RIGOROUS DERIVATION OF
POPULATION CROSS-DIFFUSION SYSTEMS FROM
MODERATELY INTERACTING PARTICLE SYSTEMS

LI CHEN, ESTHER S. DAUS, ALEXANDRA HOLZINGER, AND ANSGAR JUNGEL

ABSTRACT. Population cross-diffusion systems of Shigesada—Kawasaki—Teramoto type
are derived in a mean-field-type limit from stochastic, moderately interacting many-
particle systems for multiple population species in the whole space. The diffusion term
in the stochastic model depends nonlinearly on the interactions between the individuals,
and the drift term is the gradient of the environmental potential. In the first step, the
mean-field limit leads to an intermediate nonlocal model. The local cross-diffusion system
is derived in the second step in a moderate scaling regime, when the interaction potentials
approach the Dirac delta distribution. The global existence of strong solutions to the
intermediate and the local diffusion systems is proved for sufficiently small initial data.
Furthermore, numerical simulations on the particle level are presented.

1. INTRODUCTION

The aim of this paper is to derive the population cross-diffusion system of Shigesada,
Kawasaki, and Teramoto [27] from a stochastic, moderately interacting particle system in
a mean-field-type limit. More precisely, we derive the system of equations

(1) O, = div(w; VU;) + A(aiui + u; Z f(aijuj)), u;(0) = up; in R? t >0,
j=1

where ¢ = 1,...,n is the species index, u = (u1,...,u,) is the vector of population den-
sities, and U; = U;(z) are given environmental potentials. The parameters o; > 0 are the
constant diffusion coefficients in the stochastic system, and a;; > 0 are limiting values of
the interaction potentials. In the linear case f(s) = s, we obtain the population model in
[27]. System (1) with nonlinear functions f have also been studied in the literature; see,
e.g., [6, 9, 18]. We assume that f is smooth but possibly not globally Lipschitz continuous
(including power functions). Our results are valid for functions f; depending on the species
type, but we choose the same function for all species to simplify the presentation.
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This paper extends the many-particle limit of [4] leading to the cross-diffusion system

(2) Oju; = div (aNm + Z aijuiVuj> in Rd, t>0,1=1,...,n,

Jj=1

which differs from (1) by the drift term, the nonlinear function f, and the diffusion term
div > 7 aiju;Vu;. System (2) is the mean-field limit of the particle system for N individ-
uals

n

N

1

@) A" ==Y =Y VBL(Y" = Y")dt + v 20dWE (),
j=1 (=1

Yooy =¢, i=1,....n, k=1,...,N,
where (WF(t))i>o are d-dimensional Brownian motions and ¢/, ..., &Y are independent and
identically distributed (iid) random variables with the common probability density function
up,;- The functions

(4) Bl (x) = n—dBij(@), e RY
n

are interaction potentials regularizing the delta distribution dy, i.e. ij — a;j0p asn — 0
in the sense of distributions.

System (1) is derived from an interacting particle system for n species with particle
numbers Ny, ..., N,, moving in the whole space R?. To simplify, we set N = N; for all
1=1,...,n. The key idea of this paper is to consider interacting diffusion coefficients:

N
4
&)

n N 1/2
1
dX" = —VU;(XMdt + (m +2 Z fn< BL(X" - ngm))) AWE(t),
(5)

j=1 1
(ki)

l

Xm0y =¢F, i=1,...,n, k=1,...,N,
where f, is a globally Lipschitz continuous approximation of f with a Lipschitz constant
smaller or equal than =% for some small @ > 0. In view of (4), we can interpret the scaling
parameter 7 as the interaction radius of each particle.

Equations (1) are derived from system (5) in the limit N — oo, n — 0, with the scaling
relation between n and N given in (9) below. First, for fixed n > 0, we perform a classical
mean-field limit from (5) to the following auxiliary intermediate system:

n 1/2
dX!, = —VU(X])dt + (202- L2 (B e, <YZ,Z»>)) AWH (h)

J=1
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where we set un’j(yzﬂ-) = Un,j(@yz,i(t)) for j = 1,...,n. The function u, ; satisfies the
nonlocal cross-diffusion system

E)tum = le(unszUz) + A (aiuw + Up 4 Z fn(BZ x un,j)) s

j=1

(7)
Uy (0) =u mn R i=1,... n,

and will be later identified as the probability density function of YZ,L Note that we consider
N independent copies Yz?i, k=1,...,N, and the intermediate system depends on k only
through the initial datum.

Then, passing to the limit N — oo, n — 0 in (5) leads to the macroscopic system

N N n N 1/2
ka,i = —VUZ(Xk’z)dt -+ (20’1 + 2 Z f(a”u](Xkﬂ))> dWZk(t),
7=1

(8)
XP0)=¢€, i=1....n k=1,...N,

where the functions u; satisfy (1) and can be identified as the probability density functions
of Xj;. In this limit, we assume that there exists 6 > 0, depending on n, min; o;, and T,
such that

(9) n—2(d+1+a) < 610gN

holds, where @ > 0 depends on the Lipschitz condition of f, see Assumption (A4) below,
and that the function f and its dervatives or, alternatively the initial data, are sufficiently
small (see Section 2 for details). The main result of the paper is the error estimate

(10) sup E(Z sup ‘X,ivlfn(s) — )A(;”(s)’2> < C(T)np*t=),
k=1,...,N i1 0<s<T ’
We prove this estimate for the potential U;(z) = —3|z|?, but more general functions are

possible; see Remark 1. Note that estimate (10) implies propagation of chaos; see Remark
6. In the case @ = 0, our scaling (9) for the multi-species case recovers the result in
[15], where a single-species, moderately interacting particle system with interaction in
the diffusion part was considered. Since we allow for not globally Lipschitz continuous
functions, our convergence rate is smaller, but for & — 0 we recover the rate in [15].
Next, we present a brief overview on the existing literature concerning mean-field lim-
its and moderately interacting many-particle limits in the context of diffusion equations.
Mean-field limits from stochastic differential equations have been investigated since the
1980s; see the reviews [12, 14] and the classical works by Sznitman [29, 30]. Oelschléager
proved that in the many-particle limit, weakly interacting stochastic particle systems con-
verge to a deterministic nonlinear process [23]. Later, he generalized his approach for
systems of reaction-diffusion equations [24] and porous-medium-type equations with qua-
dratic diffusion [25], by using moderately interacting particle systems. We also refer to
the recent work [5], which also includes numerical simulations. As already mentioned,
moderate interactions in stochastic particle system with nonlinear diffusion coefficients
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were investigated for the first time in [15]. Later, Stevens derived the chemotaxis model
from a many-particle system [28]. Further works concern the mean-field limit leading to
reaction-diffusion equations with nonlocal terms [13], the hydrodynamic limit in a two-
component system of Brownian motions to the cross-diffusion Maxwell-Stefan equations
[26], and the large population limit of point measure-valued Markov processes to nonlo-
cal Lotka—Volterra systems with cross diffusion [11]. The latter model is similar to the
nonlocal system (7). The limit from the nonlocal to the local diffusion system was shown
in [21] but only for triangular diffusion matrices. The many-particle limit from a parti-
cle system driven by Lévy noise to a fractional cross-diffusion system related to (2) was
recently shown in [8]. Furthermore, the population system (1) was derived in [7] from a
time-continuous Markov chain model using the BBGKY hierarchy. This paper presents,
up to our knowledge, the first rigorous derivation of the Shigesada—Kawasaki—Teramoto
(SKT) model (1) from a stochastic particle system in the moderate many-particle limit.

Porous-medium-type equations can be derived from stochastic interacting particle sys-
tems by assuming interactions in the drift term [10] or in the diffusion term [15]. We
allow for interactions in the diffusion part but in a multi-species setting. The paper [11] is
concerned with a multi-species framework too, but the authors assume bounded Lipschitz
continuous interaction potentials and derive a nonlocal cross-diffusion system only. We are
able to relax the assumptions and derive the local cross-diffusion system (1).

Compared to the work [7], we take the limits N — oo, n — 0 simultaneously. However,
our approach also implies the two-step limit. Indeed, we can first perform the limit N — oo
for fixed > 0 and afterwards the limit 7 — 0 on the PDE level; see Lemma 9 and Theorem
3. The simultaneous limit N — oo, n — 0, satisfying the scaling relation (9), gives a more
complete picture, since we can prove the convergence in expectation for the difference of
the solutions to the stochastic systems (5) and (8).

Finally, we remark that the cross-diffusion models (1) and (2) have quite different struc-
tural properties; also see [2, 3]. First, system (2) has a formal gradient-flow structure for
each species separately, while system (1) can be written, under the detailed-balance con-
dition [4], only in a vector-valued gradient-flow form. Second, the segregation behavior of
both models is different, i.e., segregation is stronger for the solutions to (2) than for model
(1); see the numerical experiments in Section 7.

The paper is organized as follows. We present our assumptions and main results in
Section 2. The existence of smooth solutions to the cross-diffusion systems (1) and (7) and
an error estimate for the difference of the corresponding solutions is proved in Sections 3
and 4, respectively. The proofs are based on Banach’s fixed-point theorem and higher-order
estimations. We present the full proof since the environmental potential U;(z) = —1|x|? is
not square-integrable, which requires some care; see the arguments following (22). Section 5
is concerned with the identification of the solutions to the local and nonlocal cross-diffusion
systems (1) and (7), respectively, with the probability density functions associated to the
particle systems (8) and (6), respectively. Error estimate (10), the main result of the
paper, is proved in Section 6. In Section 7, we present Monte—Carlo simulations for an
Euler-Maruyama discretization of system (5) and compare them to the numerical results
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from the particle system associated to (2). In the appendix, we recall some inequalities
used in the paper.

2. ASSUMPTIONS AND MAIN RESULTS

We impose the following assumptions:

(A1) Data: o; € (0,00) and &},..., &N are independent and identically distributed (iid)
square-integrable random variables with the common density function ug, for i =
1,...,n on the probability space (2, F, P).

(A2) Environmental potential: U;(z) = —3|z>,i=1,...,n.

(A3) Interaction potential: B;; € C;°(RY) satisfies supp(B;;) C Bi(0), where B;(0) is
the unit ball in R? and i,5 = 1,...,n.

(A4) Nonlinearity: f € W' (R;[0,00)) and f, € W*12(R,[0,00)) is such that
fn = f on [—a,,a,] and the Lipschitz constant of f, is less than or equal to n~* for a
fixed « € [0,1). Here, s > d/2+1 and a, — oo as n — 0. If f is globally Lipschitz
continuous, we set a = 0 and f,, = f.

Remark 1 (Discussion). Environmental potential: The sign of U; guarantees that the
populations are dispersed since the drift term becomes —z - Vu; — u;. We have taken
a quadratic potential U; to simplify the presentation. It is possible to choose general
potentials U; € C*(R?) such that VU; is globally Lipschitz continuous, D*U; € L*°(RY)
for k =2,...,s+2, the Hessian D?U; is negative semidefinite, AU; < 0, and D*U; for k =
3,...,sis sufficiently small in the L°°(R%) norm. Thus, we may choose U;(x) = —|z|*+g(z)
and ¢ is a smooth perturbation.

Nonlinearity: Since f is not assumed to be globally Lipschitz continuous, we need to
approximate the nonlinearity. The condition on the Lipschitz constant of f, ensures that
we have a control on the growth of the Lipschitz constant of f,, in the limit N — oo and
n — 0. This growth condition is needed in the proof of Lemma 9; see (34) and thereafter.
The condition s > d/2+1 ensures that the embedding H*(R%) — W1>(R%) is continuous,
and this embedding is needed to obtain solutions in H*(R¢) and to derive the estimates. [J

We introduce some notation. We set

R4
Bji(z) = n7By(|z|/n), Ay = IIBijlleies) = |Bjjllrimey and A = maxij1,.n Aij. Let
C, > 0 be the constant of the continuous embedding H*(RY) < L*°(R%) and set
(11) I = [_ZACSHUOHHS(Rd)a ZACSHUOHHS(Rd)]

Then, for small 7 > 0 such that a, > 2AC||ug|| s (re), we have f, = f on I.
First, we ensure that the nonlocal and local cross-diffusion systems (7) and (1), respec-
tively, have global smooth solutions.

Theorem 2 (Existence for the nonlocal system). Let Assumptions (A2) and (A4) hold,
up € H(R:R™) for s > d/2+1, and let n > 0 be such that a, > 2ACq||ug]| gsray. There
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exists € > 0 depending on ug such that if || f|
solution u, = (Up1, ..., Uy,) satisfying

Ui € L(0, 00 H*(R")) N L*(0, 005 H*TH(RY)),

sty < €, system (7) possesses a unique

Hun”%m(O,T;HS(Rd)) + O-*Hvuﬂ”%z(o,oo;HS(Rd) < HUOH%S(Rd)v
where 0 < 0, < O = MiN—y ;.

The dependence of € on uy can be made more explicit. The proof shows that we need
to choose 0 < € < Cail/iiHuoH;Ii(Rd), where C' > 0 is independent of uy and o;. Thus, if
| fllcs+1(ry is finite, the global existence result is valid for small initial data.

Theorem 3 (Existence for the local system). Let uy and n satisfy the assumptions of
Theorem 2. Then there exists ¢ > 0 depending on ug such that if ||f||cs+1) < €, system
(1) possesses a unique solution u = (uq, ..., u,) satisfying

u; € L=(0,00; H¥(RY)) N L*(0,00; H¥™(RY), i=1,...,n,
12117 < (0. 00175 () T T IV F2(0 o s ety < [1tt0]| T gy

where 0 < 0, < omin. Moreover, with the solution u, from Theorem 2, it holds that for an
arbitrary T > 0,

[l =ty | Lo 0,7 L2 (rey) + 1V (0 = ) || 220,7522(R0)) < C(T)1-
Next, we state an existence result for the stochastic particle systems (5), (6), and (8).

Proposition 4. Let Assumptions (A1)-(A4) hold, n > 0, N € N, and let &, ... &F
for k = 1,...,N be iid random wvariables with values in R? and with density function
Ug = (u0,1> N ,U(),n). Then:

(i) There exist unique square-integrable adapted stochastic processes with continuous
paths, which are strong solutions to systems (5), (6), and (8), respectively.

(ii) For each t > 0, the (nNd)-dimensional random variables X" (t) and X(t) possess
density functions U, (t)*Y and @(t)®N with respect to the Lebesque measure on R™ 9 re-
spectively.

The proof follows from [16] and [22]. Indeed, Theorem 2.9 in [16, page 289] shows that
there exist continuous square-integrable stochastic processes, which are strong solutions to
(5), (6), and (8), respectively. Strong uniqueness is guaranteed by Theorem 2.5 in [16, page
287]. We conclude from [22, Theorem 2.3.1] that X, (¢) and X (t) are absolutely continuous
with respect to the Lebesgue measure and thus, they possess density functions @, (¢, z)*"
and u(t, z)®Y, respectively. We prove in Section 5 that the density functions u, and @ can
be identified with w, and w, the solutions to (7) and (1), respectively.

The following theorem is our main result.

Theorem 5. Let X,f/,\;"7 and )A(;“ be the solutions to (5) and (8), respectively. Then there
exist parameters & > 0, depending on n, oy, and T, and € > 0, depending on ug, such
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that if n=24+1+2) < §log N and ||f]|

cs+1(r) S €,

sp B(Y sup (067 = T ) < O o)

k=1,..N \ 55 0<s<T
where o > 0 is defined in Assumption (A4).

Remark 6. It is well-known that this result implies propagation of chaos in the single-

species case; see, e.g., [14, Section 3.1]. In the multi-species case, this generalizes for fixed
. . . . N, N,

k to the convergence of the k-marginal distribution Fy(t) of (X7 (t),..., X} (t)) at any

time ¢ > 0 towards the product measure ®}_,u;,(-,t) as N — oo, n — 0, i.e.

k
w2 (Fk(t), ) wi, (- t)) < kC(T,n, Omin) — 0,
(=1

where W, denotes the 2-Wasserstein distance. OJ

3. PROOF OF THEOREM 2

We prove the global existence of smooth solutions to the nonlocal system (7). Since 7 is
fixed in the proof, we omit it for u, to simplify the notation. We split the proof in several
steps.

Step 1: Local existence of solutions. In this step, the smallness conditions on n and f
are not needed. The idea is to apply the Banach fixed-point theorem on the space

XT = {’U € LOO(O,T; HS(Rd;Rn)) : HUHLOO(O,T;HS(RUZ)) S QHUOHHS(Rd)},

where T' > 0 will be determined later in this proof. We define the fixed-point operator
S : Xp — Xr, S(v) = u, where u is the unique solution to the linear problem

(12) i = div(w; VU;) + A(ui(o; + Ki(v(t,2)))),  wi(0) =ug; inR% ¢ >0,

with Ki(v) = >0, f(B; xv;) > 0,4 = 1,...,n. We need to show that S is well
defined. We infer from Young’s convolution inequality (Lemma 11) and the embedding
H*(R?Y) — L*°(R?) that

sup | VEG(0) || e ey < O Il VB aggay sup (v (8)] po zay
0<t<T = 0<t<T

(13) < C) Y vyl ooy < 00,

J=1

i.e., K;(v) is globally Lipschitz continuous. Therefore, a Galerkin argument to verify
higher-order regularity shows that, for given v € Xy, there exists a unique solution wu; €
L>=(0,T; H*(RY)) N L2(0, T; H*Y(R?)) to (12). It remains to show that u = (u1,...,u,) €
Xp for some T > 0. The estimations are not difficult, but since VU; is not square inte-
grable, some care is needed.
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First, we prove higher-order estimates for K;(v). Let a € N¢ be a multi-index with order
la] =m <'s. By Lemma 13 and Young’s convolution inequality,

/ 1D K (0) |72 ey At < C/ ZHf s oy 1B 03 150 | D (B . 07) 132y
m 2(m—1) o
<C 77)/ Z B gy |05 7 ) D057 2 gy It
0 j=1

(19 Z I

where here and in the following, C > 0, C(n) > 0, etc. are generic constants with values
changing from line to line. In a similar way, applying Lemmas 11 and 12,

Hs Rd dt< o0,

sup |[[D*VEK;(v)|? <C su D(f (B % v;)VB x v 22
0<£TH )2 @ey < 0<05T; | D (f( i) Il (RY)
<C sup Z(nf 1+ 03) Lo ) IV B ey 11 D703 2
0<t<T
(15) + 1 D™ (£, (B % vi)ll 2wy |V B || 1 ey || v51]] os Rd)> < C(n),

since, according to Lemma 13, we can bound supy,7 [|[D™(f; (Bij * v;)) || ,2(re) in terms of
[ folles+i @y, 1Bl 21 way, and supgyep [|0) ]| s (may, and it holds that ||VB |1 ®e < C(n).

We proceed Wlth the proof of u € Xy for some T > 0. Applying D® to (12), multiplying
the resulting equation by D%u;, and integrating over (0,7) x R for 7 < T yields

1 1 T
(16) - |D°‘ui(7')|2dx— —/ |DaU07i|2d$+Ui/ |VDau,|2dxdt: Il +]2+]3,
R4 2 R4 0 JRd

2

where

—/ / VDo‘ui . DQ(UZVUz)d(L’dt,
0o JRrd
—/ / VD%, - DY(Vu; K;(v))dxdt,
0 Jrd
= —/ / VD% - D%(uw; VK;(v))dzdt.
0o JRrd

First, let |a| = m = 0. Then, integrating by parts in /7, using Young’s inequality, and
observmg that U;(z) = —1[z/?,

// ui AU dzdt = ——// uidrdt <0,
Rd ]Rd

—/ K;(v)|Vu;[*dzdt <0,
0 Jre
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o [T 2 1 2 ' 2
I3 < 5/0 y |V, |*dzdt + 20i|’VK1(U)‘|L°°(O,T;L°°(Rd))/(; [[will72 ey de,

where we used K;(v) > 0 for I,. It follows from (13) that
o [T 2 ! 2
Il+[2+13 S —/ \Vuzy dxdt—l—C/ HUZ'HLQ(Rd)dt,
2 Jo Jra 0

where C' > 0 depends on the L*°(0,T; H*(R%)) norm of v. Inserting this estimate into (16)
with o = 0 and applying the Gronwall inequality, we infer that

/ u; (7)2dx + Z/ |V 2dadt < C(ug)e®T.
R4 2 0 R4
This shows that u; is bounded in L*°(0,T; L*(RY)) and L?(0, T; H*(R?)).
Now, let || = m > 1. Then, integrating by parts, using AU; < 0, and applying Young’s

inequality again,

1 [T T
h= _/ / (Dus)* AU;dedt ~ / VD%u; - (D*(w;VU;) — D*u;VU;)dxdt
2Jo Jra 0o JRrd

a [T N i .
gz/ Rdwp wil’dedt + ) /cﬁnp O[22y | DOV Ui} e (y
0 0

0<|B8I<]e]
< ﬁ/ |V D%y |*dzdt + O/ "ui’|121[m*1(Rd)dt’
4 0 JRd 0

where we used the fact that DVU; is bounded for |3] = 1 and vanishes for |3| > 1. It
follows from integration by parts, K;(v) > 0, and Lemma 14 that

I = _/ VD%, - (D"‘(VuiKi(v)) — VDo‘uiKi(v))dxdt
0 Jre
_/ K;(v)|V D% |*dadt
0o Jrd
g; T o T o
<% [ [ 9Dt uPdade € [ (IDE)een D™ Ve
o Jr 0

m 2
+ [ D™ K (0) | 2 ) | Vi | oo ety ) “davdt.

We infer from estimates (13) and (14) for K;(v) and the embedding H*(RY) — W1 (R9)
that

I, < ﬁ/ |VDaui|2dxdt+C/ ||ui|§{5(Rd)dt.
4 Jo Jra 0

Finally, we use Lemma 12 and estimates (13) and (15) to obtain
o (7 o ’ m
E<% [ [ vorupasdt o [ [ (i ID"V K]
0 Jre 0 Jrd

m 2
+ ||D ui||L2(Rd)||VKi(U)||L°°(Rd)) dadt
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HS(]Rd)dt

< ﬂ/ ]VDauidedtJrC’(n)/ 12
4 0 R4 0

Inserting these estimates into (16) and summing over |a| < s, we arrive at

O_Z T T
twy + 5 [ IV bay + 00 |l
Summing over ¢ = 1,...,n and applying Gronwall’s inequality gives

[u(7)]

Choosing T' > 0 sufficiently small, we can ensure that |[u(7)|| gsre) < 2[|uo|| gs(rey for all
0 < 7 < T. This shows that u € X, i.e., the operator is well-defined.

Next, we prove that S : X7 — Xp is a contraction. Let v, w € X7 and set v = S(v)
and w = S(w). Taking the difference of equations (12) satisfied by v; and w;, respectively,
using the test function v; — w;, and integrating by parts, it follows that

[[us(7)]

?{s(n@d)dt < [Juoy]

2

Hs(Rd) = HUO‘ T,

(T < Huo!

Hs(Rd)© Hs(R4)C

1 T
(17) 5 / (0; — w;) (7)*dx + ai/ |V (0; — w;)|*dadt = I + I5 + I,
2 R4 0 Rd

where

1 T
2 0 R4
Rd

Iy = —/O [ V(@ Kie) = Kiw) - V(0 — w)dade.

o

Because of K;(v) > 0 and estimate (13) for VK;(v), we find that, by Young’s inequality,
= — / K (0) |V (5 — 0) Pt — / / (5 — )V Ki(v) - V(5; — @;)dadt
Rd Rd
<5 [ IV = 0t + Cl) [ 15— il V) e el

<% /Ww = ) syt + C /nw A"

It follows again from Young’s inequality that
Is < —/ IV (@ — @) 2 (gaydt + C (o / V@3 |7 () | K (v) = K ()| 2 eyt

(18) + C(Ui)/o 03] oo ey |V (B3 (v) = i (w)) |2z 2.
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Since w € X7, we have || V; || ooray < C|0;] s (ray < Cluo) and ||| poomay < C(ug). We
use the fact that f, and f are globally Lipschitz continuous:

[ Ki(v) — Ki(w)]| 2y < C(n) z”: | B * (v; — w)) || ey < C()llv — wll2(ray,
IV (Ki(v) = Ki(w))][ p2ray < Z [(fy (B * v5) — fo (B * w;)) Bl x V| 12 may
+ Z Hf Lk w;) VB (v — wy)|| 2 ray
Z ||UJ w]||L2 Rd)HB 2 Rd)HVUJHLOO(Rd)

Z ||VB L1 rayllv; — wjl L2 (re)
<C(n )HU - w”L?(Rd)-

Inserting these inequalities into (18) and summarizing the estimates for Iy, I5, and Ig, we
conclude from (17) and summation over i = 1,...,n that

1, Oj
Sl - HBW+Z:/HV — )t

< C /O 19— l[7 ey dt + Corl|v = Wl g rir2 gy
We apply Gronwall’s inequality and the supremum over 0 < 7 < T to find that
12 = @l 07,20y < Coe™ v = wllZoe 07,12y,

Thus, choosing 7' > 0 such that Coe®*TT < 1, we infer that S : X7 — X7 is a contraction.
By Banach’s fixed-point theorem, there exists a unique solution u € L>(0,T; H*(R%)) N
L*(0,T; H*H(R?)) to (7).

Step 2: Uniform estimates. Let u = u, be the unique solution to (7). We know from
Step 1 that [[u;(t)||peemay < 2C||lus(t) ]| prsray < 20| uol| rsray for any 0 <t < T. Recall
that T = T'(n) and hence we do not have uniform estimates in 7 even for small 7" > 0
at this step. We apply D* to (7) (with |a| = m < s), multiply the resulting equation by
D%u;, and integrate over (0,7) x R? for 7 < T, similarly to the corresponding estimate in
Step 1:

1 1

(19) 5/ ’Daui(T)th — 5/ \Do‘uo,i\2dt + O'i/ / ‘VDaulPdl'dt = I7 + 18 + [9,
Rd Rd 0 Rd
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where

I = — / VD%, - D° (4, VU;)dxdt,
0 R4

]8 = —/ VDa’LLZ‘ . Da(VUZKZ(U))dQTdt,
0 R4

Iy = —/ VD%, - D%(u; VK;(u))dzdt,
0 R4

and we recall that KG(u) = >0, fy (B * u;).
First, let m = 0. Arguing similarly as for I; and I, we find that I; < 0 and Ig < 0. We
estimate VK;(u) =37, f;(B}} * u;) B * Vu:

(20) IVl 2@y < AY 5Bl * )| e ey | Vitg | 2 gay,
j=1

77777

Iy < H“i“Lw(o,T;Lw(Rd»/ IV | 2y |V Ko (w) | 2 ety
0

< Clluo|

ety Y (B # )| o o,rinme ety /0 IVt 172yt
j=1

From this point on, we will need the smallness condition on f, and f;. Because of

(21) 1855 * i (D)l L way < Bl 12 ey sl (2)]

oy < 2AC||uol| s (ray,

where C; > 0 is the constant of the embedding H*(R?) < L®(R?), (B, * u;(t))(z) lies in
the interval I = [=2AC,||uo | s (ray, 2ACs ||ug|| grs(ray] for 0 < ¢ < T and x € R%. On this
interval, f, = f if n > 0 is sufficiently small. From now on, we use f < ¢ and |f'| < e on
I for a small € > 0. Thus, we have

Iy < Cel|ug|

Hs(Rd)/ Vil 72 ray dt.
0
Inserting these estimates into (19), we conclude that
i (T2 ey + (03 = O€HuoHHs(Rd>)/0 Vil 72 gy dt < Nluollz2ge)-
Choosing ¢ > 0 sufficiently small, this gives an estimate for u; in L>(0,T; L*(R%)) N
L2(0,T; HY(RY)).

Next, let m > 1. The estimate for I7 is delicate since VU, & L2(Rd), and the corre-
sponding estimate for I; cannot be directly used. We split I7 into two parts:

I7 = / DauiDa(Vui . VUZ -+ UZAUZ)dQ?dt
0 R4
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— / Duy(D*(Vu, - VU;) — D*Vu; - VU;)dadt
0 R4

(22) + / D%u;(D*(w;AU;) — Du; AU; ) dadt,
0 R4

noting that the second terms in both integrals are the same (with different signs) because
of
1 1
— D%u;D*Vu; - VU;dx = —= V(D“u;)?AU;dx = —/ (D%u;)*AU;dz.
Rd Rd 2 Rd

Moreover, the last integral in (22) vanishes since AU; = —1. In the first integral of the
right-hand side of (22), the first-order derivative of U; cancels, while the second-order
derivative equals 9°U;/ Ox;j0xy = —0j; and all higher-order derivatives of U; vanish. Then
a straightforard computation leads to

I; = —d/ / (Du;)*dadt < 0.
0 Jrd

For the estimates of Iy and Iy, we need a smallness condition on f and its derivatives.
We apply Young’s inequality and Lemma 12 to estimate the (more delicate) term Iq:

gi (7o na "
B 5 [ 19D gt + (o) [ 1D K Bt

I . ! m
<% [ IVD gt + € [ (sl | D™V B e
0 0

m 2
"’ HD uiHLQ(Rd)”VKi(U)HLoo(Rd)) dt

Estimate (21) shows that f, = f and |f’| < e on I. Then, by similar arguments leading to
(20),
||VKZ'(U)||L00(Rd) < A€||VU||Loo(Rd) < EACS||VU| Hs(R%)-

Moreover, using Lemma 13, the embedding H*(R?) — W1°(R%), and m < s,

D™V K;(u)|| p2(ray < AZ IV || oo () | D™ (f (B * ui) )l 2 ey

7=1
< CZ||VUJ|

j=1

< eC||Vul

o) L o1 | B # w51 gy | By # D™ 2y

mo@y|[ullfe Rd)HDmUHB(Rd) < eC||Vul| s mayl[uo||3rs (ray

recalling definition (11) of the interval I. Consequently, the estimate for Iy becomes

a1Vl
a1Vl

Hs Rd

I < _/ IV D]+ Ce gl

The term Iy is treated in a similar way, resulting in

Hs ]Rd

I < _/ IV D% 23 gyt + O |3
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Set Opin = min;—;
1 =1,...,n that

Ju(r)| o) / IVl

Thus, for sufficiently small € > 0, we arrive at the desired estimate uniform in 7.

Step 3: Global existence and uniqueness. We have proved that [|u(7)]| gsmay < ||tol| s ey
for 0 < 7 < T for some sufficiently small 7" > 0. The value for T" does not depend on
the solution. Thus, we can use u(7") as an initial datum and solve the equation in [T, 277.
Repeating this argument leads to a global solution. The uniqueness of a solution follows
after standard estimates, based on the global Lipschitz continuity of f, and f; (see the
calculations for I, I5, and Ig) and choosing ¢ > 0 sufficiently small.

n0; > 0. We conclude from (19) after summation over |a] < s and

-----

?{S(Rd) + (Jmin - 052||u0| ?{S(Rd)dt S ||U[)| i[s(Rd)-

4. PROOF OF THEOREM 3

We show the global existence of smooth solutions to the local system (1) and an error
estimate for the difference of the solutions to (1) and (7), respectively.

Step 1. Existence and uniqueness of solutions. Let u, be a smooth solution to (7) and
let ¢ € C5°(RY) with supp(¢) C Bg, ¢ € C°([0,T]) be test functions, where B is a ball
around the origin with radius R > 0. Then the weak formulation of (7) reads as

T T
/ (Oyun i, O)C()dE = — / / i VU; - V¢ (1)dadt
(23) 0 0 R4

T
_ /0 /Rd (aiVun,i + v(un,iKi<Un))) . V¢C(t)d$dt,

where (-, -) is the duality pairing between H~"(R?) and H'(R?) and K;(u) = >, f,(B]; *
uj). We want to perform the limit 7 — 0. By the uniform estimate of Theorem 2, there
exists a subsequence, which is not relabeled, such that u,, — u weakly in L?(0, T'; H*™(R%))
and weakly* in L>(0,T; H*(R?)) c L>=(0,T; L>=(R%)) as n — 0. Our aim is to prove that
u is a weak solution to (1).

It follows from the proof of Lemma 7 in [4] that

Bl Vi, ; — a;;Vu;  weakly in L*(0,T; L*(R?)).
We claim that f, (B * uy;) = f(aiu;) strongly in L*(0,T; L*(Bg)). First, we observe
that u € L>(0,T; L>(R?)). The weak formulation (23) gives
10unill 207511 (Br)) < Nmill 20,22 [V Uill Lo (Br) + 0ill VUil 220,7502ma)
+ 1V ill L2 0.1;22 may) | i () || Lo (0,77, 100 ()
+ |l ill 20,2 ey [V K (wn) || oo (0,710 () -
Because of

[ i ()| oo 0,710 (rty) < Z | £ (B % wy i) || oo 0,750 eyy < Cllf llzoo(ny,

j=1
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||VKi(Un)||Lo<>(0,T;Loo(1Rd)) < Z ||f7/;(B * un])HLOO 0,T;L> (R4)) ||B * Vg | oo (0,710 (Rd))
j=1

< O||f/HL°°(I)HvuﬂHLOO(O,T;LOO(Rd)) < Clfuo| Hs(Rd),

we obtain a uniform bound for dyu,; in L?(0,7; H '(Bg)) (the bound might depend on
R). In particular, up to a subsequence, as n — 0,

Oty — Opu;  weakly in L*(0,T; H ' (Bg)).

Since w,, is uniformly bounded in L*(0,T; H'(Bg)), the Aubin-Lions lemma implies the
existence of a subsequence (not relabeled) such that

w,; — u; strongly in L*(0,T; L*(Bg)).
We use the Lipschitz continuity of f = f,, on I to infer that

1 £3 (B * uy ) — flaigug)l207.02(8))
< C|| B * (upy — u;) + Bji * uj — aijul|22(0,0:02(Br))
< CHB HL1 R4) ||unj - u]HL2(0TL2(BR + HB *U; — aijujHLQ(O,T;LQ(BR)) — 0.

This shows the claim. In a similar way, it follows from the Lipschitz continuity of f; that
FH(B*uy ;) — f'(aguy) strongly in L*(0,T; L*(Bg)).
The previous convergences allow us to perform the limit 7 — 0 in (23), leading to

T T T
O, dt = — VU, -V dxdt — VEFi(u) -V dxdt,
| == [ [ wvv-vocoasar~ [ [ VA - Voot

where F(u) = ui(0; + 37, f(aiuy)). Moreover, u;(0) = ug; in Bg for any R > 0. Thus,
u is a weak solution to (1). Standard estimates show that u is the unique solution, again
choosing £ > 0 sufficiently small.

Step 2: Convergence rate. We take the difference of (7) and (1), multiply the resulting
equation by w,; — u;, integrate over (0,7) x R? for any 7 > 0, and integrate by parts:

1
5/ (wni — u;)(T) dx—i—az/ / IV (uy; — u; )Pdedt = / / AU, (uy — u;)*dadt
R4 Rd

//VZ Ui (B * wyj) — wif (agug)) - V(uy; — ug)dadt.
Rd

j=1
The first integral on the right-hand side is nonpositive since AU; = —d. We split the
second integral into three parts:

—/ / Z V (i fo (Bl % wnj) — wi f (aijug)) - V(ug; — w;)dadt = Jy + Jo 4 Js,
0o Jre i

where

J = — /OT /}RdgV((um )fn(B * Uw)) -V (uy,; — u;)dadt,
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/ / uZ fn B * Up i) — fn(aijunvj))) -V (uy,; — u;)dadt,
Rd

_/0 /Rd Z v(ui(fn(&ijun’j) o f<aljuj))) ’ v(“ﬁ,i - Ui)d$dt.

We start with the estimate of J;. The families (B *uy ;) and (B}; * Vu, ;) are bounded
in L>=(0,T; L>®(R?)). Using || fl| ey = | fl|Lee(r) < € and Young’s mequahty, we have

Ji < an(B?j * un,j)”Loo(o,T;Loo(Rd))/ IV (i — ui)H2L2(]Rd)dt
0

+/ [ U’iHLQ(Rd)“fq;(B;]j * Un,j)||Loo(o,T;Loo(Rd))

HB * vuﬁ]HLOO 0,T;L> (R4) HV(Un,L ui)HLQ Rd)dt

(26) ( +)/ 19 (s — 15 B gyt + C0) / ot — 2 g

Next, we estimate Jg = Jo1 + Jog, where

Jo = / VuZ f77 (B} * ) — folaijug;)) - V(uy; — u;)dzdt,
Rd

Jag = / / u; Z Lok uy ) Bl Vg, 5 — f,;(aijun?j)aijVun,j) - V(uy,; — u;)dzdt.
It follows that

Ja1 < [Vl oo (0.7;100 (e Z/O 1 fa(B * wnj) — folaijun )|l 2@y |V (i — wi) || 2 gy dt

/ 19 (s — Hmd)dth / Vo (B ) — gt ) 2ot

Since both B} * u, ; and u, ; are unlformly bounded in L>(0,T; L>°(R?)), we can choose
n > 0 sufficiently small such that f = f,, on /. On that interval, f is Lipschitz continuous
uniformly in 7. We use this information in

’/Rd (fn(BZ * Uy j) — fn(aijum> z)dz| < C/ |B * Upj — aij“n,j“g(x)’dl':

where g € L*(R?). Recalling that supp(B};) C B,(0) and a;; = [, Bijdz, we obtain

(fo(B % un ;) — folagun;))g(z)da

gC/
Rd

‘Rd

[ B30 (st =) - un,j<x>)dy‘ 9(2)ld
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<c [ [ iyl [ 1956l Jaylotojas
= [ [ g ( [ 1900t = rlstjas ans

<n [ [ 1ByITsC = )l ol

< Cn/ | B (1Al Vsl 2 ey 9 2wy < Cnllgll L2y

n

By duality, we find that
I < % [ 19 (s = ) gt + O

The integral Jos is split into Jos = Joo1 + Joge, Where

J221 = / / U; Z f * uﬁj an * V’U/mj — aijVuw-) . V(un,i — Ul)dﬂfdt,
Rd

j=1
Joze = / /d Ui Z j % Un.j) fr/,(aij“n,j))aijv“n,j - V(g — ug)dadt.
RE =1

We infer from the uniform boundedness of B« u,, ; in L=(0,T; L>*(R?)) and the fact that
[y, = f" on I for sufficiently small > 0 that

T T
0
Joo1 < E/o IV (g = wi) [ 72 aydt + C/O 1B * Vtyj — ai; Vi |2 (e dt

g; T T
S E/() Hv(uﬁ,’b - UZ)H%/Q(Rd)dt + CTIQ/O ||D2U’T],j||%2(Rd)dt

where we estimated the difference ij * Vuy, j — a;;Vu, ; similarly as for Jy;. Furthermore,
the Lipschitz continuity of f] = f" on I leads to

Jag2 < C/ il oo ey | B * i j — @ijig sl 2y Vg 5] oo may |V (g — i) || p2raydi

< 7o [ 19 = gt + O [ 1Vt

Summarizing these estimates, we infer that
T < G [ 19 s = ) gt + O
and combining the estimate for Jy; and Jso,

(27) J2 < —/ HV Up,i — ”LQ Rd)dt + 077
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It remains to estimate J; = J3; + J3o, where
Js1 = —/ /d > (falagguyg) = Flaguy) Vi - ¥ (uy; — ui)dadt,
0 JreST]

J32 = / / U Z T (@it g)ag Vg — f'(agu;)ag Vi) - V(uy; — ug)dadt.
Rd

7=1

Similar arguments as above yield
T < % [ 19 g 0 it + C [ Il — el
31> g ; ni — Wi)ll12(rd) ; ill Lo (Re) I Un L2(R4)
< 2V (s — ) 2oy dt + C [ [ty = ul| 22 g dt
=%, ni — Wi)ll12(rd) b L2(R9)

The second term Jss is again split into two parts, J3s = J321 + J300, Where

J321 = / /d w; Z (ajjun.;) f;](aijuj))aijVum -V (uy; — u;)dzdt,
R

j=1

J390 = / / u; Z ag; (fr(aiju;)Vuy; — f'(agu;)Vug) - V(g — ug)dzdt.
Rd

7=1

Using the Lipschitz continuity again, f; = f" on I, and [f’| < ¢, we deduce that
J301 < Cllwg]| poo 0,7; 00 (R4 / Z 1V 5]l poo (may |5 — |l L2y [|V (i — i) || 2 aydt
<% [ 19— ) Bt + € [ g = sy
J399 < C/OT Zn: 1 (i) || Lo @y |V (g — ui) | L2y |V (i — wi) || L2mey dt

< e [ IV (= 0Bt

This shows that

g; T i
Jsp < (§ + Ce) / IV (i — wi) |72 ey At + C/ [ty — |72 (gay-
0 0

Summarizing the estimate for J3; and J3z, we arrive at

O_Z T T
@) hs (FCe) [V Bt [y~ ulfadt
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Finally, putting together the estimates (26), (27), and (28), we infer from (25) that

‘ /0 /]Rd Z v(un,zf’r](BZ * Un,j) — uif(aijuj)) . v(u’q,i _ Uz)dl’dt‘
7j=1

30i T T
< (3w c2) [ 19t = w) a4 € [y e + O
0 0

This is the desired estimate for the last integral in (24). We conclude for sufficiently small
e > 0 and after summation over ¢ = 1,...,n that

Ity = ) ety + i |9y = )t < € [ty = it + O
The proof ends after applying Gronwall’s inequality.

5. LINKS BETWEEN THE SDES AND PDESs

We show that the density function @ from Proposition 4 coincides with the unique weak
solution u to (1).

Theorem 7. Let the assumptions of Theorem 3 hold. Let )/(\'Z fori=1,...,n be the square-
integrable process solving (8) with density function u; and let u; be the unique weak solution
to (1). Then u = (uy,...,u,) solves the linear equation

(29) 8{121 = le(ﬂ1VUz) + A (alﬂz + ﬂz E f(al-juj)) m Rd, 1= 1, o,
=1
in the weak integrable sense, i.e.

/Rdai(t)qf)(t)dx — /Rd ug,:(0)dx — /Ot /Rd 20,6dzds
_ _/Ot/Rd ﬂiVUi-qudxdtJr/Ot/Rd ﬂi(ai—kéf(aijuj))Aqsdxds

for all ¢ € C5°([0,00) x R?) and t > 0, where we assume that the initial datum @;(0) = ug;

fulfils
(30) / upi(z)de =1, / up i (7)|z)*dr < 0.
Rd R4

Additionally, 1 = u in (0,00) x R4, u; > 0, and (30) is fulfilled for almost all t > 0 and
allt=1,...,n.

Proof. Since )A(;“ depends on k only via the initial data £F with the same law Ug,i, We can
omit the index k. Let ¢ € C5°([0,00) x RY) and set Fj(u) = 03 + Y7, f(au;). By Ito’s
lemma, we obtain

o(t, X;(t)) = 6(0,&) + /O tatqb(s,)?i(s))ds— / t VUi(s) - Vo (s, X;(s))ds

0
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(31) +/0 E(u()?i<3)))A¢(5>)?i(5))dS+/0 Fi(u(Xi(5))) Vo (s, X (5)) - dWWi(s).

We claim that the density function @; : [0,00) — Pa(RY), where Py(R?) is the space
of all density functions with finite SeCOI/l\d moment, is continuous with respect to the 2-
Wasserstein distance Ws. Indeed, since X is square-integrable, we have ;(t) € Py(R?) for
almost all ¢ > 0 and the limit s — ¢ in the Wasserstein distance leads to

Wa(@;(t), @i(s)) = inf { (B(|Y; — Ya[>)) " Law(V;) = Gs(t), Law(Ys) = ts(s)}
< (B(Xi(t) = Xi(s)) " =0,

using the facts that )A(Z is continuous in time and has bounded second moments. This shows
the claim. We conclude that the point evaluation u;(t) is well defined.
The previous argumentation shows that we can apply the expectation to (31) to obtain

[ ot = [ w0 ®+/Aﬂz@¢mm8
//Ru WU, - V(s dz:ds+//Rduz F(u(s)) Ad(s)dads

This is the very weak formulation of (29), showing the first part of the theorem.

Next, we verify that the solution to (29) is unique. More precisely, we take ug = 0 and
show that w;(t) = 0 for almost all ¢ > 0. The statement is usually proved by a duality
argument. However, the coefficients of the dual problem associated to (29) are not regular
enough such that we need to regularize it. As the proof is rather standard but tedious, we
only sketch the arguments. Let x; be a family of mollifiers and consider the regularized
dual backward problem on the ball Br around the origin with radius R > 0:

Orwgr — VU; - Vwg g + (xi * Fi(u))Awg g =0 in Bg, 0<s <t,
wgr=0 ondBg, wyr(t)=ge¢cC;(Br) in Bg.

We extend the unique smooth solution wy gz to the whole space by setting wir = 0 on
R \ Bg. Since the extension may be not smooth, we choose a cut-off function ¥p €
C>*(RY) and use wy gtbr as an admissible test function in the very weak formulation of
(29). Standard estimations give bounds for wy g uniform in & and R. Then, passing to
the limit & — co, R — oo in the weak formulation shows that [, ¢(x)u;(s,z)dz = 0, and
since g was arbitrary, we conclude that u;(s) =0 for 0 < s < ¢.

The weak solution u to (1) is also a very weak solution to (29). Therefore, by the
previous uniqueness result, u = u. O

Similar arguments lead to the following result that relates the solutions %, and w,,.

Theorem 8. Let the assumptions of Theorem 2 hold and letn > 0. Let 721 fori=1,...,n
and k = 1,...,N be the square-integrable process solving (6) with density function ;.
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Then T, = (W1, ..., Uyy) solves the linear problem

8,5@7771- = dlv(ﬂn,zVUz) + A (O-iﬂn,i + ﬂmi Z fn(BZ * un’j)) m Rd’ ] = 1, e,y

J=1

with initial datum W, ;(0) = ug,;, which fulfils (30), where u,; is the unique weak solution
to (7). Then u, = u, in (0,00) x RY, u,; >0, and

/ Upi(z, t)de =1, / (7, )|z’ dz < 0o
R4 Rd

for almost allt >0 and allt=1,...,n

6. PROOF OF THEOREM b

The proof is split into two parts. We estimate first the square mean error of the difference
X ,iVZ" —-X Zm where X ZZ is the solution to the intermediate system (6), and then the square

. -1 <
mean error of the difference X, ; — Xy ;.

Lemma 9. Let X]\“7 and X,“ be the solutions to (5) and (8), respectively, in the sense of
Proposition 4. Under the assumptions of Theorem 5, there exists 0 > 0, depending on n,

Omin, and T, such that if n~2(4+142) < §log N, where a > 0 is fized in Assumptwn (A4),
we have

sup E(Z sup }(X,i\;’" —YZZ>(S)‘2) < C(T,n, (rmin)N—1+(T+1)C(n,o—mm)(S7

where C(T,n, omin) > 0 is a positive constant.

Proof. The process D,i\f;" =X ,iv 1 — X ; solves

(32) Dg;"(s) =E1i(s)+ Eai(s), 0<s<T,
where

Eu@w:—47vmo¢?@»—vm&ﬁﬁ»ma

Basls) = [ (Balt) = Ea(0)aWi ()
Eo(t) = (202-—%22“;]‘}7(% ZN: LX) Xéf;%))))l/g,

(€.5) ;lm

n o 1/2
Egg(t) = (20'1 +2 Z fn (BZ * un,j(ta Xz,z(t)))) :

J=1
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We use the global Lipschitz continuity of VU, and the Fubini theorem to estimate the first
term:

]E< sup |E1,i(s)|2> < C’E/T |(X,fjvl77 Xz’i)(s)}zds

0<s<T
<cC / sup (X2 — X7, (9)?) .
0<s<t

Summing over ¢ = 1,...,n and taking the supremum over £ = 1,..., N leads to

n

(33) supNE(Z sup |E1,i(3)|2) < C/OT sup ]E< sup ](XN’7 727i)(5)]2>dt.

—1 0<s<T 0<s<t

Next, we apply the Burkholder-Davis—Gundy inequality [16, Theorem 3.28] to the second
term Ey; and use the Lipschitz continuity of z +— (20; + z)'/2 for = > 0:

E( sup |Bs(s)?) < CE / C(En(t) — En(t)dt

0<s<T

< OIE/OT [éfn( Z B}, Xéi”(t)))

(£, )#(k i)

_an *uw (t sz( )))} dt

n

=CE /OT [Z(L;(t) + L3(t) + L?(t))} 2dt

j—l

(34) E/ Z (Li()* + L3(t)* + L3(t)*)dt,

0

i Biy(Xe(t) = Xé,vj’"(t))) - fn( B(X (1) — Xé,vj’”(t))),

1
#(k,1)

1
N
(e
B0 = (5 3 B0 - X20)) - £ 5 3 BIELO - XL, 0),
/=1
¢
1
N
¢

)

~—

~ 2|~
] =

=

1
(k,1) (6.5)7(k,1)

S BIEL() - YZ,J-@))) (B g (6. X0 (0))).
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We estimate these three terms separately. By construction, the Lipschitz constant of f,,
can be estimated by Lf <n . Moreover the Lipschitz constant of Bl(r) = n~By;(|z|/n)

.....

L o) \N (BLX0) — X257(0) — BY(KL (1)~ X(0)
(€512 (k)
< LfLB‘Xk,{ - YZz(t)‘ < n_d‘l‘alXéY;”(t) - YZZ(L‘)l
Therefore, by Fubini’s theorem,
T
E / Z|L1 )2dt < C(n)n 21+ oR / (X)) — X (0]
0 0
T
(35) < C(n)np X d+1+0<)/ sup E( sup ‘X Yzi(t)f)dt.
0 k=1,..N 0<s<t ’

We can estimate the second term L(t) in a similar way, leading to

/ ZL2 2dt < O )—2<d+1+a>/T sup (Sup Z|X ()|>dt

O<s<t

The third term L;’( ) has to be treated in a different way. First, we use the Lipschitz
continuity of f, to find that

_ — 1
Z P(X s — Xo,) — Bl xuy (X)) — $Bn(0)‘-
=

This implies that

C(n,T)
3 2
/ ZL dt < — N2 2(d+a)

N2 2 Z/ ( X/m( ) — 7Zj(t)) — B, *un,j(ﬂ7i)>)2dt.

It remains to estimate the expectation. To this end, we introduce
Dy (e.)(t) = B (Xa(t) = Xy5(1) = By un (8, X)), (6.5) # (k,4).

7N N . . . .
The processes X ; and X, ; are independent, since for i = j, we are considering N inde-

(37)

pendent copies of the same process and for ¢ # j, the equation fulfilled by 7271 does not
depend on the process 7}7’]., If (k,i) # (4,9), (ki) # (m,j), and £ # m, the processes
D) (0,5)(t) and D), (m j)(t) are orthogonal, since

E(Dk.i),(2.4)(t) Dy (mog (1)) = /R ) ( /R ) /R Bij(x = y)Bij(x = 2)uy;(t, y)un (1, 2)dyd=
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=2 [ B~ 0t 5) (B ) 1 )y
R4
+ (BZ * Uy ;) (t, a:)(BZ * Uy ;) (t, x))um(t, x)dz = 0.

Together with ]E(D ki), (¢,)) = 0, this shows that the processes Dy ;) are uncorrelated.
However, if (k,i) # (¢,7), (k,i) # (m,j), and £ = m, the expectation does not vanish:

E(D(k,iy,2.9)(t)?) =/ <(B" * ) (8, ) (B g 5) (t, ) + /Rd (BZ-(fE —y)*uy,(t,y)

Rd

= 2B = D0 9) (B ) )by )

= /Rd (((32)2 Uy i) (t, ) — (BZ % un,j)(t,x)Q)un,i(t,x)dx.

This expression is independent of the particle index k and ¢, it depends only on the
species numbers i and j. The case (k,i) = (¢,7) can be treated in a similar way with
the difference that, since D) i)(t) = n7?B;;(0) — B}l * ui,n(yzi(t)), we obtain for
E(D (i), (k5 (1) D), m,5)(t)) an additional term of order n~2d
and the previous computation that

312 C(n,T) 9
/ZL dt_N2E7(d+a N 20:22/ t) )dt

j=1 /=1

. Hence, we infer from (37)

_ C)

> W||Un,i||Loo(o,T;Loo(Rd))

noor
1
<30 [ (000 e 18 e (1 + )
1
< T 2 (1B calenlim o + 1 e s e (14 3) )

C(T.n)
Np2(dta)’

(38) <

recalling that || BY;|| 2 ge) < Cn~%? and | Bl 1 (rey = Aij < A and choosing 1 < 1.
Inserting estlmates (35) (36) and (38) for L}*(t) (m = 1,2,3) into (34), we conclude
that

- C(T,n)
sup E sup |Eo i (s)]? ) < ——1—2
k=t (Z.Zlo<s£)T| 24(9) ) - Nyt

.....

T
+ C(n,o—min)n_2(d+l+a)/ sup ]E( sup |X Y?IZ,Z(t)V) dt.
0

k=1,....N 0<s<t

1111
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We infer from (32), estimate (33), and the previous estimate for E,; that

= Su ]E su DN,'n s 2)
k:l,.P,N ( zz:; 0<sgt | ki ( )|
C(T,n)

T
_ . —2(d+1+4a)
< Np2(d+a) + C (1, 0min ) (1 +1)/0 S(t)dt.

S(T)

Note that the function S is continuous because of the continuity of the paths of X ,ivl?" and
YZZ Therefore, by Gronwall’s inequality, we have

S(T) < C(T,n)

< iy &P (C s o) 2T,
T] «

We choose § > 0 such that C(n,om,)T8 < 1 and 1 > 0 such that 5~ 21+ < §log N.
Then

1
S(T) < NC(T’ n) exp (C(n, omin)Tdlog N) = C(T, n) N1 HC0momn)Te,
This finishes the proof. O

. . "N <
Next, we prove an error estimate for the difference X ; — Xy ;.

Lemma 10. Let 7271- and )/(\';“ be the solutions to (6) and (8) in the sense of Proposition
4. Under the assumptions of Theorem 5, it holds for small n > 0 that

sup E(Z sup ‘(721—5{\'}“)(3)‘2> < C(T, oguin)? .

i—1 0<s<T

Proof. Since we are consiQering N independent copies, we can omit the particle index k.
Set D](s) := YZ,L(S) — Xki(s). Then, similarly as in the proof of Lemma 9, D](s) =
D1 (s) 4+ Do(s), where

Di(s) =~ [ (VURI(s) = VUi
Dy(s) = /0 Kzai +2 Z: (B * un,j(ﬁi)))

_ (2@ +2 z: f(aijuj(fg))) 1/2} AW, (t).

1/2

We infer from the Lipschitz continuity of VU; and Fubini’s theorem that

0<s<T 0<s<t

@) E( s i) < cz( [ CR) ~Xefas) <c | "B ( sup |D(s))
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Similarly as in the proof of Lemma 9, we use for D5 the Burkholder-Davis—Gundy inequal-
ity and the Lipschitz continuity of z + (20; + 2)'/2 on [0, 00) to obtain

n

5 s 1D:60) < OB [ (32 (o (R0) 35« (K))

0<s<T =1
(40) < C(n)(Da1 + Dag + Da3 + Day),

where

D21:ZE/O (f(a”u]()?z)) fn(azjuj()?))) dt,
DQQ—ZE / (folasgus () = fy(B % (%))t
DQB_ZE / (Fo(Bl s (R2)) — fo(BY » uy(K0))) 2t

DM:;E / (Fo (B 5w, (1)) — Fo( B 5wy 5 (X7))) 2,

The first expression Dy vanishes if 7 > 0 is sufficiently small, since then f = f, on the
range of a;;u;(X;). Using

laiju; — B?j * Uj”L?(o,T;LQ(Rd)) < C’?HVUJ'HLQ(O,T;LZ’(W)) < Ch,

which was shown in the proof of Theorem 3, and the Lipschitz continuity of f, with
Lipschitz constant less or equal n~¢, we find that

Dy = ;/0 /IR{d (fn(aij“j) — fo(B; * uj)) u;dadt

<y Z [[will oo (0,7 Lo (may laijuy — B?j * ujH%Q(O,T;LQ(]Rd)) < C(n)ﬁz(ka)-
j=1

Thanks to the uniform boundedness of the family ij * uj, we can choose n > 0 suf-
ficiently small, say n < n* for some n* > 0, such that f(B] * u;) = f,(B]; * u;) for
0 < n < n*. Then, using Young’s convolution inequality and the uniform estimate
V|| oo 0,000 )y < Clluo|| s (rey from Theorem 3, the third term Do is estimated as

T
Day3 < C(n Z IV (B # wi) || oo (0,120 (me) / E(]X;(t) — X?(t”?)dt
0

j=1

n T
<O V0 limorume | B0 - o))
j=1 0
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T
< C’/ E( sup |D;7(s)|2)dt.
0

0<s<t

Finally, it follows from the error estimate for v — u, from Theorem 3 that

Doy < CZ/ / | B % uj — Bl * ;i [Pu, drdt

<O oo [ 1B ol = i gt
j=1

< C(T)n?

Inserting the estimates for Dy, ..., Doy into (40), we conclude that

T
E( sup |D2(s)|2) < C(T, n)nZ(I*a) +C’/ E< sup |D;’(5)]2>dt.
0

0<s<T 0<s<t

Together with estimate (39) for D;(s) and recalling that D] = Dy + Dy, we arrive at

T
E( sup |D;7(s)|2) < (T, n)nQ(l_o‘) +C’/ IE( sup |D?(s)|2>dt.
0

0<s<T 0<s<t

The proof is finished after applying Gronwall’s inequality and summing over ¢ = 1,...,n.
O

Theorem 5 now follows from Lemmas 9 and 10 and the triangle inequality:

n

B3 X7 - S0 )

0<s<t

< sup E(Z sup |XkN ) 77];71(3)‘2)

O<s<t

< CIN71+6'25 + 037]2 1701).

The condition log N > §~ 5~ 2(d+1+9) ig equivalent to N~1C20 < exp((—6 1 +Cy)n~2(d+1+a)),
We choose 6 > 0 such that —~1 + Oy < 0 and observe that exponential decay is always
faster than algebraic decay to conclude that exp((—d~! + Cy)n~2dH1+2)) < p2(=e)  This
yields

n

sup E(Z sup ‘XT]]CZN(S) —)?,Lk(s)‘z) < 04772(1_a)a
N

0<s<t

finishing the proof.
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7. NUMERICAL TESTS

In this section, we perform some numerical simulations of the particle system (5) in
one space dimension, without environmental potential, and with linear function f(x) = x.
We are interested in the numerical comparison of the solutions to the particle systems (3)
and (5). We explore the ability of both systems to model the segregation of the species.
Numerical tests for the associated cross-diffusion systems (1) and (2) are work in progress.

We discretize the particle systems (3) and (5) by the Euler-Maruyama scheme. Let
M € N and introduce the time steps 0 < t; < --- < tpy = T with At,, = t;pe1 — tim. We
approximate X ,iv tm) by 2k and YkNl"(tm) by y*i, defined by, respectively,

n N 1/2
, , 2 - j
xfnlﬂ = P4 (QJZ‘ + N E E ,ana(x];%z - xﬁmj)) AtmWm,

=1 ¢=1

n N
Ui =Un' = D 2 VBG = 0 Dty + V/20i 02,
/=1

j=1

with initial conditions z" = &F and y3" = &, where &F are iid random variables and

w,, and z,, are normally distributed. It is well known that the solutions to the Euler—
Maruyama scheme converge to the associated stochastic processes in the strong sense; see,
e.g., [17, Theorem 9.6.2].

The numerical scheme is implemented in MATLAB using the parallel computing toolbox
to accelerate the simulations. The interaction potential is given by B(x) = exp(—1/(1—z?))
for || <1 and B(z) = 0 else. Then Bj;(x) = n~'B(xz/n). The numerical parameters are

At =1/100, n =2, N = 5000 particles, ng, = 500 simulations.

7.1. Two species: nonsymmetric case. We consider a nonsymmetric diffusion matrix
with a1y = 0, a;s = 355, asy = 25, ae = 0, and 0 = 1, 0o = 2. The initial data
are Gaussian distributions with mean —1 (for species i = 1) and 1 (for species i = 2)
and variance 2. Figure 1 shows the approximate densities of both species (histogram) for
systems (5) and (3) at time ¢t = 2. We observe a segregation of the densities in both models.
In the population system (5), species 1 develops two clusters because of the very different
“population pressure” parameters a;o = 355 and ao; = 25, while species 2 develops only
one cluster around = = 0; see Figure 1 left. The segregation effect is stronger in the particle
system (3) in the sense that both species avoid each other as far as possible; see Figure
1 right. This is not surprising since the diffusion of system (5) is generally larger than
that one of system (3). The numerical results confirm the segregation property defined
in [1]. Indeed, this work considers the cross-diffusion system (3) with oy = 09 = 0 and
a11 = a1o = a9, = age = 1. It was proved that the two species are segregated for all times
if they do so initially. Here, segregation means that the intersection of the supports of the
densities is empty.

7.2. Two species: symmetric case. We investigate the symmetric case by choosing
a11 = ag9 = 0, a19 = aoy = 355, and, as before, o1 = 1, 05 = 2. The initial data are chosen
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FIGURE 1. Nonsymmetric case: Densities of particle system (5) correspond-
ing to the SKT population model (left) and particle system (3) (right) at
time ¢ = 2. Solid blue line: species 1; Dashed red line: species 2.

as in the previous example. In this example, we expect that cross-diffusion dominates self-
diffusion. We present the approximate densities for different times in Figure 2. In both
models, the species have the tendency to segregate. Because of the symmetric diffusion
matrix, we observe only one cluster for each species. As expected, the segregation in the
particle system (3) is stronger than in system (5) corresponding to the SKT model.

7.3. Three species. Our third numerical experiment illustrates the segregation behaviour
in case of three interacting species with coefficients 01 = 1, 09 = 2, 03 = 3 and

0 355 355
355 0 0

Similar as in the two-species case, the initial data are overlapping normal distributions with
means —1, 2, and —3, respectively, and variance 2. The approximate densities at t = 2 are
shown in Figure 3. We observe that the approximate densities of particle model (3) show a
much clearer component-wise segregation behavior than the stochastic particle model (5),
which corresponds to the SK'T system, where the diffusion effects are much stronger. This
may be explained by the fact that, on the PDE level, the gradient-flow structure of model
(2) can be written species-wise, whereas the SKT model (1) (with f(x) = z) only posseses
a vector-valued gradient-flow structure.

APPENDIX A. AUXILIARY RESULTS

For the convenience of the reader, we recall some well-known estimates used in this
paper.
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FIGURE 2. Symmetric case: Densities of particle system (5) corresponding
to the SKT population model (left) and particle system (3) (right) for dif-
ferent times t = 0.01, 0.15, 2. Solid blue line: species 1; Dashed red line:

species 2.

Lemma 11 (Young’s convolution inequality, [19, Formula (7), page 107]). Let 1 < p,q,r
< oo be such that 1/p+1/q=1+1/r and let f € LP(RY), g € LY(R?). Then fxg € L"(R?)

and

If* gl r@ay < || flloeayll 9]l Laray-
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FIGURE 3. Three-species case: Densities of particle system (5) correspond-
ing to the SKT population model (left) and particle system (3) (right) at
time ¢ = 2. Solid blue line: species 1; dashed red line: species 2; dash-dotted
black line: species 3.

Lemma 12 (Moser-type estimate I, [20, Prop. 2.1(A)]). Let s € N and o € Ny with
la| = s. Then there exists a constant C' > 0 such that for all f, g € H*(R?) N L>(R?),

1D (f9)llz2may < C(If oo @y 1D gl p2may + 1 D* fll 2wy |9 ]| oo (ray) -

Lemma 13 (Moser-type estimate II, [20, Prop. 2.1(C)]). Let s € N and o € Ny with
la| = s. Then there exists a constant C' > 0 such that for smooth g : R — R and
u € H*(RY) N Le(RY),

1D%g(w) |2y < Cllg'|

Lemma 14 (Moser-type commutator inequality, [20, Prop. 2.1(B)]). Let s € N and o € Ny
with |a| = s. Then there exists C > 0 such that for all f € H*(R?) N W'>°(R?) and
g € H*-'(RY) N L¥(RY),

ID*(fg) — fD*(9) |l 12®ay < C([IDfll e @y |1 D° " gl r2ray + [1D° fll 2 ey |9l oo ey
where D* =37, _ D®.

o1 @)1l gy [ DV ul] 2 ey

REFERENCES

[1] M. Bertsch, M. Gurtin, D. Hilhorst, and L. Peletier. On interacting populations that disperse to avoid
crowding: preservation of segregation. J. Math. Biol. 23 (1985), 1-13.

[2] M. Burger, J. A. Carrillo, J.-F. Pietschmann, and M. Schmidtchen. Segregation effects and gap
formation in cross-diffusion models. Interfaces Free Bound. 22 (2020), 175-203.

[3] M. Burger, J.-F. Pietschmann, H. Ranetbauer, C. Schmeiser, and M.-T. Wolfram. Mean-field models
for segregation dynamics. To appear in Furop. J. Appl. Math., 2020. arXiv:1808.04069.

[4] L. Chen, E. S. Daus, and A. Jiingel. Rigorous mean-field limits and cross diffusion. Z. Angew. Math.
Phys. 70 (2019), no. 122, 21 pages.



32

[5]

L. CHEN, E. S. DAUS, A. HOLZINGER, AND A. JUNGEL

L. Chen, S. Géttlich, and S. Knapp. Modeling of a diffusion with aggregation: rigorous derivation
and numerical simulation. ESAIM: Math. Mod. Num. Anal. 53 (2018), 567-593.

X. Chen, E. S. Daus, and A. Jiingel. Global existence analysis of cross-diffusion population systems
for multiple species. Arch. Ration. Mech. Anal. 227 (2018), 715-747.

E. S. Daus, L. Desvillettes, and H. Dietert. About the entropic structure of detailed balanced multi-
species cross-diffusion equations. J. Diff. Egs. 266 (2019), 3861-3882.

E. S. Daus, M. Ptashnyk, and C. Raithel. Derivation of a fractional cross-diffusion system as the
limit of a stochastic many-particle system driven by Lévy noise. Submitted for publication, 2020.
arXiv:2006.00277.

L. Desvillettes, T. Lepoutre, A. Moussa, and A. Trescases. On the entropic structure of reaction-cross-
diffusion systems. Commun. Partial Diff. Egs. 40 (2015), 1705-1747.

A. Figalli and R. Philipowski. Convergence to the viscous porous medium equation and propagation
of chaos. Alea 4 (2008), 185-203.

J. Fontbona and S. Méléard. Non local Lotka-Volterra system with cross-diffusion in an heterogeneous
medium. J. Math. Biol. 70 (2015), 829-854.

F. Golse. The mean-field limit for the dynamics of large particle systems. Journées Equations aux
dérivées partielles (2003), 1-47.

K. Ichikawa, M. Rouzimaimaiti, and T. Suzuki. Reaction diffusion equation with non-local term arises
as a mean field limit of the master equation. Discrete Cont. Dyn. Sys. Ser. S5 (2012), 115-126.
P.-E. Jabin and Z. Wang. Mean field limit for stochastic particle systems. In: Active Particles, Vol. 1,
pp- 379-402. Springer, Boston, 2017.

B. Jourdain and S. Méléard. Propagation of chaos and fluctuations for a moderate model with smooth
initial data. Ann. Inst. H. Poincaré Probab. Stat. 34 (1998), 727-766.

I. Karatzas and S. Shreve. Brownian Motion and Stochastic Calculus. Second edition. Springer, New
York, 1991.

P. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations. Springer, Berlin,
1992.

T. Lepoutre and A. Moussa. Entropic structure and duality for multiple species cross-diffusion systems.
Nonlin. Anal. 159 (2017), 298-315.

E. H. Lieb and M. Loss. Analysis. Second edition. Amer. Math. Soc., Providence, 2001.

A. Majda. Compressible Fluid Flow and Systems of Conservation Laws in Several Space Variables.
Springer, New York, 1984.

A. Moussa. From non-local to classical SKT systems: triangular case with bounded coefficients. STAM
J. Math. Anal. 52 (2020), 42—64.

D. Nualart. The Malliavin Calculus and Related Topics. Springer, Berlin, 2006.

K. Oelschléger. A martingale approach to the law of large numbers for weakly interacting stochastic
processes. Ann. Prob. 12 (1984), 458-479.

K. Oelschlager. On the derivation of reaction-diffusion equations as limit dynamics of systems of
moderately interacting stochastic processes. Prob. Theory Rel. Fields 82 (1989), 565-586.

K. Oelschléger. Large systems of interacting particles and the porous medium equation. J. Diff. Egs.
88 (1990), 294-346.

I. Seo. Scaling limit of two-component interacting Brownian motions. Ann. Prob. 46 (2018), 2038-
2063.

N. Shigesada, K. Kawasaki, and E. Teramoto. Spatial segregation of interacting species. J. Theor.
Biol. 79 (1979), 83-99.

A. Stevens. The derivation of chemotaxis equations as limit dynamics of moderately interacting sto-
chastic many-particle systems. STAM J. Appl. Math. 61 (2000), 183-212. (Erratum: 61 (2000), 2200~
2200.)

A. S. Sznitman. Nonlinear reflecting diffusion process, and the propagation of chaos and fluctuations
associated. J. Funct. Anal. 56 (1984), 311-336.



POPULATION CROSS-DIFFUSION SYSTEMS 33

[30] A.S. Sznitman. Topics in propagation of chaos. In: P. L. Hennequin (ed.), Ecole d’Eté de Probabilités
de Saint-Flour XIX-1989, Lect. Notes Math. 1464. Berlin, Springer, 1991.

UNIVERSITY OF MANNHEIM, SCHOOL OF BUSINESS INFORMATICS AND MATHEMATICS, 68131 MANN-
HEIM, GERMANY
E-mail address: chen@math.uni-mannheim.de

INSTITUTE OF ANALYSIS AND SCIENTIFIC COMPUTING, TU WIEN, WIEDNER HAUPTSTRASSE 810,
1040 WIEN, AUSTRIA
FE-mail address: esther.daus@tuwien.ac.at

INSTITUTE OF ANALYSIS AND SCIENTIFIC COMPUTING, TU WIEN, WIEDNER HAUPTSTRASSE 810,
1040 WIEN, AUSTRIA
E-mail address: alexandra.holzingerQtuwien.ac.at

INSTITUTE OF ANALYSIS AND SCIENTIFIC COMPUTING, TU WIEN, WIEDNER HAUPTSTRASSE 810,
1040 WIEN, AUSTRIA
E-mail address: juengel@tuwien.ac.at



