EXISTENCE ANALYSIS OF A DEGENERATE DIFFUSION SYSTEM
FOR HEAT-CONDUCTING FLUIDS

GIANLUCA FAVRE, ANSGAR JUNGEL, CHRISTIAN SCHMEISER, AND NICOLA ZAMPONI

ABSTRACT. The existence of global weak solutions to a parabolic energy-transport sys-
tem in a bounded domain with no-flux boundary conditions is proved. The model can be
derived in the diffusion limit from a kinetic equation with a linear collision operator involv-
ing a non-isothermal Maxwellian. The evolution of the local temperature is governed by a
heat equation with a source term that depends on the energy of the distribution function.
The limiting model consists of cross-diffusion equations with an entropy structure. The
main difficulty is the nonstandard degeneracy, i.e., ellipticity is lost when the fluid density
or temperature vanishes. The existence proof is based on a priori estimates coming from
the entropy inequality and the H~! method and on techniques from mathematical fluid
dynamics (renormalized formulation, div-curl lemma).

1. INTRODUCTION

This paper is concerned with the global existence analysis of a degenerate diffusion
system governing the evolution of the particle density p(z,t) and temperature 0(x,t):

where £ = 6 + %pé’ is the energy density, supplemented by no-flux boundary and initial
conditions,

(2) V(p€)~V:V(9+gp02>-V:O on 052, t >0,
3) p(0) =1, B(0) = B = 6"+ 0% in 0,

and Q C R? is a bounded domain. The equations describe a rarefied gas with thermalizing
collisions. They can be formally derived from a collisional kinetic equation, coupled to
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a heat equation for the background temperature governed by a Fourier law. We refer to
Section 2 for modeling details.

A major difficulty of system (1) is the derivation of suitable a priori estimates. This
issue will be tackled by exploiting the entropy structure of the system. This means that
equations (1) can be written in the cross-diffusion form

(4) 0yt = div(MVq),

= (8) o= () e (f )

The so-called Onsager matrix M is symmetric and positive semidefinite. However, M
becomes indefinite when p = 0 or § = 0, showing that (4) is of degenerate type. The Gibbs
free energy

where

3
(5) G = pflog —= + §p0 —6(logh — 1),

03 /2
defines the

e chemical potential u = dG/dp = (log(p/0%*) + 3),
e the (mathematical) entropy h = G /96 = plog(p/0°/?) — log 6, and
e the energy density E = G — 00G /00 = (1 + 2p)0.

We reveal the formal gradient-flow structure for (4) by defining the thermo-chemical poten-
tial ¢ = Oh/0p = p/6 and the negative inverse temperature Oh/OE = —1/6 (interpreting
h as a function of (p, E')) such that

Oi(p, B)T — div(MVDh) = 0,

where Dh is the vector with components 0h/Jp and Oh/OE. Furthermore, the entropy h
is a Lyapunov functional along solutions to (4):

d oh oh T
= = <
pr hdx / ( op + 0Eat )dx / V(Dh)" MV Dhdz < 0,

since M is positive semidefinite. In particular, we obtain a priori estimates for V(Dh)? M
xVDh in L'(Q) from which we conclude gradient estimates for v/pf and log6 in L*(Q)
(see below).

Still, this approach is not sufficient. Indeed, because of the degeneracy at 6 = 0, we
cannot expect to achieve any control on the gradient of p, and moreover, the bounds from
the entropy estimate are not sufficient to conclude. Our idea, detailed below, is to apply
well-known tools from mathematical fluid dynamics like H~! estimates and compensated
compactness. The originality of this work consists in the combination of these tools and
entropy methods, which allows us to treat non-standard degeneracies.
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1.1. State of the art. Equations (1) belong to the class of energy-transport models which
have been investigated particularly in semiconductor theory [13]. The first energy-transport
model for semiconductors was presented by Stratton [16]. First existence results were con-
cerned with models with very particular diffusion coefficients (being not of the form (1))
[1, 2] or with uniformly positive definite diffusion matrices [8]. Existence results for physi-
cally more realistic diffusion coefficients were shown in [6], but only for situations close to
equilibrium. A degenerate energy-transport system with a simplified temperature equa-
tion was analyzed in [14]. Energy-transport models do not only appear in semiconductor
theory. For instance, they have been used to model self-gravitating particle clouds [3] and
the dynamics in optical lattices [5].
In [18], the global existence of weak solutions to the model

(6) 9ip = Do), (o) = A ()

in a bounded domain 2 with no-flux boundary conditions was proved. At first glance,
equations (1) look simpler than (6) because of the additional diffusion in the energy equa-
tion. However, the ideas in [18] cannot be easily applied to (1). Indeed, the key idea in [18]
was to introduce the variables u = pf and v = p#? and to apply the Stampacchia trunction
method to a time-discretized version of

u? 5
(7) 8t( . ) =Au, Owu= 3Av.
The functionals [, p?0"dz turn out to be Lyapunov functionals along solutions to (7) for
suitable values of b € R, leading to uniform gradient estimates. However, the additional
term in the energy equation of (1) complicates the derivation of a priori estimates. Thus,
the proof in [18] seems to be rather specific to system (6) and is not generalizable. Our idea
is to treat (1) by combining entropy methods and tools from mathematical fluid dynamics,
which may be also applied to other cross-diffusion systems.

1.2. Mathematical key ideas. As explained before, the first key idea is to exploit, in
contrast to [18], the entropy structure of (1). Indeed, recalling the mathematical entropy
density

(8) h(p, ) = plog 03% “logh for p, 6 >0,

a formal computation (which is made rigorous for an approximate scheme; see (23)) gives
the entropy dissipation equation

d 5
h(p,@)d:v—l—/ (2‘V\/p9‘2+|V10g9|2<1+§p9))d:r20,
0

dt Jq
which provides H'() estimates for \/pf and logf. Moreover, this estimate implies that
6 > 0 a.e. (but not p > 0).

Clearly, the entropy estimates are not sufficient to pass to the de-regularization limit in
the approximate scheme. Further bounds are derived from the H~(2) method, i.e., we use
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basically (—A)™'p and (—=A)"'E, respectively, as test functions in the weak formulation
of (1) (second key idea). This method gives estimates for

/ 0*0dx and / (9 + §p92> (9 + §p@) dx .
Q Q 2 2

Combining these bounds with those coming from the entropy inequality and the conserva-
tion laws leads to estimates for V(pf) = /pOV+/p0, VO = 0V log# and consequently for
E in WH1(Q). Moreover, §,F is bounded in some dual Sobolev space. This allows us to
apply the Aubin—Lions lemma to F. Unfortunately, we do not obtain gradient estimates
for p.

To overcome this issue, we use tools from mathematical fluid dynamics (third key idea).
Let (ps, 6s) be approximate solutions to (1) (in a sense made precise in Section 3). First,
we write the mass balance equation in the renormalized form

9:f (ps) — div(f'(ps)V (psts)) = — " (ps)Vps - V(ps0s)

in the sense of distributions for smooth functions f with bounded derivatives. Let g another
smooth function with bounded derivatives and introduce the vectors

Us = (f(ps), —f'(ps)V(ps95)), Vs = (9(65),0,0,0).

We deduce from the properties of f and g and the a priori estimates that div ) Us
and curl( ) Vs are uniformly bounded in L'(€2 x (0,7')) and hence relatively compact in
W=Lr(Q) for some r > 1. The div-curl lemma implies that Us - Vs = Us - Vs a.e., where the
bar denotes the weak limit of the corresponding sequence. Thus, f(ps)g(0s) = f(ps) g(0s)
a.e. A truncation procedure yields that psfs = p#, where p and @ are the weak limits of
(ps) and (6s), respectively. As (FEs) converges strongly, by the Aubin-Lions lemma, we are
able to prove that 65 — 0 and eventually ps — p a.e. These limits allow us to identify the
weak limits and to pass to the limit 6 — 0 in the approximate equations. The approxi-
mate scheme contains additional terms which need to be treated carefully such that our
arguments are more technical than presented here. In fact, we need three approximation
levels; see Section 3 for details.

1.3. Main result. Our main result is as follows:

Theorem 1 (Existence of weak solutions). Let Q C R?® be a bounded domain with 0 €
CUl. Let p°, 0° € LY(Q) satisfy p° >0, 0° > 0 in Q and p°6°, h(p®, 6°) € L'(Q), where h
is defined in (8). Let T > 0 and Qp = Q x (0,T). Then there exist p, 0 € L>=(0,T; L'(Q))
such that

3
plogp € L=(0,T; L' (), E=0+ 5P € L=(0,T; LY(Q) N L3(Qy),
Vb, logh € L*(0,T; H'(Q)), pb* € L**(Qy),

Op € L300, T;WH(Q)), OE € LY>(0,T; W>4(Q)');

?
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it holds that p > 0 and 0 > 0 a.e. in Qr; (p,0) is a weak solution to (1)—(3) in the sense

T 3 T
(9) / (Oup. )t + / /Q V(0h) - Viydadt = 0,

T B T § 2) B
(10) /0 (O, by dt /0 /Q (9+2p9 Aipydadt = 0,

for any test functions ¢, € L*(0,T; Wh4(Q)), vy € L0, T; W>4(Q)); and the initial data
(3) is satisfied in the sense of WHH(Q) and W?*(Q)', respectively. Moreover, the total
mass and enerqy are preserved:

/ﬂp(t)dx:/ﬂpodl’, /ﬂE(t)dx:/QEOdm fort >0.

The paper is organized as follows. Equations (1) are formally derived from a relaxation-
time kinetic model in Section 2, while the proof of Theorem 1 is presented in Section

3.

2. FORMAL DERIVATION FROM A KINETIC MODEL

We consider a gas which is rarefied enough such that collisions between gas particles
can be neglected, but there are thermalizing collisions at a fixed rate with a nonmoving
background. This is modeled by sampling post-collisional velocities from a Maxwellian
distribution with zero mean velocity and with the background temperature, which is de-
termined from the assumptions of energy conservation as well as heat transport in the
background governed by the Fourier law. These assumptions lead to the equations

(11) € atf€+€v vfs_ps ) fea
(12) 2(9,6. - AO.) / (W2(f. — peM(0.))dv.

which are written in dimensionless form with a diffusive macroscopic scaling with the
scaled Knudsen number 0 < ¢ < 1. The gas is described by the distribution function
f-(z,v,t) with the velocity v € R?, and the temperature of the background is 6.(z,t). The
gradient and Laplace operators are meant with respect to the position variable x, and the
Maxwellian is given by

(13) M(Q;v):mexp<—%>.

Finally, the position density of the gas is defined by

pa(xat) = fg(ilf,’l),t)dv.

R3
The right-hand side of the heat equation (12) has been chosen such that the sum of the
kinetic energy of the gas and the thermal energy of the background is conserved. In [11], the
energy-transport system (1) has been derived formally from (11)—(12) in the macroscopic
limit ¢ — 0. We repeat the argument here for completeness.
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In the computations, the moments of the Maxwellian up to order 4 will be needed:

M(0;v)dv =1, / vM(6;v)dv = / v[v|* M (0;v)dv = 0,

(14) R3 R3 R3

/ v;v; M (8;v)dv = 66,5, / vv; V|2 M (0;v)dv = 560255,
R3 R3

where v;, v; denote the components of v (i,j = 1,2,3). From (11)-(12), the local conser-
vation laws for mass and energy,

Op- + div (l/ vfedv) =0,
€ JRrs
1 , /1 ,
ol 0. + = |v|*fedv ) 4+ div [ — vlv|]* fedv — VO, ) =0
2 R3 2e R3

can be derived by integration of (11) with respect to v and, respectively, by integration of
(11) against |v|?/2 and adding to (12).

In a formal convergence analysis, we assume f. — f, p. — p, and 6. — 6 as € — 0 and
deduce from (11) that f = pM(#). With (14), we obtain for the kinetic energy density

lim / Els fedv——pﬁ

The limit of the mass flux is obtained by multiplication of (11) by v/e, integration with
respect to v, and passing to the limit, using again (14):

lim (é /R vfsdv> _ —/RBU(U Y (pM(0: v)))dv
~ div <p/R v UM(H;U)dv) — V(o).

Analogously, we compute the flux of the kinetic energy,

1 1
lny (2—5 [ vi|v|2fgdv) =5 [ ulolo - oM 6 0o
3
1 0 , 50
-y = o 2M (8 0)dv ) = — 22 (p8?
zjzlaxj(p/ﬂ{gwm (o)) = 5 ()

for i = 1,2, 3. Using these results in the limits of the conservation laws leads to (1).

3. PROOF OF THEOREM 1

We approximate equations (1) in the following way. The time derivative is replaced by
the implicit Euler discretization with parameter 7 > 0. This is needed to avoid issues
related to the time regularity. A higher-order H* regularization for ¢ = dh/dp in the mass
balance equation with parameter e > 0 gives H?(Q) regularity and compactness in W14().
Furthermore, H?(Q2) and W4(Q) regularizations for logé with the same parameter are
added to the energy balance equation. The W14(Q) regularization is needed to derive
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estimates when using both log 6 and —1/6 as test functions in (1). Furthermore, we add
an additional H?(Q) regularization for ¢ in the mass balance equation with parameter
d > 0, which removes the degeneracy of the diffusion matrix M in (4). Finally, we add the
artificial heat flux A@? in the energy density equation with the same parameter § to obtain
gradient estimates for the temperature, and we add the term 0~ log # for some N > 0 to
achieve an estimate for §=(N+1).

After having proved the existence of solutions to the approximate problem and some a
priori estimates coming from the entropy inequality, we perform the limits ¢ — 0, 7 — 0,
and 6 — 0 (in this order).

3.1. Solution of the approximate problem. We wish to solve a system which approx-
imates (1) and is formulated in the variables ¢ and w = log#6, similarly as in (4). We
interpret p and E = 0(1 + %p) as functions of (¢, w), i.e

plo.) =exp (94 Ju =3}, B(p.w) = (14 30(0.0) ) explu).

In this notation, the diffusion coefficients become

) 35
(15) M11 = pew, M12 = §p€2w, M22 = €2w (1 -+ Zpew) .
Let T > 0 and let the approximation parameters 7 > 0 (such that 7'/7 € N), ¢ > 0, and
0 > 0 be given. Furthermore, let 0 < N < 5 be a number needed for the approximation

6~ log # in the energy balance equation.
We wish to find (¢*, w*) € H%(Q;R?) such that, with p* = p(¢*, wk), E¥ = E(pF, w"),

1 K
(16) 0= ;/(pk — P Y ydr + /(Mﬁw + MEe ™ Vw*) - Vipyda
Q

+5/ D¢ - D2¢1dx+5/(v¢k-v¢1 + ¢Fepy )dx
Q Q

(17) 01 / (E* — EFYodx + / (MENV@* + MEe " Vuwk) - Vipyda
Q Q

T

+ 5/ e’ (D*w" : D*¢y + |[Vw* PVu® - Vipy)dz + ¢ / (1+ " )wepyda
Q Q

+0 / S W - Vipoda + 6 / e N wWhiboda
Q Q

for all (11,1,) € H*(Q;R?), and M}; are given by (15) with (p,w) replaced by (p*, w").
The existence of solutions to (16)—(17) is shown in two steps.

Step 1: solution of the linearized approzimated problem. In the following, we drop the
superindex k. Let (¢, @) € W (Q;R2) be given and set § = p(¢, @), E = E(¢, @). We
wish to find (¢, w) € H?*(2;R?) such that

(18) ay(¢, 1) = o F1(¢1),  as(w, ) = o Fy(12)
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for all (¢1,15) € H?(Q; R?), where o € [0,1] and
(o) =< [ D0 Dinde +5 [ (Vo Ve + v
0 0
CLQ('LU, ¢2) - 8/'

e”(D*w : Dy + |VW[’Vw - Vo )dz + £ / (1 + e®)wippda
Q

Q

+9 / 3OV w - Vipodz + 6 / e NPunhyde,
Q Q
I ~ -~ o
Fi(¢y) = - /(p — pF e da — /(MHng + Myze “NVw) - Vi dz
Q Q

FQ(Q/JQ) = —l /(E — Ek_l)wgdl‘ — /(vag—i‘ MQQG_’[EV@) . V¢2d$,
Q

T Q

where ]\Zj is given by (15) with (p, w) replaced by (p,w). The bilinear forms a; and ay are
coercive on H?(§2) since, by the generalized Poincaré inequality [17, Chap. 2, Sect. 1.4],

w(9,6) = ¢ / D[ + 6 / (IVO + ¢2)dz > min{e, 5}|6] 2 0.
az(w,w) > 5/(C|D2w\2 + w?)dz > ECHwH%Q(Q)
Q

for some constant C' > 0. The linear forms F; and F, are continuous on H?((Q) since, by
the continuous embedding W4(Q) — L*(Q), ¢ and @ are L>®({) functions such that
0, E € L*>(Q) too. The Lax—Milgram lemma implies the existence of a unique solution
(¢, w) to (18) such that p = p(¢,w) > 0 and £ = E(¢,w) > 0. This defines the fixed-point
operator S : WH(Q;R2) x [0,1] — WE(Q:R2), S(¢,@,0) = (¢, w), where (¢, w) solves
(18).

Step 2: solution to the approzimate problem. We wish to apply the Leray-Schauder
fixed-point theorem. It holds that S(¢,w,0) = 0. Standard arguments show that S :
WH(Q; R?) — H?(Q;R?) is continuous. Since H?(;R?) is compactly embedded into
Wh(Q; R?), S : WH(Q;R?) — WH4(Q; R?) is compact. It remains to show that there
exists a uniform bound in W4(Q; R?) for all fixed points.

Let o € (0,1] and let (¢, w) be a fixed point of S(-, -, o). It is a solution to (16)—(17) with
o=, w=wk p=pF and E = E¥. We use the test functions 1); = ¢ and 1y =1 — e
in (16) and (17), respectively, and add both equations. (We use 1 — e~ instead of —e™"
as a test function in order to be able to treat the term e [,(1 + e*)wiodz and to obtain
the entropy and energy balance in one single equation.) Then

0=2 [ (o= o+ (B B D1 - e )
Q

T

+ / (M11]V¢|2 + 2Mi2e" V¢ - Vw + M22672w|V'w|2)dx
Q
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+ 5/ e’ (D*w : D*(—e ") + e *|Vw|!)dz + 5/ e |Vw|*dx
0 Q
+€/ |D26[2da +5/(\v¢y2 + ¢)da +g/<1 + (1 — e )da
Q Q Q

+ 5/ e”WNHDvy (e — 1)da
Q

(19) =5L+ -+ .

To estimate the first integral I;, we use the entropy density (8), formulated in terms of
the variables (p, F),

E
1+3p

~ 3
h(p,0) = hip, E) = plog p + (1 + 5/}) log

The function & in the variables (p, E) is convex, since the determinant of its Hessian,
1,9 3 .\-1 31
- R UL DI
D2h 0, E) = (p 4 2 2 FE 3
(0, E) a1t (14 8,)E

equals (1 + 2p)/(pE?), which is positive. This implies that

Blor, B2) = Bloa, F2) < D, 1) (02 ) = (0= 00+ (B = Ea)(=e7
for any (p1, Es), (p2, F2) > 0, and consequently,
022 [ (.8 - R BN+ % [ (8- B
T Jo T Jo
The second integral I is nonnegative since

Mll\V¢\2 + 2M12€7wV(Z§ -Vw + M22672“’|Vw]2

35
= pe”|Vo|? 4 5pe“ Ve - Vw + (1 + Zpew) Vw|?

2

ol T 20
= pe (8]V¢\ +8‘V¢+ 7Vw

45 9 9
+ 28]Vw\ ) + |Vuw|

1
> gpew|V¢\2 + (1+ pe”) [ Vuwl|?.
The integrals I3, I7, and Ig are estimated according to

(I1D*w]* + [Vw|*),

DO | —

1
Iy = 5(\DZwP + |D*w — Vw ® Vw|* + [Vw[*) >
I; = 25/ w sinh(w)dz > 5/ wd,
Q Q

Iy = 5/ e~ WHDwy (e — 1)d > 5/ R L PRY: 7
0 Q
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:5/ 6_(N+1)wdl’—5/ e_(NH)wdx
Q {w>-2}

> 5/ e W HDw g — 52N+ meas(Q).
Q

Therefore, we obtain from (19)
o

—/Q(ﬁ(p,E)#—E)dx%—a/Q{%pewlv¢|2+(1+pew)]Vw|2}dx

T

—l—a/ |D2q§|2dx—|—%/(]D2w\2+ Vwl|* + w?)dx
0 0

+ 5/ e |\Vw|*dr + 5/(|ng|2 + ¢*)dx + 5/ e Ny
0 Q Q

(20) < g/ (E(pk’l, EFN + EF N de + €9,
0

T

where C' > 0 is here and in the following a generic constant independent of 7, ¢, and §. This
gives a uniform H?(f2) estimate for ¢ and w, independent of o (but depending on € and ¢),
and hence the desired uniform estimate for (¢, w) in W4(Q; R?). By the Leray-Schauder
fixed-point theorem, there exists a solution (¢*, w*) := (¢,w) € H?*(Q;R?) to (16)—(17)
with o = 1, pF = p(¢*, w*), and E¥ = E(¢*, w"*). Moreover, this solution satisfies (20)
with o = 1.

We reformulate equations (16)—(17) by inserting definition (15) of the diffusion coeffi-
cients and computing (we drop the superindex k)

3 )
M Vo + Mipse “Vw = pGV(logp — 5 log 9) + EpVG =V (pb),
» 5 3 35 5
M5V ¢ 4+ Moge™“Vw = §p9 V| logp— §log9 + 1+ Zp& Vo=V1|60+ 5,06 )
Therefore, (¢F, p*, 0%, w*) solves
1
21) 0= ;/(pk — " da + / V(p"0%) - v¢1dx+a/ D?¢* . D*¢dx
Q Q Q
+4 / (Vo" - Vipy + ¢ty )d,
Q
1
(22)  0=-— / (E* — EF"Ypyda + / v(ek - §pk(9k)2) - Vipodx
T Jo Q 2
+ 5/ SNk - Vipoda + £ / (1+ " Ywipyde
Q Q
+ 5/ e’ (D*w" : D*¢y + [V PVw® - Vb, )dz + 5/ e N Wby d
Q Q

for test functions 1, 1y € H?().
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3.2. Uniform estimates. Set 0*~! = exp(w*~!) and 0* = exp(w"). In the following, we
drop again the superindex k to simplify the notation. We reformulate inequality (20) to
obtain gradient estimates for expressions depending on p and 6. We estimate the second
integral in (20):

1

gpew|V¢|2 + (1+ pe”) [Vwl|?

o| Vo 3Ve|? Ve
2 6 0

1 (IVp? _Vp VO 41|VH}?
= |Vlogd|* + = pb —-3—= . — 4=
|Vog|+8p(p2 3p 9+492

Vo2 |V
> |Vlogd)? + 6” 9(’ p/2)| +IGT|>

[Vol? | IVO)
02 92

+ 3—2|\/5v\/5+ VAVVE| + 3—12]\/§V\/ﬁ — VPV
> |Vlog ) + %9|V\/ﬁ|2 + %\v\/ﬁf.

We infer from (20) with o = 1 the reformulated discrete entropy inequality

1 ~ 1 1
—/(h(p,E)—i—E)dx—k/ |V10g9|2dx+—/9|v\/ﬁ|2dx+—/ |V pf|*dx
T Jo Q 8 Q 64 Q

+5/ |D2¢|2dm+%/(|D2w|2+ Vwl* + w?)de
Q Q

= |Viogh* + =

= |Vlog0|? —i— == (9(

+5/(|V¢|2+¢2)dx+5/ ]Vew|2dx+5/e(N+1)wdx
Q 0 0

(23) < l/ (h(p*~Y, B + E* ) dx + 6C.
Q

T

There exists ¢ € (0,1) such that x — logx > ¢(x + |log z|) for all z > 0. Therefore,
~ 3 3
h(p,E)+ E = plogp — §plog9 —log 0 + (1 + §p)9

3
= plogp+ (1 + 5;)) (0 —log) > plog p+ c(1+ p)(6 + |logb)|).
This provides the following uniform estimates independent of (, e, 7):
(24) lplog pllLie) + 10]lLie) + 1Pl 1) + [[10g ][ 1) < C.

3.3. Limit ¢ — 0. Let ¢. = ¢*, w. = w"* be a solution to (16)—(17). We set p. = p(¢., w.),
E. = E(p.,w.), 6. = exp(w;), and ¢, = log(p./02/*) + 5/2. We deduce from (23) and (24)
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the following bounds which are independent of € and ¢ (but not of 7):
o< 10g pellLr(e) + 10l L1@) + [l pebell (@) + [ 108 bzl 1 (0) <
V0=V /Pl 2202 + IV pebel| 20 + 1|V log 0| 2oy <
Velldellm @ + Vellwell o) <
V|| el 10y + VIV 20y + 1160V 110y <
These bounds allow us to derive further estimates. By the Poincaré inequality, we have
16N z2@) < ClIVOl 2@ + 16e] 1) < C(7)0772,
[10g 0c||12(q) < C|V1ogb|[12(q) + [[1og b: || L1 (o) < C(7).
This gives e-uniform bounds for 6. and log 6. in H*():
161y < C(r)712, ||log bl ) < C(7).
The L'(Q2) bound for p.f. and the L*(Q) bound for V/p.0. imply that

IV pbel| 1) < C(7).

These estimates provide a uniform bound for the energy. Indeed, we deduce from the
Sobolev embedding H'(Q) < L5(Q) that V(p.0.) = 2¢/p-0-V/p.0. is uniformly bounded
in L3/2(Q). This shows that (E.) is bounded in W'%/2(Q).

We know that (logf.) and (¢.) are bounded in H*(2). Consequently, logp. = ¢. +
3logf. — 2 is bounded in H'(12) too, i.e.

V]| log pellm < C.

The previous uniform bounds are sufficient to perform the limit ¢ — 0. There exist
subsequences which are not relabeled such that, as ¢ — 0,

¢. — ¢ strongly in LP(Q) and weakly in H'(Q),

log p. — Y strongly in LP(Q) and weakly in H*(Q

(Q

(

logf. — Z strongly in LP(€) and weakly in H' (),

0. — 6 strongly in LP(Q) and weakly in H*

)
);
);
)
£¢e, cw, — 0 strongly in H?(1),
e3Vw, — 0 strongly in L*(Q),

where 1 < p < 6 and Y, Z are functions in H'(Q2). Up to a subsequence, we have
log p. — Y and logf. — Z a.e. in Q. Thus, p. — e¥ =: pand 0, — e¢? =: f a.e. in Q. In
particular, p > 0 and € > 0 a.e. in Q. It follows from

/ iz < / log poda < —C
POl > Pe 108 PAT =
{p->R} log R Jyp.> Ry log R
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for any R > 1 that (p.) is equi-integrable. Vitali’s convergence theorem implies that p. — p
strongly in L!'(€Q). Furthermore, possibly for a subsequence, v/p.0. — v/pf a.e. in Q. The
H'(Q) bound for (y/p-0.) then yields

p0. — /pf strongly in LP(Q) and weakly in H'(Q) and L°(Q),
where 1 < p < 6. Furthermore, we have
E. = (1 + gpe) 0. ~ E := (1 + gp)e weakly in L?(€2),
V(p-0:) = 2¢/p0-V\/pb. = V(pf) weakly in L*/*(Q),
V(p:02) = p0:V0. + 0.V (p.0.) = V(p0?) weakly in L°/>(12).

We deduce from the strong convergence of (¢.), (p:), and (0.) as well as from the a.e.
positivity of p and 8 that ¢ = logp — %logﬁ + g a.e. in €.
The uniform bounds for w, are sufficient to pass to the limit € — 0 in the e-terms,

eD?*¢. — 0 strongly in L*(€2),

e0.D*w. — 0 strongly in L'(€),
£0.|Vw.[*Vw, — 0 strongly in L'(Q),
e(1+0.)w. — 0 strongly in L*(Q),

as well as in the 0-terms. The most difficult term is ¢ fQ e Nweqahydr. Tt follows from
V0| log A|CN+D/CN) < for § < 1 and - N+D1/G|log |GN+D/CN) < C for § > 1 as well
as from (24) that

Blle™ = | o oy = 0 / 04D /B. log 0|2/ OV dy
Q
(25) <6 / 0- N Vdz 4 6C < C(7).
0
Since de N w, — 607N logf a.e. in 2, we conclude that this limit also holds strongly in
L'(2). Therefore, we can perform the limit e — 0 in (21)-(22) (now writing the superindex
k) leading to

(260 0= / (0 — o Yo + / V(h6") - Vinda + 6 / (V6" - T + o) de,
T Jq Q Q

(27) 0= %/Q(Ek — EMYaboda + /Q v(e’f + gpk(eky) - Vibod

+6 / (0F)2V0F - Vipoda + 6 / (0F) N log (0% )apoda
Q Q

for any test functions ¢, € W3(Q), 1 € WH6(Q).



14 G. FAVRE, A. JUNGEL, C. SCHMEISER, AND N. ZAMPONI

3.4. Limit 7 — 0. We introduce the piecewise constant functions in time p,(x,t) = p*(x),
0.(x,t) = 0%(x), ¢ (x,t) = ¢*(x), and E.(z,t) = E¥(z) for x € Q, t € ((k — 1), k7].
Furthermore, let (mu)(z,t) = u*~1(z) for x € Q, t € ((k — 1)1, k7] be the shift operator
for piecewise constant functions u. We reformulate (26)—(27):

(28) / [ o= 7oyt + / | ¥0.0) - Vodsa

5 / [ (V6,01 4 6y,

(29) / / — 1, B, Whodadt + / / (9 + pT92> Vipodadt

+0 / / 02V0, - Vipodadt + 6 / / 0= log(0, )vodadt
0 Q 0 Q

for piecewise constant test functions in time vy, 1y € L*(0,T; W1%(Q)). By density [15,
Prop. 1.36], these formulations hold for all test functions in L*(0,T; W1(Q)). We collect
the uniform estimates from the discrete entropy inequality (23):

(30) | o= 10g pr || Lo 0,101 ) + 1107|0751 (00)) < C,
(31) ||P7-97—||L°0(0,T;L1(Q)) + ||\/ QTV\/ pT||L2(QT) + ||\/ pTeTHLQ(O,T;Hl(Q)) <C,
(32) | log 0| 20,711 (9)) + || 108 0+ | Loo (0,101 (02)) < C,
(33) V6(|dr 200 ) + VO VO r20p) + 6110 Y| 110y < C,

where the constant C' > 0 does not depend on 7 or §. In the following, we show some
additional estimates for (p.,0;).

Lemma 2 (Mass and energy control). It holds for any t € (0,T) that

/QpT(t)dm—/ond:E /QET(t)dx—/QEde

Proof. Using ¢y = 1 in (26) and summing from k = 1,...,n gives

n __ 0 :” E k-1 _ < k
/Q(p p°)dw ;/ﬂ(m pF ) da 75;/g¢daf,

where n < N. We infer from bound (33) for (¢,) that

6= )i

The second statement follows after choosing 12 = 1 in (27) and using (25). O
Lemma 3 (Higher integrability). [t holds that

16- 112200y + 1207 102y + 8116zl a0y < €
where (o, 8) € {(1,2),(1,3),(2,3),(2,1),(2,2),(2,3)}.

=9

t
/ ngdxdt‘ < §2¢.
0 Q
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Proof. The proof is based on the H~!(2) method, i.e., we use test functions of the type
(=A)"1p, and (—A)"'E.. More precisely, let Uy, ¥y, € L>(0,T; H(2)) be the unique
solutions to, respectively,

—AV, =p, — f prdr on €, VU -vr=0 on 0, / U dx =0,
—AV, = F, — ][ E.de on€Q, VVUy-vr=0 on 0f), / Wodr = 0,
Q Q

where f udx = meas(Q)~! [, udz.
Step 1: uniform bounds for V5. We use the test function W, in the weak formulation of
the second equation in (34) and take into account the energy control. Then

IV s][72(0) < C(1+ | Erll gors o)) | W2l oy -
It follows from Sobolev’s embedding and the Poincaré—Wirtinger inequality that
IVal[Z2 () < C(L+ 1Bl o) IV Pl 20

and so
1ol 0) < C(L+ (|- ]| Lors o) -
We proceed by bootstrapping this result. Elliptic regularity for

—A\IJQ—F\DQ:ET—][ETCZZ’—F\I]Q in
Q

gives (here, we need the boundary regularity 90 € C11)
1Wslwzssy < C(L+ 1Bl o) + Wl porsy) < C(14 1Ex|losq))-
Since (E,) is bounded in L>(0,T; L*(2)), an interpolation shows that

T
VB raporsien) < / VE | B

T
VBN [ 1B
We deduce from the embedding L°(0, T; W?2/5(Q)) < L8(Qy) that
(35) 12l o) < C(1+ 1 Exllht,)-

Step 2: Test functions V1 and ¥y. We choose Wy and Uy as test functions in (28) and
(29), respectively:

T T
= l/ /(pf — mp-)Vidzdl +/ /pTGT (pf - ][ pfda:> dxdt
TJo Ja 0o Ja Q
T
+ 5/ / Or (pT — ][ prdr + \Ifl) dxdt,
/ / - — 1. E \Ilzdxdt—l—/ / (0 + pTHQ) (E ][E dx) dxdt
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T T
+ 0 / / 0> (E — ][ Ede> dzdt + 6 / / 07" log(0,)Vydxdt.
3 0 Q Q 0 Q

We estimate the first integral in (36). Since ¥, has zero spatial average and V¥, -v = 0
on 012, it follows from (34) that

/ / — p ) Urdadt — / / (id — ) <pT ][ pde)\Ifldxdt
+ —/ (1d—7r7)(][ pde) (/Q\Ifldx)dt
/ / ((id — 7)) - VU dadt.

The function W, is piecewise constant in time. We write W, (z,t) = Wk(x) for x € Q,
t € ((k— 1)1, k7]. Then, using Young’s inequality,

/ /v ((id — m,) W )~V\I/1dxdt_Z/V(\If’f—\I/’f1)-V\If’fdx
k=17

N

1 B 1

52/ (IVuP - |[voh 1|2)dx:§/Q(|V\1/{V|2—|Wf$|2)da;.
k=

We conclude that

// —op ) Urdadt > /|w )]da:——/|V\I/ 0)Pda.

In a similar way, we have

/ / — 1, E,)Usddt > = /\vwg T)| dx——/\vwg 0)[2dz.

Inserting these inequalities into (36) and (37), respectively, and adding both inequalities,
we find that

T
1/ |V\1/1(T)|2da:+1/ |V@2(T)|2dx+§/ /QEEng;dt
2 2 Jg 3Jo Ja
T 5 3
/ /p20 dxdt—l—/ /(HT-I——pT@z) (QT—F—pTHT)dxdt
/!V\If WPdx + = /!V\Pg WPdx — 6 / /¢T(p7—][p7dx+\lfl)dxdt
+—/ (/pTH dx)(fpmlx)dt—i—/ /(8 + p792>dx<][Ede>dt
Q
/ /(93<][E7d:p>dxdt—5/ /Q;Nlog(QT)\Ilgdxdt
0o Ja
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(38) = Ji+---+Jr
We start with the last integral. It follows from (35) that
Jr < 0110 1086, o [Wall sty < SCNO 1og bl ossiapy (1 + 1B, ).

The first norm is estimated according to

T
16 10g 6,15, / / 0-N/5 log 0. [5/3 dadt
0 Q

LG/o
T
§C+/ / 0-N%|1og 0| >dxdt
o Jan{o.(t)<1}

T
<C+C / / 6- N+ dgdt,
0 Qn{o-(t)<1}

where the last inequality follows from the condition N < 5 (and hence 6N/5 < N + 1).
Because of (33), this leads to

(39) (sHH;N 10g €7—||L6/5(QT) S 0(51/6.
Therefore, we infer that
Jr < 0VOC(1+ | Bl g, )-

Since F, = 0, + % p-0-, the right-hand side can be controlled (for sufficiently small § > 0)
by the last two integrals on the left-hand side of (38).
Next, we consider the following term appearing in Js:

T T 5
-6 / / dprdrdt = —6 / / <log(p79;3/2) + —) prdxdt
o Ja o Ja 2

T
) / / 032 . p.6-3log(p.0-**)dzdt 4+ C
0 Q

T
< 6C / / 032 dxdt 4 C,
0 Q

where the last inequality follows from the fact that z — zlogz is bounded from below.
Furthermore, we deduce from Lemma 2, bound (33) for ¢,, and the Poincaré~Wirtinger
inequality that

T
5/l/@(fmm)maSW@mwmwwmmmwmsa
0 Q Q
T 5 (T )
5 / / 6, U dodt < - / / P2dxdt + — / 2dzdt
0 Q 2 0 Q 2 Q

T
§O+50/ /|V\111|2dxdt.
0 Q
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This shows that

T T
Js < C+5C/ /eiﬂda:dtwc/ / |V, |2ddt.
0 Q 0 Q

The first integral on the right-hand side can be controlled by the last integral on the left-
hand side of (38). The last integral on the right-hand side is controlled after applying
Gronwall’s inequality. The integrals Jy, J5, and Jg can be controlled by the expressions on
the left-hand side of (38). We conclude that

/Q(wxpl(cr)\? V(1)) de

T
+ / / (62 + 601 + p,62(1 +0,) + p26, (1 + 62))dadt < C exp(6CT).
0 Q

We deduce from this estimate and Young’s inequality that

1 T
ot <5 [ [ 60wt < C

3/2 17
o021l a0y < 5 [ ] (pr+ p)odedt < C.

This proves the lemma. O

Step 3: Strong convergence of (p.) and (0,). First, we prove a gradient bound for the
particle density.

Lemma 4 (Gradient estimate). There exzist N € (0,5), m € (3,1), and o € (3,1) such
that
17 | o 0. rwra )y < C(0),
where C(0) > 0 does not depend on 7, p > 1/m, and 3q/(3 — q) > 1/m (or equivalently,
q>3/(3m+1)). Moreover, with a constant C' > 0 independent of T and ¢,
1B, mwa)) < C.

The condition ¢ > 3/(3m + 1) guarantees that W14(Q2) — LY™(Q). This is needed
below for the application of the nonlinear Aubin-Lions lemma.

Proof. Tt follows from Lemma 3 that (p, 6y ?) is bounded in L%(Qy), while estimate (33)
implies that (67" ?) is bounded in L2+ (Q7). Consequently, p, = p.0'/260; 12 is uniformly
bounded in L"(Q27), where r := 2(N +1)/(N +2) > 1. Together with the L>(0,T; L' (2))
bound for (p,), an interpolation with 1/c = (1 —a)/1 + a/r and b > 1 gives

T T
1—a)b a «
HpTHlib(O,T;LC(Q)) < ”pTH(LOO(D),T;Ll(Q))/O 1071122 @ dt < C/O 1071122y dt.
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A simple computation shows that ¢ = r/(a + (1 — a)r). We choose b = r/a and use the
L™ (Qr) bound for (p,):

2N +1)

0,1).
N+2’“E(’>

||pT||LT‘/a(07T;Lr/(a+(l—a)T)(Q)) S O fOl" r =

Let % <m < 1. Then
167 | /@m0, 75/ miat-army (@) < C.
We know from (32) and (33) that Vlegp, = V¢, + 3Vlog6; is uniformly bounded in
L?*(Q7) (but not uniformly in §). It follows that Vp™ = mp™V log p, is uniformly bounded
in LP(0,7T; L9(S2)), where p,q > 1 satisfy
(40) %:%—i—?, %:%Jr?(aﬂl—a)r).
We deduce from the Poincaré-Wirtinger inequality and the L>(0,T; L'(€2)) bound for (p,)
that
o7 | e .rizac)) < CINV AT | Lo, 1:La) + Cllpf | iz @) < C(0).
We claim that there exist N € (0,5), m € (3,1), and a € (0,1) such that
1 3¢ 1

P> — >
m 3—q m

)

where p and ¢ are given by (40). A straightforward computation shows that these inequal-

ities are equivalent to

S 2am T <6
T am.
“—2m—-1" r—1

We choose r = 2am/(2m — 1) (recall that m > 1/2) such that the first inequality is
satisfied. With this choice, the second inequality is equivalent to m < 1/(3(1 — «)). Since
we want m < 1, we need to choose v > 2/3. Then 1 <m <1 < 1/(3(1—)). By definition
of r,

2(N+1) 2am
(41) N+2 | Tom-1
Thus, it remains to prove that N € (0,5) can be chosen such that this identity holds for
some a > 2 and m € (3,1). Equation (41) is equivalent to
20m —2m +1
am—2m+ 1"

and the requirement N < 5 gives m > 6/(12 — 7a). The right-hand side is smaller than
one if a < g. This is compatible with the previous constraint a > % and proves the claim.
To finish the proof of the lemma, we observe that (31) and Lemma 3 imply that

(42) IV (prb )| Lassary < 21V pr0z || L@ IV V/ pr0r ]| 200y < C.

Moreover, we deduce from (32) and Lemma 3 that

VOl 1 r) < 1107|220 IV 108 07| 22y < €

N=-—
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Thus, (E,) is bounded in L'(0, 7; W'(Q)), and the proof is finished. O

Lemma 5 (Bounds for the discrete time derivative). There exists a constant C' > 0 which
does not depend on T such that

7__1 ||107' 7TTp7'||L4/3(0 T; whi, 4 < O 7'_1 ”Eq— - WTETHLG/‘a(O,T;W?A(Q)’) S O
TﬁalT - 71'7'p‘r|’L4/3(07T;W1,4(Q)/) = su

Proof. We infer from (42) and (33) that
- / [0 = mepyindua
”77/11”L4(0 T: Wl 4(9))*1

< §||V(p7'97)||L4/3(QT) + 5||¢T||L4/3(QT) <C.

Furthermore,

_ 15
T B, - 7TTETHLG/S(o,T;VV?A(Q)/) < 10-llr20r) + ZHPTHEHL?’/Q(QT)

1) _
+ §H0§||L4/3(QT) + 5H97N log ‘9THL6/5(QT)'

Taking into account Lemma 3, the first three terms on the right-hand side are uniformly
bounded. Since N < 5, the last term can be estimated from above by HH (N+1) ||i/16QT)
which is bounded because of (33). This finishes the proof. O

Lemmas 4 and 5 allow us to apply the Aubin—Lions lemma in the version of [7, Theorem
3]. This is possible since p > 1/m and WH9(Q) < LY™(Q) (the last fact is a consequence
of ¢ > 3/(3m + 1)). We infer the existence of a subsequence which is not relabeled such
that, as 7 — 0,

pr — p strongly in L'(Q7).
Concerning (FE;), Lemmas 4 and 5 allow us to apply the Aubin—Lions lemma in the version
of [9] (or Theorem 3 in [7] with m = 1) to obtain a subsequence of (E;) (not relabeled)
such that, as 7 — 0,

E. — E strongly in L'(Qr).

In fact, because of the L?(27) bound for (F,) from Lemma 3, this convergence holds in
L"(Qq) for any n < 2. Up to subsequences, we know that p, — p and E, — E a.e. in Q.
Thus,
0 E. E

T 14302 1+13p)2
In particular, E = 6+ 2pf. The bound for (6,) in L*(Q7) (not uniform in §) shows that the
previous convergence holds in L"(Qr) for any n < 4. We deduce from the L?*(Q27) bounds
for log 0, and log p, = ¢, + %log 0, — g that log € and log p are integrable and thus, p > 0,
6 > 0 a.e. in Q7. Furthermore, ¢, — logp — %loge + g =: ¢ a.e. in {27 and, because of
(33), weakly in L2(0,T; H'(2)).

=:0 a.e. in Q.
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The previous bounds and the strong convergences of (p,) and (6,) allow us to pass to
the limit 7 — 0 in (28)—(29). For this, we observe that, by (42),
V(p.0.) = V(ph) weakly in L¥3(Qp).
Furthermore, by Lemma 3,
3
p-02 — pf* strongly in L"(Qr), n < 7
The strong convergence of (6,) to 6, the uniform bounds on (6, ), and the a.e. positivity of

0 imply that
03— 0% 0 Nlogh, — 0 VNlogh strongly in L'(Qr).
Finally, by Lemma 5,
7 Ypr — mepy) = Opp  weakly in LY3(0,T; WH(Q)),
T YE, —n,.E;) = O,E weakly in L¥°(0,T; W?*(Q)").
Then (28)—(29) become in the limit 7 — 0,

T T T
(43) 0= / (Ops i)t + / / V(o) - Vs dadt + 6 / /Q (Vo - Vibn + duin)dadt,

(44) / (O,E o) dt — / / (9+ p«92)A¢2dxdt
— - / / 0° Aipodxdt + 6 / / 0~ log(8)pydadt

for any test functions ¢, ¥y € CZ(Qr).

3.5. Limit 0 — 0. In this subsection, we need some tools from mathematical fluid dy-
namics, in particular the concept of renormalized solutions and the div-curl lemma. In
the following, we denote by ws the weak or distributional limit of a sequence (us) when-
ever it exists. Let (ps, E5) be a weak solution to (43)-(44) and set ¢5 = log(p5/9§/2) + 5,
Es =05 + %p(;@(;.

Step 1: Renormalized mass balance equation. We compute the renormalized form of
(43). Let f € C?([0,00)) N L>(0,00) satisfy |f/(s)| < C(1+s)"!and |f"(s)] < C(1+5)72
for s > 0. Furthermore, let £ € C5°(2r). Choosing 1 = f'(ps)€ in (43), we find that

/0 <3tf(05)a§>dt+/o /Q(f/(Pé)V(Pa%)+5f/(ﬂa)v¢5) - VEdzdt

T
- /0 /Q (61" (ps)ds + ["(ps)V ps - V(pshs) + 0" (ps)V ps - Vs ) Edadt.

This computation can be made rigorous (such that ¢4 is an admissible test function) by
using renormalization techniques; see, e.g., [12, Section 10.18]. The previous equation can
be rewritten as

(45) —8,:f(ps) + div (f'(ps)V (psbs) + 0. (ps)Vbs)
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= 0f"(ps)ds + [ (ps)V ps - V(psbs) + 0.f"(ps)Vps - Vs in D'(Qr).
Step 2: Application of the div-curl lemma. We apply the div-curl lemma to the vector
fields
Us = (f(ps), —f'(ps)V (psts) — 6. (ps)Vd5), Vs = (9(65),0,0,0),
where f is as before and g € C1([0, 00)) N L>(0, 00) satisfies |¢'(s)] < C(1+s)~! for s > 0.
We know from (31) that (V+/ps0s) and (v/6V¢;) are bounded in L?(Q7) and from Lemma
3 that (v/psfs) is bounded in L*(Qr). Consequently,

F(ps)V (psts) + 01 (ps)V s = 21 (ps)/ psOsV / psts + O f'(ps)V b5
is uniformly bounded in L*3(Q7). Thus, (Us) is bounded in L*3(Q7). Because of the
properties of g, (Vj) is trivially bounded in L*>®(Qr).
The left-hand side of (45) equals —div( ) Us. We wish to bound the right-hand side
of (45). For this, we observe that, thanks to (33), the first term Jf’(ps)¢ps is uniformly
bounded in L*(Qr). We rewrite the second term as

(46) F"(05)V ps - V(psbs) = 4psf" (ps)V/ 05V /5 - V/ pisbs.

Since ps|f"(ps)| < Cps/(1+ ps)* < C and (vVO5V\/ps), (v/psbs) are bounded in L*(Q7) by
(31), expression (46) is bounded in L'(Q27). In order to bound the last term in (45), we
observe that, by (32) and (33),

3
VoV log ps = VoV s + 5\/Sv log 05
is uniformly bounded in L?*(Qr). Then

5" (ps)Vps - Vos = [ (ps)ps(VOV log ps) - (VY ¢5)

is uniformly bounded in L'(Q7). We infer that the right-hand side of (45) and consequently
also — div ) Us are uniformly bounded in L'(Q7). By Sobolev’s embedding, it follows that
div(y 4 Us is relatively compact in W=7 (Qr) for some r > 1.

It follows from the uniform L?(27) bound for (Vlog6s) (see (32)) and 65]¢'(65)] <
COs/(1+ 05) < C that

/ 0 (Vbs)" : 0 ¥ log 05)T

is uniformly bounded in L?*(27). By Sobolev’s embedding, this expression is relatively
compact in Wb (Qzp; R3*3) for some r > 1.

The div-curl lemma [12, Theorem 10.21] implies that Us - Vs = Us - V; a.e. in Qp, which
means that

(47) f(ps)g(s) = f(ps) g(05) ae. in Qr
for all f € C?*([0,00)) N L>®(0,00) and g € C'([0,00)) N L>(0, 00) satisfying |f'(s)] <
C(1+s)71 |f"(s)| <C(1+s)72 and |¢'(s)] < C(1+s)~! for s > 0.

Step 3: Proof of psts = pf. We wish to relax the assumptions on the functions f and
g. To this end, we introduce the truncation function T} € C?([0,00)) by Ti(s) = s for
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0<s<1,Ti(s) =2 for s >3, and T is nondecreasing and concave in [0,00). Then we
define Ty(s) = kTi(s/k) for s > 0 and k € N. It is possible to choose f = T} in (47).
Together with Fatou’s lemma and the boundedness of g, we infer that

|ps9(6s) — Ps 9(95)HL1(QT) = [|(ps — Tx(ps))9(65) — (ps — Ti(ps)) 9(95)||L1(QT)

< C sup / [Ty (ps) — ps|dadt.
Qr

0<<1

Furthermore, we deduce from (30) that

C C
/ [Tk (ps) — ps|dxdt < C/ psdxdt < / ps log psdrdt < ——,
Qr {ps>Fk} log k {ps>k} log k

such that we obtain for any k£ > 2,

[59s) = 75 95| ey < o7

Then the limit £ — oo implies that
(48) psg(0s) = pg(fs) a.e. in Qp

for any g € C'([0,00)) N L*°(0, 00) satisfying |¢'(s)] < C(1 + s)~! for s > 0. We choose
g = T}, which leads to

(49) psls — pf = ps(0s — T1.(65)) — p(0 — Tu(65))-

We claim that both terms on the right-hand side converge to zero as k — oo. Indeed, it
follows from Fatou’s lemma and the L'(Q7) bound for (ps6%) from Lemma 3 that

‘ ps(0s — T(05))

while we deduce from Fatou’s lemma and the L?(Q7) bound for (;), again from Lemma
3, that

Hp(9 — T1.(65))
1+p

< sup / ps|0s — Tr(0s)|dxdt < C' sup / psOsdxdt
Qr {05>k‘}

I+p Li(Qp)  0<6<1 0<d<1
C C
< — sup / psOidxdt < —,
k o<s<1 {05>k} k

< sup / |05 — Ti(05)|dxdt < C sup / Osdxdt
Qr {95>k}

LY(Qr) 0<o<1 0<o<1

< g sup / dixdt < g
(05>} k

Tk o<s<a

We infer from (49) that for any k& > 1,

which implies, in the limit £ — oo, that
(50) psOs = pf a.e. in Qr.

pss — po
1+p

C
§_7
) k

LY(Qr
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Step 4: Pointwise convergence of (6s5). We prove via the Aubin—Lions lemma that
Es =05+ %p(gﬁg is strongly convergent. We know from Lemma 4 that (Ej) is bounded in
LY 0, T;WhH(Q)). For the time derivative of Es, we estimate (44) for 1y € C5°(Qr):

T T 5 5
‘ / <atEa,w2>dt’ < ’ / / <95+—p59§+—9§)Aw2dxdt‘
0 0 Q 2 3

T
) / / GgNlog(é’g)wgdxdt‘
0 Q

< C (1105l 2@y + 1958511 1372y + 01103 || a3 1 A2 | L1y
+C(1+ 0105 1og 5| o/ o)) 192 L5621 -

Taking into account estimate (39) and again using Lemma 3, we infer that

_|_

||8tE5||Le/5(07T;W2,4(Q)/) S C

We apply the Aubin—Lions lemma to (Ejs) to obtain the existence of a subsequence which
is not relabeled such that, as § — 0, (Es) converges strongly in L"(Qr) for n < 2. Since
(1+ 65)~! converges weakly in L"(Qr) for any n < oo, we find that

3 3 —_
(51) ((95 + 5@;95) (1 + 95)*1 = ((95 + 5@;95) (1 + (95)*1 a.e. in Qp.

We choose g(s) = s(1+ s)~! in (48) and recall (50):

pg@g(l + 95)71 = p95(1 + 95)71, p5(95 = p9 a.e. in QT.

Using these expressions, we deduce from (51) that

3\ 3
(1 + §p) 95(1 + 05)_1 = 95(1 + 95)_1 + §p505(1 + 95)_1

3 — 3
= (95 + 50696) (1+65)"t =065 (1+05)~t+ 5[)595 (14651t

(1 + gp)e(l +6s5)71 ae. in Qp.

This means that

99(1 + (95)71 = 9(1 + (95)71 a.e. in QT.
We apply [12, Theorem 10.19] to the strictly decreasing function s — (1 + s)~! for s > 0
to conclude that
(1+60;)t=(1+0)"" ae. inQp.

The strict convexity of s — (14 s)~! then implies, by [12, Theorem 10.20], that 65 — 6 a.e.
in Q7. We deduce from the L?(Qr) bound for (65) from Lemma 3 that this convergence is
in fact strong in L*(Qr).

Step 5: Limit 6 — 0 in equations (43)—(44). We know from (42) that (V(psbs)) is
bounded in L*3(Qz). Thus, up to a subsequence, V(psf;) — (; weakly in L*3(Qr) for
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some (; € L*Y3(Qyr). Since psfs — pf weakly in L'(Q7), by (50), we infer that ¢, = V(pf),
ie.
(52) V(pshs) — V(ph) weakly in L¥3(Qy).

We know from Lemma 3 that (ps62) is bounded in L3/2(Q7), so that up to a subsequence,
ps0? — (o weakly in L?(Qr). We deduce from the strong convergence of (f5) and the

boundedness of s — (1 + s?)7! that (1 +62)7' — (1 + 6*)7! strongly in L"(Q7) for any
1 < co. Therefore,
psts N G

1+62 1462
An application of (48) with g(s) = s*(1 4 s*)~! together with the strong convergence of
(05) leads to

weakly in L'(Qr).

2 2
fiegz - 1,1062 weakly in L'(Qr).
5
Hence, ¢, = p6? a.e. in Qp and
(53) psf2 — pf%  weakly in L3*(Qp).

Furthermore, it follows from (33), Lemma 3, and (39) that
§¢s — 0 strongly in L*(0,T; H'()),
(54) 663 — 0 strongly in L*3(Qp),
605N log s — 0 strongly in L%(Qy).
For any v € L*(0,T; Wh4(Q)), we have

T
3
[ @it < 319 om0 L
0

+ 6|l 2o, zsr o |1l 2o s (@) < C
Hence, up to subsequences,
dyps — Oip  weakly in LY3(0, T, WH4(Q)),
0,FEs — 0,E  weakly in L5°(0, T; W24(Q)").
We deduce from the bound for (log6s) in L*°(0,T; L'(©)) that 6 > 0 a.e. in Q.

We claim that (ps) also converges strongly. Indeed, the a.e. convergence of (Es) and (65)
imply that ps = 2(Es/0; — 1) = p a.e. in Qp. The L>(0,T; L'(€2)) bound for (pslog ps)
from (30) shows that (ps) is equi-integrable, and together with its a.e. convergence, we
conclude from the de la Vallée—Poussin theorem [10, Chap. 8, Sect. 1.7, Corollary 1.3] that

(55)

ps — p strongly in L'(Qr).

The positivity of ps implies that p > 0 a.e. in {27. Note, however, that we cannot conclude
that p > 0 a.e., since the control on ¢s is now lost.

Convergences (52)—(55) allow us to perform the limit 6 — 0 in (43)—(44) showing that
(p, 0) solves (9)—(10). Theorem 1 is proved.
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