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ABSTRACT. We investigate certain degenerate cross-diffusion equations with a rank-
deficient diffusion matrix, which are considered to model populations which move
as to avoid spatial crowding and have recently been found to arise in a mean-field
limit of interacting stochastic particle systems. To date, their analysis in multiple
space dimensions has been confined to the purely convective case with equal mobility
coefficients. In this article, we introduce a normal form for an entropic class of such
equations which reveals their structure of a symmetric hyperbolic—parabolic system.
Due to the state-dependence of the range and kernel of the singular diffusive matrix,
our way of rewriting the equations is different from that classically used for symmetric
second-order systems with a nullspace invariance property. By means of this change
of variables, we solve the Cauchy problem for short times and positive initial data
in H(T?) for s > d/2 + 1.

1. INTRODUCTION

In the present paper, we are interested in the Cauchy problem for a class of cross-
diffusion systems with a rank-deficient diffusion matrix and a porous medium-type
degeneracy. For n species with partial densities u = (u1,...,u,) and partial velocity
fields v1,...,v,, we consider the conservation laws

Opu; + div(u;v;) =0, ¢>0, reT i=1,...,n. (1.1)

Here, T¢ denotes the periodic box and n, d € N are arbitrary integers. From a simple
phenomenological viewpoint, the type of diffusion system we are interested in arises
when the motion is driven by density gradients according to

V; = — Z bl-jVuj, (12)
j=1

where b;; are phenomenological coefficients. For a derivation of such equations from a
weakly interacting stochastic many-particle system, we refer to [6].

In the special case where b;; = kd,,;p for some k > 0 and a suitable equation of
state for the thermodynamic pressure p = p(uy, ..., uy), we obtain a purely convective
motion with Darcy law v; = v = —kVp. Problems of this type have been studied in
several works concerning the well-posedness of classical and weak solutions [8, 14] as
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well as with regard to their segregation property, see for instance [4, 15|, where the
model is enhanced by competition-type reactions arising in tissue growth modelling.
A prototypical example motivating the present work is obtained for the choice

bij:k:iaj with k‘l,...,k‘n>0, aly...,an >0, (1.3)

leading to the equations
Opu; — div(ku;Vp(u)) =0 with p(u) = > a;u;. (Rk1)
i=1

This is the model considered by Bertsch et al. [2, 3] for d = 1, n = 2 and segregated
solutions. It was first proposed in [13] to describe populations that disperse in order
to avoid spatial crowding. Few further rigorous studies exist for this or similar models
when the k; are not all equal. The study in [21] on a two-species model illustrates
numerically and through travelling wave analysis that unequal coefficients k; # ks can
lead to instabilities in the presence of a reaction term.

There are several energy functionals F(u) = [r4 f(u)dz available for the simple
model (Rk1), allowing to exhibit an underlying gradient-flow structure,
Oru — div(M(u)Vu) =0, (1.4)

where p = 0, F (u) is the vector of chemical potentials and M(u) denotes the mobility
tensor. First, we note the so-called Shannon entropy [27] generated by the density

a;

fi(u) == Zﬂ'z(uz logu; —u;) with m; := =

i=1
In this case, the i*® chemical potential is y; = m; logu;, and (1.4) is true for M(u) =
(ku) ® (ku) with ku = (kjug, ..., kyuy,). Every density function f of the form f(u) =
(¢ o p)(u) with a strictly convex function ¢ € C?(0,00) generates another Lyapunov
functional for system (Rk1). If we choose, for instance,

fa(u) = ;(gaiui>27 (1.5)

then the chemical potential is given by p; = a;p(u), yielding (1.4) with M(u) =
diag(u;/m;). This shows that the constitutive equations underlying (1.1)—(1.2), and
in particular the rank deficiency of the diffusion matrix, may be subject to different
interpretations: strictly convex free energy and rank-deficient mobility tensor for (1.4),
or full-rank mobility tensor but rank-deficient Hessian for the free energy (1.5). In-
terestingly, only the choice fs(u) = p(u)logp(u) — p(u) of the free energy yields the
identity p = —f3+ > i, u;0y, f3, which can be interpreted as the Gibbs-Duhem equa-
tion for the thermodynamic pressure p.

In the general case of (1.2), we assume that the matrix
B = (b;j) € R™" is symmetric, positive semidefinite (1.6)
and has rank 1 <r < n. '

More generally, our results hold for matrices B for which there exists a vector 7 € R’}
such that the product B diag(7,...,7,) obeys the properties in (1.6). Indeed, this
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case can be reduced to (1.6) by the rescaling u; — u;/7;. In particular, the asymmetric
case (1.3) can be covered in this way.

Note that in many physical and biological situations, where the dynamics of the
species is driven by pressure-like quantities or frictional interactions, it is reasonable
to further impose the non-negativity of the coefficients b;;. However, our analysis shall
reveal that positivity is a requirement only for (b;;) as an operator.

System (1.1)—(1.2) with (1.6) admits the free energy functions

n

filu) = D (uilogu; — i) + 1, fa(u) = % > bijuu;.

i=1 ij=1

In the context of mathematical biology, the functional associated with the quadratic
function fy is known as the Rao entropy [24]. Rank-deficiency can for example be jus-
tified if the driving functional measures some dissimilarity between the species (genetic
characters, fo(u) = Doijer (Ui — u;)?). Recently, in the context of electrochemistry,
Eisenberg and Lin proposed a similar quadratic correction of the standard entropy
to describe repulsive interactions between ions crowded in small channels; see [20,
eq. (2.11)] with b;; = €;j(a; + a;)2, the interaction energies €;; > 0 and the diameter
a; > 0 of the 7" ion species. More generally, rank-deficiency for the Hessian of the free
energy function is a singular limit, which can be motivated from general representa-
tion theorems for the free energy function (see equations (30), (32) in [5]), when the
behaviour of the system is widely dominated by its response under pressure, hence by
the equation of state rather than by the statistical entropy of mixing.

Motivation and key aspects. With the choice (1.3), the second-order system (1.1)—
(1.2) does not enjoy full parabolicity, and even for u; strictly positive, the system is not
parabolic in the sense of Petrovskii. Thus, the theories by Amann or Solonnikov do not
apply in the present setting and we cannot expect the classical parabolic smoothing
properties. Therefore, even the local-in-time well-posedness in spaces of high regularity
is a non-trivial question, which has hardly been investigated in the literature for rank-
deficient cross-diffusions. The present article aims to provide an answer to this question
for system (1.1)—(1.2) under conditions (1.6). Our key idea is to separate the degenerate
variables from the parabolic evolution in such a way that the resulting system has a
(symmetrisable) hyperbolic-parabolic structure. After identification of such a proper
set of variables, we are able to obtain closed higher-order a priori estimates for short
times by means of classical energy methods, which then allow for the construction
of local-in-time strong solutions by iteration. We emphasize that for general second-
order quasilinear symmetric systems, the commutator terms arising upon higher-order
spatial differentiation in the equation for 9%u;, a € N¢ may not be controlled and
standard parabolic estimates generally fail in the rank-deficient case.

For positive densities, the diffusion matrix associated with system (1.1)—(1.3) (resp.
(1.1), (1.2) with (1.6)) has rank one (resp. rank r). Thus, we are looking for a
change of variables that transforms the system into a composite problem coupling
a Friedrichs-symmetrisable hyperbolic system for n—1 (resp. for n—r) components to
a scalar parabolic equation (resp. to a parabolic system for r components). We recall
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that Friedrichs-symmetrisable first-order systems allow for energy estimates in a sim-
ilar way as scalar equations and that, as is well known, symmetrisability is a direct
consequence of the existence of a strictly convex entropy [9, 12]. While the entropic
structure of the present models allows us to recast the equations in the form of a
(degenerate) second-order symmetric system (see the introductory comments in Sec-
tion 5), it is not obvious why symmetrisability should be inherited by any first-order
subsystem that might be obtained after changing coordinates.

The main results of this article can be summarized as follows:

e We provide transformations leading to a normal form of symmetric hyperbolic—
parabolic type for the rank-one systems (Rk1).

e We derive a transformation that allows us to write system (1.1), (1.2) with (1.6) for
an arbitrary rank r € {1,...,n} in a symmetric hyperbolic—parabolic form.

e We show that such systems, for any rank r € {1,...,n}, admit unique local-in-time
classical solutions provided the initial densities lie in H*(T?) for some s > d/2 + 1
and are strictly positive.

Comparison to existing literature on hyperbolic—parabolic systems. Normal
forms of symmetric hyperbolic—parabolic type have first been introduced in the context
of viscous compressible fluid dynamics. In their seminal work [17], Kawashima and
Shizuta rely on entropic variables and a nullspace invariance condition of the matrix
associated with the second-order spatial differential operator in order to derive an
appropriate composite form. In our class of systems, this invariance condition amounts
to a state-independence of the kernel or range of the underlying mobility tensor M(u), a
property which is not fulfilled in the present cross-diffusive problem. Thus, the results
by Kawashima and Shizuta, including their extensions in [11, 25, 26], are not directly
applicable.

The normal forms that arise here (see equation (2.2)) are structurally different from
those appearing in the fluid dynamics context. They also seem to be new with respect
to more recent work on hyperbolic—parabolic problems considered, for instance, in
thermoviscoelasticity [7]. A trivial version of our normal form is obtained for (Rk1)
when setting k; = 1 for all 7 (or equal to any other fixed constant). Then, if n = 2, the
change of variables w1 = uy/(u1 +ug2), wa = a1u; +asus, as first employed in [4], leads
to the pure transport equation dyw; = Vws - Vw; whose velocity field is given by the
negative gradient of the solution to the porous-medium equation dywy = div(waVws).

From a technical point of view, the difficulties in the Cauchy problem associated
with our class of normal forms are not very different from those arising in (viscous)
systems of conservations laws. The symmetrisability of the hyperbolic subsystem al-
lows us to adopt an L2-approach, which was first applied by Kawashima to symmetric
hyperbolic—parabolic systems, requiring initial data in H® for s > d/2 + 2 [16]. This
regularity condition was improved by Serre [25], who only required s > d/2 + 1 and
obtained strong solutions. With regard to the classical solutions constructed here,
the condition s > d/2 + 1 in the L2-framework should essentially be optimal, as it
just yields the continuous differentiability of the hyperbolic components as well as the
spatial Lipschitz continuity of the ‘velocity field’. We obtain classical solutions by ex-
ploiting a modest regularising effect in the quasilinear strongly parabolic subsystem,
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whose coefficient matrix has limited regularity due to its dependence on the hyperbolic
components. It turns out that the regularity is sufficient to deduce classical solvability
for small positive times.

Finally, we point out that specific situations may allow for improved results and
alternative methods. Besides the one-dimensional case d = 1, the binary case n = 2
and, more generally, the case r = n — 1 are special, since then the hyperbolic part
of the system is scalar and can thus be treated by the method of characteristics for
quasilinear first-order equations. Boundary-value problems may also be treated more
easily in this case.

Outline. The remaining part of this article is structured as follows. In Section 2, we
formulate our main results on the rank-one system (Rk1) and the general problem (1.2),
(1.6). We provide in Section 3 an explicit transformation leading to a simple normal
form for (Rkl). Subsequently, we establish the existence of a unique local-in-time
classical solution for systems of that form; see Section 4. Section 5 is concerned
with general rank-r systems. Here, a different change of variables is used leading to
a somewhat different, though structurally similar normal form. In Appendix A, we
briefly discuss possible alternative transformations in the rank-one case.

Notation. For s € Ng := N U {0}, we equip the space H* := H*(T¢) with the canon-
ical norm (v s = (345 Jpa |0%v|?dx)'/2. We do not distinguish between the spaces

H*(T%) and H*(T%;R") if no confusion arises. For any vector v = (vq,...,v,)" € R",
we introduce v’ = (vq,...,v,-1)". Moreover, given r € {1,...,n}, we write v =
(vr,v1)T, where vp == (v1,...,v_,)" and vy := (Un_r41,...,v,)" with the under-

NXxN
sym

standing that v = vy if r = n. We denote by R the space of symmetric real

(N x N)-matrices and by Ré}; EN the space of symmetric positive definite real matrices.
Finally, we set Ry = (0, 00).

2. MAIN RESULTS

2.1. Main results in the rank-one case. We abbreviate n’ = n—1 and let D :=
R x Ry. Given Y = (Yy) € C®°(D;RY*™), Y, = (Y;) € C®(D;R") and a €

C>®(D;R,), we consider for w := (W', wy) := (w1,...,wy—_1,w,) PDE systems of the
form
dw' = YV, - Y(w)Vuw' + Yy, (w)|Vw,|?, (2.1a)
Opwy, = div(a(w)Vwy,), (2.1b)

where we abbreviated
d n'
(Vw, - Y(w)Vu'); = Z 8zUU)n(ZYM(’w)8xVU)g>, i=1,...,n.
v=1 =1

Definition 2.1 (Symmetrisable hyperbolic part). We say that system (2.1) has a
symmetrisable hyperbolic part if there exists a smooth mapping Ay € C“(D;ng/rﬁ”/)
with the following properties:



(i) Ap(u) € ]R:Il)gnl for all w € D, or equivalently (given the smooth dependence of Ay

on u), for each KK € D there exists cxc > 0 such that
ETA(0)E > cxc|€)?  for all € € R and v € K.
(i1) Ag symmetrises (2.1a) in the sense that

Ag(0)Y(v) € RYX™  for every v € D.

Sym

The above definition is motivated by the structural properties of system (Rk1) after a
suitable change of variables and the fact that, under reasonable hypotheses, quasilinear
Friedrichs-symmetrisable hyperbolic systems admit local smooth solutions.

Our first result asserts the existence of such a change of variables.

Theorem 2.2 (Normal form). Suppose that k;, a; > 0 and max;xn k; < kn. Then
there exists a smooth diffeomorphism ® : Rt — D, u — w, such that system (Rk1)
in the w-variables takes the form (2.1) with a symmetrisable hyperbolic part. The
transformation ® can be chosen in such a way that w, = p(u).

The theorem is proved in Section 3. We note that the condition max;x, k; < kyp
is not restrictive in the sense that it does not appear in Theorem 2.4 on the local
existence and uniqueness for (Rkl). The symmetriser and the normal form derived in
the proof of Theorem 2.2 are explicit and take a relatively simple form; see Section 3.2.
For example, if n = 2, the change of variables u — w reads as

L1
wy = log ( }/k2>’ wy = p(u).
Us

Other transformations leading to somewhat different, albeit structurally similar normal
forms are possible. For instance, one may alternatively consider

1/k1
Uy

wy = p(u);

W= —7——,
ui/ By u;/ k2
see Appendix A for details.

Our second result asserts the local-in-time existence of classical solutions for sym-
metrisable systems of the form (2.1) for data in the Sobolev space H® = H*(T%),
s>d/2+ 1.

Theorem 2.3 (Local classical solutions for systems in normal form). Suppose that
system (2.1) has a symmetrisable hyperbolic part. Let s > d/2 + 1 and w™ € H* with
r = mings w® > 0. Then there exists a time T = T(|w™| gs,r) > 0 and a unique
classical solution w = (w',wy) € C([0,T]; H®) to system (2.1) in (0,T) x T¢ satisfying
Wig—g = w, inf o ) ypa wn > 7 and

o’ € C([0,T); H™Y), w' € CH[0,T] x T?),
Aywn, V:w, € L2(0,T; H 1) N Cloe((0,T] x TY).

See Section 4 for the proof of this theorem. The local existence of classical solutions
to our original cross-diffusion system is now essentially obtained as a corollary.
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Theorem 2.4 (Local classical solutions for (Rkl)). Suppose that s > d/2+ 1 and let
ki, a; >0 fori=1,...,n. Then, for every initial condition u™ € H*(T% Dy), where
Dy € R%, there exists a time T = T(||u™| g, Do) > 0 such that system (Rk1) has a
unique classical solution u : [0,T] x T — R in the regularity class u € C([0,T]; H®),

Opu, V2p(u) € L*(0, T3 H*~H(T4)) N Cioc((0, 7] x T7)
that satisfies ujj—g = ul™,

We refer to Section 4.6 for the proof of this theorem.

2.2. The general case of incomplete diffusion. Given the above results, it is
natural to ask whether a similar theory can be obtained for the rank-r generalisations
with r € {1,...,n}, as introduced in Section 1. Thus, given a symmetric positive
semidefinite matrix B = (b;;) € R:pfi" such that rank B = r, we aim to identify an
appropriate normal form for the induced equations of motion,

Opu; — div (uN Zbijuj> =0, 1=1,...,n. (B)

j=1
Our main results on this problem may be summarised as follows.

Theorem 2.5 (Normal form). Letr € {1,...,n}. There exists a domain Dy C R™ and
a smooth diffeomorphism ® : R} — Dy, u — w = (wr, wir), where wy = (wq, ..., Wn_r)
and wip = (Wp—ry1, ..., Wy), such that system (B) in the w-variables can be recast in
the symmetric hyperbolic—parabolic form

d
Ab(w)dwr =D Al (w, O, w0z, wr + ' (w, Vo), (2.2a)
v=1
Ag@twn = div (Alll(w)VwH), (2.2b)
where A} : Dy — Réggr)x(n_r) and Al : D; — R;gé are smooth mappings and Al €
R;;é is a constant diagonal matriv. The smooth map A} : D; x R" — Rgfr;r)x(n_r) 18

linear in the second argument, and f': Dy x R" — R™" is smooth and quadratic in
the second argument.

The precise form of the coefficient matrices appearing in Theorem 2.5 is described in
Proposition 5.2. The transformation @ is built upon an orthonormal basis of constant
eigenvectors associated with B and slightly differs from that in Theorem 2.2. We
emphasise that normal forms are generally not unique, and in different applications
different choices might be preferable.

The local existence of a unique classical solution to the symmetric hyperbolic—
parabolic systems of the form (2.2) will be established in Section 5.3, cf. Theorem 5.5.
As a consequence of the analysis in Section 5.3, we obtain the local existence of a
unique positive classical solution to the cross-diffusion system (B) for smooth positive
initial data.
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Theorem 2.6 (Local classical solutions in original variables). Let B € R™*™ fulfil the
conditions (1.6) and let s > d/2+1. Then, for every initial condition u™ € H*(T%; Dy),
where Dy € R%, there exists a time T = T(||u™||gr=, Do) > 0 such that system (B) has a
unique classical solution u : [0,T] x T — R in the regularity class u € C([0,T]; H®),

Oyu, V2Bu € L*(0,T; H1(T%)) N Cioc((0, T] x T?)
that satisfies uj—g = ulm,

Remark 2.7. By a rescaling, we see that our results apply more generally to systems
n
Opu; — div (u;Vp;(u)) =0, pi(u) = Zaijuj7
j=1

for which the matriz A = (a;;) € R" ™ is such that for some © € R’} the product
B := Adiag(71,...,7y) satisfies the properties in (1.6).

3. AN EXPLICIT NORMAL FORM FOR RANK-ONE SYSTEMS

In this section, we provide the proof of Theorem 2.2. Observe that if a diffeomorph-

ism ® has the required properties in the case a; =1 for i = 1,...,n in (1.3), then the
transformation ® o I" with I';(u) = a;u; enjoys the properties needed in the general
case a; > 0 for all i. We therefore assume that a; =1 for i =1,...,n in (1.3).

3.1. Change of variables. Between the domains D= R and D := R™ x R, where

n' :=n — 1, we consider the transformation ® : D — D,

log (uy/® fui/™)

d(u) = : for u € D. (3.1)
log (1 ful/)
Z?:l U
Its Jacobian
1 1
klul ? PEEEY 0 - @
D (u) = (3.2)
1 1
: 0 Eou,  knun
1 1 1 1

has a non-vanishing determinant,

- 1
det D®(u) =Y ] >0 (3.3)
=14 "

Lemma 3.1. The map @ : D Disa C=®-diffeomorphism.
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Proof. By definition, ® € C°°, and by the implicit function theorem and (3.3), the
map P is locally invertible with smooth inverse. To show that ® is a bijection from D
to D, we observe that the equation ®(u) = w for u € D and w € D is equivalent to

ki /kn

n
uj = exp(k;jw;)un ,j=1,...,n', and Zuj = Wy, (3.4)

Inserting the first relation into the second one, we find that
n/
' (Un) = up + Z exp(kjwj)unkf/k" = W, (3.5)
j=1
For fixed w = (w',w,) € D, the function g, : Ry — R4 is strictly increasing and
continuous with limgg gy (s) = 0 and limgpjoo gur(s) = +o0o. Hence, there exists
a unique solution u, € Ry of the equation g,/ (u,) = wy,, which in turn uniquely
determines u; € Ry, j =1,...,n/, by means of the first condition in (3.4). O

3.2. PDE system in new variables. We now formulate our original equation in the
new variables w = ®(u). We recall that the original PDE system takes the form

Opu; = div(k;u;Vwy,), i=1,...,n, (3.6)
and let U(w) = u denote the inverse of ®. Summing up the n equations (3.6) leads to

Oyw,, = div(a(w)Vwy,),
where a(w) := a(¥(w)) with a(u) = Y1 kiu;. For u = ¥(w), we have a(u) >
(min; k;) Y u; = (min; kj)w,. Since ¥ € C*°(D;D) and inf,ex w, > 0 for every
K € D, we find that a € C*°(D;R,).
Next, let i = 1,...,n’. We deduce from (3.2) and (3.6) that

Oy, Oyup _ i div(u; Vwy,) — i div(u, Vwy,)

kiu; knun Usj Un

at wz Z 8’ue (D atUZ

n
= V(log ¥; —log ¥y) - Vwy = Y Ou,(log ¥; — log ¥,,) Vg - Vo,
(=1
To determine the term 9,, (log ¥; — log ¥,,), we use relation (3.5),

/

n n
kf‘ .
Ow, Un = Oy, <wn Zexp (kjw; ) un k; /kn> -1 Uy Ow,, Un,
Jj=1 Jj=1

and solve this identity for 0y, un:

(@) ) = O, = (1 +Z by “) _ fntn,

knun

2
=

In a similar way, it follows for £ =1,...,n/ that

k'u]'

n/
j
Ow,Un = —kgup — g Ow,Un
— kntn
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and consequently, after solving for 0y, un,

kjuj -1 . _knun
kpun, N

(awtz\pn)(w) = Oy, un = —keuy <1 + Z
j=1

Hence,

kn kn
(Ow,, log Up)(P(u)) = )’ (Ow, log Uy )(P(u)) = —nguz for t =1,...,n.
Next, we differentiate w; = log(uil/ki/u}/k”) = (1/k;)log¥; — (1/kp)log W, i =
1,...,n/, with respect to wy, £ = 1,...,n/, which gives §;y = (1/k;)0y,log¥; —
(1/kp)Ow, log ¥y,. This shows that

E; k
awg IOg \Ilz - awg log \Ijn = kz(szf + — - 1 8104 10g ‘;[ln = kzézé + (kn - kz)ﬂu
knp, a(u)
Similarly, differentiating w; = (1/k;)log ¥; — (1/k,)log ¥, i = 1,...,n/, with respect
to wy, we obtain 0 = (1/k;)0y,, log ¥; — (1/ky,)0y, log ¥, or, equivalently, d,,, log ¥; =
k;/a(u). Thus,

ki —k
Ow, log W; — Oy, log ¥, = ———".
a(u)
In summary, the components w’ = (wy, ..., w, ) satisfy the system
d
o' = Z Oz, Wi Y (W) Dy, w' + Yy (w)|Vawy,|?, (3.7)
v=1
where Y = (Yig)%,_,, Yn = (Yyi)"y, and
koup .
Yie(w) := kidi + (kn — ki) W)’ A=1,....n,
ki —k )
Yoi(w) := Yip(w) := Za(u)n i=1,...,n.

3.3. Symmetriser for the first-order subsystem. We look for a matrix Ag(w) €
R™ %" wwhich is w-locally uniformly bounded and positive definite, such that Ag(w)Y (w)

Sym
is symmetric for all w. The ansatz of a diagonal symmetrising matrix

Ao(w) = diag(X: (w), . .., X (w)) (3.8)
leads to the conditions

XiYij:Xijia i,jzl,...,n’,

for the unknown smooth and positive functions X;, i = 1,...,n’. Since, by hypothesis,
0< k <...<ky <ky,, an admissible choice of X; is
k‘iui
X; = . 3.9
T (3.9)

Thus, (3.8), (3.9) defines an admissible symmetriser for system (3.7). In view of
Lemma 3.1, this completes the proof of Theorem 2.2.
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4. LOCAL CLASSICAL SOLUTIONS

In this section, we prove Theorem 2.3 and deduce Theorem 2.4 as a corollary. Thanks
to its symmetry, the hyperbolic part can be treated following a well-established pro-
cedure based on H® energy estimates at the linear approximate level and a Picard
iteration, cf. [1, 22] and the references therein. Hence, our main task is to properly
take care of the coupling between the hyperbolic and the parabolic problem.

We only present the proof for integer s. Using basic tools from Fourier analysis, the
extension to fractional s > d/2 4 1 should be straightforward. For the most part, we
avoid using the explicit structure obtained in Section 3. In this way, we only require
a few minor changes to treat the Cauchy problem for the general rank-r system (B)
once brought into a normal form.

4.1. Preliminaries. Let Ay be a smooth symmetriser for (2.1a). We will construct a
strong solution (within the appropriate regularity class) to the symmetric hyperbolic—
parabolic system

Ag(w)dpw' = Vwy, - Ay (w)Vw' 4 Vi, (w)|Vw,|?, (4.1a)
Oyw,, = div(a(w)Vwy,), (4.1b)
with w|;—¢ = w™, where A;(w) = Ag(w)Y(w) and V,,(w) = Ag(w) Y, (w).
By hypothesis, we can define positive constants

ri= 1nf w;{l(l') and R = HwinHHs.
x€Td

As an immediate consequence, this gives
|wi|z < LR fori=1,... n,
where L < oo denotes the constant from the Sobolev embedding H®(T?) «— L*(T%).
Defining a1 := (r/2) min; k; > 0, we infer the bound a(v) > a; for all
vEDy:={veED: v, >r/2and [t5] <2LR, i=1,...,n}.
We further choose A; € (0,1] and A; > 1 such that
ALy > Ag(v) > MLy for all v € Dy, (4.2)

o— Al
K= 2\/:. (4.3)

Note that a1, A1, A; and K depend on w™ through r and R only.

To avoid regularity issues during the iteration process, we mollify the initial data.
Let (1¢)¢en, C C*(T?) be an approximate identity, that is, [pqnedz =1, [[nellr S 1
and limy_, o f{|x|>6} Ineldz = 0 for all 0 < § < 1. Here, a* < b* means that there exists
a constant C' > 0 such that af < O’ for all £ € Ny. We choose (n¢) such that 7, > 0
for all ¢ and introduce the mollified initial datum z¢ := ny * w™ for every £ € Ny. After
possibly passing to a subsequence of (7¢), we may assume that

2541 — 24| 2 S 27¢R. (4.4)

and abbreviate
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The construction by convolution immediately yields z5, > r and |2{| < LR, i =1,...,n
and thus, z(z) € Dy for all z € T¢ and ¢ € Ny. Moreover,

|2 gs <R for all £ € Np. (4.5)

Before starting with our analysis, let us recall the following classical inequalities from
calculus [18, 23]: For all ¢, € C>(T?) and any multi-index o € N with |a| < o,

10%(Wo)llL2 S I9llLeelloll e + 1]l e ll@l zoe,
0%, lell> S IVPllellolge-1 + IV o-1ll@ll zee,

where [A, B] := AB — BA denotes the commutator of two linear operators A and B.
Furthermore, for g € C*°(D), K € D, and ¢ € H?(T% K),

lg(@) e S llellae + 1, (4.7)

where the constant associated to this inequality depends on ||glco k) and [[¢]|re.
Finally, let us introduce the Banach space X{ := C([0,t]; H°(T%)) with the norm

(4.6)

[vllxg == sup [v(7)l|a-
7€(0,t)

4.2. Iteration scheme. We initialise w® := 2" and tq = oo, and consider the following
iteration scheme. Given v := w*' € C®([0,t,_1)xT% D), £ € N, with v, > r and
[vllx; < KR for all t <t, 1, we let the next iterate w’ be the solution w = (w', w,)

to the linear decoupled system

Ag(v)Ow' = Vv, - A (0) V' + Vi, (v) |V, |, (4.8a)

Oyw,, = div(a(v)Vwy,), (4.8b)

supplemented by the initial condition w|i—y = 2f. Notice that w’ is well defined
and smooth on the entire time interval [0,¢,—;) thanks to classical theory for linear,
uniformly parabolic equations resp. linear symmetric hyperbolic systems with smooth

coefficients (cf. [19] resp. [1, Chapter 2]) and the fact that there is no coupling between
w’ and w,. Moreover, the maximum principle implies that

r<wi(t,-) <LR foralltel0,t, ). (4.9)
We then let 0 < t; < t;_1 be the maximal time less than or equal to t,_; such that
Jw||xs < KR for all t <t (4.10)

where K > 1 is the constant in (4.3). In view of (4.5), the time t; € (0, t,—1] is indeed
well-defined.

The above construction and the Sobolev embedding H® C L% (with constant L)
gives us a first rough control of the values of the iterates:

w'(t,z) € [FLKR,LKR]"™ x [r,LR] for all (t,z) € (0,t;) x T%.  (4.11)

Since K depends on the constants A; and A1, the control (4.11) needs to be upgraded
before we can take advantage of the strict positive definiteness of Ay in D.
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4.3. Uniform bounds.

Lemma 4.1 (Control of values). There exists a time T1 = T1(R,r~') > 0 such that
for all ¢ € Ny,

wh(t,x) € Dy for all (t,z) € (0,t) x T, where t; := min{t,, T\ }.

Proof. The assertion is true for £ = 0 since, by construction, z°(x) € Dy for all 2 € T9.
Let now ¢ > 1. Tt follows from equation (4.8a) that, for all 7 < ¢, < ty_q,

100 (w)' || 31 < C (0" Hlxss 1w | xz, Ry < Co,

where Cyp = Co(R, 7~ 1), and we used inequalities (4.6)-(4.7) and the control (4.10)—
(4.11). Hence, for all t < t; and every i € {1,...,n'},

lwi (t) = w(0)ll oy < tL1Co.

Here, L; denotes the constant associated with the embedding H*~1(T?) — C(T9).
Thus, with the choice T1 := LR/(2L1Cy), we find that

3
lwt(t,z)| < |wh(0,z)| +tL1Cy < LR+ T1L1Co = gLR <2LR

for i = 1,...,n" and all (t,z) € (0,#,) x T¢. Combined with inequalities (4.9), we
deduce the assertion. O

Lemma 4.2 (Uniform bounds). For all ¢ € Ny, let t = min{ty, 71}, where Ty > 0
denotes the constant from Lemma 4.1.

(i) There exists F(t) = F(t,R,7=1) > 0 which is continuous on [0,00)3 and non-
decreasing in each of its arguments such that for all £ € Ny,

t
/||ng(7)||§,sdr <F), te[0. ). (4.12)
0

(ii) There exists T, = Tu(R,7~') > 0 such that t; > Ty for all £ € N.

Remark 4.3. We infer immediately from Lemma 4.2 and equations (4.8) a uniform
bound on the time derivative of the iterates: for all £ € Ny,

Hat(wf)’HX;; <C, Hatwﬁ”B(O,T*;HS*l) < C(Ty), (4.13)

where C and C(T,) may depend on R and r~*.
Proof of Lemma 4.2. Let £ € N an(l abbreviate, as before, w := w’ and v := w’!.
We will always suppose that ¢t < t;_1, which guarantees that v(7,z) € Dy for all
(1,2) € (0,t) x T¢ and |[v[|x; < KR.

Re (i): For a multi-index a € N¢ of order 0 < |a| < s, we differentiate (4.8b) by the
spatial differential operator 0%:

9;0%wy, = div (a(v)0*Vwy) + div ([0%, a(v)]Vwy).
Testing this identity with 0“w,,, we obtain
1d

5 qillomwnle +ar [ 10w, Pdo < CYI0°, a(w) V|20V
Td



14

and hence,
1d
2dt

Upon taking the sum over a, 0 < |a| < s, integrating in time and using inequalit-
ies (4.6)—(4.7) and the Sobolev embedding H*~! <+ L, we arrive at

—l0%wal72 + *HC‘?“anHLz < C(an)|[0%, a(v)]Vwn| 72

d _
S lwnllis + arlVwnllre < REC(R,r™)[wn e

Gronwall’s lemma implies that
t

lwn (6) 7= + a1/ IVwnl[Fdr < [[wn(0)[|7 exp(tC (R, 1)) (4.14)
0

for all t € (0,%,_1). The rough bound (4.12) is a consequence of (4.14) and the initial
condition wy—g = 2%, combined with the control (4.5) and the fact that the above
argument holds for any ¢ € Nj.

Re (ii): In the following, we abbreviate w!, := 0%w'. We first left-multiply (4.8a)
by the matrix Ag(v)~!, differentiate the resulting identity by 0% and subsequently
left-multiply by Ag(v). This gives

Ag(v)Owl, = Vo, - A (v)Vw), + Ag(v)Re, where
Ro := [0% Vuy, - Y(v) | V' + 0%(Yy(v)| V| )
Next, we test this equation with w/,:

1
1d (w'a)TAo(v)w'ada:—/ (w;)T(DAO(U)&gv)w'adx
2dt Td Td

:% [ Vo (T (@) A (w)u) = ()T (DA (o) Vo), Yo

+ /er ()T Ao (v)Radz.

Hence, after a rearrangement and an integration by parts in the second step,
1d

1
- I\T / < = i I\T /
5 3 Td(woé) Ap(v)wldx < > Vup - V((w),) A (v)w),)dz

1

45 [, (F0alIDA )0 + [Dho()orel) e + [ [Rallutfda
T T

< [[18vn] + (Vo2 + [0l oo il 72 + [Rall 2wl 22,

where the constant associated to the last inequality depends on R and r—!
To proceed, we estimate the remainder term R,, using again inequalities (4.6)—(4.7),
the bound sup,_, , [|v]|x; < KR and the embedding H*™1 < L

> IRallze < 2 (IV(Vvn - Y@ V0 ot

lor|<s ol <s
+[[V(Vup - Y(v ))HH\ 1 [ V|| oo + 110% (Yo (v) | V] )||L2)
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To estimate the time derivative d;v, we use the equation for v = w~!; i.e. (4.8) with
¢ replaced by ¢ — 1 supposing that £ > 2 (if £ = 1, then d;v = 0 and there is nothing
to show). This gives

10¢0]| oo < N1010n[ e + 1000|[ oo S AR -1 + 1 S [Vl ms + 1.
In combination, we infer for v(t) := ||Vv,(t)||gs+1 and C; = C1(R,r7~!) that
4 Z/ wa) Ao (w)wl.dz < C)lw ()| + Cru(t), (4.15)
\ I<s

where we used the elementary estimate p < p? 4 1.
Taking into account the equivalence (cf. (4.2) and Lemma 4.1)

|w'||%s ~ Z/ " Ag(v)wl, da
la|<s

with associated constants A; and Aj, and Gronwall’s inequality, we deduce a bound of
the form

Al (@)17: < (Asf|w! (0)[I7: + VEB) exp(VEg),  where (4.16)
t 1/2

B = (/ van”%{sdT> C1 + VtCy.
0

Recalling (4.12), adding inequalities (4.14) and (4.16), inserting the initial value wy;,_q =
2 and recalling definition (4.3) of K, we infer the bound

A
lw(®)lFs < 23R < (KR)?
1
for all t € [0,T,], provided that T, € (0,%;_;) (depending on R and ') is small
enough. This implies that t;, > T, and inductively we infer (ii). O

4.4. Convergence. We show that the approximate solutions converge to a strong
solution of system (2.1) as ¢ — oo.

Lemma 4.4 (Convergence). There erists a solution w = (w',wy) : [0, Ti] X T — Dy
to system (2.1) in (0,T) x T? satisfying wy—g = w and the regularity

w € L0, T,; HY) N CyW([0, Ti]; H®), wy € L2(0, Ty; H5TY), (4.17a)
dywy, € L2(0,T; H7Y), 9w’ € L0, Ty; H*Y) (4.17b)
such that, as £ — oo,
wt = w in X7, for every o < s, (4.18a)
wh(t) = w(t)  in H® uniformly int € [0,T,], (4.18Db)
wh — w, in L?(0, Ty; H5T), (4.18¢)
dwt, — dyw,  in L2(0, T H5™Y), (4.18d)
A (w®) = g’ in L°(0, Ty; H71). (4.18¢)
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As a consequence,
w, € C([0,Ty]; H®), w' € CH([0,T.] x T?), (4.19a)
Oy, V2w, € L*(0,T,; C(T9)). (4.19h)
Proof. We split the proof into several steps.

Step 1. We assert that there exists a function p : Ny — Ry of at most polynomial
growth such that for all £ € N,

N7t <27p(¢) + 27'N,,  where (4.20)
N7, i= sup [w(t)—w ' (1)l + |V (w—wy Y r201 22(72))-
te(0,Ty)

This estimate is the key point of the proof. To verify the assertion, we subtract the
equations for two subsequent iterates, yielding

Ag(w") oy (W™ — w') = V!, - Ay (w") V(0™ - wh) + F,
By(wy, " —wy) = div (a(w’)V(w," —wy,)) + G,
where
Fy = Va(w")[Vwg|? = V(w1 [V, ™ (Ao (w”) — Ag(w' ™)) 8y (w")
+ (Val, - Ar(w’) = Vi Ay (w™h)) V('Y
Gy = div ((a(wg) — a(wg_l))waL).
Energy estimates similar to those in the proof of Lemma 4.2 yield the following stability
estimates for the hyperbolic and the parabolic components, respectively:
1d

5 g A0 (@) 2w =Y |, (4.21)

< (14 10wp s + | Aw | grs—1) [ (™ —w)'||2

¢ _ _
+ ([ = g2 + |V (wp—wy ) 22) [ (™ =) || 2,
1d,

¢ ai ¢ ¢ ¢ —
n - wnH%Q + EHv(wnJrl - wn)H%Q rg Hw —w 1”%,2 (422>

with associated constants depending on R and r~!. Let us now define the quantity

Qe(p, ) = | Ao (W) 2 (o — ¥) |22 + [lon — Wnl[22-

It satisfies Qu(p, ¥) ~ || — 1|2, for all £.
We add (4.21) and (4.22) and use Young’s inequality to find for any ¢ € (0, 1] that

d
—Qu(w ™™, w’) + a1 |V (wh™ — wh)|2,

dt
< (Cs + Cll8wp o1 + CllAwp || o) Qe(w™ !, w)

+ C Qo (wh, w1 + 8|V (wh, — wi™)|2e.
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Invoking the Gronwall lemma, inserting the bounds (4.12)—(4.13) and applying (4.2),
we conclude that

n“H(1) < Or, exp(Cst) ([l (0)=u (0)]|2 + on'(8)),  where

¢ 1/2
n“(t) == [Jw'(t) — w" ' ()2 + </0 IV (wy, — wﬁl)\\%zd7>

for all t € [0,0] and any ¢ € (0, T%], where Cp, = C(\/TxF(T%)) with a function F' as
n (4.12).

Let us now fix § = min{1/(4Cr,),T,}. By construction, [|w‘*(0)—w*(0)| .2
27‘R (cf. (4.4)). If we choose t, = t,(6, R,7~!) € (0,6] so small that exp(Cst,) <
we deduce an estimate of the form (4.20) with T replaced by t. and with p(¢) =
¢ = const. It follows by recursion that Nf:rl < 27tel + 2_€N%* and as a consequence
w1 (t) —wb () || L2 < 27¢C¢. Using this decay property in £ at the new initial time
t.«, we can repeat the above argument on the interval [t,,2t,] and obtain an estimate
of the form (4.20) with T} replaced by 2t, and with p(¢) = CV. Iterating for a total
number of i := |T,/t.] times, we infer (4.20) with the time T} and p(¢) = C/".

Step 2: Inequality (4.20) implies that >,y Nf < oo. As a consequence, the
l+1_

S
2

sequence (w wh), C XO is summable, and by completeness, there exists w &€
X% such that w! — w in X% as ¢ — oo. The uniform bounds in Lemma 4.2 and
Remark 4.3, combined with classical compactness and interpolation arguments, further
yield the convergence (4.18) as well as the regularity (4.17). We omit the details, since
an exposition of such arguments in a similar context has been provided, e.g., in [1,
Chapter 10.1.1] and [22, p. 39-40].

Step 3: We assert that the limit w further has the regularity (4.19) and is a strong
solution. Indeed, the regularity (4.19a) is an immediate consequence of (4.17b). Next,
the convergence (4.18a) allows us to pass to the limit £ — oo in equation (4.8a)
(where v = w'™! and w = w"), giving in particular 9w’ € C([0,Ti] x T¢) and show-
ing that w' € C'([0,7] x T?) is a classical solution to (4.8a). Finally, the conver-
gences (4.18a), (4.18¢) and (4.18d) imply that equation (4.8b) is fulfilled in the strong
sense, and the regularity (4.19b) follows from the embedding H*~! < C(T9). O

4.5. Regularity. To deduce the temporal continuity of w’ with values in H?®, we need
some basic uniqueness properties.

Lemma 4.5 (Uniqueness). Let T'> 0 and s > d/2+ 1. Then the following holds:
(i) For a given initial value w™, there exists at most one strong solution w of sys-
tem (4.1) in (0,T) x T? satisfying the reqularity (4.17) (with T, replaced by T),
the initial condition w|i—g = w™ and mingg 7y, d Wy > 0.
(ii) For fized strictly positive w, satisfying the regularity (4.17b) and a given initial
condition (w™)’, the hyperbolic subsystem (4.8a) with the coefficient function wy,
has at most one classical solution w'.

Proof. The assertions can be deduced from energy estimates similar to those in the
proof of Lemma 4.4. O

Lemma 4.6. The solution w constructed in Lemma 4.4 satisfies w' € C([0,Ty]; H®).
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Proof. In the proof we closely follow [22, Theorem 2.1 (b)]. Since we already know the
weak continuity w’ € Cy, ([0, Ty]; H®), it is sufficient to show the continuity of the norm
in the Hilbert space H*. We first show the continuity at ¢t = 0. Equip H*(T%R™)
with the equivalent norm

1/2
ol = ([ 0wt balwloituras)

|| <s
It then suffices to show that

i sup (0 7. < [/ (0l 7. (4.23)

To prove this inequality, we recall estimate (4.15), valid for w = wt and v = w L

Thanks to the uniform bounds in Lemma 4.2, the right-hand side of (4.15) can be
estimated above by an f-independent function f € L?([0,7}];[0,0)) so that

for all t € [0,T%] and ¢ € N,.
It follows from the convergence properties in Section 4.4 and a weak lower semi-
continuity argument that, in the limit ¢ — oo,

> /T Do (1) Ao (w(t)) D (t)dx (4.24)

laf<s

< Z /Td (9aw’(0)TAO(w(O))aaw/(O)dx+/0 Fr)dr

la|<s
Recalling the weak continuity in (4.17a) and taking the lim sup, |, we find (4.23), where

we used the fact that limy o [|[Ao(w(0)) — Ao(w(t))[|c(rey = O to recover the H*-norm
on the left-hand side of (4.23).

The right-continuity of w’ with values in H* at general ¢ € [0, T%) follows by applying
the above result to the time-shifted problem with initial condition w(t) € H® and
exploiting the fact that 7 — w(t + 7) is the unique solution emanating from w(%).

It remains to show the left-continuity of w’. To this end, we consider the hyperbolic
subsystem with the fixed coefficient function w,, and apply the above argument to the
time-reversed problem. More precisely, for establishing an analogue of the crucial H*
energy estimate (4.24), one possibility is to use a Picard iteration for the hyperbolic
subsystem, while approximating the coefficient function w, by the smooth functions
w? from Lemma 4.4. The uniqueness property in Lemma 4.5 (%) then implies that the
limiting function coincides with the time-reversed version of w’. O

To complete the proof of Theorem 2.3, it remains to show the regularity
O, V2w, € Croe((0,Ty] x TY). (4.25)
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To this end, let 8 € (0, min{s—d/2—1,1}). The regularity w’ € C([0,T\]; H®) and the
Sobolev embedding imply that w’ € C([0,T.]; C1#(T?)). Combined with the space-
uniform temporal Lipschitz regularity of w’, i.e. dyw’ € C([0,Ti] x T%), we infer from
[19, Chapter II, Lemma 3.1] a temporal Holder regularity of the gradient:

vu' e CPHB) ([0, T,]; C(TY)). (4.26)

Now, we can use classical regularity results for quasilinear parabolic equations in
divergence form, where w' is viewed as a given function: Thanks to (4.26), Vuw' satisfies
a space-time Holder condition, which makes Theorem 5.4 in [19, Chapter V] accessible
and gives us an interior space-time Holder a priori estimate for d;w, and V2w,. To
conclude (4.25) from the a priori control, we approximate w’ by smooth functions
whose spatial gradient is uniformly bounded in some space-time Holder norm, and
exploit the uniqueness of regular solutions to the parabolic equation in w, (with w’
acting as a fixed parameter). As a consequence, J;w,, and V2w, satisfy a space-time
Holder condition away from ¢ = 0, which entails (4.25).

4.6. Original variables. We now conclude the existence of classical solutions for the
degenerate cross-diffusion system (Rk1).

Proof of Theorem 2.4. Without loss of generality, after rescaling time, relabelling com-
ponents and rescaling u; — a;u;, we can assume that k1 < ... < k,y <k, =1 and
a; = 1 for all i. It then suffices to consider the following two cases.

Case 1: Let k1 < ... < k,y < k,. Then the assertion is a consequence of The-
orems 2.2 and 2.3. The time of existence T' can be bounded below by a positive
constant that depends on the datum »™ only through ||w™|/zs and mings wi®, where
w™ = ®(u") with ® denoting a diffeomorphism as in Theorem 2.2 with the property
that w, = &, (u) = p(u).

Case 2: There exists a minimal m € {1,...,n'} such that k; = 1 for i = m, ..., n.
In this case, we define w; := u; for 1 <i¢ < m—1 and U, := Uy +---+up,. The system
formulated in terms of w satisfies the hypotheses of Case 1 with n replaced by m, which

provides a local strong solution % and in particular a velocity field v = —V Z;n:l uj.
Subsequently, we determine the unique solutions to the linear continuity equations for
U, - - - , Up, With the fixed velocity field v, so that u = (U1, ..., Um, Umt1, - - -, Up) 1S the
desired classical solution to (Rk1). O

5. THE GENERAL SYSTEM (B) WITH INCOMPLETE DIFFUSION

In this section, we turn to the general PDE system (B) (see page 7) for symmetric
positive semidefinite matrices B = (b;;) € R"*" withrank r € {1,...,n}. In particular,
we aim to bring equations (B) into a normal form that makes them accessible to the
energy methods from Section 4.

In the following, we use the notation D(v) := diag(vi,...,v,) € R™" for v =
(v;) € R™. Moreover, we use the convention f(v) := (f(v1),..., f(vs))T for a function
f:R — R and a vector v € R".
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5.1. Preliminary consideration: the full-rank case. We first note that for sym-
metric strongly parabolic PDE systems, local strong solutions to the Cauchy problem
in suitable function spaces can be obtained by means of basic energy estimates in the
spirit of Section 4. More generally, initial-boundary value problems may for instance
be treated using Schauder-type estimates as in [10].

System (B) can be symmetrised in several ways. For instance, following Kawashima
and Shizuta [17], we may consider a change to entropy variables v; = logu; for the
strictly convex Shannon entropy. In this way, we obtain the symmetric system

D(e")9;v = div (D(e”) BD(e") V),
which is strictly parabolic if and only if rank B = n. Likewise, we may use the quadratic
Rao entropy H(u) = %UTBU, which is strictly convex if B possesses full rank. In this
case, we find B~19;v = div(D(u)Vv), u := B~1v. Of course, the classical inversion of
B is only possible for rank B = n. Alternatively, equation (B) may be put in symmetric
form directly by means of the symmetriser B giving Boyu = div(BD(u)BVu), where
we used the fact that B is constant.

In order to find a symmetrisation suitable to conveniently treat the rank-deficient
case, we use again the fact that B is constant, but somewhat modify the previous
alternative. To this end, denote by £!,...,£" an orthonormal basis of eigenvectors of
B with the corresponding vector of positive eigenvalues A = (Aq,...,\,) and define
wy, o= & - for k =1,...,n. With Oy = & for i,j = 1,...,n, we obtain BOT =
O"D(A) and u = OTw. Hence, we can write (B), i.e. Qyu = div(D(u)BVu), in terms
of the variable w = (wq,...,wy) as

D(\)0w = D(A\)Odiv(D(u) BOTVw) = div (D(A\)OD(u)0T D(A\)Vw).

If B possesses rank n, these equations define a symmetric strongly parabolic system
for w as long as u remains positive componentwise. We further develop this approach
in the next paragraph to derive a normal form in the case rank B = r with 1 <r < n.

5.2. Normal form of symmetric hyperbolic—parabolic type. We suppose that

rank B = r € {1,...,n — 1}. To ease the notation, we partition the set of indices
{1,...,n}intoI={1,...,n—r}and Il = {n—r+1,...,n}. We choose an orthonormal
basis £1,...,&" of eigenvectors of B with corresponding eigenvalues \; = 0 for i € I

and A\; > 0 for ¢ € II, and further introduce the orthogonal matrix O;; = f; for
1,7 =1,...,n and the rectangular blocks

Qij = 5;- foriel, Py:= 5;- foriell, j=1,...,n. (5.1)
For later reference, we note the elementary matrix identities
QQ"=1,,, PPT=1, Q'Q+P'"P=1, PQ'=0, QP'=0. (5.2)

Left-multiplying system (B) by (¢¥)T, k € II, the functions wy, 41, ..., w, defined via
wy, = &F - u satisfy the parabolic system

A Orwy, = div (Z ozkg(u)ng>, where (5.3)

Lell
ape(u) = D(u)(M€F) - (N for all k, £ € I1.
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Moreover, multiplying (B) by & /u; for k € I, summing over i = 1,...,n and using the
fact that £* is in the kernel of B yields for wy, := &* - log u the first-order equation

Opwp = &FbijViogu; - Vu; forall k€L (5.4)
i,j=1
This leads us to propose the change of variables ®(u) = w defined via
& logu for kel
wy =4,
&8 u for k € I1.

With wr := (ws,...,w,—) and wiy := (Wp—rt1,...,wy,), we then have wy = Qlogu
and wrr = Pu. We next prove a diffeomorphism property for this change of variables.

(5.5)

Lemma 5.1. The map ® is smoothly invertible between R’} and D := R"™" x PR’}
Proof. Tt follows from definition (5.5) and the identity logu; = (OTOlogu); that

log u; :Zlogufk@k = Zwkgf—I—Zlogu-fkd“ fori=1,...,n,
k=1

kel kell
n n
we =Y &Gui =Y & exp <Zwk§f + > logu- gkgf) for ¢ € 1L. (5.6)
1=1 =1 kel kell

We assert that for arbitrary w € D, the last line defines the r components logu - &7,
J € 11, implicitly as functions X;(w). Indeed, we can write the algebraic system (5.6)
in the form F(X;wi,...,w,) = 0, where

Fy(X;w) =) & exp (Zwk@k + ZXk§f> —wy, (eIl
=1

kel kell
It is readily seen that F(X;w) = dxG(X;w) for G given by
G(X; w) :==exp (QTwl + PTX) 1 —wp - X,

where we abbreviated 1 := (1,...,1)T. Moreover, we compute for j, ¢ € II,
n n
ox,Fr =Y e (L unet + Y Xet) = 3 el
i=1 kel kell i=1

that is Ox F = PD(u)PT. Thus, dx F is symmetric positive definite, and X — G(X;w)
is strictly convex on R". The equations F(X;w) = 0 possess a unique solution X =
X (w) if and only if X is the unique global minimiser of G(-;w). To prove its existence, a
sufficient condition is that G(X;w) — 400 for | X| — +o00. To establish this property,
recall that for wyr € P(R4)", there exists ( € R such that w = P¢, and then

G(X;w) :=exp (QTwI + PTX) 1-¢-PTX.

For |X| — 400, we must also have |PTX| — +oo and we distinguish two cases.
If maxl-:17.,,,n(PTX)i — 400, the exponential term dominates and G(X;w) tends to
infinity. Otherwise, if maxizlw,n(PTX)i is bounded above, then minizl,m,n(PTX)i —
—o00 as | X| = +o0o. The exponential term is bounded, but since min;—; _, ¢; > 0, we
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see that —¢-PTX — 400, and G(X;w) again tends to infinity. Thus, we may recover
u € R from w € D via

u; = exp (Zwkff + ZX;JU})E?) = V;(w), i=1,...,n. (5.7)

kel kell

This completes the proof. ]

For later reference, we note the formula
(9xF)~! = PID()]~*PT — P[D(w)] "' QT(QD(x) Q") 'QD() !PT,  (5.8)
which can be verified using (5.2), as well as the identity
Oy, X (W) = —(Ox F)'PD(u)é™, mel, (5.9)

which follows from 0 = 9y, (F(X;w)) = Ox FOy,, X + Oy, F = 0x F 0y, X +PD(u){™.
We are now in a position to derive an appropriate normal form for system (B). We
continue to denote by W the inverse of the diffeomorphism ®.

Proposition 5.2 (Normal form). A vector uw = (uq,...,uy) of positive functions is a
classical solution to (B) if and only if the transformed variables w = (wr, wyy) defined
via w; = Qlogu and wiy = Pu satisfy, in the classical sense,

d
Al ( 8tw1 ZAl w 6myw11)6%w1 +f (w Vwﬂ) (5.10&)
v=1
DY (N)dywy = div(Al(w)Vwr), (5.10b)

where
All(w) = D (NPD(¥(w))PTDM(N),
D)) = diag(An—rs1,-- -, M) and D(¥(w)) := diag(V1(w), ..., U, (w)). The maps
AL D 5 RUTTOTO AL DX R REZDXMD LD xR RO
are smooth, and A} is linear in the second argument. More specifically,
Aj(w) = (QD(T(w))'QT) "
Al (w, 8z, wi) = QE(W (w)) D(¥ (w) ™ DIPTAD,, wi]E(¥(w))QT,

where D[PTAO,, wr] is the diagonal matriz with diagonal entries given by the vector
PTDY(N\)d,,wi1. Moreover,

S(¥(w)) == QT(QD(T(w)'QT)'Q,  f(w, Vun) = A} (w)g(w, V),
and g = (g1,---,9n—r) is defined in (5.13).

Proof. We only provide the formal derivation and assume that u is smooth. We dif-
ferentiate (5.7) to find that

Ouw logu; = &7+ O, Xp(w)éf, mel (5.11)
kell
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Introducing p; 1= 3_7_, biju;, it follows that (5.4) is equivalent to

n n
Oywy, = Zé}kag u; - Vi = Z&k Z Own, log u;Vwp, - Vi + g, k€l (5.12)
=1 i=1 mel

where Vi, =3 jell /\jfzj Vw; does not depend on the gradient of the hyperbolic vari-
ables, and

9r = gr(w, V) : Zfl Z Ow,y, 1og u;Vwy, - V (5.13)
=1 mell
is a quadratic expression in the second argument. Thus, for v = 1,...,d, the critical

term multiplying 0, w,, in equations (5.12) equals

Lkm = ka(w 8xl,wH Z fz Win lOg uzaxyﬂz

_ ka <£m+Zame )axum, k,m el (5.14)
jell
where the last equality follows from (5.11). Using identity (5.9), we have
Ui Y O, Xj(w)el = €'+ [D(w)PT Oy, X (w)] = —€ - [D(u)PT(9xF)"'PD(u)¢™],
JEII

where € is the standard i*" unit vector of R”. We combine this result with (5.14):

Z&’fuz <§m +3 0 X (w ) ‘97“

jell
= ébel - [(D(u) - Dw)PT(9xF) ' PD(w))e™] ”J“i
i=1 !
=Y ekl (S(u)em) i;“’ (5.15)
i=1 t

where ¥ (u) := D(u) — D(u)PT(0xF)"'PD(u). A computation using (5.8) and the
third identity in (5.2) show that

S(w) =QT(QDw)'QT) Q.
The symmetric positive definite matrix Al(w) € R®=N*(=1 " given by
Aj(w) = QE)Q" = (QD(w) Q") T, ui=V(w), (5.16)

is our candidate for the symmetriser. We note that the identity QQT = I,,_, and the
form of ¥(u) imply that

Al(w)Q=QQT(QD(») Q") 'AQTQ = QQT(QD(w)'QT) 'Q = Q%(w). (5.17)
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For{,meland v=1,...,d, we define
(AL (w, Oz, wmr)) = > (AG(W)) g5 Zjm (1w, O, 1)

jel
Using (5.15) and (5.17), we compute

(AL, ), = D S B0y Qui (¢ - (e 222

i=1 jel i
= S QB (e (Supem) L
i=1 jel v
=30 (¢ () (¢ - (2amem) 2
i=1 v

which is a symmetric expression in ¢ and m. In matrix notation, we have
A (w, 8y, wir) = QE(u)D(u) ' D[PT A, w]S(u)QT.

Hence, after left-multiplication by Af(w), equations (5.12) turn into the system

Al o(w)Oywr = ZAl (w, Oy, wrt) O, Wr —l—f (w, Vwry), (5.18)

v=1

whose principle part is symmetric and where f!(w, Vwr) := A} (w)g(w, Vwy). Com-
bining (5.3) and (5.18), we have obtained a composite symmetric hyperbolic—parabolic
normal form as asserted. O

Remark 5.3. In some cases, we may derive explicit expressions for the symmetriser.
For instance, if r = 1 and bw = k;ik;, formula (5.16), the definition of ¥(u) and the
fact that P = (5" k7)) 21T € RYT Jead to

) = o D) - 22 gk

Zz 1k12
where k = (k1,...,kn)T.

Jam wi=vw),

Remark 5.4. In Section 3.2, we have obtained a different symmetriser, which takes
a simple diagonal form. On the other hand, the corresponding transformation (3.1)
was not constructed using an orthonormal system. This shows that other choices for
the basis (£1,...,&) might be practically relevant, at least in the rank-one case. In
a similar spirit, the observations in Appendiz A show that more involved nonlinear
multipliers might also be considered.

5.3. Local classical solutions in the general case. We recall from the preceding
section that the change of variables ® maps R’ diffeomorphically onto D := R"™" x
PR" . For wy € PR}, we define

p(wyy) == sup inf ¢G> 0.

P¢=wy *=45-0M
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Theorem 5.5 (Local classical solutions). Let s > d/2+1 and w = (wr,wn) € H*(T?)
with p := minps p(wi}) > 0. Then there exists a time T = T(||w™| gs,p) > 0 and a
unique function w = (wy, wn) € C([0, T]; H*) with inf o 1y ra p(wi) > p/2 and

oy € C([0,T]; H7Y),  wy € CY([0,T] x TY),
Ovwn, V2w € L2(0,T; H*H(T?)) N Cioc((0, 7] x T7)
that is a classical solution of system (2.1) in (0,T) x T and satisfies w(0,-) = w™.

Proof. By virtue of Theorem 2.5, we have reduced the question of the local existence of
strong solutions to system (B) to that of constructing strong solutions to system (5.10).
For the latter, we may essentially follow the proof of Theorem 2.3, and we only describe
the necessary modifications. The main point is that for r > 1, we no longer have a
maximum principle for the parabolic problem. In particular, we need to ensure that,
on a short time interval, the approximate solutions stay in an appropriate domain of
uniform parabolicity of the parabolic subsystem. We therefore modify the definition
of ty; € (0,ty—1], now requiring it to be the maximal time less than or equal to t;_q
such that the smooth solution w’ to the linear approximate problem analogous to (4.8)
satisfies
HwEHXtS < KR and inf  p(wh) > P forall t < te.
(0,t)xTd 4

In the next step, we derive an estimate analogous to that in Lemma 4.2 (i). Thanks
to the relatively simple symmetric form (5.10b) of the quasilinear parabolic subprob-
lem, this is achieved essentially in the same way as in the proof of Lemma 4.2 (i). (Since
the matrix D()\) multiplying 9wy in (5.10b) is constant, we may even bring the para-
bolic subsystem in a canonical form by the change of variables wy; — DH(/\I/ Hwnr.)
We deduce an estimate of the form

t
/ |Vwi(7)||%sdr < C(R,p) for all t € (0,min{t,_1,1}), L€ N_.  (5.19)
0

Let us emphasise that we do not yet need the improved control of the values to con-
clude (5.19).

At this stage, we are in a position to derive a refined control of the values substituting
for Lemma 4.1. For the hyperbolic components wy;, we proceed as before. For the
parabolic components, we rely on the following estimate for all 0 < ¢ < min{¢,, 1}

t
lwir(8) = wir(0)llgray < C/O 10wty (7) | o1 < VEC(R, p),

where in the second step we used the bound (5.19) in conjunction with the equation
in order to control 8twf1 by suitable spatial derivatives. Thus, by choosing T} € (0, 1]
small enough depending on p and R, we can ensure that

w'(t,z) € Dy := {117 € D: |w| < 2LR and p(wr) > /2)}

for all (t,x) € (0,%;) x T% and ¢ € N, where #y := min{t,, 71 }. At this point, we may
proceed with the proof of the lower bound ¢, > T, > 0 along the lines of the proof of
Lemma 4.2 (ii).
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The convergence in a weaker norm and regularity results analogous to those in
Lemma 4.4 can be deduced as in Section 4.4. The regularity w; € C([0,Ty]; H®) is
obtained in the same way as in the proof of Lemma 4.6.

It remains to prove the regularity

dywrr, V2w € Coe((0, Ti] x TY). (5.20)

As in the proof of (4.25), we show that the gradient Vwr of the hyperbolic component
satisfies a space-time Hélder condition. Moreover, since wy; € W12([0, T.]; H¥~1), this
component also satisfies a space-time Holder condition. Applying the linear theory
for strongly parabolic systems in divergence form (see for instance the Schauder-type
estimate in [10, Theorem 2.1]), we find that Vwy and hence Vw satisfy a space-time
Holder condition. Thus, the coefficient matrix Al'(w) of the parabolic subsystem is
sufficiently regular to deduce, by invoking once more classical linear theory, interior
Hélder regularity of d;wy and V2wyy, which implies (5.20). This completes the proof
of Theorem 5.5. ]

Theorem 2.6 is a consequence of Theorem 5.5 and Proposition 5.2 (with ¥ = ®~! as
in Lemma 5.1). The regularity of Bu asserted in Theorem 2.6 follows from the identity

Bu = (g)T (DH(()]\)MJ )

combined with the regularity of wy; obtained in Theorem 5.5.

APPENDIX A. ALTERNATIVE TRANSFORMATIONS

A.1. A general ansatz. Here, we briefly sketch an ansatz towards a characterisation
of the set of possible diffeomorphisms w = ®(u), u € D= R, leading to a normal
form of hyperbolic—parabolic type. For simplicity, we restrict to the rank-one case r = 1
and abbreviate n’ :=n — 1. As in Section 5, we introduce the partition I = {1,...,n'}
and II = {n}, write (wr,wm) = (P1(u), Prr(u)) and use the notational conventions
introduced above. We further set ¥ = &1,

For the hyperbolic components, the essential condition for cancelling the second-
order derivatives is D®1(u)D(u)B = 0. For problem (1.3), i.e. with B = k ® a for
vectors k = (k1,...,ka)7, @ = (a1,...,a,)7, ki, a; > 0, this amounts to requiring
that D®y(u)D(k)u =0 € R". Hence, the “map ®; must be constant along the integral
curves vy, (t) = D(e*)u,, t € R, u, € D, of the vector field V(u) := D(k)u. Any
candidate mapping must thus satisfy

®1(vu, (1)) = c(uy) for all t € R,u, € D. (A1)

Notice that for the transformation in Section 5, this condition is fulfilled with

P (yu. (1)) = Z Qij log(Yu.,; (1) Z Qij (kjt + log(us,5) Z Qij log (s
J

where we used the fact that the rows of the matrix Q defined in (5.1) are orthogonal
to k. For the transformation (3.1), property (A.1) follows from a similar calculation.
In Section A.2, we will briefly discuss a different change of coordinates that is subject

o (A.1).
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With the choice wyr := a - u as the diffusive variable and under condition (A.1),
system (Rk1) in the new variables w = ®(u) takes the form

Oywy = Vwrr - Y(w)Vwr + f(w, Vwrr),
dywrr = div (a(w)Vw),
where a(w) =, a;u;k; and
Y(w) = D®1(uw)D(k) Dy, ¥ (w),
f(w, V) = DO(w)D(k)Dyy, ¥ (w)|Var |,

and we recognise the structure of (2.1).
We note that Y can be written as

Y (w) = Dy, @1 () DY (k) Doy, Ur(w) + Doy @1 (w) kDo, U (w),

where DY(k) := diag(k1, . .., kn). If Dy, ®1(u) is diagonal, it commutes with D'(k), and
hence the expression for Y(w) can be simplified, using the fact that D®(u)D,, ¥ (w) =
I, in the first term on the right-hand side. This is essentially the technique used in
Section 3. The following section provides an example where D, ®1(u) takes a more
complicated form.

A.2. An example. Consider the system
Opu; = div(kju; V(k - u)),

which falls into the setting of (Rkl) with the choice a := k. We then let D := R?,
Dy =& xRy, &:={w € (0,1)" : 3, cqw; < 1} and define & : D — Dy by

1, 1/ki ; /
. 1< <
w; = D;(u) = {L(U) Ui o L=

n ,
dj=r kjug, =,

where L(u) :== 377, u}/ % Definition (A.2) readily shows that ® fulfils condition (A.1).
We observe that in the special case where all k; equal (without loss of generality we
may take k; = 1), the change of variables (A.2) is more regular near zero and reduces
to that used in [4].

We assert that ® : D — D; is a diffeomorphism. For ¢ € I and j = 1,...,n, we

compute

(A.2)

®;(u) u 1
;®i(u) = W%‘ — ®;(u)

O

In particular, the (n’ x n/)-matrix D, ®; is the sum of a diagonal and a rank-one
matrix. Moreover,
1/kn

" 1
Dy, @1(u) = —a(u)®r(u), where a(u) = u ,
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and D®yy(u) = k. Using the formula det(M + ¢ ® &) = det(M) + ¢T (cof M)E, we see

that (@)
Py(u
det Dy, @1 = [ | o (1 - ij) > 0.
lel jel
Similar calculations show that det D® > 0. The bijectivity of ® from D to D, is also

elementary to verify, and we conclude the diffeomorphism property.
Again, let ¥ be the inverse of ®. Using the following identities, involving L = L(u),

-1
uj = (Lwj)*, j€l, L= (1 - ng> ul/Fr w, = Zk‘ijjwfj + kpunp,
tel jeI
we compute
0w, L 1

Ow; Vj(w) = kju;j <L + w%), jel,i=1,...,n,
j

Ow, L -t
awi\l'n(w):k‘nun{ i —(1—ij) 511}, i=1,...,n,

jel

. L e [ -1
Ol L — 2l ”’“)(Zk?uj) L el
j=1

L

where ;1 := 1 if ¢ € I and 0,1 := 0. Since the transformation (A.2) is still non-smooth
as soon as one of the densities vanishes, this change of variables does not lead to an
improved local existence theory for classical solutions compared to that based on (3.1).

Remark A.1. In contrast to transformation (3.1), Dy, ®1 is not diagonal in the present
case. An alternative splitting of Y such as

Y(w) = knlLy + Dy ®1(D(k) — D(kn))Duy 1

might therefore be favourable for a possible symmetrisation. Thus, it suffices to find
a positive definite matriz Ag(w) € REX™ such that the product Ag(w)D.y, ®r(D(k) —

Ssym

D(ky,))Dy, U1 is symmetric. A computation yields
G(w)s = (DuICDI(D(k) — D(kn))DwI\I/I)M
Ow, L
L )
where ANu) = > c(kj — kn)®;(u). We observe that G is a rank-two perturbation of

a diagonal matriz, which means that the question of symmetrisability is not trivial in
general.

= (k, — kn)(slg — (I)i(u)(kg - kn) + (kl - kn - )\(u))i)z(u)
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