ANALYSIS OF CROSS-DIFFUSION SYSTEMS FOR FLUID MIXTURES
DRIVEN BY A PRESSURE GRADIENT

PIERRE-ETIENNE DRUET AND ANSGAR JUNGEL

ABSTRACT. The convective transport in a multicomponent isothermal compressible fluid
subject to the mass continuity equations is considered. The velocity is proportional to the
negative pressure gradient, according to Darcy’s law, and the pressure is defined by a state
equation imposed by the volume extension of the mixture. These model assumptions lead
to a parabolic-hyperbolic system for the mass densities. The global-in-time existence of
classical and weak solutions is proved in a bounded domain with no-penetration boundary
conditions. The idea is to decompose the system into a porous-medium-type equation for
the volume extension and transport equations for the modified number fractions. The ex-
istence proof is based on parabolic regularity theory, the theory of renormalized solutions,
and an approximation of the velocity field.

1. INTRODUCTION

Multicomponent fluids are found in nature and many engineering applications, for in-
stance, in combustion, chemical reactors, tumor growth, and gas mixtures. For efficient
modeling and simulations of these applications, we need to understand the mathematical
structure of the governing partial differential equations and to determine the properties
of their solutions. In this paper, we analyze the mass continuity equations for the partial
mass densities, subject to Darcy’s law for the fluid velocity and a pressure related to the
volume extension of the mixture, and we prove the global-in-time existence of smooth and
weak solutions. The main novelty is the general framework of our pressure model.

1.1. Model equations. We consider the evolution of a fluid mixture of N substances in
a bounded container 2 C R?. We assume that the system is in the isothermal state. The
mass densities py, ..., py of the species are given by the conservation equations

(1) Opi +div(pv) =0 inQx(0,7), i=1,...,N.

Date: November 21, 2019.

2000 Mathematics Subject Classification. 35K45, 35165, 35Q79, 35M31, 35Q92, 92C17.

Key words and phrases. Parabolic-hyperbolic system, cross diffusion, fluid mixture, existence of solu-
tions, transport equation.

The first author was supported by the grant D1117/1-1 of the German Science Foundation (DFG).
The second author acknowledges partial support from the Austrian Science Fund (FWF), grants P30000,
P33010, W1245, and F65.

1



2 P-E. DRUET AND A. JUNGEL

We suppose that the fluid is driven only by the thermodynamic pressure. Then the barycen-
tric velocity v is determined by Darcy’s law

(2) v=—kVp inQx(0,7),

where the porosity coefficient x generally depends on the medium €2 and the fluid. The
pressure is related to the volume extension A of the mixture via

(3) p=GA(p), p=(p1, -, pN),

where G is an increasing scalar function and A is positively homogeneous (of degree one).
Typical choices are G(s) = cos® with o > 1 and A(p) = S°~ | cips, where ¢o, ..., cx > 0.
We refer to Section 2 for the modeling details.

Equations (1)—(3) can be formulated as a cross-diffusion system with entropy structure.
Indeed, we show in Section 2 that there exists a free energy (or entropy) h(p) such that
Vp = Zjvzl p;jV;, where p; = Oh/0p; are the chemical potentials (or entropy variables).
Then system (1)—(3) is equivalent to the cross-diffusion system

N
(4) thl—deMw(p)Vu] :0, 1= 1,,N,
j=1

where the kinetic (or mobility) matrix M;;(p) = kp;p; has rank one only. Thus, we ex-
pect that there is only one “parabolic direction” and N — 1 “hyperbolic directions”. The
challenge is to deal with such cross-diffusion systems possessing incomplete diffusion. It is
sufficient to impose one boundary condition, and we choose in this paper the no-penetration
(and initial) conditions

(5) v-v=0 ondQx(0,7T), p(0)=p) inQ, i=1,...,N,

where v is the exterior unit normal vector to d€). Alternatively, in the case that there are
free inflows and outflows, we may use the pressure boundary condition

p=po on I x (0,7).
In practical situations, a mix of free flow and impermeable portions of the boundary is
often realistic. This leads to more technical problems in the mathematical analysis, so we

consider mainly the boundary conditions in (5). Some remarks to treat pressure boundary
conditions are given in Section 5.3.

1.2. State of the art. Our study is motivated by some related problems. First, in [23],
we have analyzed the cross-diffusion system

N
(6) Oupi — diVZ (pz‘pj + 5Dz‘j(ﬂ))vﬂj =0, i=1,...,N,

j=1
where the pressure models a Van der Waals gas mixture (this determines ;) and the matrix
(D;j(p)) is positive definite on the orthogonal complement of a one-dimensional subspace
of RY. Because of the lack of parabolicity, the diffusion fluxes J; = —¢ Zjvzl D;i(p)V 1,
with e > 0 were needed to apply the boundedness-by-entropy method [21]. Unfortunately,
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the authors of [23] were not able to perform the limit ¢ — 0. In this paper, we show that
(6) admits solutions also in the case ¢ = 0 (for suitable pressure functions).

Second, consider N interacting biological species with densities p; and velocities v; gov-
erned by the continuity equations

Opi +div(pv;)) =0, i=1,...,N.

When dispersal is a response to population pressure, we may assume that the dispersal of
each of the species is driven by the gradient of the total population [2, 19],

N
vi:—kiVij, 221,,N
j=1

This leads to system (4) with M;; = p;p; and p; = k;logp;. The model describes the
evolution of the cell populations p; in tissues and tumors. It was analyzed for two species
N =2 in [2] in one space dimension and in [3] in several space dimensions. The existence
of global weak and classical solutions was proved. They possess the particular feature that
they are segregated if they do so initially, i.e., their support is disjoint for all time. For
related models, we refer to [15, 16].

A nonlinear pressure function p = (p; + p2)® with @ > 1 was considered in [20], giving
(4) with N = 2, M;; = pip;(p1 + p2)**, and p; = log p;. The existence of weak solutions
in the whole space was proved in the presence of reaction terms. The two-species system
of Bertsch et a. [3] with nonlocal interaction terms models aggregation and repulsion of
the species in the context of chemotaxis, opinion formation, and pedestrian dynamics (see
the references in [6]).

If the pressure is the variational derivative of a certain energy functional F'(p), we may
write (1) for N = 2 as the (formal) gradient flow

(9tp1 = div (plvé—F) 8tp2 = div (pzvé—F)
op 0p2
This relation has been exploited in [5, 10], proving the convergence of the minimizing
movement scheme for quadratic functionals F' [5] or general convex functionals [10], even
including nonlocal terms; also see [7].

Related systems that consist of the mass continuity equation (1) and the Darcy law
(2) are analyzed in the literature also in the context of fluid flows in porous media [25],
often extended by the Darcy-Brinkman law for fractures in porous media [29] or for tumor
growth models [17].

Surprisingly, there are almost no results for general N-species models. The work [9]
studies (4) with M;; = pip;/prot. Where peor = Zfil pi, and p; = log p;. Furthermore,
system (4) with M;; = a;;p;p; and a;; > 0 is the mean-field limit of an interacting stochastic
particle system [8]. Up to our knowledge, there exists no general global existence result
for (4).

In this paper, we analyze the N-species system with a rather general pressure-density
relation, extending all previous existence results. In [3, 19], the problem is decomposed
into a porous-medium-type equation for the total density pio (in our situation: A(p)) and
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transport equations for the mass fractions p;/piot, ¢ = 1,..., N (in our situation: p;/A(p)).
Compared to previous work, the relationship (3) between the pressure and the densities is
more general, we allow for an arbitrary number of species, and we prove the uniqueness
of weak and classical solutions. Special effort is necessary to allow for partially vanishing
initial total densities [7, 20]; in the context of fluid dynamics, however, initial vacuum
would not be meaningful.

1.3. Key ideas. As mentioned above, the idea is to decompose the equations in one
parabolic equation for the function A(p) and N transport equations for the variables u; =

pi/ Mp).
First, we derive the parabolic equation. Let (p,v) be a differentiable solution to (1)—(3).
Multiplying (1) by OA/0p; and summing over i = 1,..., N leads to

OMN(p) +v-VA(p) + AN (p) - pdive = 0.

The positive homogeneity of A implies that A’(p) - p = A(p), so A solves the conservation
law O;A(p) +div(A(p)v) = 0. Then we infer from v = —kVp = —rG'(A(p))VA(p) that the
variable w := A(p) solves the nonlinear diffusion equation

(7) dyw — div(kwG'(w)Vw) =0 in Q x (0,7),
together with the initial and boundary conditions
(8) w(0) =w":=A(p’) inQ, Vw-rv=0 ondQx(0,7T).

We claim that the variable u; = p;/A(p) (i = 1,...,N), which can be interpreted as a
kind of volume fraction, solves a transport equation. Indeed, with the material derivative
= (0 +v-V)u, it follows that p; solves p; = —p; divw. We use the continuity equation
(1) and the identity A’(p) - p = A(p) to compute

pi Pi_pr _ hi pi

Ap) A2t R T RGR

Thus, the volume fractions u; are just transported:

;= N(p)-pdive = 0.

. . 0._ Py

9) ;=0 inQx(0,7), u(0)=u;: A0

The nonlinear diffusion equation (7) is solved by standard techniques: The weak max-
imum principle yields positive lower and upper bounds for the solution w, and para-
bolic regularity theory provides further a priori estimates. The velocity is then given
by v = —kG'(w)Vw. Because of its low regularity, we approximate the velocity field by
smooth functions v., such that we can solve the transport equation (9) with v replaced by
v.. This yields the solutions «; and the approximate densities p; := wuj forv=1,..., N.
The properties of the approximate velocity fields allow us to prove that p; converges to
a weak solution p; to the mass continuity equation as ¢ — 0. For weak solutions and in
particular for the proof of A(p) = w, the use of renormalization techniques is necessary,
since we want to solve the continuity equations with a velocity field that possesses only
local Sobolev regularity.

inQ, i=1,...,N.
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1.4. Notation. We set R, = (0,00) and Ry g = [0,00). The space C***(Q) for k € N,
a € (0,1] consists of all functions v € C*(Q) whose kth partial derivatives are Holder
continuous of order a up to the boundary of . Set Q7 := Q x (0,7) and Q := Q x [0, T].
The space C***5(Q,) consists of all functions which are C*+< with respect to the spatial
variable and C**# with respect to the time variable, where k, ¢ € N and «, 3 € (0, 1].

1.5. Main results. We make the following assumptions.

(A1) Domain: Q C R? is a bounded domain with Lipschitz boundary.

(A2) Initial datum: p° = (p9,...,p%) € L>®(Q;RY) satisfies p(p°) := G(A(p°)) € H'(Q),
p)>0in Qfori=1,...,N, and 3.0 p9 > ¢y > 0 in Q for some ¢y > 0.

(A3) Function G: G € C'(R,) is strictly increasing, i.e. G'(s) > 0 for all s > 0, and
s+ sG'(s) is of class C?*(R,).

(A4) Function A: A € C*(RY) N C(RY ) is nonnegative, convex, and positively homo-
geneous (of degree one) and there exist constants 0 < ry < 71 < oo such that

rolpl < Alp) < rilp| for all p € RY.

Assumptions (Al) and (A2) are rather natural. We already mentioned before that
partially vanishing total densities are not meaningful in fluid dynamics, and we require
in Assumption (A2) that SV, p? is strictly positive. The variable w = A(p) satisfies the
porous-medium-type equation (7), and the condition that s — sG’(s) is of class C*(R,)
in Assumption (A3) is needed to deduce classical solutions; see Section 3. The hypotheses
on the volume extension A in Assumption (A4) guarantee that the variable u; = p;/A(p)
satisfies the transport equation (9). Moreover, the linear growth condition simplifies some
estimates in Section 4.

A possible obvious extension would be to consider porosity coefficients depending on
the density or pressure, k = K(A(p)) or k = k(p). We comment briefly in Section 5 how
Assumption (A3) can be suitably modified to treat this case.

We next formulate our main theorems on the well-posedness analysis.

Theorem 1 (Classical solutions). Let Assumptions (A1)-(A4) hold, let T >0, and r > 0.
Furthermore, let 0Q € C** for some a > 0, G € C*(Ry), and p° € C"**(Q;RY) such
that p(p°) € C***(Q) and Vp(p°) - v = 0 on 0. Then there ewists a unique classical
solution p € C'T*1(Qp; RY ) with p(p) € C*T*1T/2(Qr) to the equations
Opi — div(kp;Vp(p)) =0 inQx(0,7), i=1,...,N,

and the initial and boundary conditions (5) are satisfied.

Theorem 2 (Weak solutions). Let Assumptions (A1)-(A4) hold, let T > 0, and k >
0. Furthermore, let OQ be piecewise of class C* (i.e., Q is a curvilinear polyhedron).
Then there exists a weak solution (p,v) to (1)~(3) and (5) such that p > 0 in Qr, p €

L®(Qr;RY), v =—rVp(p) € L*(Qr), and divev € L°(Qr) for some o > 4/3, and p is the
unique weak solution to (1) and (5).

The paper is organized as follows. The pressure relation (3) and the cross-diffusion
formulation (4) is motivated in Section 2. Then the proofs of Theorems 1 and 2 are
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presented in Sections 3 and 4, respectively. Finally, we collect in Section 5 some possible
extensions of our results and open problems.

2. MODELING

In this section, we motivate system (1)—(3). We consider N chemical substances with
mass densities p; whose isothermal evolution is governed by the continuity equations (1),
subject to Darcy’s law (2). We introduce the partial number densities n; = p;/m;, where
the molecular masses myq, ..., my are positive constants. Then ny.; := Zfil n; is the total
number density, and X; := n;/n are the number fractions.

In order to model the thermodynamic pressure p, we follow some ideas exposed in [4,
Section 15] to describe the free energy of elastic mixtures. We also refer to [12, 13] for
further particular models in the case of mixtures with charged carriers. The pressure is
related to the volume extension of the mixture via a state equation of the following kind:

(10) p=G(nuH(X1,...,Xn)),

where G and H are suitable functions. The choice G(s) = s, H = 1 gives the pressure
law of (isothermal) ideal gases, namely p = no. Other special choices are G(s) = s* with
a>1and H = 1, giving p = n2,, while for G(s) = 5%, H(X) = (3.1, X2)"/, we obtain
p= Zf\il ng. We refer to [26] for more examples of nonlinear state equations, often refered
to as Tait equations. We notice that in the last example p = Zfil ng, there is possibly a
relationship to the Dalton law with partial pressures of the constituents obeying p;, = nf'
with uniform exponent «. This seems to be a by-product of the positive homogenity
assumption for H, for suitably chosen functions G. In general, the state equation (10)
yields models that are not equivalent to the Dalton law. The factor H which represents an
average volume can be used to model finite-volume effects of the molecules, for instance
with the linear ansatz H = Elj\il V; X; (V; are the reference partial volumes, like in [11]).
To simplify our notation, we express the pressure law for the mass densities. Indeed,

noting that we can identify each function of ny,...,ny with a function of py,..., py via
pi = m;n;, we express (10) in the equivalent form p = G(A(p1,...,pn)), where
ny nn
A(pl,...,pN)::ntotH( e )
Ntot Ntot

describes the volume extension of the mixture. It is essential for our analysis that the
mapping p — A(p) is positively homogeneous of degree one. This condition is always
satisfied in applications, since the function H depends only on the fractions n;/n. which
are homogeneous of degree zero in p.

We claim that system (1)-(3) can be formulated as the cross-diffusion system (4). To
this end, we introduce the scalar function

ha(s) = s/ G(Z)dT + const., s> 0,
S0 T
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and the free energy h(p) = ha(A(p)) for p € [0,00)". The Hessian of h,
D?*h = hy (DA ® DA) + by D*A,

is positive definite if hj; is increasing and convex and A is convex. For instance, we may
assume that G is increasing, which leads to h,(s) = G'(s)/s > 0. The pressure is given
by the Gibbs—Duhem relation

N
p=—h+> pim,
=1

where p; := 0h/0p; are the chemical potentials. Since shy,(s) — ha(s) = G(s) and A is
supposed to be positively homogeneous (implying that A’(p) - p = A(p)), we find that
N

OA

p=—hu(A(p)) + > pia—p(p)hh(A(p)) = —ha(A(p)) + Iy (A(p))Alp) = G(A(p)),
i=1 ’

which equals (3). Furthermore, the Gibbs—Duhem relation implies that Vp = Zjvzl PV 1L,

and inserting this expression into (1)—(2) leads to the cross-diffusion system (4).

3. PROOF OF THEOREM 1

Problem (7)~(8) is a quasilinear parabolic equation with Neumann boundary conditions.
Its unique solvability in C?**1+%/2(Q,.) follows from Theorem 7.4 in [24, Chapter V.7] (also
see [14, Theorem 10.24]) if the following conditions are satisfied:

e Every classical solution to (7)—(8) is bounded from above and below;

o the coefficient kwG’(w) is of class C*(Ry);

e the initial datum satisfies w° := A(p°) € C*T*(Q).
These conditions are satisfied. Indeed, the weak maximum principle for parabolic equations
shows that

(11) 0 < A, = inf A(p°(2)) < w(z,t) < A" :=supA(p°(z)) for all (z,t) € Qr,

e z€Q

where A, = r9cy > 0, according to Assumptions (A2) and (A4). The second condition
follows from Assumption (A3) and the third condition is a consequence of the assumptions
of the theorem. Thus, there exists a unique solution w € C?T*1+/2(Q,) to (7)(8).

Next, we solve (9). The transport velocity v = —kG'(w)Vw = —kVG(w) is bounded in
L>*(Qr) and divv is bounded in C*(Q;). This allows us to find for z € Q, t € [0,T] the
characteristic curves of

O (s;t,2) =v(D(s;t,2), s), s€(0,T), P(tt,x)=uz.

For all s € [0,T], the map (z,t) — ®(s;x,t) belongs to C'***2/2(Q),). Thus, problem
(9) admits the unique solutions

ui(x,t) = ud(®(0;t,2)), i=1,...,N.
Since u® = p°/A(p°) € CH(Q;RY), we have u € CH(Qp; RY).
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We claim that p = wu is a classical solution to (1), (5). The positive homogeneity of
A shows that A(p) = wA(u). Moreover, (A(u)) = A'(u)i = 0 and A(u(0)) = A(u®) = 1,
by definition of u°. We conclude that A(u) = 1. A more direct proof of this property
is as follows: We multiply the equation 0 = @ = dyu + v - Vu by A'(u), which yields
OiA(u) + v - A(u) = 0. Then we compute

[ (M) - 1)2de = _2/

= / div(v)(A(u) — 1)%dz,
Q

(A(u) — v - VA(u)dr = — /Q v+ V(A(u) — 1)%dx

and the regularity dive € L'(0,T; L>(€)) is sufficient to conclude fron Gronwall’s lemma
that A(u) = 1. We infer that A(p) = wA(u) = w. We know that w solves 0 = dyw —
div(kwVG(w)) = dyw + div(wv) = w + wdive. Then we deduce from
and w = —wdivv that

pi = wu; = —wu; dive = —p; divo,

which is (1) with v = —kVG(w) = —kVG(A(p)). The initial condition in (5) is satisfied
since

pi(0) = w(0)u;(0) = w’u; = A(p")

(3

This finishes the proof of Theorem 1.

4. PROOF OF THEOREM 2

We show first the following technical approximation property. It is needed to construct
smooth approximations of the velocity field and to identify the weak limit of the density
vector.

Lemma 3. Let the assumptions of Theorem 2 hold. Then there exists a family of functions
(Gm)ms0 C C2(Q) such that 0 < ¢,y < 110 Q, ¢p(x) = 0 for all x € Q with dist(x, Q) <
1/m, ¢y — 1 locally uniformly in Q as m — oo, and satisfying the following property:
For all 0 < & < 1/2, there exists C(§) > 0 such that for all g € HY**°(Q;R®) satisfying
g-v=0ondQ and for any 1 <p < 1/(1—9),

19 - Vémllrw) < C0)llglla/zesny:

Proof. Since 02 consists of surfaces Sy, ..., Sy of class C?, we may assume that the distance
function d;(z) := dist(x, S;) for ¥ € Q, i =1,...,¢ is also of class C?, i.e. d; € C*(Q). Let
m > 0 and introduce a function h € C?(R,) such that 0 < h < 1in Ry, h,(s) =11if s >
2/m, hpy(s) =0 for 0 < s < 1/m, and h],(s) < 3m for s € Ry. Then h/,(s) < 3m < 6/s
for 1/m < s < 2/m and, in fact, for all s € R, (since h], = 0 otherwise).
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We define ¢y, (z) := []-_, hm(d;(x)). By definition of h,,, we have ¢,(z) = 0 for z €
dist(x,09Q) < 1/m. The gradient of ¢, is given by

¢
Vom = > h,(d)Vdg [ [ hum(dy).
k=1 i#k
Using !, (dy,) < 6d,.' and h,, < 1, we find that

l
(12) 9Vl <6 ditlg- V.
k=1

We now estimate the right-hand side. The properties of the distance function imply that
v(z) = Vd;(z) for z € S;. Moreover, as d; € C*(1),

lg - Vdillir2es () < IV dill oo @ |9l 124500y + 1 D?dill oo o 19| 222
(13) < Cllgll grr2+s(q)-

The interior trace operator tr; : HY?+¥9(Q) — H?(S;), tr;(v) = vls,, is bounded, so the
boundary condition g - v = 0 on .S; is valid almost everywhere. This shows that

g-Vdi € HP(Q) = {f € HY*(Q)  tr, f = 0in HY(S)}, i=1,...,0

Theorem 11.3 in [28, Chapter 1, §11] states that the linear mapping Hg () — L*(12),
u > d; *u, with s = 1/2 4 ¢ is continuous. This property and estimate (13) imply that

(14) |di%g - Vdill12) < Cllg - Vdillgs) < Cllgll grrzes -
Consequently, using (12) and the Hélder inequality, we obtain for 1 < p < 2/(3 — 2s) =

14
/Q ’g . V¢m‘pdx < CZ /Q d;pS’g . de|pd;p(1fs)dl’
k=1

‘ p/2 1—p)2
S C Z (/ d];25|g . de|2daj) (/ dk_Qp(l_S)/(z_p)d{L‘> ‘
k=1 Q Q

It holds that —2p(1—s)/(2—p) > —1if and only if p < 1/(1—0¢), and under this condition,
the last integral is finite. Thus, we infer from (14) that

4
/Q 9+ VonlPde < CO) S s VaelLagy < CO) gl nnsin
k=1

which finishes the proof. U
We formulate (7) as

(15) Ow — div(a(w)Vw) =0 in Q x (0,7),

where a(w) := kwG'(w) for w > 0, and we set

(16) Wy (Qr) == {f € L*(0,T; H'(Q)) : 8.f € L*(0,T; H'()) }.



10 P-E. DRUET AND A. JUNGEL

Observe that we may allow for suitable porosity coefficients k = k(w) at this point. The
following result shows that problem (7)—(8) is uniquely solvable and that the vector field
v = —kG'(w)Vw has some regularity properties.

Proposition 4 (Existence and regularity for (7)). Under the assumptions of Theorem 2,
problem (7)—(8) has a unique solution w € W3 (Qr) N L>(0,T; L>(Q)) satisfying (11).
Moreover, v = —kG(w)Vw satisfies the following properties:

e v & LY3(0,T; HY(Q)) for any domain Q' compactly included in Q;

e v e L*0,T;L9Q)) and dive € L>%4(Qr) for some 3 < q < 6;

o vV, — 0 strongly in LY(Qr) as m — oo for (¢,,) constructed in Lemma 3.

Proof. Step 1: Existence for (7). The existence of weak solutions to (7)—(8) can be shown
by a standard approximation procedure, but since a(w) does not need to be monotone, we
need to be careful and therefore present a sketch of the proof. We introduce the truncated
functions

a(k) if s >k,

ag(s) :=< afls) if 1/k < s <k,

a(l/k) if0<s<1/k,
where £ € N. The functions By : Ry — Ry, Bi(s) := [ ai(2)dz, are bi-Lipschitz
transformations. We consider the approximated problem

(17) %@u =Au, Vu-v=0 ondQ, u(0)=Bi(w’ in .
a(By " (u))
If a solution to this problem is given, then wy := B;'(u) is a solution to (15) with a
replaced by ay.
Problem (17) can be solved by the Galerkin method. Indeed, let (v;) C W1(Q) be an
orthonormal basis of H'(Q2) and X,, = span{vy,...,v,} for n € N. The coefficients «; of
un(,t) =377 a;(t)v;(z) solve the system of ordinary differential equations

(18) > Aj()al+ > Mya; =0 in (0,7], a;(0) =0,
— =i

where we assumed that ), := >"_ oz?”v] (x) converges to By(w?) in H*(Q) as n — oo,

and the matrices (A;j(c)) and (M;;) are given by

V; U5
Aa) = [ — YUY g MZ“:/VZ"Vd.
Rl s R AT

Since the coefficients ay o B,;l are bounded from below and above, the properties of (v;)
imply that (A;;(«)) is strictly positive definite. Thus, (18) possesses a global solution
a € CY[0,T);R") for any T' > 0.

For the limit n — 0o, we need some uniform estimates. We multiply (18) by o} and sum
over ¢ = 1,...,n leading to

(atun /
do + -2 %dz = 0.
/Qak(Bkl( +2dt Vun|*de
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Integration over (0,t) for t < T yields the uniform bounds
10l z2(@ry < CR)[unllm@y,  sup [[Vun )]z < lunlli e
0<t<T

The first estimate implies a uniform bound for u,, in L*(Qr) since u,(t) = u,(0)+ fot Oy, ds.
By the Aubin—Lions lemma, there exists a subsequence which is not relabeled such that
u, — u strongly in L*(Qr), Oyu, — O, Vu, — Vu weakly in L*(Qr) as n — oo, and the
limit u satisfies

(19) / /Qak a””ju dz dt+/ /Vu Vodrdt =0

for all ¢ € L?(0,T; H'(Q2)). Moreover, the initial condition u(0) = By (w°) is fulfilled in
H'(€Q) and the bounds

(20)  NOwullz2ir) < CR)IB(w)ll (@), OiljfTHVU(t)HLzm) < 1Be(w) o

hold. The function w := B, '(u) € H' () satisfies the equation

T T
/ / Oywodxdt + / / ap(w)Vw - Vodrdt =0
0o Jo 0o Jo

for all ¢ € L*(0,T; H'(Q)) and the initial condition w(0) = w® in H*(Q). Thus, by the
weak maximum principle, A, < w < A* in Qr (see (11) for the definition of A, and A*).
Therefore, there exists k:o €N, depending only on A, and A* such that ag,(w) = a(w)
in Q7. The function B(s fo z)dz is identical to By, on the range of w, since ay, is
identical to a on the range of w. We conclude that u, < u < u* in Qp, where u, := B(A.)
and u* := B(A¥).

Step 2: Regularity. We deduce from the bounds (20) with k& = ky and the lower and upper
bounds for v and w that 9w is bounded in L*(Qr) and Vw is bounded in L>(0, T’; L*(2)).
Furthermore, by choosing k = k¢ and the test function ¢(z,t) = ((¢)n(z) in (19), where
((t) approximates the delta distribution at ¢, we see that u solves

ayun
21 —d Vu(t) - Vndx = 0.
2y = R ACCR
Local regularity for elliptic equations [18, Section 8.3, Theorem 8.9] implies that for any
domain ' compactly embedded in €2, there exists C'(£Y, u,,u*) > 0 such that
(22) ID*u(t)|[r20ry < O, u”) [ Opu(t) || 22

which shows, using (20), that u € L*(0,7; H*(Q')). Applying case (c) of Theorem 1.6 in
[30] with @ = 1 therein, there exists ¢ > 0 depending only on the Lipschitz constant of OS2
such that for all 2/(1 —¢) < ¢ < 3/(1 — ), the gradient satisfies the global bound

(23) [Vu)||ze@) < Cllowu) | psarera )

Since 3¢/(3 + q) < 2 for ¢ < 6, we deduce that u € L*(0,T; Wh1(Q)).
We know from (20) that |Vu|* is bounded in L>(0,T; L'(Q2)). Moreover, since |Vu| €
L*(0,T; H (), the Sobolev embedding theorem yields |Vu| € L?(0,T; o () (recall

loc loc
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that the space dimension is three). Interpolation with = 3/4 then shows for z = |Vul|?
and any ' compactly embedded in €2 that

T
4/3 46/3 (1-0)/3 1/3
T ARy 1 L Y g (R P

and consequently z = |Vu|?> € LY3(0,T; L2 .(22)). In order to show a global bound, we
combine the regularity properties |Vu|> € L>(0,T; L*(Q2)), |Vu|?> € L'(0,T; LY?*(Q)) and
interpolate with r =2 — 2/q and @ = 1/r such that 1/r = (1 —0)/1+20/q:

T
r r 1 0) r(1-6)
121z (@) _/ L2l 12 2 gyt < ||Z||L(oo0TL1(Q))/O 2] arz (gt

and hence, z = |Vu|? € L*~2/1(Qy).

Finally, we consider v = —xkG'(w)Vw. Introducing f(u) := —xG' (B~ (u))(B~1) (u) and
recalling that w = B~!(u), this means that v = f(u)Vu. The positive lower bound for u
and estimate (23) then show that v € L2(0,T; L%(2)). It holds that

Vv = f(u)D*u+ f'(u)Vu® Vu, dive = f(u)Au+ f'(u)|Vol.

Using estimates (22) and (24) and the positive lower bound for u, it follows that |Vv| €
LA3(0,T; L2 (). Furthermore, Au = du/(a(B~'(u))) € L*(Qr) and |Vu|? € L>~%1(Qr)
gives dive € L 29(Qr).

Step 3: Proof of v -V, — 0 strongly in L'(Qr). Proposition 3.7 in [1] shows that for

some 0 > 0, it holds that
(25) IVu(t) |12 ) < O w, u”)[|0u(t) || 120

It follows that Vu(t) is defined in L*(9Q). Then the weak formulation (21) implies that
u satisfies the Neumann boundary conditions Vu(t) - v = 0 in L*(S;) for i = 1,...,/.
Recalling that v = f(u)Vu and f(u) is globally bounded in Qr, we infer that |v- Vé,,| <
|f ()| L@ VU - Vy,|. Thus, by Lemma 3 and estimate (25), for 1 <p < 1/(1 —9),

[0+ Voullr20me @) < COF(W@nlIVullL20,z:m1 /2450
CONf(w)llz=@nllOrull L2r) < C.

Again by Lemma 3, we have V¢,, — 0 a.e. in Q) and in view of the previous estimate,
vV, — 0 a.e. in Qr. By dominated convergence, this convergence also holds in L*(Qr).
This finishes the proof. O

The next step is to approximate the velocity v = —kG’(w)Vw by smooth vector fields.

Lemma 5 (Approximation of v). There ezists a family of smooth vector fields v. fore >0
satisfying v. - v =0 on 9Q x (0,T) such that, as € — 0,

v. = v strongly in L*(Qr), divv. — dive  strongly in L'(Qr).

Proof. Let (¢,) be the family constructed in Lemma 3 and define 1), := ¢q/. for ¢ > 0.
Then ¢. takes values in [0,1] and ¥.(z) = 0 for all € Q such that dist(z,0Q) < /2.
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Furthermore, let ® € C*°(B;(0)) satisfy fBl(O) ®(2)dz = 1, where B;(0) is the unit ball in
R3. Then we define

ve(z,t) = /B o O(2)v(r + ez, t)(x + 2)dz.

Since ¢, — 1 uniformly on every compact subset of 2 as ¢ — 0, by Lemma 3, we have
v. — v strongly in L*(Qr). Moreover,

div v (z, 1) = / B(2) div oz + 22, i (z + £2)d=
B1(0)

+ / Q(2)v(r +¢€2) - Vih (2 + e2)dx.
B1(0)

The first integral converges to divv strongly in L*~2/9(Qy) since ¢. 7 1 in €, and the
second integral converges to zero strongly in L'(Qr), due to the fact that v - Voo e — 0
strongly in L'(Q7) by Lemma 4. O

We also approximate the initial densities: Let p% € CY(Q;RY) for 0 < ¢ < 1 be
approximations of p° such that

(1—e)inf pl(y) < pi“(x) < (L+e)suppl(y), z€Q,
yeR yeR

p%¢ — p°  strongly in L?(Q;RY) as € — 0.
Furthermore, we use the characteristic curves ®.(s;x,t) associated to v,
D (s;t,x) = v(P(s;t,2),s) forse (0,T), P(t;t,z)==x
(see Section 3), to solve
0,e
Pi
A(pP)’

These equations correspond to (9) but with the velocity v replaced by v.. They can be
solved explicitly in terms of the characteristic curves,

PP (@-(0; 1, ))
A=, (0t ay)) D €O

which shows that u. belongs to C'(Q,;RY) and A(u.) = 1 in Q7. Furthermore, we deduce
from the growth condition in Assumption (A4) that

Opuf +v.-Vus =0 in Qr, u(0) =ul® = i=1,...,N.

(26) ue(x,t) = u’(®.(0:t, 7)) =

N N

ro(1—e) Y inf pf(y) < A(p"(x)) < ri(1+¢) ) supp)(y)

€n
-1 i—1 Ve

for z € ) and consequently

L—c _infeaplly)  _ . (o)< LHE Wy P (y)
ri(l+e) S0 supyeo p(y) ~ ~ ol =) 0L, infyeq p?(y)
for (z,t) € Qr.

(27)
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Next, we define the approximate densities p; := wu;, where ¢ = 1,..., N and w is the
solution to the porous-medium-type equation (7) from Proposition 4. We prove that a
subsequence of p; converges to a renormalized solution to the mass continuity equation
(1). For the following result, we recall definition (16) of the space W4 (Qr).

Proposition 6 (Convergence of p5). The family (p°) C Wi (Qpr;RY) N L®°(Qr; RY) is
bounded in L>=(Qr;RY) and there exists c; > 0 such that for all 0 < & < &,

inf pi(x,t)>c, i=1,...,N.
(I,t)EQTpZ( )— 1

There exists a subsequence of (pf) (not relabeled) such that p° — p strongly in L*(Qp; RY).
The limit p = (p1,...,pn) satisfies p € L®(Qr;RYN) with p; > ci in Qr, and p is a
renormalized solution to (1), i.e.,

—/OT /Qb(p)atg“da:dt—/OT/Qb(p)V(wda:dt
:/Qb(pO)C(O)dx—/OT/Q(b’(p)-p—b(p))(divvda:dt

is satisfied for all ¢ € C}(Qp) and b € CHRYN), where v = —kG'(w)Vw and w is the weak
solution to (7)—(8).

Proof. We know from Proposition 4 that w € W,}(Qr) and from (26) that u* € C*(Q;RY),
which shows that p* = wu® € H'(Q; RY). Moreover, since w satisfies the uniform lower and
upper bounds (11) and u® satisfies the uniform bounds (27), also p§ is uniformly bounded
from below and above. At time ¢ = 0, we have

0,

€ p'7 ~0,e

28 pi(0) = w’u}® = A(p°) g = A
(28) (0) ( )A(po,g)

and the strong convergence p®¢ — p% in L'(Q;RY) implies that p$(0) — p° strongly in
LY RY). As w solves (26) and w solves dyw + div(vw) = 0, it follows that pf = wus
solves
i +v° - Vi = w(0u; +v° - V) + 4 (Qyw + v° - V)
= u; (Qw + (v° — v) - Vw + div(vw) — wdivv)
= u(v° —v) - Vw —ufwdive = u; div((v° — v)w) — ujw div v*

= u; div((v® —v)w) — p5 divo®.

In view of the regularity w € Wi(Qr), v € C*(Q;RY), and v € L¥3(0,T; HL (2)) (see

Proposition 4), these calculations make sense a.e. in Q' x (0,7") for domains €' compactly
embedded in 2. We infer that

Op; + div(piv®) = rf == i div((v° — v)w).
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Using ¢ € C3(Q x [0,T); RY) as a test function and integrating by parts, we see that

— /0 ' /Q o° - Oppdadt — /O : /Q (p°) " Vv dadt
(29) :/9;3076(35)-w(:c,o)dm/:/grf-@z)dxdt,

where p, is defined in (28). We wish to pass to the limit € — 0. We deduce from Holder’s
inequality and Lemma 5 that

171 (@ry = I|p° div(v® —v) +u (v —v) - Vwl|L1(gy
< Pl zos @ I div(v® = v)|[L1@r) + vl @m v = vliz2(@m VW z2(@r)
—0 ase—0.

Since (p°) is uniformly bounded in L>®(Qr), there exists a subsequence of (p°) which is not
relabeled such that p* —* p weakly™ in L>°(0,7; L>°(Q2)) and p € L>*(Qr) satisfies p; > ¢;
in Qr, i =1,..., N. Thus, taking into account the convergence in Lemma 5, pfv; — p;v;
weakly in L2(Qr). In view of ps(0) — p° strongly in L*(€; RY), the limit € — 0 in (29)
leads to

(30) —/OT/Qp-at?ﬁdazdt—/OT/Qpvavda:dt:/on(x) ~)(x,0)dx

for all 1 € C}(Q x [0,T); RY), recalling that v = —kG’(w)Vw.

It remains to show that A(p) = w. To this end, we rely on techniques of renormalization
for the continuity equation. Let €' be compactly embedded in € and let ¢,,, be the function
constructed in Lemma 3 satisfying ¢,, = 1 in Q'. (This is possible since ¢, — 1 locally
uniformly in © as m — 0.) The function p := p¢,, is nonnegative and compactly supported

in 2 x [0, 7). Replacing ¢ by ¢, in (30) yields

_/OT/Qﬁ'afwduZt_/OT/QﬁTV@Dvdxdt
:/on(:)s)ﬁbm(:v)-¢(x,0)d:c+/0T/Q(p.¢)(v.wm)dzdt‘

This is the weak formulation of

0.5+ div(v) = plv- Vi) in D'(Qr).
In view of the regularity p € L®(Qr), v € LY3(0,T; H. (Q)), and p(v - Vé,,) € L*3(0,T;
L2

ie(€2)), we can apply the theory of renormalized solutions to the continuity equation (see,
e.g., [14, Theorem 10.29]) to conclude that

A7) + div(b(P)0) + (V(7) - 5 — b(7)) dive = (p- ¥(P)(v- Vo) in D(Qr)
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for any b € CY(RY g) N Wh(RY). Using the regularity dive € L*2/4(Qr) for 3 < ¢ < 6
proved in Proposition 4, we can formulate this identity in the weak form

_/OT/Qb(pd)m)@thl’d’f—/OT/Qb(paﬁm)v-ngxdt

= [ W6 @@ 00z = [ [ ¥ lo0nm) - pom = b)) v o) cade
(31) —i—/o /Qp-b’(f))(v~v¢m)Cdxdt

for all ¢ € C'(Qy) such that ¢(T) = 0. We know that ¢, — 1 locally uniformly in
as m — oo, by Lemma 3, and v - V¢, — 0 strongly in L'(Q7), by Proposition 4. Thus,
passing to the limit m — oo in (31), we obtain

/ / p)0yCdadt — / / v - Vdxdt
(32) /b( (2))¢(x de—/ / (V' (p b(p)) (div v)(dzdt.

Finally, we verify that p is in fact a weak solution. For this, we need to prove that
w = A(p). Since A is continuously differentiable and the range of p is contained in a
compact subset of RY, we can choose a C' function b which is equal to A on this range.
Thus, b = A is adm1851ble in (32). Then we deduce from the positive homogeneity of A,
i.e. N'(p)-p—A(p) =0, that

/ / PO Cddt — / / pYo - Vdadt — /Q A (2))C(x, 0)da

for all ¢ € C1(Q) such that ((T) = 0. The function w is a solution to (7), so z := w—A(p)

satisfies
T T T
—/ /z&tgda:dt —/ /zv - V{dzdt :/ /z(x,O)C(a:, 0)dz = 0.
o Jo 0o Ja o Jo

This means that d;z + div(zv) = 0 in D'(Qr), 2(0) = 0 in . Applying renormalization
theory again, we see that z = 0 in Q7. Hence, w = A(p), and p is a weak solution to
(1). O

5. EXTENSIONS AND OPEN PROBLEMS

In this paper, we have deliberately kept the technicality rather low to highlight the key
ideas. In this section, we briefly point out some direct extensions of our results as well as
some open problems.
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5.1. Reaction terms. Let us consider the mass balance equation (1) with nonvanishing
right-hand sides r; = r;(p) for i = 1,..., N, modelling some bulk source of mass, possibly
from chemical reactions. Under suitable technical restrictions on the data, we expect the
existence and uniqueness of a classical solution as in Theorem 1. We briefly sketch the
arguments.

For the variables w := A(p) and u := p/A(p) introduced in Section 1.3, we define

(33)  flwu) = rlon) M), gilw.) = o (5wn) — wflw,), i= 1.

Equations (7) for w and (9) for u change to

(34) dyw — div(k(w)wG (w)Vw) = f(w,u) in Qr,
(35) uZ:gZ(w7u) n QT? izlv"'aNa
where 4 = Oyu + v - Vu denotes the material derivative with velocity v = —k(w)VG(w).

As exposed in our key ideas, the main ingredient to prove the well-posedness of such
systems is the maximum principle for (34). We will not discuss all possible growth con-
ditions needed for A, k, G and r such that the weak maximum principle in (34) is valid.
Instead, we only discuss the example of a sufficiently smooth field » € C*(RY ;) under the
following assumptions:

(A5) There exist 0 < w, < w* < +oo such for all u € RY satisfying A(u) < 1, we have
fw,u) >0 for all w < w, and f(w,u) <0 for all w > w*;
(A6) The modified functions g;(w, u) := (1/w)(r;(wu) —u; f(wu)/A(u)) are quasi-positive
fori=1,...,N,ie., for all w € RY, we have g;(w, u) > 0 whenever u; = 0.
We claim that under Assumptions (A1)—(A6), there exist classical solutions to (34), (35)
with initial and boundary conditions (8) and (9). We use a fixed-point argument. For this,
let u € L®(Qr;RY ) be given such that A(#) < 1. Then there exists a weak solution w to

dyw — div(k(w)wG' (w)Vw) = f(w,a) in Qr,
Vw-v=0 ondQ, t>0, w(0)=w" inQ

Using the test functions (w — w*)* = max{0,w — w*} and (v — w,)” = min{0, w — w.},
Assumption (A5) yields lower and upper bounds for w. The Lipschitz continuity of f
allows us to conclude the uniqueness of the solution.

Next, we use parabolic regularity for quasilinear equations to derive an intermediate
bound for Vw. For Neumann problems, the global gradient bound for Vw in L*(Qr) is
proved, for instance, in [27, Chapter XIII, Section 2.2]. This bound only requires an L
bound on the source term f(w, ) in Qr. Using Assumption (A4) on A and the bounds
rola| < A(u) < 1, the source term can be estimated in L* independently on @ (and, of
course, independently of w).

Arguing like in [3], we invoke linear parabolic theory: We obtain the Holder continuity
of w [24, Chapter V, Theorem 7.1] and, for every 1 < p < oo, the estimates

lwllyz g, < Cllwollwz-2mm0) + I1f (w, @)llzron)
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where W (Qr) = LP(0, T; W2P(Q))NW'P(0,T; LP()) 24, Chapter 5, §9]. In three space
dimensions, the embedding properties of W'(Qr) yield a bound for Vw in CPBI2(Qr)
with 5 =1—5/p > 0 for p > 5.
Now, we can introduce the fractions. It is possible to solve globally the characteristic
differential equations
D' (s;t,2) = v(D(s;t,2),8), se€(0,T), Pt z)=ur.

For all s € [0,7], the map (x,t) = ®(s;x,t) belongs to C*+A1+5/2(Q),). Since the map
u +— g;i(w, u) is Lipschitz continuous, we can solve the ODEs
Thanks to Assumption (A6), the solutions u; remain globally positive. The definition of g
in Assumption (A6) implies that

N

A 1 A A
2 gi(w, u) gpi (u) = _(Zri(wu) 0 (u) — %f{w,u)) = 0.
Thus, the solutions to (36) satisfy A(u) = Zi\; ;0N/0p; = 0, and A(u) =1 is conserved.
It is readily seen that @ +— u maps the set M := {u € L=®(Qr;RY) : 0 < u, A(u) < 1}
into itself. Moreover, the solution formula for (36),

u(z,t) = u’(®(0; 2,t)) +/0 J(w(®(s;2,1),5),u(P(s;2,1),5))ds,

can be used to prove a bound for v in C'(Q;). Thus, @ + u is compact in L=(Q7), and
the Schauder fixed-point theorem gives the existence of a fixed point.

This argument can be extended to weak solutions and to more general assumptions than
(A5)—(A6), but we leave the details to the reader.

5.2. External forces. A second problem is the presence of external forces in (2). In the
simplest case, the flow is subject to gravity, yielding

N
(37) v = “(—VP + ptotg)a Prot = Z,Ou
i=1

where py¢ is the total mass density and ¢ is the constant vector of earth gravitational
acceleration. In terms of the variables w and u, we find that py, = w Zfil u;. After the
change of variables, equation (7) for w := A(p) becomes

N
(38) dyw — div </$w (G’(w)Vw — Z uzwﬁ)) =0 in Q7.
i=1

The presence of the contribution Zf;l u; in the flux prevents the higher regularity of w. We
therefore expect that the extension to the case of nontrivial external forces is a challenging
open problem.
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However, if the sum of initial fractions is constant, 3> p0/A(p%) = Cy in Q for some
Co > 0, and if the fractions are simply transported, we may replace (38) by dw —
div(kw(G'(w)Vw — Cywg)) = 0, yielding a problem which can be treated by the previous
arguments.

5.3. Other boundary conditions. The last problem that we would like to discuss is the
choice of boundary conditions. Instead of (5), we might impose the Dirichlet condition
p = po on 0 x (0,T), where py is a given function. This type of pressure boundary
condition corresponds to a free in-outflow problem. For instance, we can think of the
domain €2 as a fixed control region in a larger environment occupied by the fluid.

In formulating this problem, we realize that equations (1) are not well posed on Q. In
the absence of the impermeability condition (5), the trajectories of the characteristics are
clearly not confined to §2. In order to solve this kind of boundary-value problems, we need
a representation of the flow outside of 2. Mathematically, we need an extension operator
E which, for each velocity field given on 92, provides its extension E(v) to a larger region
Q. Moreover, as the trajectories are not confined to €2, the initial state needs to be known
in the larger region Q.

The strategy to solve the free flow problem is again to solve the equations

(39) Ow — div(kwG (w)Vw) =0 in Qr, w=G (py) on I, t >0,

with initial conditions w(0) = w? in Q. We solve the differential equations for the character-

istics in the larger domain € x (0, 7') with the extended velocity field v = E(—xG’ (w)Vw).
Since the flow is confined to a bounded region, it is natural to assume that E(v) possesses
compact support, i.e., it vanishes uniformly outside of the domain Q. B

Then, we transport the fractions via u(z,t) = u(®(0;z,t)) for x € Q and t > 0.
It is readily verified that p;(z,t) = (wu;)(x,t) solves Oyp; + div(p;v) = 0 in Q7 and
p:(0,2) = p?(x) for x € Q.

We will discuss these ideas in more detail in an upcoming publication devoted to the
optimal control of this type of flow problems.
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