EXISTENCE ANALYSIS OF A SINGLE-PHASE FLOW MIXTURE
MODEL WITH VAN DER WAALS PRESSURE

ANSGAR JUNGEL, JIRT MIKYSKA, AND NICOLA ZAMPONT

ABSTRACT. The transport of single-phase fluid mixtures in porous media is described by
cross-diffusion equations for the mass densities. The equations are obtained in a thermo-
dynamic consistent way from mass balance, Darcy’s law, and the van der Waals equation
of state for mixtures. The model consists of parabolic equations with cross diffusion
with a hypocoercive diffusion operator. The global-in-time existence of weak solutions
in a bounded domain with equilibrium boundary conditions is proved, extending the
boundedness-by-entropy method. Based on the free energy inequality, the large-time
convergence of the solution to the constant equilibrium mass density is shown. For the
two-species model and specific diffusion matrices, an integral inequality is proved, which
reveals a minimum principle for the mass fractions. Without mass diffusion, the two-
dimensional pressure is shown to converge exponentially fast to a constant. Numerical
examples in one space dimension illustrate this convergence.

1. INTRODUCTION

The transport of fluid mixtures in porous media has many important industrial appli-
cations like oil and gas extraction, dispersion of contaminants in underground water reser-
voirs, nuclear waste storage, and carbon sequestration. Although there are many papers
on the modeling and numerical solution of such compositional models [1, 6, 7, 11, 17, 19],
there are no results on their mathematical analysis. In this paper, we provide an exis-
tence analysis for a single-phase compositional model with van der Waals pressure in an
isothermal setting. From a mathematical viewpoint, the model consists of strongly coupled
degenerate parabolic equations for the mass densities. The cross-diffusion coupling and the
hypocoercive diffusion operator constitute the main difficulty of the analysis.

Our analysis is a continuation of the program of the first and third author to develop
a theory for cross-diffusion equations possessing an entropy (here: free energy) structure
[13, 23]. The mathematical novelties are the complex structure of the equations and the
observation that the solution of the binary model, for specific diffusion matrices, satisfies
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an unexpected integral inequality giving rise to a minimum principle, which generally does
not hold for strongly coupled diffusion systems.

Model equations. More specifically, we consider an isothermal fluid mixture of n mass
densities ¢;(z,t) in a domain Q C R? (d < 3), whose evolution is governed by the transport
equations

(1) dyci = div (civp+sZDij(c)vuj>, €N, t>0,i=1,...,n,
j=1
where ¢ = (c¢1,...,¢,). The van der Waals pressure p = p(c) and the chemical potentials

p1 = p1(e), ..., pn = pn(c) are given by
Ctot -
(2) ——n Z aijCiCy,

P = n -
1- Zj:l b]CJ ij=1

- biCiot
(3) i = log ¢, — log (1— b> R RS < .,
ZJJ 1= 201 big JZ_: Y

j=1 =1 =1
These expressions are well defined if (¢1(x,t),...,c,(z,t)) € Z a.e., where
(4) 9 = {(01,...,cn) ER":¢;>0fori=1,...,n, ijcj < 1}.
j=1

Here, c¢ior = Y ., ¢; is the total mass density and ¢ > 0 is a (small) parameter. The
parameter a;; = aj; > 0 measures the attraction between the i¢th and jth species, and
b; > 0 is a measure of the size of the molecules. The diffusion matrix D(c) = (D;;(c))
is assumed to be symmetric and positive semidefinite. Moreover, we suppose that the
following bound holds:

(5) Do[TIw|* < 3 Dyj(c)v; < Dy[v]* for allv € R", c € 2,
ij=1

for some Dy, D; > 0, where Il = I —¢®/ is the projection on the subspace of R™ orthogonal
tol:=(1,...,1)/y/n. A property like (5) is known in the literature as hypocoercivity, that
is, coercivity on a subspace of the considered vector space. In our case, the matrix D(c) in
(5) is coercive on the orthogonal complement of the subspace generated by ¢. Bound (5)
is justified in the derivation of model (1)-(3), as the diffusion fluxes .J; = —e >7"_ | D;;Vy
must sum up to zero (see Section 2).

Equation (2) is the van der Waals equation of state for mixtures, taking into account
the finite size of the molecules. Equations (2)-(3) are derived from the Helmholtz free
energy F(c) of the mixture; see (16) below. For details of the modeling and the underlying
assumptions, we refer to Section 2.

We impose the boundary and initial conditions

(6) pi=0 ond, t>0, c(,00=c inQ, i=1,...,n

)



ANALYSIS OF A SINGLE-PHASE FLOW MIXTURE MODEL 3

Note that we choose equilibrium boundary conditions. A physically more realistic choice
would be to assume that the reservoir boundary is impermeable, leading to no-flux bound-
ary conditions. However, conditions (6) are needed to obtain Sobolev estimates, together
with the energy inequality (8) below. Numerical examples for homogeneous Neumann
boundary conditions for the pressure in case ¢ = 0 are presented in Section 7.

Up to our knowledge, there are no analytical results for system (1)-(3) and (6). In
the literature, Fuler and Navier-Stokes models were considered with van der Waals pres-
sure. For instance, the existence of global classical solutions to the corresponding Euler
equations with small initial data was shown in [15]. The existence of traveling waves in
one-dimensional Navier-Stokes with capillarity was studied in [21]. Furthermore, in [10]
the existence and stability of shock fronts in the vanishing viscosity limit for Navier-Stokes
equations with van der Waals type equations of state was established.

Main difficulties. A straightforward computation shows that the Gibbs-Duhem relation
Vp =", ¢;Vu; holds. Therefore, (1) can be written as

(7) Oyc; = div Z ((cic; +eDyj(c)) Vi), i=1,....n,

Jj=1

which is a cross-diffusion system in the so-called entropy variables p; [13]. The matrix
(cic;) € R™™ is of rank one with two eigenvalues, a positive one and the other one equal
to zero (with algebraic multiplicity n — 1). Thus, if ¢ = 0, system (1) is not parabolic
in the sense of Petrovski [2], and an existence theory for such diffusion systems is highly
nontrivial, which is the first difficulty. The property on the eigenvalues is reflected in the
energy estimate. Indeed, a formal computation, made rigorous below, shows that

d
(8) — / F(c)dx +/ |Vp|?dx + 8/ Vu: D(c)Vu dz <0.
dt Jq Q 0

In case ¢ = 0 we obtain only one gradient estimate for p which is not sufficient for the
analysis. There exist some results for so-called strongly degenerate parabolic equations (for
which the diffusion matrix vanishes in some subset of positive d-dimensional measure) [3].
However, the techniques cannot be applied to the present problem. Therefore, we need to
assume that € > 0. Then the gradient estimates for IIx and p together with the boundary
conditions (6) yield uniform H'! bounds, which are the basis of the existence proof. The
behavior of the solutions for ¢ = 0 are studied numerically in Section 7.

The second difficulty is the invertibility of the relation between c and p, i.e. to define for
given p the mass density vector ¢ = ®~1(u), where p = (py,...,pn) and ® : 2 — R"™ is
defined by (3). A key ingredient for the proof is the positive definiteness of the Hessian
F" of the free energy since 9®;/d¢; = 0*°F /Oc;0c;. This is only possible under a smallness
condition on the eigenvalues of (a;;); see Lemma 6. This condition is not surprising since it
just means that phase separation is prohibited. The analysis of multiphase flows requires
completely different mathematical techniques; see, e.g., [25] for phase transitions in Euler
equations with van der Waals pressure.
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The third difficulty is the proof of c(z,t) € Z a.e. This property is needed to define
p and p; through (2)-(3), but generally a maximum principle cannot be applied to the
strongly coupled system (1). The idea is to employ the boundedness-by-entropy method
as in [13, 23], i.e. to work with the entropy variables pn = ®(c). We show first the existence
of weak solutions y = (pi1, ..., tn) to a regularized version of (7), define ¢ = ®~1(u) and
perform the de-regularization limit to obtain the existence of a weak solution ¢ to (1).
Since c(x,t) = & (u(z,t)) € Z a.e. by definition of @, ¢;(z,t) turns out to be bounded.
This idea avoids the maximum principle and is the core of the boundedness-by-entropy
method. Let us now detail our main results.

Global existence of solutions. Using the boundedness-by-entropy method and the en-

ergy inequality (8), We are able to prove the global existence of bounded weak solutions.
Weset ¢, => "  and ¢, = >0 cr.

=1 "1

Theorem 1 (Existence and large-time asymptotics). Let ¢ : Q@ — 9,1 = 1,....,n, be
Lebesgue measurable and let ¢ = ®71(0) € 2 such that logcl,, € L' (), where ® : 9 —
R", ®(c) = p, is defined by (3). Furthermore, let the matrices (D;;) and (a;;) be symmetric
and satisfy (5) as well as

1 minizl n bl A

9 R i= — - — >0 K_l—rnaxb a;; >0,
( ) 16 max;—i,..n b; min;—1,..n b; ’ 1<i,j<n g

respectively, where X* is the mazimal eigenvalue of (a;;). Then:
(i) There exists a weak solution ¢ = (¢1,...,¢,) : Q2 x (0,00) = Z to (1)-(6) satisfying
the free energy inequality (8) and
ci—c € L*(0,00; HY(Q)) N HY(0,00; HH(Q)), i=1,...,n,
|Vp| € L*(0,00; L*(2)), logci € L™(0, 00; L2(12)).

(ii) There exists a constant C' > 0, depending on k and F*(°) = F() — F(c") such
that

- C
Z: ci(t) — 65”%2(9) < 1—+t fort > 0.

The idea of the large-time asymptotics of ¢;(t) := ¢;(, t) is to exploit the energy inequality
(8). Since it is difficult to relate the free energy F and its energy dissipation —dF /dt, we
cannot prove an exponential decay rate although numerical experiments in [16] and Section
7 indicate that this is the case even when ¢ = (0. Instead, we show for the relative energy
F*(c) = F(c) — F(c') > 0 that, for some constant C' > 0 and some nonnegative function

U e L0, 00),
d 5 “(
E/QF(C)dw_ l—l—\Il (/]—' dw),

from which we deduce that the convergence is of order 1/t as t — oco. Since the free energy
is strictly convex, by Lemma 6 below, we obtain convergence in the L? norm.
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An integral inequality. If ¢ = 0, we obtain only a gradient estimate for p. This lack of
parabolicity is compensated by the following — surprising — integral identity,

e () cn_l(t)) / ; ( 0 cgl)
10 Crot (T ( s dr = | cio f| = -, de, t>0,
(10) /Q (01 Crot (1) Coot (1) Q ' J ot ot

for arbitrary functions f : (0,1)""! — R; see the Appendix for a formal proof. This means
that there exists a family of conserved quantities depending on a function of n—1 variables.
It is unclear whether this identity is sufficient to perform the limit ¢ — 0 and to prove the
existence of a solution to (1) with ¢ = 0.

If £ > 0, the integral identity (10) does not hold in general. However, for specific diffusion
matrices D(c), the following inequality holds in place of (10):

c1(t) Cn—l(t)) / 0 ( C(1) Cg—1>
11 Crot (T . de < | cioif| > -, der, t>0,
I R O eI\,

for functions f specified in Theorem 3 below. Interestingly, this implies a minimum princi-

ple for ¢1 /¢ty - - -5 Cn1 /_ctot. A choice of the diffusion matrix ensuring the validity of (11)
is, for given o, 8 € C°(2) with >0, a > 0in 2,
(12) D(c) = ale)(F") '+ Blc)e® e,

where F” is the Hessian of the free energy F. Clearly, D(c) is bounded and positive definite
(although not strictly) for ¢ € 2. In particular, the constraint ). | D;;(c) = 0 does not
hold, and so the assumptions of Theorem 1 are not satisfied. However, with this choice of
D(c), equation (1) becomes
(13) Ohe; = div (1 +eB(c))e;iVp +ea(c)Ve)  i=1,...,n,
and the existence proof for (13) is simpler than in the case where D(c) satisfies (5).
Corollary 2 (to Theorem 1). Let ¢ : Q — 2, i =1,...,n, be Lebesque measurable and
let &' = ®10) € D, where ® : 2 — R, ®(c) = u, is defined by (3). Furthermore,
let the matrices (D;;) and (a;j) be symmetric and satisfy (9), (12). Then there exists a
weak solution ¢ = (¢1,...,¢,) : Q%X (0,00) = Z to (1)-(3), (6), satisfying the free energy
inequality (8) and, fori=1,...,n,
ci — ¢ € L*(0,00; H(Q)) N H(0,00; H(Q)),
Ve, Vp, Vloge; € L*(0,00; L(2))
logc; € L™=(0,00; L*(Q)).
Our second main result reads as follows.

Theorem 3 (Integral inequality and minimum principle). Let ¢ = ¢! fori =1,...,n
on 0R2. Under the assumptions of Corollary 2, the solution ¢ to (1)-(3), (6) constructed
in Corollary 2 satisfies (11) for all functions f € C*([0,1]""') such that its Hessian f" is
positive semidefinite in [0,1]"' and
f’( il ,...,CEF*)‘ ~0.
Ctot Ctot

(14) f(i _..,Cgr—l) —0,

F b
Cot Cot
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Moreover, for anyi=1,...,n,
0 r
. G . . ¢, G
inf > min {mf - T’} :
Qx(0,00) Ciot Ciot  Ciot

Exponential convergence of the pressure. In the degenerate situation € = 0, we are
able to show an exponential decay rate for the pressure p, at least for sufficiently smooth
solutions whose existence is assumed. The key idea of the proof is to analyze the parabolic
equation satisfied by p,

PF

8tp = DAp+ |Vp|2, where D = Z Ciij.

ij=1
Because of the quadratic gradient term, we need a smallness assumption on Vp at time
t = 0. Thus, the exponential convergence result holds sufficiently close to equilibrium.

Theorem 4 (Exponential decay of the pressure). Lete =0, d =2, and let ¢ = (cq,. .., ¢p)
be a solution to (1)-(2) with isobaric boundary conditions p = p* on 9Q, t > 0, for some
constant p* € R. Let m := min{infq p(c°),p"} > 0. We assume that

Ve € Lige(0,00); L*(Q)),  Vp € C°([0,00); L*()) N L*(0, T3 H' (),

loc

and SuPgy (o,1) Yor b <1 for any T > 0. Then there exists Ko > 0, which depends on
Q and d, such that if |Vp(c°)|| 12y < Kom, then, for some A > 0,

IVp(e®)llz2@) < IIVP()l2@e™, > 0.

The paper is organized as follows. Details on the modeling of the fluid mixture are
presented in Section 2. Auxiliary results on the Hessian of the free energy, the relation
between ¢ and p, and the diffusion matrix (12) are shown in Section 3. In Section 4, we
prove Theorem 1 and Corollary 2, while the proofs of Theorems 3 and 4 are presented in
Section 5 and 6, respectively. The evolution of the one-dimensional mass densities and the
pressure are illustrated numerically in Section 7 for the case ¢ = 0. Finally, identity (10)
is verified in the Appendix.

2. MODELING AND ENERGY EQUATION

We consider the isothermal flow of n chemical components in a porous domain @ C R¢
with porosity . The transport of the partial mass densities ¢; is governed by the balance
equations for the mass,

815((,002‘) + diV(C,ﬂ)i) = 0, 1= 1, e,

where v; is the partial velocity of the i¢th species. In order to derive equations for the
mass densities only, we impose some simplifying assumptions. To shorten the presenta-
tion, we set all physical constants equal to one. Moreover, we set ¢ = 1 to simplify
the mathematical analysis. Our results will be also valid for (smooth) space-dependent
porosities. Introducing the diffusion fluxes by J; = ¢;(v; — v), where v = Y"1 | ¢;0;/cio
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is the barycentric velocity and cior = Y., ¢; denotes the total mass density, the balance
equations become

(15) @cl- + diV(CiU + J,L> = O, 1= 1, Lo, n.

We suppose that the barycentric velocity is given by Darcy’s law v = —Vp, where p is
the fluid pressure. We refer to [22] for a justification of this law. The second assumption
is that the diffusion fluxes are driven by the gradients of the chemical potentials p;, i.e.
J; = —¢ Z?zl DV, for i = 1,...,n; see, e.g., [14, Section 4.3]. Here, ¢ > 0 is some
number and D;; are diffusion coefficients depending on ¢ = (¢y,...,¢,). According to
Onsager’s principle of thermodynamics, the diffusion matrix (D;;) has to be symmetric
and positive semidefinite; moreover, for consistency with the definition J; = ¢;(v; — v), it
must hold that "' | D;; =0 for j=1,...,n.

The equations are closed by specifying the Helmholtz free energy density

n n n

(16) Fle) = Z ci(logc; — 1) — ot log (1 — bjc]) — Z a;;CiC;,
=1 7=1 irj=1

where b; and a;; are positive numbers, and (a;;) is symmetric. The first term in the free

energy is the internal energy and the remaining two terms are the energy contributions of

the van der Waals gas [12, Formula (4.3)].

The third assumption is that the fluid is in a single state, i.e., no phase-splitting occurs.
Mathematically, this means that the free energy must be convex. This is the case if the
maximal eigenvalue of (a;;) is sufficiently small; see Lemma 6. The single-state assumption
is restrictive from a physical viewpoint. It may be overcome by considering the transport
equations for each phase separately and imposing suitable boundary conditions at the
interface [14, Section 1]. However, this leads to free-boundary cross-diffusion problems
which we are not able to treat mathematically. Another approach would be to consider a
two-phase (or even multi-phase) compositional model with overlapping of different phases,
like in [19]. In such a situation, a new formulation of the thermodynamic equilibrium based
upon the minimization of the Helmholtz free energy is employed to describe the splitting
of components among different phases.

The chemical potentials are defined in terms of the free energy by

oOF - biCtot -
i = 8ci — logci — log (1 — ijcj) + T’H_lbjcj — QZ&ijCja
j=1 J= 7j=1

and the pressure is determined by the Gibbs-Duhem equation [4, Formula (64)]

n n
Ctot
(17) p=> cip—F()=—=—— — ;CiC5
; 1370 by 2
This describes the van der Waals equation of state for mixtures, where the parameter
a;; is a measure of the attractive force between the molecules of the ¢th and jth species,
and the parameter b; is a measure of the size of the molecules. The pressure stays finite
if >2;_1bje; < 1, which means that the mass densities are bounded. In the literature,

1,7=1
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many modifications of the attractive term have been proposed. Examples are the so-called
Peng-Robinson and Soave-Redlich-Kwong equations; see [20].
Taking the gradient of (17) and observing that F /Jc; = p;, (17) can be written as

(18) Vp =Y V.
i=1
Therefore, we can formulate (15) as the cross-diffusion equations

Oyc; = div <Z(Cicj + gDij)v/J/j>7 1=1,...,n.

j=1
Multiplying this equation by pu;, summing over ¢ = 1,...,n, observing again that u; =
O0F /Oc;, and integrating by parts, we arrive at the energy equation

d n n 2 n
%/f(c)dx = / Zui@tcl-dx — —/ Zcivm dx—a/ Z DijV ;- Vygdx.
Q Q i=1 Q i—1 Q!

2,j=1
Since (D;;) is assumed to be positive definite on span{¢}*, where ¢ = (1,...,1)/y/n, and
¢l = cyor/\/n, this gives, thanks to Lemma 5, L? estimates for ¢y V; and, thanks to the
equilibrium boundary condition and Poincaré’s inequality, H! estimates for c;.

3. AUXILIARY RESULTS

First we show a result estimating the norms of two vectors from below.
Lemma 5. Let o, € R"™ be such that || = || = 1. Then, for any v € R™,

1
oo o — (8- 0)8 > 3o
The constant 1/4 is not optimal. For instance, if @« = [, we have the theorem of
Pythagoras, |« -v|? + v — (8- v)8]> = |[v].

Proof. Let w = (3-v)83 be the projection of v on 8 and w' = v— (3-v)S be the orthogonal
part. Then, clearly, [v|> = |w|? + |w!|?>. By Young’s inequality with § = 3/4 and |a| = 1,
we have

- o + v — (8- 0)B) = |a- (w+w) P+ [w]?
= (- w)’* + (a-wh)? 4+ 2(a - w)(a - wh) + |wt]?

(1 =) (a-w)* + (1= ) o w)* +[w]?
1 1
Z(oz cw)? — g(a cw)? 4wt
1 1
B0 B — Lt
We deduce from |o| = |3 = 1 that («- 8)? < 1, and thus,

(- B)?w?
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1 1
> 1o 82 (Jul? + ') = 3la- 8P,
finishing the proof.

0

(aij), defined in the pressure relation (2)
be a symmetric matriz whose mazimal eigenvalue \* € R satisfies (9). Then the Hessian
F" of the free energy F is positive definite, i.e

Lemma 6 (Positive definiteness of F”). Let A

n 2

v-F'(c)v > KZU

forallce 9, veR",
C;

i=1
where k > 0 is given by (9). In particular, ciF" is uniformly positive definite

Proof. A straightforward computation shows that (F”);; = B;;

— a;j, where
Bij = (b + b;)o + bibjc L ! > 1
ij — \Yi j 105 Ctot ) =7 ~n 7 . :
’ ’ ’ ¢ 1 =2 51 bic
Let v € R™. It holds that
" 2
z:lB”vlvj = 20(22}1) (Zb v]) + o ctot<2b U]) + z}c_l
i, i=
n U2 1 n 2
= | ov/Co bjv; v; | + - — v | .
(s =) + - ()
Defining w; = v;//¢i, 0 = 0+/CotCibi + \/Ci/Cor, and B; = \/¢;/cior for i = 1,...,n, the
quadratic form can be rewritten as
> Byvw; = (@-w)’ + |w — (8- w)B.
ij=1
Since |a]? = D" | 0 (ciorb?ci + 20b;c;) + 1 > 1, we may define o = @/|a|, which yields
(19) Z Bl'jl),ﬂ}j Z (Oé . ’UJ)2 + |U} — (ﬁ w)ﬁ\Q
ij=1

The norm of @ can be estimated from above:

|al* < o? Ctot max b Zbcz+2aZbCZ+1

=1 i=1
Since > | bic; < 1, we have min;_;

=1, DjCot < 10U Cor < 1/minj—y ,b;, and >0 bic; <
1 < . Therefore,

b +202+02: (3+H1axj:—1""’nbj)02_

ming_; b minj—y, _n b;
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We infer that « -  is strictly positive:
n 2 -1 n 2
~— (0' -+ Zi: szz) 1
(a-B)? =3l 2(1 + O'Zbici> > L — —
i=1 i :

We apply Lemma 5 to (19) to obtain

n
|w]”
4 E Bijvivy > (- B)?|lw]® > 3 4 D=ty
ij=1 minj—1,..,n b;

which, since w; = v;//¢;, implies that

" min;_; b, "2 min;_; b: = 02
(20) 4 Z Bij’U,ﬂ)j > S nJ Z -+ > J= e Z -,

3 min;=1,..n bj + max;=1,..n bj i1 C; 4man:1’m7n bj i1 C;

ij=1
The relation ¢y < 1/min;—y __, b; and the definition of \* allow us to write

" - v v; A "L w?
i Y i
iUV < Ciot Qj < — —.
; ; Ve /6 T minja1, nb; ; Ci
This, together with (20), yields the desired lower bound for F”. O

Lemma 7 (Invertibility of ¢ — p). The mapping ® : 2 — R", ®(c) = p = (p1,. .., fin)
is invertible.

Proof. Since F” = 0u/0c is positive definite in &, it follows that ® is one-to-one and the
image ®(2) is open. We claim that ®(2) is also closed. Then ®(Z) = R?, and the proof
is complete.

Let 4™ = ®(ct™), m € N, define a sequence in ®(2) such that ™ — i as m — oc.
The claim follows if we prove that there exists ¢ € & such that i = ®(¢). Since ¢™ =

(™, ..., ") € 9 varies in a bounded subset of R", the theorem of Bolzano-Weierstra$

implies the existence of a subsequence, which is not relabeled, such that cgm) converges
to some ¢ as m — oo, where ¢; € 2, i = 1,...,n. We assume, by contradiction, that
¢=(¢1,...,¢,) € 0. Let us distinguish two cases.

Case 1: There exists j € {1,...,n} such that ¢; = 0. If """  b;¢; < 1, then (3) implies
that ugm) — —o00, which contradicts the fact that x(™ is convergent. Thus it holds that
> bi¢; = 1. This means that ¢, > 0 for some k € {1,...,n}. However, choosing i = k
in (3) and exploiting the relation Y. | b;¢; = 1 leads to Ji; = +o0, contradiction.

Case 2: For all i € {1,...,n}, it holds that ¢, > 0 and ) , b;¢; = 1. Arguing as in case
1, it follows that @; = +oo for all i = 1,...,n, which is absurd.

We conclude that ¢ € &, which finishes the proof. O

~

Lemma 8. Let B(c) = c®c+eD(c), B(c) =c®@c+eD(c) for c € D, where ¢ = ¢/|c| and
D(c) satisfies (5). Then for allv € R" and c € 9,

v Bu > kg (¢ |v)* + [TIv]?),  v- Bv > Kyl

where kg > 0, ki > 0 only depend on €Dy (the constant in (5)) and by, ..., b,.
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Proof. From (5), |c|* > ¢Z,/n, and ciop < 1/ min{by,...,b,} it follows that
v+ Bv > (c-v)? + eDy|TTv|?

1 .
>, (—(c )+ %DO min{by, ..., b, }*|(] —{ ® Z)v\2> + %D0|(I — (@ Ov)?,
n
Applying Lemma 5 with o = ¢ and § = ¢ to the expression in the brackets yields
1 1 N 1
v- By > 1 min {—, gDo min{by, ... ,bn}z} 2 (C-0)?|v]* + §5D0](I — (@ ).
n

Since [¢- €| = ¢tot/|c| > 1, this finishes the proof of the first inequality. The second one is
proved in an analogous way. O

4. PROOF OF THEOREM 1

We consider the following time-discretized and regularized problem in :
k

G — Ci‘c_l - - kv, k
j=1

+ 7 div (|€’€ VP vuhyeE + (Vb s DRVt Y ijwf) ,
j=1
with homogenous Dirichlet boundary conditions
(22) pf=0 onoQ,i=1,...,n,
where ¢! € L®(Q) is given, 7 > 0, ¥ = &1 (1¥), & = ¢¥/|c*|, DF = D(c*), and
BZ = C?C? + €Dij(6k).

We write V' : DFVpr = D=1 D}(c)Vuf-Vpk. Note that B¥ = (B};) is positive definite
by Lemma 8.
4.1. Existence for the time-discretized problem. We reformulate (21)-(22) as a fixed-
point problem for a suitable operator. Let F': L>=(Q; R™) x [0, 1] — L*(Q;R™), F(u*,0) =
i, where g = (1, ..., p,) solves

0 & — . - *
(23) ~(cf =N = div (Z BijVuj)
j=1

T

+ 7 div (|€" V(@ - V)G + (Vp: D) Y D;‘jwj) :
j=1
where
Bjy =cic; +eDy;, D*=D(c"), ¢ =o' (u).
In order to solve (23), we show that the operator A : X — X’ defined by

(A(u),v) = /Q (Vo : B*Vu+7(¢ - Vo) - (¢ Vu)[e* - Vul?
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+7(Vu : D*Vu) (Vo : D*Vu))dx

with X = W;*(Q;R") satisfies the assumptions of Theorem 26A in [24]. Since p* €
L>®(Q;R™), we have B*, D* € L>®(Q;R"*"), and A is well defined.
Strict monotonicity: Let u, v € X. Then

(A(u) — A(v),u —v) = /QV(U —v): B*V(u—v)dz
+ 7'/9(/5k V(u—0)) (- Vu)[c - Vul* — (€ - Vv)[¢* - Vo|*)dz

+ 7'/ V(u—v):((Vu: D*Vu)D*Vu — (Vv : D*Vu)D*Vv)de =: I} + Iy + Is.
Q

The positive definiteness of B* implies that I; > 0. We claim that also I, > 0. Indeed, by
decomposing Vu = iV (u+v) + 1V(u —v) and Vo = 1V(u+ v) — $V(u — v), we obtain

(¢ - Vu)[c* - Vul]* — (¢* - Vo) [e* - Vu|?

_ %(a* V(ut ) ([@ - Vuf? — & - Vo)

+ %(8“ -V(u— v)) (]/c‘k - Vul? + ¢ Vv|2),

and since (¢* - V(u —v)) - (¢ - V(u+v)) = |¢* - Vul? — |[¢* - Vv|?, we deduce that
I, = g/ ((|’c‘k Vul* — &8 Vo) + [ V(u—v)*([eF - Vul]® + [¢* - Vv|2)) dz,
Q
which means that I > 0. With the same technique one can prove that also I3 > 0. We
conclude that A is monotone. If (A(u) — A(v),u — v) = 0, then in particular [; = 0,
which, thanks to the positive definiteness of B*, implies that Vu = Vv and u = v in X.
Therefore, A is strictly monotone.
Coercivity: Let u € X. Since B* is positive definite, we find that

(A(u),u) > 7'/Q (|- Vul* + (Vu: D*Vu)?) dx

> %/ (|- Vul]* + Vu : D*Vu)zdx.
Q

Lemma 8 implies that [¢* - Vu|? + Vu : D*Vu > kj|Vul?, so we infer from Poincaré’s
inequality (with constant C'p > 0) that

(Aw),u) _ 7(kp)*
fullx  — 2fullx
as ||u|x — oo. Thus, A is coercive.
Hemicontinuity: Let u, v, w € X. The function ¢t — (A(u + tv),w) is a polynomial and
is, in particular, continuous. It follows that A is hemicontinuous.

The assumptions of Theorem 26A in [24] are fulfilled, and we infer the existence of a
unique solution p € X to (23). This shows that the operator F is well defined. If o = 0,

]
| vultds = Zropal
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we have F'(-,0) = 0 thanks to the uniqueness of the solution to (23). A uniform bound for
all fixed points to (23) and o € [0, 1] follows from the above coercivity estimate for .A.

Let us show that F is continuous. Then, because of the compact embedding W*(2) —
L>(Q) for d < 3, F is also compact. Let (u*)™ € L®(;R"), n € N, define a se-
quence converging to m* in L>®°(Q) and let o™ < [0,1] be such that ¢'™ — 7 as
m — oo. Set u™ = F((u*)™ o™) and 1 := F(i*,7). The claim follows if we show
that p™ — 7 in L=(Q2). We formulate (23) compactly as A[u*](1) = f(u*, o), where
f(p*,0) = or71(c* — 1), putting in evidence the dependence on p*. By definition,
AL )] (™) = F(()), 0™) and A[]() = £, ). It follows that

CAL) ) (™) = AL ™ @), ™ = 1) + (Al ™ () = Al (), 1™ = 7)
(24) = <f((:u*)(m)’ O(m)> - f(ﬂ*aa)v :u(m) - ﬁ>
Clearly, (™) is bounded in W4(Q) and, by the compact embedding, also in L>().

This fact, together with the convergences (p*)'™ — 7* in L>(Q) and o™ — o, implies
that

(Al(p) ™)) — AR (), p™ — 1) — 0,
(F(()™, o™y — f(@,7), u'™ — 1) — 0.

Consequently, by (24),

(AL) ™ (™) = Al ™ ](E), 1™ 1) = 0.

The previous monotonicity estimate for A shows that
(AL ™) (™) = Al() ™) (), ™ =) > /Q V("™ = @) (B "V (™ — m)da.

Then we deduce from the strict positivity of (B*)(m) and the Poincaré inequality that
p™ — T strongly in H'(Q2). The uniform bound for (u™) in W4(Q) implies that
™ — 71 strongly in W4(Q) for any 1 < ¢ < 4. Take ¢ € (3,4). Then the embedding
Wha(Q) < L*®(Q) is compact, and, possibly for a subsequence, u™ — i strongly in
L>(€2). By the uniqueness of the limit, the convergence holds for the whole sequence.
This shows the continuity of F.

We can now apply the fixed-point theorem of Leray-Schauder to conclude the existence
of a weak solution to (21).

4.2. Uniform estimates. Let pf € X be a solution to (21). Employing uf as a test
function and summing over ¢ = 1,...,n gives

1 n
- Z(Cf — N ukdr + / (V" BFVph + e - vkt + 7(Vik - DFVEF)?) da = 0,
i=1 Q
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where ¢ = &1 (y*). Since uf = 0F (c¥)/0c; and F(cF) is convex, it follows that Y ;" (cF—
Ak > F(*) — F(cF~1) and therefore,

(25) /f(ck)dx +/ (V' : B*VpF 4 7[eh - Vb | + 7 (Vb DFV R de
Q Q

< / F(" Y.
Q
Lemma & shows that
(26) V(") ' BV b > kg (et |V P + [V IT")?)
L,
(27) [Vt (Vi DRV = S (k) Vit

Let T'> 0, 7 = T/N for some N € N. We introduce the piecewise constant functions
in time p(7(z,t) = pF(x) for v € Qand t € ((k — 1)1, k7], K = 1,..., N. The functions
¢ and B are defined in a similar way. Furthermore, we introduce the shift operator
o\ (2, t) = pF~Y(x) for x € Q and ¢ € ((k — 1)1, k7]. Then (21) can be formulated as

(") — g
(28) T~ div(BOVuD)

=
+rdiv ([6 - VO PED - ™) 80 4 (V@ - DOV DOY ).

Now, we sum (25) over k = 1,..., N and employ (26) and (27) to obtain

T
(29) F((x,T))dx + k‘B/ / ((CEZE)QWM(T)F + IVH,u(T)|2)d:vdt
0 Jo

Q
/7 \2 T
+M / / (VD [*dedt < / F()dz.
2 0 Q Q

In the following, C' > 0 denotes a generic constant independent of 7 and T, while Cr > 0
denotes a constant depending on 7" but not on 7. We deduce from (29) and Poincare’s
Lemma that

(30) HP(T)”LQ(QT;Hl(Q)) + HHM(T)HL?(QT;HI(Q)) <C,

(31) 7—1/4”[,[/(7—) ||L4(O,T;W1v4(Q)) S O

By Lemma 6, the matrix c,(;gt)]-"” (¢ is uniformly positive definite. Thus, the uniform
bound for ¢y Vy; in L? provided by (29) implies a uniform bound for

Helm) (0 e
(93(:]- tot 8xj

forall j=1,...,nin L*(Qr), where Qr = Q x (0,T). Therefore, since Z is bounded and
ANz, t) € 9,

— (e

(32) HC,ET)”LOO(QT) + HC,ET)”LQ(O,T;Hl(Q)) <C, i=1,...,n.
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In particular, B(™ is uniformly bounded in L>(Qr). Using these estimates in (28) shows
that
63) e = o sozwnaay) < CUIVElLwsern + IVl Lesgr)

+ T||V,LL||%4(QT)) <C.

4.3. The limit 7 — 0. In view of estimates (32) and (33), we can apply the Aubin-Lions
lemma in the version of [8], ensuring the existence of a subsequence, which is not relabeled,
such that, as 7 — 0,

( ) S ¢ strongly in L*(Qr), i =1,...,n

In fact, in view of the L>°(Qr) bound (32), this convergence holds in L(Q7) for any ¢ < occ.
Furthermore, we have
7"1(057) - O’TCZ(T)) — dye;  weakly in L¥Y3(0, T; WH(Q)), i=1,...,n.
It holds that c(z,t) € 2 for a.e. (z,t) € Qr. Let p:= ®(c),p = p(c) € (RU {£oo})".
By (30), (32), and Fatou’s lemma, we infer that, for a subsequence,
Ipllz2(Qr) < lim inf 127 | 2201 < C,
(34) 117 2oy < liminf [0 20y < C.

which implies that |p|, |TIu| < oo a.e. in Q7. The fact that p < oo a.e. in @@ implies that
Yor bici <1aee. in Qp. This property and the relation [IIy| < co a.e. in Q7 imply that

7( = log c(T) Z log cg»T)
=

is a.e. convergent as 7 — 0 for ¢ = 1,...,n. Let (z,f) € Qr be such that %»(T)(:c,t) is
convergent for © = 1,...,n and let

¥ im0 _
J—{zé{l,...,n}.lg%ci (x,t)—O}.

We want to show that either J = or J = {1,...,n}. Let us assume by contradition that
0 < |J| < n (here |J| is the number of elements in J). It follows that

Zv,;‘”(x,t):( >Zlogc (2,1) |Zlogc (2,1).

ieJ ieJ i¢J

Since 0 < |J| < n, the first sum on the right-hand side diverges to —oo, while the second
sum is convergent. So the right-hand side of the above equality is divergent, while the
left-hand side is convergent, by assumption. This is a contradiction. Thus either the set J
is empty or it equals {1,...,n}, i.e. for a.e. (z,t) € Qr, either ¢;(x,t) >0fori=1,...,n,
or Cor(z,t) = 0. Summarizing up, ¢ € 2 U {0}.

It follows from (30)—(33) that & € L*(Qr)™ exists such that

V(Ip™) = ¢ weakly in L*(Qr),
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Vpl = Vp  weakly in L3(Qr),
TlV:LL(T)F’ — 0 strongly in L4/3(QT)’
D(c') — D(c) strongly in LY(Qr; R™™), ¢ < oc.

Moreover, since ¢ € 2 U {0}, we infer that £ = V(IIu) on {¢tor > 0}. These convergences
allow us to perform the limit 7 — 0 in (28), obtaining

(35) Oyc = div(cVp + D(c)§) in Qr.

We will now show that ¢y > 0 a.e. in Q7. Then this implies that £ = V(IIx) a.e. in
Qr and so D(c){ = D(c)Vpu, since D(c)¢ = 0. To this end, summing up the components
in (35) yields (remember that Y D;; =0 in 2)

(36) OiCior = div (ot Vp)  in Q.
Let § > 0. We employ the test function 1/(d + cl,,) — 1/(8 + cot) in (36) giving

d Ctot 1 / Ctot
— 1 de = — | —————Vecior - Vpdz.
dt Q(5+c{ot+og6+cm) . 0 (6 + Cot)? Cot * VPGL

An integration in time in the interval [0,¢] (for some ¢ € [0,T]) yields

0 _
/log 5+Ct°t(x))d:p+/ Crot (T, 1) CtOt(x’())d:v
Q Q

) + Ctot(wy t ) + C{ot

t
Ctot
= —/0 /Qchm . Vpdxds

Since the function inside the integral on the right-hand side vanishes in the region ¢y, = 0,
we can rewrite the above equation as

0
(37> /10g 5+C—t0t<x)d$_’_/ Ct0t<x t) Ctot(x)O)dx
Q

) + Ctot(fE, t) ) + Ctot

Ctot
——>2 -V log ¢ior - Vpdads.
/ Actot>0} 0+ CtOt) & ot VP

We want to show that the integral on the right-hand side is bounded from above by a con-
stant that depends on T but not on §. We show first that Vlog(p/cior) € L?(0, 00; L*(Q2)).
First, we observe that, because of (9),

p>Ct0t(1—Zb awbczc )—Ctot<1—'max b i Zbkckz CE)
tot

4,=1,..., C
ij=1 tot

2 Ctot <]. _i max n(b’Lla’Z])> = CtOtK'

This implies that ¢yt V1og(p/ciot) = (Ciot/P)Vp — Ve € L2(0,00; L2(2)). Let n =
1/(2maxi<;<, b;). We decompose

[V 1og(p/cior)| = [V 10g(p/Ctot) X {erorsny 1V 1081/ Crot) [ X feror <n}-
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The first term on the right-hand side is bounded in L*(0, oo; L*(£2)). The same holds true
for the second term since 1 —b-¢ > 1/2 for ¢y < 1 and 9(p/cior)/0c; is uniformly bounded
in {cior < n}. We infer that Vlog(p/cior) € L*(0, 00; L*(£2)), showing the claim.

The right-hand side of (37) becomes

/ / Clot ——2 -V log ¢ - Vp drds
{Ctot>0} 5 + CtO'E)

/ / ctot (
{Ctot >0} 6 + Ctot)

V 2
= —4/ / oo \/_| T d8+/ / Clot 5 Vlog b - Vp dxds
{ctot>0} 6 + CtOt {Ctot>0} 5 + Ctot) Ctot

Identity (37) the bound for ¢, and the above estimate imply that

§ + co 4c}
/10 +C”x0d —|-// 7 - —— L |V /pldeds < C for § >0, ¢ > 0.
5 + Ctot xZ, t {Ct0t>0} 6 + Ctot)

) Vp dxds

Taking the limit inferior 6 — 0 on both sides and applying Fatou’s lemma, we obtain

0 t
/ log —2tt i + 4/ / V. /pl2dads < C, >0,
Q  Cot(T,1) 0 J{cior>0}

which implies that ¢y (2, ) > 0 for a.e. z € Q, t > 0, and V,/p € L*(0, 00; L*(Q2)).

As a consequence, ¢ is a weak solution to (1)-(6). Actually, equation (1) is satisfied for
test functions in L*(0,7; W'*(Q2)) but a density argument shows that the equation holds
in L?(0,T; H(Q)).

Next, we show that F(c(7) — F(c) strongly in LY(Qr) for any ¢ < 2. Since (7 — c a.e.
in Q7 and ¢ is uniformly bounded, it suffices to show that the term cﬁgg log(1->"1, bz-cET))
is strongly convergent (see (16)). This is a consequence of the fact that both

(1)

Ctoz log (1 — Z bicl('T)> ‘ < C;Zot o p + Z (IZ]C(T) (r)
i—1 1—zi:1bc =

and p™ are uniformly bounded in L?(Qr). The convergence of (F(c()), together with
Fatou’s lemma, then allows us to take the limit 7 — 0 in (25) and to obtain (8).

We point out that, since all the constants C' appearing in the previous estimates are
independent of the final time 7', all the bounds that have been found hold true in the time
interval (0, c0).

We conclude the existence proof by showing that log cio; € L°°(0, 00; L%(€2)). We use the
test function Os(cet) — Os(cl,;) in (36), where

1 u+0 1
Oslu) = s o (M+5)’ R TT—
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Notice that c¢io; < M a.e. in €, t > 0. It follows that

1 Ctot(:L‘, t) + 6 2 ]_ / Ctot(l‘7 0) + 5 2
2/91053;( RV; dx 2Qlog

M+46
@5(Ctot)/(ctot($ t) — crot(2,0))dx

Ctot Crot + 0
- - Vlog cordrds.
//Qctot“—&( g(M+5>)Vp VOgCttLES

Inserting Vl1og ¢y = Vlogp — Vlog(p/cior) on the right-hand side, the first term is non-
positive (because of ¢y < M, we have 1 — log((cior + 0)/(M 4 §)) > 0) and we end up

with
Ct0t<x t)+5 2 _ ]./ Ctot( )+(5
10g< M+o ) de =5 | e\ "ars

1
Cot + 0 D
C+//S20tot+5( (M_|_5))VP VOgCtOtxs C+1I+ I,

where the constant C' > 0 estimates the term proportional to ©;(cl,,) and

! 2Ctot\/_ ( (Ctot + (5) ) p
I = —log | —>——= ]| Vyp-Vlio dxds,
1 /0 Actotgn} Ctot + 0 o M+4 \/ﬁ s Ctot

t
Ctot Ctot + 0 p
I ::/ / (1—10 ( >)V -Vlo dxds,
? 0 {Ctot>77} Ctot + 5 g M + 5 p g Ctot

and n = 1/(2 minlgign bl)

It is straightforward to see that ,/plog((cit + 0)/(M + 9)) is uniformly bounded with
respect to d in the region {cioy < n}. Since Vy/p € L*(0,00; L*(Q2)), we deduce that I; is
uniformly bounded with respect to §. Furthermore, the regularity Vp € L?(0, 00; L*(9))
implies that Iy is uniformly bounded with respect to §. As a consequence,

/ 1 Ctot, T ) 2
o

ol B\ M1

Taking the limit inferior 6 — 0 on both sides of the above inequality and applying Fatou’s

Lemma, we conclude that log cioy € L>(0,00; L*(€2)). This finishes the proof of part (i).

dx

d:r;

de < C, t>0.

4.4. Large-time asymptotics. We first show that, for some generic constant C' > 0,
(38) |(ceotF") Tl < C (14 p+ |log cot]) -
Let w := (cior F") i, €. ciorF w = p. It follows from Lemma 6 that

U)Z- . \/_ \/_tOt
C E — < —w-(c F = —,U, w = — E
tot o c; = ( tot ) Ctot
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1 n \/@ n UJZZ 1/2
<A Jactul ) {ew 2 0)
R j=1 Ctot i=1 C;
This gives

(50 ol = (e 32 —Z )

i=1 ? tot

It remains to estimate the right-hand side. We claim that 0 < —log(1 —b-¢) < C(1+ p).
Indeed, with n = 1/(2max;—1 ., b;), we have

77777

4 Ctot 1 1
Ctot 0
1—0b-c nX{ i 08 T

The first term on the right-hand side is bounded since ¢y < 7 implies that 1 —b-¢ > 1/2.
Then, since log(1/2z) < 1/z for z > 0,

—log(1 —b-¢) < X{eru<nt 108

0< —log(l—b-c) < C'+2 max b—b C(1+p).
Hence, by definition (3) of pu;,
Ja Ja
il < C(1+p) + | log |
Ve Ctot
R e
<C(l+p)+2 Ve log | 1og oot
\/Etot \/_tot Ctot

and therefore,

Putting together (39) and (40) yields (38).

A computation shows that F(c) = —p(c) + >, ¢ (in fact, this is the Gibbs-Duhem
relation, see (17)) and VF(c) = ¢+ Vp (this follows from (18)). Since ¢" = &~ (u)|,—0, we
have F(c') = —p(c"). We use the fact that ¢; varies in a bounded domain and employ the
Poincaré inequality with constant Cp and the identity Vi = F”(¢)Ve to find that

/.F*(c)d:r: SC’p/ |V}"(c)|d:v:C'p/ |pe - Veldx
0

- CP/ Z ‘Ctot zj/%ctotvﬂ]|dx

i,0=1

|m\ < C(1+p+ |1og cot])-

< Cpll(esotF") " pll 2@l oot Vil 22 (),
which, thanks to (38), leads to

2
( / f*(c)dx) < O(1+ [pIaiey + 1108 ron oy etor Vil
Q
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Taking into account (8) and Lemma 8, we obtain

el < € [ Vs Blovuts = - § [ Fes).

We deduce from the above inequalities and the facts that p € L?(0,T; L*(Q)) and log ¢ €

L=(0,T; L(Q)),
</Q]-"*(C)dx>2 < C(U(t) + 1)(_ % Qf*(c)dx),

where W = ||p[|72 ¢ € L'(0,00). A nonlinear Gronwall inequality shows that

| S,
(41) /]-" _1+0501D() t>0,

where Sy := [, F*(c”)da and 9(t) := [ (1 + W(r))""dr.
We define now f (0,1] — R, f( ) = 1/x — 1. Clearly, f is decreasing and convex.
Jensen’s inequality and the fact that ® € L'(0,00) yield

f(@) < %/Otf (1+0(r) ") dr = %/thf(T)dT < g

Since f (and also its inverse f~!) is decreasing, it follows that

w<> C 1 1
_f <t> W_g fOI‘tZC.

We conclude from this fact and (41) that

(42) / F(e)dr < . t>0.

By Lemma 6, the Hessian F” is positive definite. Moreover, F' (") = pi]e—er = 0. Thus, a
Taylor expansion shows that

/QF*(c)d:U:/Q(F/(cr)-(c—cr)—i—%(c—cr):F”(f)(c—cr))d:cz g/Q\c—cFy?dx,

where £ > 0 is specified in (9). This finishes the proof of Theorem 1.

4.5. Proof of Corollary 2. The existence proof is similar to that one of Theorem 1. The
main difference is that we lose the information on the chemical potentials puq, ..., @, due
to the possible degeneracy of D (since F” is unbounded). However, thanks to the simple
structure of (13), we do not need uniform estimates on 1, ..., i, in order to be able to
pass to the deregularization limit.

Compared to (21), we employ a slightly different time discretization to overcome the
difficulty that D is not strictly positive definite:

of = . ~ ko 2 . -

(43) ——1— =div <ZBUV;L]-) +rdiv (|VePVpl) inQ,i=1,....,n

T -
Jj=1
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The uniform estimates for p*, ¢* provided by (30), (32), repsectively, still hold. Lemma 6
allows us to infer that V¥ - Vb = Vb - (F*)"V ek > k|VVck|2. The limit mass densities
1, ...,y satisfy ¢ € 2. The proof that ¢ € Z is slightly different than in the proof of
Theorem 1. Indeed, the L*°(0, 00; L*(€2)) bound for F implies that > """ bic; < 1 a.e. in
Q, t > 0. This fact and the previous bounds allow us to take the limit 7 — 0 in (43) and
to obtain (13) together with the properties

ci—c € L*(0,00; HY(Q)) N H*(0,00; HY(QY)), Viy/ci, Vp € L*(0,00; L*(Q)).

In order to prove that ¢; > 0 a.e. in Q, ¢ > 0, for i = 1,...,n, we choose > 0, employ
the test function (6 +c}')™ — (6 +¢;) ! in (13), and sum over i = 1,...,n:

d " G
— —  —log(d V) d
i [ (5 st vy e

1 ;
= — Z/ <<+—56>6Vp -Vlog(c; +9) + o Vlog(c; + 5)]2) dr.
. Q c; + )

Since « is strictly positive, 3 is bounded, and Vp € L?(0, 00; L?(Q2)), by applying Young’s
inequality and integrating in time, we conclude that

[10g (8 + ¢i)|| 2 (0,00sr1(2)) + IV 10g(6 + i)l r2(0,0022(0)) < €, 1 =1,....n.

Fatou’s Lemma allows us to conclude that loge; € L>(0,00; L}(Q2)) and Vlog(d + ¢;) €
L?(0,00; L3(Q)) for i = 1,...,n; in particular ¢; > 0 a.e. in Q, t > 0. The free energy
inequality (8) follows with the same argument as in the proof of Theorem 1. This finishes
the proof of Corollary 2.

5. PROOF OF THEOREM 3

5.1. Integral inequality. Let 0 > 0 be arbitrary, and let z = (z1,...,2,-1), 2i = ¢;/Ctots
20 = (20,...,20 ), 20 = (6 +¢)/(§ + cior) for i = 1,...,n — 1. Moreover, let ¥s(c) =

(Cior + 0)f(2%) for ¢ € @, where f : [0,1]""! — R satisfies the assumptions of Theorem 3.
A simple computation yields

dci Cior + 6 ; (Ctot +0)2

2 n—1 2 § 9.8
OO _ () S 0 0% 5
k,f

Jc;0c; ~ Dz,0zs Oc; Oc;’
Employing 9vs(c)/0c; — Obs(ch)/dc; as a test function in (13) leads to

(44) [ (wtelnt) = valete,0)) do = 3 52 [ (@lot) - s, 0))do =~ -

=1
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where

-1
O%f 020020
J = Z/ / 14+¢p(c))Vej - Vp(cor +0) Z 8zkc’)fz 8?8?01‘ xds,
s ) J

3,j=1

n—1
O*f 020020
2 1// )Ve; - Vei(cror + ) Z 527, B B, s

It holds that

t n—
J2:5/ /a( )(Ctot + 0) Z 8 Vzk Vz dxds,
0o Ja

and so Jy > 0, since f is convex. We show now that |.J;| — 0 as 6 — 0. We compute

" 02 o(cr — o
Zﬁq:M%O a.e. in  x (0,00) as § — 0,
i1 acz‘ (Ctot+5)2
0z "L 020
(Ctot + 9) 8_?; 2 ai’:ci <C ae inQx(0,00), j=1,...,n.

The above relations, together with the boundedness of 5 and f”, allow us to apply the
dominated convergence theorem and deduce that |J;| — 0 as 6 — 0. Moreover, (14)
implies that ds(c')/0c; — 0 as § — 0,4 = 1,...,n. The continuity and boundedness of
f imply that ¥s(c(-,0)) — 2 f(V/ ..., 1, ) in LY(Q) as § — 0. Taking the limit
inferior § — 0 on both sides of (44) and exploiting all the convergence relations as well as
the nonnegativity of J, yield

0
. . Cn—l
< .
hrgn;gl f/ Yale(, t))dz / CtOtf( Coot | Ciog )dl’

Finally, by Fatou’s Lemma, we conclude that (11) holds.

5.2. Maximum principle. The final statement of Theorem 3 is a consequence of the
following lemma.

Lemma 9. Let ¢;, ¢ € L>®(Q) fori=1,...,n be positive functions such that ¢; = ¢ = ¢}

on 0N for some constant cf > 0,1 =1,...,n. Let a constant m € (0,c} /cl.,) exist such
that &/ . > m in Q. Finally, assume that (11) holds for any f € C?(0,1) satisfying (14).
Then c1/cior > m in §.

Proof. Let f(z) = (m —x)3 for 0 < x < 1. Clearly f € C?(0,1) satisfies (14). Taking into
account the assumptions of the lemma, we deduce that (11) holds for the above choice of
f. Since ¥/c) . > m, the right-hand side vanishes. Because of the nonnegativity of f and
the positivity of ¢;, we infer that 0 = f(c1/cior) = (M — ¢1/¢or)3 in Q and ¢;/cgor > m in
), concluding the proof. O
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6. PROOF OF THEOREM 4

6.1. Derivation of the evolution equation for p. We multiply (1) by dp/dc;, sum over

1 =1,...,n, and compute in the sense of distributions:
(45) Op = z": o div(¢;Vp) = z”: @(Vo - Vp+ ¢ Ap) = |Vp> + DAp
t = Oci ) o 3cl- ) ) 9

where D = Y (Op/dci)e;. Because of the Gibbs-Duhem relation (17), it follows that
Op/0c; =377, ¢;0*F |Oc;0c;, and consequently,

Z I 9c,0c; Gclac]

2,7=1
We claim that D > p. Indeed, definition (16) leads to
0*F dij 1

= (b; + b, bibjcioro” + =% — ay, = 5 =1
Oc;0c; (bi =+ bj)o + JC“UJFCZ- ij: 9 1—=>""  bic; —

Then

n n 2 n
N } : 2 2 : 2 :
D= 2Ctot0 biCi + CiotO ( bzcz) + Ciot — Q;;CiCj
i=1 i=1 ij=1
n n

n 2
Ctot
= Ciot (1 +o b,-cz-) — A;iCiCi = - — a;iciCi > .
’ zz_; Z (1= > e bici)? Z e

1,7=1 1,7=1

6.2. Lower bound for the pressure. We show that p > m in Q, ¢t > 0, where m =
min{ming p(c®),p"} > 0. Then equation (45) is uniformly parabolic. Using (p —m)_ =
min{0,p — m} as a test function in (45) and integrating by parts gives

L [p-mpar = [ (B o= m) )i mis

— /Q(p —m)_VD-V(p—m)_dz.

Since D > p, it follows that D — (p—m)_ > D — (p—m) > m. Thus, together with
Young’s inequality, we find that

(46) ;jt (p—m)* dx<——/]Vp m)_ \2+—/|VD| p—m)dz.

The second term on the right-hand side can be bounded by means of the Cauchy-Schwarz,
Gagliardo-Nirenberg (with constant Cgy > 0, using d = 2), and Young inequalities:

/QIVDIQ(p —m)2dz < VD Laq)ll(p — m)-[lLs()

< Conl|VD7aoyll(p = m) [l 2@l (0 = m) |l (@)
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2 2 2
m 2 Can 1o 14 m 2
< 2 ), V(p—m)_|*dx + <2m2 VD740 + 7) /Q(p —m)”dx.

So (46) implies that

d

G [-mpar <=2 [ 16— mp+ (5

VD[4, @ + 2) /<p—m)2dx.
Q

In view of our regularity assumptions on V¢;, we have VD||‘}J4(Q € L (0,00), and we
conclude with Gronwall’s lemma that (p —m)_ =0, ie.p>min Q, t > 0.

6.3. Gradient estimate for the pressure. We multiply (45) with Ap and use the lower
bound D > p > m and the Gagliardo-Nirenberg inequality with d = 2:

3t | IVpPds - ml Al < [ (90 Apds < [Vplf 9l e
< Cenll Vol I VPl oy 18P 20
1/2
() = C (17 ey + I91Ee0) 1920 1Bl

We claim that ||Vpl|z2(q) < Col|Ap||r2() for some constant Cy > 0 which only depends on
Q and d. Because of p = p' = const. on 99, we have [, Vpdz = [, pvds = p" [, vdz =0,
which implies that

1
2 = - d
VD20 HVp meas(Q) /QVp T

< CP||V2P||L2(Q)
12(9)

where Cp > 0 is the Poincaré constant. The function v := p — p' satisfies Av = f := Ap
in 2 and v = 0 on 0€2. By elliptic regularity,

(48) V2l 20 < [0ll2) < Crllfll2@) = CrllApllLze)
for some constant C'r > 0, and therefore,
(49) 1VDpll2) £ CpCE|Ap|| L2

We infer from (48) and (49) that (47) becomes

537 . [9pPde +mll Aplfag < CaxCa1+ C22Apl e Vol A7 o

and hence,
d
(50) & [ 19bPds +2(m = €IVl |80l <O

where C; = CGNCE(l + Cp)%2. Let 0 < Ky < 1/C;. Then, by assumption, \ :=
m — C1]| V()| 12 > 0. Since |Vp| € C°([0, 00); L*(€2)), the coefficient remains positive
in a small time 1nterval [0,¢%). As a consequence, t — HVp(c(t))H%Q(Q) is nonincreasing in
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[0,t). A standard prolongation argument then implies that m — C1[|Vp(c(t))|lr2@) > 0
and t — HVp(c(t))H%Q(Q) is nonincreasing for all ¢ > 0. In particular,

m — Cy||Vp(e(t) ||l 2@ > A
From this fact and estimates (50) and (49), we deduce that

d _
G | 190 e < <2018y < —2NCoCi) Il
and Gronwall’s lemma allows us to conclude.

7. NUMERICAL EXPERIMENTS

We solve system (1)-(2) numerically in one space dimension for the case e = 0 and n = 2,
imposing Dirichlet and homogeneous Neumann boundary conditions for p. Let {t; : k > 0}
with ¢y = 0 be a discretization of the time interval [0, 00) and {z; : 0 < j < N} with N € N,
x; = jh, and h = 1/N, be a uniform discretization of the space interval 2 = (0,1). We
set 7, =ty — ly_1 for kK > 1. For the discretization of (1), we distinguish between the two
boundary conditions.

7.1. Homogeneous Neumann boundary conditions. We employ the staggered grid
Yj = xj_1/2 = (x; + x;-1)/2 and denote by cﬁj and p? the approximations of ¢;(y;, ;) and
p(yj, tr), respectively. The values at the interior points are the unknowns of the problem,
while the values at the boundary points are determined according to

ko k k ok .
Cio=Ci1s Ciny1=Cin, k=>0,1i=12

The initial condition is discretized by

1 . .
c?’j = é(cg(xj) + c?(xj_l)), j=1,...,N, i=1,2.
Approximating the time derivative by the implicit Euler scheme and the diffusion flux
Ji = —¢;i0yp at (Yj11/2, te) by the implicit upwind scheme

k k k k : k k Pj+1 — Dy
(51) Ji,j+1/2 =G maX{UjH/Qa 0} + Cij+1 mln{vj+1/27 0}, Vit172 = _jTj,

the finite-difference scheme for (1) becomes

1

1
(52) T—k(cﬁj — i)+ g((]i’fjﬂ/z —Jiic12) =0,

where 1 < 5 < N, k> 1,7 = 1,2. To be consistent with the boundary conditions, we
define pk = pi and pﬂ“\,ﬂ =pk, k> 0.

7.2. Dirichlet boundary conditions. Here, we do not need to employ the staggered
grid, so we use the original grid {z; : 0 < j < N}. The implicit scheme (51)-(52) works
also in this situation, with the only difference that the boundary conditions are simply

given by ¢y = ¢;(0,tx), ¢ y = ¢;(1, 1), and the initial condition is defined by ¢} ; = f(z;).
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7.3. Iteration procedure. The nonlinear equations are solved by using the MATLAB
function fsolve, with cf;l as the initial guess. The time step 7 is chosen in an adaptive
way. At each time iteration, once the new iterate cfi ; 1s computed, the relative difference
between two consecutive iterates,

2 N _
ko > i1 23:1 |Ci‘€,j - Cf,j 1’2
= 2 N -
Zi:l Zj:l |C§,j1’2

is evaluated and compared to the maximal tolerance toly;. If p¥ > toly, the iterate is
rejected, the time step 7 is halved, and the step is repeated. Otherwise, the iterate is
accepted. Before the next iterate is computed, p* is compared to the minimal tolerance
toly, (with tol, < toly). If p* < toly, the time step is increased by a factor 5/4. Otherwise,
7 is kept unchanged. In the simulations, we have chosen the values tol, = 4 - 1074
tolyy = 6 - 1074, and N = 201.

I

7.4. Numerical results. We present the results of four numerical simulations, referring
to the different boundary conditions and different choices of the parameters, namely

1 3
by =1, 5225, au =1, 012 =17, a2 =37,

where = 1, := 1073 and 7 = ny; := 1.185186593672589, which corresponds to a lower
bound on the Hessian of the free energy (16) approximately equal to 107%. In all cases,
the initial data have the form

10

') = cra+ (ep =)z’ G(x) = cou + (cop — con)e,

which describes an accumulation of ¢, ¢o close to z = 1, x = 0, respectively. The pa-
rameters ¢; 4, ¢; g, i = 1,2, are chosen in such a way that p(c; 4, ¢24) = p(c1.5,c2.8) = 1,
which is necessary in order to have convergence to a steady state in the case of Dirichlet
boundary conditions, since any steady state is characterized by the pressure assuming a
constant value.

For homogeneous Neumann boundary conditions and 1 = 7, (Case I), Figure 1 shows
the evolution of the mass densities ¢, ¢o and the pressure p at the time instants ¢ =
0,5-1073,50 - 1073, 1 (the solution at ¢ = 1 represents the steady state) as well as the
relative free energy F(c(t)) — F(c°). As expected, the pressure converges to a constant
function for “large” times. The stationary mass densities are nonconstant. The Neumann
boundary condition is numerically satisfied, but we observe a boundary layer at x = 0,
originating from the “constraint” of constant pressure. The relative free energy decays
exponential fast. After ¢ ~ 0.7, the stationary state is almost reached and the values of
the free energy are of the order to the numerical precision.

In Figure 2, we present the results for n = 7y, (Case II), still with homogeneous Neumann
boundary conditions. We observe that the relative free energy decay is slightly slower than
in Case I but still exponential fast.

For the case of Dirichlet boundary conditions, an additional term has to be added to the
free energy in order to have free energy decay, due to the presence of additional boundary
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.03

0.2/ \ | 0.2

0 0.2 0.4 0.6 0.8

FIGURE 1. Case I (Neumann conditions, 7 = 7,,): evolution of the mass
densities ¢y, ¢y, pressure p, and logarithm of the relative free energy F(c(t))—

F().

contributions in the free energy balance equation. More precisely, we choose the modified
free energy F(c) := F(c) — (a1¢1 + aacy), where aq, as € R are such that the boundary

term in
P 2
dt/ﬂf(c)dac /Q;
2 2
:—/ |Vp|2dx+/ <Zcmi—20zjcj)Vp~Vds
Q 20 \ ‘3 oy

vanishes. Here, we have used the relations 0F/d¢; = p; and 3o, ¢;V; = Vp (see (18)).
The boundary term vanishes if (aq, ay) solves the linear system

c}f{ C?L% ar) _ c}{%’u}i - C%L%/L%
G G Q2 ey )
where cF, ¢ are the values of ¢; at z = 0, z = 1, respectively, and ,uiL/ B ,ui(clL/ R, cg/ R)
for i = 1,2. If &' /el # /e, the above linear system is uniquely solvable. We remark
that the modified free energy F does not change the energy dissipation fﬂ |Vp|?dz but it

is nontrivial, as fQ((Jqq + awes)dr is nonconstant in time.

OF -
P div(cin)dac—/Zaj div(c;Vp)dx
i Q50
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FIGURE 2. Case II (Neumann conditions, n = 1,): evolution of the mass
densities ¢y, ¢y, pressure p, and logarithm of the relative free energy F(c(t))—

F().

Figures 3 and 4 illustrate the evolution of ¢, ¢z, p, and of the modified relative free
energy F(c(t)) — F(c). Again, the mass densities at ¢ = 1 (they are basically stationary)
are nonconstant, and the modified relative free energy converges exponentially fast. The
decay rate is faster for n = 9, contrarily to what happens in the case of Neumann

boundary conditions.

APPENDIX A. FORMAL PROOF OF (10)

We prove the integral identity (10) in a formal setting. We proceed as in the proof of

Theorem 3. Let ©(c) = ciorf(c1/Ctots - -

Cn1/Coy) for ¢ € P, and let z; = ¢;/cor. Since

¢ = 0, the statement follows if Z?Zl c;0%1)/dc;0c; = 0 for i = 1,...,n. A straightforward

computation gives

O 2 of (azk

8@00]» - 1 8_Zk (9ci

Since 0z1,/0c¢; = 81,/ Cror — i/ 2y, it follows that

azk

Ci—/— =
1 8c,~

n

1=

82zk

Ctot 5o

8@8@

k=1,...

Ctot e .
© 02,0z, Oc; Oc;
J

k,s=1

n—1

an @Zk (‘)zs

,n— 1.
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N —t=0

S - -t=5x107 ||

vy ---t=50x10"

& S03| Y —_——1 1

F1GURE 3. Case III (Dirichlet conditions, n = 7,,): evolution of the mass
densities ¢y, ¢z, pressure p, and logarithm of the relative modified free energy

Fle(t)) = F(&).

Moreover,

8zk azk 822k
Jc; * Jc; o Jc;0c; 7 ot ot

Putting these three identities together yields 2?21 ¢;0%)/dc;0c; =0 for i =1,... n.
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