A DISCRETE BOUNDEDNESS-BY-ENTROPY METHOD
FOR FINITE-VOLUME APPROXIMATIONS
OF CROSS-DIFFUSION SYSTEMS

ANSGAR JUNGEL AND ANTOINE ZUREK

ABSTRACT. An implicit Euler finite-volume scheme for general cross-diffusion systems
with volume-filling constraints is proposed and analyzed. The diffusion matrix may be
nonsymmetric and not positive semidefinite, but the diffusion system is assumed to possess
a formal gradient-flow structure that yields L>° bounds on the continuous level. Examples
include the Maxwell-Stefan systems for gas mixtures, tumor-growth models, and systems
for the fabrication of thin-film solar cells. The proposed numerical scheme preserves
the structure of the continuous equations, namely the entropy dissipation inequality as
well as the nonnegativity of the concentrations and the volume-filling constraints. The
discrete entropy structure is a consequence of a new vector-valued discrete chain rule. The
existence of discrete solutions, their positivity, and the convergence of the scheme is proved.
The numerical scheme is implemented for a one-dimensional Maxwell-Stefan model and
a two-dimensional thin-film solar cell system. It is illustrated that the convergence rate
in space is of order two and the discrete relative entropy decays exponentially.

1. INTRODUCTION

Cross-diffusion is a phenomenon in multi-species systems, in which the gradient of the
concentration of one species induces a flux of the other species. Examples include gas
mixtures, ion transport through membranes, and tumor-growth models. Mathematically,
cross-diffusion is described by quasilinear parabolic equations with a non-diagonal diffusion
matrix. The analysis of such systems is challenging since the diffusion matrix is generally
neither symmetric nor positive semidefinite, and standard tools like maximum principles
and regularity theory generally do not apply. In recent years, it has been found that a class
of cross-diffusion systems, which describe volume-filling effects in mixtures, possess global
bounded weak solutions [9, 32]. The existence proof is based on the formal gradient-flow
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or entropy structure of the cross-diffusion equations, leading to the so-called boundedness-
by-entropy method. In this paper, we develop a discrete version of this method for finite-
volume approximations of cross-diffusion systems, preserving the structure of the continu-
ous equations, namely nonnegativity, boundedness, mass control, and entropy dissipation,
and converging to the continuous equations when the mesh parameters tend to zero.

1.1. The boundedness-by-entropy method. We consider the cross-diffusion system

(1) Oy, + div (— ZAij(u)vuj) =0, inQ, t>0,i=1,...,n,
j=1
where u = (uq, ..., u,) is the vector of volume or mass fractions and 2 C R? is a bounded

domain. The volume or mass fraction of the solvent ug is defined by ug = 1 — Z;L:l u;
such that the identity » " ,u; = 1 is fulfilled. These equations describe the evolution of
fluid mixtures or multicomponent systems [33]. We prescribe no-flux boundary and initial
conditions:

(2) ZAij(u)Vuj v=0 ond, t>0, ui(0)=u inQ,
j=1

where v denotes the exterior unit normal vector to 092. The diffusion matrix A(u) =
(A;j(u)) is generally neither symmetric nor positive definite obstructing the use of standard
techniques. This problem can be overcome when the system possesses a formal gradient-
flow or entropy structure. In the following, we explain this structure.

First, we introduce the open simplex

D:{u:(ul,...,un)e(O,l)":izn;ui<1}

and let a strictly convex function h € C?(D; [0, 00)) with h(u) = >, hi(u;) be given. Note
that wg is a function of u = (uy,...,u,), so h depends only on (uy,...,u,). Furthermore,
we set H[u] = [, h(u)dz. Choosing h/(u) as a test function in the weak formulation of (1),

a formal computation gives
d
(3) d_tl + / Vu: " (u)A(uw)Vude =0, 0<t<T,
Q

where h”(u) is the Hessian of h, and “:” is the Frobenius matrix product. If A" (u)A(u) is
positive (semi-) definite, we call h an entropy density, # an entropy, and (3) an entropy
(dissipation) inequality. In many applications, there exist ¢4 > 0 and 0 < s < 1 such that
for ze R" and u € D,

2 R (u)A(u)z > ¢y Z w2

i=1
This means that h”(u)A(u) is positive definite but possibly involving a singularity at u; = 0.
We refer to [32] and Section 3 for some examples. In this situation, (3) provides an
L*(Q) estimate for Vui. Moreover, if b’ : D — R™ is invertible, we conclude an L>((2)
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bound for w;. Indeed, the strategy of the existence analysis is to solve (1) in the entropy
variable w = h/(u) and to define the volume fractions a posteriori via u = (h/)~*(w). Since
(B/)~' : R"™ — D, it holds that u(z,t) € D, which gives the desired L>(2) bound. With
these tools, the global existence of bounded weak solutions to (1)-(2) can be proved [32].

The existence result may be surprising in view of the fact that the diffusion matrix in
(1) may be not positive (semi-) definite, but it can be understood by observing that the
positive definiteness of h”(u)A(u) implies that equations (1) are parabolic in the sense of
Petrovskii [33, Remark 4.3]. Another explanation is that equations (1) can be written
equivalently as

(4) Oyui(w) — div (Z:Bij(w)w> =0, i=1,...,n,

where the so-called Onsager matrix B = (B;;), defined by B(w) = A(u(w))h” (u(w))™?, is
positive (semi-) definite. The task is to “translate” this strategy to a finite-volume setting.

1.2. Key ideas. The derivation of the entropy inequality (3) is based on the chain rule
R (u)Vu = VI (u). To formulate a discrete version, we assume that €2 is the union of cells
K and let ¢ = K|L be the edge between two neighboring cells K and L inside of Q. The
discrete volume fraction wu; is constant on each cell, and we write u;  for its value. The
value on the edge is denoted by ;.

When the entropy density equals the sum h(u) = > hi(u;), the Hessian h”(u) is
diagonal, and the discrete chain rule can be formulated componentwise as

(5) h;,<ui70)(ui7[( — Ui,L) = h;(usz) — h;(U%L) fOl" g = K|L

If b} is strictly monotone, there exists a unique solution u;, to (5) by the mean-value
theorem. In the case of the Boltzmann entropy h;(u;) = w;(logu; — 1) + 1, this leads to
the logarithmic mean

Ui Kk — U4 L
(6) Uio = )
log Ui Kk — log Ui, L

5

which has been used to develop entropy-conservative schemes for hyperbolic conservation
laws [29] and entropy-dissipative schemes for drift-diffusion equations [5].

In the present case, we assume that h(u) = > h;i(w;). Unfortunately, the Hessian
h"(u) is not diagonal, since 8?h/(Ou;0u;) = 0;;h! (u;) + hf(uo). Then the vector-valued
mean-value theorem does not allow us to determine u; , like in (5). We overcome this issue
by introducing two ideas.

Our first idea is to define upx = 1 — Z:.L:l u; ¢ on the cells but to define ug, (as
well as u;, for i = 1,...,n) from (5). Thus, in general, up, # 1 — > ©  u;s. We set
ug = (UK, UKn)s Us = (Uogy -y Ung), and Hyj(us) = ;507 (u; o) + h(uo,) for 4,5 =

1,...,n. The matrix H(u,) = (H;j(u,)) is similar to the Hessian h” with the exception
that we use ug, as the argument of A and not 1 — > " | u; ,. This means that H depends
on all variables wy,, ..., u,,, while h is a function of u; g, ..., u, k. We prove in Lemma
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(7) Z Hij(uo)(ujx —ujr) = (W (ur) = B'(ur))i, i=1,....n,
j=1
holds, which is the desired discrete chain rule.
Furthermore, we need the positive (semi-) definiteness of A”(u)A(u) at u,. Since we have
replaced A" by the matrix H(u,), which contains the new variable ug ,, we cannot evaluate

A(u) at (U1o,...,Une). Instead, our second idea is to interpret the diffusion matrix A
as a function of u, = (ugs,...,Uns), called A,, and to impose the positive definiteness
condition

n
(8) 2" H(ug)Ay(ug)z > ca Zu?ﬁf—l)z? for all z € R".

i=1

1.3. An illustrative example. Let us explain the second idea on a simple example with
the diffusion matrix

o 1-— U1 —U1 o
(9) A= ( Cwy 1- u2) for u = (uy,ug) € D.

Equations (1) with this diffusion matrix can be formally derived in the diffusion limit from
the Euler equations with friction forces [33, Example 4.3]. We present in Section 3 further
examples. We choose the entropy density

2
h(u) = Zui(logui —1)+3, where ug=1—u; — us,
i=0

and compute
h"(“>:(1/u117;3/u0 1/u21/f01/u0)’ h"(“)A(“):(l/oul 1/Ou2)'

This shows that h”(u)A(u) is positive definite with 2"h”(u)A(u)z = 23 /uy + 22 /uy for all
uw€ D and z € R,
For the numerical approximation, we write the diffusion matrix as
e 1 Ug + Usg —U1
Alug,u) = —
(o, ) a(u) < —Uy  Up + U

Of course, this matrix and (9) coincide if the identity ug + u; + us = 1 holds. In the
numerical scheme, we do not impose this condition on the edges. Instead, we define

o 1/u1,0 + 1/“0,0’ 1/UO,U

H(u,) = ( 1/ 1/ug o + 1/“&0)

and A, (u,) := A(u,), where u; , for i = 0, 1,2 is given by (6). Although ug,+u; ,+us, # 1
is not guaranteed, we find that

H(uy)As(uy) = (1/3170 1/22) ’

) ,  where a(u) = ug + uy + ug.
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and (8) is satisfied for s = 1/2. Note the factor a(u,) in the definition of A, is crucial for
this result and that w;, > 0 for all ¢ cannot be guaranteed in general. However, we prove
that 0 < a(u,) < 1 holds in the present case; see the paragraph after Theorem 1.

When 1/a(u,) > 1, this factor may be interpreted as an artificial diffusion coefficient.
Yet, even if in general a(u,) # 1, as a(u,) is the sum of the logarithmic mean between
u; i and u; , of each species, we always observe in our numerical experiments (not shown
here) that a(u,) is of order one. Moreover, the solution is very close to that one obtained
from a finite-volume scheme with arithmetic mean (which preserves the volume-filling
constraint) instead of the logarithmic mean. Thus, as expected, this factor does not lead
to over-diffusive results. Let us notice that the situation may be different if, for instance,
a(u,) was only given by u , or us, (or even uy , + us,). In this case, we can build initial
data such that 1/a(u,) is much larger than one at least for the first time steps, leading to
over-diffusive solutions.

1.4. State of the art. First existence results for cross-diffusion systems were stated under
restrictive conditions on the nonlinearities [40]. Amann [2] showed that weak solutions to
strongly coupled parabolic systems exist globally if their W!? norm with p > d can be
controlled. Alt and Luckhaus [1] proved global existence results for systems of the form
(4) with uniformly positive definite Onsager matrices. Global bounded weak solutions were
shown for a special cross-diffusion system with volume-filling effects by Burger et al. [9] and
later for a general class of systems in [32], based on the underlying entropy structure. Such
systems arise naturally in the modeling of gas mixtures and in multi-species population
dynamics [33, 44].

Structure-preserving finite-volume-type schemes were first designed for hyperbolic con-
servation laws fulfilling entropy stability or entropy conservation [43]. The application
to cross-diffusion systems is more recent. A convergence study of a finite-volume ap-
proximation for a nondegenerate cross-diffusion problem was carried out in [3], based on
classical quadratic energy estimates. Finite-volume approximations that satisfy a discrete
entropy inequality were suggested and analyzed in [10, 12, 13, 16, 37, 38|, while finite-
volume schemes for cross-diffusion systems preserving the volume-filling constraints were
developed in [10, 12, 16, 28|.

The preservation of the entropy structure is achieved by designing a discrete chain rule.
In the literature, the elementary inequality (u — v)(logu — logv) > 4(y/u — /v)? is used
as a discrete version of the chain rule Vu - Vlogu = 4|V/u|? [10, 24] and the logarithmic
mean (6) as a discrete version of the chain rule uV logu = Vu [5, 13, 22]. The more general
chain rule (5) was suggested in our previous work [38]. In all these examples, the discrete
chain rule is defined componentwise.

In the discrete gradient method for differential equations, related discrete chain rules
are formulated to achieve energy conservation or entropy dissipation; see the review [42].
Examples are given by the Gonzales scheme [25] and the mean-value discrete gradient [27].
The latter technique was extended to the average vector field method [14], which uses an
average of the differential operator div(BVw) and is based on the vector-valued mean-value
theorem. However, it seems to be difficult to extract gradient estimates from these discrete
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gradients. Here, we consider for the first time (up to our knowledge) a vector-valued chain
rule leading to gradient estimates.

Let us also mention related approaches for diffusion problems. For finite-difference
schemes, entropy-stable and entropy-dissipative discretizations were developed in, e.g.,
[31, 39, 41], extending Tadmor’s framework or using upwind approximations. When the
equations possess a variational structure involving the variational derivative of the en-
ergy/entropy, discrete variational derivatives were defined in [21]. This approach was
extended to fourth-order parabolic equations [8], but it seems not to cover cross-diffusion
systems. Energy-dissipative schemes for scalar equations were developed also for higher-
order time integrations; see, e.g., [26] for Runge-Kutta methods and [35] for one-leg mul-
tistep methods. Unfortunately, these techniques cannot be easily adapted to our setting.
Interesting approaches are the discontinuous Galerkin time discretization of [18], whose use
in finite-volume schemes has still to be explored, and the space-time Galerkin approach of
[7], which needs a regularizing term.

The paper is organized as follows. The numerical scheme and our main results (existence
of discrete solutions, positivity, and convergence of the scheme) are introduced in Section
2. We present some examples of cross-diffusion models that satisfy our main assumptions
in Section 3. In Section 4, the existence of solutions is proved, while the convergence of the
scheme is shown in Section 5. Finally, some numerical examples are presented in Section

6.

2. NUMERICAL SCHEME AND MAIN RESULTS

2.1. Notation and definitions. Let 2 C R? be a bounded, polygonal domain. We
consider only two-dimensional domains, but the generalization to higher space dimensions
is straightforward. An admissible mesh of Q is given by (i) a family 7 of open polygonal
control volumes (or cells), (ii) a family £ of edges, and (iii) a family P of points (zx)xer
associated to the control volumes and satisfying Definition 9.1 in [19]. This definition
implies that the straight line Tz between two centers of neighboring cells is orthogonal
to the edge o = K|L between two cells. For instance, Voronoi meshes satisfy this condition
[19, Example 9.2]. The size of the mesh is denoted by Az = maxger diam(K). The family
of edges & is assumed to consist of interior edges &, satisfying o C 2 and boundary edges
0 € Eexy satistying o C 0€2. For given K € T, £k is the set of edges of K, and it splits into
Ex = Eint.k U ext, k. For any o € &, there exists at least one cell K € T such that o € Ek.
We need the following definitions. For o € £, we introduce the distance

d = d(l‘K,QZ’L) ifO':K‘LEEint,K7
7 d(l’K’O'> ifo-egext’}(,

where d is the Euclidean distance in R?, and the transmissibility coefficient

(10) T, =
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where m(o) denotes the Lebesgue measure of 0. The mesh is assumed to satisfy the
following regularity assumption: There exists ( > 0 such that for all K € 7 and o € &g,

(11) d(zk,0) > (d,.

Let T > 0, Ny € N and introduce the time step size At = T'//Nr as well as the time steps
ty = kAt for k = 0,..., Np. We denote by D the admissible space-time discretization of
Qr = Q x (0,T) composed of an admissible mesh 7 and the values (At, Nr).

Next, we introduce the functional spaces. The space of piecewise constant functions is
defined by

Vi = {v Q= R:3(vi)ker CR, v(z) = Z vKlK(x)},
KeT
where 1 is the characteristic function on K. In order to define a norm on this space, we
first introduce the notation

VL, ifO':K|L€ gint,K;
VKo = .
VK it 0 € Eext K
for K € T, 0 € £k and the discrete operators
Dk ,v:=vk, —Vk, Dyv:=|Dgs0|.

The (squared) L? norm, the discrete H' seminorm, and the discrete H' norm on Vi are
given by, respectively,

[ol1F 2.7 = > m(E)|ox?,

KeT
|U|i2,7' - Z TO’|DO'U|27

o€l
[0]13 27 = [0 0.7 + (10115 2.7

We associate to these norms a dual norm with respect to the L? inner product,

|v]|=1,2,7 = sup { / vwdz 2w € Vr, w27 = 1}‘
0

/ vwdx
Q

Finally, we introduce the space Vi a; of piecewise constant functions with values in V7,

It holds that

S H’UH,LQ’THU) 1,2, 7 fOI' UV, W S VT.

Nt
V’T,At = {’U : ﬁ X [O,T] —R: H(Uk)k:ly.”,NT C VT, U(aﬁ,t) = ka(x)l(tkhtk](t)}?
k=1

equipped with the discrete L*(0,T; H*(£2)) norm

N 1/2

T

(Z Atuv’inN) for all v € Vir .
k=1
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2.2. Numerical scheme. We define the finite-volume scheme for the cross-diffusion model
(1) and (2). We first approximate the initial functions by

1
12 Vg =—— [ w(x)dz for K€T,i=0,...
( ) uz,K m(K) /Kuz (ZIZ’) L or T? t ) y
Let ufi=! = (u’le, o ,uﬁ}%) and uf 2 =1 — S 1u1K be given for K € 7. Then the
values uf x are determined by the 1mp11c1t Euler finite-volume scheme
k k—1
Uj g — U ko
(13) m(K)T + > Fly, =0
o€k
(14) ZKU: ZTU i DKguk for K e T, o€k,

and 7, is defined by (10). The matrix A, = (A;;,) satisfies A, (up,u) = A(u) for allu € D
and ug = 1— Z?:l u;. By definition of the discrete operator Dk ,, the discrete fluxes vanish
on the boundary edges, guaranteeing the no-flux boundary conditions. Thus, we only need

to define in (14) the mean vector ul; = (ul&U? sy Uy O’) for every o = K‘L S gmt
aﬁa if uf,K > 07 u@L > O, and ui‘iK 7é uﬁL7

(15) uie = qufi  ifufy =uf, >0,
0 else,

where %} ;- € (0,1) is the unique solution to
(16) h’,’(ﬂ’? )Dioul = Dg hi(ul) for K €T, 0€&mr, i=0,...,n

If b} is continuous and strictly monotone, the existence of a unique value uk follows from
the mean-value theorem. Moreover, if uf ., u¥, > 0 we have for i =0,...,n,

0< min{uﬁK,uﬁL} < uf;a < max{uﬁK,uﬁL} <1.

2.3. Main results. Given the entropy density h(u) = Y | h;(u;) + ho(ug), we define for
u € V7 the discrete entropy

Hlu] = Y m(K)h(ux),

KeT
and replace the Hessian h” by the matrix
(17) Hij(ug) = 5Z~jh;'(ui7(,) + hg(UOJ), Us € (0, 1)n+17 Z,j = 1, oy,

where u; , is defined by (15). Note that this matrix is symmetric and positive definite (if
h; is strictly convex).
We impose the following hypotheses:

(H1) Domain: Q C R? is a bounded polygonal domain and D = {u = (uy,...,u,) €

(0, 1) : 37" u; < 1}

(H2) Discretization: D is an admissible discretization of Qp = Q x (0,T) satisfying (11).
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(H3) Initial data: u® = (uf,...,u)) € L'(Q; D) satisfies [, h(u")dz < oo. We set uj =
15" .

(H4) Entropy density: h(u) = Y1, hi(u;)+ho(uo) for u € D and ug = 1—) | u;, where
h € C°(D;[0;00)) is convex, h' : D — R is invertible, h; € C?(0,1), hY is strictly
decreasing, and there exists ¢, > 0 such that h;(x) > ¢p(x — 1) for all 0 < z < 1,
1=1,...,n.

(H5) Diffusion matrix: A4 € C%'(D;R™") and there exists a matrix A, € C%([0, 1] X
(0,1)™; R™™) such that A(u) = A,(u,) for all w € D with u; = u;, fori=1,...,n
and up, =1 — ", u;. We assume that || A,(0,u)| < oo, where || - || denotes some
matrix norm, for all u = (uy,...,u,) € (0,1)" satlsfymg Sor u; < 1, and there
exist numberscq > 0,0 < s <1 such that for all z € R and for some u, € (0,1)",

2" H(ug)Ay(ug)z > ca Z uisf_l

These assumptions include all hypotheses needed in the boundedness-by-entropy method;
see [32]. We also need additional conditions. First, the entropy density in Hypothesis (H4)
has a particular structure including the Boltzmann entropy for volume-filling models. The
strict monotonicity of A is required to define properly the mean value ﬁ in (15). Ad-
missible examples are h;(s) = s(logs — 1) + 1 and, more generally, h;(s f log q(2)dz
with a € (0,1), ¢ € C*(0,1) N C°([0,1]) is strictly monotone, q¢” > (q)z, q(0) = 0, and
q(0)/¢'(0) =

Second, the positive definiteness condition in Hypothesis (H5) is formulated for the
matrix H(u,), which replaces the Hessian h”, and the modified diffusion matrix A, (u,).
This modification is needed to take care of the fact that vy, can generally not be identified
with 1 — Y% | u;,. If this identification is possible, the matrices h”A and HA, coincide.
The Lipschitz continuity of A, is needed in the proof of the Convergence of the scheme but
not for the existence analy81s We prove below (see Theorem 1) that u¥_ > 0 holds for all
1 =1,...,n but only Uo,a > 0. Our analysis can be extended under su1table assumptions
to the case s = 1 and allowing for source terms in (1); see Remarks 6, 7, and 11.

The first main result is as follows.

Theorem 1 (Existence of discrete solutions). Let Hypotheses (H1)-(H5) hold. Then there
eists a solution wj = (uf ..., uf 1) to scheme (12)-(15) satisfying uf. € D for K € T
and 0 < ufp <1 foroe€&uw, k>1,1=1,...,n. Moreover, the following discrete entropy
inequality holds:

(18) —i—cAAtZ Z Toll 2(8 V(D,uk)? < H[u" ).

=1 Uegmt

The proof of Theorem 1 is based on a topological degree argument and the entropy
estimate (18), which follows from the discrete chain rule (7). Generally, we cannot exclude
that Y 1" o uf, > 1. However, when the entropy is given by the Boltzmann entropy h;(u;) =
u;(log u; — 1)+ 1, it holds that > < 1, since the logarithmic mean is not larger than

1=0 za
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the arithmetic mean, i.e. uf, < (uf g +uf;)/2 for 0 = K|L and Y77 juf, < 37" (ufy +
uf;)/2 = 1. This shows that the volume-filling constraints are fully satisfied.

For the convergence result, we need some notation. For K € T and o € £k, we define
the cell Tk, of the dual mesh:

o If 0 = K|L € &t i, then Tk, is that cell (“diamond”) whose vertices are given by
Tk, xr, and the end points of the edge o.

o If 0 € Ext i, then Tk, is that cell (“triangle”) whose vertices are given by xx and
the end points of the edge o.

The cells Tk, define a partition of 2. It follows from the property that the straight line
TrTr between two neighboring centers of cells is orthogonal to the edge ¢ = K|L that
m(o)d(zg,zr) =2m(Tk,) for o = K|L € Epy.

The approximate gradient of v € Vi A, is defined by

m(o)
m(TK,U)
where v, is the unit vector that is normal to o and points outwards of K.

We introduce a family (D,,)men of admissible space-time discretizations of {27 indexed by
the size 1, = max{Ax,,, At,,} of the mesh, satisfying n,, — 0 as m — oo. We denote by

T the corresponding meshes of 2 and by At,, the corresponding time step sizes. Finally,
we set V™ := VPm,

VPu(z,t) = (DKﬂ,vk)yK’(7 for v € Ti o, t € (tg—1, k),

Theorem 2 (Convergence of the scheme). Let the assumptions of Theorem 1 hold, let
(D) men be a family of admissible meshes satisfying (11) uniformly inm € N. Let (tm)men
be a family of finite-volume solutions to (12)—~(15) constructed in Theorem 1. Then there
exists a function u = (uy,...,u,) € L*(0,T; H'(;R")) satisfying u(z,t) € D for a.e.
(x,t) € Qp and fori=1,...,n,
Uim — u;  Strongly in LP(Qr), 1 <p < oo,
VU — Vu;  weakly in L*(Qr)  as m — oo,

up to a subsequence, and u is a weak solution to (1) and (2), i.e., for ally; € C(2x[0,T)),
it holds that for alli=1,...,n,

(19) /O ' /Q u;Opyddt + /Q ud1;(0)dx = /0 : /Q jilAij(u)Vuj-Vl/zidxdt.

The proof is based on uniform estimates deduced from the entropy inequality (18) and
the compactness result from [23], giving a.e. convergence of a subsequence of (u,,). We
follow the strategy of [15] to show that the limit satisfies (1) in the weak sense (19).

3. EXAMPLES AND COUNTER-EXAMPLE

3.1. Three-species Maxwell-Stefan equations. The Maxwell-Stefan equations de-
scribe the evolution of the partial densities in a multicomponent fluid, with diffusion fluxes
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originating from friction forces. The diffusion matrix of the Fock-Onsager formulation is
defined for the three-species case by

A(u) _ 1 dg + (do — dg)ul (do — dl)ul
a(u) (do —da)uy  dy+ (do —di)ua )’
where a(u) = dida(1 — uy — ug) + dodyuy + dodaus,
where uq, uy are the volume fractions of the components of the fluid mixture and d; are

some positive parameters [33]. The third constitutent is given by ug = 1 — u; — up. We
introduce the entropy density

(20) h(u) = uy(loguy — 1) + us(logug — 1) + ug(logug — 1) +3, w € D.
Then the Hessian of h equals

]_/’LLO 1/U2+1/U0

Now, for the finite-volume scheme, let (uy g, ..., un i) € D be given for every K € T, we
define for all 0 = K|L € £y and i =0, ..., n,

Wi g — Uy .
i, K i, L 1fUiK>Oa u; 1, > 0, and UiK?éuiLa
21 log(u;,x) — log(us,r) ’ 7 | |
(21) Uio = Ui K it wi g = wir >0,
0 else,
and

H(u,) = (1/u1"’ +1/ue 1/ug 4 ) |

1/“0,0 1/“270 + 1/U070
A (u ) = ; d2(u27‘7 + uO,U) + doul,a (dO - dl)ul,a
o aﬂ(ua) (dO - d2)u2,a dy (ul,a + UO,J) —+ d0u2,a

where a,(u,) = didatig 5 + dodiuy » + dodatia o

Note that A, = A if ug, =1 —uy, — uz,. We compute for z = (21, 29) € R?,

Ug,o + Ul + Uz s d2/u10+d0/u00 dO/uﬂcf
H - AU o — i ) i ) » ’ s
(U ) (U ) O./U(’LLJ) ( dO/UO,J dl/u2,a + ]-/UO,U
T Ugo + Ule + U d2 2 dl 2 do 2
H - AU - — ) ) K
- (u ) (u )Z aa(ua) (ul,o Zl * u2,a ZQ * UO,J (21 * 22)

2 2

V4 z
zc( Lo =2 )

U1, U2,

where ¢ = max{dyd,dod;,d1d2} > 0. This fulfills Hypothesis (H5) with s = 1/2. More-
over, Theorem 1 shows that u;, > 0 for i = 1,2. Thus, «a,(u,) is positive and A, is well
defined.
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3.2. A cross-diffusion system for thin-film solar cells. The physical vapor deposi-
tion process for the fabrication of thin-film crystalline solar cells can be described by the
following cross-diffusion equations:

(22) Oyu; = div <Z a;;(u;Vu; — uiVuj)), i=0,...,n,

=0
where u; are the volume fractions of the components of the thin film and a;; > 0 satisfies
aij = aj; for all 4,57 = 1,...,n. Since > . ju; = 1, we can remove, as in [4], the equation
for the species ¢ = 0, leading to equations (1) with the diffusion matrix A(u) = (A;;(u)),
where

n

(23) Aji(u) = Z (@i — aio)ur, + aio,  Aij(u) = —(ai; — ap)u; for j # 1,
k=1, ki

and,j = 1,...,n. In this case, we consider the entropy density (20) and for (u1 g, ..., Un i) €
D given for every K € T, we define for all 0 = K|L € &;,; and i = 0,...,n the coefficient
u; o as in (21). Then we choose the following matrices:

1 1 1
24 Hu o) = ) H’L o) — f - ‘7
) )= b )= o

(25) Aii’o(ug) = Z (aik — aio)uk,g —+ a;o, Aij,o(uo) = —(aij — aio)uw fOI‘ j 7é 1.
k=1, k#i
We claim that Hypothesis (H5) holds with s = 1/2. The proof follows the strategy in [4,
Section 3.1], but since generally 5 # 1, we need to modify slightly the arguments. To this
end, we introduce the matrix P(u,) with elements P;;(u,) = 6;; — u;, fori,j =1,...,n.
A computation shows that

(H(ug)P(uy))i = ! + L= 6, (H(uU)P(uU))ij = 1-5

Ui, Uo,o Uo,o

for ¢ # j.

Recall that 8 < 1. Then H(u,)P(u,) is positive definite with

n

T —~ 2 1-8 2 z
2 H(uy)P(uy)z = Z + Z(zz +z;)° > Z
0

— Uj o Ug,o U,
=1

i,j=1 i=1

for any z € R". We also need the matrix A(u,) with elements A;;(u,) = &;;/u;, and
a = min; j—i ., a;; > 0. The previous inequality gives

.....

2" (H(up) Ao (uy) — al(ug))z > 2" H(u,) (Ao (us) — aP(u,))z.

Denoting by g{,(ua) the matrix with coefficients a;; — o instead of a;; and introducing the
matrix D(u,) with elements D;;(u,) = u;, for i,5 = 1,...,n, it follows that A,(u,) —

aP(uy) = Ay(us) + aD(u,). Therefore,
2T (H(up)As(uy) — al(ug))z > 2" (H(ua)ga(ug) + aH (uy)D(u,)) 2.
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It remains to show that H(u,)A,(u,) and H(u,)D(u,) are positive semidefinite. All

elements of H (u,)D(u,) are given by the same value §/uo,, and so this matrix is positive

semidefinite. Furthermore, H (u,)A,(u,) is positive semidefinite if and only if Ay (uo)H (uy) ™"
is positive semidefinite. (At this point, we use the symmetry of H(u,).) Since the elements

of the inverse H(u,)~! are

1 1
H(ug)y;" = B(ﬁ — Uj o) Ui g H(uc,)i’j1 = —Bui,guj,g for i # j
and 7,5 = 1,...,n, we obtain
~ 1 ui,a 1 L
(AU(UU)H(UU> )“ = (aiO - a) (B - ui,o) + 2 (aij - O‘)uiﬁujﬂ?
5 R
=1,j#i
~ 1

(AO'</U/O')H(UO')71)Z‘]‘ = _E(@ij - a)ui,ouj,a for i # j.
Consequently, using the symmetry of (a;;),

2T A, (u VH (uy) 'z

1
=5 Z i — Q)i o (B — Ui o)zt + 3 (aij — Q)i oo (27 — 2i2;)

1 1
=3 Z(aio — )i o (B — Uig)zr + 35 Z(aij Q)i o o (27 + zj2 —22;2;) > 0.

We conclude that
2" (H(uq)As(uy) — oA (ug))z > 0.

Summarizing, the result reads as follows.

Lemma 3. et u, € (0,1)" be defined by (21) and H(u,) and A,(u,) by (24)-(25) and

assume that a;; = aj; for all 4,7 = 1,...,n and o = min; j—1 __, a;; > 0. Then for any
z € R”,
T ~ z
2 H(uy)As(ug)z > o
o o\Uo ; Uiy

Already in [13], a convergent two-point flux approximation finite-volume scheme for this
model with a logarithmic mean was introduced, but with a different strategy. Indeed, the
authors of [13] noticed that if all diffusion coefficients are equal, system (22) reduces to
n + 1 uncoupled heat equations, and they rewrite the equations as

owu; — a*Au; = div (Z(aij —a")(u;Vu; — uiVuj)>, 1=0,...,n,

§=0
where a* > 0 is arbitrary. Then they designed their scheme for this equivalent system and
proved its convergence, using similar techniques as in our paper. However, the numerical



14 A. JUNGEL AND A. ZUREK

results depend on the choice of a*, and choosing a* > 0 too large overestimates the diffu-
sion. In our approach, we avoid the artificial parameter a* but still obtain full structure
preservation of the scheme.

3.3. Tumor-growth model. The growth of an avascular tumor can be modeled in the
framework of fluid dynamics and continuum mechanics by diffusion fluxes of the tumor
cells, the extracellular matrix (ECM), and the interstitial fluid (water, nutrients). The
diffusion matrix of the tumor-growth model of [30] is given by

Aly) — 2uy (1 — uy) — BOuyu’ —2Bugus(1 + Ouy)
(u) = —2uqus + BO(1 — ug)ud  2Bus(1 — ug)(1 4 Ouy) )’

where u; is the volume fraction of the tumor cells and us is the volume fraction of the
ECM. The volume fraction of the interstitial fluid is denoted by ug, and it holds that
ug + u1 + us = 1. The entropy density and the mobility coefficients are defined as in the
previous examples, and we choose H(u,) as before. Furthermore, we define

1 2ul,a(u0,a + uQ,a) - Beul,au;g _ZBUI,JUQ,U(:[ + 0“1,0)
a(uy) \—2u10Uz0 + B(Uo o + U10)u5 5 2BUz0(Uoe + Ure) (1 + OUury) )

where a(u,) = up, + U1 » + U2, is a correction factor. The corresponding cross-diffusion
system has an entropy structure under the condition § < 4/+/3 [36]. We compute

2" H(up)Ag(tig)z = 222 + BOug o 2125 + 28(1 + Ouy o )25 > §(27 + 23),

where § > 0 depends on § and #. This does not fulfill Hypothesis (H5) since s = 1.
Moreover, we cannot deduce that a(u,) > 0 from Theorem 1. For instance, if 0 = K|L
and wy g = usp = 0, w1, = ugx = 1, we obtain upx = upr = 0 and u;, = 0 for all
i =0,1,2. In fact, we observe in our numerical simulations that a(u,) may vanish. This
can be prevented by adding an artificial diffusion term of the form dAw; with § > 0 for
i = 1,2. Then Hypothesis (H5) is satisfied with s = 1/2. However, such terms regularize
the solutions in such a way that the “spikes” observed in [36, Figure 1] are smoothed out.
Thus, the accurate numerical simulation in the case s = 1 is still an open problem.

AO’ (UU) -

4. PROOF OF THEOREM 1
We first prove a discrete version of the chain rule h”(u)Vu = VA (u).

Lemma 4 (Discrete chain rule). Let H;;(u,) be defined by (17), where u € D and u, is
giwen by (15). Then for all 0 € Ent k., it holds that

H(u,)Dg ou” = Dg o' (u¥).
Proof. Let 0 = K|L € &y and 7 € {1,...,n}. By definition (15), we find that

n

> Hij(ub)Dycouf = b (i) (i, — ik) + b (uo.0) Y (.0 — k)
j=1

j=1

= h (o) (wir — uix) — hy(uy)(uo L — uoK),
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using Z;Ll uik = 1 —up in the last step. Since v € D, we have either u;, = ;, or
Ui s = Uik = W; . Therefore,

Z Hij(uf)Dic gt = hi(ui ) — hi(uix) — (ho(uo.L) — ho(uix))

= Dy ohi(u*) — Dg ohly(u*) = D o (Oh /) (u").
The result also holds when o € €y i, since then D K’Uué? = 0. This finishes the proof. [

The existence proof is similar to [38, Section 2] and we repeat only the main arguments.
The proof of the positivity statements, however, is new.

Step 1: Fized-point problem. We proceed by induction over k& € NU {0}. If £ = 0, we
have v € D for K € T by Hypothesis (H3). Let u*~! be given such that uf* € D for
K € T. We construct u* from a fixed-point argument. For this, let R > 0, € > 0 and set

ZR: {U): (wl,...,wn) € V7T-L : ”wiH172’7’<RfOI”Z': 1,...,71,}.

We define the mapping F. : Zp — R, F.(w) = w®, where § = #7 and w® = (w5, ..., w:)
solves the linear system

e e _ m(K)
(26) € Z ToDk,ow; —em(K)w; ;o = AL —— (uix — Z Fi Ko

oceli oefi

for K € T, i =1,...,n, where F; g, is defined in (14) and ux = (h')"'(wk) € D.
The regularization in ¢ is needed, since the diffusion matrix is only positive semidefinite
in the variable w®. The existence of a unique solution w® to (26) is a consequence of
the proof of [19, Lemma 9.2]. The continuity of F. is shown as in [38, Section 4] by
exploiting the fact that w € Zg is bounded and so does u = (h')~!(w), yielding the
estimate e||w$||1 27 < C(R) for some constant C'(R) > 0.

We claim that F. admits a fixed point. To this end, we use a topological degree argument
[17, Chap. 1] and prove that the Brouwer topological degree satisfies deg(I — F., Zg,0) = 1.
It is sufficient to verify that any solution (w¢, p) € Zg x [0,1] to the fixed-point equation

¢ = pF.(w) satisfies (we,p) & 0Zr x [0,1] for sufficiently large values of R > 0. Let
(we, p) be a fixed point and p # 0 (the case p = 0 is clear). Then w® solves

@) e Y bt —em(Fui = o B - i) + Y P ).

o€k ocelk

for all K € T and i = 1,...,n, where uf = (W) '(w%) and F; g, is defined as in (14)
with u replaced by u° Because of uf o € D we have u; ;- > 0 for KeTandi=0,.
Step 2: Discrete entmpy mequal@ty The key step of the proof is the following lemma

Lemma 5 (Discrete entropy inequality). Let the assumptions of Theorem 1 hold, let 0 <
p<1,e>0, and let u* be a solution to (27). Then u5, > 0 foralloc € £, i =0,...,n
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and

(28) oMW+ pealdt S S ()0 (Dous) 4+ et S (k|7 < pH[uA )

i=1 oc€ i=1
Proof. First, we prove that u; , > 0 for all 0 € £ and i = 0,...,n. Indeed, if 0 € Eex x,
we have uf ;- = uf . > 0 and hence uj , = uf ;- > 0. Thus, let 0 = K|L € &y i Again, if
u; i = ug g >0, it follows that uf , > 0. Otherwise, u;, is the unique solution to

us .- — ut
h//( ZU) i, K i, L > O,

hi(uf i) — hi(uir)
and we deduce from the strict monotonicity that u§, > min{ug ;- u5 } > 0.
Next, multiplying (27) by Atw; ., summing over i = 1,...,n and K € T, and applying
discrete integration by parts, we find that

OszZm( zK_uzK w; g PAtZZ i K o DK, oW;

i=1 KeT i=1 0€&nt
o=K|L

+eAtY iy =L+ L+ Is.
i=1
We know from Hypothesis (H4) that h is convex such that, because of w = h'(u%),
I > p Y m(K)(h(use) — h(uf)) = p(H[u] — H[u" ).
KeT
Furthermore, by Lemma 4, the symmetry of (H;;), and Hypothesis (H5),

I, = pAt Z Z T A 1] DK ol DKU(h/<u€))i

'LJ 1 Uegmt
o=K|L

_pAtz Z To (H (ug ) Dk ou®)i Agj(ug ) D o u§

’] 1 Uegmt
o=K|L

= pAL Y > 7D (ug) Hyi(ug) Ay (ug) D o5

1,jl=1 0€&nt
o=K|L

—pAtZ Z 7D oug (H (ug,) A(u )) D ous

il=1 o€&nt
oc=K|L

chAAtZ Z Tg(uia)Q(S’l)(DK,guj)Q.

j=1 o€&nt
oc=K|L
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Putting these estimates together, we conclude the proof. O

We continue with the topological degree argument. Choosing

1
R= —HF Y2 41,
Vet | ]

the previous lemma leads to

n
ALY Nt 2 < oMY < SAHR — 1)
i=1
which gives Y7 | [[wf]|} 57 < R?. We conclude that w® & 0Zg and deg(I — F;, Zg,0) = 1.
Thus, F. admits at least one fixed point.

Step 3: Limit € — 0. By construction of u®, we have us = (h')"'(w%) € D for K € T.
Thus, [|uf]lo,co,7 = Mmaxger |[uf | < 1 for i = 0,...,n, and there exists a subsequence
(not relabeled) such that uf, — uj, € [0,1] as e — 0 for K € 7, i = 1,...,n and
satisfying ufe = (uf x,...,uf ) € D. Moreover, there exists a subsequence such that
us, = uf, €[0,1]ase = 0for o € &g and i = 0,...,n, and uf, is given by (15). In view
of the bound for \/zw$, we have, again for a subsequence, ew; ¢ — 0.

We show that the total mass fQ ukdz is positive for i = 1,...,n. For this, we write
wff( 1= w§ i, sum over K € T in (27), and use the local balance equations F7 - +F;; , =0

2,

and 7,Dg ,w® + 7,Dp ,w® = 0 for all 0 = K|L € &y to deduce that, by induction,

Z m(K)u; o = Z m(K)uf;{l —eAt Z m(K)wfIk{

KeT KeT KeT
k
= Z m (K )ug o — 5Atz Z m(K)wf’}k(,
KeT j=1 KeT

for i =1,...,n. The limit ¢ — 0 yields

(29) Z m(K)uf . = Z m(K)uf o = / u(z)dr >0 fori=1,...,n,
KeT KeT @
where the positivity in the last step follows from Hypothesis (H3).

Next, we show that 0 < uﬁg <lforallo € &y and i =1,...,n. In view of definition
(15) of uf, and Y7 ufy, < 1, it is sufficient to show that uf, > 0 for all K € T and
i=1,...,n. Let i € {1,...,n} be fixed. Assume by contradiction that uﬁK = 0 for some
K € T. Then ufig =0 for 0 = K|L € &. The entropy inequality gives

(uf p — uf )* < C(AL, w1 (us )70,

1,0
and in the limit ¢ — 0

(u)? = (up = uig)® < C(Atu" ) (uf,) ).

Thus, uy, = 0 implies that uf ; = 0 (here we need s < 1). Next, let L’ be a neighboring cell
of L. By the previous argument, it follows that also uf’ - = 0. Repeating this argument
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for all cells in 7, we find that uf - = 0 for all K € T Consequently, ZKeTm(K)uf’K =0,
Which contradicts (29). This shows in particular that uf, =1—>" uf <1 and hence
uy € D for all K € T. Moreover, we deduce from the definition of uf, that 0 < uf, <1
holds forallo = K|L € &y and i =1,...,n

Note that ufj, = 0 may be possible, which explains the condition ||A,(us)|| < co in
Hypothesis (H5) whenever ug, = 0. Thus, together with the continuity of A;;, on [0, 1] x
(0,1)™ and the bounds on uﬁa for i =1,...,n, we can pass to the limit ¢ — 0 in (27) and
(28) to finish the proof of Theorem 1.

Remark 6 (Case s = 1). The existence of discrete solutions to scheme (12)—(15) and
the validity of the entropy inequality can be extended to the case s = 1 if ||A,(0)| < oc.
This is possible since the singular term (uf )2~V disappears when s = 1 and the proof
simplifies. However, we cannot ensure in general that uf’g > 0 holds for o € &, k > 1,
i=1,...,n. For the existence of discrete solutions, the condition ||A,(0)| < oo is crucial.
The example in Section 3.3 shows that the modified matrix A, may contain the factor
a(uy,) = Y i, ciu;» for some ¢; > 0, necessary to prove the positive (semi-) definiteness of
HA,. In this situation, ||A,(0)|| is not a number, and the existence of a discrete solution
cannot be guaranteed. U

Remark 7 (Source terms). Our analysis still holds when we include source terms of the
type fi(u) on the right-hand side of (1). We need to assume that f; € C°(D) and that
there exist constants Cy > 0, ¢y > 0 such that for all u € D,

Zfz (hi(u;) + ho(ug)) < Cr(1+ h(u)) and  fi(u) > —cpu; fori=1,...,n.

If we assume, in addition to Hypotheses (H1)-(H5), the condition At < 1/C on the time
step size, then the statement of Theorem 1 holds with the modified entropy inequality

(1= CrANH[UF] + cadt Y Y rpuls ™V (Doub)? < Hub '] + CrAtm(Q).

i=1 o€

This inequality is a direct consequence of the first assumption in (30); see, e.g., the proof
of [38, Theorem 1]. The second assumption in (30) allows us to adapt the proof of the
positivity of the total mass in Step 3, giving after an induction

b o Jow(@)de
D m(Kuix (1 + cfAt)

KeT

The remaining proof is unchanged. U

5. PROOF OF THEOREM 2

We prove first some estimates uniform in Az and At and then deduce the compactness
properties.
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5.1. A priori estimates. We introduce the discrete time derivative of a function v €
VT,At3
1 _
Oft(x,t) = 0~F () = At( R (x) — ")),  (2,1) € A x (th_1,ta), k=1,..., Np.

Lemma 8 (Uniform estimates). Let the assumptions of Theorem 1 hold. Then there exists
a constant C' > 0 independent of Ax and At such that for alli=1,...,n,

'“||12¢+ZA15||3N il227 < C.

k=1 k=1

Proof. We sum (18) over k = 1,...,7 (with j < Np) and i = 1,...,n, and use the facts
that 0 < uf, <1 and s <1 to obtain

H[u!] +CAZAtZZTUDU < H[u).

i=1 o€&

max, |
k=

Since the entropy dominates the L' norm thanks to (H4), the previous inequality implies
that

n 7 n
anax S b lloay + DAY (bl 7 < M) + e m(@).
=1 k=1 i=1

The discrete Poincaré—Wirtinger inequality [6, Theorem 3.6] gives the existence of a con-
stant C' only depending on u and Q such that >7_, At[|luf[2,, < C.

For the estimate of the discrete time derivative, we choose ¢ € Vi with [|¢|l127 = 1
and multiply scheme (13) by ¢g, sum over K € T, k = 1,..., Np, and apply discrete
integration by parts:

k—1

k
Zm(K)%KT Z Z 7-0 Z] DKO'U‘ DKJ¢_ Jl

KeT j=1 o€&nt
oc=K|L

The boundedness of uﬁg and the Cauchy-Schwarz inequality imply that

n n
|| < ngx |Aij (i) [ub]1 2718127 < CY - lublla 7ol 2

Jj=1 J=1

We infer that
Nt k k—1
ur —ut
E Al =i
At
k=1

This finishes the proof. [l

2 Nt

= sup At
1,27 ol 7=1

uk — uk_l 2
2 mK) = xy—ox

KeT
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5.2. Compactness properties. Let (D,,)nmen be a sequence of admissible meshes of Qp
satisfying the mesh regularity (11) uniformly in m € N. We claim that the estimates from
Lemma 8 imply the strong convergence of a subsequence of (u; ).

Proposition 9 (Strong convergence). Let the assumptions of Theorem 2 hold and let
(Um)men be a sequence of discrete solutions to (12)—(15) constructed in Theorem 1. Then
there exists a subsequence of (uy,), which is not relabeled, and v = (uy,...,u,) € L=(Qr)
such that for anyi1=1,...,n,

Uim —> W  Strongly in LP(Qr) as m — oo, 1 <p < 0.

Proof. The result follows from the discrete Aubin-Lions lemma of [23, Theorem 3.4] if the
following two properties are satisfied:

(i) For any sequence (vp,)men C V7, such that there exists C' > 0 with ||v,, 127, < C
for all m € N, there exists v € L*(Q) satisfying, up to a subsequence, v,, — v
strongly in L?(Q2).

(i) If v, — v strongly in L*(Q2) and ||vp||-12.7,, — 0 as m — oo, then v = 0.
Property (i) follows from [20, Lemma 5.6], while property (ii) can be replaced by the
condition that || - ||127, and || - ||-127, are dual norms with respect to the L*(2) norm,
thanks to [23, Remark 6], which is the case here. Then [23, Theorem 3.4] implies that
there exists a subsequence (not relabeled) such that w;,, — u; strongly in L?(0,T; L*(2))
as m — oo. We deduce from the L* bound for (u;,,) that u;, — w; strongly in LP(Qr)
for any 1 < p < o0. O

Lemma 10 (Convergence of the gradient). Under the assumptions of Proposition 9, there
exists a subsequence of (Up)men such that fori=1,... n,

VU — Vu;  weakly in L*(Qr) as m — oo,
where V™ s defined in Section 2.

Proof. Lemma 8 implies that (V™u; ) is bounded in L?*(Q7). Thus, for a subsequence,
VUi — v; weakly in Qp as m — oco. It is shown in [15, Lemma 4.4] that v; = Vu,;. O

5.3. Convergence of the scheme. We show that the limit v from Proposition 9 is a
weak solution to (1)—(2). Let i € {1,...,n} be fixed, let ¥; € C5°(2x [0,T)) be given, and
let ny, := max{Az At,,} be sufficiently small such that supp(y;) C {z € Q : d(z,09Q) >
Nm} % [0,T). Furthermore, let 1¥ . := ;(xx, tx). We multiply scheme (13) by Atmw,ﬁ;{l
and sum over K € T, and k =1,..., Np. Then F|" + FJ" = 0, where

Nt
Fr= 0y m(E) (ufy — uil el
k=1 KeTm
n Nr

FQmZ—ZZAtm Z Z TUAU,Z']‘(U'I;)DKpu;: ZkJ_{l

j=1 k=1 KeTm 0€€int, k
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Furthermore, we introduce

T
kg = _/ /ui,matwidxdt - / Ui (2, 0)i(z, 0)d
o Ja 0

n_T
Fao = Z/o /QAij (Un) V™ Uy - Vapiddt.
i=1

It follows from the convergence results from the previous subsection, the continuity of A
and the assumption on the initial data that, as m — oo,

T n_T
Fit + Foy — —/ / w; Oy dadt — / ul (2)(, 0)dz + Z/ / Aii(w)Vuy - Vipdzdt.
0o Ja Q = Jo Ja

We prove that Fjg — Fj™ — 0 as m — oo for j = 1,2, since this shows that Fjj + Fa5 — 0,
finishing the proof.

We start with the first difference F|§ — F/™. It is shown in [15, Theorem 5.2|, using
the L*>(Qr) bound for w;,, and the regularity of ¢, that FJj — F/™ — 0. It remains to
verify that |F3y — F3*| — 0. To this end, we apply discrete integration by parts and write
Fy' = F3p + F3y, where

R

n

Nt
= ZZAtm Z Z TaAij(ul;(>DK,au§DK,awf_l>

j=1 k=1 K€Tm 0€Ent, K
n Nr
" k k k k k—1
= E E At,, E E To (Aoij(ul) — Agﬂ'j(uo,K,UK))DK,JUJ'DK,Uwi :
j=1 k=1 KeTm 0€&nt, K

Here, we used the equality A, (uf x,uf) = A(uf) since uf; € D and uf e =1 — 377 uf
for all K € T, coming from Hypothesis (H5). The definition of the discrete gradient V™
in Section 2.3 gives

[Fog — F3i] < ZZ Y Y m(o)|Ay(uk)| D]

j=1 k=1 K&€Tm 0€Ent, K

LR
S Vi, - vg odx | dt].
/tk—l ( da' m(TKaU) TK,o’ 1/} o

It is shown in the proof of [15, Theorem 5.1] that there exists a constant Cy > 0 such that

tr DK wlﬁ;—l 1
R N Vi, - v odz |dt| < CoAty,nim.
‘ /tk.l < ds m(Txk ) /TK,(, ViV, ) ’ 0=l

Hence, by the uniform L* bound for «* and the Cauchy-Schwarz inequality,

|[F35 — F51 < CoanZAt Y D m(o)lAy(ui)| Dious]

j=1 k=1 KeTm 0€Eint, k

X
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n Nr 1/2
gcanZAtmuum,z,Tm(Z > m(a)da) .

j=1 k=1 KeTm 0€&mt, K

We deduce from the mesh regularity (11) and the assumption 2 C R? that

>, D m d<—Z >, m xK,)ngm(K)zgm(Q).

KeTm 0€&int, K KeTm 0€Ent, K KeTm

Hence, we have
n NT

By = FR1 < Cnn Y Y Aty |l 27, < Cnj — 0.

j=1 k=1
For the estimate of I3, we need the Lipschitz continuity of A,;;, the upper bound
up , < (uf o +ugp)/2 for o € Epg and £ = 0,...,n, the equality uf o =1 — >/, uj; for
all K € T, and the Cauchy—-Schwarz inequality:
[F55| < Cimllvillor @y G, where

n

Nr
Go=Y > Atw Y > TolAgsi(uf) = Agi(uf i, uc) Do}

=1 k=1 KeTm 0€€int, K
<czzm D Tg(zy% W)
j=1 k=1 K€Tm 0€€int, k
sz D TU<Z|WL WK)D b
7=1 k=1 KeTm o€,k
<cizm S Y nDutDk
£,j=1 k=1 K€Tm 0€&int, x
n  Nr 1/2 , n Nrp 1/2
c(zzmmzﬂ,mgu'g)?) (szmz%mﬂ;y) |
(=1 k=1 = Jj=1 k=1 o€l

By Lemma 8, the right-hand side is bounded uniformly in m. Thus, |Fi3| < Cn,, — 0 and
|Foo — Far| < |Fap — F3t| + |F35] — 0 as m — oco. This finishes the proof.

Remark 11. Let us mention some possible extensions of Theorem 2. We can easily adapt
the proof to the case s = 1 if we assume in addition to (H5) that ||A,(0)|| < oo holds.

Moreover, we can include source terms f; € C°(D) for i = 1,...,n such that the conditions
(30) and At,, < 1/Cy for m € N are fulfilled. Then, following the proof in [38, Theorem
2], we can show that Theorem 2 still holds. O

6. NUMERICAL EXAMPLES

We present in this section some numerical experiments in one and two space dimensions.



DISCRETE BOUNDEDNESS-BY-ENTROPY METHOD 23

6.1. Implementation of the scheme. The finite-volume scheme (12)-(15) is imple-
mented in MATLAB. Since the numerical scheme is implicit in time, we have to solve
a nonlinear system of equations at each time step. In the one-dimensional case, we use
Newton’s method. Starting from u*~1 = (u’f‘l,ug_l), we apply a Newton method with
precision € = 107! to approximate the solution to the scheme at time step k. In the two-
dimensional case, we use a Newton method complemented by an adaptive time-stepping
strategy to approximate the solution of the scheme at time t,. More precisely, starting
again from u*~!' = (u¥7' ub™!), we launch a Newton method. If the method does not
converge with precision ¢ = 10710 after at most 50 steps, we multiply the time step by a
factor 0.2 and restart the Newton method. At the beginning of each time step, we increase
the value of the previous time step size by multiplying it by 1.1. Moreover, we impose the

condition 1078 < At;, < 1072 with an initial time step size set to 1072,

6.2. Test case 1: Rate of convergence in space. In this section, we illustrate the
order of convergence in space for the Maxwell-Stefan model presented in Section 3.1 in
one space dimension with @ = (0,1). We consider a similar test case as in [34, Section
6.2] but with a discontinuous initial datum u?. We choose the coefficients dy = 1/0.168,
d; = 1/0.68, and dy = 1/0.883 and impose the initial datum

u?(x) = 0.8 1,05 (), ug(x) =0.2.

Since exact solutions to the Maxwell-Stefan model are not explicitly known, we compute
a reference solution on a uniform mesh composed of 5120 cells and with time step size
At = (1/5120)?. We use this rather small value of At, because the Euler discretization in
time exhibits a first-order convergence rate, while we expect, as observed for instance in
[13], a second-order convergence rate in space for scheme (12)—(15), due to the logarithmic
mean used to approximate the mobility coefficients in the numerical fluxes. We compute
approximate solutions on uniform meshes made of 40, 80, 160, 320, 640, and 1280 cells,
respectively. In Figure 1, we present the sum of the L'(€2) norms of the differences between
the approximate solution u; and the average of the reference solution w; ,r at the final time
T = 1072, As expected, we observe a second-order convergence rate in space as in [34].

6.3. Test case 2: Long-time behavior. Following [13, Section 5.3], we study the long-
time behavior of the scheme for the cross-diffusion system for thin-film solar cells, intro-
duced in Section 3.2, with reactions terms. More precisely, for = (0,1)? and the final
time 7' = 15, we consider the system

(31) 8tu1 — div (Au(u)Vul + Alg(u)VUQ) =T (u),
(32) Opuy — div (Agl(u)Vul + A22(u)Vu2) = —2r1(u),
where

r(u) = (u;)2 — 1000w (1 — uy — ug) ™,

and the coefficients of the diffusion matrix A(u) are given by (23). We choose, similar to
[13], a1p = 1, agg = 0.1, ajpo = 0, and ag; = 0. Observe that these coefficients do not satisfy
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FIGURE 1. Test case 1: L' norm of the error in space at final time T = 1072,

the assumptions of Lemma 3. Finally, we impose the initial datum

9 loosne(®y) o 2 1gs2(2,y)

0 _ _
The steady state of this system is given by
u‘fozﬂ—&, u?:ﬁ+2a,

where a = (—5v/206530 4 4504) /10956 is the unique root of the polynomial of degree two
given by 71 (u*) which ensures the nonnegative of the steady state u> = (u3°, u3°), see [13,
Section 5.3] for more details.

Let us notice that the source terms in (31)—(32) do not satisfy the assumptions (30) of
Remark 7. Indeed, in this case, we consider the (discrete) relative Boltzmann entropy

2
(33) Hlu|u™] = Z Z m(K) (ui,K log ZZT’Z( + u” — Ui,K)a

=0 KeT

with uy® = 1—uf®—u3®. Now, since by construction of u> we have log(u®ug®)—2log(u3®) =
log(1000), we conclude that

r(w) (R (ur) + hy(ug)) — 2r1(u) (hy(ug) 4+ hy(ue)) = 71(u) (10g(1000u1u0) — log(ug)) <0.

In particular, under the assumptions of Lemma 3 and adapting the proof of Theorem 1,
the following discrete entropy inequality holds:

Hu[u™] + oAt Y 7o (Do (uf)/2)? < H[uF1u),

i=1 o€&nt
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I I

— Hlufu™] |
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FIGURE 2. Test case 2: Discrete relative entropy versus time.

with v = min; j—1 2 a;;. Then, arguing as in [11], there exist constants x > 0 (depending
on u’) and X > 0 (depending on «a, u°, and ¢) such that

n
Z Juf — w517 < M |ue]e™™  for all k > 1.
i=1

Figure 2 illustrates, in semilogarithmic scale and for a mesh of {2 made of 3584 triangles
(see [38, Fig. 2 left]), the temporal evolution of the discrete relative entropy (33). As in
[13], we observe an exponential decay towards the steady state, although the assumptions
of Lemma 3 are not fulfilled.
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