A CONVERGENT FINITE-VOLUME SCHEME FOR
NONLOCAL CROSS-DIFFUSION SYSTEMS
FOR MULTI-SPECIES POPULATIONS

ANSGAR JUNGEL, STEFAN PORTISCH, AND ANTOINE ZUREK

ABSTRACT. An implicit Euler finite-volume scheme for a nonlocal cross-diffusion system
on the one-dimensional torus, arising in population dynamics, is proposed and analyzed.
The kernels are assumed to be in detailed balance and satisfy a weak cross-diffusion
condition. The latter condition allows for negative off-diagonal coefficients and for kernels
defined by an indicator function. The scheme preserves the nonnegativity of the densities,
conservation of mass, and production of the Boltzmann and Rao entropies. The key idea
is to “translate” the entropy calculations for the continuous equations to the finite-volume
scheme, in particular to design discretizations of the mobilities, which guarantee a discrete
chain rule even in the presence of nonlocal terms. Based on this idea, the existence of
finite-volume solutions and the convergence of the scheme are proven. As a by-product, we
deduce the existence of weak solutions to the continuous cross-diffusion system. Finally,
we present some numerical experiments illustrating the behavior of the solutions to the
nonlocal and associated local models.

1. INTRODUCTION

This paper is devoted to the design and analysis of structure-preserving finite-volume
discretizations of the following one-dimensional nonlocal cross-diffusion initial-value prob-
lem:

(1) Oyu; = O (00,u; + w;0ppi(w)) in T, ¢t >0,
(2) ui(,0)=u) inT, i=1,...,n,
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where ¢ > 0 is the diffusion coefficient, T := R/Z is the one-dimensional torus of unit
measure, and p; is the nonlocal operator

(3) pi(w)(r) == azu;(x +Zam B] *uj) () = azu;(v +Z/awB] r —y)u;(y)dy,

7j=1

J#i J#Z
where a;; are some constants. The kernel functions BY : T — R are periodically extended
to R, and u = (uy, ..., u,) is the solution vector. If we define B* = ¢y, wherei € {1,...,n}

and g is the Dirac measure, we can rewrite p; as
(4) piu) = a;(BY xu;)(x).
j=1

Equations with definition and general kernels B¥ for i, = 1,...,n can be derived
from stochastic interacting particle systems in the many-particle limit [10].

We proved in [16] that the “full” nonlocal system, i.e. system (/1) and , where B # §,
are general kernels, admits global weak solutions. Our analysis was based on the fact that
this system possesses two Lyapunov functionals. More precisely, assume that there exist
numbers 7,...,m, > 0 such that the kernels BY satisfy the so-called detailed-balance
condition

ma; B (x —y) = mja;; B (y —x) fori,j=1,...,n and ae. x,y € T,

and the positive semi-definiteness condition

(5) //maUB 9z — y)vi(y)vi(z)dydr > 0 for all v;,v; € L*(T).

7,7=1

Then we proved that the Boltzmann (type) and Rao (type) entropies, respectively,

= Zn: / miu;(logu; — 1)dzx,
=33 [ [ gt~ oyt ayae

i,j=1

fulfill the following entropy dissipation inequalities:

(6) dHB +4az/m|a Ve < — Z//m%Bﬂ x — )0t () Opris () dydez,

1,j=1

(7) dHR Z/WZUz’axpz ’ dr < —o Z//WZCLUB] y)@xu](y)ﬁxul(x)dydl’,

7,7=1

and the right-hand sides are nonpositive due to (5)). The Boltzmann entropy is related
to the thermodynamic entropy of the system, and the Rao entropy is a measure of the
functional diversity of the species [21].
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While this theoretical framework was suitable to prove the existence of weak solutions,
condition is cumbersome to check in practice. In [I6l Remark 1], we proved that is
satisfied for smooth kernels like the Gaussian one, i.e. BY(x — y) = exp(—(z — y)?/2) for
i,7 =1,...,n. We also claimed that kernels B¥ of the type BY = 1g for some interval
K around the origin satisfies . This claim is in fact not true, see the counterexample in
Appendix [B]

System and , with local or nonlocal self-diffusion terms, describes the dynamics
of a population with n species, where the evolution of each species is driven by nonlocal
sensing [20]. In other words, each species has the capability to detect other species over a
spatial neighborhood, specified by the kernel B¥, and weighted by the strength of attraction
(a;; < 0) or repulsion (a;; > 0). Thus, from a modeling point of view, the case BY = 1y is
biologically meaningful. To include this case in our analysis (at the continuous or discrete
level), we propose to slightly modify the model studied in [I6] by considering instead
of ().

Fg" model 7, we impose the following assumptions. We assume that there exist
numbers 7y,...,m, > 0 such that ma;; = ma; for i,j € {1,...,n}, that B¥(—x) =
BY(x) > 0forae. .z € Tandi,j € {1,...,n} (withi # j), and that for allé,j € {1,...,n}
with ¢ < j, the matrices

i) i n — 1)ma;; BY(z
®) M(m,_Qn_D%%BW@ (n =y (D

are positive definite for a.e. * € T. In particular, we could choose some nonpositive
off-diagonal coefficients. The possibility to analyze system f with nonpositive off-
diagonal coefficients is a new and meaningful result. However, we notice that with these
assumptions, the system is only “weakly” nonlocal, in the sense that the self-diffusion
coefficients have to dominate the cross-diffusion terms.

We claim that the functionals Hg and Hpg are still entropies for system 7, where
of course now

1 — 1 & g
) = 23 / miasus(w)Pdr + 5 Y / / miaig BY (2 — y)uy(y)u() dyda.
=1

ij=1
i#j

Both functionals satisfy some entropy dissipation inequalities similar to @—@, where, if
i = j, the terms on the right-hand side are simply given by the square of the L?*(T) norm
of 0,u;. Under the above-mentioned assumptions, the entropy production term

9) Q:= Z/maii\@mui(x)\2dx + Z //maijBij(x — y)0yu;(y) Opu; () dydx

i=1 YT ij=17TYT
i#]

is nonnegative; see Lemma [I3]in Appendix[A] Therefore, at least formally, the functionals

Hp and Hp are entropies for system f. In this work, we will translate this property

to the discrete level by analyzing a two-point flux approximation finite-volume scheme for

-
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In the literature, there are some works dealing with the design and analysis of numerical
schemes for nonlocal cross-diffusion systems. The work [§] studies a positivity-preserving
one-dimensional finite-volume scheme for (1)) with n = 2 and additional local cross-diffusion
terms, with a focus on segregated steady states, but without any numerical analysis. The
convergence of this finite-volume scheme was proved in [7], still focusing on the two-species
model. A converging finite-volume scheme for a nonlocal cross-diffusion system modeling
either a food chain of three species or, when dropping the cross-diffusion, being an SIR
model, was analyzed in [I},[3]. In both models, the nonlocality comes from the dependence of
the self-diffusion coefficients on the total mass of the corresponding species. A structure-
preserving finite-volume scheme for the nonlocal Shigesada-Kawasaki-Teramoto system
was suggested and analyzed in [15]. We also mention the paper [6] for a second-order
finite-volume scheme for a nonlocal diffusion equation, which preserves the nonnegativity
and fulfills a spatially discrete entropy inequality. Related works include a Galerkin scheme
for a nonlocal diffusion equation with additive noise [19], a finite-volume discretization of
a nonlocal Lévy—Fokker—Planck equation [2], and numerical schemes for nonlocal diffusion
equations arising in image processing [I§]. Up to our knowledge, there does not exist any
numerical analysis of system f.

In this paper, we propose a finite-volume scheme which preserves the structure of equa-
tions —. Compared to [7], we allow for an arbitrary number of species, include linear
diffusion o > 0, and prove the preservation of the discrete Boltzmann and Rao entropies.
Since we need the positive definiteness of the matrix M¥(z), self-diffusion is needed in
our situation. Compared to [I5], our equations do not have a Laplacian structure, which
was used in [I5] to define the numerical scheme, and we allow for nonpositive off-diagonal
coefficients. Our main results can be sketched as follows (see Section for details):

e We prove the existence of solutions to the finite-volume scheme, which are nonneg-
ative componentwise, conserve the discrete mass, and satisfy discrete versions of
the entropy inequalities @ and @

e We show that the discrete solutions converge to a weak solution to 1’ when
the mesh size tends to zero. As a by-product, this proves the existence of a weak
solution to ([I)—(2).

e We illustrate numerically the rate of convergence (in space) in the LP-norm as well
as the rate of convergence in different metrics of the solution to the nonlocal system
towards the solution of the local one (localization limit). Moreover, we illustrate
the segregation phenomenon exhibited by the solutions to —; see [4].

The paper is organized as follows. The numerical scheme and our main results are in-
troduced in Section 2] We prove the existence of discrete solutions in Section [3], while the
proof of the convergence of the scheme is presented in Section [l In Section [5] numeri-
cal experiments are given, Appendix [A] contains some auxiliary results, and we show in
Appendix |B| that indicator kernels generally do not fulfill inequality .
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2. NOTATION AND NUMERICAL SCHEME

2.1. Notation. A uniform mesh 7 of the torus T consists of N intervals (or cells) K, of
length Az = 1/N, given by K; = (2¢_1/2, Ze+1/2) With end points z¢11/0 = ((£1/2)Az and
centers x, = (Ax for £ € G =7\ NZ. For given end time T > 0, let Ny € N and define
the time step size At = T/Nr and the time steps ¢, = kAt. A space-time discretization
of Qr := T x (0,7T) is denoted by D; it consists of the space discretization 7 of T and the
time discretization (Np, At) of (0,7).

We introduce some function spaces. The space of piecewise constant (in space) functions
is given by

V5 = {v T — R:3(v)eec CR, v(z ZWle }
teq

where 1, is the indicator function of K,. We identify the function v € V7 and the numbers
(ve)eec by writing v = (vp)seq. For ¢ € [1,00) and v € V7, we introduce the LY(T) norm,
the discrete W14(T) seminorm, and the discrete W14(T) norm by, respectively,

[l ,r =D Axlvel?, |l 7= Az

leG LeG
= [v[igr+ v

Uf—i—l - Uf

I

lv

q
1,4, 7 — 0,9, 7"

We also define the L>®(T) norm by ||v|o,c0,7 = maxeeq |ve]. Note that |[v]joq7 = [|v||La(r)
for functions v € V3. We set

Vps1 — U
D = ZHA—xZ and Dv := (Dw)sec-

We recall the definition of the space BV(T) of functions of bounded variation. A function
v € L*(T) belongs to BV(T) if its total variation TV (v), given by

TV(v) = sup { /Tv(a:)@ng(x)dx : 9 e Oy, |op(x)| <1 forallze T},

is finite. We endow the space BV(T) with the norm
|v]lBvery = vl rery + TV(v) for all v € BV(T).

In particular, it holds ||v||gv(r) = ||v||1,1,7 for any v € V7N BV(T).
For any given ¢ € [1,00), we associate to these norms a dual norm with respect to the
L?(T) inner product by

[ pp—— {\ [ v

where 1/q+ 1/¢' = 1. Then the following estimate holds for all v, w € Vr,

‘ / vwdx
T

weVr, Julligr = 1},

< [lvll-rg 7 llwligT
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We also need the space of piecewise constant (in time) functions taking values in Vz:
Np
Vp = {v T (0,T) = R 30" )emr, vy v, t) = 1(tk1,tk](t)v’f(x)},
k=1
and the discrete LP(0,T; W4(T)) norm

Nr 1/p
(ZAt||vk||71’7q77-) , where 1 < p,qg < oo, veEVp.
k=1

2.2. Numerical scheme. The initial datum is approximated by

1
(10) uf, = N u)(x)dr for t€G, i=1,...,n.
’ T K,
For given k € {1,..., Nr} and u*~! € V2, the values u* = (u},)i=1. n rec are determined
by the implicit Euler finite-volume scheme
Az k—1 % k :
(11) A_t(u’f — Ui ) + Firrip — Fim1p=0, i1=1,....n, LEG,
with the numerical fluxes
k
o Ui p41/2
(12) ]:i]feﬂ/z = —E(uﬁzﬂ - uf,z) - A—x(pf,ﬁ—&-l - Pf,e)a
where the discrete nonlocal operators are given by
n . i 1 .
(13) p'ﬁf = auuﬁg + Z Z Al‘aijBé‘y_e/u‘];[/, sz_él - A_x B j(y)dy,
j;l veG Kovr
JF#i

for all i,j = 1,...,n and ¢, ¢/ € G. We show in the proof of Lemma that pﬁe =
gy (x0) + 37, aij(BY x uf)(x) for £ € G, verifying the consistency of the discretization
of pf,.
The mobility uf +1)2 = F (ui€ b“?,e +1) is assumed to satisfy the following properties for

all ugp, wipi1:

e The function F : [0,00)? — [0, 00) is continuous and satisfies ﬁ(uw,ui,g) = U, as

well as min{w; ¢, wie1} < F(uie, wier1) < max{uge, uie1}-

e There exists ¢y > 0 such that the following discrete chain rule holds:

(14) Ui +1/2 (pz',e+1 - pi,g)(log Ui o1 — log uz‘,e) > Co(pz',z+1 - pi,é)(ui,é—i-l - UM)

Remark 1 (Examples for mobilities). Property is satisfied if u;, (we omit the su-
perindex k) is defined by the upwind approximation

(15) Uis1s = {Uz‘,Z—H if i1 —pip 20,
ir1/2 =

Ui 0 if pioy1 —pie <0,
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or by the logarithmic mean

Ui p+1 — Usp
log u; p41 — logu;

if wipr1 >0, uie >0, and w41 7 Uiy,

(16) Ualt1/2 = g if wj g1 = uie >0,
0 else.
We refer to Lemma [14] in Appendix [A] for a proof. O

Remark 2 (Symmetry of discrete kernels). Definition of By, is consistent with the
discrete analog of B?*(—z) = BY(x). Indeed, with the change of variables y — —y,

Bl - Bi()dy = — [ Bi(—y)dy = — [ BY(y)dy = BY.
Y= /K y (y)dy = /K ) (—y)dy = + /K ) (y)dy = B;

Remark 3 (Discrete derivative of the convolution). A shift of Az in definition of

B, , shows that Bé‘iz/ = Bfg+1)_(£,+1), which leads to
(17) Z(BZZHH/ = Bly)uje = Z (Bzfz+1)f(w+1)“j7é’+1 - BEJ_WUM’)
vea veG
=Y B (uje — ujp)
veG

for all ¢ € G, i,j = 1,...,n. This is the discrete analog of the rule 9,BY  u; = B"
8xuj~ O

Remark 4 (Asymptotic-preserving scheme). For j # 4, let BY = BY for some parameter
e — 0 and BY — 4, in the sense of distributions as ¢ — 0. Let p,]f; be defined as in ([13])
with B%(y) replaced by BY(y). Then, as ¢ — 0,

n

n
v = Y i (G0 % uy) (w0) =Y aijuge.

J=1 Jj=1

Thus, our numerical scheme is asymptotic preserving in the sense that the method con-
verges to a finite-volume scheme for the local system, which also preserves the nonnega-
tivity, conserves the mass, and dissipates the Boltzmann and Rao entropies. U

2.3. Main results. We impose the following hypotheses:

(H1) Domain and parameters: T is a one-dimensional torus, 7" > 0, ¢ > 0, and Qp :=
T x (0,7).

(H2) Initial datum: «® = (uf,...,u?) € L*(T;R") satisfies u) > 0 in T.

(H3) Kernels: Let BY € L>(T) for j # i be a nonnegative function satisfying B’*(z) =
B¥(—z) for a.e. z € T. There exist numbers 7y,...,m, > 0 such that ma;; = 7;a;
(detailed-balance condition), and the matrices M%, defined in (8)), are positive
definite for a.e. z € T.
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We consider the one-dimensional equations mainly for notational simplicity. In several
space dimensions d > 1, we infer uniform estimates in spaces with weaker integrability than
in one space dimension, because of Sobolev embeddings. Thanks to the positive definiteness
condition on M,” ,, we obtain a bound for u; in the discrete L*(0,7; H'(T)) norm, which
allows us to conclude together with the Rao entropy estimate, by the discrete Gagliardof
Nirenberg inequality, a bound for u; in L?***/¢(Qr), which is sufficient to estimate the
product u;0,p;(u). In the one-dimensional situation, this procedure simplifies; see Lemma
il

Our results also hold if o = 0, since the condition o > 0 provides an estimate for u; in
the discrete norm of L?(0,7; WH(T)), while the positive definiteness condition on M,” ,
allows us to conclude a stronger bound in the discrete norm of L?*(0,T; H*(T)). Notice
that kernels of the type B" = 1y satisfy Hypothesis (H3) (for suitable m; and a;;).

Condition v° € L?(T;R") in Hypothesis (H2) is needed to obtain a finite initial Rao
entropy Hp(u®). For the existence result, the assumption on the kernels can be weakened
to BY € L'(T). The boundedness condition on B in Hypothesis (H3) is needed in the
proof of the convergence of the scheme.

We introduce for a given nonnegative function u € V7 the discrete entropies

(18) Hp(u) = Z Z Azxmih(u;g), h(s) = s(logs—1),

i=1 LeG
Hr( ZZAWU%WM + = Z Z (Az)? )ma;; B Z,u] oW g,
i=1 (e ij=100cq
i#j
and the matrices
¥ Qi n — 1)ma;; B2, ) )
(19) M7, = ( R ( Jmiai B fori < j, 0,0 €@.
(n — Dmja; B, Tja;

In view of Hypothesis (H3), they are symmetric and positive definite uniformly in ¢,¢' € G,
ie. 2" M,z > cy|z|? for all z € R? and some ¢y > 0.
Our first main result is the existence of discrete solutions.

Theorem 5 (Existence of discrete solutions). Let Hypotheses (H1)-(H3) hold. Then there
exists a solution u* € VI to f for all k = 1,..., Ny, satisfying uﬁe > 0 for all

1=1,...,n, L € G and the discrete entropy inequalities
k C()At - 2 Dguf ij Dgu
o) Aol + 2L S (aa (W mi, (D
ij=14'eG J J
1<)

+ 4o At Z | (k)12 1o < Hp(Wh),

=1

2
(21) )+ Atz > Axmaf,y <p’ ”Zx pM)

i=1 LeG
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Deu ij Déu k—1
B S S (D) e (D) < mate
zj 100G J
1<J

Furthermore, the solution conserves the mass, Y ,.cAvuf, = [ud(x)dz for all i =
1,...,n, k’:l,...,NT.

This theorem is proved by solving a fixed-point problem based on a topological degree
argument, similar as in [I7]. For this, we formulate in terms of the entropy variable
w; = m; log u; and regularize the equations by adding the discrete analog of —eAw; + cw;.
The regularization ensures the coercivity in the variable w;. After transforming back to
the original variable uw; = exp(w;/m;), we obtain automatically the positivity of w; (and
nonnegativity after passing to the limit ¢ — 0). Like on the continuous level, the derivation
of the discrete entropy inequalities and relies on the detailed-balance condition
T Q5 = TG4 for all Z,j = 1, ooy n,.

For our second main result, we need to introduce some notation. We define the “di-
amond” cell of the dual mesh Ty /5 = (¢, xey1) with center x4 /2. These cells define
another partition of T. The gradient of v € Vp is then defined by

k

v — v
OPv(x,t) = Do = HIA—Q;E for v € Tyy1/2, t € (tp—1, k).

We also introduce a sequence of space-time discretizations (D, )men indexed by the mesh
size 1, = max{Az,,, At,,} satisfying n,, = 0 as m — oco. The corresponding spatial mesh
is denoted by 7, with G,, = Z \ N,,Z and the number of time steps by N7*. Finally, to
simplify the notation, we set 97 := §Pm.

Theorem 6 (Convergence of the scheme). Let Hypotheses (H1)-(H3) hold and let D,, be
a sequence of uniform space-time discretizations satisfying 1, — 0 as m — co. Let (u,,)
be the solutions to (L0)—~(13) constructed in Theorem[5. Then there exists u = (w1, ..., uy,)
satisfying u; > 0 in Qr and, up to a subsequence, as m — oo,

Ui — u;  strongly in L*(Qr),
O U, — Oyu;  weakly in L*(Qr),
and u is a weak solution to ([1))~([2)), i.e., it holds for allp; € C§(Tx[0,T)) andi=1,...,n

that
T T
/ /uiatg/}idxdt%—/u?wi(-,O)dx :/ /(J@wui + w; 0, pi(u))Opthsdadt.
0o JT T 0o JT

The proof of Theorem [f]is based on suitable estimates uniform with respect to Az, and
At,,, derived from the discrete entropy inequalites. A discrete version of the Aubin—Lions
lemma from [I4] yields the strong convergence of a subsequence of (u,,) of solutions to
f. The most technical part is the identification of the limit function as a weak

solution to 7.
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3. PROOF OF THEOREM [l

Theorem [5| is proved by induction over k = 1,..., Ny. We first regularize the problem
and prove the existence of an approximate solution by using a topological degree argument
for the fixed-point problem. The discrete entropy inequalities yield a priori estimates
independent of the approximation parameter. The deregularization limit is performed
thanks to the Bolzano—Weierstrafl theorem.

Let k € {1,..., Nr} and u*~1 € V7 satisfying uizl >0fori=1,...,n, ¢ € G be given.

3.1. Solution to a linearized regularized scheme. We prove the existence of a unique
solution to a linearized regularized problem, which allows us to define the fixed-point
operator. Let R > 0, € > 0 and define

Jp = {’LU: (wl,...,wn) GV;I—I Hwi]|17277<Rforz': 1,...,71,}.

We introduce the mapping F : Zp — R™, w — w®, where w® is the solution to the linear
regularized problem

Wi g = 2Wip + Wiy uip — ulby!
(22) —e—t A; — + 5Axwfi€ = _A$TZ’ - (]:i,ﬁ—&-l/2 — Fip-1/2),

where i = 1,...,n, ¢ € G, u; is defined by u; ; = exp(w;¢/m;), Fies1/2 is defined as in ((12))
with uj replaced by u; and pf, replaced by

n
_ E ' E ' ij
pi’g = aiiui,g + A:L’aijBefg,ujvg/.

j=lteG
J#
We claim that F is well defined. For this, we write in the form
Uip — Uy
Muw® = v, where v,y = —AwT’ — (Fieg172 — Fig—1/2)-

The matrix M € R*™™*™V ig a block diagonal matrix with entries M’ € RV*YN  which are
tridiagonal matrices such that My, = eAx + 2¢/Ax, My, , = M;,,, = —¢/Ar. We can
decompose the full system Mw® = v into the subsystems M'w; = v; for i = 1,...,n.
Since M’ is strictly diagonally dominant, there exists a unique solution to M'w; = v; and
consequently for Mw® = v by setting w® = (wf,...,w:). We infer that the mapping F is
well defined.

3.2. Continuity of F. We fix i € {1,...,n}, multiply by w5 ,, and sum over ¢ € G:

WS g — 2W5 ) + Wi,
(23) eZ(— P 1+A$wie>w§,e
leG

k-1

ui,ﬁ - ui,z c 5
=- E :Ax—At Wi — E (Fieriyz — Fio1/2)W5 -
(eG (eG
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The left-hand side can be rewritten by using discrete integration by parts (or summation
by parts):

we —wt,)) — (wf, — wt
(24) EZ( . ( 1,041 ’L,Z)Ax( i ’L,Z—l)w’ie + Ax(w’f,E)Q)

teq
e -e)2
= 52 & + o + EZ Ax(wie)Q = eljwj %,2,7"
teG teG

The first term on the right-hand side of is estimated by the Cauchy-Schwarz inequality,
taking into account that w € Zz, which implies a finite discrete L?*(T) norm for Uiy =

exp(w; ¢/m;):
‘ k—1

Z At ’

leG

< C(A)Jui — i ozrllwillozr < C(AL R)|[wf|l1z.7,

where here and in the following C' > 0, C(At, R) > 0, etc. are generic constants with values
changing from line to line. We split the second term on the right-hand side of into
two parts:

— Z(}—i,zﬂ/z — -7:1',@—1/2)’60573 = I, + I, where

eG
I =0 Z Ui o+1 — Uip Ui — Uje—1 Wt
1= — ;
Ax Ax L
leG
I u Dit+1 — Pie u Pie — Die—1 W
2 = E 412 T Wip—1/2— i 0
e/ Az -1/ Ax it
leG

For I, we use discrete integration by parts, the Cauchy-Schwarz inequality, and the fact
that w € Zg:

£ £

Uj o1 — Ui Wi g1 — Wiy

‘1—1|='—0§A:U1+A . Z+A -
x x
0eG
w w2 we 12\ 1/2
S O'(ZACC 1,0+1 3,0 ) <ZA ’ ZZ+1 'L,Z )
leG leG

= olug1 27w 127 < C(R)||w§ || 12,7

Using discrete integration by parts, and definition of p; ¢, we obtain

19
Pie+1 — Dijp Wigy1 —
o] = | — E Axuipy1) < Iy1 + Iy, where
Az Az
LeG
€ £
I — Az a (Wiop1 — Uip) (wi,Z-H - wu)
21 = E i 0+1/205
i,0+1/2Wi44 Ar Az s

leG
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n i i e
2 By v — By Wi g1 — Wiy
(Az)“u; g1 100 Wi pr
i,04+1/205; i, .
=1 440G e Az ’ Az
]: bl

J#i

]22 =

For Iy, because of the bound in Zg, we can estimate wu; ¢4/ < max{u; 41, ui s} < C(R).
Then, thanks to the Cauchy—Schwarz inequality, we obtain

Iy < C(R)ag [ui|1 o7 [wi |12 < C(R) ||wg||1,2,7-
For Iy, applying the discrete analog of the rule 9, BY % u; = BY x d,u;,

. Ui 041 — Ui pr wgg - wfe
i J ‘7 + _ j? i7 +1 2'7
122 = Az 2U‘g 1 QCL"BZJ ’ J
E E (Az) u;pq [2%i5 2 0—¢ Azr Az
J=1LleG

J#i

9

- Z E: (Ax)QUMH/ZaiJBé]J(DK'Uj)(Dewi)
j=1eleG
J#i

where we used the notation of Section 2.1} Similarly to I5;, we infer that

]22 S C(R) zn: Qi Z AZL’( Z AJTB;J;Z,DKIUj> Dgwi.

j=1  (tea veqG
J#i

Then, by the Cauchy—Schwarz inequality and the discrete convolution inequality from
Lemma [15] in Appendix [A]

n 3 25 1/2
IQQ < C(R) Z { Z Al’( Z A«TB?@/DZ’U]') } ’wi‘l,Z,’T

Jj=1 > teG ved
J#i

< C(R) Y B |lwimylush o 7lwilor < C(R)|Jwillr 27

=1

i#i
Combining these estimates, we deduce from that e||wf|1 27 < C(At, R).

We can proceed to show the continuity of F. Let (w”*)ren be such that w* — w € Zp as

k — oo and set w®* := F(w"). We have just proved that (w®*)ey is bounded with respect
to the || - ||1,2,7 norm. By the Bolzano—Weierstral theorem, there exists a subsequence (not
relabeled) such that w™* — w® in Zp as k — oo. Performing the limit & — oo in (23)),
satisfied for w**, shows that w® solves scheme with u;, = exp(w$/m;). This means
that w® = F(w) and proves the continuity of F.

3.3. Existence of a fixed point. We show that F : Zp — R™ admits a fixed point by
using a topological degree argument. We recall that the Brouwer topological degree is a
mapping deg : M — Z, where

M = {(f, Z,y): f € C°T), Z is open, bounded, y & f(@Z)};
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see [I1, Chap. 1, Theorem 3.1] for details and properties. If we show that any solution
(w®, p) € Zg x [0,1] to the fixed-point equation w® = pF (wf) satisfies (w®, p) &€ 0Zx x [0, 1]
for sufficiently large values of R > 0, then we deduce from the invariance by homotopy
that deg(l — pF, Zg,0) is invariant in p. Then, choosing p = 0, deg(I, Zg,0) = 1 and, if
p=1,deg(I — F,Zg,0) = deg(I, Zr,0) = 1. This implies that there exists w® € Zp such
that (I — F)(w®) = 0, which is the desired fixed point.

Let (w®, p) be a fixed point of w® = pF(w*). If p = 0, there is nothing to show. Therefore,
let p > 0. Then w; solves

€ € € k—1
LA 2wz’,£ T Wi uf,e —u
(25) —e—= Ay +eAzw;, = —P(AxT + Fiorrye = Fivoye
forall ¢ € G andi=1,...,n, where uf, = exp(w;,/m;), and the fluxes F7,,, , are defined

as in (12]) with uf ¢ replaced by ui,. We multiply the previous equation by Atwyg,, sum over
(€ G,i=1,...,n, and use discrete integration by parts as in (24)):

(26) eAtZHw HlQT— PZZ Al’ zz—“zz Hw 28+At(}—zé+1/2 }25,5—1/2)1”2@)-

=1 LeG
For the first term on the right-hand side, we use w;, = m;logu;, and the convexity of
h(s) = s(logs —1):
(ufe — ufz Y log Ui 2> Wi(h(uf,e) — h(u fe 1))

Recalling definition of Hp, this shows that

_PZZAx(ufl - uizl)wig < —p(”HB(ue) _ HB(uk_l)),

i=1 te@
Like in Section , we split the second term in into two parts:

(27) - PAtZ Z o2 — Fio- 1/2) w;y = I3+ 1y, where
i=1 leG
i0+1 “i, “f,é - “f,e—l
I3 = paAtZ Z ( s — Ax )wie;
i=1 LeG
pizﬂ - p?,z pf,z - pf,ﬁ—1
I = PNZ > ( Uierp— Ao Uiy A ) Wik
i=1 LeG

We use discrete integration by parts, the definition w;, = m;logu;,, and the elementary
inequality (a — b)(loga — logb) > 4(y/a — v/b)? for a, b > 0 to estimate the first term:

= —poAt Z Z MH i (W5 g1 — Wi y)

i=1 LeG
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< a0t 3 T () (05 = 4paAth DV

i=1 LeG

For the second term I, we use discrete integration by parts and w;, = m; log u7, again
as well as property (discrete chain rule):

At &
Iy = AL Z Z Wiu;ﬁ—&-l/Z(p?,Z—&—l —pio)(logus gy —logus,)
i=1 LeG
At - £ 3 g 13
< TPOOKN Z Z Ti(Piesr — D5.0) (U5 1 — U5 )

1=1 leG

Then, inserting definition of pf, and using the discrete analog of 9,BY % u; =
Bij * ax’u]’,

I4 < —pPCo—~— (141 + [42) where

Az
n
_ 5 £ \2
Iy = E E i (U5 11 — Ui )
i=1 (G
n
_ P 1%) € € € -
Iy = E , E Axmiai Byl o (U5 gy — 650) (U5 01 — U )
ij=10,L'€G
JF#i

We insert (n —1)~' >, 1 =1and 3 ,.,Az =1 (note that m(T) = 1) in I, and split
the resulting sum in two parts:

n
1
_ € e \2 5 £ \2
Iy = 1@ (U5 0y — Uz )" + n—1 Z Z Armii (U g4 = W)™
i,j=140'€G i,j=104'eG
1<j 1>]

We exchange i and j as well as ¢ and ¢ in the second term, which leads to

1 n
_ € € \2 € e \2
Iy = " — § : § : Az [ﬂ—iaii(ui,ﬂ—l—l - Uz’,e) + Tjag; (Uj,zurl - Uj,ef) }
’Lj 100eG
1<J

Similarly, we distinguish between ¢ < j and ¢ > j in I;» and exchange ¢ and j as well as ¢
and ¢ in the sum over ¢ > j, leading to

n
. i 5 IS5 5 £
Iy = g E Axmiai Byl (U500 — 05 0) (U 0 — 5 )
ij=10,L'€G
i<j

n
§ E Ji € € e €
+ AZE?T]CLﬂBe/fe(UZ’Z_H - u17£>(uj7£/+1 - ’U/j’e/>.

1,7=140'€G
1<J
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By Remark , we have BJ' )= Béj_ »- Therefore,

n

_ ij € € € €
Ly = § E Ax(mai; + mjaz) By (uj,Z’Jrl - Uj,zz')(“z‘,eﬂ - “ze)
ij=100eC
i<j

The sum of I;; and I, can be written as a quadratic form in D,u; and Dgluj with the
matrix M,” ,, defined in (19)). This shows that

pCOAt - Doug ii [ Deus
e DI ( ) M, (o) <o
2] 1¢40eG

1<j

Collecting the estimates for I3 and I, in , we deduce from the following regu-
larized discrete entropy inequality:

2

(28)  pHs( +aAtZ||w€Hm+4po—Atzm )1

1,2, 7
=1
p AL - Deu; ij (Deu; -
(n—1 zzluz:c: (Df'u§ Mie Deuj < pHp(u").
ZJ s
1<J

We proceed with the topological degree argument. We set R = 1+ (Hg(u*~')/(cAt))'/2.
Then implies that

eALY i}, < pHp(W) < Hp(uh!) = At(R — 1)* < eALR?

=1

and hence w® & 0Zg. We infer that deg(l — F, Zg,0) = 1 and consequently, F' admits a
fixed point. Note that we did not use the estimate for u in the seminorm | - |; 27 at this
point, such that ¢ = 0 is admissible here (and also in the following two subsections).

3.4. Limit ¢ — 0. There exists a constant C' > 0 such that C(s — 1) < h(s) for all s > 0.
Hence,

Cmilz(uf, — 1) < mAzh(uf,) < Hp(u') < Hp(u* )

for all £ € G, i = 1,...,n. Thus, (uj,) is bounded in ¢ and the Bolzano-Weierstraf}
theorem implies the existence of a subsequence (not relabeled) such that uf, — uf, > 0 as
e — 0. It follows from that ew;, — 0. Thus, the limit ¢ — 0 in shows that u" is

a solution to the numerical scheme f. Moreover, the limit € — 0 in leads to
the discrete entropy inequality .
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3.5. Discrete Rao entropy inequality. We prove inequality . To this end, we
multiply by Atmpﬁg and sumover f € G, i =1,...,n:

(29) Z Z Al'ﬁi(uf,e - UiZI)Pf,e + Z Z Ami(}—fe“m - E’f@q/z)pfx =0.

i=1 leG 1=1 LeCG

For the first term in , we use the definition of pﬁ P

n

Z ZAmwi(u,ﬁg — uﬁzl)pﬁz =I5+ Is, where

i=1 £eG
n
k k=1, k
I; = E E Axmiai(ugy — iy )ugy,
i=1 (eG
n
B 2 pij ok k—1y, k
Is = E E (Ax) Wzangg_zr(Ui,e Ui p )Uj,e'-
ij=100'cG
J#i

We rewrite I and Ig according to

1 — 1<
Is = 5 Z Z Aﬂ?ﬂian((Uf’;E)z — (uﬁ;l)Q) + 5 Z Z Axm;a;; (uﬁé — uf’;l)Q,

i=1 leG i=1 LeG

n
1 g
_ E : E 2 Ly k ,k k-1, k-1
ij=14L'€G
J#i

1 . _ _
+ 2 Z Z (A$)27TiaijBéj—e/ (Ufzz - “f,z 1)(“?,@/ - Uf,zfl)-
ij=10,0'eG
zjj#i

Combining the second terms in [5 and I, using similar computations as for I, in Section

, and applying Hypothesis (H3) show that the second term of 5 + I is nonnegative so
that

1 n
[5 + [6 Z 5 Z Z Aﬂfﬂ'i@ii((uif)Q - (uﬁzl)Q)

i=1 leG

n
1 g
2 i k _k k—1_ k—1
+ B E E (Az)*miai; B (wi o — ugy W pr ).
ij=100eG
JF#i

Then it holds that

n

Z Z Amﬂi(uﬁf - Uﬁf)pf,e > Hp(u") — Hp(u"h).

1=1 leG
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Now, we split the second term in (29)) again into two parts:

Z Z Ati(Flopaje = Frooaj2)Pie = Ir + Is,  where

i=1 leG
k k k
" ur, — ul
ifl+1 z,ﬁ i, i 4—1 k
I7 = —og/t E E ( - )pi€7
Ax ’
i=1 LeG
n k k k k
Io— —A¢ Z Z ok Pie+1 — Piy o Pip = Pig—1 o
g = — . : — .
. z 1,0+1/2 Az i,0—1/2 Az (N4
=1 leG

We reformulate I; by using a discrete integration by parts:

ZZ 1 iE
I; = UAtZZ + — (D1 — Ph)-

=1 LeG
Then, with similar computations as for I, in Section |3.3, we obtain
oAt & D " Du®
5 2 2 (Ae) ") g, (D) s
n — K/U Dg/uj

z] 140eG
1<J

Finally, the term I3 can be rewritten as

n k k n
Pigr1 — Piy 2
18 = Atzz%zuie+l/2l—x<])iz+l _pf:,f) = AtzZWZAm‘<uie+l/2)l/2D€pf} .

i=1 LeG i=1 leG

Hence, we infer from that

Hr(uF) + At Z Z mAzL" (U,ﬁ£+1/2)1/2Dgpf|2

i=1 LeG
T
DguéC i 7 Dguk _
Ml] , 7 < k—1
RS S e (pe) it (D) < et
Z] 100eG J J
1<J

which proves .

Finally, conservation of mass follows from summing over { € G and observing that
the sum over the numerical fluxes vanishes. This ends the proof of Theorem [5]

4. PROOF OF THEOREM

To prove the convergence of the scheme, we derive first some uniform estimates and then
apply a discrete Aubin—Lions compactness lemma.
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4.1. Uniform estimates. Let (u,,)men be a sequence of finite-volume solutions to —
(13) associated to the mesh D,, and constructed in Theorem The conservation of
mass and the discrete entropy inequalities and show that, after summing over
k=1,...,Nm,

Np!
(30) cmax b g, + 3 Atll() 2oy, SC i1,

where C' > 0 denotes here and in the following a constant independent of the mesh size
Nm = max{Aw,,, At,}, but possibly depending on u? and T. Because of the positive
definiteness of M,” ,, we conclude a bound for uf in the norm | - ||12.7,.

Lemma 7. Let the assumptions of Theorem[f] hold. Then there exists C > 0 independent
of M (but depending on the positive definite constant cyr) such that for all m € N, 1 =
1,...,n,

Ng
(31) > Ataluflf o, < C.
k=1

Proof. We infer from that

‘o ZN?L Z” > o (Dad\" - [ Dok .
k=1 ij=16,'€Gm J J
1<)

Since M, gj_ » 1s positive definite with constant c;; > 0,

n T
Co o [ Deul ;i Deuf
Y S e () e (e

ij=1£,0/€Cm
1<J
CACo
2 53 3 (P (Dadf + Do)
L e
1<)
n n
= CprCo Z Z Az|Doul|? + carco Z Z A:L‘|Dg/u§“'|2
i=1 (€Gm j=1 €Cm
n
= 2CMCOZ Z Ax|DgUf|2
i=1 LeGm

Together with the first bound in , this finishes the proof. O



A CONVERGENT FINITE-VOLUME SCHEME 19

Lemma 8. Let the assumptions of Theorem [0 hold. Then there exists a constant C > 0
independent of 1, (but depending on o) such that for allm e N, i =1,... n,

Ny N
S At bR 1, + Y At |E i, < C
k=1 k=1

Moreover, there exists another constant, still denoted by C' > 0 and independent of 1,
such that

(32) ZAt ’P 127, <C

Proof. As m(T) = 1, thanks to the Cauchy—Schwarz inequality,

ufla 7, = Z |“i‘€,e+1 - “i‘c,e’ < ufhi27,-

LeGm
Using , this shows that
N N
D Atwlfl iz, <2 Atw(luf5.7, + i)
k=1 k=1
N'rn
<2T 2y A < C(u°,T).
> k:fl?%vm Hu HOle + ; tm|u 1,2,7m = Cu”,T)
To show the discrete L>(T) bound, we apply the continuity of the embedding BV(T) —
L*>(T) (in one space dimension). We conclude that, for i = 1,...,n,

ZAtmllukHoOon =< Czﬁtmllukllgv m =0 Atu|uf|}, 7, < CW,T).
k=1

For the last part, we estimate

=Y Az,

LeGm

pz €+1 plf
Axm

Z

i i 2
B€+1 ‘ BE 4

n
E g Az, 0, - Lk,
my) Axm 7,0

< Ca|uf |12Tm+0 Z Az,

LEGm =10 eGm
JFi
n k 2
g/ 0
< Clug t2m, TC E :Axm E : § : Axm@lJBéjz’jA—]
x
G J=1 G
J#i
n 2
ij k
< Oluf? 127, +C E Az, 5 E Azpaij Byl Deu;
LeGm j=10eGn

JF
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Then we deduce .from the elementary ipquality (Z?:.l’#i a;)?> < (n—1)3", . af for
a; € R and the discrete Young convolution inequality in Lemma [I5] that
n 2
Z Az, Z Z A./L‘maiszie/Dflu‘l;
ZGGm .7:1 Z/eGm
J#i
n B 2 n N
STUREID D) DR (D SRR REIc) ol LA AN
Jj=1LeGm eGm j=1
J#1 J#i
Summing over k, we infer that
N7
> Ml {305 Ml + > (11 3 sl )} <0
k=1 i=1 k=1
J?él
where we used Lemma [8 for the last inequality. At this point, we need the discrete
L*(0,T; H(T)) bound of (uy,;). This ends the proof. O

Next, we show a uniform bound for the discrete time derivative.

Lemma 9. Let the assumptions of Theorem [0 hold. Then there exists C > 0 independent
of Mm such that for allm e N, i=1,... n,

ZAt

Proof. Let ¢ = (¢¢)eec,, € V7,
over { € G,,, and use discrete integration by parts:

k k—14/3

U

< C.

—1,2,Tm

= 1. We multiply by ¢y, sum

m

e L+1 ]'fe wi = Uiy
A U; _ i Uy %, i 0—
) Y an g 3 (Mt Mt
G, 0€Gm,
e k
pz,€+1 - pz’,e k Pie — Pip-1
+z§ < Uier12 T A g T2 A )@
uF i k
z£+1 Ui g Gr1 — Do k Piey1 — Pig Qo1 — Po
= —0 E Az, : — Ax,,u : :
e Az, eeZG: M Aay, A
= Ig + [10.
By the Cauchy—-Schwarz inequality,
k 1/2 _ ( )1/2 .
ko\1/2 kv | (Wie) Ger1 — Qo
[y <o Z Axm((ui,é—l—l) + (uy'y) ) Az Az

LeGm

<2‘7H( )UZHOoon’( )1/2’1,2,Tm‘¢|1,27m'
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Furthermore, using (uﬁ£+1/2)1/2 < maux{(uf;e)l/2 (ul +1)1/2} < ||(u )1/2H07007Tm,

Il < A k /2], k 1/2pz',€+1 _ pﬁz Per1 — Gr
[ 10| < é; xm|(ui,€+l/2) | (ui,€+1/2> Az, Az,
PE ey — pE 12\ 2
it+1 — P,
S O S A e D Rt

LeGm

Applying the elementary inequality (a+b)" < C'(a”"+0b") for all a,b > 0 and r > 1, inserting
the previous estimates into , and using Holder’s inequality, we find that

T uk — k13 N7 k 1 (4/3
ZAtm AL | :ZAtm sup B ZAaf;m T £ by
k=1 1,2, Tm k=1 lél1,2, 75 e
4/3 4/3
<OZAt R [ 9 e
ko ok 2y 2/3
RO SSIMILTIEN  opes AR
0€Gm Lm
2/3
(zmmu Wrrwm) (me\ 0", )
k k12N 2/3
C At 1 /2 At A 1/2Pier1 — Pig /
+ Z ml| (u Ho,oo,Tm Z Z T |( ze+1/2) Ar
LeEGm, m
< O ,T),

and the last bound follows from Lemma and the discrete Rao entropy inequality . U

4.2. Compactness. We claim now that the estimates from Lemmas [§ and [9] are sufficient
to conclude the relative compactness of (u;,)men. In fact, the result follows from the
discrete Aubin-Lions lemma [I4, Theorem 3.4] if the following two properties are satisfied:

e For any (v )men C V7, such that sup,,cy ||Vmll12,7,, < C for some C' > 0, there
exists v € L*(T) satisfing, up to a subsequence, v,, — v strongly in L?*(T). This
property follows from [I3, Theorem 14.1].

e If v,, — v strongly in L*(T) and ||v,|-127, — 0 as m — oo, then v = 0. This
property can be replaced by the condition that || - ||127, and || - [[-12.7, are dual
norms with respect to the L?(T) norm, which is the case [I4, Remark 6]. A more
detailed proof can be found in [I7, Prop. 10].

Hence, it follows from [I4, Theorem 3.4] that there exists a subsequence, which is not
relabeled, such that

Ui — u;  strongly in L'(0,T; L*(T)) as m — oo.
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Let us now adapt in our case the Gagliardo—Nirenberg inequality. Let £ = 1,..., N} be
fixed. We first apply Lemma [16| with s = p = 2:

1/2 1/2
ik, o7, < Clluk 157, b, illo/s -
Then it follows from the Holder inequality
2/3 2/3 1/3
b allosrm, < Nk, slo 72 1k ) o g, = Nk, 152 7. Ik, s 7.,
that
1/3 2/3
I, illosm, < Cliuk, V57, b, 05
Therefore,
NT NT
ZAt’mHumz”OﬁTm S C maX ||uml ZAtm Humz”l 2, Tm*
k=1 k=1

Recalling estimates and , we conclude that (¢, ;)men is uniformly bounded in
L5(T). The convergence dominated theorem implies that, up to a subsequence, for every
p <6,

Um; — u;  strongly in LP(Qr) as m — oo.

Lemma [§ implies that the sequence of discrete derivatives (07"t ;)men is bounded in
L*(Qr). Thus, there exists a subsequence (not relabeled) such that 07 u,,; — v; weakly in
L*(Qr), and the proof of [9, Lemma 4.4] allows us to identify v; = d,u;.

Lemma 10. The following convergences hold, up to subsequences, as m — oo,

Pmi — pi(u)  strongly in LQ(QT),
OuPmi — Oupi(u)  weakly in L*(Qr), i=1,...,n.

Proof. We follow the strategy of [15, Corollary 14]. First, we rewrite pﬁ , defined in .
By a change of variables, we have

o=t 30 3 oo [ B0 )b
K,y

j=1 £€Cn,
j#
zg o k
a”umM+E E am/ B (g — 2)u,, ;(2)dz
j=1 0'€Gm Ky
J#i

= am‘ufmi(l’g) + Z Qjj; (BU * u];n7j)($£).

Jj=1
JF
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We introduce the piecewise constant function Q% by setting Q% := (BY x uy, ;)(x,) in K

for ¢ € G,,,. Then

n
pi(w) = i = @ii(wi — Umy) + Z aij(BY x uj — Q).
j=1
JFi
Since we know that u; — u,,; — 0 strongly in L?(Qr), it is sufficient to prove that BY x
u; — Q% — 0 strongly in L*(Qr). For this, we write

(BY s uj — Q) (x,t) = BY # (u; — ) (x, 1) + /T(B”(x —y) = B (¢ = y))tm i (y, )dy.

By Young’s convolution inequality, we have
1B 5 (5 = ttmg)l|z2@r) < I1BY lwremyllug — wm.gllz2ior) = 0-
Setting &(z,y) = BY(x — y) — BY(x, —y) for x € Ky, and y € T, we estimate

‘ Aé(-,y)um,j(y,t)dy

Since (um, ;) is bounded in L*(Qr), it remains to verify that the first factor converges to
zero as Aw,, — 0. This follows from the density of continuous functions in L*(T). Indeed,
let € > 0 and BY be continuous such that ||BY — B"| 2y < €. Then

sup ||BY(z+ ) — B2y < sup ||BY(z+-) — BZ(z 4 )| 12m)

2
< / €, ) Zamy s 220
L2(Qr) T

< s BG4 = B ol

|z| <Az |z| <Az,
ey 1BZ (2 + ) = BY | z2qny + 1B = BY |12y
z| <Az
<2+ sup [|BI(2+) = BY||r2m).
|z|<Azm

The last term is smaller than ¢ if we choose Az, sufficiently small. We have shown that
SUD |, <Ag,, |1B7(2 + ) = BY||Z2p) — 0 as m — oo and BY % u; — Q) — 0 strongly in
L?(Q7). This proves the first part of the lemma.

Thanks to (32)), we have shown that (07'pp,i)men is bounded in L?(Qr). Hence, up
to a subsequence, 97'p,,; — z weakly in L*(Q7). The first part of the proof shows that
z = 0yp;(u), finishing the proof. O

4.3. Convergence of the scheme. We show that the limit v = (uq, ..., u,) of the finite-
volume solutions is a weak solution to (I)-(2). Let i € {1,...,n} be fixed, let ¢; € C§5°(T x
[0,7")) be given, and let 1, = max{Ax,,, At,,}. We set wffg := 1 (xy, tx) and multiply
by Atmwﬁzl and sum over ¢ € G, k= 1,..., Ni*. This yields FI" + F}" + Fi* = 0, where

Nt
m_ k k—1y, k-1
F" = E E Axm(ui,z_ui,e ) WA

k=1 0eGm
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Nyt k k k k
m Z Z Uippr — Uip  Uip — Uip 1\ 1
k=1 eGm m m
N’VTL
T k k k k
Fmo— At k Pigy1 — Pig k Pie = Pie—1\ ,p_1
3 = = E m § : Ui pt1/2 T Ar. Ui 12 T Ar. wi,ﬁ :
k=1 0€Gm, m m

Furthermore, we introduce the terms

T
0 T T

T
Fy = 0'/ /agnum,iﬁxl/}idxdt,
T

T
0 T

Lemma 11. Let the assumptions of Theorem [0 hold. Then it holds that, as m — oo,
T
(34) Fit — —/ /uiat@/Jid:Edt—/u?(m)@/}i(x,O)dx
0o JT T
T
(35) i — cr/ /Bxuiﬁx@bidxdt,
0 JT

T
(36) F3y —>/ /uiaxpi(u)ax@/zid:pdt.
o JT

Proof. The strong convergence of (wy,;)men and the weak convergence of (07U i)men In
L*(Qr) as well as the fact that uml(:c 0) Aa:m fK 2)dz for v € Ky and ( € G

immediately show convergences and It remains to verlfy . We know from
Lemma u that 07 py,i — Oupi(u ) weakly in LZ(QT) Since w,,; — u; strongly in L*(Qr),
this implies that

Ui O Dy — u0ppi(u)  weakly in LY(Qr).
In fact, since ui,ﬁa;”pm,i is uniformly bounded in L*(Qr) and uiﬁ is uniformly bounded in
L>(0,T; L*(T)), this weak convergence even holds in L?(0,T; L*/3(T)). This proves
and ends the proof. O
Lemma 12. Let the assumptions of Theorem [ hold. Then it holds that, as m — oo,
Fig—F" =0, Fy—-F"—=0, FIj—F"—=0.
The lemma implies that
g+ Fog + Fag = (Fg — F7°) + (B — B5°) + (B — B5") + (BT + 15" + f3")
= (Fi5 — F")+ (Fog — F3") + (F35 — F3") = 0 as m — oo.

Therefore, thanks to Lemma [11] we conclude that u = (ui, ..., u,) is a weak solution to
f. This finishes the proof of Theorem |§| once Lemma [12|is proved.
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Proof of Lemma[13. The limit FJ% — F™ — 0 is shown in [0, Theorem 5.2]. For the
convergence of Fjfj — FQm, we use discrete integration by parts:

z “ke

Wi pv1 il k=1 k-1

—UE:At E N (i,é—l—l_ u)
m

LeGm,
Z Z vert gl i0+1 —uf il ¢z2+1 ze g
=0 Al‘m .CL’ y
k=1 €€Gpm
241 u
F%ZUZZ/ / 2Z+1 1Z $’¢)ld$dt

k=1 LeGm

By the mean-value theorem,

ty 1 Tog1 k_l — k_l
3,0+1 3,0
Tl Tt xwi) dmdt‘ < CAtiim.
‘/tk Az, /W ( Az,

/ \/U-H( zZ_—l-l zZ _ x¢l) i0+1 zﬁd dt‘

This shows that, as m — oo,

|Fy F53|<UZZ

k=1 (G
N7
< Oy ZAt D ke —u = Cn Y Aby|uflia g, =0,
(G h=1

where we used the uniform discrete L2(0,T; W!(T)) bound from Lemma (8]
It remains to prove that |F3j — Fi*| — 0. First, using a discrete integration by parts we
rewrite F3" as well as Fi;

pzz+1 sz _
553 [ dbean P e - vt

k=1 ¢eGm

" e gl — ok
T 90 o) ¢ T

k=1 ¢eGm

Te4+1 p — pk
k i0+1 a0
+/ ui,Z—f—l Taﬂﬁq/}ldw
Te41/2 m

Then we find that

Np' k k
k g \Pig+1 — Pig
E E (Uz‘,e+1/2 - UM)—A:U
m

k=1 £eGm

t k=1 _ k=1 Tyy)2
x/ (—Z’[H il —/ 8x¢i($)dz)dt
te—1 2 Ty

B3 — Fyl =
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Np' k k
k k Pigs1 — Pig
+ E E (Uz‘,e+1/2 - Uz’,e+1)—A$
k=1 LG, m

tr k=1 k-1 To41
></ (M—/ 8x¢i(a:)dx>dt‘,
th—1 2 Te41/2

Thanks to the regularity of ¢;, there exists a constant C' independent of 7,, such that
k—1

th {c—l — )y To41/2
th—1

Ty

We obtain a similar expression if we integrate 0,1; over (s /2 Zpy1). Thus, since

‘uﬁ€+1/2 - “?,12 < |Ui‘€,e+1 - Ufz| and
‘ui€+1/2 - Uf,eﬂl < |Ufe - “ﬁe+1|,

we have

Np!
By — Fip| <200, > Aty Y |ufeyy — uly||Depf]
k=1 LeGm

n Np!
< zcnm(z a0 Y At 7,
k=1

=1
n_ Np' 3 g
£20S At 3 i — il (B — Bkl )
j=1 k=1 00 EG,
J#i

It follows for j € {1,...,n} with j # 4, using the discrete analog of 0,B" % u; =
BY % Q,u;, that

max ( > lay(Bi_y - Béj—é’)uj,ﬁ/‘) = max <EGZG Azp|aij|| By ||Deu; |>
< ag || B oo my [l 11,75, -

At this point, we need the regularity condition B € L*(T) from Hypothesis (H3). Hence,
it holds that

n N N7 n
EP — F| < 20, ( SN At oy, £ 3 At S |u§|1,1,7m).
k=1 7j=1

i=1 k=1 =
JFi

It remains to apply the Cauchy—Schwarz inequality to conclude that

n N’
77 = £ < 200, 35 Atulud s,

1=1 k=1
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n Np 1/2 , N7 1/2
+ Y (LAt tir) (AR ) |

j;l' k=1 k=1

JF

Finally, we infer from Lemma [§| that |F3* — Fjj| — 0 as m — oo. Here, we need the
discrete L?(0,T; H'(T)) bound for u;, at least of a; > 0. This concludes the proof of
Lemma [2 O

5. NUMERICAL EXPERIMENTS

In this section, we present several numerical experiments to illustrate the behavior of
the scheme. The scheme was implemented in one space dimension using Matlab. In all the
subsequent numerical tests, we choose the upwind mobility . The code is available at
https://gitlab.tuwien.ac.at/asc/nonlocal-crossdiff. Our code is an adaptation
of that one developed in [I5] for the approximation of the nonlocal SKT system. We refer
the reader to [I5], Section 6.1] for a complete presentation of the different methods used to
implement the scheme.

5.1. Test case 1. Rate of convergence in space for various L”-norms, convolution
kernels, and initial data. We investigate the rate of convergence in space of the scheme
at final time 7" = 1. In all test cases of this section, we consider n = 2 species, ¢ = 107%,
the coefficient matrix A = (a;j)1<; j<2 given by

0.1251 0.25
=7 F),

and m; = 4, mo = 1. We consider various initial data and kernels. More precisely, we choose

(37) w) () = Lpjagm (@),  un(x) = Lo aya(2) + Lpgjan(2),
(38) ul(z) = cos (2mx) + 1, ud(x) = sin 27z — 7/2) + 1,
(39) ul(z) = max (1 — |1 —22[,0), uy(z) = max (1 — 2|z|,0)
and the kernels

(40) BU<Z) = 1[_0'370'3](2’),

(41) BY(z) = 2max (1 — |2]/0.3,0)

(42) BY(z) = exp (—|z|?/2e?) /V2me?, e =107°.

First, we consider a mesh of N;,; = 32 cells and the time step size At;,;; = 1/64. Then,
starting from this initial mesh, we refine the mesh in space by doubling the number of cells
and halving the time step size, i.e. Nyeyw = 2Ng1q and Atpey = Atoq/2. This refinement of
the meshes is in agreement with the first-order convergence rate of the Euler discretization
in time and the expected first-order convergence rate in space of the scheme, due to the
choice of the upwind mobility in the numerical fluxes. As exact solutions to system ([I))-
are not explicitly known, we refine the mesh in space and time until Ng,q = 2048
and Ate,q = 1/4096, and we consider the solutions of the scheme obtained for Ne,q and
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Kernel — ‘
Indicator Triangle (41]) Gaussian ([42))
Initial Data | ‘
Testcase 13 Testcase 16 Testcase 19
L'-order: 1.1741 L'-order: 1.1741 L'-order: 1.0109
&) L'-error: 9.76-10"*| L'-error: 9.76-10"* | L'-error: 3.20-1073
L*>-order: 1.14 L>-order: 1.1331 L>-order: 0.98437
L>-error: 1.49-1073 | L>®-error: 1.68-10"% | L*®-error: 2.45-1072
Testcase 14 Testcase 17 Testcase 20
L'-order: 1.0948 L'-order: 1.0336 L'-order: 0.93381
B9) L'-error: 1.81-107°| L'-error: 2.78-107° L'-error: 2.35-1073
L*>-order: 1.0486 L*>-order: 1.0092 L>-order: 0.91831
L>-error: 4.73-107° | L>®-error: 8.57-107° | L*®-error: 8.87-1073
Testcase 15 Testcase 18 Testcase 21
L'-order: 0.97752 L'-order: 0.97495 L'-order: 0.9611
59) L'-error: 6.39-107°| L'-error: 5.35-107° L'-error: 9.27-1074
L*>-order: 0.99787 L*>-order: 0.99741 L>-order: 0.9761
L>-error: 1.74-107*| L*®-error: 11.48-10"*| L*®-error: 3.69-1073

TABLE 1. Orders of convergence in the L' and L* norms in space at final
time T' = 1 for different kernels and initial data.

Ateng as reference solutions. The error is computed between the reference solutions and
the solutions obtained for N = 1024 cells and At = 1/2048 at final time 7' = 1. Finally,
using linear regression in logarithmic scale, we present in Table [1| the experimental order
of convergence in the L' and L*>-norms. As expected, we observe a rate of convergence
around one. In Table [1, the numbers in bold letters denote the number of the test case
available in our code (see the file load Testcase.m).

5.2. Test case 2. Rate of convergence of the localization limit in various metrics.
In the second test case, following [15], we evaluate numerically the rate of convergence of
the localization limit. More precisely, for some sequences of kernels converging towards the
Dirac measure 9y, we compute the rate of convergence in different metrics of the solutions
to scheme (10)—(13)) towards its local version, i.e. BY = §y for all i,j = 1,...,n. At the
continuous level, one can show by adapting the approach of [16] that the localization limit
holds thanks to a compactness method; see also [12] for the SKT system. However, so far
no explicit rate of convergence is available. The goal of this numerical test is to obtain a
better insight into this rate of convergence. Besides, it also illustrates Remark
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We consider the following parameters (for all 6 test cases of this section): n = 3 species,
diffusion parameter o = 107%, coefficient matrix

0.5 0.2 0.125
A=|04 1 02 |,
025 02 1

and m; = 4, my = 2, w3 = 2. We choose the final time 7' = 1, a mesh of N = 512 cells, and
the time step size At = 1073, Furthermore, we take the nonsmooth initial data

(43) ui(x) = Lpges/e)(x),  un(x) = Lpoase () + Lo (@),  uz(x) = Lpses/e (@),
and the smooth initial data
(44) ul(r) = cos (27z) + 1, ud(x) = sin (27z) + 1,

uy(x) = (cos (2rx) + sin (27z) + 2) /2.

The kernels are choosen according to

(45) BY(2) = 11_aa(2)/2e,
(46) BiJ(z) = max (1 — |#]/a, 0) /a,

(47) BY(z) = exp (—|z|*/2a”) /V2ra?.

In our experiments, starting from oy, = 2°Az, we successively halve a until we reach
a = Ax. For each value of o we compute the solutions to the nonlocal scheme f
at final time. We evaluate the L!, L, and Wasserstein distance W; between the solution
to the nonlocal scheme and the solution to the local one (for this, it is enough to set
a = 0 in our code). Since we are in one space dimension, we can explicitly compute the
Wasserstein distance Wy; see [22) Chapter 2|. The rates of convergence are estimated by
linear regression (in log scale) and the results are presented in Table . Surprisingly, we
observe a slightly better rate of convergence in the case of nonsmooth initial data. As
before, in Table [2| the names in bold letters denote the name of the test case available in
our code (see the file loadTestcase.m).

5.3. Test case 3. Segregation phenomenon. In the last numerical experiment, we set
o = 0. Under the assumptions n = 2 species, a;; = 1, and BY = ¢, for i,j = 1,2, it has
been shown in [4] that if the initial data are segregated (initial data with disjoint supports)
then the solutions remain segregated for all time. The main goal of this subsection is to
illustrate the segregation pattern due to the nonlocal terms, i.e. BY # §,. Let us notice
that in the subsequent test cases, Hypothesis (H3) is never satisfied. However, we did not
encounter any numerical issues with our code.

We launched the code for a mesh of 512 cells and the time step size At = 10~*. In the
case of n = 2 species, we considered the initial data

u(l)(x) = 1(0.1,04) (), Ug(iU) = 1[0.6,0.8](35),

while for n = 3 species, we have taken

u(z) = Lpos06(x), ud(®) =1pseg(®), us(@)=1p.102(2)



30 A. JUNGEL, S. PORTISCH, AND A. ZUREK

Kernel —

(#3) (46) (147)

Initial Data |

Testcase NLTL2 | Testcase NLTL4 | Testcase NLTL6
L'-order: 1.8280 | L'-order: 1.8709 | L'-order: 1.7386
L>-order: 1.8271 | L*°-order: 1.8698 | L*°-order: 1.7379
Wi-order: 1.8306 | Wi-order: 1.8724 | Wi-order: 1.7426
Testcase NLTL3 | Testcase NLTL5 | Testcase NLTL7
L'-order: 1.7430 | L'-order: 1.8240 | L'-order: 1.5991
smooth L>®-order: 1.7462 | L®-order: 1.8261 | L®-order: 1.6038
Wi-order: 1.7451 | Wi-order: 1.8252 | Wi-order: 1.6023

nonsmooth (43

TABLE 2. Rates of convergence of the localization limit in the L!, L> and
W, metric for different initial data and kernels.

In both cases, we set a;; =1 for all ¢,5 =1,...,n.
In Figures [I] and 2, we present the segregation pattern at time ¢ = 0.02 and t = 0.2
obtained for the local model, BY = §,, and the nonlocal model with

Bij(z) =100 - 1[_0_1,0.1}(Z)~

For small times, the support of the species extends until reaching the support of another
species. In the local model, the species slightly mix (due to numerical diffusion), while we
observe a “gap” between the supports of the solutions in the nonlocal model. This “gap”
is of order 0.1 which is the size of the radius of the kernels B¥. Similar numerical results
have been observed in [7, Section 6] but using different kernel functions and two species

only.

APPENDIX A. SOME AUXILIARY RESULTS

Lemma 13. Under Hypothesis (H3), the entropy dissipation Q, defined in @D, 1S NONnNeg-
ative.

Proof. We follow the approach of [12] and write Q = Q1 + - - - + @3, where

1 - 1 -
Q1 = Z 4/T7Tian|(3xuz'($)|2d$+m Z '/Tﬂiaiimxui(y)ley?

n—1. |
1,7=1,1<j 1,J=1,1>j

Qo = Z /T/TmaijB"j(x—y)@xuj(y)axui(x)dydx,

i,j=1,i<j

Q= ) ‘/E/Tﬂ-ia’ijBij(l’_y)axuj(y>axui(x)dydl’.

4,j=1,1>j
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Solutions ul and u2 at time t = 0.02 Solutions ul and u2 at time t = 0.02
0.7 T T T T 0.8 T T T T
——ul —ul
0.6 ----u2 0.7 ----u2
“m ’r T
0.6 i N
0.5 . |
-7 \\\ 0.5 \' AN -
0.4 " | .
'
\ 0.4 | A
\ : |
0.3 N ! !
N 0.3 ! | ]
\ | i
0.2 N | !
N 0.2 | ! 1
| | |
! 1
0-1 0.1 J !
! |
I ! I
0 I I I I I 0 I | I I !
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1
Solutions ul and u2 at time t = 0.2 Solution ul and u2 at time t = 0.2
0.6 T T T T 0.7 T T T T
——ul
-2 -
o 0.6 |- | !
T T s I
!
: :
0.5 - . !
! 1
| I
0.4 ! |
: :
I
0.3 : | H
‘ |
! 1
021 1 | %
i !
! |
0.1 ul | | H
I
----u2 | !
0 I I ] I I 0 I | : I I !
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1

FiGure 1. Comparison of the segregation pattern for two species at times
t = 0.02 (top) and t = 0.2 (bottom) obtained from the local model (left)
and nonlocal model (right). The solutions are almost in the steady state at
t=0.2.

Exchanging 7 and j in the second integral of (); and using m(T) = 1, we have

Exchanging ¢ and j as well as x and y in Q3 gives

Q1=

1 n
n—1 Z

i,j=1,i<j

>

i,4=1,i<j

1,j=1,1<j

Qs =

/T/T(maii|8xui(x)|2dx+7Tjajj|8xuj(y)]2)dyd:c.

//WjajiBji(y — 2)0,u;(y)Opu; (z)dyde
JrJr

//WjajiBij(x_y)axuj(y>axui(x)dydx’
JrJT

31
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Solutions ul, u2 and u3 at time t = 0.02 Solutions ul, u2 and u3 at time t = 0.02
0.4 T T T T 0.5 T T T T
0.35 | PN !
\ 0.4 : ‘
’ \ . [~ L
0.3 ] | |
L | !
0.25 03l : .
0.2 - .
|
, '
0.15 - 4 02r ! Dl
I
0.1} . ! l
ul 0.1 | ul | |
0.05 |- - u2 | T o)
| ! u3 | u3
0 i I I I | I 0 I I I ! :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Solutions ul, u2 and u3 at time t = 0.2 Solution(s) ul, u2 and u3 at time t = 0.2
0.4 T T T T 0.5 T T T T
ul
0.35 |~ ----u2 ||
u3 jmmmm - ]
77777 0.4 1 !
0.3 I T ! |
“ 1
0.25 |/ 1 osl | L
| i |
0.2 |7 .
! | |
| L | N
0.15 |1 4 02 | |
|
0.1 fh |
\
! 0.1~ ‘ w1
0.05 |t N | ---u2
\ I ! u3 |
0 L L L ! L 0 L L L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

F1GURE 2. Comparison of the segregation patterns for three species at times
t =0.02 (top) and t = 0.2 (bottom) obtained from the local model (left) and
nonlocal model (right). The solutions are almost in the steady state at
t=0.2.

We collect these expressions to obtain

a u] y axuj(y) -
z] 1,1<y
where M% is defined in (8)), and the last inequality follows from Hypothesis (H3). O

Lemma 14. The upwind approximation and the logarithmic mean satisfy prop-
erty of the mobilities u; .

Proof. The proof is based on the following inequalities for the logarithmic mean:

a

—b
4 _ae-v
(48) min{a, b} < oga

oz b < max{a,b} forall a,b>0.
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They imply the linear growth wu; 41/ < max{u; ¢, u; ¢+1} for the logarithmic mean, which
also holds, by definition, for the upwind approximation. We show that property is
satisfied for the upwind approximation . Let pi¢+1 — piy > 0. Then, by ,
Uz‘,e+1/2(27z‘,£+1 - pu)(log Ui 041 — log Ui,e) = ui,€+1(pi,£+1 - pi,@)(IOg Ui 041 — log Ui,z)
> (Digs+1 — Pie) (Wip1 — Uip).
On the other hand, if p; o411 — piy < 0, again by ,
ui,€+1/2(pi,£+1 - pi,z)(log Ui o+1 — log Ui,z) = ui,€<pi,£+l - pi,e)(log Ujp4+1 — log Ui,e)
> (Pig+1 — Pie) (W1 — Uig)-

Property follows immediately after inserting definition of the logarithmic mean.
This ends the proof. O

Lemma 15 (Discrete Young convolution inequality). Let 1 < p,q < oo and 1 < r < 0o be
such that 1+ 1/r = 1/p +1/q and let B € LP(T) and v = (v¢)eeq € V7. Furthermore, let
Be_p = (Ax)~ fK B y)dy for every £ and ' € G. Then

<Z Ax Z AZ‘B@,[/ Vyr '

teG red
Proof. First, let ¢ € G be fixed. Then

Z Ang_g/Ugl

eG

1/r
) < Bl lltlloar

1r r—p)/r r—q)/r
< S Aw(|BeePloe|) " | Beop| TP ug | 007
eG

Thanks to the assumption 1 = 1/p 4+ 1/q — 1/r, we can apply Holder’s inequality with
exponents r, pr/(r — p), and gr/(r — q) to obtain

1r (r—p)/pr
Z AI’BZ_EIU@ S < Z A$|B[_g/|p|vgl|q) ( Z A$|Bg_g/|p)

e, teG vea
(r—a)/qr
X ( Z Aaz‘]wl!q>
VeG
1/r
- (Z A:);|Bg_g/|p|w/|q) HBHo?:p Q/TH ”01:(1 $/T'
vea

Then, taking the exponent r and summing over ¢ € G,

r
> Az Y AzBegvp| < HBHo,pTHUHOqT(ZA$ZA$|B£ e/lp\’w/\q)
e ved reG ved
< HBHWHUHW(ZAw\w " AslB, \)
ved e
< 1Bl ol ol B - = 1Bl ol
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[ s < ([ mwra)([ 2£)

IBIG,r < D Az 5
leG leG

<3 [ 18Oy =181,

leG

Finally, it holds that

which concludes the proof. O

Lemma 16. Let s > 1 and p > 1. Then for any sequence u = (ug)e, there exists a
constant C' > 0 only depending on s such that

1 1—-1
ullose < Cllullys rlullo o .7

Proof. We adapt the proof of [5, Lemma 4.1] to the one-dimensional case. By the embed-
ding BV(T) < L*>(T) applied to the sequence (|u¢|*)sec,

(49) [[§, 00,7 < C(IIUIIS,S,T + 3 |l — |W+1|S|)-

teG
Since s > 1, we have
D el = e | < 8 (Juel™™ + Juesa ™) [ue — wepa .
teG G

We apply Hélder’s inequality with exponents p and p / (p—1):

lug — wpsr |P -1 (r=1)/p
> el = Jugal?] < 2s( Y St Ao Zaxmy .

leG leG leG

Besides, using again Holder’s inequality (with the same exponents), we find that

1/s
_ 1 1
- (menwr ) < Nl S0
leG

Then, inserting the last two inequalities into yields the desired result. This concludes
the proof of Lemma [16] O

APPENDIX B. COUNTER-EXAMPLE

We claim that there exist kernels BY, being an indicator function, and piecewise constant
functions uq, ..., u, such that the positive semi-definiteness condition

J = Z//mamBJ x — y)u;(y)u; (z)dydz > 0

i,j=1
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is not satisfied. For this statement, we assume that the matrix (m;a;;) € R™™ is (symmetric
and) positive definite. With the notation of Section 2.1} we set Az = 1/N for some even
number N > 5 and choose r = 3Ax/2 as well as the kernels

BY(z) =1_,p(z) forzeT.

Let u; = (uip)req € V7 for i =1,...,n. Then we can write J as
(50) J = Z Z 7TZCLZ] L,,u] ¢Uip, Where M = / / BY(z — y)dydz.
ij=100cG Ke J Ky

A straightforward, but rather tedious computation shows that the matrix Mi = (@32/) e
€ RV*N is pentadiagonal with entries

ij ij 7 ij 1
Mz,]w = (A-T)za MZ,JZ:tl = g(Aﬂ?)27 Me?&z = g(Aﬂf)z-

This matrix possesses the eigenvector w € RY, defined by w, = 1 for £ odd and w, = —1
for ¢ even, associated with the negative eigenvalue A = —4(Ax)?2.
Let vy, ..., v, € R™ be the eigenvectors of the symmetric matrix (m;a;;); j=1,. » associated

Wlth the elgenvalues 0 <1, <...< v, respectively. We define the nN x nN matrix
M = (mawM”) consisting of the N x N blocks mawMJ It can be verified that the

matrix M possesses the eigenvector z = (21,...,2,) € R™W with z; = v,;w € RY for
i =1,...,n associated with the eigenvalue Av,, = —4(Az)?v,. Then, choosing u; = z; in

(50)), we find that

J = Z maijzj]\//ﬁjzj = —4(A$)2Vnz |Zi|2 < 0.

i,j=1 i=1

This provides the desired counter-example.
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