Indeed, it
follows that (see (19) and (20))

e I CIEE Ry Iy RS ESR ey

(0]
gzbi(—w%zw/ (ol ).
- R2

where we recall that v = M (M — 87r) /(27). By the Cauchy-Schwarz inequality,

=tz 3on] = ([ ) ([ i)}

and this cannot be estimated further as m; > 0 may not hold. However, for the midpoint
and trapezoidal rule, we are able to give a result. The reason is that these schemes can
be reformulated in terms of ny, ng_1, etc. without the use of m;. Clearly, we still need to
assume that n, > 0 but this is expected physically.

Implicit midpoint rule. The implicit midpoint rule is defined by s = 1, a;; = 1/2, and
by = 1. Then (27) becomes
1
—(ng —ng_1) = div(Vmg — m; VB, xmy),
-
mi = ng_1 + g div(Vmy — miV B, * my),

and since my = 5(ng + ng_1), this can be rewritten as

(28) l(”k —np_q) = div (V(n’“ +2nk—1> T +2nk—1 VB, * ny +2nk;—1>'
T Lot

Lemma 10 (Existence for the midpoint scheme). Let o > 0, ny_; € WHHR?)NWhoo(R?),
and

N [—=

2 1
(m+ 32 (lnn-allx + Rl + 51V llx + 1)
Then there exists a unique weak solution nj, € L'(R?*) N L>®°(R?) N H'(R?) to (28) with the
following properties:

e conservation of mass: [g. nkdr = [o, ng_1dz,
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e control of second moment: if [o. np—1|x[*dr < co then [u, ng|z|*dr < co.
Moreover, if a >0 and nj_; € Y := WHHR?) N W°(R?) N H3(R?), then ny € Y.

Note that our technique of proof requires higher regularity for n,_; compared to the
implicit Euler scheme. For general Runge-Kutta schemes, the regularity requirement be-
comes even stronger, which is the reason why we show existence results only in special
cases.

Proof. We set n := ny and ng := ny_,. For given n € X, we solve the linear problem

2 2 1
< — A+ —)n = —ng +div (Vno - §(ﬁ +n0)VBq * (n + no)) in R?.
T

T

By Lemma 16, this problem has a unique solution n € H!(R?), and it can be represented
by

~ 2 1 ~ ~
(29)  Tn|:=n= ;BQ/T *ng 4+ V By x Vg — §VBQ/T * (7 + no)Ve[n + no)),

writing Ve[n] = VB, *n as in section 2. This defines the fixed-point operator 7': S — 5,
where S = {n € X : ||n||x < Cg} and

) T
Cp = |Inollx + ?HnOH?X + §|\VHOHX + 1.

It holds T'(S) C S since, using similar arguments as in the proof of Theorem 1 and the
smallness condition on 7,

2
1T [n]]|x < ;||Bz/v||L1(R2)||no||X + [V Byl 212y | Vo || x

1
+ §HVB2/THL1(R2)HH + nol| x| Veln + nol || x

T 7wh\/T
\Y +
22 [Vnollx 4+/2

In + no %

< |lnollx +

< Cp.

We claim that T': S — S is a contraction. Indeed, let n, m € S. Then
1
ITn] = Tlmllx < 5|V Bajr + (1 -+ n0)V B % (1 + mo)

— V DBy x (m +ng)VBg * (m + nO)HX

T
43/2

T T
42
+ 1m0V Bo+ (0 = m)|x + [[(n = m)V B ol x )

IN

H(n +n0)V By * (n+ng) — (m +ng) VB, * (m + n0)||X

IN

(HnVBa xn —mV B, *m|x
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- wh\/T
= \/5
and we have 7by/7(Cp+1)/2 < 1. The Banach fixed-point theorem now implies that there
exists a unique fixed point n € X.
By the same arguments used in step 2 of the proof of Theorem 1, we infer that n, €
H'(R?). Steps 4 and 5 show the conservation of mass and the finiteness of the second
moment.

It remains to show that if ny_; € Y then n; has the same regularity. By Lemma 14,
ni € H*(R?) implies that VB, * ny € H*(R?). Therefore,

(Cp + Dlln —ml|x,

2 2
< — A+ ;) g = M- + Any_y — div ((ng, + ne—1)Velng]) € L*(R?).

Elliptic regularity then gives ny € H?*(R?). We bootstrap this argument to find that
n, € H*(R?) — WH>=(R?). Taking the L' norm of the gradient of n = ny in (29) shows
that || Vng||L1r2) can be estimated in terms of the H® norms of ny, niy_1, and c[ng]. We
conclude that n, € W11 (R?), finishing the proof. O

Lemma 11 (Blow-up for the midpoint scheme). Let o« > 0. Assume that

ng >0, Iy:= / no(z)|z|*dr < 0o, M := | nedr > 8.
R2

R2

Let (ng,) € LY(R?*) N HY(R?) be a sequence of nonnegative weak solutions to (28). Suppose
that Iy < I* and T < 27 (see (16)). Then this sequence is finite with mazimal index kyax
defined in (18).

Proof. Approximating |z|* as in step 5 of the proof of Theorem 2 and using the nonnega-
tivity of ng and nj_;, we can estimate as

]k — Ik—l = / (nk — nk_1)|x|2dx
RQ
=47 M — g / (ng + ng_1)V By * (N + ng_1)dz
R2
.
==t [ ] gulle = D)o ) @) e )0y
™ Jr2 JR2
-
< -7y + 4—\/5/ / lz — y|(ng + ng_1) () (ng + ng—1) (y)dydx
s R2 JR2
< —ry b LVARMMY (IR 4 12) = 4 D1 4+ 1),
Setting again f(s) = fy/s — 7, it follows that

Iy — Iy 1 < %(f([k:) + f(Ix-1)).
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Again, since f(I*) = 0 and f is increasing, we have f(/y) < 0. Let f(I;—1) < 0. Then
T
Iy — Ijy—1 < §f<fk)7

and we can proceed as in the proof of Theorem 2. Il

Trapezoidal rule. The (implicit, two-stage) trapezoidal rule is defined by s = 2, a;; =
= %, by = by = %, which gives the scheme

1 1
(30) ;(nk —Ng_1) = 5 div (V(nk + ng—1) + neV By * g + g1 VBy * ng_q).

The existence of weak solutions can be shown exactly as in the proof of Lemma 10, therefore
we leave the details to the reader.

Proposition 12 (Finite-time blow-up for the trapezoidal rule). Let o > 0. Assume that

ng >0, Ip:= / no(z)|zf’dr < 0o, M := [ ngdr > 8.
R2 R2
Let (ny) be a sequence of nonnegative weak solutions to (30). Suppose that Iy < I* and
T < 7% (see (16)). Then this sequence is finite with mazimal index ky.x defined in (18).

Proof. Arguing as in the previous blow-up proofs, we obtain

Ik—Ik_1:4TM—%/

RQ

n VB, * npdx — %/ N1V By * np_1dx

RQ

:
<-rrtova [ [ o i@y
™ R2 JR2

-
b [ [ e gl ) dyda
7 R2 JR2
T
< v+ Va2 4 1),
Now, we proceed as in the proof of Proposition 11. [l

Remark 13 (Explicit schemes). One may ask to what extent explicit schemes may be
considered too. The implicit Euler schemes provides the nonnegativity of the cell density
ny, which generally cannot be proven for the explicit Euler scheme. Clearly, we assumed
nonnegativity of nj for higher-order implicit schemes, so, this argument does not apply
to higher-order explicit schemes. In fact, the virial argument can be applied to explicit
Runge-Kutta schemes as well, with the same blow-up conditions (for @ = 0), since the
analysis applies to all (explicit or implicit) Runge-Kutta schemes. On the other hand,
BDF schemes are always implicit. Practically, implicit schemes help to handle the stiff
part of the differential equation; recall, however, that there do not exist SSP implicit
higher-order Runge-Kutta or multistep methods. U
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4. NUMERICAL EXAMPLES

The numerical experiments are performed by using the finite-element method introduced
by Saito in [37] and analyzed in [39]. In contrast to [37], we choose higher-order temporal
approximations. The scheme uses a first-order upwind technique for the drift term, the
lumped mass method, and a decoupling procedure. We take @ = 1 in (1) and consider
bounded domains only. Equations (1) are supplemented with no-flux boundary conditions.
In the first example, the domain is large enough to avoid effects arising from boundary
conditions. The second example, on the other hand, illustrates blow-up at the boundary.

4.1. Numerical scheme. Let 7, be a triangulation of the bounded set 2 C R?, where
h = max{diam(K) : K € T,}, and let D; be the barycentric domain associated with the
vertex P;; see [37, Section 2| for the definition. Let x; be the characteristic function on D;
and let Y}, be the span of all y;. Furthermore, let X} be the space of linear finite elements.
The lumping operator M), : X;, = Y}, is defined by Myvy, = >, vn(F;)xi, where v, € X,
and the mass-lumped inner product is given by

(Vy, wp)p = (Mpvp, Mpwy)a,  vp, wy, € Xy,

where (-, +)s is the L? inner product.
For the discretization of the drift term, we define the discrete Green operator Gy, : X —
X, as the unique solution v, = G, f, € X}, to

(Vup, Vwp)e + (vp, wn)2 = (fr,wn)2  for wy, € X,
(Recall that @ = 1.) The drift term is approximated by the trilinear form b, : X7 — R,

bp (wn, Up, wy) = th(R) > (BB (un) — vn(Py) B (wn)),

where A; is the set of vertices P; that share an edge with P;. For the definition of Z-j;, we

first introduce the set S,ilj of all elements K € 7, such that P, P; € K and the exterior
normal vector v;; to 9D; N D, with respect to D;. Then

;']E(uh) = Z meas ((0D; N OD;)| k) [(VGrup)| - Vz'j|K]:|:7

KesSy’

where [s]l+ = max{0, £s} for s € R. It is explained in [37] that the trilinear form approx-
imates the integral fQ vV (Gu) - Vwdx, where Gu is the Green operator associated with
—A+1on L2

Equation (2) is solved in a semi-implicit way. This means, for the BDF-2 scheme and
for given uy, that we solve the linear problem

1/3 1
(31) - (§n§ — 2nz*1 + 5712’2, wh> + (Vnﬁ, Vwp)a + by (up, nﬁ, wy) =0
h

for all wy, € X;,. Here, nf is an approximation of n(-, 7k). This defines the solution operator

N (up) = ny, and the scheme is completed by chosing uy. Saito has taken u;, = n ', giving
the usual semi-implicit scheme of first order. For higher-order schemes, we need to iterate.
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For this, we introduce the iteration u\” := nf~" and u{™ = N(u\"") for m > 1. The

iteration stops when Huﬁ[") — uém_l)H re(r2) < € for some tolerance € > 0 or if m > Mpyax

for a maximal number my,,, of iterations. For later reference, we write scheme (31) as
1
(32) ;Mh(BnlfL - 4%271 + nZiQ) = Z(Ah + Bh(nﬁ))nﬁ,

where M), is the lumped mass matrix, A, the stiffness matrix, By, (nf) the upwind matrix,
and nf is the solution vector at time step k after the Picard iteration has terminated.
In a similar way, we define the scheme with the midpoint discretization:

1 _ 1 _ 1 _

;(nﬁ — i ) + i(V(nﬁ +nf Y, V) + th(uh + g1,k +ni T wy) =0
for all w;, € Xj,. The resulting linear systems are computed by using MATLAB. We choose
the domain © = (0, 1)?, which is triangulated uniformly by 2a? triangles with maximal size
h = v/2/a. The numerical parameters are a = 64, 7 = 5-107%, ¢ = 107, and myax = 500
if not stated otherwise. (In all presented simulations, the maximal number of iterations
was m = 17, i.e., My.x was never reached.)

4.2. Numerical results. To illustrate the behavior of the solutions, we choose the initial
data as a linear combination of the shifted Gaussians
M _ 2 o 2

exp(— (2 —20)* 4+ (y — wo) )’

WIOJJO (QZ, y) = ﬁ 20

where (z9,40) € (0,1)%, M > 0, and § > 0. Clearly, the mass of W, ,, equals M. For the
first example, we choose 6 = 1/500, M = 6, and

no = Wos3.0.33 + Wos30.66 + Woes 033 + Wo.es066-

The initial mass is 247 > 87 and thus, we expect the solutions to blow up in finite time.
Figure 1 shows the cell density n(z,t) at various time instances computed from the BDF-
2 scheme. As expected, the solution blows up in finite time in the center of the domain.
Note that the numerical solution is always nonnegative and conserve the total mass.
A nonsymmetric situation is given by the initial data

1 1
3 2

taking 0 = 1/500, M = 67, and the same numerical parameters as above. The total mass
of ng is 117, so we expect again blow up of the solutions. This is illustrated in Figure 2.
The solution aggregates, moves to the boundary and blows up. Again, the discrete solution
stays nonnegative and conserves the mass.

We remark that boundary blow-up was analyzed in [41]; also see the presentation in [46,
Theorem 5.1]. The proof uses a localized symmetrization argument, which possibly can be
extended to a semi-discrete implicit Euler scheme.

no = W0.33,O.66 + W0.33,0.33 + W0.66,0.667
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F1GURE 1. Cell density computed from the BDF-2 scheme at times ¢t = 0
(top left), ¢ = 0.005 (top right), t = 0.007 (bottom left), ¢ = 0.02 (bottom
right).

4.3. Convergence rate. To calculate the temporal convergence rates and to show that
the schemes are indeed of second order, we compute a reference solution n.¢ with the very
small time step 7 = 107% and compare it in various LP norms with the solutions n, using
larger time step sizes 7. We choose the same initial datum as in the first example with
M = 247. Figure 3 shows the LP error

€p = ||n7'('a T) - nref('a T)HU’(Q),

where the end time 7" = 0.01 is chosen such that the density already started to aggregate
but blow up still did not happen. As expected, the L errors are approximately of second
order.

4.4. Numerical blow-up. We demonstrate that the bound for the blow-up time 7% =
Tkmax derived in the time-discrete situation can serve as a bound for the numerical blow up.
It is well known that the computation of the numerical blow-up time is rather delicate. For
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F1GURE 2. Cell density computed from the BDF-2 scheme at times ¢ = 0
(top left), ¢ = 0.005 (top right), ¢ = 0.02 (bottom left), ¢ = 0.1001 (bottom
right).

instance, Chertock et al. [15] use the L> norm of the density as a measure of the numerical
blow-up time, since ||n||z~q) is proportional to h? (recall that h is the spatial grid size).
Numerical blow-up may be reached, for instance, when the numerical solution becomes
negative [14, 44] or when the second moment becomes negative [23]. However, since our
scheme conserves the mass and the grid is finite, the numerical solution cannot blow up
in the L*> norm. Instead, the solution converges to a state where the mass concentrates
at certain points and no further growth is possible. Moreover, the second moment cannot
become negative, provided nonnegativity is preserved (also see below). A lower bound for
the blow-up time was derived in, for instance, [19, Theorem 2.2] in two space dimensions
(but with a nonexplicit bound) and in [11, Prop. 3.1] in three space dimensions.

For the numerical test, we choose the initial datum ny = W ; on the domain Q = (0, 2)?
with parameters § = 1/500, M = 30w, and 7 = 107°. The grid sizes are h = 0.02, 0.04,
0.08. The initial density and the density at k& = 44 are displayed in Figure 4. The density
almost does not change for time steps k > 44.
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FIGURE 3. L? error e, for p = 1,2,4,00 at time 7" = 0.01 for various time
step sizes 7, = 7 (left: BDF-2 discretization; right: midpoint discretization).
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FIGURE 4. Cell density at time step k = 0 (left) and k = kpax = 44. The
mesh size is h = 0.02.

It seems that the solution to the fully discrete semi-implicit scheme exists numerically
for all time. Saito observed in [38, p. 144] that his finite-element solution never blows up
in finite time, and he argued that this is because of the preservation of the L' norm. Note
that he employed scheme (31) with u;, = n}~*, while we used a Picard iteration in order to
achieve second-order convergence. In fact, the solution in Figure 4 (right) seems to be the
steady state of the discrete nonlinear system (32). This is indicated by the behavior of the
residuum Ry, = 2||Apnk + By (nf)nf | s, illustrated in Figure 5. The residuum tends to zero
for increasing time steps k. This behavior is in contrast to the analytical results, where
finite-time blow up occurs for semi-discrete solutions. Figure 6 illustrates the evolution of
|7k oo (o) and Ir. The vertical line marks the bound k. from (18). We observe that the
L norm and the second moment reach a limit close to kpax.
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FIGURE 5. The residuum Ry for time steps 1 to 81 (left) and time steps 30
to 81 (right) versus time steps k.
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FIGURE 6. L* norm |[ng||z~) (left) and second moment I;, (right) versus
time. The vertical line marks the upper bound k. defined in (18).

For coarse meshes or large time steps, the numerical scheme may produce solutions with
negative values. As an example, we take 7 = 1072 and A = 0.02 and choose an initial
datum with steep gradients,

250 for < x,y < 2,
nO(x7y) = {O elsefg 3
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see Figure 7 (top left). For small times, the solution becomes negative around the steep
gradient, but the regions with negative values disappear for larger times. This is confirmed
in the plot L' norm over time, where the L' norm is larger than the total mass in a
certain time interval due to the negative values (note that ||n||;iq) # [, ndx for functions
n : 0 — R). The total mass stays constant over time. It seems to be natural to obtain
negative values, since higher-order in time schemes usually require a CFL-type condition
to remain nonnegative [8]. However, after some time, the L' norm stabilizes and equals
the total mass again.

600 ~
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| | | | |
0 5 10 15 20
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1 0

FiGure 7. Cell density computed from the BDF-2 scheme with a coarse
mesh at times ¢ = 0 (top left), ¢ = 0.006 (top right), t = 0.021 (bottom left)
and the L' norm of ny, (bottom right).

APPENDIX A. SOME AUXILIARY RESULTS

We recall that the function

_Llog’x| fOI'O{:O
Ba - = 00 7
(37) {W fo t—n/Qe—at—|z\2/(4t)dt for @ > 0,
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defined for x € R", is called the Newton potential if &« = 0 and the Bessel potential if
a # 0. We need the following properties of the Bessel potential.

Lemma 14 (Bessel potential). Let o > 0 and k € Ng. Then B, is a fundamental solution
of the operator —A+a. For given f € HF(R™), the function u = By f € HFF2(R™) solves

—Au+au=f inR".

Furthermore, it holds that D?(B, * f) = By * D f for all multi-indices 3 € N*, |3| < k
and

1
(33) By 20, |[|Ballprgny = o
C(n) T
(34) IVBalliwn = oy IVBalliies = 53

where the constant C(n) > 0 only depends on n.

Proof. We only prove (34), since the other properties are standard; see, e.g., Theorem 1.7.1,
Corollary 1.7.2, and Examples 12.5.8 in [27]. By Fubini’s theorem and the substitution
u = x/\/ﬂ, we find that

1 o 2
VBallp@n = 570 | 17 e™™ / D || dedt
IV Ballisee) = gz [ 57 [ e el

1 12 —a lul? 1 _
= w”/2/0 t 1% tdt/ne ful |u|du:ma Y20(n),

where C(n) = [, e~ 1"P|u|du. In particular, when n = 2, we obtain

0o 2 3/2
c(2) = / / e’rerdgbdr = L,
o Jo 2

ending the proof. U

Lemma 15 (Young’s inequality). Let g € LY(R"), h € L"(R") for 1 < q,r < o0, and
1/q+1/r=1/p+1. Then g*xh € LP(R™) and

g * hllze@ey < |9l a@m)l| Pl Lr@n)-

Lemma 16 (Elliptic problem). Let 7 > 0, f € L*(R?)?, and g € L*(R?). Then there
exists a unique weak solution n € H*(R?) to

(35) ~An+7n—g)=—divf inR?

and this solution can be represented as
1

(36) n=-Bi,xg— VB, xf inR.
T

Equation (35) correspond to the implicit Euler discretization of a parabolic problem with
n being the solution at the actual time step and g being the solution at the previous time
step. Although the result is standard, we give proof for the sake of completeness.
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Proof. Let fi, € Cg°(R?)? be such that f, — f in L?*(R?*)? as k — oo. By Lemma 14, there
exists a unique solution ny, € H'(R?) to

(37) —Any + 7y =179 — div fi,
and, by the variation-of-constants formula and integration by parts,
1
39 (o) = 2(Bur + 9)@) = | (VBuy)(o =) fuly)dy
R

Taking the test function n, — n, in the difference of the weak formulations for ng, ny
corresponding to fz, fs, respectively, it follows that

1
IV (ng — W)H%%R% + ;””k - WH%%R@) = /z(fk — fe) - V(ng — ne)dz
R

1 1
< e = fellza@e) + 51V (0 = no) 72 ga)-

Since (fx) is a Cauchy sequence, (ny) is a Cauchy sequence in H'(R?) and hence there
exists a n € H'(R?), such that nj, — n strongly in H'(R?) as k — oo. Therefore, we can
perform the limit & — oo in the weak formulation of (37) leading to (35).

It remains to show (36). Let n = (1/7)By,; * g — VByr x f. Then, by Lemma 15 and
(38),

Hﬁ — nHLZ(Rz) S ||ﬁ — nk||Lz(Rz) + an — TL”LQ(RQ)
< |7 —nell2@ey + IVByz @)l fe — fllzee)-

The right-hand side can be made arbitrarily small by choosing k sufficiently large. This
shows that m = n in R2. O
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