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EXPONENTIAL TIME DECAY OF SOLUTIONS
TO REACTION-CROSS-DIFFUSION SYSTEMS
OF MAXWELL-STEFAN TYPE

ESTHER S. DAUS, ANSGAR JUNGEL, AND BAO QUOC TANG

ABSTRACT. The large-time asymptotics of weak solutions to Maxwell-Stefan diffusion
systems for chemically reacting fluids with different molar masses and reversible reactions
are investigated. The diffusion matrix of the system is generally neither symmetric nor
positive definite, but the equations admit a formal gradient-flow structure which provides
entropy (free energy) estimates. The main result is the exponential decay to the unique
equilibrium with a rate that is constructive up to a finite-dimensional inequality. The
key elements of the proof are the existence of a unique detailed-balanced equilibrium and
the derivation of an inequality relating the entropy and the entropy production. The
main difficulty comes from the fact that the reactions are represented by molar fractions
while the conservation laws hold for the concentrations. The idea is to enlarge the space
of n partial concentrations by adding the total concentration, viewed as an independent
variable, thus working with n + 1 variables. Further results concern the existence of
global bounded weak solutions to the parabolic system and an extension of the results to
complex-balanced systems.
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1. INTRODUCTION

The analysis of the large-time behavior of dynamical networks is important to understand
their stability properties. Of particular interest are reversible chemical reactions interacting
with diffusion. While there is a vast literature on the large-time asymptotics of reaction-
diffusion systems, much less results are available for reaction systems with cross-diffusion
terms. Such systems arise naturally in multicomponent fluid modeling and population
dynamics [32]. In this paper, we prove the exponential decay of solutions to reaction-cross-
diffusion systems of Maxwell-Stefan form by combining recent techniques for cross-diffusion
systems [31] and reaction-diffusion equations [20]. The main feature of our result is that
the decay rate is constructive up to a finite-dimensional inequality and that the result holds
for detailed-balanced or complex-balanced systems.

1.1. Model equations. We consider a fluid consisting of n constituents A; with mass
densities p;(z,t) and molar masses M;, which are diffusing according to the diffusive fluxes
Ji(z,t) and reacting in the following reversible reactions,

oA+ +arA, = BTA + -+ BRA, fora=1,... N,

where af and 3f are the stoichiometric coefficients. The evolution of the fluid is assumed
to be governed by partial mass balances with Maxwell-Stefan relations for the diffusive
fluxes,

S ijz’ - pijj

1 . v =7 o
(1) owp; + div g; = ri(x), Vu; 2 M, Dy’

1=1,...,n,

where x; = ¢;/c are the molar fractions, ¢; = p;/M; the partial concentrations, M; the
molar masses, ¢ =y | ¢; the total concentration, and D;; = D;; > 0 are the diffusivities.
The physical quantities are summarized in Table 1. The reactions are described by the
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mass production terms r; depending on @ = (z1, ..., x,) using mass-action kinetics,
N n "

(2) ri(@) = M; Y (B — af ) (k§a™ — kga®)  with 22" == ] [ 2",
a=1 i=1

where k% > 0 and kj > 0 are the forward and backward reaction rate constants, respec-
tively, and a®* = (af,...,a%) and B* = (Bf,...,5%) with of, 8% € {0} U [1,0) are the

n i) Mg

vectors of the stoichiometric coefficients.

Di . partial mass density of the ith species

p=.,pi : total mass density

Ji . partial particle flux of the ith species
M; : molar mass of the ith species
¢; = pi/M; : partial concentration of the ith species

n . 3
c= >, ¢ : total concentration

x; = ¢fc : molar fraction

TABLE 1. Overview of the physical quantities.

Equations (1) are solved in the bounded domain Q = R? (d > 1) subject to the no-flux
boundary and initial conditions

(3) ji-v=00n0Q, pi(-,0)=p) inQ, i=1,...,n.

To simplify, we assume that € has unit measure, i.e. || = 1.

System (1)-(2) models a multicomponent fluid in an isothermal regime with vanishing
barycentric velocity. Equations (1) for V; can be derived from the Boltzmann equations
for mixtures in the diffusive limit and with well-prepared initial conditions [6, 29, 30] or
from the reduced force balances with the partial momentum productions being proportional
to the partial velocity differences [4, Section 14].

We assume that the total mass is conserved and that the mixture is at rest, i.e., >,/ | p; =
1 and )" | j; = 0. This implies that

(4) Zn(m) =0 forall x = (z1,...,z,) e RY,
i=1
where R, = (0,00). Furthermore, we assume that the system of reactions satisfies a

detailed-balanced condition, meaning that there exists a positive homogeneous equilibrium
T, € R’ such that

(5) kol = kjo foralla=1,...,N.

Roughly speaking, a system is under detailed balance if any forward reaction is balanced
by the corresponding backward reaction at equilibrium. Condition (5) does not give a
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unique but instead a manifold of detailed-balanced equilibria,
(6) E={we R} : K = kil foralla=1,...,N}.

To uniquely identify the detailed-balanced equilibrium, we need to take into account the
conservation laws (meaning that certain linear combinations of the concentrations are
constant in time). This is discussed in detail below. We are also able to consider complex-
balanced systems; see Section 5.

The aim of this paper is to prove that under these conditions, there exists a unique
positive detailed-balanced (or complex-balanced) equilibrium @, = (Z1%,...,%ne) € R}
such that

D l2i(t) = @il o) < C@°, @) P, >0, p =1,
=1

where £° = x(0) and the constant A\ > 0 is constructive up to a finite-dimensional inequal-
ity. Before we make this result precise, we review the state of the art and explain the main
difficulties and key ideas.

1.2. State of the art. The research of the large-time asymptotics of general reaction-
diffusion systems with diagonal diffusion, modeling chemical reactions, has experienced a
dramatic scientific progress in recent years. One reason for this progress is due to new
developments of so-called entropy methods. Classical methods include linearized stability
techniques, spectral theory, invariant region arguments, and Lyapunov stability; see, e.g.,
[10, 21]. The entropy method is a genuinely nonlinear approach without using any kind of
linearization, it is rather robust against model variations, and it is able to provide explicitly
computable decay rates. The first related works date back to the 1980s [24, 25]. The ob-
tained results are restricted to two space dimensions and do not provide explicit estimates,
since the proofs are based on contradiction arguments. First applications of the entropy
method that provide explicit rates and constants were concerned with particular cases,
like two-component systems [12], four-component systems [14], or multicomponent linear
systems [15]. Later, nonlinear reaction networks with an arbitrary number of chemical sub-
stances were considered [19, 35]. Exponential convergence of close-to-equilibrium solutions
to quadratic reaction-diffusion systems with detailed balance was shown in [7]. Reaction-
diffusion systems without detailed balance [18] and with complex balance [13, 36, 42] were
also thoroughly investigated. The convergence to equilibrium was proven for rather general
solution concepts, like very weak solutions [38] and renormalized solutions [20].

The large-time behavior of solutions to cross-diffusion systems is less studied in the liter-
ature. The convergence to equilibrium was shown for the Shigesada-Kawasaki-Teramoto
population model with Lotka—Volterra terms in [40, 44] without any rate and in [8] without
reaction terms. The exponential decay of solutions to volume-filling population systems,
again without reaction terms, was proved in [45].

A number of articles is concerned with the large-time asymptotics in Maxwell-Stefan
systems. For global existence results on these systems, we refer to [26, 33, 34]. In [33],
the exponential decay to the homogeneous state state is shown with vanishing reaction
rates and same molar masses. The result was generalized to different molar masses in
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[9], but still without reaction terms. The convergence to equilibrium was proved in [22,
Theorem 9.7.4] and [26, Theorem 4.3] under the condition that the initial datum is close
to the equilibrium state. The work [26] also addresses the exponential convergence to a
homogeneous equilibrium assuming (i) global existence of strong solutions and (ii) uniform-
in-time strict positivity of the solutions (see Prop. 4.4 therein). A similar result, but for two-
phase systems, was proved in [5]. The novelty in our paper is that we provide also a global
existence proof (which avoids assumption (i)) and that we replace the strong assumption
(ii) by a natural condition on the reactions, namely that there exist no equilibria on JR".
We note that there exists a large class of chemical reaction networks, called concordant
networks, which possess no boundary equilibria [41, Theorem 2.8(ii)].

1.3. Key ideas. The analysis of the Maxwell-Stefan equations (1) is rather delicate. The
first difficulty is that the fluxes are not given as linear combinations of the gradients of
the mass fractions, which makes it necessary to invert the flux-gradient relations in (1).
However, summing the equations for Vz; in (1) for ¢ = 1,...,n, we see that the Maxwell-
Stefan equations are linear dependent, and we need to invert them on a subspace [3]. The
idea is to work with the n — 1 variables p’ = (p1,...,pn_1)" by setting p, = 1 — 22:11 Dis
i.e., the mass density of the last component (often the solvent) is computed from the other
mass densities. Then there exists a diffusion matrix A(p’) € R™=D*(=1 guch that system
(1) can be written as

(7) op' — div(A(p)Va') = r'(z),

where ' = (z1,...,2,-1)" and ¥ = (r1,...,7,_1)". The matrix A(p’) is generally neither
symmetric nor positive definite. However, equations (7) exhibit a formal gradient-flow
structure [33]. This means the following: We introduce the so-called (relative) entropy
density

n n—1
x.
8 hip))=c) z;ln—, where p, =1 — i)
(8) (p') ; o p ; p
and the entropy variable w = (wy,...,w,_1)" with w; = 0h/dp;. Here, T, € £ is an

arbitrary detailed-balanced equilibrium. We associate to the entropy density the relative
entropy (or free energy)

9) Blz|z.] = L h(p)dz = Z:; L cz; In

Z;

dz.

Tioo
Denoting by h”(p’) the Hessian of h with respect to p’, equation (7) is equivalent to
(10) op — div(B(w)Vw) = 7'(x),

where B(w) = A(p)h"(p’)~" is symmetric and positive definite [9, Lemma 10 (iv)] and
p' and x are functions of w. The elliptic operator can be formulated as Kgrad h(p’),
where K¢ = div(BV¢) is the Onsager operator and grad is the functional derivative. This
formulation motivates the notion “gradient-flow structure”.
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The second difficulty comes from the fact that the cross-diffusion coupling prevents the
use of standard tools like maximum principles and regularity theory. In particular, it is
not clear how to prove lower and upper bounds for the mass densities or molar fractions.
Surprisingly, this problem can be also solved by the transformation to entropy variables.
Indeed, the mapping (0,1)""! — R""! p’ s w, can be inverted, and the image p'(w)
lies in (0,1)"! and satisfies 1 — Z;:ll p; < 1. If all molar masses are equal, M = M;, the
inverse function can be written explicitly as p;(w) = exp(Mw;)(1 + Z;:ll exp(Mw;))™h
for the general case see Lemma 4 below. This yields the positivity and L* bounds for p;
without the use of a maximum principle. To make this argument rigorous, we first need
to solve (10) for w and then to conclude that p’ = p/'(w) solves (1).

Summarizing, the entropy helps us to “symmetrize” system (1) and to derive L* bounds.
There is a further benefit: The entropy is a Lyapunov functional along solutions to the
detailed-balanced system (1). Indeed, a formal computation shows the following relation
(a weaker discrete version is made rigorous in the proof of Theorem 3),

d
(11) EE[:I;M:OO] + D[x] =0, t>0,
where the entropy production
n—1 N kamaa
(12)  Dlz]= )] f Bij(w)Vw; - Vw;dz + Zj (k™" — kg ) In L dz
ij=170 a=19 ke

is nonnegative (due to Lemmas 5 and 6). Here, B;; are the coefficients of the matrix B.
Exponential decay follows if the entropy entropy-production inequality

(13) Dlx]| = AE[x|x.]

holds for all suitable functions & and for some A > 0. Note that this functional inequality
does not hold for all detailed-balanced equilibria, but only for those who satisfy certain
conservation laws. The existence and uniqueness of such equilibria is proved in Theorem
10. Inserting inequality (13) into (11) yields

d
aE[zﬂmw] + AE[x|xs] <0, t>0,

and Gronwall’s inequality allows us to conclude that
Elz(t)|ze] < E[z(0)|zy]e™, t>0.

By a variant of the Csiszar—Kullback—Pinsker inequality (Lemma 17), this gives exponential
decay in the L' norm with rate A\/2 and, by interpolation, in the L norm with rate \/(2p)
for all 1 < p < oo. An important feature of this result is that the constant A is constructive
up to a finite-dimensional inequality.

The cornerstone of the convergence to equilibrium is to prove inequality (13). In com-
parison to previous results for reaction-diffusion systems, e.g. [19, 35], the difference here is
that the reactions are defined in terms of molar fractions, while the conservation laws are
written in terms of concentrations. This difference causes the main difficulty in proving
(13), except in very special cases, e.g., when all molar masses are equal (in this case, the
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molar fraction and concentration are proportional) or in case of equal homogeneities (see
Section 3.4). Naturally, one could express the molar fractions by the concentrations, i.e.
z; = ¢;/(37, ¢i), but this extremely complicates the formulation of the entropy produc-
tion D[], which in turn makes the analysis of (13) inaccessible. The key idea here is to
introduce the total concentration ¢ = Y. | ¢; as an independent variable and to rewrite
D[] in terms of x; = ¢;/c. This, in combination with an estimate for E|x|z,] in terms
of ¢; and ¢, allows us to adapt the ideas from previous works on reaction-diffusion systems
to finally obtain the desired inequality (13).

1.4. Main results. Our main result is the exponential convergence to equilibrium. For
this, we need to show some intermediate results. The existence of solutions to (1), (3) was
shown in [9] without reaction terms. Therefore, we prove the global existence of bounded
weak solutions to (1), (3) with reaction terms (2). The proof follows that one in [9] but
the estimates related to the reaction terms are different. A key step is the proof of the
monotonicity of w — Y7 r;(x); see Lemma 6.

Second, we derive the conservation laws satisfied by the solutions to (1) (Lemma 8) and
prove the existence of a positive detailed-balanced equilibrium ., satisfying (5) and the
conservation laws (Theorem 10). The existence of unique equilibrium states for chemical
reaction networks is well studied in the literature (see, e.g., [16]), but not in the present
framework. One difficulty is the additional constraint Y, , z; = 1, which significantly
complicates the analysis. The key idea for the existence of a unique detailed-balanced
equilibrium is to analyze systems in the partial concentrations ci,...,c, and the total
concentration ¢, considered as an independent variable. The increase of the dimension of
the system from n to n+1 allows us to apply geometric arguments and a result of Feinberg
[16] to achieve the claim.

Third, we prove the entropy entropy-production inequality (13) (Prop. 18 and 25). The
proof follows basically from [20, Lemma 2.7] when the stoichiometric coefficients satisfy
dSad =" B¢ forall a =1,...,N, since this property allows us to replace the mo-
lar fractions z; by the concentrations ¢;. If the property is not fulfilled, we work again
in the augmented space of concentrations (cy,...,c,,¢). One step of the proof (Lemma
21) requires the proof of an inequality whose constant is constructive only up to a finite-
dimensional inequality. We believe that for concrete systems, this constant can be com-
puted in a constructive way. We present such an example in Section 4.

Before stating the main theorem, we need some notation. Let

-----

be the Wegscheider matrix (or stoichiometric coefficients matrix) and set m = dim ker(WT)
> 0. We choose a matrix Q € R™*" whose rows form a basis of ker(WT). Let M° ¢ R™
be the initial mass vector, which depends on ¢’ (see Lemma 8) and let ¢ € R™*™ be a
row vector satisyfing (Q = (Mj,..., M,) and {M° = 1. We show in Lemma 9 that such
a vector ¢ always exists. Its appearance comes from the constraint " , z; = 1; such a
vector is not needed in reaction-diffusion systems like in [20]. Given M° € R such that
¢MP? = 1, we prove in Section 3.2 that there exists a unique positive detailed-balanced
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equilibrium ., € £ satisfying
(14) Qe = MO’ wao =1,
i=1

where the components of ¢y, are given by ¢io = %is/ D | Miieo. The first expression in
(14) are the conservation laws, while the second one is the normalization condition.

Note that besides the unique positive detailed-balanced equilibrium (for a fixed initial
mass vector), there could exist possibly infinitely many boundary equilibria, i.e. * € 0€
such that * solves (14). We need to exclude such equilibria. For a discussion of boundary
equilibria and the Global Attractor Conjecture, we refer to Remark 14.

(A1) Data: Q = R? with d > 1 is a bounded domain with Lipschitz boundary, T" > 0,
and D,Lj :Dﬂ>0f0r’l,j: 1,,”,275]

(A2) Detailed-balance condition: € # ¢, where £ is defined in (6).

(A3) Initial condition: p° € L*(Q;R") with p? > 0, >, p? = 1, and the initial entropy
is finite, {, h(p®")dz < oo, where h is defined in (8) with some @, € €.

The main result is as follows.

Theorem 1 (Convergence to equilibrium). Let Assumptions (A1)-(A3) hold. Let M° €
R be a positive initial mass vector satisfying (M° = 1. Then

(i) There exists a global bounded weak solution p = (py,...,pn)" to (1)-(2) in the sense
of Theorem 3 below.

(ii) There ezists a unique T, € € satisfying (14), where the set of equilibria € is defined
in (6).

(i) Assume in addition that the system (1)-(2) has no boundary equilibria. Then there
exist constants C > 0 and X > 0, which are constructive up to a finite-dimensional in-
equality, such that, if p° satisfies additionally Q§, c°dz = M?°, the following exponential
convergence to equilibrium holds:

S i(t) = i | ooy < Ce D (B[22, )) ', >0,

=1

where 1 < p < 0, x; = pi/(cM;) with ¢ = Y| pi/M;, Elx|xy] is the relative entropy
defined in (9), p is the solution constructed in (i), and & is constructed in (ii).

Remark 2 (Complex balance). We show in Theorem 10 that system (1) with the reaction
terms (2) possesses a unique positive detailed-balance equilibrium. This means that we
have assumed the reversibility of the reaction system. This assumption is rather strong, and
it is well known in chemical reaction network theory that it can be significantly generalized
to complex-balanced systems. Here, the balance is not assumed to hold for any elementary
reaction step but only for the total in-flow and total out-flow of each chemical complex.
We are able to extend our results to this situation as well, considering the reaction terms
(54); see Theorem 32 in Section 5.
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Clearly, any detailed-balanced equilibrium is also a complex-balanced equilibrium, and
Theorem 1 is included in Theorem 32. However, to make the proofs as accessible as possible,
we prefer to present the detailed-balanced case in full detail and sketch the extension to
complex-balanced systems. U

The paper is organized as follows. Part (i) of Theorem 1 is proved in Section 2. In Section
3, the conservation laws are derived, the existence of a detailed-balanced equilibrium and
the entropy entropy-production inequality (13) are proved, and the convergence result is
shown. Section 4 is concerned with a specific example for which the constant in the entropy
entropy-production inequality can be computed explicitly. The results are extended to
complex-balanced systems in Section 5. Finally, we prove the technical Lemma 20 in the
appendix.

1.5. Notation. We use the following notation:

e Bold letters indicate vectors in R™ (e.g. ¢ = (c1,...,¢,)").
e Normal letters denote the sum of all the components of the corresponding letter in
bold font (e.g. ¢ =", ;).
e Primed bold letters signify that the last component is removed from the original
vector (e.g. € = (c1,...,¢n1)").
e Overlined letters usually denote integration over €2 (e.g. € = SQ cdz or ¢; = SQ cidz).
o If f: R — Ris a function and ¢ € R™ a vector, the expression f(c) denotes the vector
(f(cl)7 ) f(cn))T
e Let @, a € (0,0)". The expression * equals the product [ [, z".
e Matrices are generally denoted by double-barred capital letters (e.g. A € R™*™).
The inner product in R" is denoted by (-, ), |2] is the measure of 2, and we set R, =
(0,00). In the estimates, C' > 0 denotes a generic constant with values changing from line
to line.

2. GLOBAL EXISTENCE OF WEAK SOLUTIONS

We prove part (i) of Theorem 1. Throughout this section, we fix an arbitrary detailed-
balanced equilibrium x,, € £. Due to (A2), such a vector &, always exists. The existence
result is stated more precisely in the following theorem.

Theorem 3 (Global existence). Let Assumptions (A1)-(A3) hold. Then there ezists a
bounded weak solution p = (p1,...,pn)" to (1)-(3) satisfying p; = 0, D pi = 1 in
Q% (0,7) and

pi€ L0, T; HY(Q), apy € L0, T3 HYQ)), i=1,...,n,
i.e., for all qi,...,q,—1 € L*(0,T; H'(Q)),
n—1 AT n—1 T n—1 ~T
(15) > J Oupiqiydt + f J Ay(p))Va; - Vadzdt =) J f ri(@)qidzdt,
i=1 Y0 i,j=170 JQ i=1v0 JQ

where € = (x1,...,2,)", x; = pi/(cM;) fori = 1,....n—1, z, = 1—2;:11@-, c =

Dy pi/ M;, and A = (A;;) is the diffusion matriz in (7).
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The proof is similar to that one given in [9]. Since in that paper, no reaction terms have
been considered, we need to show how these terms can be controlled. First, we collect
some results.

2.1. Preliminary results. A straightforward computation (see [9, Lemma 5]) shows that
the entropy variables are given by

ch 1 x; 1 T,
= —1In

16 P =
( ) v opi M;  zip M,  ZTne

recalling h defined in (8). Given p' = (py,...,pn_1)', this formula and the relation x; =
pi/(cM;) allow us to compute w = (wy,...,w,_1)". The following lemma states that the
mapping p’ — w can be inverted.

Lemma 4. Let w = (wl, o Wuo1)! € R be given. Then there exists a unique vector
p = (pl,..., pn1)T € (0,1)" satisfying S pi < 1 such that (16) holds with p, =
1=t >0, 2 = pl/(cM) and ¢ = Y| pi/M;. Moreover, the function p' : R"! —
0, )"7L (wy,...,wa1)" = p'(w) = (p1,. ., pn_1)’ is bounded.

Proof. First, we show that there exists a unique vector (z1,...,7, 1) € (0,1)"! satisfying

(16) with @, = 1 — 37" ' #; > 0 (see [9, Lemma 6]). Let z := x,oo/xM /M The function

2 ) Mi/ M oxep(Myw;)

is strictly decreasing in [0,1] and 0 = f(1) < f(s) < f(0) = 377 exp(Mw;)z. Thus,
there exists a unique fixed point sp € (0,1) such that f(sg) = so. Deﬁmng x; = z(1 —
50)Mi/Mn oxp(Mw;) for i = 1,...,n — 1, we infer that x; > 0, ZZ L@ = f(s0) = so <1,
and (16) holds with x,, := 1 — s,.

Next, let (z1,...,2,-1)" € (0,1)" ! and z, := 1 — Zl 1 x; > 0 be given and define
pi = cM,x;, where ¢ = 1/(3)" | M;z;). Then (p1, ..., pn—1)" € (0,1)"! is the unique vector
satistying p, = 1 — 37" p; > 0, x; = p;/(cM;) fori=1,...,n—1,and ¢ = 3.7, pi/M; [9,
Lemma 7). Finally, the result follows by combining the previous steps. Il

Lemma 5. Let w € H'(Q;R"™Y). Then there exists a constant Cg > 0, which only depends
on Dy; and M;, such that

J Vw : B(w)Vwdz > C’BZJ |Va:3/2|2dz,
Q e

@,

where means summation over both matrixz indices.

We recall that B(w) = A(p')h"(p')~! and h” is the Hessian of the entropy h defined in
(8). Lemma 5 is proved in [9, Lemma 12]. It is shown in [9, Lemma 9] that B is symmetric
and positive definite.
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2.2. Solution to an approximate problem. Let 7' > 0, M € N, 7 = T/M, k €
{1,...,M}, e >0, and | € N with [ > d/2. Then the embedding H'(Q) — L*(Q) is
compact. Given w*~1 e L¥(Q; R"1), we wish to find w* e H'(Q2; R"!) such that
1
—J (P (w") — p'(w* ™)) - qdz + f Vq : B(w")Vw"dz
Q 9)

T

(17) +5L( >

loe|=l

D*w"* : D*q + w" - q) dz = f r'(x¥) - qdz,
Q

for all ¢ € HY(; R, where ' = (ry,...,7n_1)", 28 = pi(wk)/(cM;), and p'(w")
is defined in Lemma 4. Moreover, & = (ay,...,a4) € N¢ is a multi-index of order
la] = a; + - +ag =1 and D™ = 0lel/(029" ... 0299) is a partial derivative of order

[. The regularization with the [th-order derivative terms is needed since the matrix B
is not uniformly positive definite. As p’ is a bounded function of w, we can apply the
boundedness-by-entropy method of [31] or [9, Section 3.1] to deduce the existence of a
weak solution w* e H'(Q; R" 1) to (17).

2.3. Uniform estimates. The crucial step is to derive some a priori estimates. The idea
is to employ the test function g = w* in (17) and to proceed as in the proof of Lemma 14
of [9]. The reaction terms have no influence as the following lemma shows.

Lemma 6. It holds that

Proof. Let x = x* and w = w” to simplify. We deduce from (16) and total mass conser-
vation (4) that 377! r;(x) = —r,(z) and

ri(x) . oz 1 z, 1 i)
(18) -y AP m ;n(w):; AL Mo

In view of definition (2) of 7; and @, € £, the last expression becomes

n N
(@) -w =Y Y (5 — af)(Ka®" — kfe®)In
i=1a=1 Lioo
n N ﬂa a
a o B Z; :U

= > > (kjx” — kya® ) In ]
i=1a=1 :L' IL'
N ﬂﬂ. a

a xP x%

_ e . ka B In ooa

a;( ’ M et
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al a a P
= > (kjz™" — k™) In oo <0,
a=1 f
because of the monotonicity of the logarithm. U

Taking into account Lemma 6, the estimations of Section 3.2 in [9] lead to the discrete
entropy inequality

| 1z + 0m Y VIV Py + 7 0 | (i) wi:

j=li=1 j=li=1
k n—1 A .
(19) tery Y f ( D (Dwl)? + <wg)2) dz < f h((p')0)dz,
j=11i=1 Y \|g|=t Q
where (p'); is the vector of strictly positive approximations of the initial vector (p°)" =
(P, ...,0% )T and C > 0 is a generic constant independent of 7 and e. This shows that

k n
T gy +em Y Wl <C. i=1,....n,
Jj=1 Jj=1

where C' > 0 is independent of € and 7. From these estimates and the boundedness of the
reaction terms, we infer a uniform bound for the discrete time derivative,

M n—1

IO Y | el

k=11=1

These estimates are sufficient to perform the limit ¢ — 0 and 7 — 0 in (17) as in Section
3.3 of [9] showing that the limit satisfies (15) and therefore is a global weak solution to

(1)-(2).

Remark 7 (Discrete entropy inequality). Before summing from j = 1,... k, we can
formulate the discrete entropy inequality (19) as

n—1

Elx*|z,] + 7D["] + Cer Y |wf| g < Elz"|z.].
i=1

This estimate is the discrete analogue of (11) and it will be needed in the proof of part
(iii) of Theorem 1; see Section 3.6. O

3. CONVERGENCE TO EQUILIBRIUM UNDER DETAILED BALANCE

In this section, we prove parts (ii) and (iii) of Theorem 1. First, we discuss the conser-
vation laws and the existence of an equilibrium state.
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3.1. Conservation laws. We set R; = r;/M;, J; = ji/M; and R = (Ry,...,R,)", J =
(Ji,....,d.)", ec=(c1,...,c,) ", where we recall that ¢; = p;/M;. Dividing the ith-equation
of (1) by M;, we can reformulate them in vector form as

Let W = (8% — af) € RN be the Wegscheider matrix and let m = dimker(W'). Note
that m > 1 since it follows from the conservation of total mass, >, r;(x) = 0, that
MT™W =0, i.e., the vector M = (Mjy,..., M,)" belongs to ker(W"). Let the row vectors
qi,...,qn € R be a basis of the left null space of W, i.e. gW =0fori=1,....,m. In
particular, g; € ker(W'). Finally, let Q = (Q;;) € R™*™ be the matrix with rows g;.

We claim that system (20) (with no-flux boundary conditions) possesses precisely m
linear independent conservation laws.

Lemma 8 (Conservation laws). Let p be a weak solution to (1)-(2) in the sense of Theorem
3. Then the following conservation laws hold:

Qe(t) = M°, t>0,
where M° = Qe is called the initial mass vector and ¢ = p/M;, i =1,...,n.

Note that, by changing the sign of the rows of Q if necessary, we can always choose Q
such that M is positive componentwise.

Proof. We observe that the definitions of Q and r;(x) = M;R;(x) in (2) imply that QR = 0.
Choosing q; = (Qj1,..., Qjn) as a test function in the weak formulation of (20) and
observing that Vg; = 0, we find that

¢ n t n t t
f J 01(Qc)jdzds = ZJ J 01iQjidzds = ZJ f R,Qjidzds = f f (QR);dzds = 0.
0 Ja = Jo Ja = Jo Ja 0 Ja
This shows that
J Qc(t)dz = f Qcdz, t>0,
Q Q
or Qc(t) = Qc’ =: M°, where ¢ = p?/M; is the initial concentration. O
Lemma 9. There exists a row vector ¢ € R™™ such that (Q = M and (M° = 1.

Proof. Since M lies in the kernel of W' and the rows of Q form a basis of this space, we
have M € ker(W') = ran(Q"). We infer that there exists a row vector ¢ € R*™ such
that Q"¢T = M or (Q = M. Moreover, by recalling [2] = 1 and Y, p? =1 in Q,

1= J ip?dz = imo = Zn]Mic—f = M'e" = ¢Qe’ = ¢(M°,
Q=1 i=1 i=1

using the definition of M in Lemma 8. O
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3.2. Detailed-balanced condition. The relative entropy (9) is formally a Lyapunov
functional along the trajectories of (1)-(2) for &, € £. Note that £ generally is a manifold
of detailed-balanced equilibria. To identify uniquely the detailed-balanced equilibrium,
we need to take into account the conservation laws. This subsection is concerned with
the existence of a unique positive detailed-balanced equilibrium satisfying the conservation
laws.

For chemical reaction networks in the context of ordinary differential equations (ODE),
the existence of a unique equilibrium state was proved by Horn and Jackson [28]; also see
[16]. The difficulty in this work lies in the fact that the reactions are modeled by molar
fractions @, while the conservation laws are presented by concentrations c¢. Our idea is
to enlarge the space R’ of concentrations (ci,...,c,) by adding the total concentration
c= > ,¢ € R, which is considered to be an independent variable, and then to employ
the ideas by Feinberg [16] to the augmented space R™™. To this end, let

(21) w= (w1, ,Wns1) = (€1,...,Cn,0),

and define the vectors in R*+!

= (ot (M -an) ).
=1

o= (st (Sl -m) ),
=1

where y* = max{0,y}. Finally, we write 1, = (1,...,1)T e R and 1,,,, = (1,...,1)T €
R"™*!. The main result of this subsection is the following.

(22)

Theorem 10 (Existence of a unique detailed-balanced equilibrium). Assume that (A2)
holds and let M € R be an initial mass vector and ¢ € R™™ be a row vector such
that CMP° = 1. Then there exists a unique positive detailed-balanced equilibrium T, € &
satisfying the conservation laws and the normalization condition (14).

To prove Theorem 10 we first show the existence of an ”equilibrium“ in the augmented
space.

Proposition 11. Suppose the assumptions of Theorem 10 hold. Then there exists a unique
w e R satisfying

(23) ?w“azkl‘jw”a, a=1,...,N, @wzl\//jo,
where @ and M° are defined by

@ _ (9_ _01> c IR(m+1)><(n+l)7 ]/\4\-0 _ <]\g0) . Rn+1-

Before proving this result, we first show that Theorem 10 follows from Proposition 11.

Proof of Theorem 10. Let w = (Cig,- -+, Cnoo, Con) be the equilibrium in the augmented
space constructed in Proposition 11. Define ;0 = ¢jn/ceo. We will prove that x., is an
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element of € and satisfies (14). Indeed, for any a = 1,..., N, let v* := 7" (af — ) and
assume first that v* > 0. Then

is equivalent to
n n Z
a % _ 1.a af =il _ ja B —Xima By _ pa,..B%
kiesy =k Hcmcoo =k 1_102-000OC = kyxt .

The case v* < 0 can be treated in an analogous way. Thus, x, € £. It follows immediately
from Qw = M"Y that Qc,, = M" and Z?:l Cioy = Cx. The latter identity implies that
D Tiw = 1 due to 0 = Cjon/Co. Therefore o, satisfies (14). O

The aim now is to prove Proposition 11. For this, we introduce the following definitions:

X, = {w eR: kjwh = kjw”" for a = 1,...,N},
X, = {w eR™ : Qw = ]\//\IO}.

We argue that X; and X, are not empty. Indeed, due to (A2), there exists ., € &.
Fix any wpi1.0 € (0,00) and define w;yy, = Tipwni1,0 for all ¢ = 1,...,n. We obtain
immediately wy, = (Wio,-..,Wni1,0) € Xi. Concerning X,, we see that there exists
w = (w,...,w,) € R? such that Qw’ = M?" since rank(Q) = m < n. By defining
Wntl = oy Wy, we infer that w = (W', wy41) € Xo.

Lemma 12. Let M° € R"” and ¢ € RY™ with (M° =1, let we, € X1 and p € Xo. Then
the following statements are equivalent:

e There exists a unique vector w € X1 N Xs.
o There exists a unique vector @* € span{q,...,q} (q; is the ith row of Q) and a
unique number z, 1 € R such that

(24) Woe? —emip e kerQ, (¥ Wl 1,) = Wit

Here, we denote p/ = (py, ..., pn) and w’ e?” equals the vector with components wiye?: ,
i=1,...,n. Observe that span{q/,...,q}} =ran(Q").

Proof. We first claim that

/ ‘«P*
Xl = {w € R:L_-i_l : Elzm+1 € R, (10* € ran(QT) SUCh that w = €Zm+1 (wooe ) }

Wn+1,00

Indeed, w € X; holds if and only if w? ** = k$/ky = w¥" 7+ Taking the logarithm
componentwise, this becomes

Jogwe,v® — pu*) = Jdogw,v* — u*), a=1,...,N.



16 E. S. DAUS, A. JUNGEL, AND B. Q. TANG

This means that ¢ := log(w/wy) = logw — logw,, € ker{v* — p®},_1 _n. By definition
of u* and v*, we know that

ker{’/a - ua}azl,...,N = Spall {(q;: O>T7 trt (qr—)ljw O)TJ 1n+1}~

Thus, there exist numbers 24, ..., 2,,.1 € R such that
m T *
_ ) q; _ p+ Zm+1]-n
¥ ;Zz ( 0 ) + Zm+11n+1 ( Zma1 )

where * = 37" z;q; € ran(Q7). It follows from the definition of ¢ that

*
i = ¥ = exp (p* + Zme1ly — ePm+1 e® '
W Zm+1 1

We conclude that w € X if and only if

* ’ *
e¥ w. e¥

w = wwezm+1 1 — ezm+1 o0 ,
wnJrl,oo

and this proves the claim.
Next, fixing p € Xs, it holds that w € X5 if and only if

0=Qw-p)= (9 _01) (w:l :gnH)

_ <<1mw, _%'(;i_(ci/il —pn+1)) '

Consequently, in view of the preceding claim, we have w € X; n X5 if and only if

B R B B Q(ean»lwéoe‘P* —p/)
O = Q(w P) - (<1n7 ezm+1wéoe</’* — p’> — (ezm+1wn+1,oo - pn+1) .

The first n rows mean that w/ e¥* — e *m+1p’ € kerQ. Since p € X, and consequently
Pnt1 = 2oy Di = (1, P'), the last row simplifies to

0 = e*mtt (<e“’*wéo, 1, — wnﬂm).
This shows (24) and ends the proof. O
We need one more lemma.

Lemma 13. [16, Proposition B.1] Let U be a linear subspace of R™ and a = (a4, ...,a,),b =
(bi,...,b,) € R™. There exists a unique element = (u1, ..., pu,) € U+ such that

ae —be U,

where ae* = (are, ... apetr).
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Proof of Proposition 11. Step 1: Existence. First, fixing w,, € X; and p € X5, we claim
that there exist 2,41 € R and ¢* € ran(Q") such that (24) holds. We apply Lemma 13

with U = kerQ, a = w/,, and b = e *+'p/, yielding the existence of a unique vector

@*(2my1) € UL = ran(QT") such that
(25) W/ e? 1) _ =gl e ker Q.
It remains to show the second equation in (24), i.e. to show that there exists a number

zh .1 € R such that (" Eni)w! 1, = Wni1.0. Then we set p* 1= @ (2% 1), and (25)

yields the first equation in (24).
We know that M € span{q/,...,q,}. Then (25) implies that

<w(/)O€‘P*(Zm+1) _ e_Z'rrHr117/7 M> — O or <“J(I)OB<P*(Z'erl)7 M> — e_zm+1<p,7 M> > O
We deduce that

. * . *
lim  {(wle? ) MY =0,  lim (W e? Gm) M) = .
Zm+1—+0 Zm41—>—0

Moreover, since

1 <wéo€(p*(zm+l)7M> < <<.“Jé>o€4‘£,>l=(zm-¢—1)7 1n> <

M, max min

it holds that

1 (2ms1)
<wOOe ? M>7

. * . *
lim (W e Gm) 1.5 =0, lim (W e Gm) 1.5 = oo,
Zm+41—+0 Zm+41—>—0

By continuity, there exists z*,, € R such that (e®*Gn+)w 1,) = Wyt
Step 2: Uniqueness. Assume that there exist (@, 2) and (@, ) with @, @ € ran(Q") and
Z € R such that

6 We? —e !, We? — e p e ker Q,
7
From (26) it follows that

z,
(2
(2 <wéoe“3, 1,) = Wni1.00 = <wéoe‘5, 1,).
w! e? — e*w e? € ker Q.
We infer from @ — @ € ran(Q") = span{q,,...,q,} that
0={cfwle? —cwle?, ¢ — @)

= e (Wl (e? —e?), (P — @)+ (¢ — e )N we?, @ — @)y = 1) + L.
Hence, we have I, = —I; and because of
I, = eEZwm (e‘ﬁi — e%’)(@- — i) =0,

i—1

it holds that Iy = —I; < 0.



18 E. S. DAUS, A. JUNGEL, AND B. Q. TANG

Now, if Z = Z, Lemma 13 shows that ¢ = ¢, and the proof is finished. Thus, let us
assume, without loss of generality, that Z > Z. Then the definition and nonpositivity of I,
imply that

(2%) (@, e® 3~ ) <0
Consider the function f : R" — R, f(p) = X" wine?. Then Df(p) = wi e and
D?f () = diag(wixne?)i=1..n and so, f is strictly convex. Hence, by (27),

(Whee?, @ — @) =(Df(P), ¢ — & = [(@) — [(&)
= <woo€(p7 1n> - <woo€‘p, 1n> = 0.

We deduce from this identity and (28) that (w/.e?, @ — @) = 0 and consequently, I = 0
and I, = —I, = 0. By the monotonicity of the exponential function, we infer that ¢ = .
Then, taking the difference of the two vectors in (26), we have (e=% — e~%)p’ € ker Q. Since
Z # Z, this shows that p’ € ker Q and therefore Qp’ = 0 contradicting the fact that p € X,
and in particular Qp’ = M # 0. Thus, 2z and ¥ must coincide, and uniqueness holds. [

Remark 14 (Boundary equilibria and Global Attractor Conjecture). Besides the unique
positive detailed-balanced equilibrium obtained in Theorem 10, there might exist (possibly
infinitely many) boundary equilibria * € 0£. The convergence of solutions to reaction
systems towards the positive equilibrium under the presence of boundary equilibria is a
subtle problem, even in the ODE setting. The main reason is that if a trajectory converges
to a boundary equilibrium, the entropy production D[] vanishes while the relative entropy
E[z|x,] remains positive, which means that the entropy-production inequality (13) is not
true in general. However, it is conjectured, still in the ODE setting, that the positive
detailed-balanced equilibrium is the only attracting point despite the presence of boundary
equilibria. This is called the Global Attractor Conjecture, and it is considered as one of the
most important problems in chemical reaction network theory; see, e.g., [1, 23] for partial
answers. Recently, a full proof of this conjecture in the ODE setting has been proposed in
[11], but the result is still under verification. See also [13, 20] for reaction-diffusion systems
possessing boundary equilibria. U

3.3. Preliminary estimates for the entropy and entropy production. We derive
some estimates for the relative entropy (9) and the entropy production (12) from below
and above. In the following, let p1,...,p, :  — [0,00) be integrable functions such that
dSiipi = 1in Q and set ¢; = p;/M; and x; = ¢;/c for i = 1,...,n. We assume that
the functions have the same regularity as the weak solutions from Theorem 3. For later
reference, we note the following inequalities, which give bounds on the total concentration
only depending on the molar masses:

(29) Mm - Z ]\Z—

where My, = max;—; , M; and My, = min,—y , M;. Moreover, given the unique
equilibrium @, according to Theorem 10, we observe that >, | piw/M; = X" | Ciw =

in €,

mll’l
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Coo Dy Tigy = Con, and consequently,
1 1
X Cp & .
M ax Min

Lemma 15. There exists a constant C' > 0, only depending on My, Mmax, and T, such
that

(30)

n

Blafo < 033 ([ (227 ae+ (@ d2)?).

Proof. We use >, x; = > | Ty = 1 to reformulate the relative entropy

Elz|xy,] = Z J (ml In -

im1 100
ZJ cmm( In i + 1>dz.
1 Tio  Tiw  Tiwo

The function ®(y) = (ylny —y + 1)/(y"/?> — 1)? is continuous and nondecreasing on R .
Therefore, using (29),

n T T 1/2 2
Elx|z,| = i ® | — ! —1) dz

1 < 1 1 -
31 < P J Ti — Ty )?dz < C J Ti — Ty )2d2
( ) Mmin ; <$Z%> Tioo Q< OO) ; Q( OO)

for some constant C' > 0 only depending on M,,;, and x.
It remains to formulate the square on the right-hand side in terms of the partial concen-

—x; + xioo) dz

trations. To this end, we set fi(c) = ¢;/cfor e = (c1,...,¢,) and ¢ = 377, ¢;. By definition
of the molar fractions z; and z;, we have x; = fi(¢) and z;5, = fi(cy). The estimates
ofi of; 1
< - < Mmaxu N < — < Mmax
80]( )‘ c ‘6@ (Cz0) Coo

imply that, for some &€ on the line between ¢ and ¢,

M2 Z J (2 1 )% (2 - M2

< C’ZJ (03/2 - C%OQ)QdZ,
—1JQ
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and C' > 0 depends only on M in, Myayx, and €. Combining this estimate with (31) leads
to (here, we use that |Q| = 1)

Elz|z,] < iJ 1/2 1/2) @
i=1
(32) i(J <1/2 1/2) " +< 2 03502)2)

We wish to estimate the second term. The Cauchy—Schwarz inequality gives cil/ <Gl
and hence

( 63/2 C_il/2> _ (Cg/2> 4T — 2212
—5\ 2 — —5\ 2
< <62/2> +¢ — 203/203/2 = J (c;/2 - c;/2> dz.
Q
Putting this into (32), it follows that

[zle-o] < QCZ( J (2 =P ) dz +2(5 - 1((02)2),

and we conclude the proof. O

Lemma 16. There exists a constant C' > 0, only depending on M, and M.y, such that

n N kama“
>C f Ve, ?[2dz + J V2 2dz + f Kia® — kraP ) In L= dz | .
; oV Qe az_:l Q( d i) koxh

Proof. Lemma 5 shows that the first term in D[x] can be estimated from below:

J Vw : B(w)Vwdz > CBZJ IVz!?|2dz.
0 e

We claim that we can relate Y |V)/?|2 and |Vcl/2[2. For this, we proceed as in [0, page
494]. We infer from the definition z; = ¢;/c that ¢),;" | Mx; = >0° | Mic; = >3 pi = 1.
Therefore, inserting ¢ = 1/ > | M;z; and using the Cauchy—Schwarz inequality,

2

IVel/2)? = i|Vc|2 — i1 MV [* 1/2 1/2
4c c| (X0, Mix;)?
(33) nc32 M2CL’1‘V$1/2|2 max Z ’V 1/2|2

i=1 mmzl
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where we used ¢ < 1/ My, (see (29)). Similarly, employing (33),

PV P =DV (ea) PP <2 ) il Ve PP 42 o Vay PP

i=1 i=1 i=1 i=1
(34) =2V 22 +2¢ Y |V P < O [V PP,
i=1 i=1

where C' > 0 depends only on M, and M .«. Adding (33) and (34) and integrating over
Q) then shows that, for another constant C' > 0,

ZJ Val?)? = C(ZJ |vc§/2|2dz+J |vc1/2|2dz).
i=1 Y8 i=1JQ Q

The lemma then follows from definition (12) of D[x]. O

Lemma 17. There exists a constant Coxp > 0, only depending on M.y, such that

Elz|zy] = Coxp Z | = oo 7).
i=1

Proof. The estimate is a consequence of the Csiszar-Kullback-Pinsker inequality. Since we
are interested in the constant, we provide the (short) proof. We recall that 1/M,.x < ¢ <
1/Mpin. Arguing as in (31) and using ®(y) > 1 for y € R, we obtain

Elz|zy] = ZJ cxioo( xz I~ Ty 1>dz

im0 Tio  Tiw  Tiwo
n 2 2 1/2 2
= Z CTin® -1 dz
i=1YQ Lioo Tioo
1 n
> | @l = atyas
max ;_q

Then, by the Cauchy—Schwarz inequality and the bounds z; < 1, ;50 < 1

1 n 2
Bl > 13 ( [ 1607 - ol2i0:)
1

Y

This finishes the proof. U
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3.4. The case of equal homogeneities. The aim of this and the following subsection is
the proof of the functional inequality D[x] > AE[x|x.] for some A > 0. For this, we will
distinguish two cases, the case which we call equal homogeneities,

(35) daf=>p" foralla=1,...,N,
i=1 i=1
and the case of unequal homogeneities: There exists a € {1,..., N} such that

(36) PILEDICE
=1 i=1

This subsection is concerned with the first case.

Proposition 18 (Entropy entropy-production inequality; case of equal homogeneities).
Fiz M° € R such that {(M° = 1. Let @, be the equilibrium constructed in Theorem 10.
Assume that (35) holds and system (1)—(2) has no boundary equilibria. Then there exists
a constant A > 0, which is constructive up to a finite-dimensional inequality, such that

D[x] = A\E[z|x]

for all functions x : 2 — R} having the same reqularity as the corresponding solutions in
Theorem 3, and satisfying Q¢ = M?°.

Proof. We use Lemma 15 and the Poincaré inequality to obtain

bt <05 ([ (47 )

n ) =\ 12 2
C J~V0122dz+(( Z) —1) }
2{ (vl -

Next, we take into account estimate [20, formula (11)] and [20, Lemma 2.7]:

wenscegl e NG5

kfc

(37) C’ZJ Vel dz+CZ (k3™ — kgc®) In e

where H; > 0 is the constant in the finite-dimensional inequality (11) of [20]. Observe that
we can apply the results [20] since Q¢ = M? is satisfied; see Lemma 8.

We claim that the last term is smaller or equal D[x]. Indeed, inserting the expression
x; = ¢;/c in the last term of the entropy production (12) and employing assumption (35),
it follows that

a %

N a N
kG 1 k%c
aa*  pa,..0% f _ a _ 1.0,.8% f
b L(kfa; K ) gz = ) JQ e e ke n s
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k?ca

N
a o  1a,08%
(38) > O;l L(/gfc kicP") In o dz,

where we used in the last step My, < 1/¢ < M. By Lemma 16, this shows that

a o

n N
oy, KfC
CL’] > Czljﬂ |v021/2|2d2 4 C’leﬂ(k’? — ]{}gc'B )ln k‘a 3a dZ

and combining this estimate with (37) concludes the proof. U

3.5. The case of unequal homogeneities. In this subsection, we consider the case (36)
of unequal homogeneities. Since we cannot replace & easily by ¢ as in (38), the estimates
are much more involved than in the case of equal homogeneities. Similar as in Section 3.2,
our idea is to introduce ¢ as a new variable and to lift the problem from the n variables
C1y-..,Cy to the n + 1 variables ¢y, ..., ¢, c. Then D[x] is represented by n + 1 variables
€1y . ., ¢y, c under the conservation laws Q¢ = M and the additional constraint ¢ = > | ¢;
and thus ¢ = Y | &;. We employ the notation (21) and (22).

First, let v := ZZ (o — B%) and assume that v* > 0. With the definitions z; = ¢;/c,
w; =¢ fori=1,...,n, and w,y1 = ¢, we compute

\ a, o a .0 k?maa
;L(kfx — kx )lnkgmﬁadz

IR OBt

1=

S e (1 s [l
= chleag 7 C; b C c; nk;,‘jcV Hn g2 z

1=1 =1 =1 z

_ (kiewh” — k¢ o B
—ZJ(;EZ“ gt —kjw" )nk:gw“ :

. . k?w"a
= (Jf (k;w“ — kyw” )lnﬁ ,
Q k:wa
where C' > 0 depends on M,,,. In the case v* < 0, we argue in the same way, leading to
N
kS k%wH*
a, o a,.B° f . a a f
;L(k;fm — kx )ln iz = ZJ ST (Kjw** — kfw"”") In Fo dz

a
k4wt

> C Elwh” — k") In L—
L ( f b ) kgwua
Consequently, taking into account Lemma 16, we find that

a

N ”+1 k
) 1/2 f
(39)  Dlx] = D|w] := J Vw,*?dz + C Z J (kfwh" — kjw”") In Fio
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We need to determine the conservation laws for @w. We write 1 = (1,...,1)T € R**1,
Lemma 19. Assume that Q¢ = M°. Then w = (¢1,...,G,,C) satisfies the conservation
laws

Qw = M°,

where @ and M° are defined by
(40) @ — (;_QF _01> c R(m+1)><(n+l), J/\d\'o _ (_Z\go) i Rn+1.

Proof. The result follows from a direct computation:

w1
~_ (Q 0 o Qe (M
o= (1 -1 o, | \Xia—-¢) \ 0 )’
Wn+1
since it holds that ¢ = )" | &. O

Lemma 20. There exists a constant C > 0, depending on 2, n, N, k%, kj (a=1,...,N),
and M; (i=1,...,n), such that

Dl = Y (k) vE" — (v’

for all measurable functions w : Q — R such that D[w] is finite, with D[w] defined in
(39).

A similar but slightly simpler result for reaction-diffusion systems is proved in [20,
Lemma 2.7]. The proof of this lemma is lengthy and therefore shifted to Appendix A. We

remark that the validity of this lemma applies to all measurable functions with B[w] < +o0.

Lemma 21. Assume that (1)~(2) possesses no boundary equilibria. Fiz M € R such
that (M = 1. Then there exists a nonconstructive constant C > 0 such that for all
w e R satisfying Qw = M, it holds that
N “ aN 2 n+1 .
a — a —Vv —_ 1/2
(41) Z«@Wﬁi—%wwa)>02@wt%@,

a=1 i=1

where wy, s constructed in Proposition 11.

Remark 22. We mark that this lemma is proved for any vector @ € R"™! satisfying the
conservation laws. It does not use any analytical properties of solutions to (1)-(2). The
notation w is a bit abusive, since we later apply this lemma to the average w, where w is
constructed from solutions to (1)-(2).
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Remark 23. While all the constants before and after this lemma are constructive, this
is not the case for the constant in Lemma 21, since the lemma is proved by using a con-
tradiction argument. Still, inequality (41) is finite-dimensional. Therefore, in the general
case, the rate of convergence to equilibrium to system (1)-(2) is constructive up to the
finite-dimensional inequality (41). We present in Section 4 an example for which (41)
can be proved with a constructive (even explicit) constant, which consequently leads to a
constructive rate of convergence to equilibrium for (1)-(2). O

Proof of Lemma 21. We first show that w is bounded. Indeed, we infer from @w — M
that Qw’ = M Thus, 1 = (M" = (Qw = > M;w;. Hence, w; < 1/Mym and
consequently w11 = Y W; < 1/ Mpin.

We will now prove that

N (k)" 2V@" — (k) V@ )

_ PN Y +1 1/2
@R Q=1 S (@2 - wig)”

It is obvious that A > 0. Since the denominator is bounded from above, A = 0 can occur
only if the nominator approaches zero. In view of Proposition 11 and the fact that the
system is assumed to have no boundary equilibria, the nominator can converge to zero only
when w — wy. Therefore, A = 0 is only possible if 6 = 0, where ¢ is the linearized version
of X\ defined in Lemma 24 below. Setting n; = W; — w;s, Lemma 24 shows that ¢ = 0 if and
only if

0= lim inf a l f"‘)OO {ZJ:::ll :uz -V )771%03

Q@=M°, B—wo St Wi

Since the nominator and denominator have the same homogeneity, the limit inferior remains
unchanged if § = (91,...,m,+1) has unit length, |n|ge+1 = 1 (using the Euclidean norm).
We infer from @w - M° = @wo@ that @n = (0. Hence, we have § = 0 if and only if there

exists a vector n € R"™! satisfying |n|gm+1 = 1, @n =0, and

n+1

Z(,uz—yz) L foralla=1,...,N.

i=1 Wico

The last identity implies that the vector n/wy = (11/Wis, - -, Mns1/Wni1.0) " belongs to
the kernel of P", where

P= (Va o ua)azl’m’N c R(n+1)><N.

Since the rows of Q form a basis of the Wegscheider matrix W = (8% — a),-1,. v, and
taking into account definition (22) of pu* and v*, we see that the columns of the matrix

. (QT 1,

o= (3}
form a basis of ker(P"). We deduce that there exists p € R"*! such that n/w. = Q*p or,
equivalently, n = DQ*p, where D = diag(wie, - - . ,Wn+1,0). Hence, because of Qn = 0, we
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obtain @]D)Q* p = 0. The idea is now to prove that p = 0, which implies that n = DQ*p =
0, contradicting |n|gn+: = 1.

We claim that the matrix @]D)Q* is invertible. Indeed, setting A, = diag(wie, - - -, Wneo ),
we compute

a * Q 0 Ay 0 @T 1 QALQT QA1
Q" = (1T —1) < 0 wnﬂ,m) (0 1) B <1TAOOQT 1TA,1 —wnﬂm)'

Since 1TA,1 = 3" | Wiy = Wni1,0 (see Proposition 11), it follows that

~ T
Q- (Y Q1)

We claim that the matrix QA QT is regular. Since Q has full rank, so is Q', and we infer
for all £ € R™ that
(€,QA,QTE) = (¢, QAPAY’QTE) = (APQTE, APQTE) = 0

with equality if and only if & = 0. Hence, QA Q" is regular. Together with the rule on
the determinant of block matrices, this shows that

det(QDQ*) = det(QA,QT) det [0 — (1TA,QT)(QA,QT) 1 (QAL1)].
As we already know that det(QA,,QT) # 0, it remains to verify that the second factor
does not vanish. As the expression in the brackets [- - - ] is a number, we need to show that
(42) (1TA,Q"N(QALQT) H(QA,1) # 0.

The diagonal matrix A, € R™*™ has strictly positive diagonal elements. Therefore, (42) is
equivalent to

(1TAY2)(AY2QT) ((QAY2)(AY2QT)) QAL (ATAYY)T # 0.

We abbreviate the left-hand side by introducing z = 1TAY? € R and X = AY’QT €
R™™_ Then (42) becomes

ZX(XTX)7IXT2T 2 0.
Since X is not a square matrix, we cannot invert it, but we may consider its Moore-Penrose
generalized inverse X'; see [37] or [39, Section 11.5] for a definition and properties. We
compute

ZX(XTX)'XT2T = 2X(XTX)IXT2T  [39, page 218]
= 2XXI(X")XT2"  [37, Lemma 1.5]
= 2XXI(XN)TXT2T (39, Prop. 11.5]
= 2z(XX")(xXx" 2"  [37, Lemma 1.5]
= |(XX") 2T,

Consequently, (42) holds if and only if (XX")T2T £ 0 or 2" ¢ ker((XX")T). Now, it holds
that
ker ((XXNT) =ker ((X")'X") =ker (X")'X") = ker(X"),
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where the last step follows from [39, page 219]. We infer that 2T ¢ ker((XX")T) if and only
if AY1 =27 ¢ ker(XT) = ker(QAiéQ), which is equivalent to

0 # (QALY)(AY'1) = QAx1 = Qui,
and this property holds true since Qw!, = M?® # 0. This proves that (42) holds. As
mentioned before, this implies that p = 0 and consequently 1 = 0, which contradicts the

fact that  has unit length. We conclude that § > 0 (defined in Lemma 24) and A > 0,
finishing the proof. U

We now provide the technical computations needed in Lemma 21.

Lemma 24. Let w., be a positive detailed-balanced equilibrium constructed in Proposition
11. It holds that

i\/:l {(k?)l/Q\/E“a . (ka 1/2\/5,»1}2

0= lim inf

Qw=M°, w—we, Z;H_ll (_'1/2 110/02)
_132
1 o’g {Z:Hll (1§ — Vi) (@ — Wioo ) Wiy
= -~ liminf ) 1 :
2 Qw= MO ,W—owey Zi:l (UJZ - wi00)2wioo

Proof. We denote by

Di@) = Y, ()& — () e

M=

a=1
n+1

Z —1/2 1/2

=1
the nominator and denominator of the definition of J, respectively. We linearize both
expressions around w.,,
Dj(w) = Di(w
(43) 1 -
+ §(w W) V2D;(wo ) (@ — W) + o[ — wo|?).

w) + VDi(wy) - (0 — wy)

Since wy, is a detailed-balanced equilibrium, it holds that (k$)"/2\/w™" = (k§)"?\/we""
for all a =1,..., N, implying that D;(wy) = 0 and VD;(wy) = 0. Let ¢; = d/0w;. Then

00:D\(@)
i { ( k¢ 1/2f“ (kg)1/2\/5u”> <(k;;)1/2\/5““ B (kg)l/Q\/a"a>
+6i((k;>1/2\/5u (ka)uz\f ) ((kf)mf" (k‘g‘)l/%/ﬁ”a)}.

The first term vanishes for @ = w,,, and for the second term we compute

(1) V@ — Vs
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n+1 n+1

— (k?)lﬂ(;i Hw—kui/Z — (k)20 H@w’éﬂ
k=1 k=1
Ma 1 n+1 I/ 1 n+1
= (k2 1/2Fi + ——ud/2 g 127~ —l/k/2
() g [Tt =iy 2 ]

1 —p® a a. /—
= = ()2 V@™ — (k) P&,

Evaluating this expression at @ = we, and using (k})/2/we” = (kf)/2/w”", it follows
that

5i<(k?)1/2\/51ﬂ _ (kg)uz\/a”“)‘ 1“1—(]{61)1/2 woou _

G:QJQO 2 wlw

Consequently,

pe M z'u
0;0:D1 (ws) = ~ Zkf “w L,

200 700
and the quadratic term in the Taylor expansion becomes at the point wq,

%(w—ww)Tv2Di(woo)(w_ww _ Zkfw“ (’f e — e - wm)>2.

Wioo

Similarly, Ds(we) = 0, VDs(wy) = 0, and

»l>|>—‘

1, _ sy —wj

E(w — wy) VZDy(wy) (@ — wy) = ; <)

We insert these expressions into (43) and compute D;(w)/Dy(w). The limit @ — wq, such
that Qw = M then gives the conclusion. U

We are ready to prove the main result of this subsection.

Proposition 25 (Entropy entropy-production inequality; unequal homogeneities).
Fiz M° € R such that {M° = 1. Let @, be the equilibrium constructed in Theorem 10.
Assume that (36) holds and system (1)—(2) has no boundary equilibria. Then there exists

a constant X\ > 0, which is constructive up to a finite-dimensional inequality (in the sense
of Remark 23), such that

D[x] = A\E[z|x]

for all functions x : Q — R’} having the same reqularity as the corresponding solutions in
Theorem 3 and satisfying Q¢ = M?°.

Proof. Lemma 15 shows that

m Pt < 03 ([ (7Y v (@2

i=1
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The first sum is controlled by D[x] using Lemma 16 and the Poincaré inequality (with
constant Cp > 0):

x| = Z JQ ’ch/Z‘zdz > CPZ JQ (02/2 _ 037)2d2.
i=1 i=1

The second sum on the right-hand side is estimated by combining estimate (39), Lemma
20, and Lemma 21:

n+1 n
D[z] > C Z (@1/2 1/2 Z —1/2 1/2
i=1 i=1
Adding the previous two inequalities and using (44) then concludes the proof. U

3.6. Proof of Theorem 1. The starting point is the discrete entropy inequality (see
Remark 7):

Elxf|xy,] + TD[x"] + C’sTnZ_:l wa”%,l(ﬂ) < Elz" ]
i=1
Using the entropy-production inequality from Propositions 18 or 25, this becomes
Elx*|z,] < (1 + A1) B[z z,]
and, by induction,
Elx"x,] < (1+ M) FE[z0 2] = (1 + A7) E[x|x,].
Performing the limit 7 — 0 or, equivalently, k& — oo, we find that

Elz(T)|xy] < liin inf E[x*|z,.] < e E[z°|2,,].
—00

Clearly, this inequality also holds for ¢ € (0,7") instead of 7. Then, by the Csiszéar—
Kullback—Pinsker inequality in Lemma 17, with constant Cckp > 0,

—At

i e
S s(t) =ty < f h(p'(0))d.
=1

Cexp

As z; is bounded in L*(0, c0; L*(2)), we derive the convergence in L? for 1 < p < oo from
an interpolation argument

1-1 1
i) = wioo o) < Y i) = @ioo oy |23 () = T g
< Ce ™M@ 5

which concludes the proof.
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4. EXAMPLE: A SPECIFIC REACTION

As mentioned in Remark 23, the rate of convergence to equilibrium is generally not
constructive since the finite-dimensional inequality (41) is proved by a nonconstructive
contradiction argument. The derivation of a constructive constant for this inequality seems
to be a challenging problem, which goes beyond the scope of this paper. In this section,
we show that, potentially in any specific system, the finite-dimensional inequality (41) can
be proved in a constructive way and thus gives the exponential decay with constructive
constant. More specifically, we consider the single reversible reaction

Al —|—A2 = A3.

We assume for simplicity that the forward and backward reaction constants equal one.
Furthermore, |2| = 1. The corresponding system reads as

i1 + div gy = r(x) = =My (x122 — 3),
(45) Oypa + div o = ro(x) = —My(z120 — T3),
atpg + ding = 7”3(.’13) = +M3($133'2 — .1’3),

We conclude from total mass conservation r{ + r9 + r3 = 0, that M; + My = M;. There
are two (formal) conservation laws. The first one follows from

d d pi(t) | ps(t)
i ), (cr(t) + cs(t))dz = EL ( M + Wg)clz =0,

alt) +G(t) = Myz i= &) + &3,

leading to

where 0 = p0/M; = §o pYdz/M;. The second conservation law reads as

G(t) + () = Mos := & + .

101
QZ(O 1 1)’

and we can choose ¢ = (M;, Ms) since the conservation of total mass, M; + My = Mg,
gives (Q = (My, My, M3) = M. The initial mass vector M° = (M3, Ma3)" satisfies
CMO = M, Ms5+M,;Msys = 1. It is not difficult to check that the system is detailed balanced
and possesses no boundary equilibria, and thus, for any fixed masses M3 > 0, My3 > 0,
there exists a unique positive detailed-balanced equilibrium ., = (2100, Tos, T30) " € (0,1)3
satisfying

The matrix Q in this case is

T100T200 = L300,  Lloo + L2 + Tz = 1,
(46)
Clo + C300 = Mi3,  Cop + C300 = Mg,
where ¢io = CopTiop and ¢y, = (M1 T100 + MaToy + M3w3,) L. We claim that we can prove
Lemma 21 with a constructive constant. More precisely, we show the following result.
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Lemma 26. There exists a constructive constant Cy > 0, only depending on c;o, and the
upper bounds of ¢; (i =1,2,3), such that

(47) (Vava - vave)' = Z(\f Vein)”

for all nonnegative numbers ¢; and ¢ satisfying
¢l + 3 = Mz = Cio0 + C300,
(48) Cy + C3 = Mas = oo + C300,
Cl+cy+cC3=r¢C.
Proof. We introduce new variables p, pg, g, n € [—1,00) by
G = Cin(1 4+ p3)? fori=1,2,3, ¢=cu(l+n)?

recalling that ¢, = 10 + 250 + €300. The uniform bounds for ¢; show that there exists a
constant fiymay > 0 such that |u;| < fimax for @ = 1,2, 3. Then the left-hand side of (47) can
be formulated as

(Vava = Vave) = (dzez (4 m) (1 + o) = SRl (1 + ) (1 + 1))

= 10020 (1 + p1) (1 + pi2) — (1 + p3)(1 + 77))2’

where we have used C1p0Co0y = T10pTo0C = T300C% = C300Ce, Which follows from z;, =
Cion/Coo and the first equation in (46). Furthermore, the right-hand side of (47) is estimated
from above by

3
2
z; (V@ — eio) Z Cioolly < JNAx Cis: Z; T
7 1=
Therefore, it remains to prove the 1nequahty

(49) (14 ) (14 o) — (14 ps) (L) = € D g2

i=1
for some constructive constant C* > 0.

In terms of the new variables y;, the conservation laws in (48) can be written as

(
Croo (113 + 2p1) + C300 (3 + 2u3) = 0,
Coos (13 + 2412) + Caoo (13 + 2413) = 0
Together with the last equation in (48), we obtain

(51) Croo (117 + 2p1) = Cooo (5 + 2p12) = con (1 + 2).

Since p; = —1 and n = —1, we deduce from (50) and (51) that pq, 2, and n always have
the same sign and pg3 has the opposite sign. We consider therefore two cases:

Case 1: py, pi2, 1= 0 and pz < 0. Since n? +21n = 0 and ¢y, = 1o + Coop + C300, it follows
from (51) that

(50)

Croo(1] + 2111) = coo(n” + 21) = c100(n” + 21)
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and hence p; = 7 (as z — 2% + 2z is increasing on [—1, o0)). Similarly, we find that us
Therefore,

(14 p) (L + p2) = (14 p3) (L +n) = (1 — ) + p2 + pape + (—ps) + (—pz)n = 0.

Taking the square of this equation, it follows that

2
(14 ) (L4 pr2) = (U )L+ 1)) = (1 =) + piz + (—p13))
> (1 — )" + g + (—ps)? = p3 + 13
Exchanging the roles of u; and us, we find that
(1 + ) (1 + pr2) = (1 + ps) (1 + )

Adding these inequalities, we have proved (49) with C* =
Case 2: uy, pa, 1 <0 and pz = 0. Because of 5% + 21 < 0, we have

Cloo(ﬂl +2m) = Coo(n +2n) < Cloo(77 +2n),
which yields p; < n. Similarly, puo < 7. A similar argument as in case 1 leads to

(L4 pa) (L +mn) = (L4 p) (1 + p2) = ps(L+n) + (7 — 1) + (—p2) (L + 1) = 0.
Hence, taking the square,
(14 ) (14 ) = (4 ) (14 m)° = (514 1) + (0 = ) + (—p2) (14 )
(52) > p3(1+m)*.
We deduce from (51) that
(1+

>M +Ms
1
2"
0,

Co(1 4+ 1) = oo + Coo(? +20) = o + Crop(pi? + 2411)
= Coo + C300 + Croo(1 4 p1)>.
Consequently, (1 +1)? = (caso + C300)/C0o and (52) becomes

(53) (14 )1+ p0) — (14 )14 ))° > 2202 2

Co

We infer from csq (g + 2u3) = 10 (13 + 2p1) (see (51)) that

Cloo(pt1 + 2) Cloo
o = CE N ) 2 () 20,
where fimax = max;_; 23 it;. Taking the square gives
2 C%oo 2
1u3 ng (,Umax + 2)2 [1’17
and similarly,
2
,U/?') 200 2

=
C3oo(lumax + 2>2M2

We employ these bounds in (53) to obtain
2 *
(T ) (U p2) = (L4 ps) (L4 1m))" = CF(pf + i + 3),

= 1.
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where , )
1 . (coew + C300 i &
C* = — min : - , = 2%
3 { Coo Cgoc (Hmax + 2)? C%OO (Mmax + 2>2,U2
This proves (49) and completes the proof. O

5. CONVERGENCE TO EQUILIBRIUM FOR COMPLEX-BALANCED SYSTEMS

One of the main assumptions of this paper is the detailed-balanced condition (5). This
condition was used extensively in the thermodynamic community and it leads to a natural
entropy functional that is the core tool for the global existence analysis and the large-time
asymptotics. However, the detailed-balance condition requires that the reaction system is
reversible which is quite restrictive. In chemical reaction network theory, it is well known
that there exists a much larger class of reaction systems, namely so-called complex-balanced
systems which also exhibits an entropy structure; see, e.g., [13, 18, 20] for reaction-diffusion
systems. In this section, we show that the global existence and large-time behavior results
can be extended to systems satisfying the complex-balanced condition. We only highlight
the differences of the proofs and present full proofs only when necessary.

Consider n constitutents A; reacting in the following N reactions,

yl,aAl + +yn,aAn ﬁ’ y:lhaAl + +y;’aAn fOl" a = ]_,...7N,

where k% > 0 is the reaction rate constant and y; ., y; , € {0} U[1, ) are the stoichiometric
coefficients. We set y, = (1,4, ¥Yna) a0d Y, = (Y14, Una)- We denote by C =
{Ya, Y, }a=1, ~ the set of all complexes. We use as in [13] the convention that the primed
complexes y/, € C denote the product of the ath reaction, and the unprimed complexes y, €
C denote the reactant. Note that it may happen that y, = y; for some a, be {1,..., N}.
This means that a complex can be a reactant for one reaction and a product for another
reaction.
The Maxwell-Stefan diffusion system consists of equations (1), (3), and

N n
(54) ri(@) = M; >k (Y, — yia)a¥e  with ¥ = [}
=1

a=1

We assume again the conservation of total mass, expressed as

1

n

(2

Definition 1 (Complex-balance condition). A homogeneous equilibrium state &, is called
a complex-balanced equilibrium if for any y € C, it holds that

(55) Z k¥ = Z kbaye,
ae{l,....N}:ya=y be{l,.., N}y =y
Roughly speaking, . is a complex-balanced equilibrium if for any complex y € C the

total input into each complex balances the total flow out of the complex. The condition
is weaker than detailed balance since it does not require each step in the forward reaction
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to be balanced by a reverse reaction. We say that system (1), (3), and (54) is a complex-
balanced system if it admits a positive complex-balanced equilibrium. Already Boltzmann
studied complex-balanced systems in the context of kinetic theory, under the name of
semi-detailed balance [2]. For chemical reaction systems, this condition was systematically
studied in [17, 27].

The existence of global weak solutions to (1), (3), and (54) follows as in Section 2. We
just have to verify that Lemma 6 also holds in the case of the reaction terms (54).

Lemma 27. Let ¢, be a positive complez-balanced equilibrium and let the entropy variable
w € R"! be defined by w; = 0h/0p;, i = 1,...,n — 1, where h is given by (8). Then for
all © € R™, considered as a function of w

n—1
Z ri(x)w; <0
i=1

Proof. By (18) and definition (54) of r;, we compute

|
—

n

1=1 i=1 xzoo a=1 Lico
N /_
oy xrYa"Y
- Z k%z¥ In Y.~y
a=1 wOOa
N Ya xYe my:z xrYe myz/z
I In
0 Ya Ya y! Ya Yy,
a=1 0 Lo Lo Lo Lo
N /
ka Ya mya mya
N Z Lo\ 2o ~ —ub
a=1 o Lo

The expression in the curly brackets {---} equals W(x¥% /z¥, my&/mé{é), where U(z,y) =
xIn(x/y) — = + y is a nonnegative function. Hence, the first expression on the right-hand
side is nonpositive. We claim that the second expression vanishes. Then Z?;ll ri(x)w; < 0.
Indeed, by the complex-balanced condition (55),

N a A
) k%(zw_z_) 2( S war o 5 e )

o xeC a:Yaq= by =y
DNCIHIEES) kbmw)
yeC a:Ya= by =y
Yy
N2 (3w ¥ W) =0
yeC a:Ya=y by, =y

This shows the claim and ends the proof. [l
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Next, we show the existence of a unique complex-balanced equilibrium. For this, we
denote as before by W = (¢, — Ya)a=1,.n € RV the Wegscheider matrix, set m =
dim(ker W) > 0, and denote by Q € R™*" the matrix whose rows form a basis of ker(WT).
As in Section 3.1, the conservation laws are given by

Qe(t) = M° :=Qc®, t>0,
and there exists ¢ € RY™ such that (Q = M " and (M = 1.
Proposition 28 (Existence of a complex-balanced equilibrium). Let M° € R7 be an

initial mass vector satisfying (M° = 1. Then there exists a unique positive complez-
balanced equilibrium x., € R'y satisfying (55) and

(56) Qxy = MoiMixiooa ixm = 1.
iz1 im1

The proof follows from the case of detailed balance with the help of the following lemma.

Lemma 29. Let x,, be a positive complex-balanced equilibrium. Then the following two
statements are equivalent:

(i) The vector x, € R" is a complez-balanced equilibrium.
(i) It holds for alla =1,...,N:

y y
T T
/T /
y
" Lo
Proof. Let (ii) hold. We compute
Ya Y
m* .’B*
5 war = % varfh o2 S
T T
a:ya= a:ya=y a:ya=y
CU*
TS pare 3 va®
byb byb

Taking into account (ii), it follows that

i.e., x, is a complex-balanced equilibrium.
To show that (i) implies (ii), let x, be a complex-balanced equilibrium. Then r;(x,) = 0
for all e = 1,...,n, and the proof of Lemma 27 shows that

s Tz<$*) @ Ya)y CC* wgfl
Tt zmy ( w_y)

where we recall that U (z,y) = xln(:p/y) —rty> 0 and V(z,y) = 0 if and only if z = y.
The last property implies that x¥*/z% = x¥ /33 which is (ii). O

We prove a result similar to that one stated in Lemma 19.
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Lemma 30. The vector @ = (¢1,...,¢,,¢) € R satisfies
(57) 4/ 4/ foralla=1,...,N, Qw=M"
if and only if @ = wy, = (C1e0, - - cnoo,coo) and xo = (cloo/coo, e Cneo/Co) 1S a complez-

balanced equilibrium. Here, ¢, = Zi:l Cio and Q and M are deﬁned in (40).

Proof. Set x; = ¢;/¢ for i = 1,...,n. Then the first equation in (57) implies that, using
definition (22) of p* and v?,

N EYia " ;a @ n
() (2 a __ /
[ =1 o where " = 3 (o — vl)
. l a
i=1 i i=1 Cjy) % -1
This is equivalent to
!
mya mya
We conclude from Lemma 29 that x is a complex-balanced equilibrium. Furthermore, we
have
n n
1 1
St =30 L
, c c
i=1 i=1
Thus, we deduce from the conservation law Qw Y that

1
Qx = ~M° = MOZMixi.
¢ i=1
At this point, we can apply Proposition 28 to infer the existence of a unique vector = x,
which implies that W = w,,. O

Finally, we show an inequality which is related to that one in Lemma 21.

Lemma 31. There exists a nonconstructive constant C > 0 such that

i \/Eua _ \/Eya i > Cg (—,1/2 B 1/2)2
a=1 Woo Wo - i=1 “ e

for all w e R satisfying Qw = M.
Proof. We proceed similarly as in the proofs of Lemmas 24 and 21. We need to show that
\ inf Zivzl (\/ w/woo — ‘-"/""OO )
U€R1+1Z@w=ﬁ0 Z?:ll (@1/2 w1/2)

In view of Lemma 30 and the absence of boundary equilibria, it holds A > 0 if and only if
0 > 0, where

0= liminf
Qw=MO, G—we, ZT.H_l (@1/2 — w.1/2)2
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N 1 _ —1\2
e 25 (T e — )@ o))
Qw=M0, w—wy Z?:ll (Uz - wioo)zwi;%

This follows from a Taylor expansion as in the proof of Lemma 24. Now, we can follow
exactly the arguments in the proof of Lemma 21 to infer that 6 > 0 and consequently
A > 0, finishing the proof. U

The results in this subsection are sufficient to apply the proof of Theorem 1, thus leading
to the following main theorem.

Theorem 32 (Convergence to equilibrium for complex-balanced systems). Let Assump-
tions (A1) and (A3) hold and let system (1), (54) be complex balanced. Fiz an initial mass
vector M° € R satisfying (M° = 1. Then

(i) There exists a global bounded weak solution p = (py,...,pn)" to (1), (3) with reaction
terms (54) in the sense of Theorem 3.

(ii) There exists a unique positive complez-balanced equilibrium x., € R} satisfying (55)
and (56).

(i) Assume in addition that system (1), (54) has no boundary equilibria. Then there
exist constants C' > 0 and A > 0, which are constructive up to a finite-dimensional in-
equality, such that if p° satisfies additionally (@SQ cdz = M, the following exponential
convergence to equilibrium holds

Z |2:(t) = Tio| Lo (@) < Ce PP B[, ]/, ¢ >0,
=1

where 1 < p < w0, x; = p;/(cM;) with ¢ =% | pi/M;, and E[x|x] is the relative entropy
defined in (9), p is the solution constructed in (1), and T is constructed in (ii).
APPENDIX A. PROOF OF LEMMA 20

The proof of Lemma 20 is partially inspired by the proof of Lemma 2.7 in [20]. We divide
the proof into two steps, which are presented in Lemmas 33 and 34. For convenience, we
set W, = wim fori=1,...,n+ 1 and use the notation

W=Wi,....Wan1), W=(W...,Wyp).

Moreover, we define
5:() = Wilx) — T = Wi(x)—f Wids, 2eQ i=1,....n+1.
Q

Lemma 33. There exists a constant C' > 0 depending on Q, n, N, k}, and ky (a =
1,...,N) such that

(58) Dlwl = Y. (k) W — (2w )

a=1

where D is defined in (39).
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Proof. We use the elementary inequality ( — y)In(z/y) = 4(v/z — \/y)* to obtain

uo
k?w

a @ a, v a @ a v\ 2
f (Kjoh” = Kjw®) In 2o—dz >4J ((KDVPWH — (k)VPW™") dz.
Q b Q

This gives
n+1 n+1
Dlw] = Y [VWillfa) +4 2 (k)2 W — ()2,
i=1 i=1
The Poincaré inequality
HVVVZ'H%Q(Q) = CPH(SZ‘H%Q(Q)
then shows that
n+1 n+1
(59) Dlw] = Cp 2 |8:l72( + 4 Z [k 2 — () P

Let L > 0. We split €2 into the two domains
Qp={zeQ:|&@)|<Lfori=1,...,n+1}, QfF=0Q.

By Taylor expansion, we may write W = (Wi + 6,4 = W+ R¥(W;, 6;)0;, where R¥

depends continuously on W; and ;. Therefore,

a @ a ve |2
[(RE)2WHS — (k)P W g

r n+1 L . n+1 L . 2

> (D2 T TOW; + 60 — (k)2 [ [(W5 + 60| d=
Jor i=1 i=1
- ntl n+1 e 2

- | (kNPT OV + Rysr) — (k)2 [ [ (W7 + Rydi)| de
JEL =1 =1
r . — e n+1 2

- | (E)PW = (k) PW + Q% ) 6| da,
JL i=1

where Q* depends continously on RY,..., R}, and 0i,...,0,41. With the inequalities
(z+y)? = (=% —y?) and (307 2:)% < (n + 1) 3] 22, we estimate

a @ a ve |2
(kg 2w — (oW
1 — e a2 n+1
> Il ()W — )W) | @0+ 1) 3 6
L =1

1 . . . a2 n+1
> S 1| (() V2 = (k) 2 ) = L)+ 1) Y 16y,

i=1
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where we used the bounds |4;| < L in €, and W; < C in § to estimate Q*. Summing over
a=1,...,N, this gives

N N
a a 2 1 a W a =)
Z_: k 1/2WH (k) ) = §|QL| Z_:l <(l<:f)1/2W“ _ (kb)l/zw >

n+1

(60) —C(L)N(n+1) Z 10il172(q)

In QF, we wish to estimate ||0;]|z2(q) from below. For this, we observe that

N
> (U — (g W ) <C
a=1
Then, since > |6;| = L on Q5
n+l n+l 1 n+l 2
51'2 = J 51'2d2'>— ( 51) dz
Dl > X | WPz o | (0
L2 Q L2 Q 0 —pa 2
(6].) > | | | | ((k;u)lﬂwﬂ —(kg)l/QW ) )

il C (n+1)C 4
Inserting (60) and (61) into (59), it follows for any 6 € (0, 1) that

n+1 n+1

Dlw] = Cp Y. 62210y + 40 Y. (k) 2WH — (ki) 2w ]

L2(Q)
i=1 i=1

n+1 2
Op L |Q | 1255714 v 2
5 , ke /2 — (k@ 1/2
}:H e + 5 s >0a_1(( W — )W)

. a2 n+1
+ 20/ Z (k) 2" = (k)2 W) = 46C (L) (0 + 1) Y 161 e

a=1 i=1

N
>0 (W = gy ew Y,

where we have chosen 6 > 0 sufficiently small in the last step. This finishes the proof. [J

Lemma 34. There exists a constant C' > 0 depending on Q, n, N, k%, and kj (a =
1,...,N) such that
n+1 N N 2
DIVl PRz + Y (k) 2w = (k)W)
(62) i=1 =1

Q

Ci ( (kS 1/2\F” (kg)ug\/aua)%

a=1
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Proof. 1t follows from

18220 = Wi = Wil2oy = @i = Wi = (V& — Wi) (Vi + W)

that 161
dillz2(0)
= \w; — Z;i||6; , where Z;, = ———= >0
Vv 16l L2 () NG
Since ,
‘|5i‘|%2(9) ow =W Y —

77 = = - - <1,
TOWm AW (VE W2 W
we infer that 0 < Z; < 1.

We continue by performing a Taylor expansion:

n+1 n+1

W =T (V& = Zlole)™ = [T (V& + B8] 200)).

i=1 =1

where R} depends continuously on Z; and [|0;] z2(q). Therefore, with another function S*
depending continuously on Z; and [|0;] 12(q),

n+1
W = Ve + 5 6 2.

i=1

This shows that

S (0w — gyew)’

a=1

N n+1 2
2 ((k:a)l/z\fu (k)@ + ((KD)Y2 — (kg)V?) S Z |5Z~|L2(Q)>
a=1 i=1

> 1 (ka 1/2\/:“(1 (ka 1/2\F”a 2 C N) S*)2 o |(5 |2

= 2; f) w = (k) w — C(n, N)( Z:Z; Z‘L2(Q)
Then, by the Poincaré inequality with constant Cp, for some 6 € (0, 1),

n+1

Z Vw2 2dz + 2 ( P (k)P )

n+1 N

> Cp Z ||5i||2L2(Q Z ( k“ 1/2\ﬁu (kl?)l/?\/%”a>2
i=1

& Q - a 1/2\/*# ay1/2, /57" ?
> Cr 3 Wil + 5 05 (89 — (k)Va")

a=

n+l
—0C(n,N)( Z 16:113 20
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|

S (0@ - agyeva”):

> 2
a=1

The last step follows after choosing 6 > 0 sufficiently small. This is possible since S* is
bounded. The proof is complete. O

Proof of Lemma 20. Applying first (58) and then (62) leads to

N n+1
Djw] = f Ve, ?2dz

(Sl 122 Kt
( J |Vw,"|"dz + Z J (kfwh" — kfw”") In Fio dz)

n 1
+ J‘ ’Vu}l/2‘ dZ+OZ ( ka 1/2W (ka>1/2W >

i (@ — gy v’

The proof is finished. O
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