A CONVERGENT STRUCTURE-PRESERVING FINITE-VOLUME
SCHEME FOR THE SHIGESADA-KAWASAKI-TERAMOTO
POPULATION SYSTEM

ANSGAR JUNGEL AND ANTOINE ZUREK

ABSTRACT. An implicit Euler finite-volume scheme for an m-species population cross-
diffusion system of Shigesada—Kawasaki—Teramoto-type in a bounded domain with no-flux
boundary conditions is proposed and analyzed. The scheme preserves the formal gradient-
flow or entropy structure and preserves the nonnegativity of the population densities. The
key idea is to consider a suitable mean of the mobilities in such a way that a discrete
chain rule is fulfilled and a discrete analog of the entropy inequality holds. The existence
of finite-volume solutions, the convergence of the scheme, and the large-time asymptotics
to the constant steady state are proven. Furthermore, numerical experiments in one and
two space dimensiona for two and three species are presented. The results are valid for a
more general class of cross-diffusion systems satisfying some structural conditions.

1. INTRODUCTION

The population model of Shigesada, Kawasaki, and Teramoto (SKT) describes the seg-
regation of two competing species [32]. Tt consists of quasilinear parabolic equations for
the population densities with a generally nonsymmetric and not positive semidefinite dif-
fusion matrix. To overcome the lack of positive definiteness, it was suggested in [11, 20]
to use so-called entropy variables that yield a transformed diffusion system with a positive
semidefinite diffusion matrix. In particular, the SKT cross-diffusion system of [32] has a
formal gradient-flow or entropy structure. This approach can be generalized to an arbitrary
number of species [13]. It is important to design a general easy-to-implement numerical
scheme that preserves this structure and that can be proven to be convergent. Previous
works like [2, 3, 33] propose numerical approximations that satisfy some of these proper-
ties but not all of them. In this paper, we suggest a finite-volume scheme for n-species
SKT-type population systems, preserving the entropy structure and the nonnegativity of
densities and conserving the mass (in the absence of source terms). In fact, our results
are even valid for a more general class of cross-diffusion systems satisfying some structural
conditions.
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More precisely, we consider the cross-diffusion system

(1) Opu; — (ZA” Vu]) =filu) nQ, t>0,i=1,...,n,
where Q C R? (d > 1) is a bounded domain, u = (uy,...,u,) is the vector of population
densities, with the diffusion coefficients
(2) Az](u) = 5ij (aio -+ Z aikuk) + CLZ'jUZ‘, Z,j = 17 ey,
k=1

and the Lotka—Volterra source terms,

j=1
where we assume that a;; > 0, b;; > 0fori=1,...,n and a;; > 0 and b;; > 0 for ¢ # j.
We prescribe no-flux boundary and initial conditions:

(4) ZA” w)Vu;-v=0 ondQ, t >0, u(0)=u)

., nQ, i=1...,n,
where v denotes the exterior unit normal vector to 9d€2. When n = 2, we recover the SKT
system of [32] without environmental potentials. Our analysis also works when we include
the corresponding drift terms (see Section 8.4).

Let h : [0,00)" — [0,00) be a convex function and set H[u] = [, h(u)dz. The entropy
inequality is derived, for sultable source terms, by choosing h’ (u ) formally as a test function
in the weak formulatlon of (1), leading to

(5) / Vu: b (u)A(uw)Vude < C(T), 0<t<T,

where h”(u) is the Hessian of h, “” is the Frobenius matrix product, and C(T) > 0
comes from the source terms. We call H an entropy and h an entropy density if h”(u)A(u)
is positive (semi-) definite. This typically provides gradient estimates and moreover, if
C(T) =0, then H is a Lyapunov functional along the solutions to (1).

In the case of the n-species SKT model, the entropy density is given by
(6) h(u) =Y mi(u(logu; — 1) + 1), u € [0,00)",

i=1

where the numbers 7; > 0 are assumed to satisfy ma;; = m,a;; for © # j. This can be
recognized as the detailed-balance condition for the time-continuous Markov chain asso-
ciated to (a;;), and the vector (m;) is the corresponding invariant measure [13]. It turns
out that Vu : h/(u)A(u)Vu is bounded from below by Y7 | a;|Vu;|?, which yields H'(Q)
estimates Moreover, it can be shown that the solutions u; are nonnegative and the mass
fQ w;(t)dx is constant in time if f; = 0. Our aim is to preserve this structure on the discrete
level.
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In the literature, there are already various numerical schemes for the SKT model. Up
to our knowledge, the first numerical simulations, based on a finite-difference scheme in
one space dimension, were performed in [19]. A convergence result for an implicit Euler
approximation, which preserves the nonnegativity of the densities, was proved in [20], but
the space variable was not discretized. Based on the entropy structure found in [11, 20],
a convergent entropy-dissipative finite-element approximation was proposed in [3]. The
entropy structure is preserved by defining an approximation of a certain mean function.
For this, the authors of [3] need an approximated entropy and an approximated diffusion
matrix, which complicates the numerical scheme. Moreover, their scheme does not preserve
the nonnegativity of the densities. A convergent finite-volume scheme that preserves the
nonnegativity was suggested in [2], but the analysis is valid only for positive definite diffu-
sion matrices (A;;(u)), which requires strong conditions on a;;. Another idea was developed
in [30], by considering a linear finite-volume scheme and proving unconditional stability
and convergence, but without structure-preserving properties. A discontinuous Galerkin
scheme was used in [33], which preserves the formal gradient-flow structure and nonnegativ-
ity of the densities, but no convergence analysis was performed. Finally, operator-splitting
techniques were also applied to the SKT model [4, 22].

Compared to the literature, our finite-volume scheme (i) preserves the entropy structure
of the n-species model under the detailed-balance condition, (ii) preserves the nonnegativity
of u; > 0, and (iii) conserves the mass when the source terms vanish. We design and analyze
in fact a finite-volume scheme for a general cross-diffusion model of the form (1) and (4),
satisfying some structural conditions specified in Section 2. For this scheme, we prove
the existence of discrete finite-volume solutions and show that a subsequence converges to
the solutions to (1) and (4). In Section 3, we apply the results obtained in the general
framework to the SKT model (1)-(4).

The derivation of the entropy inequality (5) is based on the chain rule b (u)Vu = VA (u).
The difficulty is to formulate this identity on the discrete level. Let {2 be the union of
cells K and let ¢ = K|L be the edge between two neighboring cells K and L. The
finite-volume density u; is constant on each cell, and we write wu; i for its value and set
ug = (U1K, ..., Un k). A discrete analog of the chain rule is the vector-valued identity

R (o) (ur, — ug) = B (ug) — W (ux),

where 1, is a mean vector. This approach resembles the discrete-gradient method [25, Sec-
tion V.5]. However, the mean-value theorem for vector-valued functions can be formulated
only as

(/01 R (sug, + (1 — s)uK)ds> (u, — ug) = W' (ug) — h'(ug),

and in general, a mean vector u, cannot be found. Therefore, we assume that the entropy
density is the sum of entropy densities for each species, h(u) = > | hi(u;). Then the
Hessian of h is diagonal, and the standard mean-value theorem can be applied component-
nwise. Fortunately, the entropy (6) of the SKT model satisfies this condition. In this case,
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the mean vector is computed by
Ui, — UK
logu; 1, — log u; k

Uiy = for 0 = K|L if u; x # wi L.

This corresponds to the logarithmic mean, used in, e.g., [29]. General mean functions are
defined in, e.g., [7, 18, 24]. In order to achieve a discrete analog of the entropy inequality
(5), the diffusion matrix has to be evaluated at the mean vector u,, i.e., the fluxes of the
finite-volume scheme along the edge 0 = K|L have to be discretized according to

n
EKJZ_EZW&N%K%L—%K% t=1,...,n,
J=1

where 7, is the transmissibility constant defined in (7) below.

The paper is organized as follows. The numerical scheme and our main results (existence
of discrete solutions, convergence of the scheme, and large-time behavior) are introduced
in Section 2. Examples that satisfy our general assumptions, including the SKT model, are
presented in Section 3. In Section 4, we prove the existence of discrete solutions. Uniform
estimate are derived in Section 5, and Section 6 is devoted to the proof of the convergence
of the scheme. The large-time asymptotics is shown in Section 7. Finally, we present in
Section 8 some numerical examples for the two- and three-species SK'T system.

2. NUMERICAL SCHEME AND MAIN RESULTS

2.1. Notation and definitions. We present the discretization of the domain Q7 = Q x
(0,7). We consider only two-dimensional domains €2, but the generalization to higher
space dimensions is straightforward. Let Q C R? be a bounded, polygonal domain. An
admissible mesh of €2 is given by (i) a family 7 of open polygonal control volumes (or cells),
(i) a family &€ of edges, and (iii) a family P of points (zx)ker associated to the control
volumes and satisfying Definition 9.1 in [16]. This definition implies that the straight line
TxrTr between two centers of neighboring cells is orthogonal to the edge 0 = K|L between
two cells. For instance, Voronol meshes satisfy this condition [16, Example 9.2]. The size
of the mesh is denoted by Az = maxgerdiam(K). The family of edges £ is assumed
to consist of interior edges &, satisfying o € () and boundary edges o € E. satistying
o C 09. For given K € T, Ek is the set of edges of K, and it splits into Ex = Eing, kU ext k-
For any o € &, there exists at least one cell K € T such that o € &.
We need the following definitions. For o € £, we introduce the distance

4 — d(zg,xr) if o = K|L € &k,
7 d(zk,0) it 0 € Eext ks

where d is the Euclidean distance in R?, and the transmissibility coefficient

(7) o =
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where m(o) denotes the Lebesgue measure of 0. The mesh is assumed to satisfy the
following regularity assumption: There exists ( > 0 such that for all K € 7 and o € &g,

(8) d(zk,0) > (d,.

Let T > 0, let Ny € N be the number of time steps, and introduce the step size
At = T'/Nr as well as the time steps t, = kAt for k = 0,..., Np. We denote by D the
admissible space-time discretization of €2y composed of an admissible mesh 7 and the
values (At, N7).

We also introduce suitable function spaces for the numerical scheme. The space of
piecewise constant functions is defined by

Hy = {v Q= R:3vg)ker CR, v(z) = Z UK1K($)}>

KeT

where 1k is the characteristic function on K. In order to define a norm on this space, we
first introduce the notation

(3 if o = K‘L € Eint,Ka
VKo = .
7 VK it 0 € Eext K

for K € T, 0 € £k and the discrete operators
Dk v :=vk, — Vg, Dyv:=|Dg,0|.
Let ¢ € [1,00) and v € H7. The discrete W% seminorm and discrete W4 norm on H

are given by

q

D,v
—— 1 ol 7 =0l or + v

ds

[V} g7 = Y _m(o)d,

el

q
0,9, 77

respectively, and |[v]|o,7 denotes the L? norm i.e. |[v]joq7 = (3 ey m(K)|vk|?)"/9. For
given ¢ > 1, we associate to these norms a dual norm with respect to the L? inner product,

|v]|=1,¢,7 = sup { / vwdz :w € Hr, w7 = 1}7
Q

where 1/¢+1/¢' = 1. Then

‘ / vwdx
Q

Finally, we introduce the space H7 a; of piecewise constant in time functions with values
in ‘Hr,

< ol g rllwllgr  for v, w e Hy.

Nr
Hraw= {v Q% [0,T] = R I0")mr vy C Hy, v(@t) = Y 05 (@)L (t)},
k=1
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equipped, for 1 < p,q < oo, with the discrete LP(0, T; W4(Q)) norm

(Zmnv’wm)

2.2. Numerical scheme. We define now the finite-volume scheme for the cross-diffusion
model (1) and (4), where we consider a general diffusion matrix A(u) and an entropy
density h given by h(u) = > | hi(u;). We first approximate the initial functions by

/p

1

9 0 = —— Yz)de for KeT,i=1,...,

9) Uy ¢ m(K)/KuZ(:v) x for T, i n

Let uF~! (ulf 1 ..., uf1) be given. Then the values uf x are determined by the implicit
Euler finite-volume scheme

uf g — Uy k k
(10) m(K)T + 3 Fl, =m(E) fi(uf),
o€k

where the fluxes FFy  are given by

(11) Flo=— ZT,, i (WD ub for K €T, o€ &k,

and 7, is defined by (7). By the definition of the discrete gradient D, the discrete fluxes
vanish on the boundary edges, guaranteeing the no-flux boundary conditions. In (11), we
have introduced the mean value

~F ook k k k
ug if ui g >0, ulg, >0, and (e =+ U K s
ko k ook ok
(12) Uiy = Ui i if uj e = uig, >0,
0 else,

where @} ;- € (0,00) is the unique solution to

(13) W (W, )Dgouf = D hi(uf) for K €T, o€ .
Since hj is assumed to be strictly concave (see Hypothesis (H4) below), the definition
uf, = 0if uf o = 0 or uf i , = 0 is consistent with (13), and the existence of a unique value

u’fo follows from the mean-value theorem. The strict concavity of h; (which implies that
R is strixtly decreasing) and

h;/(min{uf,K7 uf,K,a}> S hgl(uf,o') S h;’(max{uiK, u?,K,o}>

lead to the bounds

(14) mln{uz KU 'LKJ} < U < max{uz KU 'LKJ}
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2.3. Main results. Our hypotheses are as follows.

(H1) Domain: © C R? is a bounded polygonal domain.

(H2) Discretization: D is an admissible discretization of Q2 satisfying (8).

(H3) Initial data: u® = (uf, ..., ud) € L'(;[0,00)") with [, h(u’)dz < oco.

(F14) Eutropy desitys () = S5h b where hn € CA(0, 03 (0,003) 1 CO(0,00)
[0; 0)) is convex, R} : (0,00) — R is invertible and strlctly concave, and there exists
ch>OSuchthathi()zch( )forall s >0,i=1,...,n

(H5) Diffusion matrix: A € C%([0,00)"; R"*") and there exists c4 > 0 such that for all
z € R" and u € (0, 00)",

2T h () A(u)z > ca|z|*.

(H6) Source terms: f; € C°([0,00)), and there exist two constants C'y > 0 and C} > 0
such that for all u € [0, 00)",

Zfl Vil (u;) < Cp(1 Z|fz ‘<Cf(1+2‘ul|2>

Let us discuss these hypotheses. The convexity of h; and the invertibility of A} in Hy-
pothesis (H4) are natural conditions for the entropy method, see [26, 27]. The strict
convexity or concavity of h; is required to define properly the mean value u n (12).
The lower bound for h; allows us to conclude L!(Q) estimates. We assume in Hypothe—
sis (H5) that the matrix h”(u)A(u) is positive definite. This condition can be relaxed,
at least for the existence proof, to the “degenerate” positive definiteness assumption
2T (u)A(u)z > ca Y u2™ 222 for m > 1/2, but this requires certain growth condi-

i=1 Ui
tions on the nonlinearities, Wthh we wish to avoid to simplify the presentation. The
Lipschitz continuity of A;; is needed to estimate the difference |A;;(u¥) — A;;(uf)| in the
convergence proof. It is not needed to show the existence of discrete solutions. The first
bound in Hypothesis (H6) is a natural growth condition needed in the entropy method,
while the second bound is used to estimate the discrete time derivative; see the proof of
Lemma 8.

We introduce the discrete entropy

(15) H[u*] = m(K)h(uf,) for k> 0.

KeT
Theorem 1 (Existence of discrete solutions). Let Hypotheses (H1)-(HG6) hold and let At
< 1/Cy. Then there exists a solution u* = (uf, ..., uk) € H% to scheme (9)~(12) satisfying

uﬁKZOforallKET k>1,andi=1,...,n, andztholdsthat

(16) (1 —C;AtH +CAAtZZTa LUF)? < Hub Y + CpAtm(Q), k> 1.
i=1 o€&
The proof of Theorem 1 is based on a topological degree argument. For this, we linearize

and “regularize” scheme (9)—(12). The regularization is needed since we are working in the
entropy variables w; = h/(u;) and the diffusion operator in these variables is only positive
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semidefinite. Then we establish an entropy inequality associated to the approximate scheme
and perform the limit when the regularization parameter vanishes.

For the convergence result, we need some notation. For K € T and ¢ € £k, we define
the cell Tk, of the dual mesh:

o If 0 = K|L € &t i, then Tk, is that cell (“diamond”) whose vertices are given by
Tk, xr, and the end points of the edge o.

o If 0 € Ext i, then Tk, is that cell (“triangle”) whose vertices are given by xx and
the end points of the edge o.

The cells Tk, define a partition of 2. It follows from the property that the straight line
TrTr between two neighboring centers of cells is orthogonal to the edge ¢ = K|L that

m(o)d(zg,zr) =2m(Tk,) for o = K|L € Eyy.
The approximate gradient of v € Hy a; is then defined by

VD’I)(LU,t) = %(DKJUIC)VKJ for xz € TKJ, te (tkfl, tk],
where v, is the unit vector that is normal to o and points outwards of K.

We introduce a family (D,,)nen of admissible space-time discretizations of {21 indexed by
the size 1, = max{Ax,,, At,,} of the mesh, satisfying n,, — 0 as m — oco. We denote by
T.» the corresponding meshes of (2 and by At,, the corresponding time step sizes. Finally,
we set V™ 1= VPm,

Theorem 2 (Convergence of the scheme). Let the assumptions of Theorem 1 hold, let
(Dyn)men be a family of admissible meshes satisfying (8) uniformly in m € N, and as-
sume that At,, < 1/Cy for m € N. Let (um)men be a family of finite-volume solutions
to (9)—(12) constructed in Theorem 1. Then there exists a function u = (uy,...,u,) €
L2(0,T; HY(S; R™)) satisfying u; >0 in Qp, i=1,...,n,

Ui — u;  strongly in L*(Qr),
V™ — Vu;  weakly in L*(Qr), as m — oo,

up to a subsequence, andu is a weak solution to (1) and (4), i.e., for ally; € C(2x[0,T)),
it holds that

/OT/QWW@‘CZW t /Q uf (0)(0)da
:/OT/QJZH;AM'(U)VW-V%dmdﬂ/j/ﬂﬁ(@@dmdt, 1=1,...,n.

The proof is based on suitable estimates uniform with respect to Ax and At, derived
from the entropy inequality (16) and the discrete Gagliardo—Nirenberg inequality, as well
as a version of the Aubin-Lions lemma obtained in [21]. This yields the a.e. convergence
of a sequence (uy,) of solutions to scheme (9)—(12). The final step is the identification of
the limit function as a weak solution to (1) and (4).
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The last result is the convergence of the discrete solutions, as k& — oo, to a constant
stationary solution when the source terms vanish. For this, let @; = m(Q)™" [, uddx for
i =1,...,nand u = (uy,...,u,). We introduce for every k > 1 the discrete relative
entropy

Hlu"|u] = i”;rm(K)h(z—k>u

Observe that since H[u"*|u] distinguishes from H[u*] only by linear terms, so the entropy
inequality (16) also holds for the relative entropy.

Theorem 3 (Discrete large-time asymptotics). Let uf € H™ be a finite-volume solution
to (9)—(12) for k > 1. Then

Z [uf = @i[§ 07 — 0 as k — oo

i=1
If the entropy density is defined by (6) and the entropy inequality is given by
(17) Hu*(a] + At © " 7o (ca(Douf)? + 4y (Do (uf)'/?)?) < H[u" |,

i=1 oc€&

where ¢y > 0, then there exist constants k > 0 (depending on u°) and A > 0 (depending
on cy, u®, and ¢) such that

n
Zm”uf — Uil|g 17 < kHC|ale ™ for all k > 1.
i=1

The proof of Theorem 3 is based on the entropy inequality (17) and some discrete
functional inequalities and is rather standard. Inequality (17) follows if we assume that
the matrix A(u) satisfies for all z € R™ and u € (0, 00)",

n 2
1 TH (W) Alu)z > 240 N2
(18) z h'(u)A(u)z > cal?| +CA;ui

This can be seen by slightly modifying the proof of Theorem 1; see Remark 6. All the
assumptions of the theorem are fulfilled by the SKT model if a;g > 0 forallt=1,...,n
[13, Lemma 4, Lemma 6]. When the Lotka—Volterra terms do not vanish, nonconstant
steady states are possible, and we present some numerical illustrations in this direction in
Section 8.3.

3. EXAMPLES

We present several examples for which Hypotheses (H4)—(H6) are satisfied. The examples
include the SK'T model.
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3.1. The n-species SKT cross-diffusion system. Consider system (1)-(4). The en-
tropy density defined by (6) satisfies Hypothesis (H4). Hypothesis (H5) is satisfied if a;; > 0
for all © = 1,...,n and the detailed-balance condition

(19) T = T;Qj; for all 4 7é j,

holds, or if self-diffusion dominates cross-diffusion in the sense

. 1 ¢ 2
(20) 7o == min_ <an‘ 1 z; (Vag — /az) ) >0
j:
and m; = 1 for i« = 1,...,n; see Lemmas 4 and 6 in [13]. In the former case, c4 =
min; m;a; > 0 and in the latter case, c4 = 2m9 > 0. The Lotka—Volterra source terms (3)
satify Hypothesis (H6) with C'; given by

2
(21) Cr = log 2 anlax (

1)

(see Appendix A for a proof). The existence of a constant C% > 0 such that

Zm )< cf<1+2|uz|2)

is clear since f; is growing at most as uf This shows that Hypotheses (H4)-(H6) are
fulfilled, and we have the following result.

Corollary 4. Leta;; > 0, b;; > 0 fori =1,...,n and let the diffusion matrix, source terms,
and entropy density be defined by (2), (3), and (6), respectively. We assume that (19) or
(20) holds and that At < 1/Cy. Then there exists a finite-volume solution to scheme (9)—
(12) satisfying (16). Under the assumptions of Theorem 2, the solutions associated to the
meshes (D,,) converge to a solution to (1)—(4), up to a subsequence.

3.2. A cross-diffusion system for fluid mixtures. It was shown in [12] that the mean-
field limit in a stochastic interacting particle system leads to the cross-diffusion system (1)
with diffusion coefficients

Aij = 05050 + ajjui, 1,5 =1,...,n,

where a;; > 0, and with vanishing source terms, f; = 0. This system is similar to the
n-species SKT-type model, but the diagonal diffusion is smaller. We choose the entropy
density (6) with m; satisfying the detailed-balance condition (19) and assume that the
matrix (m;a;;) is positive definite with smallest eigenvalue Ay > 0. Then Hypothesis (H5)
is satisfied since

2 R (u)Au)z = Z; u—zzf + ”zzl(ﬂiaij)zizj > Aol2|?,
= i,j=

for all z = (21,...,2,) € R". Thus, Hypotheses (H4)—(H5) are fulfilled. A finite-volume

scheme for this system has been already analyzed in [28]. However, the design and the
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analysis of the scheme are based on a weighted quadratic entropy, i.e. an entropy not of

the form . | hi(w;).

3.3. A cross-diffusion model for seawater intrusion. The seawater intrusion model
analyzed in [1] describes the evolution of the height u; of freshwater and the height s
of saltwater in a porous medium. The asymptotic limit of vanishing aspect ratio between
the thickness and the horizontal length of the porous medium in a Darcy transport model
leads to the cross-diffusion system (1) with diffusion coefficients

. 5U1 (5u1
A(’LL) - (5u2 UQ) )
where 0 € (0,1) is the ratio of the freshwater and saltwater density, and with no source
terms. The original model contains a variable bottom b(z) of the porous medium; we

assume for simplicity that the bottom is flat, b(x) = 0. Our arguments also hold for
nonconstant functions b(z) if Vb € L*>(§2). The entropy density is given by

h(u) = 1(ul(logul — 1)+ 1) + (uz(logus — 1) + 1),

)
and a computation shows that
1 1 1
2B (u)A(u)z = 5(1 —0)(zf +23) + 5(1 +0)(2z1 + 20)* > 5(1 —9)|z%,

for z € R?. We infer that Hypotheses (H4)—(H5) are fulfilled.

An entropy-dissipating finite-volume scheme, based on a two-point approximation with
upwind mobilities, was already suggested and analyzed in [1] using similar techniques as
in our paper. However, our analysis allows us to recast this model in a more general
framework.

3.4. A Keller—Segel system with additional cross-diffusion. It is well known that
the parabolic-parabolic Keller—Segel model may lead to finite-time blow-up of weak solu-
tions [6]. Adding cross-diffusion in the equation for the chemical signal allows for global
weak solutions, which may help to approximate the Keller-Segel system close to the blow-
up time. The evolution of the cell density u; and the chemical concentration us is governed
by equations (1) in two space dimensions with fi(u) = 0 and fy(u) = u; — uy and with the
diffusion matrix (take m =2 and n =1 in [9])

aw = (% ),

where 0 > 0 describes the strength of cross-diffusion (and can be arbitrarily small). The
associated entropy density given by

B(w) = B () + hofus) = (wn(logur — 1) + 1) + 21—5@
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does not satisfy Hypothesis (H4), since R}, : (0,00) — R, hi(ua) = uy/d, is not invertible,
but it satisfies Hypothesis (H5):

2R (u)A(u) = 222 + 6122 > min{2,6'}z* for z € R2.
Hypothesis (H6) is satisfied since the elementary inequalities u; log us < uyloguy —uy +us
for uy, uy > 0 and —uglogus < e imply that fo(u)logus < C(1 + h(u)). Although,
formally, we cannot apply the results of the previous section, the technique still applies by
defining h), as a function from R to R. We note that us cannot be proven to be nonnegative,

even not on the continuous level. However, the concentration us becomes nonnegative in
the limit 6 — 0.

4. PROOF OF THEOREM 1

We prove Theorem 1 by induction. If k = 0, we have u?’K >0foral KeT,i=1,...,n
by assumption (H3). Assume that there exists a solution u*~1 to (10)—(12) satisfying

’i;{l >0for K €T,i=1,...,n. The construction of u* is split into several steps.
Step 1: Definition of a linearized problem. Let R > 0 and ¢ > 0. We define the set

Zp={w=(wi,...,w,) € H} : ||w|l127 < Rfori=1,...,n},

and the mapping F. : Zp — R" F.(w) = w®, with § = #7 and w® = (w5, ..., w:) is the
solution to the linear problem

e Y ToDgowf — em(K)uwf . = th{) (i — + 3 Fiko —m(K) fi(ug),
oEEK 0EEK
for K € T andi=1,...,n, where F; x, is defined in in (11) and u; r = (b)) (w; x) > 0
is a function of w. The existence of a unique solution w*® to this problem is a consequence
of the proof of [16, Lemma 9.2].
Step 2: Continuity of F.. We fix i € {1,...,n}, multiply (22) by wj g, sum over K € T,
and apply discrete integration by parts:

m(K
__Z ét)(uzK_ule) 7,K+ Z EKJDKJw

KeT o€Ent
o=K|L
(23) + Y m(K) filug)ws o =t Jy + Jo+ Js.

KeT
By the Cauchy—-Schwarz inequality and definition (11) of F; x,, we find that

1
Jp < A7 —||u; —
1/2 1/2
h < (ZZTUAWU)(DJ%)?) (ZMDst)?) ,
j=1 oe€ ocE

J3 < | filu)lo2,7/|w; [lo.2,7-
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Since w € Zp is bounded, so does u € H’. Thus, there exists a constant C(R) > 0
independent of w® such that J; < C(R)||w:||12,7. We deduce from (23) that

ellwillier < C(R).

We now turn to the proof of continuity of F.. Let (w™)neny € Zgr be such that w™ — w
as m — oo. The previous bound shows that w®™ = F.(w™) is uniformly bounded. By
the theorem of Bolzano-Weierstraf}, there exists a subsequence of (w®™), which is not
relabeled, such that w®™ — w® as m — oo. Passing to the limit in scheme (22) and taking
into account the continuity of the nonlinear functions, we see that w$ is a solution to (22)
for alli =1,...,n, and it holds that w® = F.(w). Because of the uniqueness of the limit
function, the whole sequence converges, which proves the continuity.

Step 3: Ezxistence of a fized point. We claim that F. admits a fixed point. We use a
topological degree argument [15, Chap. 1], i.e., we prove that deg(l — F., Zg,0) = 1, where
deg is the Brouwer topological degree. Since deg is invariant by homotopy, it is sufficient
to prove that any solution (w®, p) € Z x [0,1] to the fixed-point equation w® = pF.(w®)
satisfies (w®, p) € 0Zgr x [0, 1] for sufficiently large values of R > 0. Let (w®, p) be a fixed
point and p # 0 (the case p = 0 is clear). Then w® solves

e 3 Dot -em()u = p( R 0+ B Fosp -l i) ),

0EEK o€k

for all K € T and i = 1,...,n, where uf o = (hj)""(wf ;) > 0 and F; ., is defined as in
(11) with u replaced by u®. The following discrete entropy inequality is the key argument.

Lemma 5 (Discrete entropy inequality). Let the assumptions of Theorem 1 hold, let 0 <
p<1,e>0, and let u® be a solution to (24). Then

p(1 = CrAOH[u] + At S 2,7

=1

(25) + peaAt Z Z 7o (Dous)? < pH[uF ] + pCr At m(Q).

i=1 oe&

Proof. We multiply (24) by Atw;; and sum over i = 1,...,n and K € T. Then, after a
discrete integration by parts,

aAtZ Wil 57+ Ja+ Js + Js =0, where
=1

Ji=pY Y mE)(uf g — uf i wig,

i=1 KeT
JS_pAtZ Z Ta Z] DKJU DKaw
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JG—PAtZZ K) fi(ug)w; k-

i=1 KeT
Since h; is assumed to be convex, we have

J4=PZZHI(K) zK_uzK)h/< K)

i=1 KeT

>0 ) mlE) (o) = hiluy)) = p(H[u] = H[ut ).

i=1 KeT
We deduce from wi = hj(u$), the discrete chain rule (13), and Hypothesis (H5) that

J5 - ,OAt Z Z TO’ zg DKU( ;)Dh;(uf)
Z] 1 Uegmt
oc=K|L

n
1
= pAt E E ol (U5 5) Aij(ug ) D ot Dic o U5
1,j=1 0€&En¢
o=K|L

> IOCAAt i Z 7—0<Dauz€)2

i=1 o€
Finally, by Hypothesis (H6),
Jo > —pCrAt Z m(K)(1+ h(uy)) = —pCrAtH[u®] — pCrAt m(Q).
KeT
This completes the proof. O

We proceed with the topological degree argument. Set

1/2

R = + 1.

\/%(H[uk_l] + CyAtm(9))

The previous lemma implies that
eALY |lwilf 5 < p(H[u*'] + CrAtm(Q)) < eAt(R - 1),

which gives Y7 | [|wf]|? 57 < R?. We conclude that w® ¢ 0Zg and deg(I — F, Zg,0) = 1.
Thus, F. admits at least one fixed point.

Step 4: Limit € — 0. We deduce from Hypothesis (H4), Lemma 5, and At < 1/C that
forany K € T andi=1,...,n
Hu* + C; At m(Q)

1 —-CrAt

This shows that (u; ;) is bounded uniformly in . Therefore, there exists a subsequence
(not relabeled) such that uf, — wu;x as ¢ — 0. Lemma 5 implies the existence of a

cn m(K) (ug i — 1) < m(K)hi(uf ) < Hlu'] <
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subsequence such that ew;; — 0. Hence, performing the limit ¢ — 0 in (24), we deduce
the existence of a solution to (9)—-(12). Passing to the limit ¢ — 0 in (25) yields the entropy
inequality (16), which finishes the proof of Theorem 1.

Remark 6. If we assume that (18) holds then, arguing as for J5 in the proof of Lemma 5,
we obtain an additional term of the form

pc At Z Z

i=1 oc€&

This expression is well defined since it holds that u$ ;- > O forall K € T and i =1,...,nand
consequently u5, > 0. We deduce from the elementary inequality (z — y)(logx —logy) >

4(y/x — \/y)? for all z, y > 0 that

pcAAtZZ >4pcAAtZZTU o 1/2

i=1 o€ i=1 oc€&

Thus, if assumption (18) holds, we conclude that for every € > 0,

p(1—CrAt)H +6AtZ||w6||127—+pcAAtZZTU (Dyus)
i=1 o€&
+4pcAAtZZTO S(U)?)? < pH[uP Y + pCr At m(Q).
i=1 o€&

Finally, applying similar arguments as at the end of the proof of Theorem 1 and since the
relative entropy H[-|u] distinguishes from the entropy (15) only by linear terms, we obtain
the entropy inequality (17).

5. A PRIORI ESTIMATES

We establish some a priori estimates uniform in Az and At for the solutions to (9)—(12).

Lemma 7 (Discrete space estimates). Let the assumptions of Theorem 1 hold and let
At < 1/Cy. Then there exists a constant C' > 0 independent of Az and At such that for
1=1,...,n

)

max |u H01T+ZAtHukH12T+ZAtHukHOST <C.

k=1,...Nr

k=1 k=1
Proof. Let i € {1,...,n} be fixed. After summing (16) over K € T and applying the
discrete Gronwall inequality, Hypothesis (H4) shows that

Nr

max_ ||U ||0,1,T+ZA75’U {27 < C.
k=1

k=
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By the discrete Poincaré~Wirtinger inequality [5, Theorem 3.6], we infer the bound

Nt

> Atluflgor < C.

k=1

Consequently, 2@1 At||u?||%727 < C. In order to show the remaining bound, we apply
the discrete Gagliardo—Nirenberg inequality with § = 2/3 [5, Theorem 3.4]:

_ — — 1/3 2/3
Juflloar < CCO PNl ol ity < CCH (| max It ) b3

ERREE)

Summing over k = 1,..., Ny gives

Nt
D A5 < C¢ max ||Ué|\o,1,TZAt||Uk||12T <C.

k=1 k=1
This ends the proof. U

The the previous proof, we use the fact that the domain 2 is two-dimensional. We can
derive a uniform estimate for «* in L8°(Qr) in three-dimensional domains. This bound is
sufficient subject to an adaption of the space for the following estimate. Let the discrete
time derivative of a function v € Hy a; be given by

k-1

k_
8?1”“:%, kzl,...,NT.

Lemma 8 (Discrete time estimate). Let the assumptions of Theorem 1 hold and let At <
1/Cy. Then there exists a constant C' > 0 independent of Ax and At such that for i =
e,

Nt
> At|op uf |1 g5 < C.

k=1

Proof. Let k € {1,...,Nr} and i € {1,...,n} be fixed and let ¢ € Hs be such that
éll1.6.7 = 1. We multiply (10) by ¢, sum over K € T, and apply discrete integration by
parts:

k k—1
Ui — Ui i
> :m(K)quK = —§ > 7, A (uf) Dk oD o+ Y m(E) fi(ufc )i
KeT j=1 0E€&Ein KeT
o=K|L
(26) = J; + Js.

The Holder inequality and definition of 7, imply that

1/3
(27) |M<Z<Z M%«@ s ol

Uegmt
oc=K|L
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If uf o # ul g, we have uf, = uf, and U}, solves (13). Then Hypothesis (H4) implies

(14) and in particular 0 < uf, < uf +uf . By Hypothesis (H5), the diffusion coefficients

A;; grow at most linearly. Consequently, for o = K|L,

Ay < Oy (L + g gl + ug ).
(=1

Hence, taking into account the mesh regularity (8),
> m(o)do Ay ()P <O+ b)Y mo) (o).

O'Ggint KeT UEgint,K
o=K|L

Using the property [17, (1.10)]
> ) mo)d(ak,0) <2 m(K) =2m(Q)
KETJESint’K KeT

(the constant on the right-hand side slightly changes in three space dimensions), we con-
clude from (27) that
1/3 n

< cc! (1 £y Hufué,g,T) S [utlsrléliar
j=1

Jj=1

Next, in view of Hypothesis (H6),

[Jsl < D m(E)|filui)| 19x| < C}(H¢||o,1,¢+ >, H(U?)chllm,f)-
i=1

KeT

We apply Holder’s inequality to conclude that there exists a constant C' > 0 independent
of Az and At such that

1 € (Ilusr + 3 Ik ool )
i=1
Moreover, thanks to the discrete Poincaré-Sobolev inequality obtained in [5, Theorem 3],

we have ||@||os.7 < CC5/%||¢||1,6.7, which implies the existence of a constant, still denoted
by C' > 0, such that

i < 0(1 0y uufusw) I6lior
=1

Inserting the estimates for J; and Jg into (26) and using Lemma 7 gives

Ny w1 Nr uk — k1
> A —‘ = sup 3 At D m(K) =
p At -1,6/5,7  lI¢lle7=1% KeT Al

1/2

Nr n 1/3 , Nr n
<o au(t+ 0l )) (80X Il )
k=1 Jj=1 k=1 j=1
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n NT
FOT+ O3S At r
i=1 k=1
Nt n 1/3 , Nr n 1/2
co( S a(te Y lutar)) (A Ikl )
k=1 j=1 k=1 j=1
n Nt 2/3
LOT oY (z Atnug:»*ng,g,) <c
i=1 N k=1
This concludes the proof. Il

6. PROOF OF THEOREM 2

Before we prove the theorem, we show some compactness properties.

6.1. Compactness properties. Let (D,,)nen be a sequence of admissible meshes of Qr
satisfying the mesh regularity (8) uniformly in m € N and let At,, < 1/C;. We claim
that the estimates from Lemmas 7 and 8 imply the strong convergence of a subsequence
of (Ul’m)

Proposition 9 (Strong convergence). Let the assumptions of Theorem 2 hold and let
(Um)men be a sequence of discrete solutions to (9)—(12) constructed in Theorem 1. Then

there exists a subsequence of (u,,), which is not relabeled, and u = (uy,...,u,) € L*(Qr)
such that for any p <3 andi=1,...,n,

Uim — u;  Strongly in LP(Qr) as m — oo.

Proof. The idea is to apply the discrete version of the Aubin—Lions lemma obtained in [21,
Theorem 3.4]. Because of the estimates

NT NT
D AtluflR o g+ Y AU U | v < C,

k=1 k=1

it remains to show that the discrete norms | - ||1 27 and || - ||=1,6/5,7 verify the following
assumptions:

(1) For any sequence (vy,)men C Hr,, such that there exists C' > 0 with ||vy,||127, < C
for all m € N, there exists v € L*(Q) satisfying, up to a subsequence, v,, — v
strongly in L?(Q).
(2) If v, — v strongly in L*(Q) and ||v,,||—1,6/5,7,, — 0 as m — oo, then v = 0.
Property (1) is a direct consequence of [17, Lemma 5.6]. For property (2), let ¢ € C§°(£2)
and set ¢ = ¢(xf) for K € T, and

Om() = Z ¢xlk(zr), =z €.

KeTm
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Then ¢, € Hr,, and, in view of the definition of || - ||167,.,
1613 6.7, < mEONS% + VSl Y Y m(o)ds
KGTUGSimyK

Hence, using [17, (1.10)] this implies that ||¢n 167, < C(( Q)| @]|wre@ and conse-
quently,

(28) < C(Q, Ollvmll=1.6/5,7 | 2llw.00 () -

/Q () o ()

Now, if we assume that v,, — v strongly in L?(Q2) as m — oo, we have

/ﬂ (@) (2)d — /Q o(0)6(x)dz,

since also ¢, — ¢ strongly in L?(Q2). Hence, if ||v,||—16/57, — 0, we deduce from (28)
that [, v(z)¢(x)de = 0, which yields v = 0. This proves property (2).

We conclude from [21, Theorem 3.4] that, up to a subsequence, u,, — u strongly in
LY(0,T; L*(Q)). Then the uniform L?*(Qr) bound obtained in Lemma 7 and the dominated
convergence theorem show that u,, — u strongly in L?(Qr) for any p < 3. O

Lemma 10 (Convergence of the gradient). Under the assumptions of Proposition 9, there
exists a subsequence of (Up,)men such that, as m — oo,

V™ — Vu;  weakly in L*(Qg), i=1,...,n,
where V™ s defined in Section 2.3.

Proof. Lemma 7 implies that (V™u;,,) is bounded in L?*(Qr). Thus, for a subsequence,
V" U, — v; weakly in Q7 as m — oo. It is shown in [10, Lemma 4.4] that v; = Vu,. 0O

6.2. Convergence of the scheme. To finish the proof of Theorem 2, we need to show
that the function u obtained in Proposition 9 is a weak solution to (1) and (4). To this
end, we follow the strategy of [10]. Let ¢ € {1,...,n} be fixed, let ¢; € C5°(Q2 x [0,T)) be
given, and let 7, = max{Ax,,, At,,} be sufficiently small such that supp(¢;) C {x € Q :
d(z,0Q) > n,} x [0,T). For the limit, we introduce the following notation:

T
Fi§ = _/ /Ui,mat%dl'dt - / Ui (2, 0)1(, 0)dz,
o Ja 0

n_ T
Fy = Z/o /QAz‘j(Um)Vmuj,m - Vipydadt,
=1

Fyp = — /0 ' /Q i ) 0sdadt.

The convergence results of Proposition 9 and Lemma 10, the continuity of A;; and f;, and
the assumption on the initial data show that, as m — oo,

T
Fio + Fop + Fop — —/ / w;Opidrdt — / u ()1 (z,0)dx
o Jo Q
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+JZ:/OT/QAM(U)V%'V%dwdt—/oT/in(u)@bidxdt.

We proceed with the limit m — oo in scheme (10). For this, we set ¢, = ¢;(2x, k),
multiply (10) by At,,; K , and sum over K € T,,, and i = 1,...,n, leading to

(29) F"+ F' + Fy" =0, where
Nt
" = Z Z m(K)(UfK - ule) fif_(l?

k=1 KeT
Y AT S Ay Dt
j=1 k=1 KET 0€&n,kx
ZAt > m(E) fi(uf vl

KeT

The aim is to show that Fjj — Fi" — 0 as m — oo for j = 1,2,3. Then (29) shows that
Fit + F35 + F3; — 0, which finishes the proof.

It is proved in [10, Theorem 5.2], using the L'(Qr) bound for u,, and the regularity of
¢, that F{j — F" — 0. Furthermore,

|3 — 3| < filu — Pi(x,t) da:dt’
30 3 - 1](26,7, //;k X )
<nm||¢z||mﬂ(2m S (K >|fi<u’;(>|).

KeT

We deduce from the growth condition for f; in Hypothesis (H6) and Lemma 7 that

n NT
3 — B < Copallillonan (Tmm) B Atmnufnam) < O 0.

j=1 k=1

The proof of Fif — F3* — 0 is more involved. First, we apply discrete integration by parts
and split FJ" = FJ + FJ} into two parts with

n

Nr
FQﬂf = Z Z Atm Z Z TaAij(uI[C{)DK,Uu?DK,Uwfila

7j=1 k=1 KETO’ESint’K

n N
FQWQL = Z Z Atm Z Z To (Azj(uf_) — Aij(ul;())DK7JU§DK701/)Z]-€_1.

71=1 k=1 KETUEgintyK
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The definition of the discrete gradient V™ in Section 2.3 gives

[Fog — Fail < ZZ > D m(o)A;(ui)lIDro ]

J=1 k=1 K€T 0€&n,K

" (Dot 1 /
SALEH Vi v ,de) dt‘.
/tk1 ( do m(TK#’) Tk o "

It is shown in the proof of [10, Theorem 5.1] that there exists a constant Cy > 0 such that

B Dy gt : / ) ‘
Wi Vibs - v oda \dt| < CoAt |
‘ /t( d, m(Tro) Jr,. Vi v O

Hence, by the Cauchy—SChwarz inequality,

| F36 — F;f\<00anZAt > > m(o)|Ay(uk)| |Dxouf]

X

j=1 k=1 KeT 0€€in, Kk

n Np 1/2
soonmzzmm||u§|m(z|Aij<u;z>|2 > mlo)d.)

j=1 k=1 KeT 0€&int, K

It follows from the mesh regularity (8) and [17, (1.10)] that

Z m(o)d, < ¢! Z m(o)d(zg,0) <2 m(K).

0€Ein, K 0€Eint, K

Therefore, applying the Cauchy—Schwarz inequality again, we obtain

n Nr 1/2
B — B < OO 33 Ay o ( 3 m<K>|Aij<u’;<>\2)

=1 k=1 KeT
n  Nrp n 1/2
sc<<>nm(ZZAtm|ru§Hi2,Tm) (ZZAt 14, (u Hosz) |
j=1 k=1 j=1 k=1

Since A;;(u”) grows at most linearly,

n 1/2 , n Nr 1/2
[ — B < C(0) (ZZAt 10, ) (2030 A1+ Il )
k=1

j=1 k=1 j=1 k=

(Here, we see that the L%3(Qr) estimate of u¥ for three-dimensional domains is sufficient.)
The uniform estimates in Lemma 7 then imply that |Fap — F5"| < C({)nm — 0 as m — 0.
Finally, we estimate Fj3 according to

(30) [F33] < Cnml[¥illcr @) G™, - Where

=33 A YT ST Ay (k) — Ay (uf)| D pul].

71=1 k=1 KeT o€€int, Kk
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Since A;j is assumed to be Lipschitz continuous in Hypothesis (H5) and ufma < ufm KT
for o € &y (see (14)), we deduce from the Cauchy—Schwarz inequality that

Gm<C En: ET: Aty Y Y Toluf, — ufxlIDrouf]

mzL

J =1 k=1 KeT o€,k
n  Np 1/2 , n Nrp 1/2
c(zzmm ZTU<DUUI;>2) (ZZA%ZTG(DUU?)Q) |
(=1 k=1 oce€ j=1 k=1 oce€

By Lemma 7, the right-hand side is bounded uniformly in m. Thus, we infer from (30)
that |F35| < Cnyn — 0 and eventually, |Foy — Fo*| < |Fag — F3Y| + | Fas| — 0. This finishes
the proof.

7. PROOF OF THEOREM 3

We see from scheme (10) after summation over K € 7 that uf and u? have the same
mass and hence, |[uf|o17 = u; for i =1,...,n. Summing the entropy inequality (16) with
Cy =0 over k > 1 gives

cAAtZZW |127-—CAAtZZZToDu Hu").

k=1 i=1 k=1 i=1 o€&

This shows that the sequence k — 7", |uf|], converges to zero as k — oo. The first
statement of the theorem then follows from the discrete Poincaré~Wirtinger inequality [5,
Theorem 3.6],
||uf — ﬂi”(]g"r < Olc_l/zlui?ll’gﬂ’ -0 k— .
For the second statement, we deduce from the modified entropy inequality (17) that

[k|u+4cAAtZZTC, ()22 < H[u"a).

i=1 oc€&

By the discrete logarithmic Sobolev inequality [7, Prop. 5.3,

H[u*|u] < Cy(u®)¢™ ZZ% o (uf)'/?)?,

i=1 o€
we find that

<1+ 02’(4<2>At) wk|a) < Hlu"]a).

Setting A = 4¢/,¢?/Cy(u®) and solving the recursion yields
H[u"|a] < (14 AA) T H[ua] < (14 My /k) "H[u’|a] < e ** H[u’|a).
Finally, we apply the discrete Csiszar—-Kullback—Pinsker inequality

n
> milluf —willg, 7 < CsH[u"|a],
i=1
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where C5 = 2max;—;,_, ;. The proof of this inequality follows exactly the proof of [27,
Theorem A.3] (just replace integration over 2 by summation over K'). This finishes the
proof.

8. NUMERICAL RESULTS

We present in this section some numerical experiments for the SK'T model (1)—(4) in one
and two space dimensions and for two and three species. For the two-species SKT model,
some of our test cases are inspired by [19, 22].

8.1. Implementation of the scheme. The finite-volume scheme (9)—(12) is implemented
in MATLAB. Since the numerical scheme is implicit in time, we have to solve a nonlinear
system of equations at each time step. In the one-dimensional case, we use Newton’s
method. Starting from uf~! = (u’f’l,u’;’l), we apply a Newton method with precision
e = 107'Y to approximate the solution to the scheme at time step k. In the two-dimensional
case, we use a Newton method complemented by an adaptive time-stepping strategy to
approximate the solution of the scheme at time t;. More precisely, starting again from
uFt = (ub ! b1, we launch a Newton method. If the method does not converge with
precision ¢ = 107® after at most 50 steps, we halve the time step size and restart the
Newton method. At the beginning of each time step, we double the previous time step
size. Moreover, we impose the condition 1078 < At,_; < 1072 with an initial time step

size Aty = 1075,

8.2. Test case 1: Rate of convergence in space. In this section, we illustrate the
order of convergence in space for the two-species SKT model in one space dimension with
Q) = (—m,m). We choose the coefficients a;y = 0.05 and a; = 2.5-107° for i = 1,2,
a;p = 1.025 and ag; = 0.075. We take rather stiff values of the Lotka—Volterra constants
as in [22, Section 33], blO = 5977 bg(] = 4975, bn = 248757 and b12 = le = b22 = 19.9.

Finally, we impose the initial datum

ul(z,y) =2+ 0.31f(z — 0.25) + 0.31f(z — 0.75), ud(z,y) = 0.5,
where f(z) = max{1 — 8%2°,0}.

Since exact solutions to the SKT model are not explicitly known, we compute a reference
solution on a uniform mesh composed of 5120 cells and with At = (1/5120)?. We use
this rather small value of At because the Euler discretization in time exhibits a first-order
convergence rate, while we expect, as observed for instance in [8], a second-order conver-
gence rate in space for scheme (9)-(12), due to the logarithmic mean used to approximate
the mobility coefficients in the numerical fluxes. We compute approximate solutions on
uniform meshes made of 40, 80, 160, 320, 640, and 1280 cells, respectively. In Table 1,
we present the L?(2) norm of the difference between the approximate solutions and the
average of the reference solution . at the final time 7' = 1073, As expected, we observe
a second-order convergence rate in space.
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Uq Uz
cells L? error | order | L? error | order
40 8.2518e-04 2.6979e-05

80 2.1542e-04 | 1.94 | 1.2174e-05 | 1.15
160 | 5.5456e-05 | 1.96 | 4.2493e-06 | 1.52
320 | 1.3889e-05 | 2.00 | 1.0963e-06 | 1.95
640 | 3.4352e-06 | 2.02 | 2.7278e-07 | 2.01
1280 | 8.1811e-07 | 2.07 | 6.5056e-08 | 2.07
TABLE 1. L?*(2) norm of the difference u; — uyef; in space at final time 7= 1073.

8.3. Test case 2: Pattern formation. We illustrate the formation of spatial pattern
exhibited by the two-species SKT model in the two-dimensional domain Q = (0,1)? with a
mesh composed of 3584 triangles. The diffusion and Lotka—Volterra coefficients are chosen
as in test case 1. For these values, the stable equilibrium for the Lotka—Volterra ODE
system is given by u* = (2,0.5) (see, e.g., [34]). The initial datum is a perturbation of the
constant equilibrium:

ul(z,y) =2+ 0.31g(z — 0.25,y — 0.25) + 0.3g(x — 0.75,y — 0.75), uy(z,y) = 0.5,
(31) where g(x,y) = max{1 — 822 — 8% 0}.

In Figure 1, we show the evolution of the densities u; and us at different times. At time
t = 0.5, the solution (u;,u2) seems to converge towards the constant equilibrium state
u*. However, due to the cross-diffusion terms, we observe after this transient time the
formation of spatial patterns, which indicate that the state (2,0.5) is unstable for the PDE
system.

Indeed, it is proved in [34, Theorem 3.1] that the constant linearly stable equilibrium
u* for the Lotka—Volterra system is unstable for the SKT model if certain conditions are

satisfied. To this end, we introduce the matrices

x aip + 2a11u] + a12uy ajpuy * x

D = . 9 |, JT=V.f(u).
( a21Uqg a0 + a21Uq + 2@22@62 f( )

The conditions are as follows: (i) trace(D*) > 0, (ii) det(D*) > 0, (iii) det(D*)+det(J*) >

0, (iv) there exists at least one positive eigenvalue p of the Neumann problem —Av = uv

in Q, Vv-v =0 on 09 such that 0 < k- < p < ky, where ki are the solutions to the

quadratic equation

det(D*)k* + (det(J*) + det(D*))k + det(J*) = 0.

With our chosen values, we have trace(J*) ~ —59.7 < 0, det(J*) ~ 99.0025 > 0 (this
implies that u* is stable for the Lotka—Volterra system) and trace(D*) ~ 0.7626 > 0,
det(D*) & 0.00357 > 0. The eigenvalues of the Neumann problem on (0,1)? are given by
pp = (p1m)* + (pam)? for p = (p1,p2) € N? [23, Section 3.1]. A computation shows that
ky ~129.82 and k_ ~ 1. The assumptions of [34, Theorem 3.1] are satisfied and therefore,
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u* is an unstable equilibrium for the SK'T model. Moreover, because of
bio _ bao bao _ bio
— <= and =< —,
bir  bn baa  big

the two species coexist [31, Section 6.2]. These theoretical results confirm our numerical
outcome.

8.4. Test case 3: Spatial niche and repulsive potential. In this section, we consider
the two-species SKT model with environmental potential, i.e., we add to equation (1) a
smooth function ¢(z),

Opu; — div (ZA” u)Vu,; — diungzﬁ) =filu) mnQ t>0 i=1,...,n,

7j=1

where d; > 0 and A;;(u) is given by (2) for ¢, j = 1,...,n. We adapt the definition of the
finite-volume scheme (9)—(12) by defining the fluxes as

’LKO’ (Z'fa zg DKO-U duwDKU(b) for K € T’ o E SK;

where .
bK = m/}(qﬁ(m)dm for K eT.

By adapting the proof of Theorem 1, we obtain the following discrete entropy inequality:

(1-Cp At H[u] + %“At S5 (Deuk)?

i=1 og€&

At
< Hu"'] ZCFZ(, 0)? 4+ CrAtm(Q), k> 1.
el

This estimate ensures the existence of a nonnegative solution to the scheme and its con-
vergence to the continuous model.

Now we consider a mesh of 2 = (0,1)? composed of 3584 triangles and choose the same
values for the diffusion and Lotka—Volterra constants as in Section 8.3. Furthermore, we
take di = dy = 2 and the environmental potential

o(z,y) =exp (—2((x — 0.5)* + (y — 0.5)%)).
The inital data is defined according to
ul(z,y) =2+ 0.31g(z — 0.25,y — 0.25) + 0.31g(x — 0.75,y — 0.75),
uy(z,y) = 0.5+ 0.2g(x — 0.5,y — 0.5),

where the function g is given by (31).
In Figure 2 we illustrate the creation of an ecological niche. We observe that species
2 creates a niche around the point (0.5,0.5) to avoid extinction even when dominated by
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FIGURE 1. Test case 2: Evolution of the densities u; (left column) and usy

(right column) at times ¢t = 0.5, 1, 2 and 4 (from top to bottom).
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species 1. This figure can be seen as a two-dimensional variant of the numerical experiments
done in [22, Section 3.2, case IJ.

25
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FIGURE 2. Test case 3: Density u; (left) and uy (right) at time ¢ = 0.5.

8.5. Test case 4: Convergence to a constant steady state. In this last numerical
experiment, we illustrate Theorem 3. In particular, we consider the SKT model with
three species and without source terms. We choose the values a1g = 1, agg = 5, azy = 7,
11 = Q91 = A31 — 1, 19 = 3, 99 = 2, 39 = 1, a13 = 4, 923 = 4/3, a3z = 2, with T = 1,
m, = 3 and w3 = 4 and the initial datum

U?( )—051(0204)( z,Y),
uy(2,y) = 0.71(0.6,0.8)x (0.2,0.4) (T, Y),
U3($’ y) = 1(0.4,0.6)%(0.6,0.8) (z,y).

In Figure 3, we present in semilogarithmic scale the behavior of the relative Boltzmann
entropy

k
it =3 m (ZKlOg(uu)w gK),

i=1 KeT

where @; = m(Q)~! [, u)(x)dx for i = 1,...,n, and the squared weighted L' norm

ZmHu — Uy

versus time (with final time 7" = 1) for a mesh of = (0, 1)? composed of 3584 triangles.
As proved in Theorem 3, we observe an exponential convergence rate of the solutions to
the scheme towards the constant steady state.

0,1,T7
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F1GURE 3. Test case 4: Evolution of the relative Boltzmann entropy and
the squared weighted L! norm in semilogarithmic scale.

APPENDIX A. COMPUTATION OF THE CONSTANT C; GIVEN BY (21)

We claim that the Lotka—Volterra terms (3) satisfy Hypothesis (H6) with C given by
(21). For this, define g(s) = s(logs—1)+1 for s > 0. Then, for u = (uy,...,u,) € (0,00)",
using —u; logu; < e !, we have

Z fi(uw)m; log(u;) < Z mibiog(u;) + Z mibiou; — Z miu; log(u;) Z biju;
— — P Py =

-----

,,,,,

1 n
oy Z ijjz‘)

----------

Now, we simply notice that the inequality s < (1 + g(s))/log2 holds true for all s > 0.
Then, for s = 2?71 miu;, we infer that

1+ h(u 1 «
ZfZ u)m; 10g ’LLl S (1 + h(u)) 'HllaX biO + Fé) 'n’llaX (sz + o ;ﬂ'jbji>

which shows the claim.



[1]

[7]
8]

[9]

18]
19]
20]
21]
22]
23]

[24]

FINITE-VOLUME SCHEME FOR THE SKT SYSTEM 29

REFERENCES

A. A. H. Oulhaj. Numerical analysis of a finite volume scheme for a seawater intrusion model with
cross-diffusion in an unconfined aquifer. Numer. Meth. Partial Diff. Eqs. 34 (2018), 857-880.

B. Andreianov, M. Bendahmane, and R. Ruiz Baier. Analysis of a finite volume method for a cross-
diffusion model in population dynamics. Math. Models Meth. Appl. Sci. 21 (2011), 307-344.

J. Barrett and J. Blowey. Finite element approximation of a nonlinear cross-diffusion population
model. Numer. Math. 98 (2004), 195-221.

M. Beauregard and J. Padget. A variable nonlinear splitting algorithm for reaction diffusion systems
with self- and cross-diffusion. Numer. Meth. Partial Diff. Eqs. 35 (2019), 597—-614.

M. Bessemoulin-Chatard, C. Chainais-Hillairet, and F. Filbet. On discrete functional inequalities for
some finite volume schemes. IMA J. Numer. Anal. 35 (2015), 1125-1149.

A. Blanchet, J. Dolbeault, and B. Perthame. Two-dimensional Keller—Segel model: Optimal critical
mass and qualitative properties of the solutions. Electron. J. Diff. Egqs. 2006 (2006), article 44, 32
pages.

C. Cances, C. Chainais-Hillairet, M. Herda, and S. Krell. Large time behavior of nonlinear finite
volume schemes for convection-diffusion equations. STAM J. Numer. Anal. 58 (2020), 2544-2571.

C. Cances and B. Gaudeul. A convergent entropy diminishing finite volume scheme for a cross-diffusion
system. SIAM J. Numer. Anal. 58(5) (2020), 2684-2710.

J. A. Carrillo, S. Hittmeir, and A. Jingel. Cross-diffusion and nonlinear diffusion preventing blow up
in the Keller-Segel model. Math. Models Meth. Appl. Sci. 22 (2012), 1250041, 25 pages.

C. Chainais-Hillairet, J.-G. Liu, and Y.-J. Peng. Finite volume scheme for multi-dimensional drift-
diffusion equations and convergence analysis. ESAIM Math. Model. Numer. Anal. 37 (2003), 319-338.
L. Chen and A. Jiingel. Analysis of a multi-dimensional parabolic population model with strong
cross-diffusion. STAM J. Math. Anal. 36 (2004), 301-322.

L. Chen, E. Daus, and A. Jiingel. Rigorous mean-field limit and cross-diffusion. Z. Angew. Math.
Phys. 70 (2019), no. 122, 21 pages.

X. Chen, E. Daus, and A. Jiingel. Global existence analysis of cross-diffusion population systems for
multiple species. Arch. Ration. Mech. Anal. 227 (2018), 715-747.

D. Clark. Short proof of a discrete Gronwall inequality. Discrete Appl. Math. 16 (1987), 279-281.

K. Deimling. Nonlinear Functional Analysis. Springer, Berlin, 1985.

R. Eymard, T. Gallouét, and R. Herbin. Finite volume methods. In: P. G. Ciarlet and J.-L. Lions
(eds.). Handbook of Numerical Analysis 7 (2000), 713-1018.

R. Eymard, T. Gallouét, and R. Herbin. Finite Volume Methods. Schemes and Analysis. Course at
the University of Wroclaw. Lecture notes, 2008. Available at

http://www.math.uni.wroc.pl/ olech/courses/skrypt_Roberta_wroclaw.pdf.

F. Filbet and M. Herda. A finite volume scheme for boundary-driven convection-diffusion equations
with relative entropy structure. Numer. Math. 137 (2017), 535-577.

G. Galiano, M. Garzén, and A. Jiingel. Analysis and numerical solution of a nonlinear cross-diffusion
system arising in population dynamics. RACSAM Rev. R. Acad. Cien. Ser. A 95 (2001), 281-295.
G. Galiano, M. Garzén, and A. Jiingel. Semi-discretization in time and numerical convergence of
solutions of a nonlinear cross-diffusion population model. Numer. Math. 93 (2003), 655-673.

T. Gallouét and J.-C. Latché. Compactness of discrete approximate solutions to parabolic PDEs —
Application to a turbulence model. Commun. Pure Appl. Anal. 11 (2012), 2371-2391.

G. Gambino, M. Lombardo, and M. Sammartino. A velocity-diffusion method for a Lotka—Volterra
system with nonlinear cross and self-diffusion. Appl. Numer. Math. 59 (2009), 1059-1074.

D. Grebenkov and B.-T. Nguyen. Geometrical structure of Laplacian eigenfunctions. SIAM Rev. 55
(2013), 601-667.

G. Grin and M. Rumpf. Nonnegativity preserving convergent schemes for the thin film equation.
Numer. Math. 87 (2000), 113-152.



30 A. JUNGEL AND A. ZUREK

[25] E. Hairer, C. Lubich, and G. Wanner. Geometric Numerical Integration. Second edition. Springer,
Berlin, 2006.

[26] A. Jingel. The boundedness-by-entropy method for cross-diffusion systems. Nonlinearity 28 (2015),
1963-2001.

[27] A. Jingel. Entropy Methods for Diffusive Partial Differential Equations. BCAM Springer Briefs,
Springer, 2016.

[28] A. Jiingel and A. Zurek. A finite-volume scheme for a cross-diffusion model arising from interacting
many-particle population systems. In: R. Klofkorn, E. Keilegavlen, F. Radu, and J. Fuhrmann (eds.).
Finite Volumes for Complex Applications IX. Springer, Cham, 2020, pp. 223-231.

[29] A. Mielke. Geodesic convexity of the relative entropy in reversible Markov chains. Calc. Var. Partial
Diff. Eqgs. 48 (2013), 1-31.

[30] H. Murakawa. A linear finite volume method for nonlinear cross-diffusion systems. Numer. Math. 136
(2017), 1-26.

[31] N. Shigesada and K. Kawazaki. Biological Invasions: Theory and Practise. Oxford University Press,
1997.

[32] N. Shigesada, K. Kawasaki, and E. Teramoto. Spatial segregation of interacting species. J. Theor.
Biol. 79 (1979), 83-99.

[33] Z. Sun, J. A. Carrillo, and C.-W. Shu. An entropy stable high-order discontinuous Galerkin method
for cross-diffusion gradient flow systems. Kinetic Related Models 12 (2019), 855-908.

[34] C. Tian, Z. Lin, and M. Pedersen. Instability induced by cross-diffusion in reaction-diffusion systems.
Nonl. Anal. Real World Appl. 11 (2010), 1036-1045.

INSTITUTE FOR ANALYSIS AND SCIENTIFIC COMPUTING, VIENNA UNIVERSITY OF TECHNOLOGY,
WIEDNER HAUPTSTRASSE 8-10, 1040 WIEN, AUSTRIA
E-mail address: juengel@tuwien.ac.at

INSTITUTE FOR ANALYSIS AND SCIENTIFIC COMPUTING, VIENNA UNIVERSITY OF TECHNOLOGY,
WIEDNER HAUPTSTRASSE 8—10, 1040 WIEN, AUSTRIA
E-mail address: antoine.zurek@tuwien.ac.at



