WEAK-STRONG UNIQUENESS OF RENORMALIZED SOLUTIONS TO
REACTION-CROSS-DIFFUSION SYSTEMS

XIUQING CHEN AND ANSGAR JUNGEL

ABSTRACT. The weak-strong uniqueness for solutions to reaction-cross-diffusion systems
in a bounded domain with no-flux boundary conditions is proved. The system generalizes
the Shigesada-Kawasaki-Teramoto population model to an arbitrary number of species.
The diffusion matrix is neither symmetric nor positive definite, but the system possesses
a formal gradient-flow or entropy structure. No growth conditions on the source terms
are imposed. It is shown that any renormalized solution coincides with a strong solution
with the same initial data, as long as the strong solution exists. The proof is based on
the evolution of the relative entropy modified by suitable cutoff functions.

1. INTRODUCTION

This paper is a continuation of our work [6], in which we proved the global existence of
renormalized solutions to a class of reaction-cross-diffusion systems describing the evolution
of population species. The reaction part does not obey any growth condition which makes
it necessary to use the concept of renormalized solutions like in [17]. The uniqueness of
weak solutions to cross-diffusion systems is a very delicate topic, and there are very few
results only for special problems; we refer to [7] and references therein. In this work,
we show a weak-strong uniqueness result for the population cross-diffusion system. This
means that any renormalized solution coincides with a strong solution emanating from
the same initial data as long as the latter exists. This paper generalizes the weak-strong
uniqueness result of Fischer [18] for semilinear reaction-diffusion systems to quasilinear
reaction-cross-diffusion problems.

More specifically, we consider the evolution of n population species with densities u; =

w;i(z,t), i =1,...,n, whose evolution is governed by the equations
(1) 8tu2- — div (Z AZJ(U,)VU] - uzbz) = fZ(U) in Q, 1= 1, ooy,
j=1
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where A;;(u) are the density-dependent diffusion coefficients, v = (u, ..., u,) is the density
vector, b; € R? is a given vector which describes the environmental potential acting on the
ith species, f;(u) is a reaction term describing the population growth dynamics, and  C R?
(d > 1) is a bounded domain. We impose no-flux boundary and initial conditions,

(2) (ZAij(u)Vuj - uibi) v=0 ond, u(,0)=u) inQ i=1,...n,
j=1
where v is the exterior unit normal vector on 9€2. The diffusion coefficients are given by
(3) A”(u) = 52‘3' <6Li0 -+ Z aikuk) + aijui, Z,j = 17 o,
k=1

where a;y > 0, a;; > 0 for 4,5 = 1,...,n, and d;; is the Kronecker delta. Observe that
the diffusion matrix is generally neither symmetric nor positive definite, which constitutes
a major difficulty in the analysis of the diffusion system. This problem is overcome by
exploiting its entropy structure, which is explained below.

1.1. State of the art. System (1)-(3) has been suggested by Shigesada, Kawasaki, and
Teramoto for n = 2 species to describe the segregation of populations [23]. The equations
(for any n > 2) were derived from a random-walk on a lattice in the diffusion limit [25].
The global existence of nonnegative weak solutions to (1)-(3) for two species was proved in
4] for any coefficients a;; > 0. This result was generalized to an arbitrary number of species
in [5], under a growth condition on the source terms. This condition could be replaced
by a weaker entropy-dissipation assumption, yielding the global existence of renormalized
solutions [6].

The concept of renormalized solutions has been introduced by DiPerna and Lions for
transport and Boltzmann equations [12, 13, 14]. The idea is to replace the solution u by
a nonlinear function ¢(u) with compact support. This concept was applied also to elliptic
and parabolic problems (e.g. [2, 9]) and diffusion systems (e.g. [10, 17]).

Weak-strong uniqueness was established by Leray [20] for incompressible Navier-Stokes
equations and by Dafermos [8] for conservation laws; see the review by Wiedemann [24] for
more details. Later this concept has been applied to other fluid models, including measure-
valued solutions [15, 19]; to magneto-viscoelastic flow equations [22]; and to gradient flows
based on optimal transport [3]. As far as we know, there are very few works on the
weak-strong uniqueness involving renormalized solutions. An example is the paper [16],
where the weak-strong uniqueness for renormalized relaxed Lagrangian solutions to semi-
geostrophic equations was shown, and the already mentioned work [18] by Fischer on the
weak-strong uniqueness for renormalized solutions to reaction-diffusion systems.

The question of uniqueness of weak solutions to parabolic diffusion systems is extremely
delicate. One of the first results is due to Alt and Luckhaus [1] for linear elliptic operators.
Pham and Temam [21] proved a uniqueness result for the population system (1)-(3), but
only for two species and assuming a positive definite diffusion matrix. Finally, Gajewski’s
uniqueness method was applied to a simplified volume-filling cross-diffusion system in [25].
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Up to our knowledge, there does not exist any uniqueness result for generalized solutions
to the population system (1)-(3) without the assumptions imposed in [21].

1.2. Key ideas. The analysis of (1)-(3) is based on its entropy structure. This means
that under some conditions, there exists a convex Lyapunov functional, which is called an
entropy and which yields gradient estimates. The entropy gives rise to a transformation to
entropy variables that makes the transformed diffusion matrix positive semidefinite, thus
reveiling the parabolic structure of the evolution system. For this result, we need two
assumptions. The first one are entropy-dissipating source terms, which means that there
exist numbers 7y,...,m, >0 and A{,..., \, € R such that

n
(4) > mifi(w)(logu; + A;) <0 for all u € (0,00)".

i=1
This condition implies the quasi-positivity of f; which is necessary to conclude nonnegative
solutions to (1). Note that we do not impose any growth restriction on the reaction terms,
modeling possibly fast growing populations.

Condition (4) ensures that the entropy density

(5) h(u) = thi(ui), hi(s) = s(logs — 1+ X\;) + e,

is a Lyapunov functional for the pure reaction system dyu; = fi(u) if m; = 1 for all i =
1,...,n. When the diffusion terms are present, a second assumption is needed, namely
either the weak cross-diffusion condition

© i i (00— 33 (v = va)*) >0

n
J=1

or the detailed-balance condition

(7) Qg5 = TG4 for all Z,j = ]., ey, 7 7é j

In the former case, we may choose m; = 1. For an interpretation of the detailed-balance
condition, we refer to [5].

Under conditions (4) and either (6) or (7), the matrix product A(u)h”(u)~! is positive
semidefinite (here, h”(u) denotes the Hessian of h(u)), i.e. for any z € R™,

(8) 2 A(u)h" (u) 'z = Z Ayi(u)u;zizj > ap Zulzf + 21, Z urz?,
i—1 i=1

1,j=1

for some constants ag, 19 > 0; see Lemma 4 below. As a consequence, the entropy fQ h(u)dx
is a Lyapunov functional along solutions to (1)-(3), and we obtain the so-called entropy
inequality

d - 2 2
() ° h(u)dmc/ﬂg(wm—ﬂ + [Vul?)dz <0,

Q
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where the constant C' > 0 depends on m; and a;;. Clearly, these assumptions are also
needed for our uniqueness result. In fact, we need an additional condition on the reaction
terms detailed in hypothesis (H2) below.

As in [18], the key idea of the uniqueness proof is the use of the relative entropy,

H(ulv) = /Q (h(u) — h(v) — K (v) - (u — v))dz
= Z/Q (ui(log u; — 1) — u; logv; + v;) de,

which can be seen as a generalized distance between a renormalized solution u and a strong
solution v. There is a relation between Gajewski’s semimetric and the relative entropy;
see the discussion in [7, Remark 4]. To simplify the following formal arguments (which are
made rigourous in section 3), we set b; = 0, A; = 0, and m; = 1. A computation shows that

dH
u|v Z/ i ( u]Vlog— Vlog—jdx

t,j=1
U; U;
(10) — zjz:l/ ( z] — AU(U)U_l) VU]' . VlOg U—Zdl'
U;
+Zzl/ﬂ (fz(u) logv—i + fz(l)> (1 — ’U_Z> >d$ = Gl +G2 + G3

The second term Gy is a result of the strong coupling and does not appear in reaction-
diffusion systems with diagonal and constant diffusion matrix as in [18]. The positive
semidefiniteness property (8) shows that the first term Gy can be estimated from below,

(11) Gi<-my [
i=1 7/

Using the special structure (3) of the diffusion matrix, the second term G5 can be refor-
mulated and estimated as

2
u? Vlogu— dz.
v;

ZauuZ v;)V log(vv;) - Vlog%dx
t,j=1 vi
Z/|uj vjlu; Vlog
7,7=1

u?|V log i
Uj

2 n
SUOZ/ dx+C’(v)Z/ lu; — vg|*da.
i=1 7% i=1 /%

The first term on the right-hand side is absorbed by the right-hand side of (11). The
convexity of h(u) shows that the relative entropy is bounded from below by 7" | |u; — v;]?




WEAK-STRONG UNIQUENESS 5

(up to some constant), provided that u is bounded. In that situation, we infer that

C;—[:(UW) < C(v)H (ulv) + Gs, t>0.

Since we cannot prove the boundedness of u, we cannot use the relative entropy directly. We
need to construct a modified entropy with cutoff for u;, such that the previous arguments
can be made rigorous. Note that this difficulty does not appear when the diffusion matrix
is diagonal and constant, as in [18]. Indeed, then the term Gy does not appear, and the
only difficulty is to estimate the remaining term Gj.

The idea of Fischer [18] to estimate G3 is to introduce the relative entropy with cutoff
for v;,

f[IL{(u’U) = Z/Q (ui(log wi + A = 1) = P (wu;(log vy + A;) + Ui)diﬂ,
i=1

where K > 3, L > 0 and ¢% is a cutoff function which equals one if >, ux < L and
vanishes if >} up > (L +¢)*,

o (gt e) —log(L + e)
Piclu) = < <K—ﬁ)mgL+e> )’

e = exp(1) is the Euler number, and ¢ is a smooth cutoff such that ¢(s) =1if s <0 and
©(s) = 0if s > 1. The cutoff allows for the control of % (u) f;(u) log(1/v;), which appears
in G3 using HE (ulv) instead of H(ulv).

Unfortunately, this cutoff is not sufficient in the situation at hand, because of the strong
coupling in G; and G5. Compared to [18], we need two refinements. First, we introduce
an additional cutoft:

) Hie " (ulv) = /Q; (goK (u+el)(u; +¢)(log(u; +€) + X\ — 1)
— i (u+el)(u; +¢)(logu; + \;) + vi>dx,

where M > L, e > 0,and I = (1,...,1) € R". The parameter ¢ is needed to control terms
like log(u; 4+ €) when u; = 0. Second, the cutoff function involves the double logarithm:

loglog(>"7 . up +e) —loglog(L + e
gpf((u) — 80( (Zk 110k ) ( ) '
g(K +1)

The additional logarithm slightly improves the estimates. Indeed, |9;@% (u)| is bounded
by C/[K(> ) _, uy + €)], while

C
<
S e K T D, w1 ) log (> w4 )

050k ()

for some constant C' > 0.
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These refinements allow us to estimate not only GGy and G5 but also G3. Then we can
pass to the limits ¢ — 0 and M — oo, yielding, for sufficiently large K > 0,
dHE
dt
where Hf (ulv) :== Y1, [, (wi(logu;+ XA — 1) — ok (w)u;(log v; + ;) +v;)dz. When u and v
have the same initial data, we conclude for sufficiently large L > 0 that HE(u(t)|v(t)) = 0
for all ¢ > 0 and hence, by Lemma 8 below, u(t) = u(t) for ¢ > 0.

K (uv) < O(K, LYHE(ulv), >0,

1.3. Main results. First, we specify our notion of renormalized solution.

Definition 1. We call uw = (uy, ..., u,) a renormalized solution to (1)-(3) if for all T > 0,
u; € L*0,T; Hl( )) or Ju; € L*(0,T; H(Q)), and for any & € C*°([0,00)") satisfying
¢ € C5°([0,00)"; R) and ¢ € C(Q x [0,T)), it holds that

//g 8t¢dxdt—/§

_ 00,008 (u ( Ay () Vu; — im)-v dzdt
2;1// & Z Uj — U updx

n

T
N Z/O /S;alg (ZAU Vuj U 1) Vodxdt
=1

(13) +i /0 ' /Q SOhE () fi () davdlt.

We impose the following hypotheses.

(H1) Drift term: b= (by,...,b,) € L=(0,T; L>=(Q; R ) for i = 1,...,n.

(H2) Reaction terms: (i) f = (f1,..., fa) : [0,00)" — R™ is locally Lipschitz continuous;
(ii) there exist numbers 7y, ..., 7, > 0 and Ay,..., A, > 0 such that

mei(u)(log u+A) <0 forall ue(0,00)
=1

(iii) there exists My € N such that for all u € [0,00)™ with Y " | u; > My it holds
that >, fi(u) >0

(H3) Initial data: u® = (u9,...,u0) € L>®(Q;R") such that infqu) > 0 for i =1,.
(H4) Diffusion coefficients: a9 > 0, a; > 0 for ¢ = 1,...,n and either the Weak CTOSS-
diffusion condition (6) holds and m; = 1 for i = 1, ...,n, or the detailed-balance

condition (7) holds.

Remark 1. Under hypotheses (H1), (H2.i)-(H2.ii), (H3)- (H4) there exists a renormalized
solution to (1)-(3) satisfying u; > 0 in Q x (0,T) and [, h(u(t))dz < oo for t € (0,T),
and hence u; € L>(0,T; L*(2)); see [6]. If a;o > 0 and a;; > 0 for i = 1,...,n then both
functions w; and \/u; are in L?(0,T; H'(Q)). O
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Remark 2. We discuss the assumptions. Hypotheses (H1) and (H3) are rather natural.
Condition (H2.ii) with A; = 0 was also imposed in [10], and we already mentioned that
it allows for the proof of the nonnegativity of the densities. Condition (H2.iii) on the
positivity of " | fi(u) may be surprising at first sight. It means that in the absence of
diffusion effects and for large total population, the total population is still increasing. One
would expect that an overcrowding effect will lead to a decrease of the total population,
thus requiring "7 | fi(u) < 0. However, in this situation, there is an upper bound for the
reaction terms and we can apply standard methods. The situation becomes difficult when
the total population is not limited. This makes a priori estimate impossible (and makes
necessary the renormalization). An alternative condition is | Y"1 fi(u)| < C(1 + |uf?) for
all u € [0,00)™ and p = 2 + 2/d; see Remark 7. Finally, hypothesis (H4) is needed in the
global existence analysis to show that system (1) has a certain parabolic structure; see
Lemma 4 below. Il

The main result of this paper reads as follows.

Theorem 3 (Weak-strong uniqueness). Let (H1)-(Hj) hold. Suppose that u is a renor-
malized solution to (1)-(3) and v is a “strong” solution to (1)-(3) on some time interval
[0, T*) with T* < T, in the following sense: There exist C' > ¢ > 0 such that

(14) c<w(z,t) <C  for(x,t) € Qx[0,T7),
(15) 1003 oo (ax [o,7+)) + | VUil oo (x[o,7+)) < C,
and for any s € (0,T%), ¢ € C®(Q x [0,3]), andi=1,...,n,

(16) /O ) /Q pOvidrdt = / / (ZAU v)Vo; — v;b ) Vodrdt + / / o f;(v)dxdt.

Then u(x,s) = v(x,s) forx € Q, s € (0,T%).

The population model (1)-(3) can be derived from a random-walk on-lattice model with
transition rates that depend linearly on the densities [25]. When the dependence is non-
linear (e.g. power functions), we obtain population models with coefficients A;;(u) that
depend nonlinearly on u;. These models were analyzed in, e.g., [11, 25]. However, it is
unclear to what extent the weak-strong uniqueness result can be extended to this case,
since the entropy density becomes a power function, and the construction of suitable cutoff
functions is an open problem.

As explained in section 1.2, the proof of the theorem is highly technical, involving two
approximation levels with parameters ¢ > 0, M > 0, and K > 0. The idea is to choose
renormalizations &(u) involving ¢% (u) and ¢3! (u) in (13), respectively, and to estimate all
occuring terms, leading to lengthy estimations. We summarize some auxiliary results in
section 2 and present the proof of Theorem 3 in section 3.

2. SOME AUXILIARY RESULTS

As explained in the introduction, the matrix A(u)h”(u)~! is positive semidefinite under
hypothesis (H4). We recall the precise result.
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Lemma 4. Let hypothesis (H4) hold. Then for all z € R™,

A( h” 1z = Z Azg U]Zzzj > Oéozuzz + 2mo Zuz Zis

i,7=1
where the coefficients of A(u) are given in (3), h(u) is defined in (5), oy = min;—y
0, 7o =1 if (6) holds and ny = min;—y_, m *a; > 0 if (7) holds.
The weak formulation (13) is valid for test functions ¢ € Cg° (Q x [0,T)). We wish to
allow for test functions in C*°(2 x [0, s]) for some s € (0,7).

-----

Lemma 5. Let u be a renormalz’zed solution to (1)-(3) and let s € (0,T). Then for any
¢ € C=([0,00)") with & € C§°([0,00)™R™) and all p € C=(Q x [0, s]),

//f 8t¢dxdt+/§ u(z, s) xsdx—/f ,0)dx

:_Z / / G0k (u (ZAU w)Vuj — ub> - Vuydrdt

i,k=1

n

—Z/OS/Q&@ (ZAU W)V — ) Vodadt
(17) +i: /O 8 /Q $0;€ (u) f;(u)dxdt.

This expression also holds for all ¢ € WHP(Q2 x (0, s)) with p > d + 1.

The proof of the lemma is the same as in step 1 of the proof of Lemma 11 in [6].
To define the cutoff function, let ¢ € C°°(R) be a nonincreasing function satisfying
p(x) =1for x <0 and p(z) =0 for z > 1 and let K, L € N with K > 3. We define

loglog(} _, vk +e) —loglog(L + e)
1 L(v) .= k=1 fi 0,00)"
(18) ex(v) 90( log(K + 1) or v € [0,00)",

where e = exp(1) is the Euler number. This function has the following properties.

Lemma 6. It holds o% € C5°([0,00)"). Let v € [0,00)™. Then

(L1) 0 < ¢k(v) <1 forv e [0,00)".

(L2) If > p_ vk < L then @k (v) = 1.

(L3) If Sop_ vp > (L + €)%t then pk(v) = 0.

(L4) There exists C' > 0 such that for v € [0,00)" and j =1,...,n

I C
P S g R Ty o+ ey ow(y v )

(L5) There exists C' > 0 such that for v € [0,00)" and i,j =1,...,n,

C
005 (v)] < ™ ’ '
| ](pK(U)| — ]_Og(K + 1)(2]4::1 Vk + 6)2 10g(2k:1 (% + e)
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Proof. It 377", vy < L then the argument of ¢ in definition (18) is negative which implies
that ¢k (v) = 0, proving (L2). Next, ¢%(v) = 0 holds if and only if the argument of ¢ is
equal or larger than one which is equivalent to

log(3 1 Uk + €)
log(L + e)

n

= loglog <Z vk + e) —loglog(L +e) > log(K + 1),
k=1

log

and, after taking the exponential, to >_,_, vy + e > (L + €)®**1. This holds true since we
assumed that >} vy > (L 4 e)®**1 showing (L3). Finally, (L4) and (L5) follow from

R W1 wavema)
&@@%m(bﬂK+1D%Z&ﬁ¥?®%bQ221%D2
_mgK+UQjﬂii¥PbﬁZ£lw)
_bgK+DQﬁHifQM%QX1+Ww

where z is the argument of ¢ in definition (18), since log(K + 1) > 1. O

3. PROOF OF THEOREM 3

Without loss of generality, we prove Theorem 3 by setting m; = 1. This is not a restriction
since these numbers only appear when applying Lemma 4 and do not change the analysis.
We split the proof into several steps.

3.1. Approximate entropy identity for H%’EL. We derive an integrated analog of the

entropy identity (10) for the approximate entropy with cutoff (12). We choose ¢ = 1 and

Eu) =i (u+el)y <(ui +e)(log(ui +€) + A — 1) + em)
i=1
in (17), where € € (0,1/2) and we recall that I = (1,...,1) € R". Clearly, the derivative
¢ is an element of C§°([0,00)";R™), as required. This gives the following identity for
s € (0,7):

— G4+ G,
0

(19) /Q@%(u +el) < i(uz +e)(log(u; + ) + N — 1) + e"“)dm

i=1

where

n s n Vul
Gi = —Z/O /Qw??w%f)( > Ajj(u)Vu; — ub) et
=1 1

j=
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n

Gy = — z": /OS/Qaiaw%(u +e0) Y (e + ) (log(ue +€) + A = 1) + )

1,k=1 /=1

j=1

Gs = — Z / / Ot (u + 6])(10g(ui +e)+ )\i) <Z Aij(w)Vu; — uibi> - Vudxdt,
0o Ja oy

ik=1

Gy = — Z /0 /Qaigpj}g(u + el ) (log(ur, + &) + Ai) (Z Aij(w)Vu; — uin) - Vugdxdt,

ik=1 =
Gs = Z /s/ ai‘ﬂl]\g(u +el) Z <(w + 8)(10g(w +e)+ A — 1) + e“)fi(u)dxdt,
i=1 70 O =1
o= | [ @t en(loglu +2) + X) filu)drds

Next, we choose ¢ = logv; + A; € WHe(Q2 x (0,5)) and &(u) = (u; + &)k (u + €l) in
(17). Then

/(uZ + &)k (u+ I)(logv; + \;)dx
0

L / / Uit ggoi(u + el)Opv;dxdt
0 o Jo Ui
= — Z/ / ajgof((u + 8])(10g v; + )\z) ( Z Ajg(u)VUg - Ujbj) : Vuzdxdt
j=170 JQ (=1
j=170 J& =1
_ Z / /Q(uZ +)0;0p 0k (u + 1) (log v; + \;)
k=10
X (Z Aj(u)Vu, — ujbj) - Vudzdt
=1
s 19 - VUZ‘
— op(u+el) Z Ay (u)Vuy — ub; ) - dxdt
0 JQ — Vg
n s n \VA )
— Z/ /(Ul + 6)8Jg0f((u + 8[) < Z Ajg(U)VUZ - Ujbj) . Ui.) dxdt
j=1 0 JQ =1 %

—i—/os/ﬂgp%((’u—i-al)(logyi+)\i)fi(u)dmdt
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(20) + Z /05 /Q(uZ + )05 (u+ eI)(log v; + ;) f;(u)dzdt.

We wish to replace the second integral on the left-hand side. For this, we choose the test
function ¢ = (u; + &)k (u+el)/v; — 1 € L*(0,s; H'(Q)) in the weak formulation (16) for
v, giving

/ /UH_S Lo u—i—e[)@tv,dxdt—/vidxo
Q

_[ n
- / / piclutel) ( S Aiy(v) Vs — Uibi) Vusduds
0 JQ (% =
_ Z/ /Q uz;- 58j90§{(u +el) (ZAM(U)VU[ — Uibi) - Vuydadt
j=1 0 i —
° u; +¢€
" / / U2 @f((u +el) <Z Aje(v) Ve — Uzbz) - Vudzdt

(e o

Then, replacing the second integral on the left-hand side of (20) by the previous expression,
summing the resulting equation over ¢ = 1,...,n and multiplying it by —1, we obtain

@) = [ (ko e o+ A) —u)da]| =Lt T
Q=1
where
I = Z/ / JSOK (u+el)(logv; + ;) (ZA]e YVuy — ujb; ) - Vu;dxdt,
7,7=1
I = / /aJQOK u+el)(logv; + i) <2AM YWuy — ulbl> - Vu;dzdt,
i,7=1
Iy = / / u; + 5 3 akSOK(u + 51)(1Og v; + )\ (ZAJZ VU€ U]b ) - Vupdzdt,
z]k 1 /=1

" VUZ'
//umts 0% (u+ €I (ZA]g Vug—u]b)_vvvi x
1,j=1
I Vu,
Jﬁzz ok (u+eI) ZAM(U)VW—UZ@- : dq;dt
i=1 70 /O (=1
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I = Z//u,+e Dok (u + €I) (ZAM )V, — vzbz>-v;jdxdt,

i,j=1

_Z/ /@i(uﬂLd)(logvi+Ai)fi(u)dxdt,
Z//%H Ot (u+el)(logv; + ;) f;(u)dxdt,

7,7=1

Iy = —Z/s/(ui—ire)gof((u—l—d)é&g(v)
In=— Z/ / <”l+5 L u+5I)—1)fl( )dadt,

112—8 /‘/SOKU_FE[ v ddt

Addlng (19) and (21) gives the desired approximated entropy identity:

(22) Hy u|v‘ +Ze i/<pK u+gl)d:c =G+ +Gs+ L+ + L.

V’Ui

3.2. Estimate of the reaction part. We start by estimating the terms in (22) involving
the reaction terms f;(u), namely Gg, Is, Iy, and I1; (the remaining term G5 will be treated

later when we pass to the limits ¢ — 0 and M — 00).
We split the integral G into two parts:

Gs = / /X{zg (upre)>L}PK (U + el) Zfz (log(u; + &) + Ai)ddt

=1

/ /X{zg (ur+e) <L) Pk (u+el) Zfz ) (log(u; + €) + ;) dadt

=1

=: G + G,
where Y4 is the characteristic function on the set A. Adding and subtracting the term
fi(u+ ¢I) and using condition (H2.ii) gives

Ge1 = / / X{S0, (upte)> L} PK Mu+el) Zf’ u+ el)(log(u; + &) + ;) dadt

/ / X{0 (o> Ly PR (u+ 1) Z (fi(w) = filu+el)) (log(u; + &) + N;) dzdt

< /0 /Q X(si s>y o (w+ €)Y (filw) = fi(u+ 1)) (log(u; + ) + ;) dadt.

i=1
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We claim that for any K > 0, there exists C'(K) > 0 such that for all 0 < s < K, it
holds that |log(s +¢)] < C(K)(1 —loge) (recall that € < 1/2). Indeed, let 1/2 < s < K.
Then log 3 < log(s + ¢) < log(K + 1) and consequently |log(s + £)| < C(K) for C(K) =
max{log 2,log(K +1)}. If 0 < s < £, we find that |log(s + ¢)| = —log(s + &) < —loge,
which shows the claim.

We know from (L3) that ¢} (u + eI) vanishes if Y, u, is large enough. This allows
us to apply the local Lipschitz continuity of f; from (H2). Therefore, using (L1), we infer
that

(23) Ge1 < C(M, K, f)e(1 —loge).

For Gga, we observe that M > L and (L2) imply that ¢} (u+el) = 1in {> ), (us+¢) <
L}. Hence,

Gy = / /Q XiSi ueber<ny Y fi(w) (log(us + ) + As) dedt.
0 i=1

We wish to estimate this term together with the terms Ig, Iy, and I;;. Consider the
integrands of Gga, Is, and Iy in the set {> ), (us + ) < L} (where it holds that ok (u +
el)=1):

Fiw) (log(u; + &) + A) — filu)g(u + e)(logv; + A;) — fi(v) (“: Sob(utel) — 1>

—fz(u)logUZ—i_e—fz(U)(Ul—'_g—1)

A
(% (%

= (1055 - B 1) s () - o) (B - 1),

Uy v; U;

Therefore, we need to estimate

Geo + Is + Iy + Ity

~ [* w+e  u+e
<> / / X{Z?_l(UZJrE)SL}fi(U)(lOg P, +1)dxdt

i=1 /0 JQ i i
- ° U; + €

20| | xisweasn () = fi@) (== = 1) dudt
i=1 i

+3 [ xsean
=1

x(mwwawwﬂm%m+&wwmm(mjg+Q)ma

)

+Z/ /|(uz-+6)(9jcpf((u+s])“fj(u)Hlogw+>\Z-|dxdt
0 Jo

ij=1
= Ji+-+Js
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We first consider J;. The elementary inequalities —|s — 1| <logs —s+1 <0 for s > 1
and —|s — 1|*/s <logs — s+ 1 <0 for s € (0,1) imply that (as shown in [18])

1
(24) —(1+—)|s—1|2§log3—3+1§0 for s > 0.
s

Furthermore, we use the local Lipschitz continuity of f; and the quasi-positivity property
fi(u) > 0 for all u € [0,00)™ with u; = 0 (as a consequence of (H2.ii)) to conclude that in
the set {>°,_, us < L},

—fz(u) S fi(ul, ce 7UZ‘_1,0,UZ‘+1, e ,un) — fz(u)
< ‘fi<u17 s 7ui71707ui+17 B ,Un) - fl(u)| < C(LMf’L)uZ

This allows us to estimate the integrand of .J;. Indeed, we obtain in {d> ", , u, < L}

2
U + €

(%

U; + € Ui + €

fi(u)<log . + 1) <o(L, fi)ui(l 4 )

(5 V; U; + €

-1

:O(L,fz)(ul—f— Ui )l‘(uz—vz)+6|2 SC(L,fi,vi)(|ui—vi|2+52).

Ui
u+¢e ) v}

This estimate also holds in {> ", (us+¢) < L} for € > 0 since {>_,_,(us +¢) < L} is a
subset of {>°;_, us < L}. We deduce that

Ji < / / X{>7 i ue<L} Z C(L, fz;%)(‘% - ’Uz"2 + 62)d$dt
0 Ja i=1

< C(L, f, ’U) / / X{>r, u<L} Z |uZ — vi\zd:z:dt + C(L, f,u, T, Q)gQ.
0 Ja i=1

Using again {>_, ,(us +¢) < L} C {>°,_, ue < L} and the local Lipschitz continuity of
fi, it follows that

Jy < Z/ / X{Zz:lng}C(Lfi,Uz‘)W - U|(|Uz — v +5)d$dt
i=1 70 7@

< O(L,f,v)/ /X{ZQ_I%L}Z lu; — v;2dxdt + C(L, f,v,T,Q)e.
0 Ja i=1
Taking into account (L3), we have | f;(u)pk(u+ el)| < C(L, K, f;) and thus

J3 S C(L, K, f, ’U) Z / / X{Z?=1(W+€)>L} <1 + Z uz> dxdt.
i=1 /0 JQ i=1

Since 9;pk%(u+el) = 0 for sufficiently large u, we can estimate as

J4 < O<L7 K7 f7 ’U) / / X{Zzzl(ué+5)>[/}dxdt'
0 Q
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We conclude that

Ge+ Is+ Iy + I, < C(L, f, v)/ / XSy sty D s — v dadt
0 Ja i=1

+C(L, K, f,v) Z / / X{X0 (ugte)>L} (1 + Z U1> dxdt
i=1 70 JQ i=1
(25) £ COMLK, f)=(1 —loge) + O(L, f,v,T, Q).

3.3. Estimate of the cross-diffusion part. We estimate only some terms involving the
diffusion coefficients, namely G, Iy, Ig, and ;5. We split G; = G137 + G2 in (19) and
Is = Is1 + Iy in (21) into two parts, the cross-diffusion part and the drift part:

- ’ Vu;
Gu=-— q I)A;; i *dxdt,
: 12/0 /51(’0K(u+6) WV U + € v
Gz = i/s/ i (u+ el)ub; - Vi dxdt,
i—=1 Y0 JQ u; + €
- ’ L Vu;
Iy = Z o (u+el)A;(v)Vo; - . dxdt,
ij=170 7% i

u

n s v ;
Igy = —Z/O /ng@(wd)wbi. .
=1

We split 2 into the subsets {>",_,(us+¢) < L} and {>",_,(us+¢) > L} and combine on
the former set the terms G171 + I4 and Ig; + I19. This yields

oo Vu, Vv,
Guy+ Lo+ Iy + To = — erey<y ] Aig(w) Vg - ———
11+ 4a+ o1 + 1o ”ZI/O /QX{Z‘H( o+ )SL}{ 5 (W) Vuy (Uz +e )
+ Ay (v) V- (Vvi wite Vui) }dxdt
Vi U4 Vg
n S M Vuz
-3 XS (upte) > Ly P (U + D) Agj(u) Vi, - dxdt
= o Ja u; + ¢
n s . A\
+) Xy (were)> 13 Pk (u + D) Aij(w) V- ——=dwdt
ij=170 JQ ’
n S I Vuz
+ Z o X{Z?:l(W—&-ebL}‘PK(U + EI)Aij(U)VUJ T dzdt
ij=1"0 ’

- Z / / X (upre)> 1} P (u + €1) Ay (0) Vo - dxdt
0 Ja vi Y

i,j=1
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The estimation of the expressions O; is rather technical. We start with O;.

Estimation of O;. We add and subtract A;;(u+ /) in Oy, which gives O; = Oy; + O;2,
where

n S Vu V’U'
Oy =— " (upte AZ I - o Z
11 l;/o /QX{ZZ_l( o+ )SL}{ J(u te )vuj <U1 + € Vg )
+ Ay (0) Vo, - (Vvi u +¢ Vui) }dmdt,
(5 v; Ui
O = Z]Z::l/o /QX{Z?—1(W+E)<L} (AU (u + 81) N AZ](U))VUy . (Uz +e - Ui >dmdt

Furthermore, we add and subtract the term Vv, /v; in O11. We find after a short compu-
tation that

On=->_ / /QX{22;1<W+€>SL}Az‘j(“ +el)(u; +e)
0

ij=1

% < Vul B VUZ> ) < Vu]' B ij)dl’dt
Ui—I—S U; Uj—f-E Uj

- s Vo, VU,L V’Uz‘
- Z/O /QX{Z?1(ue+e)§L}Aij(U+5I)(Uj+6) vj] : (ui+5 - o >dxdt

ij=1
- ) Vv, u; +¢ Vu;
- Z/ /X{Z?—1(UZ+E)<L}A'L']‘('U)V’UJ' . ( — )dl’dt
1,7=1 0 Q (4 V; U;
- Z / / X{Z?II(Uﬁs)SL}Aij(U +el)(u; + £)
ij=1 0 Q

% < Vul B V%) ) < VU]‘ B ij)dl’dt
Ui—l—é‘ V; Uj—f-E Uj

S w; + ¢ u; + ¢
- / / X{S, (uete)<L} (Aij(u%f )——— — Ay(v) )
0 JQ Uy Vg

ij=1
x Vv - ( Vi _ vvi)dmdt
U; + € V;
=: O111 + O112.

It follows from the positive definiteness of A(u)h”(u)~! (Lemma 4) that

L Vu,; Vo |2
O < —o Z/o /QX{Z?zl(ueJrs)SL}(ui + 5) — - :
i=1

dxdt
U; + € V;
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(27) ~2m )y / /QX{Z?_l(UHS)SL}(ui +e)?
i=1 Y0

For the estimate of Oj12, we use definition (3) of the coefficients A;;. Some terms cancel

in O112 and we end up with
LA - u; + € Vu,  Vu;
O119 = — " (U — vy +¢€ Vu; - — dxdt
112 ;/0 /QX{Zél( (+e)<L} ; k(U k ) " <U@ e ", )

- 3 uj; +¢€ U; + €
D s eazna | ()=~
0 JQ Vj V;

i,j=1

x Vj - ( Vi _ vvi)dasdt

U; + € V;

2

Vi NN

U; + € V;

- Z /0 /QX{Z?=1<ue+s)§L}az‘j(Uj —v; +¢)(u; +¢)

1,7=1

% (VUZ i V’Uj> ) < VUZ - VUz)d:L’dt

Vi (] U; + € V;

Using the regularity of v and Young’s inequality, we find that

O12 <Cv) Y /0 /QX{Z?_I(ers)<L}’uj — v +¢el(u; +¢€)

ij=1
< 7702/0 /QX{Z?_l(uz-l—a)<L}(ui+€)2
=1

+C(v) Z/O /QX{Z?IW<L}‘U¢ — vi|*dxdt + C(v, T, Q)e?,
i=1

Vu,- B Vvi

U; + € V;

dxdt

2

VUZ' _ VUZ' ddt

u; + € v;

where in the last step we have used {}°,_ (us+¢) < L} C {3 ,_,us < L}. The first
term on the right-hand side can be absorbed by the second term on the right-hand side of
estimate (27) for Oj11, and combining the estimates, we obtain

011 < C(v) Z/ / Xisr w<ry|ui — v dadt + C(v, T, Q)e.
i=1 70 JQ

We turn to the estimate of Oj5. Again using definition (3) of A;;, it follows that

Rl

_ s u Vul V?)i
Op=c¢ Z /0 /QX{Z?_l(uHs)SL} (51‘3‘ Zaik + aij>vuj : (u T o )dzdt

ij=1 k=1

< 052/0 /QX{Z%(uHe)SL}WUj\ dxdt

= U; + €
i,7=1
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—f-C(U)EZ/ /QX{Z?_l(ue-&-E)SL}|vui|d‘rdt'
i=1 70

We integrand of the first term on the right-hand side can be reformulated according to

|V, € u;

uU; + €

(28) VeIV,

and using Young’s inequality, we deduce that

Op2 < C(v)\/gi:/os/g|Vui|2dxdt+0(v)ﬁ§:/os/52(l—l—|V\/u_i|2)dxdt

< C(v,T,Q)/e.

Note that we need here the condition a;; > 0 which yields an L? bound for V/u; (see
Remark 1).
We conclude the estimate of O; by adding the bounds for O; and Oqs:

01 < C(’U) Z/ / X{Z?:l UzSL}|ui — ’Uzl2d.flfdt + C(U, T, Q)\/g
i=1 /0 JQ

Estimation of O,. We add and subtract A;;(u+ I) in definition (26) of O, and use the
definition of A;; to find that

“ s VUZ
Oy = — Z / / X{Z?:1(W+E)>L}90]I\(/[(u + €I)Aij(u + 6])Vuj . dxdt
ij=170 JQ Ui te
20 | s ek (e o1 (A (1) = Ay () Vg - = dodt
ij=170 v
- s Vu; Vu;
M J i
Z/ J s D) At D)y + )
n s " n VUZ
+ € Z X{Zzzzl(ue+€)>L}S0K (u+€I) 5@'2&% —|—CL7;j Vu]' . w +€dl’dt
ij=170 JQ k=1 v
= 021 + 022.
We employ the positive definiteness of A(u + el)h”(u + el)™! to estimate Oy:
~ [ M o| Vi ’
021 S —2770 Z X{ZL1(W+5)>L}¢K (u + 6[)(u1 + 6) U dxdt
— Jo Ja i

IN

—2770 Z / / X{Z?:1(W+5)>L}¢AK4(U + EI)|VUZ|2d$dt
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For the estimate of Oy, we take into account (28) and use Young's inequality similarly as
in the estimate of O1s:

OQQSC&?Z/O /Q|VU]|

i,j=1

V'LLZ'
U; + €

dxdt

gC\/EZ/ /(quiPJr\V\/u_iF)dxdth\/E.
i=1 70 JQ

Adding the inequalities for O, and Ogs then gives

n s
Oy < —2ng Z/ / X{Zgzl(u€+5)>1;}g0%(u + eI)|Vu; > dzdt + C/z.
i=1 70 JQ

Estimation of O3, O4, and Os. We conclude from (L3) and Young’s inequality that

" s VUZ'
03 = Z / /ﬂX{(L+€)KH>E?_1(Ue+€)>L}<'0%((u + 6I)Aij(u)Vuj . v, dxdt
Z,]:1 0 7
< C(L,K,v) Z / / X{(L+e)K+1>5" (up+e)>L} |Vu;|dxdt
i=1 /0 JQ
"o - ° 2
< 52 /O /Q X{S 1, (uee)>Ly | V| “dadt
=1
n s
+ O(L, K, U) Z / / X{ZZ:I(UZ+€)>L}dJ7dt'
i=1 70 JQ
In a similar way, we can estimate
- s L vuz
O1+ 05 =) XS e te)> 1) P (0 F €1) Ay (0) Vg - ——=dwdt
i,j=1 0 Q 7
- s Vvl- u; + €
-3 | [ skt eD Ay (0) Vs 0
0 7 7

ij=1

<)X [ [ st erasnl Vuldadt
i=1 70
+C(v) Z/ /X{Z?_l(u4+s)>L}(ui + 1)dxdt
i=1 70 JQ

M~ [°
= Ez /0 /Q X{SI (u+e) > | V| dedt
=1
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+C(v) / / X{7, (ug+e)>L} (1 + Z uz> dxdt.
0 @ i=1

Adding all the estimates for Oy, ..., Os, we conclude from (26) that
G+ Iy + Iy + Lo

<—2m ) / / X (uete)> 1y P (u + eD) |V [ ddt
i—1 YO0 Q

+”°Z/ /X{Z?l(w+a)>L}\VUi|2dl’dt

i=1 /0 JQ

+C(v) E / /X{Z?lng}Wi — v;|*dxdt
i=1 /0 JQ

+ C(L, K, ?J) / / X{7, (ugte)>L} (1 + Z UZ) dxdt
0 /@ i=1

(29) + C(v, T,Q)/.
3.4. The limit ¢ — 0. Inserting the estimates of the previous subsections and observing
that the term /;5 can be estimated as

—~ [ b; - V;
Iy = 52/ /anﬁ(u +el) UYU dxdt < C(b,v,T,Q)e,
i=1 V0 g

we infer from (22) that

Hy (ulv)

>N [ oM urel)da|
L | exttu+enal,
n s
<=2y / / NG oo Ly @M (1 + 1) Vg 2dadt
i=1 /0 JQ
M / / X{S7 (ute)> 0y | Vs *ddt
i=1 /0 JQ
+ (L, K, f)v)/ /X{Z?l(Ue+e)>L} (1—|—Zui)dgjdt
0 Q =1

+C(L, f0)) / / X, we<ry i — vi[dadt
i=1 70 7O

+C(M,K)e(1 —loge) + C(L,b, f,v,T,Q)\z
(30) + G+ G+ -+ G5+ 1L + I + I3+ I5 + Igo + I7.
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We pass to the limit € — 0 in this inequality. First, we consider the left-hand side. We split
the integral of HIA(/IEZ into two parts and analyze each part separately. By the mean-value
theorem, we have for some 6; € [0, 1],

n

Z(Uz +¢e)(log(u; +¢) + N — 1) + Zn:e_*i = h(u +eI)

=1 i=1

i=1

u)+ ) (u+ 1+ ) € L(Q).
i=1
Thus, together with the bound (L1), we can apply the dominated convergence theorem to
infer that, as ¢ — 0,

n

/¢K(U+5I)Z[(Uz’+€)(10g(ui+€) A= 1) 4 e ] dal|

0

—>/g0K uz(logul—l—)\ —1) ]da: K

Similarly, it follows from the uniform bound

n

Z <<pf((u +el)(u; +€)(logv; + N;) —v;)| < C

i=1
that in the limit ¢ — 0,

v)(gumt 1) e L'(Q)

Ai(@%{(u +el)(u; + €)(logv; + \;) — f(}i)d(]j Z

S

_>/Z w)u; logvl—k)\)—vi)dﬂﬂ .

Consequently, the left-hand side of (30) converges as ¢ — 0:

K " (ulw) —1—2 /goK u+el) dac

1) S B+ Y [ s,
=1

where

HY (ufv) == / Z (gp%(u)ui(log w; + N — 1) — ok (u)u;(logv; + N + vz-) dz.
Q1
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Next, we turn to the limit ¢ — 0 on the right-hand side of (30). We observe that for
a.e. (z,t) € Q2 x(0,s),

o x5y o)y (25 1) = X wez ) (2, 1)

Then, by the dominated convergence theorem, we can pass to the limit € — 0 in the first
three terms on the right-hand side of (30), leading to

§ / /QX{Z?_l(uers)>L}S0%<U+€I)|VU¢|2dl‘dt
i=1 70
=+ / / X(5p, uez Ly PR (W) Vi *ddt,
i=1 /0 JQ

E / /X{Z?_l(ug+s)>L}|vui|2dxdt — E / /X{27_1W>L}|Vu,-|2dxdt,

i=1 Y0 JQ i—=1 70 JQ

/ / X{X7_, (up+e)>L} (1 + E u1> dxdt — / / X{Xr, ue>L} <1 + E ’U,Z> dxdt.
0 JQ i=1 0 JO i=1

We perform the limit € — 0 in the remaining terms. By dominated cnvergence, we find
that

Gip = My 4 el) =2 b, Vudedt — // wsor o (Wb, - Vudzdt,
=3 [ b eng i Vudea 5 32 7 [ ol - Vuds
Igo = — Z/ / ok (u+ el)b; - Vuydadt

i=1 70 7O

— — Z/O /990%(16)61- - Vu;dxdt = — Z/O /S;X{ui>0}90%((u)bi  Vudadt.
=1 i=1

Let us consider the integrand of G'3. Using the definition for A;;, we obtain the pointwise
convergence as € — (:

O (u+el)(log(u; +€) + \;) (Z A;j(uw)Vu; — uin) - Vuy
j=1
=1
+ 8kg0AK4(u + sf)ui(log(ui +e)+ )\i) (Z a;;Vu; — bi) - Vuy,
j=1

/=1
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+ 81«90%(“)%(1% u; + A;) ( Z ai; Vi — bi) - V.

J=1

Taking the modulus and summing over ¢ = 1,...,n, the left-hand side is bounded from
above by

n n

C(M,E) > (IVv/ui] + |Vus| + 1) [Vug| < C(M,K) Y (IVwil® + [V /] + 1),

ik=1 i=1

which is an L'(Q x (0,7)) function. Therefore, we can use the dominated convergence
theorem again to infer that

Gy — —2 Z / / O (u Vui(logu; + \;) (aio + Z GMUg) VVu; - Vugdxdt
i,k=1 /=1

n

— / / Ot (w)u; (log u; + A )(Z a;;Vu; — bz-> - Vugdzdt.
0

ik=1 j=1

Similarly, the limit ¢ — 0 in G4 gives

Gy — 22/ /&goK Vg (log uy, + Ag) (ZA” uw)Vu; — ”) V. ugdadt.

7=1

The limit ¢ — 0 in the remaining terms G, G5, I, I, I3, I5, I; follows directly from
property (L3) and the dominated convergence theorem. We conclude from (30) and (31)
that

(32) Hy " (ulo

S n _)\ M S

i d’<p ot P,
)0+;6 /QsOK(U):rO_ L+ Prs
where

P, = —2n, i/OS/QX{Z?1sz}<,0]\K/[(u)|Vui\2dxdt,
i=1
Py = 7702“:/08/QX{ZgluzzLﬂVuiPd:L‘dt,
i=1
=C(L, f,v) ASLX{z;glusz} z”: |u; — vg|*dadt,
i=1
=C(L, K, f,v) /OS/QX{Z?_NMZL} (1 + zn:uz) dxdt,
i=1
Ps = i /OS /Q X {us >0} (go%(u) — gpi}(u))bz - Vu;dxdt,
i=1
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n

Z / / 0060 (w) Y (ug(logug + A — 1) + ™)

i,k=1 /=1

<ZAU u)Vu; — ) Vuydadt,

P7 / / GkgoK u2 log U; + /\ (aio + Z CLMUZ) V\/u_l : Vukdxdt,

i,k=1

Py = — / /ak:SDK w)u;(logu; + \;) (Zawvuj b> - Vuygdadt,

i,k=1 J=1

Py = _22/ /ang Ve (log uy, + Ar) (ZAU u)Vu, — ) V/urdzdt,

Py = Z/ / @‘SDAK/[(U) (W(log U+ A — 1) + e_“)fi(u)dxdt,

=1

P = Z/ /@soK (logvi + i) (ZAJK )V — Uab> - Vugdudt,

1,7=1

Py = Z/ / ok (u) (log v; + \i) (ZAM YWuy, — uzbz) - Vu;ddt,

zgl

P5 = / / w;0;0 0 (w) (log v; + A;) (Z Ajp(u)Vuy — ujb; > - Vuydxdt,

i,5,k=1

VUZ‘
Py = Z/ /u, ]ng ( Ajg(u)Vuz—ujbj)- " T

1,7=1 (=1

Pris = Z/ /ul JSOK ( Aj(v)Vog — Uibi) . UZ'L] dxzdt.

i,7=1

3.5. The limit M — oco. We perform the limit M — oo in (32). Observe that the terms
P, ..., Py and Piq,..., Pi5 do not depend on M such that we need to pass to the limit
only in the remaining terms. First, we consider the left-hand side of (32). Recall that

HME (u|v) + Ze_’\i / o (u)dx
, 0

- / (w%w)hw)—i(mu)uiaommi)—w))das,

=1
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where h(u) is defined in (5). Since |} (u)h(u)] < h(u) and ¥ (u) — 1 pointwise a.e. as
M — oo, we infer from the dominated convergence theorem that

[ etttonus] - [ nwas - [ Zue log s+ A, — 1)da] +Z <[
/ZW loguz—l—)\g—l)dx )
Q

(=1

0

This shows that in the limit M — oo,

H%’L(u|v)‘0 + ;eq"’ /ngj}f(u)dx‘o — HIL((u|v) .

= /Q (gue(bgw +A—1) - 2": (wx(u)ui(log v + Ai) — Ui)>d$ ;

=1 0

We turn to the terms on the right-hand side of (32). Clearly, as M — oo,

P1 — —27]0 Z/ /X{Z:}_l WZL}|Vu,»|2dxdt.
i=1 70 JQ

Recall that P3 and P do not depend on M. Furthermore,

P — Z/ / Xurs0y (1 — % (u)) b - Vudadt.
i=1 0 Q

We use (L5) to estimate the following part of the integrand of Pg:

0,03 (w) (we(log e + Ag — 1) + e ) (1 + uy)

ug(logug + Mg — 1) + e ] (1 + u;)

[
<C(K C(K).
SR} SRS TR Y
Thus, the integrand of Py is bounded from above by
C(K) > (IVuy] + 1)|Vug| < C(E) > (IVuy> +1) € LY(Q x (0,7)).
j=1 j=1

We deduce from 9;0,0% (u) — 0 as M — oo that
Py —0 as M — oo.
We rewrite the term P; as

= -2 Z / / X{ul<1}a]€QOK u)y/u;(logu; + ;) (aig + Z ailuf) VVu; - Vugdxdt

i,k=1 /=1
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- Z / / X(ui>1 0 (u) (log ui + Ay) (azo+2azlu€>vuz Vuydadt.

i,k=1
Since
C(K)(1 + u))
w11 OoM i (1 i+ N)(1 A _ J < O(K).
X{ui<13 Ok (1) y/ui(log uy + Ai) (1 + uy) it o)logS mte) (K)
C(K)X qu>1y(logu; + Ai) (1 4 uy)

(i ui+e)log(>oui+e)

<

‘X{wl}ak@% () log s + M) (L + ;)| < C(K).

the integrand of P; is bounded from above by

C(K) Z (V| + |V | V| < C(K) Z (V| + V).

and the right-hand side is a function in L'(Qx (0, 7). We infer from limy; .+, O} (u) = 0
and Lebesgue’s dominated convergence theorem that P, — 0 as M — oo. Similarly, we
infer that
P—0  FP—0 asM — .
It remains to estimate Py as Pii,..., Pi5 do not depend on M. For this, we make
explicit the derivative 9;¢% (u):

P /S/ i ,(loglog(dp_, ug + €) — loglog(M + e)
10 . QX{Zk:I up>M}P log(K+ 1)

S lwe(logue + A — 1) + e
X i(u)dxdt.
log(K + 1)(3 4=y we + €) log (3o uk +€) Z il

According to condition (H2.iii), there exists M, € N such that for all >0 u; > My, it
holds that Y"1 | fi(u) > 0 if M > My, and hence from ¢' < 0 that Pyo < 0.

Remark 7. If we assume that |Y ", fi(w)] < C(1+ |w|?) for all w € [0,00)", we can
conclude that Pjg — 0 as M — oo. Indeed, it follows from the Gagliardo-Nirenberg
inequality (as shown in [5, page 732]) that u; € LP(Q2 x (0,7)) with p = 2+ 2/d. This
implies that >, f;(u) € L'(2x(0,T)), and we deduce from limp/_,« XIS wpzMY(at) = 0
and Lebesgue’s dominated convergence theorem that Py — 0 as M — oo. [l

In conclusion, we obtain from (32) in the limit M — oo,

(33) H[L((u|v)0§Q1+--~+Q4+P11+...+p15’

where

n s
Q1 = —7702/ /X{Z?_IUZZLHVUZ'Fd:Edty
i=1 70 JQ
Q2= (L L) | [ iy D s = v,
0 Ja i=1
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Qs =C(L,K, f, U)/ / X{S0, we>L) (1 + Zuz) dxdt,
0 Jo —

Qu= Z/O /QX{uz->0}(1 — R (w))b; - Vudzdt,
i—1

and we recall that the terms Pjq,. .., Pj5 are defined after (32).

3.6. End of the proof. We claim that the right-hand side of (33) can be bounded from
above by [ Hf:(ulv)dt (up to a constant), which then allows for a Gronwall argument to
conclude that H%(ulv) = 0. To this end, we estimate the terms Q; and P;.

The terms (2 and ()3 can be bounded from above by a constant times the entropy
HE(ulv). This was shown by Fischer in [18], and we recall his result for the convenience
of the reader.

Lemma 8 (Lemma 9 in [18]). There exists L € N such that for all K € N,

1) [ s (14 w o < 211k )
Q

i=1

(35) / it ey 3l — v < C(L) HE(ulo).

i=1
Hence, we infer that

Q2+ Q3 < C(L, K, f,v) /SHﬁ(u\v)dt.
0

It follows from (L1), (L2), Young’s inequality, and Lemma 8 that

Q=) / / X (w0 X (S w2} (1 — 9k (0))b; - Vudadt
i=1 70 JQ
< C(b)Z/ /X{Z?_1W>L}|Vlbl|d$dt
< %Z/ /X{Z?_1W>L}|V’ui’2dxdt—|—C(b)/ /X{Z?_1W>L}dwdt
—'Jo Jo 0o Jo

< %Z/O /QX{Z?lu@L}IVUiPdwdtJrC(b)/o Hi:(ulv)dt,
=1

and the first term on the right-hand side can be absorbed by ();. In a similar way, using
(L2), (L4), and Lemma 8, we have

Py + Py

= Z / / X{Zgzlsz}@japf{(u)(log v+ A) ( Z Aji(u)Vuy, — ujbj) - Vu;dxdt,
0o Ja

ij=1 (=1
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+ Z/ /X{Zz 1U2>L}8JQDK( IOg’UZ + /\ (ZAZZ VUZ b) . Vu]dmdt

i,j=1

< e Z [ [t 99 s

log K—|— Z/ /X{Z,Z 1u4>L}‘VU1’ dxdt + C(v,b) / HK (u|v)dt

Furthermore, taking into account (L2), (L5), and Lemma 8,

Py = Z / /X{ze w1300k 0 (w) (log v + \;)

i,j,k=1

(Z AJZ VUZ - U]b ) - Vudxdt
= gk + 1) log K+1 Z/ /X{Zg Cuezn | VU |[([Vug| + 1)dxdt

log K+1 2/ /X{Z[ 1u@>L}|Vuz| dzdt + C (v, b) / HE (ulv)

Finally, using (L2)-(L4) and estimating as before:

C(v,
P14 + P15 < log(T—H Z / / X{(L+5)K+1>Zz Lue>L} (U1|VU]| + u; + |VU]|)d$dt

log K+1 Z/ /X{ (L+e)K+1>370 1ue>L}‘Vuz| dxdt

log K +1 / / X{ LAe)K+1>5"0  we>L} (1 + Z )dl‘dt

log K+ Z/ /X{z@ cuzny|Vui*dadt + C(L, K, v, b) / Hi (ulv)dt

Summarizing, we infer from (33) that

Hé(u|v)‘z < O(L,K, f,v,b)/ HE (ulv)dt

770
- ( 2 log K+1 )Z/ /X{Zl 1uz>L}|VU1| dxdt.
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Choosing K € N sufficiently large, the second term on the right-hand side is nonpositive
and consequently,

HE (ulv) 0 < C(L,K,f,v)/o HE (ulv)dt.

It remains to determine L € N. Since we assumed that the initial data u° is bounded, we
choose L € Nsuch that Y7 u? < L. Then % (u°) = 1 and HE (u(0)|v(0)) = HE (u®,u°) =
0. The Gronwall lemma shows that HE (u(s)v(s)) = 0 for all s € (0,7*). We claim that
this yields u(s) = wv(s) for s € (0,7%). Indeed, by (35) in Lemma 8, it follows that
u;(s) =wvi(s) in {d> ) ug <L} foralli=1,...,n and s € (0,7*). Furthermore, by (34)
in Lemma 8, we have meas({d_,_,us > L}) = 0. Therefore, u;(s) = v;(s) on €, which
concludes the proof.
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