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ABSTRACT. A mean-field-type limit from stochastic moderately interacting many-particle
systems with singular Riesz potential is performed, leading to nonlocal porous-medium
equations in the whole space. The nonlocality is given by the inverse of a fractional
Laplacian, and the limit equation can be interpreted as a transport equation with a
fractional pressure. The proof is based on Oelschlager’s approach and a priori estimates
for the associated diffusion equations, coming from energy-type and entropy inequalities
as well as parabolic regularity. An existence analysis of the fractional porous-medium
equation is also provided, based on a careful regularization procedure, new variants of
fractional Gagliardo—Nirenberg inequalities, and the div-curl lemma. A consequence of
the mean-field limit estimates is the propagation of chaos property.

1. INTRODUCTION

The aim of this paper is to derive and analyze the following nonlocal porous-medium
equation:

(1) O = div(pVP), P =(=A)"f(p), p(0)=p" inR?

where 0 < s < 1,d > 2, and f € C*([0,>)) is a nondecreasing function satisfying f(0) = 0.
This model describes a particle system that evolves according to a continuity equation for
the density p(x,t) with velocity v = —VP. The velocity is assumed to be the gradient
of a potential, which expresses Darcy’s law. The pressure P is related to the density in a
nonlinear and nonlocal way through P = (—A)~°f(p). The nonlocal operator (—A)~* can
be written as a convolution operator with a singular kernel,

(2) (—A)Su=Kxu, K()=cq_sr|*™ xecR

where cq_, = ['(d/2 — 5)/(4°7¥?T'(s)) and T' denotes the Gamma function [46, Theorem
5].
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If s = 0, we recover the porous-medium equation (for nonnegative solutions), while the
case s = 1 was investigated in [10, 19] with f(u) = u for the evolution of the vortex
density in a superconductor. Other applications include particle systems with long-range
interactions and dislocation dynamics as a continuum [48, Sec. 6.2].

Equation (1) was first analyzed in [8] with f(u) = u for nonnegative solutions and in [2]
with f(u) = |u|™?u (m > 1) for sign-changing solutions. The nonnegative solutions have
the interesting property that they propagate with finite speed, which is not common in
other fractional diffusion models [8, 44]. Equation (1) was probabilistically interpreted in
[38], and it was shown that the probability density of a so-called random flight process is
given by a Barenblatt-type profile. Previous mean-field limits leading to (1) were concerned
with the linear case f(u) = w only; see [18] (using the technique of [40]) and [36] (including
additional diffusion as in (7) below). In [13], equation (1) (with f(u) = u) was derived in
the high-force regime from the Euler-Riesz equations, which can be derived in the mean-
field limit from interacting particle systems [41]. A direct derivation from particle systems
with Lévy noise was proved in [17] for cross-diffusion systems, but still with f(u) = u. Up
to our knowledge, a rigorous derivation of (1) from stochastic interacting particle systems
for general nonlinearities f(u) like power functions is missing in the literature. In this
paper, we fill this gap.

1.1. Problem setting. Equation (1) is derived from an interacting particle system with
N particles, moving in the whole space R?. Because of the singularity of the integral kernel
and the degeneracy of the nonlinearity, we approximate (1) using three levels. First, we
introduce a parabolic regularization adding a Brownian motion to the particle system with
diffusivity o € (0,1) and replacing f by a smooth approximation f,. Second, we replace
the interaction kernel KC by a smooth kernel K¢ with compact support, where ¢ > 0.
Third, we consider interaction functions Ws with g € (0,1), which approximate the delta
distribution. (We refer to Subsection 1.3 for the precise definitions.)

The particle positions are represented on the microscopic level by the stochastic processes
XN (t) evolving according to

dXN(t) = —VK, * f(% > Wa(xN(t) - XN (t)))dt +v20dBN (t),
Jj=1,j#i

XN0)y=¢, i=1,...,N,

(3)

where the convolution has to be understood with respect to z;, (BN (t));>0 are independent
d-dimensional Brownian motions defined on a filtered probability space (2, F, F;, P), and
&, are independent identically distributed random variables in R? with the same probability
density function p? (defined in (12) below).

The mean-field-type limit is performed in three steps. First, for fixed (o, 3, (), system

(3) is approximated for N — oo on the intermediate level by
dXN(t) = =V * f,(Wps * pogc(XN(t),t))dt + V20d BN (1),

4) XN0)=¢, i=1,...,N,
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where p, 5 is the probability density function of X and a strong solution to

(5)  Qipopc — 0Dpasc = AV (popc VI * fo(Wp * popc))s  Posc(0) = pg inR™

System (4) is uncoupled, since XV depends on N only through the initial datum.
Second, passing to the limit (,() — 0 in the intermediate system leads on the macro-
scopic level to

dX]N (1) = =VK * fo(po (X (1),0))dt + V20dB} (1),

Xi (O>:€Z, Z:L...,N,

where p, is the density function of )A(lN and a weak solution to

(7) Oips = oAy + div(p,V(=A) " fo(ps));  ps(0) = pj in R

We perform the limits N — oo and (3,{) — 0 simultaneously. The logarithmic scaling
B ~ (log N)~* for some p > 0 corresponds to the moderately interacting particle regime,
according to the notation of Oelschlager [34], while the smoothing parameter ( is allowed
to depend algebraically on N, i.e. { ~ N7 for some v > 0; see Theorem 2 for details. Our
approach also implies the two-step limit but leading to weak convergence only, compared
to the convergence in expectation obtained in Theorem 2.

Third, the limit ¢ — 0 is performed on the level of the diffusion equation, based on a
priori estimates uniform in o and the div-curl lemma.

1.2. State of the art. We already mentioned that the existence of weak solutions to (1)
with f(u) = u was proved first in [8]. The convergence of the weak solution to a self-similar
profile was shown by the same authors in [7]. The convergence becomes exponential, at
least in one space dimension, when adding a confinement potential [9]. Equation (1) with
f(u) = u was identified as the Wasserstein gradient flow of a square fractional Sobolev norm
[30], implying time decay as well as energy and entropy estimates. The Holder regularity
of solutions to (1) was proved in [6] for f(u) = u and in [25] for f(u) = u™"! and m > 2.

In the literature, related equations have been analyzed too. Equation (1) for f(u) = u
and the limit case s = 1 was shown in [1] to be the Wasserstein gradient flow on the space of
probability measures, leading to the well-posedness of the equation and energy-dissipation
inequalities. The existence of local smooth solutions to the regularized equation (7) are
proved in [14]. The solutions d;p = div(p™ 1V P) with P = (—=A)~*p in R? propagate with
finite speed if and only if m > 2 [44]. The existence of weak solutions to this equation
with P = (—A)*(p") and n > 0 is proved in [31] (in bounded domains). While (1) has a
parabolic-elliptic structure, parabolic-parabolic systems have been also investigated. For
instance, the global existence of weak solutions to d;p = div(pV P) and 8; P+ (—A)*P = p°,
where 5 > 1, was shown in [5]. In [16], the algebraic decay towards the steady state was
proved in the case f§ = 2. We also mention that fractional porous-medium equations
of the type O;p + (—A)*2f(p) = 0 in R? have been studied in the literature; see, e.g.,
[37]. Compared to (1), this problem has infinite speed of propagation. For a review and
comparison of this model and (1), we refer to [47].
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There is a huge literature concerning mean-field limits leading to diffusion equations, and
the research started already in the 1980s; we refer to the reviews [23, 26] and the classical
works of Sznitman [42, 43]. Oelschléger proved the mean-field limit in weakly interacting
particle systems [33], leading to deterministic nonlinear processes, and moderately interact-
ing particle systems [35], giving porous-medium-type equations with quadratic diffusion.
First investigations of moderate interactions in stochastic particle systems with nonlinear
diffusion coefficients were performed in [27]. The approach of moderate interactions was
extended in [11, 12] to multi-species systems, deriving population cross-diffusion systems.
Reaction-diffusion equations with nonlocal terms were derived in the mean-field limit in
[24]. The large population limit of point measure-valued Markov processes leads to non-
local Lotka—Volterra systems with cross diffusion [22]. Further references can be found in
36, Sec. 1.3].

Compared to previous works, we consider a singular kernel K and derive a partial differ-
ential equation without Laplace diffusion by taking the limit ¢ — 0. The authors of [21]
derived the viscous porous-medium equation by starting from a stochastic particle system
with a double convolution structure in the drift term, similar to (4). The main difference to
our work is that (besides different techniques for the existence and regularity of solutions
to the parabolic problems) we consider a singular kernel in one part of the convolution
and a different scaling for the approximating regularized kernel K¢ = Kw, * W, where w¢
is a W1°°(R?) cutoff function (see Section 1.3 for the exact definition), in comparison to
the interaction scaling Wps * p, g.c. The two different scalings 3 and ¢ allow us to establish
a result, for which the kernel regularization on the particle level does not need to be of
logarithmic type but of power-law type only.

1.3. Main results and key ideas. We impose the following hypotheses:

(H1) Data: Let 0 < s < 1,d > 2.

(H2) p° € L*(R?) N L'(RY) satisfies p° > 0 in R? and [, p°(z)]z|*¥ "2 dz < cc.

(H3) Nonlinearity: f € C'(]|0,00)) is nondecreasing, f(0) = 0, and u — uf(u) for u > 0
is strictly convex.

Let us discuss these assumptions. We assume that d > 2; the case d = 1 can be treated
if s < 1/2; see [8]. Extending the range of s to s < 0 leads to the fractional (higher-order)
thin-film equation, which is studied in [29]. The case 1 < s < d/2 may be considered too,
since it yields better regularity results; we leave the details to the reader. On the other
hand, the case s > d/2 is more delicate since the multiplier in the definition of (—A)~*
using Fourier transforms does not define a tempered distribution. The case s = d/2 for
d < 2 (with a logarithmic Riesz kernel) was analyzed in [18]. We need the moment bound
for the initial datum p° to prove the same moment bound for p,, which in turn is used
several times, for instance to show the entropy balance and the convergence p, — p as
o — 0 in the sense of C?_, ([0, T]; L'(R?)). The monotonicity of f and the strict convexity
of u — uf(u) are needed to prove the strong convergence of (p,), which then allows us
to identify the limit of (f,(p,)). An example of a function satisfying Hypothesis (H3) is
f(u) = u® with 8 > 1.
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Our first main result is concerned with the existence analysis of (1). We write || - ||, for
the LP(R?) norm.

Theorem 1 (Existence of weak solutions to (1)). Let Hypotheses (H1)-(H3) hold. Then
there exists a weak solution p > 0 to (1) satisfying (i) the regularity

p € L=(0,00; L'(RY) N L¥(RY)),  V(=A)"*?f(p) € L*(0, 00; L*(R?)),
Oip € L*(0,00; H'(R?)),

(ii) the weak formulation

(8) A?&m@ﬁ+éé4ﬁVPAY7@%VMmﬁ=0

for all ¢ € L*(0,T; HY(R?)) and T > 0, (iii) the initial datum p(0) = p° in the sense of
H™Y(RY), and (iv) the following properties for t > 0:

Mass conservation: ||p(t)||1 = [|0°||1,

Dissipation of the L= norm: ||p(t)]lece < [10°]]s0,

Moment estimate: Supy,or [ga p(z,t)|z|*¥ 42 dz < C(T),

Entropy inequality:

[ rotenas+ [ [ [way P < [ e

Note that the Hardy-Littlewood—Sobolev-type inequality (68) (see Appendix B) implies
that

1PV (=2)"F(p)ll2 = Ilp(=2) "2V (=2)"*2 f(p)]ll2 < Cllpllases |V (=)~ f(p) 2,

such that pV(—=A)"*f(p) € L*(RY), and the weak formulation (8) is defined.

The key ideas of the proof of Theorem 1 are as follows. A priori estimates for strong
solutions p, to the regularized equation (7) are derived from mass conservation, the en-
tropy inequality, and energy-type bounds. The energy-type bound allows us to show, for
sufficiently small ¢ > 0, that the L> norm of p, is bounded by the L> norm of p°, up to
some factor depending on the moment bound for p°. The existence of a strong solution p,
is proved by regularizing (7) in a careful way to deal with the singular kernel. The regular-
ized equation is solved locally in time by Banach’s fixed-point theorem. Entropy estimates
allow us to extend this solution globally in time and to pass to the de-regularization limit.
The second step is the limit ¢ — 0 in (7). Since the bounds only provide weak convergence
of (a subsequence of) p,, the main difficulty is the identification of the nonlinear limit
fo(ps). This is done by applying the div-curl lemma and exploiting the monotonicity of f
and the strict convexity of u — wf(u) [20].

We already mentioned that the existence of local smooth solutions p, to (7) has been
proven in [13]. However, we provide an independent proof that allows for global strong
solutions and that yields a priori estimates needed in the mean-field limit.
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Our second main result is concerned with the mean-field-type limit. For this, we need
some definitions. Define

) o) = [ (o= (o) @)E(u)de ueR

where the mollifier T, for o > 0 is given by 'y (z) = 07"y (z/0), and T'; € C§°(R) satisfies
Iy >0, ||[[4]]; = 1, while the cutoff function £ € C3°(R) satisfies 0 < = < 1 in R and
E(z) = 1 for |z| < 1. Then f, € C=(R), f. >0, f,(0) = 0, and the derivatives D*f,
are bounded and compactly supported for all £ > 1. In a similar way, we introduce the
mollifier function Wj for 8 > 0 and x € R? by

(10) Ws(x) = B~ Wi(z/B), Wi € C(RY) is symmetric, W, >0, ||[Wi]; = 1.
Let us define the cutoff version of the singular kernel IC by
EC := Kw¢, where the cut-off function w, € W>(R?) is such that
(11) 0 <we(z) <lforx € RY ||[Vwelloo < 2¢,
we(z) =1 for all [z < ¢, we(x) =0 for all [z >2¢".
Then the regularized kernel KC; is given by
Ke(z) := K¢ x We(z) for all 2 € R,

where ¢ > 0. Let the cutoff function = € C§°(R?) satisfy 0 < = < 1 in R? and Z(x) = 1
for |z| < 1. Then we define the regularized initial datum for x € R? by

Jra P°(v)dy
(12) p2(z) = koW, % p°)(2)2(0x), where k, = — :
Jra(Wo 5 p°) ()=(oy)dy
This definition guarantees the mass conservation since ||p2||; = ||p°||1; see Section 2.1.

Theorem 2 (Error estimate for the stochastic system). Let XV and X be the solutions
to (3) and (6), respectively. We assume that (~2*=* < C;NY* for some constant Cy > 0.
Let § € (0,1/4) and a := min{1,d — 2s} > 0. Then there exist constants € > 0, depending
on o and &, and Cy > 0, depending on o and T, such that if 37347 < clog N then

(s, o |6~ K6 ) < Ca5+67) = 0 s (V.. ) = (00,0,0),
0<s<T i=1...N
The theorem is proved by estimating the differences

Bi(0) = B( s o, 10X - X0 ).

0<s<t i=1,N
Balt) =B sup o, [(X7 ~ 206 ).
0<s<ti=L.,N
and applying the triangle inequality. For the first difference, we estimate expressions like

|ID*KC¢ * ul|o for appropriate functions u and ||[D*Wjl|« for & € N in terms of negative
powers of 3 (here, D* denotes the kth-order partial derivatives). Using properties of Riesz
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potentials, in particular Hardy-Littlewood—Sobolev-type inequalites (see Lemmas 21 and
22), we show that for some p; >0 (i = 1,2, 3),

E\(t) < Co)p™™ / t Ey(s)ds + C(o)fH2¢ s N=V/2,
0

By applying the Gronwall lemma and choosing a logarithmic scaling for 5 and an algebraic
scaling for ¢ with respect to N, we infer that E,(t) < C(o)N~#* for some py € (0,1/4).
For the second difference Es, we need the estimates ||[Wg * u — ul|oc < C(0)8 (Lemma
20), and [[(K¢ = K) * pall < C0)C*, [pnic — polloo < Clo)(8 + C*) (Proposition 13),
recalling that @ = min{1l,d — 2s}. The proof of these estimates is very technical. The
idea is to apply several times fractional Gagliardo—Nirenberg inequalities that are proved
in Appendix B and Hardy-Littlewood—Sobolev inequalities that are recalled in Lemmas
21-22. Then, after suitable computations,

Bit) < C(0)(5+ ¢+ Clo) | By (s)ds,

and we conclude with Gronwall’s lemma that Es(t) < C(0)(8 + (%).
Theorem 2 and calculations for ¢ — 0 yield the following propagation of chaos result.

Theorem 3 (Propagation of chaos for (1)). Let the assumptions of Theorem 2 hold and
let PY 5 5.(t) be the joint distribution of (X (t),..., X (t)) for a fived t € (0,T). Then
there exists a subsequence in o such that

li li Pk t) = POkt

i i - Phosc(t) (2),
where the limit is locally uniform in t, the limit N — oo, (8,() — 0 has to be understood
in the sense of Theorem 2, and the measure P(t) is absolutely continuous with respect to
the Lebesgue measure with the probability density function p(t) that is a weak solution to

(1).

If equation (1) was uniquely solvable, we would obtain the convergence of the whole
sequence in 0. Unfortunately, the regularity of the solution p to (1) is too weak to conclude
the uniqueness of weak solutions. Up to our knowledge, none of the known methods, such
as [3, 15], seem to be applicable to equation (1).

The paper is organized as follows. The existence of global nonnegative weak solutions to
(1) is proved in Section 2 by establishing an existence analysis for (7) and performing the
limit ¢ — 0. Some uniform estimates for the solution p, s to (5) and for the difference
Po.8.c — Po are shown in Section 3. Section 4 is devoted to the proof of the error estimate in
Theorem 2 and the propagation of chaos in Theorem 3. In Appendices A—C we recall some
auxiliary results and Hardy-Littlewood—Sobolev-type inequalities, prove new variants of
fractional Gagliardo—Nirenberg inequalities, and formulate a result on parabolic regularity.

Notation. We write ||-||, for the LP(R?) or LP(R) norm with 1 < p < co. The ball around
the origin with radius R > 0 is denoted by Bg. The partial derivative 9/dz; is abbreviated
as 0; for i = 1,...,d, and D* denotes a partial derivative of order |a|, where o € Nd is a
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multiindex. The notation D¥ refers to the kth-order tensor of partial derivatives of order
k € N. In this situation, the norm ||D*ul|, is the sum of all L? norms of partial derivatives
of u of order k. Finally, C' > 0, C; > 0, etc. denote generic constants with values changing
from line to line.

2. ANALYSIS OF EQUATION (1)

In this section, we prove the existence of global nonnegative weak solutions to (1) and
an estimate for the difference p, 5 — p, of the solutions to (5) and (7), respectively, needed
in the mean-field limit. We first prove the existence of a solution p, to (7) by a fixed-point
argument and then perform the limit ¢ — 0. Recall definition (12) of the number &,
which is stated in (iv) below.

Theorem 4. Let Hypotheses (H1)—-(H3) hold. Then for all o > 0, there exists a unique
weak solution p, > 0 to (7) satisfying (i) the reqularity

o € L(0,00; L' (RY 1 L(R4) 1 CO((0, 00); L2(RY),
Voo € L*(0,00; LA(RY)),  ipy € L*(0,00; H™'(R?)),
(ii) the weak formulation of (7) with test functions ¢ € L*(0,T; H'(R?)), (iii) the inital

datum p,(0) = p2 in L*(R?), and (vi) the following properties for t > 0, which are uniform
in o for sufficiently small o > 0:

o Mass conservation: ||ps(t)|l1 = ||p°||1-

e Dissipation of the L= norm: ||ps|| 1o (0.00:20®a)) < Follp® | @ay < Cl0°| Lo a)-
o Moment estimate: Supyc(g o) fpa pa(x,t)\x]%dx < Cr.

Entropy inequality:

/Rdh(PU(T))derzla/oT/Rd F2(00) |V /D5 |2 dadt

T
+/ IV(=A)2f,(py)|2dxdt g/ h(p2)dx  for all T > 0.
0 R4 Rd

Additionally, for any T >0, 1 < p < 00, and 2 < q < 0o, there exists C' > 0, depending
onT, o, p, and q, such that

HPOHLP(O,T;W&P(Rd)) + ||atpa||Lp(07T;W1,p(Rd)) + ||pg—||CO([07T};W2,1(Rd)mw&q(Rd)) < C’,
i.e., po is even a strong solution to (7) and p, € C°([0, T]; WL (R NW34(RY)) for ¢ > 2.

2.1. Basic estimates for p,. We prove a priori estimates in LP spaces and an energy-type
estimate. Let o € (0,1) and let p, be a nonnegative strong solution to (7). Integration of
(7) in R? and the definition of p? immediately yield the mass conservation

(13) loe(®)lls = lloalls = [lp°ll: for ¢ > 0.
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Lemma 5 (Energy-type estimate). Let F € C*([0,00)) be convex and let F(p2) € L*(R?).
Then

O / F(p) |V p|2d
_ CGda- s/ / pa G(po( )))(fa<pa(x)) - fa(pa(y)))dxdy <0,

|z — y[d+2(-s)

where G(u) := ['vF"(v)dv for u>0 and cq1—s is defined after (2).

Proof. First, we assume that F” is additionally bounded. Then F’(p,) — F'(0) is an
admissible test function in the weak formulation of (7), since |F'(py) —F'(0)| < [|F"||co|po|-
It follows from definition (66) of the fractional Laplacian and integration by parts that

d —s
S| Fooie o / F"(p0)|Vpo Pz = / F"(00)0sV po - V(=) o (po)d
Rd R4 Rd

- / VG(pa) - V(= A) " f,(po)de = — / G(po)(= D) fo (o) di

R4

—cue [ [ Gl D o),

|ZL’ _ y|d+2 (1—s)

A symmetrization of the last integral yields (14).

In the general case, we introduce Fy(u) = F(0) + F'(0)u+ [, [ min{ F”(w), k}dwdv for
k > 0. Then F}/(u) is bounded and (14) follows for F' replaced by Fj. The result follows
after taking the limit £ — oo using monotone convergence. U

We need a bound on k,, defined in (12), to derive uniform L*(R?) bounds for p,.

Lemma 6 (Bound for k). There exists C > 0 such that, for sufficiently small o > 0,

1 1

1<k, < 1 Cob’ where E = / 1+ |22¥@=29) )0 () da.

Proof. By Young’s convolution inequality (Lemma 18), we have

/Rd(W" « ") (@)E(ox)dz < [Wo # o[l < [IWoll o[l = 11211,

which shows that k, > 1. To prove the upper bound, we use the triangle inequality
|| < |z =yl + [yl:

[ W ) @Eoa)dn > [ oy L= s

L (L wate = wae) i - [ Wl = ) () dyds

Rd \ JRd {lz|>1/0} JRE

> [ pdy - oo [ o420, (= ) )y
Rd {lz|>1/0}
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> / P(y)dy — o212 / |z — yPYI2IW, (2 — ) py)dyda
R4 Rd JRA

_ O_2d/(d—2s)/ ‘y|2d/(d—2S)Wg(x — )% (y)dydz.
Rd J R4

Using the property [p, |2[*¥@=29W,(2)dz < Co?¥/(@=29) for the second term on the right-
hand side and [[Wj||1(gey = 1 for the third term, we find that

/RJWU « 1) (2)E(0z)dz > /

R4

P’ (y)dy — Co*¥/(4729) / P°(y)dy

R4

. O_Zd/(d—Qs |2d/(d—25)p0(

"y y)dy.
Rd

Because of ¢2¢/(4=25) < 5 for o < 1, we obtain

0
L [ 0o s )=o) > / Py)dy — Co / (1 + [yP1429) 0 ) dy
R d d

Ko
> /Rd P (y)dy — CU/Rd P(y)dy - E = [lp°]:1(1 - CoE),
which proves the lemma. Il
Lemma 7 (Bounds for p,). The following bounds hold:
(15) o ()]l < Eollplloc < Cllp°lloos >0,
(16) Vallpoll 2oz @ay < CT 0% 110°]2),
where (15) holds for sufficiently small o > 0.

Lemma 7 and mass conservation imply that |/p,(t)||, is bounded for all ¢ > 0 and
1 < p < oo. Observe that k, — 1 as 0 — 0. So, if p,(t) = p(t) a.e., the dissipation of the
L> norm follows, as stated in Theorem 1 (iv).

Proof. The convexity of F' shows that G, defined in Lemma 5, is nondecreasing. Therefore,
(d/dt) Jpa F(pe)dz < 0 and

sup / Floalt)de < [ F(ab)de

t>0 R4

We choose a convex function F' € C%(]0, c0)) such that F(u) = 0 for u < ||p2|les, F(u) >0
for u > ||p?||e and satisfying F'(u) < C'u for u — oco. Then

0< / F(p,(t))dz < / F(p2)dz =0 fort>0.
Rd Rd

Consequently, p, (2,t) < [[0%]loe < ko |lp°|le for t > 0, showing the L°(R?) bound. Finally,
choosing F(u) = u? in Lemma 5, the L*(0,T; H'(R?)) estimate follows. O
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2.2. Entropy and moment estimates. We need a fractional derivative estimate for
fo(ps), which is not an immediate consequence of Lemma 5. To this end, we define the

entropy density
u v !
u)—/ / dedv, u > 0.
0 J1 w

Lemma 8 (Entropy balance). It holds for all t > 0 that

d —s
il (pa)dx+40/ fo(ps |Vp1/2|2dﬂf+/ IV(=A)"" fo(po)|*dz = 0.
R4 R4

In particular, for all T > 0, there exists C > 0 such that
(17) | fo (po) || 20,7511 -5 (ray) < C-

Proof. The idea is to apply Lemma 5. Since h, € C*([0,0)), we cannot use the lemma
directly. Instead, we apply it to the regularized function

hg(u):/ " fo(w )d dv, u >0,

w49
where 0 > 0. Choosing F' = h? in Lemma 5 gives

as) o / B (pr)ida +40 / Feloa) Lo
- (13(02(0)) = £po ) Uolpolo) ~ Folpele))

|z — y[dr2(-s)

where f2(u) := ['(v/(v+8))f,(v)dv for u > 0.
Step 1: Estzmate of h3. The pointwise limit hS(ps) — ho(ps) holds a.e. in R? x (0,T)
as 0 — 0. We observe that for all 0 < u <1,

1R (u)| < sup f'(v / / —dv<Cu (|[logu| + 1),

O<v<1

while for all u > 1, since f. > 0 in [0, 00),

5 P fw) ° fo(w)
|h0(u)|§/0 /U w+6dwdv—|—/1 wi 5d wdv
§C’+/ / f[’,(w)dwdng—i—/ fo(v)dv < C + ufy(u).
1 )1 0

The last inequality follows after integration of f,(v) < f,(v) +vf.(v) = (vfs(v)) in (0,u).
Therefore, since p, < [[p%]|o0 a.e. in R? x (0, 00), we find that

|hg(pa)| < Cpo(|1og po| + 1)1y, <1y + Clp,>1y < C(pg + po),

where 6 € (0,1) is arbitrary, and consequently, because of mass conservation,

(19) / 118 (p,)|dar < c+c/ Pz,
R Rd
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Step 2: Estimate of [g pldr. Let 0 < a < 1and d/(d+ a) <6 < 1. Then, by Young’s
inequality,

[ ohdn = [ @ o1 ey
Rd Rd
/ (1 + [2]2)2podz + o/ (1 4 [o]2) 20/ 20-0) gy
Rd
< [ @+ loP)pda+ .

R4
since the choice of § guarantees that —af/(2(1—0)) < —d/2, so [p.(1+]|z|?) =/ 0= gy <
0o. To control the right-hand side, we need to bound a suitable moment of p,. For this,
we use the test function (1 + |z|?)®/2 in the weak formulation of (7). (Actually, we need

to use a cutoff to guarantee integrability, but we leave the technical details to the reader.)
We find that

/d(1+ |22 p, (2, t)da —/ (14 |z|*)*/2p Od:c—l—a/ /d pe A1+ |z]?)*2dzds
R R
—a// o (1 + |2 e - V(=A) " f,(po, )dxds.
Rd

Since a < 1, the terms A(1+|2[?)*/2 and (1 + |2[>)*/?>~! are bounded in R?. Thus, taking
into account the assumption on p" and mass conservation,

T
sup / (1+ |2P)*p, (z, t)da < C + C / / P (— A2V (= A) /2, (p)|dudt.
Rd 0 Rd

0<t<T

Next, we apply the Hardy—Littlewood—Sobolev inequality (see Appendix B) and the Young
inequality (see Lemma 21) and use the fact that p,(¢) is bounded in any LP(R9):

sup [ (L [a) pa (o)
o<t<T JR4
<0t [ ol =209 -2) " oo a2t
<0t [ Unolasaan IV A7)
<0+ [ IVEAT L

for all n > 0. This proves that

T
[ otz <ctnn [ IVE8) 100 Bt
Rd 0
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Step 3: A priori estimate. Inserting the previous estimate into (19) leads to
T
sup [ i3on (et < O 4 [ 19(-2) () it
0<t<T JRRE 0
We integrate (18) in time and use the previous estimate:

0'

Cd.1—s féS (pe (@) = [2(psW))) (fo(po(®)) = folpo(y))
y oot / é L dadydt

|z — y|dr20-9)

< [ Wstoamnide+ [ 3l < o [ IV-A) Lol

We wish to pass to the limit § — 0 in the previous inequality. We deduce from dominated
convergence that f2(p,) — fs(ps) a.e. in R x [0,00). The integrand of the second term
on the left-hand side is nonnegative, and we obtain from Fatou’s lemma that

20 4o f po ‘Vp1/2|2dxdt+ fa pa fa(po( ))) dr dydt
R JRd |x—y|d+2(1 °)

<o [ ||v<—A>-s/2fa<pa>||§dt.
0
By the integral representation of the fractional Laplacian,

S fff U fa o 2 s
Cdl /Rd R4 |I— y|d+ Sps( ) drdy = ||V (=2)"*" f,(po)II3,

the last term in (20) can be absorbed for sufficiently small n > 0 by the second term on
the left-hand side. This leads to the estimate

40/ / F(ps) |V pL/? 2 dxdt+/ IV(=A)"*"2f,(py)|*dzdt < C.
0 R4

Thus, we can pass to the limit § — 0 in (18) giving the desired entropy balance. Finally,
bound (17) follows from the definition of the H'~*(R?) norm and the facts that f,(p,) €
L*(RY) since f, is locally Lipschitz continuous, f,(0) = 0, and p, is bounded both in
L>(R%) and L?(R?) independently of o. d

Lemma 9 (Moment estimate). It holds that

sup / po(z,t)|z]|*¥@2)dz < C,
0<t<T JRd
where C' > 0 depends on T and the L*(R?) norms of p° and | - |*¥/(@=2%) p0.

Proof. For the following computations, we would need to use cut-off functions to make
the calculations rigorous. We leave the details to the reader, as we wish to simplify the
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presentation. Let m = 2d/(d —2s). Since |- |™p" € L*(R?) by assumption, we can compute
d m
—/ pg(t)&dx =o(m—2+44d) / 2|2 podr — / po|z|™ 2 - V(=A) "5 f,(po)dx
dt Rd m R4 Rd

(21) <O 2ol + 1 17 oo ll2ayas20) IV (=) 7 fo (po) 124/ (d-29)-

By Young’s inequality and mass conservation, we have

Il <€ [ (14 fa)pade < O C [ ol
R4 R4

It follows from (17) that V(—=A)~*f,(p,) is bounded in L*(0,T; H*(R?)). In particular,
because of the Sobolev embedding H*(R?) — L™(R?),

IV (=A)"" fo(po) | L20,1:0m ey < C.
Furthermore, using p, € L>(0, 00; L*(R%)), Young’s inequality, and the property 2d/(d +
2s) > 1 (recall that d > 2)

H‘ g H;Zigrzs; _ / 20/(29) | 2d(m=1) (d25) g
ag + s lod

S C—I— C/ p0|$|2d(m_1)/(d+28)d$.
Rd

Thus, we infer from (21) and the identity 2d(m — 1)/(d + 2s) = m that

=™

d
— t)——dr < t)|x|™d
G [0 i< crc [ plolais

and Gronwall’s lemma concludes the proof. U
2.3. Higher-order estimate. We need some estimates in higher-order Sobolev spaces.

Proposition 10 (Higher-order regularity). Let T'> 0, 1 < p < o0 and 2 < g < oco. Then
there exists C' > 0, depending on T, o, p, and q, such that

HPGHLP(O,T;W&P(Rd)) + HatpUHLP(QT;Wl,p(Rd)) + HPO-HCO([QT];WQ,q(Rd)) < C.

Proof. Step 1: Case s > 1/2. If s > 1/2 then w = p,V(—A)~*f,(p,) does not involve
any derivative of p,. Thus w € LP(0,T; LP(R?)) for p < oo and Lemma 25 in Appendix
C implies that p, € LP(0,T; W'P(R?)). Iterating the argument leads to the conclusion.
Thus, in the following, we can assume that 0 < s < 1/2.

Step 2: Estimate of divw in LP(0,T; W ~1P(R?)). We claim that w can be estimated in
LP(0,T; LP(RY)) for any p < oo. Then, by Lemma 25, Vp, € LP(0,T; LP(R?)). We use the
L*> bound for p,, the fractional Gagliardo—Nirenberg inequality (Lemma 23), and Young’s
inequality to find that

lwlly < ClIV(=A)"fo(po)llp < CllLolp) IV fo (po) 1,72 < C0) + 0l Vol
where 7 > 0 is arbitrary. By estimate (72) in Lemma 25,

eV (=2) " fo(po)llp = llwlly < Cn) +1(llpeV (=2)* fo(po)llp + TPV ).
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Choosing 1 > 0 sufficiently small shows the claim.
Step 3: Estimate of divw in LP(0,T; LP(R%)). We use Holder’s inequality with 1/p =
2s/(d+ p) + 1/q to obtain
| divwll, < [[Vpy - V(=A)"fo(po)|lp + Hpa(_A)l_Sfo(pa)Hp

< IVpoll@rn /e IV(=2)" falpo)llg + ClI(=A)"* fo(po) -

By the fractional Gagliardo—Nirenberg inequality (Lemma 24 with § =1+ d/p —d/q — 2s
and Lemma 23 with s replaced by 1 — s) and Young’s inequality, it follows that
I divwll, < ClIVpoll@sp)/c6) 1 fo () 1, IV o (o)l + CllEo () 151D fo (06) 1,
< OHVPUH (d+p)/(2s) HVPUHQ + Cch/r(po)DQpa + [ () Vo @ vaH;I;_S

1/(1-6
< C) + OV polli o + CIV 0ol + ClIV 23, + 1l D?ps

where n > 0 is arbitrary. Taking the L?(0,7") norm of the previous inequality and observing
that p/(1 —6) = (d + p)/(2s) (because of § = d(1/p—1/q) + 1 — 2s), it follows that

1/(1-0)
H div w||Lp 0,7;LP(R4)) <C+ Cva0'||L/(¢(i+p)/(25)(0 T; L(d+p)/(25) (R4)) + CHVpU”LP(O,T;Lp(Rd))

+ O||vp0||L2P(0,T;L2P(Rd)) + 77||D pU”LP(O,T;LP(Rd))-
Lemma 25 and Step 2 (Vp, € L?(0,T; LP(R?))) show that
||atpo||Lp(o,T;Lp(Rd)) + (1 - 077)HDZPUHLP(O,T;LP(W)) <C.

Choosing 1 > 0 sufficiently small, this yields d;p, € LP(0,T; LP(R%)) and p, € L?(0,T;
W?2P(R%)). We deduce from Lemma 19, applied to Vp,, that Vp, € L>°(0,T; LY(R%)) for
any 2 < g < oco. (At this point, we need the restriction g > 2.)

Step 4: Higher-order regularity. To improve the regularity of p,, we differentiate (7) in

space. Recall that 9; = 9/dx;, i =1,...,d. Then
d

d
aﬁma_gA&m~=§j@@o%@< )" f(p)) }j A) f(ps)

=1

(22) + 0ips05;(—A) ™ Sfa(pa)+5gpac92( A)~ Sfa(pa)+paaf’ﬂ( A) " fo(py))-

We estimate the right-hand side term by term. Let 0 < s < 1/2. First, by Holder’s
inequality with 1/p =1/g+ 1/r, 1 < p < ¢ < oo, max{2,p} < r < oo and the fractional
Gagliardo—Nirenberg inequality (Lemma 23),

10550005 (—=A)* fo (0 ) o0 100y _/ 105505151105 (=A)* £ (po ) 17t
/ 10526 511 £ (P ISV £ (o )17t

1-2s)p S
<cmmwmmMUW|WmeﬁgUW»/HJmWﬁsa
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The second and third term on the right-hand side of (22) can be treated in a similar way,
observing that 97;(—A)~* = 9;(—A)~*0;. The last term is estimated according to

o355 (=2)~* fopo)llp < ClIOG;(=D) " folpo)lly < Cll05; o (0l IV 0 fo (P I
< CDN95;fo(po)lp + 1l V5 fo (o) I

and the last expression can be absorbed by the corresponding estimate of Ad;p, from the
left-hand side of (22). Then we deduce from Lemma 25 that 0,0;p,, 8?33»,00 e LP(0,T;

LP(RY)) for all p > 1 and Lemma 19, applied to 0;;p,, yields 9};p, € C°([0, T]; LY(R?)) for
all ¢ > 2.
Next, if 1/2 < s < 1, we use the second inequality in Lemma 23 and argue similarly as

before. This finishes the proof. O

Lemma 11. Under the assumptions of Proposition 10, for every q > 2, there exists a
constant C = C(q) > 0, depending on o, such that

0o llcoqo W @ayws.amay < C-

The embedding W34(R%) — W2>(R?) for ¢ > d yields a bound for p, in C°([0,T];
WQ’OO(Rd)).

Proof. We first prove the bound in C°([0, T]; W34(R%)). By differentiating (7) twice in
space, estimating similarly as in Step 4 of the previous proof, and using the regularity
results of Proposition 10, we can show that p, is bounded in L>(0,T; W34(R?)) for any
q=>2.

It remains to show the C°([0, T]; W*!1(R?)) bound for p,. In view of mass conservation
and Gagliardo—Nirenberg—Sobolev’s inequality, it suffices to show a bound for D?p, in
L>®(0,T; L'(R%)). To this end, we define the weights v, = (1 + |z[*)"/? for n > 0 and test
equation (7) for p, with v, := 74,p,. Then

o, — oAv,, = div (vnVIC * f(,(pg)) + 1y, va(0) =74,0° in R?,

where I,, = =20V, - Vo — 0ps AV — po Vo - VI % fo(ps).
Arguing as in Step 4 of the previous proof, we can find a bound in L*(0,T; W?2?(R?))
for v,. Indeed, we can proceed by induction over n, since the additional terms in I,, can
be controlled by Sobolev norms of vy, ...,v,_;. The definition of p? implies that ~, 0,

1. VY € L*®(R?) N LY(R?) for every n > 0. Then choosing n > d yields, for 0 < ¢t < T,
that

1 D?polly < [ID*(vupo)lp + 21V - Viollp + 0o D*ull, < C(T).
We conclude from ~, ! € L>(R%) N L(RY) that
1004111 < 1 o1 0 Dol < C(T).
This proves the desired bound. O
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2.4. Existence of solutions to (7). We show that the regularized equation (7) possesses
a unique strong solution p,.
Step 1: FExistence for an approzimated system. Let T > 0 arbitrary, define the spaces

Xr = L*0,T; H'(RY) N HY (0, T; H*(RY)) — Y7 := C°([0, T]; L*(R%)),
Yrr={ue€Yr: |lu—polli~omrie@e) < R},
and consider the mapping S :v € Ypr — u € Yo,
(23) ou — o Au = div(uVED * fM(v)) in R x (0,7),
u(0) = py in R,

where K : R? — R, is a regularized version of IC,, defined by

IC?) — @), i)

s/2 s/2?
6+ (s — d)5* Y (|z| — 6) for |z] < 4,
KOy (@) = a2 { Jaf*~ for § < |z <671,

(695 + (s — d)01= (x| — 61|, for || > 6,

and £ is given by
(n) 4 / . -1 2
fp)= | folw)min(l,un")du+Jp°  pEeR.
0
The regularization with parameter n is needed for the entropy estimates.
We derive some estimates for fé"). First, we have 0 < fé”) (p) < Cp* for p € R, since
Pz
1000 < (40 max ) 2 or ol <
[0.1] 2
n - Ui
190) < follol) + 50° < (Wolloon™+ ) 0* - for ol > .

Furthermore,

DS (p)| = ‘|—Z|fé(|pl) min(L, [pln ") + np‘ <+ 1fzll0)lel,

which implies that [Df(p)| < Cylp| for p € R. This shows that there exists C(n) > 0
such that for any p;, ps € R,

£ (1) = F7(p2)| < C(n) (o1l + lp2l)lpr — pol-

It follows that f{”(v) € L=(0,T; L*(R)) for v € V7.

Since VK € L>®(R%), a standard argument shows that (23) has a unique solution
u € Xp — Yp. Therefore, the mapping S is well-defined. Additionally, the nonnegativity
of u follows immediately after by testing (23) with min(0, u).
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We show now that S is a contraction on Y7  for sufficiently small 7" > 0. We start with

a preparation. By testing (23) with u and taking into account the L bound for VIC?),
we deduce from Young’s inequality for products and convolutions that

t t
/ a(t)?de + 2 / VulPdedr < / P22 + C(6,m,0) / ul2lo]ddr,
R4 2 0 R4 R4 0

since || £ (0)|y < C,l|v||2 for v € Yp. Then, if v € Y., we infer from Gronwall’s lemma

that
t
(24) / u(t)?dr + a/ |Vul|?dedr < ec(”";’”)mt/ |02 |2dz for 0 <t <T.
R4 0 R4 R4
Let v; € Yr g and set u; = S(v;), i = 1,2. We compute
lur VIC s f17 (v1) = ug VEL) 5 £ (03) 5
< (ur = ug) VKL 5 £57 (1) |2 + [[ug VI s (£ (01) = f57 (2))|2
< Jlur = w2 VKD 5 F7 (01)]|o + uall2 VAL 5 (£ (v1) = £ (12))lloo
< Ny = uall2 VKD ol £ (01) 1+ Nuall2[[ VD o L£ (01) = £8P (v2) 12

< (o, 77)(||U1 - U2||2||Ul||§ + [Juzll2([[vr]l2 + [[v2][2)]|vr — U2||2)-
Therefore, using (24), for vy, vy € Y7 g,

(25) [ur VKD * f0(v1) — ua VD % £ (03) |2 < C(8, 1, B, T)(flus — uall2 + o1 — vall2).

Next, we write (23) for (u;,v;) in place of (u,v), i = 1,2, take the difference between the
two equations, and test the resulting equation with u; — us:

1 t
Ly = wal20) + a/ / IV (4 — o) Pdadr
2 0 Rd
t
= —/ V(uy — uy) - (u1VICg5) * fé") (v1) — uQVICg‘s) * fa(”) (v9))dxdr
0 JRrd

t 1 t
< E/ |V (uy — uz)|2d:vd7 + —/ ||u1VIC§5) * fé")(vl) - uQVICg‘;) * fé") (vg)||§d7.
2 0 Rd 20 0
It follows from (25) that
t t
o= wal©)+o [ [ (900~ us)Pdedr < €. RT.0) [ (= el + o~ el
0o Jr 0
and we conclude from Gronwall’s lemma that
T
|uy — uz5(t) < eo(‘s’"’R’T"’)t/ lv1 — wo||5dT for 0 <t <T.
0

This inequality implies that S is a contraction in Y7 g, provided that 7" is sufficiently small.
Therefore, by Banach’s theorem, S admits a unique fixed point v € Yy C Yy for T > 0
sufficiently small.
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It remains to show that the local solution can be extended to a global one. To this end,
we note that the function u € Xy satisfies (23) with v = w:

u — oAu = div(uVKED * £ (u)) in R? x (0,T),

26
(26) u(-,0) = p2 in R

Then, defining the truncated entropy density

P ru
R (p) = / / Df" (v)vtdvdu, p >0,
o Jo

and testing (26) with DR (u) yields, in view of the definition of K that
¢
(27) / h(")(u(t))dx—l—(j/ / D (u)u™ | Vu|*dzdr
Rd 0 JRd
t
[ VRG, s P dedr = [ 100
0 JRrd

R4
for 0 <t < T. This inequality and the definitions of fé") and A" yield a (8, T)-uniform
bound for w in L2(0,T; H'(R?)), which in turn (together with (26)) implies a (4, T')-uniform
bound for v in X7, and a fortiori in Y7. This means that the solution u can be prolonged
to the whole time interval [0, 00) and exists for all times.

Finally, we point out that, since VA € L2(R9), then VA x £ (u) € L>=(0, T; L*(R?))
and so uVKL « f37 (u) € L*°(0,T; L*(RY)). This fact yields the conservation of mass for
u, ie. [pau(t)de = [p.pode for t > 0. Indeed, it is sufficient to test (26) with a cutoff
Yr € C}H(RY) satisfying vr(z) = 1 for |z| < R, Yr(x) = 0 for |z| > 2R, |[Vir(z)] < CR™
for x € R, and then to take the limit R — oo.

Step 2: Limit § — 0. Let u® be the solution to (26). An adaption of the proof of [5,
Lemma 1] shows that the embedding H'(R?) N LY(R%; (1 4+ |x[?)"/?) < L*(R?) is compact.
Thus, because of the é-uniform bounds for u(®), the Aubin-Lions Lemma implies that (up
to a subsequence) u® — v strongly in L?(0,T; L*(R%)) for every T' > 0. We wish now to
study the convergence of the nonlinear and nonlocal terms in (26)-(27) as § — 0.

It follows from (27) that (up to a subsequence)

(28) VK, * £ (@) = U weakly in LA(R? x (0,T)) as d — 0.

In order to identify the limit U, we first notice that, by construction, 0 < l%i% K2
a.e. in RY. Furthermore, the Hardy-Littlewood-Sobolev inequality, the bound for £\, and
then the Gagliardo-Nirenberg-Sobolev inequality yield that
1Kz * fén) (“)||(d+2)/(d—s) < CHf(S”) (U)||(d+2)/(d+2s/d) < C(n)||u||%2d+4)/(d+2s/d)
2(s+2)/(d+2 2(d—s)/(d+2
< Oull3™ 2 a1,
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Therefore, since u € L>(0,T; L*(RY)) N L*(0, T; H*(RY)),
T
(d+2)/(d—s s+2)/(d—s
/0 1Koy # 50 ()| 4274t < C () HLJOT/(LQ(W)/ IVu|2dt < C(n,T),

meaning that K% £ (1) € LW+2/(@=)(Rdx (0, T)). Taking into account that f5" (u) > 0,
we deduce from monotone convergence that

(29) I%Sé  fI0(u) = Koo x f7(u)  strongly in LI2/@=/(R x (0, T)).
Furthermore, arguing as before and using the estimates for D fé") leads to
IS, # (£ (@) = FEP (@)l @spa—sy < oy 5 |FEP (@) = J57 () | ar2)ta—s)
< C||f D (u®) = f () || (g2 (a25/a)

(el + 10 a0 2og 1 = 0 vy arasra
s 2 d 2 d s)/(d 2 s+2)/(d+2 d—s)/(d+2
SCanwmr+ (2 | SO || S22 | g, (0| =) 2Dy

32d2 d+2
X JJu — u@ || ST (4 — )| S )

Since u® is bounded in L>(0, T; L*(R%)) N LQ(O, T; HY(R%)), it follows that (up to a sub-

sequence) Izi% « (S (u®) — £ (1)) converges weakly to some limit in L(@+2)/(@=s)(Rd x

(0,T)). However, Holder’s inequality and the fact that u(®) — u strongly in L?(0, T; L?(R%))
for every 2 < p < oo, which follows from

T T
/ [u'® —ullhdt < sup [|(u® — U)(t)llg_Q/ [0 = ul3dt =0 as & — 0,
0 0<t<T 0

imply that

d+ 2
KUY (0 <@%ﬁﬁmm—ﬂ>amwmeﬂaﬂU“W@ﬂwﬂxp<gi<
— S

We conclude that
(30) KO+ (£ () — £ (u)) = 0 weakly in L2/@==)(R? x (0,T)).
We deduce from (29)—(30) that
Ko # 30 ) = Koo £ (w)
= (Ko £ () = Kopa 5 £ () + Ky (£ () = 117 ()
— 0 weakly in LU4+2/@=)(R x (0, 7)),
which, together with (28), implies that U = VI * fén)(u), that is,
(31) VI%S)Q x () = Vo % fP(u)  weakly in L*(R? x (0,T)).
Let ¢ € C3°(R? x (0,7)). Because of
TED ¢ F000) = K, » (TR, » £ )),



POROUS-MEDIUM EQUATION WITH FRACTIONAL DIFFUSION 21

we find that

T T _ _

/ ¥ - VO 5 £ (u®)dxdt = / (VKL £ u®)) - (KU,  v)dadt.

0 R4 0 Rd
Our goal is to show that iéfs% % 1) — Ky * 1 strongly in L2(R? x (0,7)) as 6 — 0. We
can assume without loss of generality that ¢ > 0 a.e. in R? x (0, 7). Indeed, for general
functions 1, we may write ¢ = 1, +_, where b, = max{0,} and w, = mm{O ¥}, and
we have IC(5 *x ) = ICS/2 * ) — S/)2 % (—1_). Once again, since K 5/ ya ICS/Q a.e. in R?,

it is sufﬁc1ent to show that Ky * ¢ € L*(R? x (0,T)). The Hardy-Littlewood-Sobolev
inequality (see Appendix B) yields

T T
/0 1Ko # |3dt < C / e

It follows from (31), the previous argument, and the fact that s * v = (=A)"%u =
Ks/2 % K2 * u that

T T
/ - VKD 5 50 (ul®)dadt — / / (VKuja # £ (w)) - (Ko * ) dadt
0 Rd 0 Rd

T
= / / Y- VI, % f(u)dzdt
0o Jrd

for every ¢ € L?(0,T; L?>¥(4+25)(R9)), which means that
(32) VED 5 f () =~ VI, * f(u) weakly in L*(0, T; L2*¥/@=2)(R%)),
Since u® — w strongly in L?(0,T; L*(R%)) and (u'®) is bounded in L*(0,T; L'(R%))
(via mass conservation), it also holds that u®) — u strongly in L?(0,T; L?¥/(@+2s)(R%)).
Therefore, the convergence (32) is sufficient to pass to the limit § — 0 in (26).

Step 3: Limit n — 0 and conclusion. The limit 6 — 0 in (26) shows that the limit u
solves

o — o Au = div(uVIK, * fP(u)) in R? x (0,7),

33
(33) u(+,0) = p2 in R%

Fatou’s Lemma and the weakly lower semicontinuity of the L? norm allow us to infer from
(27) that for ¢t > 0,

t
(34) /h(”)(u(t))dx—i-a// Df" (u)u~t | Vul*dzdr
R4 0 JRd
t
- / / (VKo * £ (u)2dzdr < / A (p9)d.
0 JRd Rd

At this point, all the bounds for u, derived in the previous subsections, and the moment
estimate, contained in Lemma 9, can be proved like in Sections 2.1-2.2. All these estimates
are uniform in 7. It is rather straightforward to perform the limit n — 0 in (33)—(34) to
obtain a weak solution to (7). However, the higher regularity bounds obtained in Section
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2.3 imply that u is actually a strong solution to (7), which in turn yields the uniqueness
of u as a weak solution to (7). This finishes the proof of Theorem 4.

2.5. Limit 0 — 0. We prove that there exists a subsequence of (p,) that converges strongly
in L'(R? x (0,T)) to a weak solution p to (1).

The uniform L*(R? x (0,7)) bound for p, in Lemma 7 implies that, up to a sub-
sequence, p, —* p weakly* in L®(R? x (0,7)) as ¢ — 0. We deduce from the uni-
form L°°(0,T; L'(R?)) bound (13) and the moment bound for p, in Lemma 9 that (p,)
is equi-integrable. Thus, by the Dunford—Pettis theorem, again up to a subsequence,
po — p weakly in L'(R? x (0,T)). It follows from the L2(0,T; H*(R?)) estimate (16) that
oAp, — 0 strongly in L*(0,T; H~'(R?)). The estimates in (17) and Lemma 7 show that
(Oipo) is bounded in L?(0,T; H~'(R?)) and consequently, up to a subsequence, d;p, — Oip
weakly in L?(0,T; H*(R%)). Therefore, the limit o — 0 in (7) leads to

(35) Oip = div(pV(=A)~*fs(p,)) in L?(0,T; H(R?)),

where the overline denotes the weak limit of the corresponding sequence.
We need to identify the weak limit on the right-hand side. The idea is to use the div-curl
lemma [20, Theorem 10.21]. For this, we define the vector fields with d + 1 components

Uy = (pm —pUV(—A)_SfJ(pU)), Vo = (fo(pa)a 0,... ’0)‘

Let R > 0 be arbitrary and write Br for the ball around the origin with radius R. The
L>®(R%) bound (15) for p, and the L?(0, T; H'~*(R%)) bound (17) for f,(p,) show that (U,)
is bounded in LP(Bg x (0,7)) for some p > 1, while (V) is bounded in L>*(Bg x (0,7)).
Furthermore, by (17),

div( . U, = 0Ap, — 0 strongly in L*(0,T; H '(Bg)) — H '(Bgr x (0,T)),

| curle ey Voll 2.5 8r) < CIV folpo)llL20,1:0-5(Br)) < C,
where curly .y V, is the antisymmetric part of the Jacobian matrix of V,. Hence, by the
compact embedding H~*(Bg x (0,T)) < W17 (Bg x (0,T)) (since L*(0,T; H*(Bgr)) C
H™%(Bg x (0,T))), the sequence (curly) V,) is relatively compact in W= (Bg x (0,T))
for some r > 1. Therefore, we can apply the div-curl lemma giving U, -V, = U, - V,, or

pafcr(pa) = pfcr(ﬂa) a.e. in Br X (O,T)

By definition (9) of f,(p,), it follows for arbitrary p, € [0, L] and sufficiently large L > 0,
that

fg(po)—/pg(f‘ ¢ (') () (o) du—/pg/ ) (w)dwE(ou)du

/po/ Py (= w) f(w)dw= (Uu)du—/o (/0 I (u — )E(Ju)du)f(w)dw,
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We use the properties that (p,) is uniformly bounded and ==1in [—1,1]. Then, choosing
o > 0 sufficiently small,

o) = [ ([ Tota = wyin) planae

— [t - it~ [T )
— [ Talos —w)twdu ~ [ To(-w i,

R
setting f := J1j,00)- Hence, using f(0) = 0, we find that

folpo) = f(ps) = /RFG(U)(f(u +po) = [(po))du — / Lo(—w)(f(w) — f(0))dw.

R

Taking into account the fundamental theorem of calculus for the function f € CONWH(R),
we can estimate as follows:

1£5(po) — flps)| < esssup (|f(u+,00) — f(po) i | f (u) _f(0)|) /chr(w)lwldw

uesupp(I's)\{0} |’LL| |U|

< (s, €420+ 1)) [ Totwade

¢esupp(T'e)N[0,00)

Then, since 'y (u) = 07T (0 u), supp(T',) C B,(0) is compact, f € C'([0,00)), and (p,)
is uniformly bounded, we conclude that

|fo(ps) = f(ps)| < Co.

This means that f,(p,) — f(ps) — 0 strongly in L>®(Bg x (0,7)), and it shows that
pof(ps) = pf(ps) a.e. in Bg x (0,7). As f is nondecreasing, we can apply [20, Theorem
10.19] to infer that f(p,) = f(p) a.e. in Br x (0,7). Consequently, p,f(ps) = pf(p). As
u +— uf(u) is assumed to be strictly convex, we conclude from [20, Theorem 10.20] that
(po) converges a.e. in Bg x (0,T). Since (p,) is bounded in L®(R? x (0,T)), it follows
that p, — p strongly in LP(Bg x (0,7)) for all p < co. Using the moment estimate from
Lemma 9, we infer from

T T
lim sup/ |po — pldzdt = lim sup/ / |po — pldzdt
o—0 0 R4 o—0 0 RI\Bgr

T
< R724/(d=25) |y sup/ / pa(t,x)|x]2d/(d_25)dx
0 JRAN\Bg

o—0

< R2E=25) 5 () as R — 0o

that p, — p strongly in LP(R? x (0,T)) for all p < co. The strong convergences of p, and
fo(po) in LP(R? x (0,T)) for all p < oo allow us to identify the weak limit in (35), proving
the weak formulation (8).
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Finally, we deduce from the uniform L?*(0,7; H *(R%)) bound for d;p, and the fact
that p, — p strongly in LP(R?) for any p < oo that p(0) = p° in the sense of H~1(R%).
Properties (iv) of Theorem 1 follow from the corresponding expressions satisfied by p, in
the limit o — 0.

The following lemma is needed in the proof of Theorem 3.

Corollary 12. Under the assumptions of Theorem 1, it holds for all ¢ € L>®(R%) that,
possibly for a subsequence,

/ pPoddr — / podxr  uniformly in [0, T).
Rd Rd

Proof. Let ¢ € CL(R?) and 0 < t; < ty < T. The uniform L?(0,T; H~*(R%)) bound of 9;p,
implies that

‘/ pa(tQ)d)d-T—/ pg(t1)¢dl‘
R4 R4

< ft2 = t1|"21|0upo || 20 -1 ety 191l 111 ey < Clt = t1 ]| 1 ey-

Hence, the sequence of functions ¢ — fRd po(t)pds is bounded and equicontinuous in [0, 7.
By the Ascoli-Arzela theorem, up to a ¢-depending subsequence, fRd poPdr — &4 strongly
in C°([0,T]) as ¢ — 0. Since p, —* p weakly* in L>(0, T; L>°(R?)), we can identify the
limit, £ = [pa podz. Since H'(R?) is separable, a Cantor diagonal argument together with
a density argument allows us to find a subsequence (which is not relabeled) such that for
all ¢ € HY(R?),

(36) / pPoPdr — ppdr  strongly in C°([0, 7).
Rd Rd
Since (p,) is bounded in L>(0,T; L?(R%)), another density argument shows that this limit

also holds for all ¢ € L?(R?).
Now, let ¢ € L>(R?). Using ¢ly,<ry € L*(R?), it follows from (36) and the moment

estimate for p, that
/ po(t)pdr — / p(t)pdx
Rd Rd

/Pa(t)¢1{|x|>3}dx—/ p(t)d1{jz)>rydx
R4 Rd

[ 0ot

t1

limsup sup
c—0 0<t<T

< limsup sup
o—0 0<t<T

< R2/62 g, limsup sup / (9o, 1) + pl, 1)) |2/ 42)
o—0 0<t<T JRd

< C(T)R™2@=29)||p.c — 0 as R — oo.
lim sup

This shows that
w sup | [ potode— [ plt)ods
o7V 0<t<T | JR Rd

concluding the proof. U

:0’
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3. ANALYSIS OF EQUATION (5)
This section is devoted to the analysis of equation (5),
(37) Oipopc—0 Apa,é,c = div (po,p. VK * fo(Wp * poge))s ¢ >0,
popc(0) =py inRY,

where K¢ = I%C * W, and Wj is defined in (10), as well as to an estimate for the difference
P8¢ — Po, Which is needed in the mean-field analysis. The existence and uniqueness of
a strong solution to (37) follows from standard parabolic theory, since we regularized the
singular kernel and smoothed the nonlinearity.

Proposition 13 (Uniform estimates). Let Hypotheses (H1)-(HS3) hold and let T > 0,
p > d. Set a :=min{l,d — 2s}, let p, be the strong solution to (7), and let p,p¢ be the
strong solution to (5). Then there exist constants C; > 0, and g9 > 0, both depending on
o, p, and T, such that if 5+ (* < g then

(38) Po.8.c — PollLoeo.rw2r®ay < C1(B + (%),
(39) 100,8.¢ | Lo (0,720 (Ra)) < Ch.

Furthermore, for every q > 2, there exists Cy = Csy(q) > 0, depending on o and T, such
that

(40) (K¢ = K) * poll oo (0,700 (rety) < CaC",
(41) 100,8.¢|l Lo (0 5w @ty ws.a (RY)) < C.
The proof is presented in the following subsections.
3.1. Proof of (38). We introduce the difference u := p, g — po, which satisfies
(42) du — oAu = div [(u+ ps) VK¢ * fo(Ws * (u+ ps)) — po VK * f4(po)]
= D[u] + R[p,,u] + S[p,,u] inRY ¢ >0,
and the initial datum «(0) = 0 in R?, where
D[u] = div [uVK * f,(Ws * u)],
Rpg,u] = div [uVK * (fo(Ws * (u+ ps)) — fo(Ws *u))
+ 0o VI (fo(Wp * (u+ po)) = fo(Wp * p5)) + poe VI 5 (fo(Ws % po) — fo(p5))]
Slpou] = div [(u+ pa)V(Ke = K) % fo (W # (ut p2))].
We show first an estimate for D?u that depends on a lower-order estimate for u.

Lemma 14 (Conditional estimate for u). For any p > d, there exists a number I'), € (0,1)
such that, if supg,op ||u(t)|lwirmey < T then

||D2U”LP(0,T;LP(RCI)) < O(HUHLP(O,T;WLP(Rd)) + B8+ Ca);

recalling that a = min{1,d — 2s}, and where C' > 0 is independent of u, B, and ¢, but may
depend on o.
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Proof. Let ') € (0,1) be such that supy,p ||u(t)||wirgey < Tp. We will find a constraint
for I', at the end of the proof. The aim is to derive an estimate for the right-hand side
of (42) in LP(0,T; LP(RY). We observe that [u(t)i < lpmacli + ool < 2[5l for
t € [0,7]. In the following, we denote by C' > 0 a generic constant that may depend on o,
without making this explicit. Furthermore, we denote by p a generic exponent in (0, 1),
whose value may vary from line to line.

Step 1: Estimate of D[u]. Let 1/2 < s < 1. Then, by the Hardy-Littlewood—Sobolev-
type inequality (68),

ID[u]ll, < V- VE s fo(Ws s )l + [[uV K * [f5(Ws * u)Ws + Vull,
< CNIVullpll fo(Ws * u)lla2s-1) + Cllwllasas—) 7o (W * w) ool Vrllp-

We use the Young convolution inequality, the Gagliardo—Nirenberg inequality, the smooth-
ness of f,, the property f,(0) = 0, and the fact |W3|,1(re) = 1 to estimate the terms on
the right-hand side:

IWs % ulloo < Jlulloe < [luli ™[ Vully < CT) < C,
1fo(Wg * u) oo < max|[fo] [|Ws * ufloe < C,

175 (W * w)lloe < [£5(0)] + max | f7][[Wp * ullo <C,

s < Il lully < Cllullyr, gy < CT < C,
where U := [—||[W3 * ul|o, |[W5 * ul|oo] and A > 0, g > 0. Therefore, ||Du]ll, < C||Vul|,
and
(43) | D[l Lo 0,750 ®ay) < Cllull oo, rp rey)-

Next, let 0 < s < 1/2. Then we write
Dlu) = Vu - K x [f,(Ws * u)Ws * V] + uk = [f7(Ws * u)|Ws * Vu|?]
+ ulC * [f(;(WB * U)W/j * AU] = D1 -+ D2 -+ Dg.
By the Hardy-Littlewood—Sobolev-type inequality (Lemma 21),
D1l < ClIVullays 1 fo (W * w)Ws x Vull, < CIVullajel[Vull,.
Next, we apply the Gagliardo-Nirenberg inequality with A = (14+1/d—2s/d)/(1+2/d—1/p):
Vullaeg < Cllulli=[Dull} < ClID2,

which is possible as long as A > 1/2 or equivalently d > 2s, which is true. Consequently,
using I', <1,

1D1llp < ClIVullpD?ully < CTlIVull, D?ully < C@)[[Vullp + 6]D*ull,,

where 6 > 0 is arbitrary. It follows from the Hardy-Littlewood-Sobolev-type inequality
and the Gagliardo—Nirenberg inequality

IVull3, < CID*ullg/?[Vullp~7 < O, [Dully/ || Vul =/
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that
1Dzl < Cllullazzs Lol D>ully PVl < C@)[|Vull, + 8]D?ull,-
Finally, using similar ideas, we obtain
1Ds]ly < Cllullayezs) [Aull, < CTH{ID?ull,.
Summarizing the estimates for Dy, Dy, and D3 and integrating in time leads to
(44) I D)l 1o o,7:10may) < Cllull oo rwromay + CTED?ull 1o o 7,00 (ma))-

Step 2: Estimate of R|p,,u]. We write R[p,,u] = R; + Ry + Rj for the three terms in
the definition of R[p,,u] below (42).
Step 2a: Estimate of Ry. If s > 1/2, we can argue similarly as in the derivation of (43),
which gives
| Rl Lo o,m e mayy < Cllul| oo rwe@ay-
If 0 <s<1/2, we write Ry = Ry; + -+ + Ry, where
Ry = Vu - Kx [f;(Wﬁ * (u + Pg))W,B * V,OU],
Riz = wC [2(Wy 5 (u+ o)) (Wi % Vi) - (W W+ )],
Riz = ull * [fo(Ws * (u+ po))Ws * Ap, ],
Riy=Vu-Kx* [(fo(Ws* (u+ ps)) — fo(Wp *u))Ws * Vu],
Ris = ulke * [(f5(Ws * (u+ po))Ws x V(u+ p,)
— fo (Ws % u)(Ws * V) - (Wp * Vu)],
Rig = ulC * [(fo(Wp * (u+ po)) — fo(Wp % u)) Wy x Aul.

All terms except the last one can be treated by the Hardy-Littlewood—Sobolev and Ga-
gliardo—Nirenberg inequalities as before. For the last term, we use these inequalities and
the L°°(R%) bound for p,:

[Rislly < Cllullass) || (fo(Wa * (w+ po)) = fo (W *w)) W x Aul|
< Cllullases) 17 oW % polloo W5 % Aull, < Cllullayes) | Aull, < CTh|D?ull,.
We infer that (possibly with a different x> 0 than before)
| Rl 2o o,7s00 eyy < Cllull Loo,rwrrrayy + CFZHDQUHLP(O,T;LT’(RUZ))~

Step 2b: Estimate of Ry. Since |f!] is bounded on the interval [—||u|loo — || 0o |lcos ||2t]| 0o +
| polloc], We obtain for s > 1/2,

HRQHLP(O,T;LP(RGZ)) < CHUHLP(O,T;WLP(Rd))-
For 0 < s < 1/2, we write Ry = Ry + - -+ + Ra7, where
Ro1 = Vpy - K [fo(Ws * (u+ ps))Ws x Vu],
Rag = poKC 5 [f2(Ws  (u+ ps))Ws * V(u+ py) - (Ws * V)],
Roy = poKCx [fo (W (u + po)) W * Aul,
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Roy = Vpy - Kx [(fo(Wp * (u+ps)) = f(Wp % pg) ) W5 V],
Rys = paKC 5 [f5(Ws * (u+ po))(Wp * Vu) - (Ws % V)],
Rog = polCx [(f (W * (u+ po)) — f5(Ws * o)) [Ws * Vpo|*],
Rar = pa K 5 [(fo(Ws * (u+ pa)) = fo(Wp * po) )W + Apg].
Similar estimations as before allow us to treat all terms except the third one:
1Rally < [|pokC o [(£2(Ws % (u+ po)) = fo(Ws % pg)) Wy  Aul
+ || po K * [f(/f(W,B * o) Ws * Aulll, =: Qa31 + Q2z2-
The first term can be estimated similarly as above by Qa3 < CT'%||D?u|,, while
Qas2 < [|pe AK # [fo (W pa )W x [ + [ 0ok 5 [Afo (W * po )W+ ul |
+ 20 po K x [V fo(Wa * po) - (Ws * V)],

I,

It follows from —AK x v = (—A)'"v and the fractional Gagliardo—Nirenberg inequality
(Lemma 23) that

Q232 < Cllullwrsay + 0o (=A) " [fo(Ws x po) W x u] ||,
< Cllullwrrgay + Cllpsllooll £7(Ws * po) W w5 [D*[fo (W * po) W * ull|,~
< Cllullwromay + Cllully (llell,™ + [Vall,™ + 1D%],~)
< Cllullwio(ra) + CT, [ D*ull,.
This shows that || Rosll, < C|lully1sme) + CT%||D?u||,, and we conclude that

| Roll oo,y < Cllulloomawro@ay + CTHID?ul| oo 1100 ) -
Step 2c¢: Estimate of R3. We write R3 = R3y + - - - + R37, where

R31 = Vp, - K x [(f;(WB * o) — fé(ﬂo))wﬁ * VPUL

R3y = po K * [(f(/f/(Wﬂ * Pg) — f!(ﬂa))‘wﬂ * Vpa|2]a

Rs3 = po K * [fg(Pcr)(WB * Vo — Vpg) - (W = vﬂa)L

R3y = Vp, - K % [f;(ﬁa)(WB *Vp, — VPJ)L

R3s5 = po K * [fc/r,(/)a)vﬂa - (Ws* Vp, — vpa)]u

R3s = po K * [f;(ﬂa)(W,B * Ap, — Apaﬂ

Rz = poKC 5 [(f3(Wp * po) — fo(ps)) W * Dpy]
We start with the estimate of R3;. We use the Hardy-Littlewood—Sobolev inequality
(Lemma 21) and Lemma 20 to estimate W3 * p, — p,:

Ray < CIVpollassl oW % p0) = F(0) IplIWs % Vool

< CIVpallys o 1£11Ws oo = polly < C0)5,
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also taking into account the L>°(0, T'; LY(R?)) bound for Vp,; see Proposition 10. With this
regularity, we can estimate all other terms except R3, and Rsg. Since they have similar
structures, we only treat Rss. This term is delicate since the factor f!(p,) cannot be
bounded in L(R?) for any ¢ < oo. Therefore, one might obtain via Hardy-Littlewood—
Sobolev’s inequality factors like [|[Vp,ll,, and ||D?p, |4, with either ¢ < 2 or ¢o < 2.
However, for such factors, an L> bound in time is currently lacking (Proposition 10 provides
such a bound only for ¢ > 2). Our idea is to add and subtract the term f.(0) since

|fo(ps) — f2(0)] < po olax 2] < Cp,

can be controlled. This leads to
[Rsallp < Vo - K [(fo(po) = fo(0) (W5 x Vps — V),
+ 1 £5(0)Vpo - Kx (W5 % Voo, — Vo),
S CB+1f(0IVps - K x (Ws % Voo = Voo )llp =: OB + Qsar,

as the first term can be estimated in a standard way. For the estimate of (J341, we need to
distinguish two cases.
If 1/2 < s <1, we infer from the Hardy—Littlewoord-Sobolev-type inequality (68) that

Q31 < ClIVpsllases—)lIWs * po — pollp < ClIVpollases—1) I VeollpB < CB.

Next, let 0 < s < 1/2. Then we apply the Hardy-Littlewoord—Sobolev-type inequality
(67), the standard Gagliardo—Nirenberg inequality for some A > 0, and Lemma 20:

Q341 < CHVIOUHd/(%)HW,B * Vo — Vol < C||/OJ|H_)\||D2/00||1))\<5||D290”p) < CpB.
We conclude that || R4/, < CB and eventually
| B3l oo, 0 (matyy < CB.
Summarizing the estimates for Ry, Ry, and R3 finishes this step:
(45)  ||Rlpe, ulll ooromayy < Cllull o rmo@ayy + CB + CTEID>ul| oo 110 @ay)-
Step 3: Estimate of S[py,u|. We formulate this term as S[p,,u] = S; + -+ - + Sy, where

S1=div [uV(Ke = K) * (fo(Ws * (u+ po)) — fo(Ws * ps))],
SQ = div (UV(K:C - ’C) * fa(Wﬁ * pg))7
Sz = div [/)UV(KC — K) = (fU<WB * (u+pg)) — fo(Wp* pU))]a
Sy = div (pav(]CC - ’C) * fU(W/B * pa))'

The terms S, Sy, and S5 can be treated as the terms in R[p,, u|, since they have the same
structure and the techniques used to estimate integrals involving C can be applied to those
involving ;. This leads to (for some p > 0)

(46) 191 4 S2 + S5l oo Leray < Cllull o, rwiemay + CTEID?ull oo 7. Lo (ra))-
It remains to estimate Sy. We write Sy = Sy + Sas + Suz, where
Sn = Vpo - (ICC - ’C) * [fc,r(Wﬁ * pU)Wﬂ * Vpa]a
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Siz = pe(K¢ = K) % [f5(Ws # po) [Ws + Vo |

Sz = po (K¢ — ) * [f5(Wp * pg) W5 x Apy].

Observe that, because of the definition of K¢ = /Q * W with /Eg = Kw (defined in (11)),
we have (K¢ —K)xv =K (We*xv—v) — (K(1 —w)) * W, * v for every function v for
which the convolution is defined, and therefore, by the Hardy-Littlewood—Sobolev-type
inequality (67), Young’s convolution inequality, and Lemma 20,

1ps (K¢ = K) * vllp < Clipsllajes [We x v = vllp + Cllpo [l [ (KL = we)) * vl
< Cllpsllas@s[VollsC + Cllos |l Clra o1 llsollv]l1
< ClloellasellVollsg + CC = s lpllvlly,

Given the regularity properties of p, (see Lemma 11) and the assumptions on f,, it follows
that

(47) 1Sal| 2o o.:Lo(may) < CCmmbA=28),
We conclude from (46) and (47) that
(48) 15100 u)l| oo L0 @)y < Cllull Lo, e @ay + CC* + CTED*ul| 1o 7,10 (ra))

where a := min{1,d — 2s}.
Step 4: End of the proof. Summarizing (44), (45), and (48), we infer that the right-hand
side of (42) can be bounded (for some p > 0) by

| D[u] + Rlpos, u] + S[pos ulll Lro,r:Lr (ma))
< Cllull ooz wremay + C(B 4 ¢*) + CTEND?ull 1o 017, Lo r) -
By parabolic regularity (71),
HDQUHLP(O,T;LP(Rd)) < Cllul geo,rwre@ay + C(B +¢*) + Crg||D2u||LP(O,T;LP(Rd))-
Choosing I', > 0 sufficiently small finishes the proof. O

It remains to estimate the LP(0,T; W'P(R?)) norm of u. This is done in the following
lemma.

Lemma 15 (Unconditional estimate for w). For any p > d, there exist constants C' > 0,
and 9 > 0, both depending on o, p, and T, such that for § + (* < g9,

||| oo (0,1 p(ay) < C(B +C%).
recalling that a :== min{1,d — 2s}.

Proof. The idea is to test (42) with p|ul[P~2u — pdiv(|Vu[P~?Vu). Integration by parts and
some elementary computations lead to

/R pdiv(|Vul*Vu)Audz = =23 /R Va0 0 ude
12
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= 0;(|VulP~20;u) 02 ud
pS [ oVl o) e
.
:p/ |Vu|p_2|D2u|2dx+Z—QZ/ 8;(|Vul"~2)0;(|Vu|?)dx
d 2 - d

—p/ V2| Du? dx+z/ 0,(IVul?’?)) da

Consequently, we have

t
(49)  plult) g + op(p — 1) /D /R =2 Vs

t
+U/ / (pIVulP=2[D%uf? + 4(p — 2)p~ " [V(|Vul”?)[*) duds
0 JRd

— p/o /Rd (Jul["~?u — div(|VuP2Vu)) (D[] + Rps,u] + S[ps, u])dzds

We infer from Lemmas 19 and 25 that u € C°([0,T]; W'P(R%)). Therefore, since
u(0) = 0, it holds that ||u(t)|[w1erey < T'p for all ¢ € [0,7%] and T* := sup{to € (0,T) :
|u(t)|wrpmay < Tp for 0 <t < to}. Let ¢t € [0,7%]. We have shown in the proof of the
previous lemma that

| D[u] + Rlpo, u] + S[pg, u]|| 1r 0,400 mayy < Cllullooewrromeyy + C(B+ ).
Hence, we can estimate the right-hand side Q[u] of (49) as follows:

Qlu] < C/ / (Ju["~" + |VulP"?|D?u|)| D[u] + R[ps, u] + Sps, u]|dz

2—1 _
< C(HuHLp(()tLp(Rd)) + ||VUH%, (0,t;LP(R4) )|||vu|’p/2 1|D2u|||L2(0,75;L2(]Rd)))

X (HUHLP 0w he®d)) + 0 +¢* )
< C(6,0,1) (1l o iy + (B +C4) + Sl VulP2 Dl 720 112 ay

where § > 0. Choosing ¢ sufficiently small, the last term is absorbed by the corresponding
expression on the left-hand side of (49), and we infer from (49) that for 0 <t < T,

t
Hu(t)”gvl,p(uad) < C(p, t)/o HuHﬁyl,p(Rd)dS +C(p, t)(B+ ).

We assume without loss of generality that C(p,t) is nondecreasing in ¢. Then Gronwall’s
lemma implies that for 0 <t < T,

t
”u(t)H];Vl,p(Rd) < C(p, T)(ﬂ 4 Ca)p/ eC(p,T)(tfs)dS < (ﬁ + Ca)‘eC(P,T)t'

0
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Choosing g9 = 3L, exp(—C(p,T)T/p) < 1, we find that [[u(t)|lwisme < Tp/2 for 5+
(* < egoand 0 <t < T*. By definition of 7%, it follows that 7% = T. In particular,
|u(t)||wrp@ay < C(B+ () for 0 <t < T, which finishes the proof. O

3.2. Proof of (38) and (39). Combining Lemmas 14 and 15 leads to
(50) ||u||LP(O,T;W27P(]Rd)) < C(Uapa T) (ﬂ + ga)’ where a = min{lv d— 28}7

as long as §+ (* < g9 and p > d. Next, we differentiate (42) with respect to x; (writing 0;
for 0/0x;):

O (0yu) — o A(Oju) = 9;(D[u) + Rps,u] + S[ps,ul), u(0) =0 inR%

Taking into account estimate (50) and arguing as in the proof of Lemma 14, we can show
that for 6 > 0,

10;(D[u] + R[po, u] + S|po, u])HLP(O,T;LP(le)) <C(p,0,6)(B+(") + 5”DBUHLP(O,T;LP(R<1))-
We infer from parabolic regularity (Lemma 25) for sufficiently small 6 > 0 that

”atDuHLP(O,T;LP(]Rd)) + ||D3uHLP(O,T;LP(Rd)) < C(p,o)(B+¢").
Then Lemma 19, applied to Du, leads to (38), which with Proposition 10 implies (39).

3.3. Proof of (40). Let z € R%. We use the definitions of K¢ and W, to find that

/Rd We(z —y) (K * po)(x) — (Kwe) * po)(y))dy

(IC * pa)(x) — (IC * po)(y)|
|z =y

< VK polloo /Rd We(2)l2ldz + [[K1gapo.c-1)llooll ool

(K¢ = ) * po ()| =

< [ Wity -yl dy+ 1060 = 0) * o

<CIVE ol | Wy + ¢ 1

Let ¢ € C5°(R?) be such that supp(¢) C By and ¢ = 1 in B;. Then (since we can assume
without loss of generality that ( < 1), by arguing like in the derivation of (47), we obtain

(K¢ = K) # po ()] < OV (D) # polloo + V(KL = ) # polloc + [lps 1),
A computation shows that for p > max{d/(2s),2},
IV(K) * polloe = [[(K&) * Voo < 1K p/ -1l Vsl < ClIVe |y,
IVIE(L = 0)) * polloe < (VI = ))llcllpollt < Clips|l1,

where we note that K1z, € LP/?*~Y if p > d/(2s). Then, in view of the regularity of p, in
Lemma 11, we find that

(K¢ = K) = pcr“LOO(O,T;LOO(Rd)) < C¢*.

3.4. Proof of (41). The L>(0,T; W2(R%) N W34(R?)) bound for p, s, is shown in a
similar way as the corresponding bound for p, in Lemma 11.
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4. MEAN-FIELD ANALYSIS

This section is devoted to the proof of Theorems 2 and 3.

4.1. Existence of density functions. We claim that the solution XY to (6) is absolutely
continuous with respect to the Lebesgue measure, which implies that this process possesses
a probability density @ € L>(0,T; L*(R%)). The claim follows from [32, Theorem 2.3.1]

if the coefficients of the stochastic differential equation (6), satisfied by XN , are globally
Lipschitz continuous and of at most linear growth. The latter condition follows from

IV * fo(po(x,1))| < [IK * Vfa(pO)HLOO(O,T;LOO(Rd))
< COIK * V fo(po)ll Lo rwio@ay < ClIV fo(po) || Lo mwir@ay < C(0),
where p > d and r = dp/(d + 2s) according to the Hardy-Littlewood—Sobolev inequality,
and we used the regularity bounds for p, from Lemma 25. The global Lipschitz continuity

is a consequence of the mean-value theorem, the Hardy-Littlewood—Sobolev inequality,
and the W2 (RY) regularity of p, from Lemma 11:

sup [V * fo(po(,1)) = VK * fo(po(y,1))| < Sup DK fo(pa () |l — vl

0<t<T

= sup ||K* (f7(po)Vpo ® Vs + [1(pe)D?ps) (-, 1)|| 2z — y| < Clo)]z —yl.

0<t<T

Similar arguments show that XV (¢) has a density function @ € L*°(0, T; L*(R%)).

Next, we show that u and @ can be identified with the weak solutions p, and p,g.c,
respectively, using It6’s lemma. Indeed, let ¢ € C°(R? x [0,T]). We infer from Itd’s
formula that

SR (),1) = 6(XN(0),0) + / 0.6(RN(s), s)ds + 0 / AG(RN(s), 5)ds

- / VK % falpo (XN (5), 5)) - VO(RN(s), 5)ds + Vo / Vo(RY(s),5) - dB (3).

Taking the expectation, the Ito integral vanishes, and we end up with

/¢xt :Utdac—/qﬁxOpg dx—l—/ 0s0(x, s)u(z, s)dxds
Rd

(51) ~|—a/ /Rd Ag(x, s)u(z, s)d:cds—/o » VK x fo(po(x,8)) - Vo(z, s)u(x, s)dxds.

Hence, U is a very weak solution in the space L>(0,T; L'(R?)) to the linear equation
(52) O = oAU+ div(aVK * f,(ps)), w(0)=p) inRY

where p, is the unique solution to (7).

It can be shown that (52) is uniquely solvable in the class of functions in L>(0, T; L*(R?)).
This implies that @ = p, in R? x (0,T) (and similarly @ = p, ). The proof is technical
but standard; see, e.g., [11, Theorem 7] for a sketch of a proof.
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Another approach is as follows. Because of the linearity of (51), it is sufficient to
prove that @ = 0 in R? x (0,7) if p2 = 0. First, we verify that v := VK * f,(p,) €
L>®(0,T; Whe(RY)) and u € LP(0,T; LP(RY)) for p < d/(d — 1). Then, by density, (51)
holds for all ¢ € W14(0,T; LY(R*))NL(0, T; W24(R%)) with ¢ > d and ¢(T') = 0. Choosing
1 to be the unique strong solution to the dual problem

o+ oAy =v-Vp+g, (T)=0 inR

in the very weak formulation of (51), we find that fOT Jga Ugdadt = 0 for all g € C5°(R? x
(0,7")), which implies that u = 0.

4.2. Estimate of X}V — X

)

Lemma 16. Let XY and XN be the solutions to (3) and (4), respectively, and let § €
(0,1/4). Under the assumptions of Theorem 2 on  and (, it holds that

.....

E( sup max (XN XZN)(S)‘) < ON7VAH0,
0<s<T 1=1

Proof. To simplify the presentatlon we set

U(x,t) = ( Z Ws(XN(t) )>, U(,t) = fa(% XN: W,B(Xj-v(t)—x)),

J=1,j7#i J=1,5#i

and we write p := p, . Taking the difference of equations (3) and (4) in the integral
formulation leads to

59) s XN = X6 < [ (VK (PO, 9) — £ 5 oK), 50) s

0<s<t

t
< / VK # (U(XY(s),s) — U(X,"(s),5))|ds
0
t
+/ VK # (U(XY(s),8) — fo (W5 p(X](s),5))|ds = I + L.
0
Step 1: Estimate of I. To estimate I, we formulate I; = I; + I15 + I3, where
t
fu= [ 9K s (B (s),9) = BT (9),5) .
0
t
o= [ [VKc s (B(XY(s),9) = DX (), ) s,
0
t
I3 = / !V/CC * (\TI(XZ-N(S),S) — \if()_(i]v(s), s))|ds.
0
We start with the first integral:

t
]Hg/ DK * (-, 8) e supmax (X — X¥)(r)]ds.
0

0<r<s i=1,...,
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We claim that
(54) IDFKCe % W(-, 8) o < C(o)p~FIDER=L | € N,

For the proof, we introduce

q)(x y - fg( Z WB - ) for z € Rd’ Y= (yb R 7yN71) S R(Nil)d.

Then, by definition of ICC,
DK * U(- t)|loe < sup W * K + DFO(-, ).

yeRN—l
We estimate the right-hand side:
W * (Kwe * DFR (-, y) oo < [IWell1l|Kee # D (-, y)[loo < CllKuwg * D*R(-, y) lwngia)
< C|IK + [D*®(-, y)|ll, + C|IK * D2, ),
< C|D (-, y)ll. + CID* (-, y)lls,

where we used the Hardy—Littlewood—Sobolev inequality for » = dp/(d + 2ps) in the last
step. It follows from the Faa di Bruno formula, after an elementary computation, that the
last term is estimated according to

HWWMWAQM@(Z% "))

< O ) e D WSl o [ D7 W(a) o
d

..... 0<j<k

r

dx

< Ok N max |1f¢
since [|[DFWs||oo < CB~@HR) and | DI Wy ||, < CB~@H+0+4/ This verifies (54). We infer
from (54) with k = 2 that

— d+k)krﬁ (d+Ek+1)r+d < C(k, N, 0)57(d+k)(k+1)r77‘

I8 :

t
fns05M7/’wpxmxu — XN)(r)|ds.
0

O<r<s =L,
The term I3 is estimated in a similar way, with ¥ replaced by ¥:
t
I3 < C’ﬂgd7/ sup max (XY — X)) (r)|ds.
0 O<r<si=l..

The estimate of the remaining term I is more involved. Since Wj is assumed to be
symmetric, we find that

[ e s (kS woge - 26 +n)

j=1,j#i

Iy =
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~5(5 i WX (5) = X(5) +) ) s
(5 S ) - X6 4)

t
<c[ [ kw
0 /R i#i

x % V(WX () ~ XN (s) +5) — Wa(X¥ () — X (s) +1)

J#
(s S = X0+ 0)-5(y S () = X0+ 0)}
S %g VWX (5) — X2() + ) dys

<Oyl [ s s 106 = X))y X [ KD Wty + 605D e

s<ti=1,....,N —
0<s<t ]75@
t
O e / sup max (XY — XN)(s)] [IKe * VIWslloods,
0 0<S<t7‘:1 ..... N

where &;(s) is a random value. We write K' = K|p,, K* = K|ra\ 5, and note that K:<K
for all ¢ > 0. Then

[ IO Wity + &5y < [ (0 < WD Wty -+ &(5)dy

Biy¢
[ WD Wty + € () ldy
RNBy_¢

< I+ Welloro-v sy, ) ID*Wa(- + & ()l o(514.0)
+ K% Welloo ID*Wa (- + &ij(s)) 11 mevs, o)
<K goro-n ) ID*Ws (- + & () o1, 0) + I oo ID* W (- + &ij(5)) | 1 (ray
< C(IID*Wp]loo + ID*Ws|l1) < CB72
Observe that we did not use the compact support for l%g (which depends on (), because

a negative exponent of ¢ at this point would lead to a logarithmic connection between (

and N in the end, which we wish to avoid.
Furthermore, by the convolution, Sobolev, and Hardy-Littlewood—Sobolev inequalities

as well as the fact that [Cc * VIWs| = |(Kwe) * We x VIW;| < IC % [We| % |[VWj,
1K % VWalloo = [We % K % TWilloo < [IK¢ + TWslleo < [1Ke VIV oo
< C|K¢ * VWsllwramay < C(IK « [VWl|[ + [+ [ D*W|[[5)'/*
< O VWsllwrr ey < CB=02HT,
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where we recall that » > d/(2s) and we choose p > d satisfying 1/p = 2s/d — 1/r. The
previous two estimates lead to

t
Iy < C(0)~? / sup max_|(XY — XN)(r)|ds.
0 O<r<si=1.,N
We summarize:
t
(55) I < C(o)p3T / sup max_|(XY — XN)(r)|ds.
0 O<r<si=l,.., N

Step 2: FEstimate of I,. We take the expectation of I, and use the mean-value theorem:
t 1 _ _
(56) E(l) = [ E| [ VK){fo| D Ws(XN(s) = XN (s) +)
o | Jas N <

(W p(X(s) — 1. 9)) }dy ds

t
< N ellRe Tl [ supE<Zrbij<y,s>|)ds,

S Rd ..
Y ]#Z

_ . N _
bij(y, 5) = Wa(Xj'(s) = X (s) + ) = 57— Wa + p(X7 (5) = 9, 9).
We deduce from [[VW¢| pigey < CC' that
e VWl < OCH 1Kl < €7,

due to the compact support of K¢(z) = || %w(z) < C|2]|* 1 j,<oc-1 and

[Pt [ cygptay = oo,
{l=[<2/¢} {lyl<2}

We claim that E(3_;; [bi;(y, s)|) < C(0)B~%2N2 for all y € RY. To show the claim,
we compute the expectation E[(37.; bij(y,s))?]. We estimate first the terms with k # j

(omitting the argument (y, s) to simplify the notation). Then an elementary but tedious
computation leads to

E(bjibr:) = /Rd /Rd /Rd (Wﬁ(% —Tit+y) — %Wﬂ * p(z; — Z/))

N
< (Walan = a1+ = W sl =) ottt

= /Rd (Wﬁ «p(zi —y) — %Wﬁ *p(ai — y))zp(ﬂfi)dfﬂi

< N_2||/0”L°°(O,T;L°°(Rd)) ||Wﬁ * pH%OO(O,T;LQ(Rd))
< C(o)N72|[Wllf < C(o)N
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The diagonal terms contribute in the following way:

8020 = [ [ (Wates — ) = Wil 0)) oot

= [ (9= 1) = 2 (W) =
b o (Vi ) =) o)

< C(o) (W5 * pll ez @y + Wa * pll e 0 sz @ay) < Cl0)577

since [|[W3 * plla < [Willillplla < Cl|[Ws||5 < B~*C. This shows that
2\ 1/2
B(( L lestno) ) < (E| Soutws)] ) < o
i i
We infer that (56) becomes
(57) IZ < C(O’)C_Qs_lﬁ_d/gN_l/Q.
Step 3: End of the proof. We insert (55) and (57) into (53) to infer that

Bi(t) = 5( sup_mox (XY - X))

o<s<t =1,...,N
t
< 0(0)5_3(1_7 / Fy (s)ds + C(U)C_%_lﬁ_d/zN_l/Q.
0
By Gronwall’s lemma,
Ey(t) < C(o) 271742 N" V2 exp (C(o)B*TT), 0<t<T.

We choose ¢ = §/(C/(c0)T) for some arbitrary & € (0,1/4). Then, since by assumption,
342 < 37347 < clog N and ¢(~2*~' < O} N4 we find that

Ey(t) < C(0)Cielog(N)N Y exp (C(0)Telog N) = % log(N)N~/4+3,
proving the result. U

4.3. Estimate of X}V — )?ZN

Lemma 17. Let XY and XY be the solutions to (4) and (6), respectively. Then there
exists a constant C' > 0, depending on o, such that

E( sup max |(XlN—)?fV)(t)\) < C(B+ ¢,

o<t<T ==1,-...,.N

where a := min{1,d — 2s}.
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Proof. We compute the difference
(XN = XN = /0 (VK * fo(Wy s p(X(5),5)) = VIC# fo(po (X[ (5),5))) ds

< Ji+ Jo+ Js,

where p := p, ¢, the convolution is taken with respect to z;, and

7 = / VK (f2(Wa % p(XN(5),5)) = f(Ws 5 p(X2 (), 5)))ds

Y

bl

Jy = / YK+ (Fo(Wa # p(RV(5),5)) = £ (pa (X2 (s), 5))) ds

Jy = / V(e — K) * £o(po (X2 (), 5))ds|.

Step 1: Estimate of Ji. We write VIC¢ * f,(---) = K¢ * V f, and add and subtract the

expression f1(Wj x p(X.N — ) VW p(XN —y):
D= [ R (107 oK () = ) VW [ (5) — ) = (7 5) = )]
(AW p<XN< ) =) = oW x p(XE¥ () — )] W ¢ (R (s) ) )
<ol [ [ et oW (O 05) =) = o7 5) = ) s

17 o [V W * Pl Lo (0,110 (r4))
t
X / /Rd [Kc)Ws * (p(X]" (s) = y) — p(X]"(5) — y)) | dyds.
0

By the mean-value theorem and using ||Ws||; = 1, we obtain for some random variable

& (%),
t

58) < fellwe IVolliorase [ sp sw [(XY - X6 0)

0

0<r<si=l,...,

2
< [ ST W ply + 65(5). ) duds.
R |
We need to estimate the last integral. For this, we write for k = 1,2

/ |Ke(y)DF W % p(y + &ij(s), s)|dy < KT + K5, where
R4
Ky 12/ [ We(y) DM W  ply + &i5(s), 5)|dy,

Bit¢

Ké: — / |}C2*W<( )D W * p(y + &ij(s) |dy,
RNB;_¢
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where K!' = K|p, and K? = K|ga\5,. Note that IEC < K. A similar argument as for the
estimate of I15 in the proof of Lemma 16 shows that for § > max{d/(2s),d},

K} + K3 < C(|[D*Wp * pll 1< o,7;00may) + ID*W * pll oo (075 (o))
< C(“DkPHLw(o,T;LB(Rd)) + HDkIOHLOO(O,T;Ll(Rd))) < C(U),

where we used Proposition 13 ((39) and (41)) with p = # in the last inequality. We conclude
from (58) that

t
(59) Jp < C’(a)/ sup max [(XYN — XN)(r)|ds.
0 O<r<si=l...N

Step 2: Estimate of Jo. We treat the two cases s < 1/2 and s > 1/2 separately. Let first
s > 1/2. Then

Jo = ‘ /(; V}%C s« We (fa(W,B * p()?ijv(s),s)) - fo(pa()?iN(S)a 3)))d8

< T”VIEC * (fo(WB * p) — fo(Pcr))”LOO(o,T;Loo(Rd))-
Recalling the definition of /Q = Kw in (11) and writing VIEC su = VICsxu—[(1—w:)VK]x*
u+ [KVwe] * u for u = f,(Ws x p) — f,(ps), we find that
60) o < CT)(IVK # ull o ceeny + (1 — ) VK] # oy
+ [[[KVwe] * UHLOO(QT;LOO(Rd)))-
We estimate the right-hand side term by term. Because of

VK 0 — V(=A)""2y for s =1/2
(VK) xv for s > 1/2,

we use Sobolev’s embedding W1P(R?) — L>*(R¢) for any p > d and then the boundedness
of the Riesz operator V(—A)~%/2: [P(R?) — LP(RY) [45, Chapter IV, §3.1] in case s = 1/2
or the Hardy—Littlewood—Sobolev inequality for & = o — 1/2 > 0 (see Lemma 21) in case
s > 1/2 to control the first norm in (60) by

d
IVIC * wl| poo 0,700 ma)) < C(HV’C #ull e o rizr ey + D IIVE * Dju||L°°(0,T;LP(Rd)))

j=1
< CH“HL%(O,T;WH(Rd)) = CHfa(Wﬂ * P) - fo—(ﬂa)HLoo(o,T;WM(Rd)),

where r = p in case s = 1/2 and r = pd/(d + 2s — 1) in case s > 1/2. Choosing
p > d+ (2s — 1) guarantees that r > d always holds.

For the second norm in (60), Holder’s inequality yields for ¢ > d and 1/¢+1/¢' = 1, for
every t > 0,

1[(1 = we) VK] + w(®)[| oo (ray < (11— well oo ey | VE| o (s 2c-13 1) || Laray
< ”v’CHLLI'({\be(*l})Hu(t)HLq(]Rd)a
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which can be bounded by C¢'~24/1||wu(t)|| La(pa), since

IVEN Lo (gapsac-y € /{ || g = O |y /|1 dy

z[>2¢—1} {ly|>2}
S CC_d+(1+d_28)ql )

By similar arguments and the fact that |Vwe| -~ < C¢, we find that
1KV Wl Lot ((1a<2c-1) < Ozl
and hence, using ¢ = ¢/(q¢ — 1), we conclude for the second and third term in (60) that
(1 = wo) VAT * ut)l| oy + 1 [KVew] * ut)l| oo ay < CC> 4 ut)]| Laea)-

The choice d < ¢ < d/(2s — 1) guarantees on the one hand that ¢ > d and on the other
hand that the exponent 1—2s+d/q is strictly positive (which allows us to use the property

C1728+d/q < 1)

Using these estimates in (60), we arrive (for s > 1/2) at

J» < O(T) (chr(WB *p) — fO(pU)HLOO(O,T;WLT(Rd)) + | fo (W5 * p) — fa(pcr)HL"o(O,T;Lq(]R{d)))a
where we recall that r,¢ > d. These norms can be estimated by ||f,(Ws * p(t)) —
Jo(po () amay < [[f5lloo W5 * p(t) = po(£) || a(rey and

IV(fo(Wa * p) = fo(pe)) ()| Lrray < ([ follocll(Ws % Vo = Voo ) (8) | - ey

+ £ oW % p = po) ()] £ ey IV P (8) | oo (re)-
The L*(R? x (0,7T)) bound for Vp, from Lemma 11 and the definition of f, finally show
for s > 1/2 and r,q > d that
(61)  Jo < C(a,T)([Ws % p = pollLeeorswrr ey + 1Ws % p = poll Lo o500 ey )

Now, let s < 1/2. In this case, we cannot estimate VK and put the gradient to the
second factor of the convolution. Adding and subtracting an appropriate expression as in
Step 1, using the embedding W*(R?) — L*(R?) for p > d, the estimate K, < K, and
the Hardy—Littlewood—Sobolev inequality, we find that

J, = / / K (£ % oK (5) = 9)) = F(pa (X () = ))) VWi x p(X () — )

— [2(pe (X (5) = ) (Vo (XN (5) — y) — VW % p(X (s) — y)))dyds

t
<A Wo s Vil [ [ Kewlpo(RN(s) =) = Wi oKX (5) = )]y
0 JRd

+ Hf!,Hoo/O /Rd Ke)| Voo (XN (s) —y) — W5+ Vo(XN(s) — y)|dyds

< mac{V ploaoe i Lo T(I  [OW % p = o)l s oy
+ (15 |(Ws % Vp =V po) [l oo 0,710 (R4)))
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< C(o, T)(IIVollpw o=@y + 1) D [Ws % D*p = D*pg || oo 0 152y
o] <2

where r > d is such that 1/r = 2s/d + 1/p (this is needed for the Hardy-Littlewood—
Sobolev inequality) and p > d (because of Sobolev’s emebdding). Note that r > d can be
only guaranteed if s < 1/2. Together with the fact that ||V pl| 1o (o 1;100(ray) < C(0) (choose
g > d in (41) and use Sobolev’s embedding), this shows that for s < 1/2,

(62) J» < C(0,T) Z [Ws * D%p — D po || oo (0.7,L7 () -
jal<2
It follows from estimate (38) and Lemma 20 in Appendix A for p > d that
|(Ws + D*p — D®po)(t) || omay < C(I1D*Vpll oy B+ B+ () < Clo, T)(B + ("),

where we used the L>(0,T; W3P(R?)) estimate for p = p, ¢ in (41). Then we deduce
from estimates (61) and (62) that for all 0 < s < 1,

JQ S 0(07 T)(/B + ga)v

where we recall that a = min{1,d — 2s}.
Step 3: Estimate of J3 and end of the proof. Arguing similarly as in Section 3.3, we have

(K¢ = K) * Vol oo 0,710 (my) < CC&(HDQpU“LOO(O,T;LP(Rd)) + ||vp0||L°°(O,T;L1(Rd)))-
This implies that
(63) J3 < [ follocll (K = K) # Vol 1o (0,:10(meyy < C(0)C".
Taking the expectation, we infer from (59)—(63) that
t
Balt) =5 sup_ mox (XY~ K9] ) < Clo)(5+ ¢+ Clo) [ Bl
0<s<t 1=1,..., N 0

An application of Gronwall’s lemma gives the result. [l

4.4. Proof of Theorems 2 and 3. Lemmas 16 and 17 show that

. K3
0<s<T i=L...N

E( sup max |(X — )?fv)(s)|) < C(N7VAH0 4 g 4 ¢min{ld=2s}y

and this expression converges to zero as N — oo and (f,() — 0 under the conditions
stated in Theorem 2. This result implies the convergence in probability of the k-tuple
(XN, XN) to (XI,..., XY). Since convergence in probability implies convergence in
distribution, we obtain
lim Pk t) = P®*(¢) locally uniform in time
N0, (B,¢)—0 N,B,a‘( ) o ( ) y )
where P}, 5 (t) and P$¥(t) denote the joint distributions of (X7",..., X}¥)(t) and (XN, ...,
XN)(t), respectively. By Section 4.1, P,(t) is absolutely continuous with the density
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function p,(t). Using the test function ¢ = 1(_, ¢ in Corollary 12, we have, up to a
subsequence,

Pa(tv <_007 x]d) = /( i p0<y7 t)dy - / i p(ya t>dy = P<t7 (—OO, m]d)

locally uniformly for ¢ > 0. Since the convergence also holds for the initial condition, the
result is shown.

APPENDIX A. AUXILIARY RESULTS
We recall some known results. The following result is proved in [4, Theorem 4.33].

Lemma 18 (Young’s convolution inequality). Let 1 < p, r < oo, u € LP(R?), v € LI(RY),
and 1/p+1/q=1+1/r. Then u*v € L"(R?) and

vl < [lullplvllg-
The following lemma slightly extends [39, Lemma 7.3] from the L? to the L” setting.
Lemma 19. Let p > 2 and T > 0. Then the following embedding is continuous:
LP(0, T; WHP(RY)) n WP(0, T; WP (RY)) < C°([0, T); LP(RY)).
Proof. Let uw € LP(0,T; WP(RY)) n WP(0, T; W~1P(R%)) and 0 < t; < t, < T. Then

to
(64) ’ lu(t)Pdx — / lu(ty)Pda / <8tu,p|u|p_2u>dt‘
R4 Rd

t1

< P||3tu||LP(t17tz;W*17P(Rd)) || |U|p_2u||Lp’ (t1,t2; WP (R))>

where p’ = p/(p — 1). Direct computations using Young’s inequality lead to

1l 2l v gy = € / [l + 1l o219l st

to
<C [ Ot

t1

We infer from (64) and the continuity of the integrals with respect to the time integration
boundaries that ¢ — [|u(t)]|, is continuous and

65)  sup [u®lly < uO)l + Cloullis mw-roceay + Cllll sz,
<t<

Next, let t € [0,7] be arbitrary and let 7, — 0 as n — oo such that t + 7, € [0,7].
Estimate (65) implies that (u(t 4+ 7,))nen is bounded in LP(R?). Thus, there exists a
subsequence (7,/) of (7,) such that u(t + 7,/) — v(t) weakly in LP(RY) as n’ — oo for
some v(t) € LP(RY). We can show, using estimate (65) and dominated convergence for the
integral

/0 /Rd(u(t + T, ) — v(t, 2))o(t, x)dx  for ¢ € CP(R? x (0,T))
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that in the limit n’ — oo

/OT /Rd(u(t’x) —(t,x))p(t, v)dx = 0,

which yields v(t) = u(t).
Moreover, since ¢ — |[u(t)||, is continuous, we have ||u(t + 7,)|l, — [|u(t)|,. Since
LP(RY) is uniformly convex, we deduce from [4, Prop. 3.32] that u(t + 7,/) — u(t) strongly

in LP(R4). Since the limit is unique, the whole sequence converges. Together with (65),
this concludes the proof. Il

Let W) € C5°(R?) be nonnegative with [, Wi(z)dz = 1 and define Ws(z) = 879W(z/f)
for € R? and 8 > 0.

Lemma 20. Let 1 < p < oo and u € W'P(R?). Then
W5 * u = ull, < CBI[Vullp,
Proof. We use Holder’s inequality and the fact that ||[Wp| 11gae) = 1 to find that

Wl = |

Rd

p

Wp(z = y)(u(z) — u(y))dy| dx

Rd

< [L(Lowste—ow)™ ([ Wi - o) - ) s
:/Rd RdWB(z>|Z|p|U(y+Z)_U(y)‘pdydz

|2|P

<19l [ Wala)laPds < Ol

which shows the lemma. O

APPENDIX B. FRACTIONAL LAPLACIAN

We recall that the fractional Laplacian (—A)® for 0 < s < 1 can be written as the
pointwise formula

5 u(z) — u(y) 4°T(d/2 + s)
(66) (—A)*u(z) = cas /Rd Wdy, where ¢q s = —ﬂd/2]F(—s)] ,

u € H*(R?), and the integral is understood as principal value if 1/2 < s < 1 [46, Theorem
2]. The inverse fractional Laplacian (—A)~* is defined in (2). The following lemma can be
found in [45, Chapter V, Section 1.2].

Lemma 21 (Hardy-Littlewood—Sobolev inequality). Let 0 < s <1 and 1 < p < co. Then
there exists a constant C' > 0 such that for all u € LP(R?),
1 2s

1
—A) |, < here = = = + —.
[(=2)ully < Cllully, where == =+ =
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Applying Holder’s and then Hardy-Littlewood—Sobolev’s inequality gives the following
result.

Lemma 22. Let 0 <s<1and1l <p<q<oo. Then there exists C' > 0 such that for all
u € LY(RY), v € L"(RY),

—s 1 1 1 2s
(67) lu(=2)""0ll, < Clhullaliol, o+ 7=+

—s 1 1 1 2s—1 1
(68) [uV (=A) 0], < Cllully|o]l., Jtre ot s>y

Lemma 23 (Fractional Gagliardo—Nirenberg inequality I). Let d > 2 and 1 < p < 0.
Then there exists C' > 0 such that for all u € WYP(R?) or u € W?P(R?), respectively,

I(=A)ull, < Cllull,™[[Vully 0 <s<1/2,
I(=AYull, < Clull*ID2ull; if1/2 <5< 1.
Proof. Tt follows from the properties of the Riesz and Bessel potentials [45, Theorem 3,
page 96] that the operator (—A)* : WP(RY) — LP(R?) is bounded for 0 < s < 1/2,
while the operator (—A)* : W*P(RY) — LP(R?) is bounded for 1/2 < s < 1. Thus, if
0<s<1/2
I(=A)ull, < C(llull, + [|Vull,)  for u e WH(R?).
Replacing u by uy(7) = A¥P=25y(\x) with A > 0 yields
(=) ull, = [(=A)urll, < Clllually + [Vurllp) = CA=([[ull, + M Vull,)-
We minimize the right-hand side with respect to A giving the value A\g = 2s(1 — 2s) 7! ||ul|,
[Vul|;* and therefore,
I(=A)ull, < Cllull=*[[Vull}.
The case 1/2 < s <1 is proved in a similar way. O
Lemma 24 (Fractional Gagliardo—Nirenberg inequality II). Let d > 2, 0 < s < 1/2,
p € (1,00), and q € [p,o0). If p < d/(2s), we assume additionally that ¢ < dp/(d — 2sp).
Then there exists C' > 0 such that for all w € WP(R?),
I(=2)"*Vull, < Cllull,*[Vull,
where § =1+d/p—d/q—2s € [0,1].
Proof. The statement is true for s = 1/2 since the operator (—A)~Y2V : L4(RY) — LI(RY)
is bounded for any ¢ € (1,00) [45, Theorem 3, page 96]. Then the inequality follows from
the standard Gagliardo—Nirenberg inequality.

Thus, let 0 < s < 1/2. We claim that it is sufficient to prove that (—=A)=*V : W1P(R?) —
LY(R?) is bounded. Indeed, assume that

(69) 1(=2)"*Vully < C(llull, + IVull,)  for u e WH(R?).
Replacing, as in the proof of Lemma 23, u by uy(x) = A¥71%25y(\z) with A > 0 yields
1(=2)"*Vully < OX([[ull, + N[ Vullp),
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where 6 is defined in the statement of the theorem. Minimizing the right-hand side with
respect to A gives the value Ag = (1 — 6) ™" ||ul|,||Vu||;* and therefore,

I(=2)7"Vully < Clull,™ || Vully-

It remains to show (69). To this end, we distinguish two cases. First, let p < d/(2s).
By assumption, p < ¢ < r(1) := dp/(d — 2sp). We apply the Hardy-Littlewood—Sobolev
inequality (Lemma 21) to find that

1(=2)"*Vullq) < C[Vull, < C([[ull, + [Vullp)-

Furthermore, by using (in this order) the boundedness of (—A)™'/2V : LP(R?) — LP(R?),
Lemma 2 in [45, page 133], equation (40) in [45, page 135]|, and Theorem 3 in [45, page
1351],

(10)  [(=A)*Vull, = [[V(=A)2(=A) /> %u]l, < Cl[(~A)">*u]l,
< O = &), < CI(T = &) ull, < C(lull, + [|Vull,).

These inequalities hold for any p € (1,00). Now, it is sufficient to interpolate with 1/q =
pu/p+ (1= p)/r(1):

I(=2)"Vully < |(=2) 7 Vullpll(=2)"*Vul, ) < C(lull, + [Vull,)-

Second, let p > d/(2s). We choose A € (0,d/(2sp)) C (0,1) and apply the Hardy—
Littlewoord—Sobolev inequality:

I(=2)"*Vull,py = [[(=2)(=2)" Vo) < C(=A)" V],
where 7(\) = dp/(d — 2s\p). Since (1 — \)s < 1/2, we deduce from (70) that
I(=A)"*Vull,py < C(llully + [[Veullp)-
Since r(A) — o0 as A — d/(2sp), the result follows. O

APPENDIX C. PARABOLIC REGULARITY

Lemma 25 (Parabolic regularity). Let 1 < p < oo, T > 0 and let u be the (weak) solution
to the heat equation

ou—Au=v, u0)=u" inRY

where v € LP(0,T; LP(RY)) and u® € W*P(R?). Then there exists C > 0, depending on T
and p, such that

(71) 10l zoo,r;20 ey + ID*ull oo rsreayy < C (0] oo s (ray + ID*u° || o(ray ).
Furthermore, if v = divw for some w € LP(0,T; L?(R% RY)) then

(72) IVl oo 7o @ayy < C(lwlloorzemay + TPV Lo (gay ) -
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Proof. We use a known result on the parabolic regularity for the equation
(73) o1 —Atu=v, u0)=0 inR%
It holds that [28]

(74) 1000l Lo (0,71 (Rty) + HI)2iZHLP(Q7ﬁLP(RdD < Ol eo,;10®a))

We apply this result to @ = u — e'®u’, where e is the solution to the homogeneous

heat equation in R? with initial datum u°. Then @ solves (73) and satisfies estimate (74).
Inserting the definition of @ and observing that ||D?(e2u?)||, < C||D?u°||,, we obtain (71).

If v = divw for some w € LP(0, T; LP(R% R%)), the uniqueness of solutions to the heat
equation yields u = e'®u® + div U, where U solves

U —AU =w, U(0)=0 inR%
Then we deduce from the regularity result of [28] with u = U and v = w that

ID*U | o070y < Cllwll oo rsmrzey-
Since Vu = e!*Vu® + V div U, inequality (72) follows. U
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