CORRIGENDUM: CROSS DIFFUSION PREVENTING BLOW UP IN
THE TWO-DIMENSIONAL KELLER-SEGEL MODEL

MARCEL BRAUKHOFF, XIUQING CHEN, AND ANSGAR JUNGEL

ABSTRACT. We correct the proof of Proposition 2.1 in the paper [1]. This proposition is
used to prove the existence of global weak solutions to a Keller-Segel model with additional
cross-diffusion.

In [1], the following result has been stated.

Proposition 1 (Proposition 2.1 in [1]). Let Q@ C R? (d > 2) be a bounded domain with
00 € C% T >0, and s > 0. Furthermore, let (u.) be a sequence of nonnegative functions
satisfying

V/uell 2oz @) + lluelog we | L o0 1s0 @) + [1Ortie | Lt o 110 () < Co
for some C' > 0 independent of €. Then, up to a subsequence, as € — 0,
u. —u  strongly in L*(0,T; LY@~1(Q)).

The proof in [1] consists in showing first that u. — w strongly in L>(0,7; L*(2)) as
e — 0. However, this is generally wrong as the counter-example u.(z,t) = max{0,1—1t/e}
shows.! In the following, we give a corrected proof for Proposition 2.1.

Proof. The uniform estimate for u. implies that Vu. = 2,/u.V,/u. is uniformly bounded
in L*(0,7;L'(Q)). Thus, (u.) is bounded in L*(0,7;W'(Q)). We observe that the
embedding WH(Q) < LP(Q) is compact for all 1 < p < d/(d — 1). Moreover, if
s > d/2, the embedding H*(Q) < L¥ (), where p* = p/(p — 1), and hence LP(Q) —
(H*(Q2))* is continuous. Thus, we can apply the Aubin-Lions lemma with the spaces
WEHQ) < LP(Q) — (H*(Q))*. If 0 < s < d/2, we have (H*(Q2))* — (H¥%(Q))* and
10sue || 11 0,7 (rrer2 () < CllOstel|Lro,1y(ms ()) < CCo, and the Aubin-Lions lemma can be
applied with the spaces Wh(Q) — LP(Q) < (H¥?(Q))*. In both cases, there exists a
subsequence of (u.), which is not relabeled, such that u. — w strongly in L*(0,7; L*(9))
and also a.e. in Q x (0,7).

Let L > e be given, and set v/ = min{u., L} and w? = max{u. — L,0}. Then u. =
vE +wl. Tt holds that v2 — v* = min{u, L} a.e. and wr — w! = max{u — L, 0} a.e. with
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u = v’ +w’. Then
[ue — u”L?(o,T;Ld/(d—l)(Q)) < HUEL - UL||L2(0,T;Ld/<d—1)(Q)) + stL||L2(0,T;Ld/(d—1)(ﬂ))

+ HwL”L2(07T;Ld/(d71)(9))
(1) = ]1+IQ+_[3,
We first estimate the terms I, and [3. By the Holder’s inequality, we find that

T 2
||szL||2L2(o,T;L1(Q)) :/ </ |Vu€|dx> dt
0 {UE>L}

T 2
—o[ ([ vy
0 {ue>L}

< 4”\/u_€‘|%2(0,T;H1(Q)) ‘/ u.dx
{ue>L}

Lo°(0,T)
3
<4C? / Ue log u. dz < 4%
and
T 2 T 2
HwaLH%%o,T;Ll(Q)) :/ (/ (ue —L)dl’) dt S/ </ ugda:> dt
{ue>L} 0 {ue>L}
2 2 2
< TH/ uslogu‘s dx S Tg() S TCO )
(ue>zy  logL L(0,T) log L ~ log L
Therefore,

3/2
||wL||L2(0 TWLLQ)) < 200/ + TGy
S = (logL)'/2

A similar way, it follows that

3/2 1/2
”wLHL2(0 T 200+ T / Co
- = (log L)'

We conclude from the Sobolev imbedding W1(Q) «— L¥/(=1(Q) (d > 2) with the constant
Cd > 0 that
2C,4(2C5% + TV2Cy)

(log L)'/

For the estimate of I, we observe that, since |vf(z,t) — vf(z,t)|¥~1) < (20)¥/ (@D
and v (x,t) — vE(x,t)|Y@D — 0 ae. in Q x (0,7), the dominated convergence theo-
rem implies that [, [vX(z,t) — v"(z, )| Ddx — 0 a.e. in (0,7) and hence [[v=(-,t) —
v (-, t)|| pas@-1 @) — 0 a.e. in (0,T). Moreover,

L+ Iy < Cyllw? (| r20.mma (@) + Callw” 2.y <

[oEC,8) = vHC, Dllpan|| < 2L|QIEDETYE — O(2).
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CORRIGENDUM 3

We claim that for any L > e, there exists €y > 0 such that for all 0 < & < g, it holds that
Iy < 1/log L. Indeed, set fX(t) == |[vf(-,t) — v"(- )| pasa-1(q). Recall that fX(t) — 0
a.e. in (0,7) and || fX||r30r) < C(L). For given § > 0, there exists 7 > 0 such that

C(L)*n'/3 < 6. We deduce for any E C (0,T) such that |E| < 1 and Holder’s inequality
that

2/3
[lszwpa< ([ ifEopa) e < owpes <b
E E

which shows that (fL) is uniformly integrable. As convergence a.e. in (0,7") implies con-
vergence in measure in (0,7"), we can apply the Vitali convergence theorem to infer that
fE — 0strongly in L?(0,T) as € — 0. Thus, there exists ¢ > 0 such that for all 0 < € < &,
we have Iy = || fZ||120,r) < 1/log L. Therefore, for any L > e, there exists eo(L) > 0 such
that for all 0 < e < g¢(L), we infer from (1) that

1+ 20,2057 4+ TYV2Cy)

[[ue — UHL?(O,T;Ld/(d*l)(Q)) > (log L)1/2
Since L > e is arbitrary, this ends the proof. Il
REFERENCES

[1] S. Hittmeir and A. Jingel. Cross diffusion preventing blow up in the two-dimensional Keller-Segel
model. STAM J. Math. Anal. 43 (2011), 997-1022.

INSTITUTE FOR ANALYSIS AND SCIENTIFIC COMPUTING, VIENNA UNIVERSITY OF TECHNOLOGY,
WIEDNER HAUPTSTRASSE 8—10, 1040 WIEN, AUSTRIA
E-mail address: marcel.braukhoff@tuwien.ac.at

SCHOOL OF MATHEMATICS (ZHUHAI), SUN YAT-SEN UNIVERSITY, ZHUHAI 519082, (GUANGDONG
PROVINCE, CHINA
E-mail address: buptxchen@yahoo.com

INSTITUTE FOR ANALYSIS AND SCIENTIFIC COMPUTING, VIENNA UNIVERSITY OF TECHNOLOGY,
WIEDNER HAUPTSTRASSE 810, 1040 WIEN, AUSTRIA
E-mail address: juengel@tuwien.ac.at



