HOMOGENIZATION OF DEGENERATE CROSS-DIFFUSION SYSTEMS
ANSGAR JUNGEL AND MARIYA PTASHNYK

ABSTRACT. Two-scale homogenization limits of parabolic cross-diffusion systems in a het-
erogeneous medium with no-flux boundary conditions are proved. The heterogeneity of
the medium is reflected in the diffusion coeflicients or by the perforated domain. The diffu-
sion matrix is of degenerate type and may be neither symmetric nor positive semi-definite,
but the diffusion system is assumed to satisfy an entropy structure. Uniform estimates
are derived from the entropy production inequality. New estimates on the equicontinuity
with respect to the time variable ensure the strong convergence of a sequence of solutions
to the microscopic problems defined in perforated domains.

1. INTRODUCTION

Multicomponent systems are ubiquitous in nature; examples are as various as gas mix-
tures, bacterial colonies, lithium-ion battery cells, and animal crowds. On the diffusive
level, these systems can be described by cross-diffusion equations taking into account mul-
ticomponent diffusion and reaction [14]. When the mass transport occurs in a domain
with periodic microstructure or in a porous medium, macroscopic models can be derived
from the microscopic description of the processes by homogenization techniques. In this
paper, we consider cross-diffusion systems defined in a heterogeneous medium, where the
heterogeneity is reflected in spatially periodic diffusion coefficients or by the perforated
domain. The corresponding macroscopic equations are derived by combining, for the first
time, two-scale convergence techniques and entropy methods.

The problem of reducing a heterogenous material to a homogenous one has been inves-
tigated in the literature since many decades. The research started in the 19th century by
Maxwell and Rayleigh and was developed later by engineers leading to asymptotic expan-
sion techniques. Homogenization became a topic in mathematics in the 1960s and 1970s.
For instance, the I-convergence was introduced by De Giorgi [9] with the aim to describe
the asymptotic behavior of functionals and their minimizers. The G-convergence of Spag-
nola [25] and its generalization to nonsymmetric problems,; the H-convergence of Tartar
and Murat [19], are related to the convergence of the Green kernel of the corresponding
elliptic operator. The two-scale convergence [2, 20] combines formal asymptotic expansion
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and test function methods. Nguetseng introduced an extension of two-scale convergence to
almost periodic homogenization, called ¥-convergence [21, 22]. Another extension concerns
the two-scale convergence in spaces of differentiable functions [26], which is important in
nonlinear problems [17]. A classical reference for the homogenization theory of periodic
structures is [4].

In spite of the huge amount of literature on homogenization problems, there are not many
studies on the homogenization of nonlinear parabolic systems. Most of the results concern
weakly coupled equations like periodic homogenization of reaction-diffusion systems or of
thermal-diffusion equations in periodically perforated domains [3, 5, 23]. Particular cross-
diffusion systems — of triangular type — were investigated in [16]. However, up to our
knowledge, there are no results on more general cross-diffusion systems.

In this paper, we investigate strongly coupled parabolic cross-diffusion systems with
a formal gradient-flow or entropy structure by combining two-scale convergence and the
boundedness-by-entropy method [13]. The difficulty is the handling of the degenerate
structure of the equations. We investigate two classes of degeneracies: a local one of
porous-medium type and a nonlocal one; see Section 2 for details.

The paper is organized as follows. In Section 2, the microscopic models are formulated
and the main results are stated. The main theorems are proved in Sections 3 and 4. For
the convenience of the reader, the definition and some properties of two-scale convergence
are recalled in Appendix A. The technical Lemma 9 is proved in Appendix B. Finally,
two cross-diffusion systems from applications which satisfy our assumptions are presented
in Appendix C.

2. FORMULATION OF THE MICROSCOPIC MODELS AND MAIN RESULTS

We investigate two types of homogenization problems. The first homogenization limit is
performed in cross-diffusion systems with spatially periodic coefficients,

(1) Oyu — div (ZP(%) aij(ue)V@) =fi(v’) InQ, t>0,i=1,...,n,
j=1

in a bounded domain x € Q C R? (d > 1), together with no-flux boundary and initial
conditions

& x
(2) Z P(g) a;(u)Vus - v =00n 09, t >0, u;(0)=u in Q.
j=1
Here, v = (u5,...,u;) is the vector of concentrations or mass fractions of the species

depending on the spatial variable x € €2 and on time ¢t > 0, and £ > 0 is a characteristic
length scale. Furthermore, P(y) = diag(Pi(y),..., Pa(y)) is a diagonal matrix, where
the periodic functions P; : Y — R describe the heterogeneity of the medium and Y =
(0,b1) x -+ x (0,bg) with b; > 0 is the “periodicity cell”, a;; : R® — R are the density-
dependent diffusion coefficients, f; : R"™ — R models the reactions, and v(x) is the exterior
unit normal vector to 2. The theory works also for reaction terms depending on x /e, but
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we do not consider this dependence to simplify the presentation. The divergence operator
is understood in the following sense:

e (5 (2)torwis) =35 2 (S (2wt 32

The second homogenization limit is shown in cross-diffusion systems solved in a perforated
domain. A perforated domain ° is obtained by removing a subset (g from €2, which
gives Q¢ = Q\Qf. The set 2§ may consist of periodically distributed holes in the original
domain. More precisely, we introduce the reference set Y C R? and the set Yy C Y (the
reference hole) with Lipschitz boundary I' = 9Yj, satisfying Yo C Y, and Y] = Y \ Y.
Then €f and the corresponding boundary are defined by

G=JeM+¢, T°=JeT+9),

{eze £eze

where Z° = {¢ € R?: ¢(Y + &) C Q}, and the microscopic model in the perforated domain
Q° reads as

(3) Opu; — div (Zaij(ue)Vuj) =filu?) mnQ° t>0,i=1,...,n,
j=1

together with the boundary and initial conditions

n

(4) Zaij(ua)Vuj cv=00n QUL t>0, u(0)=uin Q.

1
j=1

A key feature of (1) and (3) is that the diffusion matrix A(u) = (a;;(u)) is generally
neither symmetric nor positive semi-definite; see [13, 14] for examples from applications
in physics and biology. Two examples are presented in Appendix C. To ensure the global
existence of weak solutions of problem (1)-(2) or (3)-(4), we assume that the diffusion
system has an entropy structure, i.e., there exists a convex function h € C?*(G;R) with
G C R” such that the matrix product h”(u)A(u), where h” ( ) denotes the Hessian of h,
is positive semi-definite. Then the so-called entropy H(u fQ u)dz is a Lyapunov
functional if f; = O:

(5) i —/ Vu: B (u)A(u)Vudr <0,
dt Q

where “” denotes the Frobenius matrix product. Gradient estimates, needed for the

analysis, are obtained by making a stronger condition on A”(u)A(u) than just positive semi-

definiteness. Since strict positive definiteness cannot be expected from the applications,

we assume that h”(u)A(u) is “degenerate” positive definite. We investigate two types of

degeneracies, a local and a nonlocal one.
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Locally degeneracy structure. We assume that h/’(u)A(u) > adiag((u;)*")", in the

sense of symmetric matrices and with o > 0, s; > —1. Then (5) becomes (still with f; = 0)

dH ” 26,
EMZ/

i+1

Vu;|*dz <0,

leading to L%-estimates for Vu;"" . Gradient estimates of such a type are well known in
the analysis of the porous-medium equation. The analysis requires a further assumption:
The domain G is bounded and the derivative A’ : G — R"™ is invertible. Examples are
Boltzmann-type entropies containing expressions like u; logu;. As shown in [13], this leads
to ui(x,t) € G for x € Q, t > 0, and hence to L>-estimates for u; (without the use
of a maximum principle). Using a nonlinear Aubin-Lions lemma, the global existence
of bounded weak solutions was proved in [13] under the condition that the domain G is
bounded. Even when G is not bounded, the entropy method can be applied, giving global
weak solutions (but possibly not bounded) [14, Section 4.5].

Nonlocally degeneracy structure. As an example of a nonlocally degenerate structure,
we consider cross-diffusion systems with coefficients

(6) aij(u) = Di(0ijuns1 +1), i,5=1,...,n,

where ¢;; is the Kronecker delta symbol, u,41 =1 — Z?Zl u;, and D; >0fori=1,....n
are diffusion coefficients. Such models are used for the transport of ions through biological
channels, where u; are the ion volume fractions and w,,; is the solvent concentration. The
entropy density is given by

n+1

(7) h(u) :Zui(logui—l) for u = (u1,...,u,) € G,

where G = {(uy,...,u,) € R" : uy, ..., upy, upp1 > 0}. Then h”(u)A(u) is positive semi-
definite and if f; = 0, it holds that (see [14, Section 4.6] and [28, Theorem 1])

n

dH
o + ;Dz/g (un+1\VuZ-l/2\2 + |Vt ]?)dz < 0.

This gives an L2-estimate for Vu, 1, but generally not for Vu; because of the factor 1,
which may vanish. We call this a nonlocal degeneracy since the degeneracy u,, 1 depends
on u; in a nonlocal way through the other components u; for j # <.

We note that our results can be extended to more general coefficients of the form

aij(u) = sDjui ' q(uns1)0i; + Divlq (upyr), 4,5 =1,....n,

where s = 1 or s = 2 and ¢ € C?([0, 1]) is a positive and nondecreasing function satisfying
q(0) =0 and ¢'(&) > vq(§) for some v > 0 and all £ € (0, 1).

To prove the convergence of solutions of the microscopic problems to a solution of the
¢) indepen-

corresponding macroscopic equations, we derive some a priori estimates for (uS
dent of e. Compared to [13], the main novelty is the derivation of equicontinuous estimates
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for (u5) with respect to the time variable. This will allow us to obtain compactness proper-
ties for a sequence of solutions of the microscopic problem defined in a perforated domain.
Notice that estimates for a discrete time derivative of (u) in L*(0,7T; H'(Q¢)’) do not en-
sure a priori estimates uniform in ¢ for the discrete time derivative for an extension of u®
from €° into €2. Another important step of the analysis presented here is the proof of an
existence result for the degenerate unit-cell problem, which determines the macroscopic
diffusion matrix. Here, we apply a regularization technique and use the structure and
assumptions on the matrix A(u).

For the first main result on locally degenerate systems, we impose the following assump-
tions:

A1. Entropy: There exists a convex function h € C?(G;R) such that ' : G — R" is
invertible, where G C (0,1)" is open and n > 1.

A2. “Degenerate” positive definiteness: There exist numbers s; > —1 (1 = 1,...,n) and
a > 0 such that for z = (z1,...,2,) € R", u= (uy,...,u,) €G,

2R (u)A(u)z > « Z ;|5 22
=1

A3. Diffusion coefficients: Let A(u) = (a;;(u)) € CY(G;R™™). There exists a constant
C'4 > 0 such that for all v € G and for those j = 1,...,n such that s; > 0, it holds

that

|aij(u)] < Cyquy’ fori=1,... n.
Furthermore, P € L>(Y;R%9) with P(y) = diag(Pi(y), ..., Pi(y)) satisfies Pi(y) >
dy > 0in Y for some dy > 0 and for all : =1,...,d.

A4. Reaction terms: f € C°(G;R"™) and there exists C; > 0 such that f(u) - h'(u) <
Cr(1+ h(u)) for u € G.

A5. Tnitial datum: u° : Q — R™ is measurable and u"(z) € G for x € Q.

A6. Bound for the matrix h”(u)A(u): There exists a constant C' > 0 such that for all
ueGandi,j=1,...,n,

(P () A(u))yy < Cujuy.

Let us discuss these assumptions. As mentioned above, Assumption Al guarantees the
L boundedness of the solutions. Assumption A2 is needed for the compactness argument.
For the existence analysis, it can be weakened to continuous functions instead of power-
law functions [18], but the convergence ¢ — 0 is more delicate. The growth estimate
for a;;(v) in Assumption A3 is crucial for the proof of the equicontinuity property with
respect to the time variable. The growth condition on f; in Assumption A4 allows us to
handle the reaction terms. The latter condition generally rules out quadratic growth of
the concentrations; we refer to [11] for reaction-diffusion systems with diagonal diffusion
matrices but quadratic reaction terms. Assumption A5 guarantees that the initial datum
is bounded; it can be relaxed to u’(x) € G. Finally, Assumption A6 is a technical condition
to ensure the solvability of the unit-cell problems. In Appendix C, we give two examples
from applications, for which the assumptions are satisfied.
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To simplify the presentation, we introduce some notation:
P(x) = Py(z/e) forx € Q, k=1,....d, Qpr=Qx(0,T), Q=0 x(0,T).

Definition 1. A weak solution of problem (1)-(2) is a function u® € L>(0,T; L>=(2; R™))
with (u$)* ™t € L2(0,T; HY()) and dwus € L*(0,T; HY(Y)) fori =1,...,n, satisfying

/ Z (B4l , 1) dt+/ / (Z P (x)a; (u¥) Vs - Vi, — Zfi(ug)(pi)da:dt =0,

0 i,j=1 -

for all ¢ € L*(0,T; H'(;R™)), and the initial conditions are satisfied in the L* sense.
A weak solution of problem (3)-(4) is defined in a similar way by replacing Q0 by €F.

Here, (1, ) denotes the dual product between ¢» € H'(Q) and ¢ € H'(Q) and the
expression PEVuj - V; is the sum ZZ | Pp 0y, v50,, i

Tl i
Theorem 1 (Homogenization limit for problems with local degeneracy). Let Assumptions
A1-A6 hold.

(i) Let u® be a weak solution of the microscopic system (1)-(2). Then there ezists a
subsequence of (u®), which is not relabeled, such that u® — u strongly in LP(Qpr; R™) for
all p < 00 as € — 0, and the limit function u € L=(0,T; L=(Q;R™)), with uf'™ €
L*(0,T; HY(Q)) and Oyu; € L*(0,T; HY (X)) fori=1,...,n, solves the macroscopic system

6Ug . .
Oru; — Zzaxm( 8x) filw) nQ t>0,i=1,....,n,

km=1 (=1
(3) )

& 9,
Z ZVWBM (u )aue =00n09Q, t>0, ui(0)=u)inQ,
km=1 (=1 Lk
where (BY, (u)) is the homogenized diffusion matrix defined in (28).
(ii) Let u® be a weak solution of the microscopic system (3)-(4). Then, up to a sub-
sequence and by identifying u® with its extension from €F into ), u® — u strongly in
LP(Qp; R™Y) for p < oo, where u, with uf™ € L*(0,T; HY(Q)) and dyu; € L*(0,T; H'(Q)")
fori=1,...,n, is a solution of (8) with the macroscopic diffusion matriz (B¥, (u)) defined
n (30).
For nonlocally degenerate systems (1) or (3) with diffusion coefficients (6), the weak

solution is defined in a slightly different way than usually, since the regularity u; €
L*(0,T; H'(©2)) may not hold. We recall the definition from [13].

Definition 2. A weak solution of (1)-(2) with diffusion coefficients (6) are functions
ug, .. ug and = 1= " uf satisfying u > 0, ul, > 0in Qp, uf € L®(0,T; L>(Q)),
(quH)l/g, ug )V € L*(0,T; HY(R)), dus € LQ(O T; HY (Q)) fori=1,...,n, and

/Ozatuz,% dt+/ /ZPS i(u50)"?

(v((uiﬂ)lﬂ 6) 3u; V(u n+1)1/2> - Vpidadt = 0

(9)
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for all o € L*(0,T; H'(;R™)), and the initial conditions are satisfied in the H*(S))" sense.
A weak solution of problem (3)-(4) with diffusion coefficients (6) is defined analogously
by replacing €2 by Q°.

Theorem 2 (Homogenization limit for problems with nonlocal degeneracy). Let Assump-
tions A1 and A hold.

(i) A subsequence (u®) of solutions of the microscopic problem (1)-(2), with the matriz
A defined in (6), converges to a solution uw € L>(0,T; L>(2;R™)), with u,ll/fl, u:/fluz €
L*(0,T; HY(Q)), Owu; € L*(0,T; HY(Q)') fori=1,...,n, of the macroscopic equations

Ou — div (DypomA(u)Vu) =0 in Q, t >0,
DyomA(u)Vu-v =0 on 09, t >0, u(0)=uy in 2,

where the macroscopic matriz Dyom is defined in (46).
(ii) In the case of the microscopic problem (3)-(4), we obtain the same macroscopic
equations as in (10) with a different macroscopic diffusion matriz given by (47).

(10)

3. PROOF OF THEOREM 1

For the proof the theorem, we show some a priori estimates uniform in ¢ for solutions
of the microscopic problems (1)-(2) and (3)-(4). We suppose throughout the section that
Assumptions A1-A6 hold. First, we recall the following elementary inequalities.

Lemma 3 (Hoélder-type inequalities). Let a, b > 0 and p > 1. Then
la —b]P < |a® —b°] < p(a?t + b 1)|a — b|.
The a priori estimates for problem (1)-(2) are as follows.

Lemma 4 (A priori estimates). For any € > 0, there exists a bounded weak solution u® of
problem (1)-(2) such that u®(x,t) € G for x € Q, t > 0 and

(11) 15" 20,0 ) < C fori=1,...,n,
(12) 25 || 20,7501 (0)) < C for —1<s; <0,
(13) [ 97u; — ufHLQ((O,TfT)XQ) < o'/ for —1<s; <0,
(14) 1015 — uS || 25 o r—ryxy < O/ 250 Jor si >0,

where O,us(x,t) = ui(x, t+7) forx € Q andt € (0,7 —7), forT € (0,T), and the constant
C > 0 s independent of ¢.

Proof. Theorem 2 in [13] shows that there exists a bounded weak solution u® to (1)-(2)
satisfying u®(z,t) € G for x € Q, t > 0. Estimates (11)-(12) are a consequence of the en-
tropy production inequality, which is obtained by taking an approximation of (0h/du;)(u®)
as a test function in (1). Notice that the dependence on = €  is via multiplication by
a diagonal matrix P¢(x), so the entropy h(u) does not depend explicitly on z. Since the
entropy h is generally undefined on 0G, the equations in [13] have been approximated,
and the existence of a family of approximate solutions satisfying (11) has been proved.
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Then the convergence of the approximate solutions in appropriate spaces for vanishing
approximation parameters directly leads to (11). Thanks to the positive lower bound for
P (uniform in €), we see that estimate (11) is independent of .

Estimate (12) for —1 < s; < 0 follows from (11) and the boundedness of u°:

¢ 1 s,
IVuillzz@n = =7 lille @) 1V () FHlzzr) < C,
forv=1,...,n, where C' > 0 is here and in the following a generic constant independent

of . The boundedness of (u®) (uniform in €) is ensured by the assumptions on h, see
Assumption Al.
It remains to show (13) and (14). For this, we use the (admissible) test function ¢ =

(¢1, e ,gbn) with

¢i(z,t) = / (Vrui(x,0) —u; (z,0))k(0)do if s; <0,
bi(, 1) = / (0 (2, )" — (uS(x,0))")(0)do if 5> 0,
where 7 € (0,7), i = 1,...,n, k(o) = 1 for ¢ € (0,7 — 7) and k(o) = 0 for o €

[—7,0)U [T — 7,T]. This glves

0= / Z;<atu§,¢i>dt+ / / ZPE x)a;; (u) Vs - Vodadt

2,j=1

T n
D SR
0 Q i=1

We integrate by parts in the first integral, taking into account that ¢;(0) = ¢;(7") = 0.
Then, for all © = 1,...,n such that s; <0,

T
/ <8tuz>¢z / /u at¢zdxdt
0
T—r T
——/ /uf(z? d:cdt—i—/ /u u; )dxdt
0 Q Q
T—7 T—1
—/ /uf(z? d:cdt—i—/ /ﬁTuf u; — ui)dxdt
0 Q 0 Q
T—1
_ / / (s — uf)2ddt,
0 Q

In a similar way, for those ¢ = 1,...,n such that s; > 0,

T—1
/ (Opus, p)dt = / / ((rus)® ™ — (ug)* ) dadt.

Lemma 3 with p = s; + 1 gives

[0, — 5] < | 0 = ()
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Thus, still in the case s; > 0,

T—1
/ (Oyus, ¢;)dt > / / — ) ¥ 2 dadt.
We conclude that

T—1 n
I > / / ( uf — uf)% it + Z (Vru; — uf)2) dxdt.

i=1,s; >0 i=1,5;<0

For the second integral I, we use the relation

/OTw(t)/tt o) dodt = /T / o)do v(t)dt,

where v(t) = 0 for t € [-7,0] U [T — 7,77, to infer that

t+1
I, = Z Pa(x)V((l‘}Tu‘?)Si*l — (uf)¥ ) - / aij(u®)Vusdodrdt
t

t+1
/ Z P (2)V(Vru; —u) - / ai;j(u®)Vusdodzdt.
0 ¢

T—74.45=1,5;<0

Again, we distinguish between the cases s; < 0 and s; > 0. Employing the Cauchy-Schwarz
inequality we have

- al"(ue) £\s €\s
Ll <70 > (Jgﬁ IV ()" 2 ) [V (5) 220
i,j=1,5i,5;>0 U; Loo(Qr)
+72C > lay () e IV ()" | 2 | VS | 20
1,7=1,5;>0,5;<0
- ai'(us) s
+rite 3 I IVulanl V)T s
i,j=1,5;<0, ;>0 J Loo(Qr)

+r'%C Z l[aij (u) || oo @) IV U5 ([ L2000 | VU L2000y < cr'l?,

i:jzlz Si,SjSO

in view of Assumption A3 and estimates (11)-(12).
It remains to estimate I3. The boundedness of u® yields

T—1
ENAN) 3 / ()l | (9 — ()| dt
t

1=1,5;>0

T—1
/ / Z / | fi(u®)|ds |9u; — u;| dedt < CT.

i=1,s;<0
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Putting these estimates together, we infer that (13) for s; < 0 and (14) for s; > 0 holds,
concluding the proof. O

Lemma 5 (A priori estimaies). For any € > 0, there ezists a bounded weak solution u® to
(3)-(4) such that u®(z,t) € G forx € Q, t >0 and

(15) ()" | 20,151 (00)) < C fori=1,...,n,
(16) i | 20,081 (0)) < C for —1<35;<0,
(17) [ 97u; — uill L2 o,r-mxae) < ort/ for —1<s; <0,
(18) 19715 — w3 [ L2+si (0,7 xae) < Crl/(4+2s0) for s; >0,

where V;us(z,t) = ui(x,t + 1) for x € Q°, t € (0,7 — 1), and the constant C > 0 is
independent of €.

Proof. The proof of a priori estimates (15)-(18) follows the same steps as in the proof of
Lemma 4. Thanks to the structure of the proof, all estimates in Lemma 4 can be obtained
for ()¢ instead of (2, independently of ¢. U

Remark 6 (Extension). Our assumptions on the microscopic structure of Q¢ ensure that
there exists an extension 5 of uf and (ug)s*! of (u$)%*! from QF to Q with the properties

||U ||L2 < ,LLHUEHLZ (Q2)s ||VU ||L2 < NHVUEHLQ Qe) for —1 < S; S 0
1Cus)* 2@y < pll () @y, 1V @) 2y < pll V()| 2o

for t > 0, where > 0 is some constant independent of ¢; see, e.g., [6] or Appendlx A for
details. U

Lemma 7 (Convergence). Let u® be a weak solution of (1)-(2) or (3)-(4). Then there exists
a subsequence of (uf), which is not relabeled, and functions u € L*>(0,T; L>°(Q;R™)), with
ultt e L20,T; HY(Q)) fori =1,....n, Vi,...,V, € L*(Qp; H...(Y)/R) such that, as

7

e —0,

(19) u; — strongly in LP(Qr), p < 00,

(20) (u)*i T — ! strongly in L*(Qr) for s; > 0,

(21) V(uS)s ! = vt weakly in L*(Qr),

(22) V() = Vit 4V, Vi two-scale, i =1,...,n.

In the case of solutions (u®) of (3)-(4 ), convergence results (19)-(22) hold for a subsequence
of the extension of (u$)s*t and of us from Q5 into Qp, for i = 1,...,n, considered in
Remark 6.

Proof. For s; < 0, estimates (12) and (13) allow us to apply the Aubin-Lions lemma in
the version of [24], giving the existence of a subsequence, not relabeled, such that u§ — w;
strongly in L?(Q7). Since (u5) is bounded in L>(27), by construction, this convergence

even holds in LP(Q2r) for any p < oc.
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For s; > 0, we apply Lemma 3 with p = s; + 1 and the bounds |J,u5| < 1, Juf| < 1:
[0 () = ()" 2vss(p ) S ClOetE = Wzt < O,

Hence, by applying the Aubin-Lions lemma of [24] to (u$)**!, we deduce the strong con-
vergence (u$)**' — w; in L*(Qr) as ¢ — 0 for some w; € L*(Qr) with w; > 0. In
particular, up to a subsequence, we have (u$)**' — w; a.e. in Qr and consequently,
u; = u; = wil/(s"ﬂ) a.e. in Qp. Since (u5) is bounded in L*(€y), it follows that ui — w;
strongly in LP(Qr) for any p < oo and also (u5)*™! — (u;)%*! strongly in L?*(Qr), which
proves (20).

Convergence (21) follows from the bound (11), possibly after extracting another subse-
quence. Finally, the two-scale convergence (22) is a consequence of the boundedness of
V(u$)**tin L2(Qr); see, e.g., [2, 20] or Lemma 15 in Appendix A.

In the case of solutlons (uf) of problem (3)-(4), we consider extensions of uf and (ug)% ™!
from ¢ into 2 as in Remark 6, for ¢ = 1,...,n. The properties and the hnearlty of the
extension and the a priori estimates from Lemma 5 imply the corresponding estimates for

, for those i such that —1 < s; < 0, and (uf)s+1 in L2(0,T; H'(Q)), for 9,u — u in
LQ(QT) if =1 < s; <0, and for 9, (uf)si+t — (us)s*! in L*%(Qr) for s; > 0.

We conclude from the estimates for ué that there exists u; € L*(0,T; H'(Q2)) such that,
up to a subsequence, u{ — wu; strongly in L?*(Qr) for —1 < s; < 0. Furthermore, the
estimates for (u$)si+! ensure that there exists w € L*(0,T; H'(2; R")) such that, up to a
subsequence, w$ := (u5)%*! converges strongly to w; in L?*(Qr). This ensures also the a.e.
pointwise convergence of (ws)Y/ i+ = ()t V4D o T in O as e — 0. Tt
remains to prove that wl/ (Sﬁl) = Uy;.

The properties of the extension imply that (w$)Y(*Y is uniformly bounded as u$ is

uniformly bounded. We deduce that, up to a subsequence, (wg)+1) — wl/ i+ gtrongly

in L?(Q7). Notice that, due to the construction of the extension, we have ((us)? 1)/ (sitl) —
ué in Q5. For —1 < s; < 0, we apply Lemma 3 to a = (u;™)%"™, b = (ui*)*"! and

p=1/(s; +1) > 1 and use the properties of the extension:

[ = T 2 gy < a0 = @) 2oy

€ &y 2(5 +1 € Ez 2(Sz+1)
< puflu;™ — v HL2 05 <U2H“im HL2 (Qr)’

whereas for s; > 0 we obtain

57 = w2y < mllu™ = w5 aey < pmall(ufm) =t = (u5)
s;i+1)

Qr) °

5 : 52
S R TR A

Hence, if —1 < s; < 0, the strong convergence of u$ implies the strong convergence of
(u$)®s*1, while for s; > 0, strong convergence of (u$)%*! ensures the strong convergence of
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uf. Therefore, denoting by xq- the characteristic function of QF,

Y,
||Y1" uigdzdt = lim / U xo¢drdt = lim / / us pdadt

—tim [ (b)Y g prdt = D1 wg/ S pdadt,
e—0 Qp |Y|

for any ¢ € C§°(Q2r). We deduce that wl/(S'H) u; and consequently w; = v a.e. in Q.

The boundedness of V(us)*™! and the properties of the extension ensure the convergence
results in (21) and (22). Hence, we obtain convergence results (19)-(22) for a subsequence

of (uf) and ((ug)®+*1), respectively, finishing the proof. O

Proof of Theorem 1. Using the convergence results in Lemma 7, we are now able to derive
the macroscopic equations for microscopic problems (1)-(2) and (3)-(4).

The strong convergence of (uf) in LP({2r) for any p < oo and Assumption A3 imply
that, for those j satisfying s; > 0,

aii(u®)  a;(u)
(u5)s (uy)%

and also weakly™ in L*>°(Qy), where we set a;;(u)/
s; <0, it follows that

strongly in LP(Qr)

u; = 0 if u; = 0. For those j with

ai;(u)  aij(u)

ai;(u®) = ai;(u), (we)®s ()% strongly in LP(Qr).
J J

Furthermore, f;(u®) — fi(u) strongly in LP(Qr), for p < oo. Notice that we use the
same notation for u$ or (u$)**! and the corresponding extensions from Q¢ into  when
considering problem (3)-(4) defined in the perforated domain °.
Step 1: problem (1)-(2). We use the admissible test function ¢° = (¢5,...,¢%) in the
weak formulation of (1)-(2), where
¢S (w,t) = ¢Y(x,t) + ey (z,t,x/e), i=1,...,n,
with ¢? € C([0,T]; H'(2)) such that ¢{(z,T) = 0 and ¢} € C3(Qr; CL..(Y)). This gives

per

a;i(uf) ,
Dis, 6°)dt + Pe(x ”—v W) Ve dudt
o= [ o Z o+ D

(23) — f(ua) - Pfdxdt =: IT + 15 + I§.
Qr

We perform the limit 5 — 0 in the integrals I; term by term, for £k = 1,2, 3. Using the
strong convergence of (u°), we obtain

lim I} = —lim (/ / (0,¢° + €0,0" )da;dt+/Q u (0 )'<¢0(0)+€¢1(0))dl‘)
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_/a/w@wmm—éd”w@ﬂ
ly 15 — - / / F(u) - $°dzdt.

The limit € — 0 in I3 is more involved. By (22), we have V(u5)%*" — Vu SJH +V,V;
two-scale. Furthermore, we deduce from the definition of P¢, the strong convergence of
(u®), and the strong two-scale convergences of (P(x/¢)) and (V¢f) that

P(y) @)

Pe(x )a(w() ) Vo

for i,7 =1,...,n. Therefore, by Lemma 17 in Appendix A,

I3 —>/ /][ Z alj sj (Vujﬁ'l +Vyvj) . (V¢?+Vy¢%)dydxdt,

2,7=1 j

as e = 0, where §,.(--- )dy = |V fY -)dy. Hence, the limit ¢ — 0 in (23) leads to

_/l/w@wMﬁ—/w”&®M

(24) / /][ Z aw (Vu;jﬁl + Vyvj) . (VQSZO + Vy(bzl)dydxdt

byt s]+1

:A{Aﬂww%Mt

Next, we need to identify V. For this, let first ¢Y =0 for i = 1,...,n in (24). Then

(25) 0—/‘// %W>(w¢“+mﬁyvmﬂWMt

SJ+1)

~ e
L2(Qr)

(Véy + Vy,)

lim
e—0

9

L2(QpxY)

J

We insert the ansatz

d
txyzz

k=1 (=1

with functions WJM , which need to be determined, in (25):

n

sz+1 ke .
t W t, = 1, Lo,n,

L dydzdt

d 59t d n s
0= / / _a(u) > Puly (8 + Z Oy 5WJM) 0%;
Qr (sj+ 1)uj — 0Ty, — = ory  OYm ) OYym

1

auZeJrl - a;(u) 8WJM 09;
= Om0 L dydudt,
/QT/YZZ YA, S (G ) Gy

k=1 ¢=1 i,j=1 m=1 J
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where g, is the Kronecker symbol. By the linear independence of (81[2”1 /0 ) ke, We infer
that

awkﬁ

_ aw(“) j , 8gbzl

fork=1,...,dand ¢ =1,...,n. This means that the functions WJM are solutions, if they
exist, of the linear elliptic cross-diffusion equations

53 (Pt A w00 (5 4 500) ) =

mlz]l

where

1 aij(u)
Aylu) =~
() (s + Dy

,7=1,....n

More precisely, I/fo are the solutions, if they exist, of the elliptic problem

div, (P(y)A(u(z, 1)) (V,W* 4 epe)) =0 in Y,

26
(26) / W (z,y,t)dy = 0, WJM is Y-periodic, j =1,...,n,
1%

for k =1,...,d and ¢ = 1,...,n, parametrized by (z,t) € Qr, where e; and e, are the
standard basis vectors of R and R”, respectively, and ee, is the matrix in R¥" with the
elements 6,050 The solvability of (26) is proved in Lemma & below.

Setting ¢! = 0 and arguing similarly as above, we can write the macroscopic equations

(24) as
/ / Zula@odwdw / / i (u )8“‘ 08! vat
2 fm=1 z 1 Oz, OTm
(27) = [ [ ntwystanar + / > el 0y
0 J92 =1

where

. LG () (se + 1wy 3ka
(28) B, (u) = (az )00 ][ ) 2 ][

]Zl J kmjt (s; + 1)uj' v

From equation (27) and u¥*' € L?(0,T; H'(Q)), we obtain d,u € L*(0,T; H'(Q; R™)).

This, together with the boundedness of u;, implies that duft' € L2(0,T; HY(Q)') for
s; > 0. Hence, u; € L*(0,T; H' () N H'(0,T; H'(Q)') for those i satisfying —1 <

s; < 0 and ufiH € L*(0,T; HY(Q)) n H'(0,T; H'(Q)') if s; > 0. Therefore, u;, uj-jH €
C°([0,T7; L*(2)) for those 4,7 = 1,...,n satisfying —1 < s; < 0 and s; > 0. Consequently,
the initial datum is satisfied in the sense of L*(Q).
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Step 2: problem (3)-(4). We use the two-scale convergence of V(u$)**! and take the
limit € — 0 in the weak formulation of (3), i.e.

/ (O, ¢°)dt + / / i (+) ()t Vetdadt = [ f(uf) - ¢°dadt
€ . ._ S] + ]- ) J QE

T

to obtain the macroscoplc equatlon

[ L3 Gt ) (56 4l
Y1,

]

(29) - /O /Q w- By ddt — /Q W - O(0)dz — /0 ' /Q F(u) - @ dadt.

Repeating the calculations from Step 1, we arrive at the macroscopic problem (8) with the
macroscopic diffusion matrix
(30 a0 = 3 (03 +

J=1

J_d
55 Y-
(Sj + 1)“]‘] Yy aym

as;(w)(sg + 1)ust [ OWH )

where W* for k = 1,...,dand £ =1,...,n are the solutions of the unit-cell problem

div, (g(u(x,t))(vy/v[?“ +eer)) =0 in Y, / /I/I?M(x, y,t)dy =0,
(31) Y1
Alu(z, t))(Vy/WM +epe) - v=0 onl, /I/I7JM is Y-periodic,
where j = 1,...,n. This finishes the proof. U
It remains to prove the solvability of the unit-cell problems.

Lemma 8 (Solvability of the unit-cell problem). There exist weak solutions of the unit-cell
problems (26) and (31), respectively. The solutions are unique on {u; >0:1=1,...,n}.

Proof. Let us first consider problem (26). Since A(u(z, t)) may vanish, the unit-cell problem
is of degenerate type. Therefore, we introduce the regularization

div, (P(y)zzl\(u(;(ac D)V, W+ eper)) =0 inY,
(32) / (x,y,t)dy =0, Wff is Y-periodic, j=1,...,n,

where u;;(x,t) = (uj(z,t) +0/2)/(1 +6) for j = 1,...,n. Since 0 < w;(x,t) < 1, it
follows that 0 < /(24 20) < wus; < (2+6)/(2+25) < 1, which avoids the degeneracy in
Assumption A2. Furthermore, we define

Wik, y,t)

er(x,y,t) =
7 u(;](ac t)

, J=1....n

Then Wfé satisfies the problem
div, (P(y)(A(us(z, t))Vnyé + Aus(z, t))erer)) =0 inY,
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(33) / Sz, y,t)dy =0, ngf is Y-periodic, j =1,...,n.

Notice that us(z,t) is independent of y € Y. The weak formulation of the elliptic problem
reads as

UZAiiPm(y) (aij(ué(l’,t))@ W s i (us(, t))éjgékm)aymwidy
-/ (ZP Ja (s, 1))V, W, ywzpk (s, t>>gj;> .

We take the test function ;(z,y,t) = > 0 | Opmh(us(x,t))pm(y), where 0;,,h = 9%h/(0E;
0&,,) and ¢, is another test function:

n 9 .
0 :/Y< Z Py )azmh(u(g)am(u(;)v Vybm + Z Pr(y)Osmh(us)a(us) aik )dy.

7,7,m=1 i,m=1

We rename m +— ¢ and ¢ — m and use the symmetry of the Hessian (0;,,,h):

/( Z P(y)0imh( u(;)am](u(;)v Vi + Z Pr(y)Oimh( U&)sz(uts)a@) y

Oy

i,7,m=1 i,m=1

(34)

/(ZP ) (R (us)A(us)) ;V y¢Z+ZPk ) (R (us) A(u ))Mg—j;)dy.

i,7=1

The assumptions on A(us) and h(us) imply that h”(us)A(us) is positive definite in Qr,
giving coercivity of the elliptic problem. Furthermore, for any fixed § > 0, the coefficients
of h"(us)A(us) are uniformly bounded. Therefore, we can apply the Lax-Milgram lemma

to conclude the existence of a unique solution sz (,-,t) € Hy . (Y;R") of problem (34).
As 1(us) is invertible, we may consider ¢ = h"(us) "'t as a test function in (34), which
means that the function W(;’ff(.r, ) = ugjj (x, t)Wff(x, - t) for j =1,...,n also solves (32).
The next step is the derivation of bounds uniform in ¢. To this end, we take the
test function Wff(x, -, t) in (34), take into account the lower bound Py (y) > dy > 0 for
=1,...,d, and the definition of g(u(;(x, t)), and apply the Cauchy-Schwarz inequality.
This leads for any o > 0 to

/Zu%ﬂv WEdy < ¢, / Z 231 232 “dy+a/zu2sf WEdy.

if=1 Us; Us g

Choosing o = dy/2 and using Assumption A6, we find that

h/l
¥ S <ou [ 52 CURE N <0

if=1 quz 5.0
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where C' > 0 does not depend on §. As the mean of ngf vanishes, the Poincaré-Wirtinger
inequality gives a uniform estimate in H*(Y").

The uniform estimate for W} implies the existence of a subsequence, which is not
relabeled, such that W — W* weakly in H'(Y;R") as § — 0, for z € Q and t > 0.
Hence, we can pass to the limit § — 0 in (32) to conclude that W** is a solution of (26).

We claim that the solution is unique on the set {(x,t) : w;(x,t) > 0 for i = 1,... ,n}.
Indeed, taking two solutions W and W of (26), choosing (z,t) such that u,(z,t) > 0
and arguing as before, we obtain

||Vy(W(k1€,z' - W(%,i)”L?(Y;Rd) <0

fork=1,...,dand i,/ =1,...,n. This implies that W("i‘; = W(’g‘; and proves the claim.
The same arguments ensure also the existence of a solution of the unit-cell problem (31)
and its uniqueness for those x € Q and ¢ > 0 satisfying w;(t,z) > 0 foralli=1,...,n. O

4. PROOF OF THEOREM 2

First, we state an existence result which follows from [28].

)

,us) of problem
(1)-(2) with the diffusion matriz (6) in the sense of Definition 2. This solution satisfies
the entropy inequality

T n
(35) / h(u®)dx + C / / 3 (U [V (W) PP+ |V (g ) 2 deedt < / h(u®)dz,
Q o Joi

Q

Lemma 9 (Entropy inequality). There exists a weak solution u® = (u5, ..., u

where C' = dymin,—y_, D;. A similar estimate with Q replaced by ° holds for solutions
of problem (3)-(4) with the diffusion matriz (6).

Proof ideas. The existence of a weak solution u° follows from Theorem 1 in [28] for p;(u) =
D; (i=1,...,n) and ¢(s) = s. The entropy inequality (35) follows from inequality (33) in
28] in the regularization limit. A direct proof of estimate (35) using the definition of a weak
solution of (1)-(2) or (3)-(4) with the diffusion matrix (6) can be found in Appendix B. [

Lemma 10 (A priori estimates). Weak solutions of (1)-(2) with diffusion matriz (6)

satisfy

H(u2+1)1/2u;’:HLQ(O,T;Hl(Q)) <,

H(ui+1)1/2“132(0,T;H1(Q)) + ”(ui+1)3/2HL2(07T;H1(Q)) <C,
(36) 1070541 — U 152000y < cr'h,

19 ((u5,00)"25) = (g )20 | 22y < OTHE,

foralle >0 andi=1,...,n, where V,v(z,t) =v(x,t+71) fort € (0,7 —7) and 7 € (0,7T)
and the constant C' > 0 is independent of €.
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Proof. The entropy production inequality (35) shows that there exists C' > 0 independent
of € such that for alli =1,...,n,

(37) H( n+1)1/2HL2(0,T;H1 + H( Uy )1/2V< )1/2H 2(Qy) < C.
Because of

V((ur 1) 5) = 2(ufug, )PV (u )1/2+USV( )%,

’L

estimate (37), and the boundedness of u$ for i = 1,...,n, we conclude that
IV (50?0 200y < C, i=1,..m

Adding this inequality for ¢ = 1,...,n and recalling that > " | Vui = =V}, it follows
that
(5 41)* 2 220, (@) < C-
It remains to verify the uniform estimates on the equicontinuity of u* with respect to
the time variable. For this, we define similarly as in the proof of Lemma 4

t
o) = [ (e )" = (05,)°" o)
t—1
for some 7 € (0,7), where k() = 1 for o € (0,7—t) and k(c) = 0 for o € [—7,0|U[T'—7, T].

We take ¢ as a test function in the sum of equations (9) for i = 1,...,n and use Lemma 3
with p = 3/2 and the Cauchy-Schwarz inequality to infer that

T—1
9t =il oy < [ [ 9t = i Pdnat
T—1 .
/ / (D7t — n+1)(19 (u 2+1)3/2 - (“i+1>3/2)dxdt
T—1
( [ @y, ) (0,0 — (140)) ]

=1

<C’{ /QT TUHT n )idardxdt}%{/%TV(ﬁT(ule)g —(ugﬂ)%)fdxdt};.

3/2

<C

The second factor on the right-hand side is uniformly bounded since V (v, ;)*/* is bounded
in L?(Q7). The first factor can be estimated from above by using definition (6) of A(u®)
and the uniform estimates for (uS_;)"?Vus as well as V(us,_ ;)"

/ ; / ( / t+Tzn:(A(U€)VUS)¢dU)2da:dt

T—1
<CT/ / ”+IZ ‘V ) 2E) [P |V () Y2 (u )>dmdt<07—

We conclude that
1/5
||19¢Ufz+1 - “2+1||L5/2(QT,T) <Crt A
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To prove the remaining estimate in (36), we take the test function

oo, 1) = / 0r (1 )Y2) (0 (110 )205) — (t54) 20 ) () o

in (9) for i = 1,...,n. A computation shows that

n

T—1
/ /Z (g 1) 2u5) = (g, y1) M 205) dadt
0 Q

LT D 0 ()~ 50 0]

Y [wuzﬂﬂ/?)<ﬁ7<<u;+1>1/2u€> — (u1)"2u5) | dodadt

]

T—1
/ / Z (Uns1) 1/2 - (Uiﬂ)lﬂ) (197((u2+1)1/2u‘§) - (“ZH)I/ZU?)dxdt
0

= Z HﬁT Upi1) 1/2 (Urs1) 1/2HL2 )Hﬁf((“iﬂ)l/zuz?) - (U€n+1)1/2 E||L2(QT D)

The second integral on the left-hand side is bounded by C7'/? in view of the gradient
estimates in (36). We infer from Lemma 3 with p = 2, a = 9, (u5,)"/%, b = (u5,,)"/* and
the third estimate in (36) that
5 € 1/2
197 (w5 )Y = (i) Nn2gor ) < OO = il g, ) < OV,
finishing the proof. U
Remark 11. Similar uniform estimates as in Lemma 10 hold for the solutions of problem

(3)-(4) with the diffusion matrix (6) defined in a perforated domain with the only difference
that the domain €2 has to be replaced by €2°:

1/2 € <C

H (1) HL2 (0,T;H(QF)) =

[ (u n+1)1/2HL2(07T§H1(QE)) + [ (u n+1)3/2HL2(0,T;H1(Qs)) <C,

(38) HQ97—un+1 — u;"rlHLW?(Q%) < Cr7_1/57
||79T(<ui+1)1/2uf) — (U )P EHLQ g o,
fori=1,...,nand Q5 = Q° x (0,7). -

The uniform estimates in Lemma 10 yield the following convergence results.

Lemma 12 (Convergence). Let u® be a solution of (1)-(2) with diffusion matriz (6) satz’sfy-
ing estimates (36). Then there exist functions uy, ..., u, € L>(0,T; L>®(Q)), with unﬂu“

ul? € L2(0,T; HY(Q)), and functions Vi, . .. Vn+1 € L*(Qp; HE (Y)/R) such that, up to

per
subsequences,

Us g = Ung1 strongly in LP(Qr), p € (1,00),
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u; — weakly in LP(Qr), p € (1,00),
(uflﬂ)l/2 — (un+1)1/2 weakly in L*(0,T; H'(2)),
(39) (u2+1)1/2uf — (Uns1)Y?u; strongly in L*(Q),
(quH)l/Quf — (Upgr ) weakly in L*(0,T; H'(2)),
V(U ) 2uE) — V() ?wi) + V, Vi two-scale,
V(i) = V(upy)? + Vy Vi two-scale,
ase — 0, wherei =1,...,n and upy1 =1 —> " u;.

Proof. The estimates for u; ,; in (36) and Lemma 3 with p = 2 show that
1/2
||197(Uf1+1)1/2 _ (U2+1)1/2||L2(QT4) < ||197U2+1 _ ”2+1||L/2(QT77) < CFY10

Thus, together with the uniform bound for u,, ; in L*(0,7; H'(2)), the Aubin-Lions lemma
[24] implies the existence of a function w € L?(27) and a subsequence (not relabeled) such
that (uf,,)"? — w strongly in L?(Qr) as e — 0. In particular, possibly for another
subsequence, (uiﬂ)l/2 — w a.e. in Qp. Then, defining u,, := w® > 0, it follows that
U — Upgr a.e. in Qp and, because of the boundedness of u;, , also v ; — uy41 in
LP(Qr) for any p < oo.

The weak convergence of (u$) to u; in LP(2r) for p < oo is a consequence of the uniform
L*-bound of uf. As a consequence, (uf,)"/?uf — u)/? u; weakly in L?(€r). By the first
estimate in (36), a subsequence of ((uS,,)"?us) is weakly converging in L(0,T; H'()),
and we can identify the limit by u}/fluz In fact, this limit is strong because the first and
last estimate in (36) allow us to apply the Aubin-Lions lemma again to conclude that, for
a subsequence, (uS,,)"2uf — u)/’ u; strongly in L2(Qr).

Using the first three estimates in (36) and the compactness theorem for two-scale con-
vergence (see Lemma 15 in Appendix A), we obtain the two-scale convergences in (39). O

The uniform estimates (38) lead to the following convergences for the extensions u,
(u,1)'/2, and (ui,;)Y2u5 from QF to Q of us, (u5,;)Y?, and (uS,,)"?us, respectively,

where ¢ = 1,...,n and u° is a weak solution of problem (3) and (4) with the diffusion
matrix (6).
For any ¢ € LP(€5.), we denote by [1)]™ the extension of ¢ by zero from 5. to Q.

Lemma 13 (Convergence). Let u® be a solution of (3) and (4) with the diffusion ma-
triz (6), satisfying estimates (38). Then there exist uy,...,u, € L>(0,T;L>(2)) with
wl?u, ul? € L20,T; H()) and functions Vi,..., Va1 € L*(Qp; HY . (Y1)/R) such
that, up to subsequences,
US> Unigi strongly in L*(Q),
(g )2 = w2y weakly in L*(0,T; H'(2)),
[us]™ — Qu; weakly in LP(Qr), p € (1,00),
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m — u,ll/fluZ strongly in L*(Q7),
(40) m — u}l/fluz weakly in L*(0,T; H'(Q2)),
[(UfLH)UQUﬂN - XYluiL/_:,iui two-scale,
[V (w5 0) )]~ = XYI(V(ui/flui) +V, Vi) two-scale,
[v(u2+1)1/2]~ - XYI(VUi/fl + VyVit1) two-scale,
fori=1,....n, up1 =1=>" w, 0 =|Y1|/|Y|, and xy, is the characteristic function

of 7.
Proof. As in the proof of Lemma 10, we obtain the uniform estimate
197 (g )2 = (1) Pl 22gs, ) < O

Then, together with the uniform bound on (ug, ;)"? in L*(0,T; H'(QF)), the properties of
the extension of (us_;)"? from OF to §, and the Aubin-Lions lemma [24], we conclude the
strong convergence (up to a subsequence)

(u5.1)/2 = w  strongly in L*(Qr)

as € — 0. To identify the limit, we use the properties of the extension, the boundedness
of u,,, and the elementary inequality |a — b| < 2|y/a — V/b| for 0 < a,b < 1 (also see
Lemma 3) to find that

Hun+1 n+1||L2(QT C||Un+1 n—|—1||L2(QE) < C” 27—7-1 1/2 - (ui’iﬂ 1/2HL2 (9%)
< CJl () = () 2 sy

for a sequence (g,)nen. Thus, the strong convergence of (uf ;)2 in L*(Q7) implies the
strong convergence u_; — U,41 in L*(Q7). Then the weak convergence

9/ rlz/+21¢dxdt = hm (U5 1) X pdadt = lim (UZH)I/QXQEQdet
ar Qr e—0 Qr

= lim (us 1)V 2x0: pdxdt = 9/ wodxdt
e—0 Qr Qr

for any ¢ € Cy(dr) shows that w = u,1/+1 a.e. in Qp. We have proved the first two

convergences in (40).

The uniform estimate for (V(us_;)'/?) and the compactness results for the two-scale
convergence, see, e.g., [2] or Lemma 16 in Appendix A, imply the last convergence in
(40). Moreover, by the first and last estimate in (38) for (uf,,)"/?us, the properties of its
extension from ¢ to 2, and the Aubin-Lions lemma, it follows that, up to a subsequence,
(uf 1) /?us — v; strongly in L?(Qr) and weakly in L?(0,T; H'(€2)). We need to identify
this limit. To this end, we first observe that, thanks to the boundedness of u; in €27, it
follows that

luf]~ — xy,u;  two-scale
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for some function u; € LP(Qr x Y), where p € (1,00) and ¢ = 1,...,n. The a pri-
ori estimates and the compactness properties for sequences defined in perforated do-
mains, see [2] or Lemma 16 in Appendix A, yield the existence of functions Vy,...,V, €
L2(QT, H! (Y1)/R) such that, up to subsequences,

per

[(UZ+1)1/ZUf]N — XnVi two-scale,
[v((uiﬂ)l/?u?)r — v, (Vv; + V, V) two-scale.

The strong convergence of (uf_;)Y/?u$ and the identity

/ [(ufw—l)l/? T pdwdt = / (ui+1)1/2 i Xa=pdxdt = / (U;+1)1/2U§X95¢d$dt
Qp Qr Qr

for any ¢ € Cy(€Qr) imply that
[(ufl+1)1/2u§]N — fv; weakly in L*(Qp).
By Proposition 18 and Theorem 19 in Appendix A, this gives
(41) v ((ugn)2uf) = g weakly in L*(Qr x V1),

)

v, (V((quH)l/?uf)) — Vv, +V,V; weakly in L*(Q7 x Y7).

The strong convergence of (u5_ )2, the two-scale convergence of [uf]~, and the fact that
(U5 1) 2x0s = (U5pq) 2xq=, imply

() 205) = T3 () V2) T5, (1) — uyZyus - weakly in I2(Qp x V7).

By the convergence (41) and the fact that u,; and v; are independent of y, we infer that

wi(z,y,t) = w;i(z,t) and v; = ui/flui, proving the claim. O

Proof of Theorem 2. Let ¢° € CL([0,T]; C*(Q;R™)) and ¢* € CF(Qp; CL..(Y;R™)) and set

per

d(x,t) = ¢z, t) + ed'(x,x/e,t). We take this function as a test function in (9) and pass
to the limit € — 0, using the two-scale convergence of V((u5;)"?uf) and V(us,)"/? (the
last two convergences in (39)):

/ /u at¢0dxdt+/ /][ZP D;ull?

(42) x <V( V2 0) + Yy Vi — 3us(Vul? + v VnH)) (V6L + V, 0! dydadt.
Choosing gbo = 0 and setting W; = V; — 3u;V},,1, this gives

/ / ][ (v) Dyl 2 (V (w2 ) — 3w, Vulll + Y, W) -V, oldydzdt.

This is a linear equation for Wy, ..., W,, and a weak formulation of a system of uncoupled
elliptic equations for W = (Wq,...,W,,). Since for x € Q and t > 0 such that u, (¢, z) >
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0, we have a unique (up to a constant) solution of the system for W, each W; is defined by

(43) 0= / / ][ Dl (V(ul 2w = 3u NVl + VW) - V,otdydad.

This motivates the following ansatz:

d
d 1 0 12\
(44) Wl(l’,y,t> = ; (a—xe<un+1u1) 3uia—xzun+1 w; (x,y,t)
for some functions w! for £ = 1,...,d and i = 1,...,n. Substituting the ansatz (44) into

(43), we find that w! solves

d
O:D'/T/][ul/2 g Pr.(y) _8 1/2u) 3u;— 0 ul/?
2 n+1 a.fEk n+1 7 laxk n+1

0 O}
+Z( (uh2 ;) — Bu;— 5 }/fl> 8yk} dydzdt

ayk
1/2 1/2 1/2
/Q / nal( (/) — 3uz—u,/ﬂ)zpk (
T

Since the functions u; are independent of y, we see that w! is in fact a solution of the
unit-cell problem

Ot
L dydaxdt.
)ayk Y

div, (P(y)(Vywi +e)) =0 inY, / wi(y,t)dy =0, w!is Y-periodic,
Y

where i = 1,...,n, £ =1,...,d, and recalling that (e, ..., eq) is the canonical basis of R
These problems do not depend on i, so we may set w’ := w! for i = 1,...,n.
Next, we choose ¢} =0 for i =1,...,n in (42):

T
—/ /u - 0,¢0°dxdt
/ /][ y)D; ui/fl(V(u,l/flul) 3uiVu,11/+21 + V,W;) - Voidydudt.

Inserting the ansatz ( 44) and rearranging the terms leads to

/ / u - Oy dwdt+ZD / / ][ i/fl{ V(i) — 3u Vit

1/2 9 12
(45) + Z ( ,L/JrluZ — 3u;=— o n/+1 V' -V, dydadt

0 0
/ /U 8tgb0dxdt+ZD/ / rlz/+21 {( (111/+21u2) 3Uiaw 711/+21>
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gbo 8w€ 8gb0
x][y (Pz( )axe le( )6yk axk)dy}dxdt.

Then, defining the macroscopic matrix Dhom = (Dhom,ke)f —1 DY

ow'
(46) Dyvompe =1 Pe(y)| Ope + =— |dy, for k0=1,....d,
Y Oy

we obtain the macroscopic problem (10). We deduce from equation (45) and the regularity
of u that dyu € L*(0,T; H*(€;R")") and consequently, the initial conditions are satisfied
in the sense of H'(Q;R")".

In the case of the macroscopic problem (3) with the diffusion matrix (6) defined in the
perforated domain ¢, the convergence results of Lemma 13 lead to the following two-scale

problem:
/ /u 8tgbda:dt+/ /]{Z D (Vi Zu) + V, Vi

— 3u; (V“}zﬁ + Vyvn—i-l)) (V) + V,0}) dydadt.

We can calculate as above to find similar macroscopic equations for the microscopic prob-
lem (3) with the only difference that the unit-cell problem for @’ is given by

div,(V, @ +e) =0 in Yy, /@f(y,t):o,
Y1

(V,0° 4+¢e)-v=0 onl, @ isY-periodic,
and the macroscopic diffusion coefficients are
aAZ
(47) Dhom,kﬁ :][ (6k€+i>dya for ]{;’6: 17"'7d7
Y; Y

Observe that the specific structure of the microscopic problem implies a separation of vari-
ables in the two-scale problems and that consequently, scalar unit-cell problems determine
the macroscopic diffusion matrix. O

APPENDIX A. TWO-SCALE CONVERGENCE

We recall the definition and some properties of two-scale convergence. Let Q C R? be an
open set and let Y C R? be the “periodicity cell” identified with the d-dimensional torus
with measure |Y|. Consider also the perforated domain 2 and the corresponding subsets
YoCYand Vi =Y \ Y.

Definition 3 (Two-scale convergence). (i) A sequence (u®) in L*(2) is two-scale conver-
gent to u € L*(Q x YY) if for any smooth Y -periodic function ¢: Q2 xY — R,

lii% QM(:E)QS(:E,%)dx:/Q]{/u(x,y)gb(x,y)dxdy.
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(i) The sequence (uf) is strongly two-scale convergent to u € L*(Q x Y) if

W () — u(x g) 2

dz = 0.
Remark 14. Let [/|~ denote the extension by zero in the domain 2\ Q¢ and ygq- be the
characteristic function of 2°.
(1) If |uf]|2(0e) < C, then ||[uf]™]| 12 < C and there exists u € L*( x Y) such that,
up to a subsequence, [u°]~ — xy,u two-scale:

limg | uf(x)d)(x, g) d;c:g(l]/g[ua(a:)]w(x, g)dx
— iy [ e 00 )ao = [ f v wute oo oy

e—0 Q

lim
e—0 Q

(i) If u® — u two-scale with u € LP(2 x Y') then
u® 4][ u(z,y)dy weakly in LP(§2) for p € [1,00).
Y

The following results hold.

Lemma 15 ([2, 20]). (i) If (u®) is bounded in L*(SY), there exists a subsequence (not
relabeled) such that u® — u two-scale as € — 0 for some function u € L*(Q x Y).

(i) If u® — u weakly in H*(Q) then Vu® — Vu(x) + Vyui(z,y) two-scale, where uy €
L2(Q; Hpo (Y)/R).

P
Lemma 16 ([2]). Let ||uf||2(0e) + [|Vus|r20:) < C. Then, up to a subsequence, [u]™
and [Vu®]™ two-scale converge to xy,(y)u(x) and xv,(y)[Vu(z) + Vyui(z,y)] as ¢ — 0,
respectively, where u € H'(Q) and u; € L*(Q; H!, (Y1)/R).

per

Lemma 17 ([2, 20]). Let (u®) C L*(Q) converges two-scale to u € L*(QXY), [[uf]| 2@ —
|ullL2(xyy as € = 0, and let (v°) C L*(Q) converges two-scale to v € L*(Q x Y'). Then,

ase — 0,
/usvedx%/][u(m,y)v(:c,y)dxdy.
Q QJy

To define the unfolding operator, let [z] for any z € R? denotes the unique combination
S0 ke with k € Z¢, such that z — [2] € Y, where e; is the ith canonical basis vector of
R,

Definition 4 ([8]). Let p € [1,00] and ¢ € LP(?). Then the unfolding operator T¢ is
defined by T¢(¢) € LP(R? x Y), where

T

’r€<¢><x,y>:¢(5 v +€y) for ae. (r.y) € QXY

€
Furthermore, for ¢ € LP(§¥), the unfolding operator Ty is defined by

X

ygl(?/))(ﬂfyy):?/)(tf — +€y) for a.e. (x,y) € Q x Y.

3
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For any function 1/ defined on Q°, we have 7y (1)) = T°([¢)]™)|axy;, whereas for ¢ defined
on €, it holds that 7y (dlos) = T°(¢)|axy;- The following result relates the two-scale
convergence and the weak convergence involving the unfolding operator.

Proposition 18 ([7]). Let (¢°) be a bounded sequence in LP(Q2) for some 1 < p < oo.
Then the following assertions are equivalent:
(i) (T=(¢°)) converges weakly to 1) in LP(2 x Y).

(i) (¢°) converges two-scale to 1.

Theorem 19 ([8]). Let (¢°) be a bounded sequence in WIP(QF) for some 1 < p < oc.
Then there exist functions ¢ € WP(Q) and ¢y € LP(Q; W 2(Y1)/R) such that as € — 0,
up to a subsequence,

v, (VF) = weakly in LP(Q; W' (Y1),
v, (V) = strongly in L} (€2 whr(vy)),
v (VY©) = Vb 4+ V9, weakly in LP(Q x Y7).

Lemma 20 ([6, 10]). (i) For u € H'(Y}), there exists an extension u into Yy and thus onto
Y such that

[l 20y < Cllullzzgy,  VEll2ery < OVl r2p).-
(ii) For u € H'(QF) there exists an extension u into 0 such that

[@llr20) < Cllullrzee),  [IVEllr2) < ClIVull 2,
where the constant C' is independent of ¢.

Sketch of the proof. We can write u = le udy + 1, where fY1 Ydy = 0. By standard

extension results, we obtain an extension ¢ € H'(Y) of 1. The definition 7 = fyl udy +
and the Poincaré inequality imply the results stated in (i). The results in (i) and a scaling
argument ensure the existence of an extension from ¢ into € and estimates in (ii) uniform
in . g

The same results hold also for u € WHP(QF), with 1 < p < oo, see, e.g., [1].
Notice that the corresponding extension operator is linear and continuous from H'(°)
to H'(€) and by the construction of the extension, we have u = u in Q°.

APPENDIX B. PROOF OF LEMMA 9.

Consider the entropy density

n+1
(48) h(u) = Z(UZ logu; —u; +1) for u= (uy,...,u,) €3,
i=1
where u,41 =1 — 3", u;. Since h'(u) = (log(u1/tnt1), - .. ,10g(uy, /tu,11)) is invertible on

G, the solutions of the microscopic problem are bounded, v € G. By Lemma 7 in [28], it
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holds for all 2 e R"” and u - Q that
V4 h"(u)A(u)z > Polp+ En —22 + —0 ! ( En Z‘)Q
= F0Tnd i1 (7 2 Un+1 i1 ’ ’

where py = min;—,__, D; > 0. This shows that for suitable functions u = (u1, ..., u,),

Vu : b (u)A(u)Vu > dpgui, 41 Z |Vu3/2|2 + 2p0\Vu711/fl|2.
i=1
The entropy inequality is derived formally from the weak formulation of (3) by choosing
the test function w® = h/(uf). Since this function is not in L*(0,7; H*(2)), we need to
consider a regularization. We define

€ 1/2
(un—H) we<ue)’ where

wi(u?) =K (u5) and ¢f4 = [T

us —+ 61 ut + 8 5
_ _ Un+l 2 o .
Ugd— 1+5, ug’”+1_1—-|—5 f0r5>0, 61—%,]—1,...,71.
Thanks to the regularity properties of u;, the function
_ (U2+1)1/2 Vug Vg
T (U )2 o \uE 01 gy +0)2
) [ ) () V()
o, (us, )YV2 + 0o (us )2 + 0)?
n+1 n+1

is in L*(Qyp) for each fixed o, § > 0. Thus, we can use ¢; 5 as a test function in (9):

Vi,

Z /Q il )P (V (us (u)"?) = 3usV (u ) ?) - Vo 4 ddt

(49) +Z/ (Ous, 85 5,)dt = 0.

The nonnegativity of u;, ., and u5 yields the pointwise monotone convergences

(uﬁﬂ)l/2 ()
— 1 . — 1 — 0
W) 2o 7 ()2 + o] e
us ut
wEto/2n T U, +0)2 s

As these four sequences are uniformly bounded by 1, they converge strongly in LP(Qr)
for any 1 < p < oco. Thus, the definition of w§(u®) and the L2-regularity of (u n+1)1/2Vu

(u5, )PV (u)2, V(ug, )2, and V(u +1)é ensure that
(ufb+1)1/2vui (ufwrl)l/ Vg,
us +6/2n us 1 +6/2

(5 1) PV s 5, — strongly in L*(Q7),
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as 0 — 0, and the sequences

£

us H

Uu:-

—_ 1/2 1/2 i 1/212
sy ) IV V) e [V )P,

u5+1 . L UE .
— LV ()P _ Ul e VY29 (S )2
U,fH_l + 5/2U7,| (un—l-l) | ) UZ_H T 5/2 (um_l) Uu; (un—l-l)

convergence, up to a subsequence, strongly in L'(Q7) as 6 — 0, for i = 1,...,n. The
pointwise convergence of uj; as d — 0 and the boundedness of the function s — slog s for
s € [0,1] ensure the convergence of h(u§) in L'(Qr). Rearranging the terms in (49) and
letting first ¢ — 0 and then § — 0 yields the entropy inequality (35).

The same calculations yield entropy estimate for solutions of problem (3)-(4) with dif-
fusion matrix (6).

APPENDIX C. EXAMPLES SATISFYING ASSUMPTION A6

We present two cross-diffusion systems whose diffusion matrix and associated entropy
density satisfy Assumption A6. The first example appears in biofilm modeling. A biofilm
is an aggregate of microorganisms consisting of several subpopulations of bacteria, algae,
protozoa, etc. We assume that the biofilm consist of three subpopulations and that it is
saturated, i.e., the volume fractions of the subpopulations u; sum up to one. Therefore,
the volume fraction of one subpopulation can be expressed by the remaining ones, uz =
1—u; —ug. A heuristic approach to define the diffusion fluxes [27] leads to the cross-diffusion
system (1) with diffusion matrix

Alu) = (Dﬁﬂ:” D;?iuiw)) ’

where Dy > 0 and Dy > 0 are some diffusion coefficients. Taking the entropy density

(50) hu) = Zui(logui —1) 4+ (1 — uy —up)(log(l — uy — ug) — 1),

we compute

B () Au) = (Dlo/ul D;}W) |

This shows that Assumptions A2 and A6 are satisfied with s; = s9 = —1/2.

The second example is a model that describes the evolution of an avascular tumor.
During the avascular stage, the tumor remains in a diffusion-limited, dormant stage with
a diameter of a few millimeters. We suppose that the tumor growth can be described by
the volume fraction u; of tumor cells, the volume fraction of the extracellular matrix uy (a
mesh of fibrous proteins and polysaccharides), and the volume fraction of water/nutrients
ug = 1 —u; — up. Jackson and Byrne [12] have derived by a fluiddynamical approach the
cross-diffusion model (1) with diffusion matrix

Aly) — 2u1 (1 — uy) — BOuyu2 —2Buius(1 + Ouy)
(u) = —2uqug + BO(1 — ug)ui  2Bus(1 — ug)(1 4 Ouy) )’
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where the parameters § > 0 and # > 0 model the strength of the partial pressures. With
the entropy (50), we find that [15, (32)]

WA = (49, 250 o)

Assuming that 6 < 4./, it follows for 0 < u;,us < 1 and z € R? that

Ty 2 592 2 2
2 W (uw)A(u)z > (2 —¢)z] + 26(1 - g> 5 > Klz|%,

where kK = min{2—¢,28(1—360%/(8¢)} > 0 if we choose 0 < ¢ < 2. Then Assumption A2 is
fulfilled with s; = sy = 0, and Assumption A6 holds as well since (h”(u)A(u))2; is bounded
from above by 6.
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