GLOBAL EXISTENCE ANALYSIS OF CROSS-DIFFUSION
POPULATION SYSTEMS FOR MULTIPLE SPECIES

XIUQING CHEN, ESTHER S. DAUS, AND ANSGAR JUNGEL

ABSTRACT. The existence of global-in-time weak solutions to reaction-cross-diffusion sys-
tems for an arbitrary number of competing population species is proved. The equations
can be derived from an on-lattice random-walk model with general transition rates. In the
case of linear transition rates, it extends the two-species population model of Shigesada,
Kawasaki, and Teramoto. The equations are considered in a bounded domain with homo-
geneous Neumann boundary conditions. The existence proof is based on a refined entropy
method and a new approximation scheme. Global existence follows under a detailed bal-
ance or weak cross-diffusion condition. The detailed balance condition is related to the
symmetry of the mobility matrix, which mirrors Onsager’s principle in thermodynamics.
Under detailed balance (and without reaction), the entropy is nonincreasing in time, but
counter-examples show that the entropy may increase initially if detailed balance does not
hold.

1. INTRODUCTION

Shigesada, Kawasaki, and Teramoto suggested in their seminal paper [24] a diffusive
Lotka-Volterra system for two competing species, which is able to describe the segregation
of the population and to show pattern formation when time increases. Starting from an
on-lattice random-walk model, this system was extended to an arbitrary number of species
in [30, Appendix|. While the existence analysis of global weak solutions to the two-species
model is well understood by now [3, 4], only very few results for the n-species model under
very restrictive conditions exist (see the discussion below). In this paper, we provide for the
first time a global existence analysis for an arbitrary number of population species using
the entropy method of [15], and we reveal an astonishing relation between the monotonicity
of the entropy and the detailed balance condition of an associated Markov chain.

More specifically, we consider the reaction-cross-diffusion equations

(1) 8tu7; — div (ZAU(U)VUI]) = fl(U) in Q, t> 0, 1= 1, Lo, n,

J=1
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with no-flux boundary and initial conditions

n

(2) ZAij(u)Vuj v=0 ondQ, t>0, u(-,0)=u) inQ.

j=1
Here, u; models the density of the ith species, v = (u1,...,u,), Q@ C R? (d > 1) is a
bounded domain with Lipschitz boundary, and v is the exterior unit normal vector to 0f).
The diffusion coefficients are given by

Op; . .

3)  Aiy(u) = Sypi(u) + uia—i<u>, pilu) = a + ;akuk ij=1,...n,
where a;9, a;; > 0 and s > 0. The functions p; are the transition rates of the underlying
random-walk model [16, 30]. The source terms f; are of Lotka-Volterra type,

(4) fz(u) :Ul(blo—wa’u]), 7= 1,...,7’L,
j=1

and we suppose that b, b;; > 0 (competition case). Note that (1) can be written more
compactly as

Oru — div(A(w)Va) = f(u),  f(u) = (fi(w).... fulu)).

State of the art. From a mathematical viewpoint, the analysis of (1)-(2) is highly non-
trivial since the diffusion matrix A(u) is neither symmetric nor generally positive definite.
Although the maximum principle may be applied to prove the nonnegativity of the den-
sities, it is generally not possible to show upper bounds. Moreover, there is no general
regularity theory for diffusion systems, which makes the analysis very delicate. Equations
(1) can be written in the form

(5) Orui — Aluipi(uw)) = fi(u),
which allows for the proof of an L?"* estimate by the duality method [8, 21], but we will
not exploit this method in the paper.

The case of n = 2 species and linear transition rates s = 1 corresponds to the original
population model of Shigesada, Kawasaki, and Teramota [24],

(6) Oyuy — A(161(@10 +anu; + a12U2)) = fi(u),
Opug — A(Uz(azo + ag1ur + CL22U2)) = fo(u).

The numbers a;o are the diffusion coefficients, a;; are the self-diffusion coefficients, and a;;
for ¢ # j are called the cross-diffusion coefficients. This model attracted a lot of attention
in the mathematical literature. The first global existence result is due to Kim [17] who
studied the equations in one space dimension, neglected self-diffusion, and assumed equal
coefficients (a;; = 1). His result was extended to higher space dimensions in [11]. Most
of the papers made restrictive structural assumptions, for instance supposing that the
diffusion matrix is triangular (as; = 0), since this allows for the maximum principle in
the second equation [1, 18, 20]. Another restriction is to suppose that the cross-diffusion
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coefficients are small, since in this situation the diffusion matrix becomes positive definite
(11, 28].

Significant progress was made by Amann [1] who showed that a priori estimates in the
WP norm with p > d are sufficient for the solutions to general quasilinear parabolic sys-
tems to exist globally in time, and he applied his result to the triangular case. The first
global existence result without any restriction on the diffusion coefficients (except positiv-
ity) was achieved in [14] in one space dimension and in [3, 4] in several space dimensions.
The results were extended to the whole space in [12]. The existence of global classical
solutions was proved in, e.g., [19], under suitable conditions on the coefficients.

Nonlinear transition rates, but still for two species, were analyzed by Desvillettes and
co-workers, assuming sublinear (0 < s < 1) [9] or superlinear rates (s > 1) and the weak
cross-diffusion condition ((s —1)/(s + 1))?a12a91 < ajjage [10]. Similar results, but under
a slightly stronger weak cross-diffusion hypothesis, were proved in [15].

As already mentioned, there are very few results for more than two species. The ex-
istence of positive stationary solutions and the stability of the constant equilibrium was
investigated in [2, 23]. The existence of global weak solutions in one space dimension as-
suming a positive definite diffusion matrix was proved in [27], based on Amann’s results.
Using an entropy approach, the global existence of solutions was shown in [10] for three
species under the condition 0 < s < 1/v/3 (which guarantees that det(A(u)) > 0). To
our knowledge, a global existence theorem under more general conditions seems to be not
available in the literature. In this paper, we prove such a result and relate a structural
condition on the coefficients a,;; with Onsager’s principle of thermodynamics.

Key ideas. Before we state the main results, let us explain our strategy. The idea is to
find a priori estimates by employing a Lyapunov functional approach with

(1) H[u] = /Q h(u)dz — /Q iilmhs(ui)dx,

where m; > 0 are some numbers and

{ z(logz—1)+1 fors=1,

(8) hol2) = 2252 +1 for s # 1.

s—1

Because of the connection of our method to nonequilibrium thermodynamics [16, Section
4.3], we refer to H[u] as an entropy and to h(u) as an entropy density. Introducing the

so-called entropy variable w = (wy, ..., w,) (called chemical potential in thermodynamics)
by
oh m; log u; for s =1,
wi= g (u) = sml(uf_1 ) fors£1,
S p—

equations (1) can be written as

(9) Oru(w) — div(B(w)Vw) = f(u(w)), B(w) = A(u)H (u)™,
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where u(w) := (I/)~'(w) is the inverse transformation and H(u) = h”(u) is the Hessian
of the entropy density. We claim that if f = 0 and B(w) or, equivalently, H(u)A(u) is
positive semi-definite!, H[u] is a Lyapunov functional along solutions to (1). Indeed, a
(formal) computation shows that

i?—l[u] = —/ Vw : B(w)Vwdx <0,
dt 5

which implies that ¢ — H[u(t)] is nonincreasing. The entropy method provides more than
just the monotonicity of H[u]. If, for instance, 2" H(u)A(u)z > S°1 | c;uf 222 for some
constants o > 0, ¢; > 0, it follows that

d 4 [ o212

which yields gradient estimates for uf/ ®. This strategy was employed in many papers on
cross-diffusion systems; see, e.g., [3, 4, 9, 12, 14, 15, 30]. In this paper, we introduce two
new ideas which we explain for the case s = 1 (s # 1 is studied below).

It is known that the entropy (7) with m; = 1 is a Lyapunov functional for the two-species
model (6) with f; = fo = 0. This property is generally not satisfied for the corresponding
n-species system. Our first idea is to introduce the numbers 7 = (7, ..., 7,) in the entropy
(7). It turns out that (7) is a Lyapunov functional and H (u)A(w) is symmetric and positive
definite if

(10) TiQi5 = T4 for all Z,j = 1, o, n.

More precisely, this property is equivalent to the symmetry of H(u)A(u) (see Proposition
19). We recognize (10) as the detailed balance condition for the Markov chain associated
to (ai;). The equivalence of the symmetry and the detailed balance condition is new
but not surprising. In fact, the latter condition means that 7 is a reversible measure, and
time-reversibility of a thermodynamic system is equivalent to the symmetry of the so-called
Onsager matrix B(w), so symmetry and reversibility are related both from a mathematical
and physical viewpoint. We detail these relations in Section 5.1. In Section 2.1, we derive
a refined estimate for H(u)A(u) leading to

(11) t?—[[u] —|—4/ ;1 Tiio| V /] dx—|—2/ ;1 i Vug|“de <0,

and thus giving an H' estimate for \/u; (if a;o > 0) and w; (if a; > 0). This is the key
estimate for the global existence result. (Below we also take into account the reaction
terms (4).)

One may ask whether the detailed balance condition is necessary for the monotonicity
of the entropy. It is not. We show that if self-diffusion dominates cross-diffusion in the

'We say that an arbitrary matrix M € R™*" is positive (semi-) definite if 2" Mz > (>) 0 for all z € R™,

z # 0.
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sense
n

. S 2

(12) wim min (0= 55 > (v - ) ) =0

and detailed balance may be not satisfied, then the estimate leading to (11) still holds
(with different constants), and global existence follows. (Throughout this paper, we set
m; = 1 when detailed balance does not hold.) However, if conditions (10) or (12) are
both not satisfied, there exist coefficients a;; and initial data u® such that ¢ — H[u(t)] is
increasing on [0, t] for some t5 > 0; see Section 5.3. Numerical experiments (not shown)
indicate that after the initial increase, the entropy decays and, in fact, it stays bounded
for all time. We conjecture that the entropy is bounded for all time for all nonnegative
coefficients and nonnegative initial data and that global existence of weak solutions holds
for any (positive) coefficients a;;.

Our results can be extended to nonlinear transition rates of type (3). One may choose
more general terms aijujj with different exponents s; but the results are easier to formulate
if all exponents are equal. Coefficients with exponents s # 1 were also considered in
9, 10, 15] but in the two-species case only. We generalize these results to the multi-
species case for any n > 2. The entropy method has to be adapted since the inverse of
h.(z) = (s/(s — 1))(2*"! — 1) cannot be defined on R and thus, u(w) = (k')~!(w) is not
defined for all w € R™. This issue can be overcome by regularization as in [9, 15]. In fact,
we introduce

h-(u) = h(u) + gz (ui(logu; — 1) 4+ 1).
i=1
Then £, : (0,00)" — R" can be inverted and (h.)~' : R" — (0,00)" is defined on R™. As
a consequence, u; = (h.)~!(w); is positive for any w € R" and even strongly positive if w
varies in a compact subset of R".

Unfortunately, the product H.(u)A(u), where H.(u) = h”(u), is generally not positive
definite and we need to approximate A(u). In contrast to the approximations suggested in
9, 15], we employ a non-diagonal matrix; see (23) below. More specifically, we introduce
A (u) = A(u) + A%(u) + e"A'(u) with non-diagonal A°(u), diagonal A'(u), and n < 1/2
such that

2 H.(u)Ac(u)z > 2" H(u)A(u)z for all z € R".
The choice of the non-diagonal approximation satisfying this inequality is nontrivial, and
this construction is our second idea.

Main results. First, we show that global existence of weak solutions holds for linear
transition rates (s = 1). In the following, we set Q7 = Q x (0, 7).

Theorem 1 (Global existence for linear transition rates). Let T > 0, s = 1 and u° =
(uf, ..., ud) be such that u) >0 fori=1,...,n and [,h(u’)dx < co. Let either detailed
balance and a; > 0 for i = 1,...,n; or (12) hold. Then there exists a weak solution
u=(uy,...,u,) to (1)-(2) satisfying u; > 0 in Q, t > 0, and

u; € L*(0,T; H'()), w; € L=(0,T; L)),
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u; € L2+2/d(QT>7 8tui € qu(ov T7 Wl’q(Q)/% L= 17 ceey T
where ¢ = 2(d+ 1) and ¢ = (2d+2)/(2d +1). The solution u solves (1) in the weak sense

(13) /0 Oy, byt + /0 ' /ﬂ Vo : A(u)Vudzdt — /0 : /ﬂ Flu) - ddudt

for all test functions ¢ € L1(0,T; WH4(Q)), and the initial condition in (2) is satisfied in
the sense of W14(Q)'.

The theorem can be generalized to the case of vanishing self-diffusion, i.e. a; = 0 if
detailed balance, a;o > 0, and b; > 0 hold; see Remark 12.

Our second result is concerned with nonlinear transition rates (s # 1). The entropy
inequality yields the regularity u; € L?**2/%(Q7) which may not include L? for “small”
exponents s < 1 and large dimensions d. For this reason, we need to suppose, in the
sublinear case, the lower bound s > 1 — 2/d and a weaker growth of the Lotka-Volterra
terms:

(14) fl(’lj/):U,Z(bzo—waUj), 1=1,...,n, O§0<2S—1+2/d
=1

The superlinear case (s > 1) is somehow easier than the sublinear one since the entropy
inequality gives the higher regularity u; € LP(Qr) with p > 2. On the other hand, we need
a weak cross-diffusion constraint. More precisely, if detailed balance holds, we require that

. s—1 <&
(15) m = i:HlHnn ((17;7; — sl Z aij) > 0,

77777

(16) Ny = 'minn (aii - 2(314— D Z (s(ai; + aj) — 2./aijaﬁ)) > 0.

=1, j#i
For m > 2 and 1 < ¢ < oo we introduce the space
(17) Wr(Q) = {p € W™I(Q) : V- v =0 on dN}.

Theorem 2 (Global existence for nonlinear transition rates). Let T' > 0, s > max{0,1 —
2/d}, and u® be such that uj > 0 fori =1,...,n and [,h(u’)dr < co. Ifs < 1, we
suppose that (14) and either detailed balance and a; > 0 fori=1,...,n; or (12) hold. If
s > 1, we suppose that (4) and either detailed balance and (15) or (16) hold. Then there
exist a number 2 < q¢ < oo and a weak solution v = (uy, ..., u,) to (1)-(2) satisfying u; > 0
i Q, t>0, and

uf € L*(0, T H'(Q)), w; € L®(0,T; L™ 1}(Q)),
u; € LPN(Qr), dwu; € LY(0,T;WmI(Q)), i=1,...,n,
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where p(s) = 2s + (2/d) max{1, s}, 1/¢+1/¢' =1, and m > max{1,d/2}. The solution u
solves (1) in the “very weak” sense

(18) /0 Oy, Byt — /0 ' /Q iuipi(u)Aqﬁidxdt: /0 : /Q F(u) - ddadt

forall g = (¢1,...,¢n) € L0, T; WI™(Q)), and the initial condition holds in the sense of
wra(§Q)".

In the superlinear case, it can be shown that the solution satisfies (1) in the weak sense
(13); see Remark 16. Moreover, for any s > max{0,1—2/d}, it is sufficient to consider test
functions from LA (0,T; W2P(Q)) with 1/8 +1/p(s) = 1, and the initial condition holds in
the sense of W2#(Q)’. We can generalize the theorem to the case of vanishing self-diffusion
if either s > max{1,d/2}; or 0 < s < 1,d =1, and 0 < s + 1 hold; see Remark 17.

The lower bound s > 1 — 2/d can be avoided if the regularity u; € L*T*(Qr) holds,
which is expected to follow from the duality method [8, 21]. Unfortunately, this method is
not compatible with our approximation scheme (see (24) below). This issue can possibly
be overcome by employing the scheme proposed in [10] which is specialized to diffusion
systems like (5). In this paper, however, we prefer to employ scheme (24).

The paper is organized as follows. Section 2 is concerned with the positive definiteness
of the matrices H(u)A(u) and H.(u)A.(u). The existence theorems are proved in Sections
3 and 4, respectively. In the final Section 5, we detail the connection between the de-
tailed balance condition and the symmetry of H(u)A(u), prove a nonlinear Aubin-Lions
compactness lemma needed in the proof of Theorem 2, and show that the entropy may be
increasing initially for special initial data.

2. POSITIVE DEFINITENESS OF THE MOBILITY MATRIX

We derive sufficient conditions for the positive definiteness of the matrix H(u)A(u). Let
R} = (0,00). Recall that

n

s s—1 5—2

Aij(u) = 6y (Gio + Z aikuk) + sajuu; H;j(u) = 0;58mu; .
k=1

The following result is valid for any s > 0.

Lemma 3. Let s > 0. Then, for any z € R" and v € R,

n n
2 H(u)A(u)z > s Zmaiouf_2zi2 +s(1—s) Z Ty 2
i=1 ij=1,i%j
n n

(19) + SZ ((S + 1)7'('1'01“‘ - SZ (\/ﬂ-iaij - \/ﬂ-jaji)2> u?(S—I)ZiZ'

i—1 j=1
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Proof. The elements of the matrix H(u)A(u) equal

(H(U)A(U))w = (SijS’iTi (aiouf_Z -+ Z CLmUiUs 2) + SQCLij<UZ‘Uj)S_1

k=1

= 61’]’ (smaiou‘?’*z + 8(8 —+ 1)7riaiiu?(s_l))

+ 51]377'1 Z CLZkUS 52 + (1 - (Sij>827Tiaij<uin>87l.

k=1, k#i
Therefore, for z € R™,
2 H(u)A(u)z = s Zmalous 222+ s(s+1 Zma“u s=b, ?
n
(20) Z 7rzaw usus~ 22«’2-2 + 32 Z ;A5 (Uin)S_lziZj
i,j=1,i#j i,j=1,i#]
= [1++[4

The sum I is the same as the first term on the right-hand side of (19), and I, equals the
first part of the last term on this right-hand side. The remaining terms are written as

2 s s 2.2 s s 2.2
I;+1,=s E TiQiju; zi 4 s(1 —s) E iU 2
1,5=1,1#] i,5=1,1#]

n

+ 82 Z UKy (Uin)S_lziZj.
ij=1,i%j
The second term corresponds to the second term on the right-hand side of (19). Thus, it
remains to prove that

n

5 s 2. 2 2 s—1
E T U 2i+s g i (wiug)°* " 22

i,j=1,i#] i,j=1,i#]
52
2
>——Z(\/7rlaw V51 w22
J=1

For this, we employ twice the inequality b* + ¢* > 2be:

wus~ 2 2 wus~ 2.2
E 7TZCLZ] E Wzaw Z;

i,j=1,1<j 1,7=1,1>7
n n

2 § s—1 2 E : s—1
+ s Wiaij (Ulu]) ZZ‘Z]' —+ s 7Tiaij (ulu]) ZiZj
ivjzl’i<j ivj:17i>j
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n
=5 > <7rz-a,~ju§uf_22f + miazuiul 2] + (mag + Wjaji)(uz‘“j)s_lzizj>
iG=1, i<
n
> st Y (2ymagma ) ] — (e + ) (w) )
ij=1,i<j
i 2
=" > (VEa; —mag) | (w7 ) (g )|
ij=1,i<j
L~ 200 12 ~1.32
) > (VA — ) ((u2)" + (u5'%)?)
ij=1,i<j
L 20 s 1_\2
) > (Vmay — Tag) () )
1,7=1,1#7]
This finishes the proof. U

2.1. Sublinear and linear transition rates. For s < 1, Lemma 3 provides immediately
the positive definiteness of H(u)A(u) if detailed balance (10) holds. However, we can derive
a sharper result.

Lemma 4 (Detailed balance). Let 0 < s <1 and m;a;; = w;aj; for all i # j. Then, for all
z€R" and u € R,

2 H(u)A(u)z > s Zmuf’2 (aio + (s + L)azus) 2}
i=1

2 < . [ [u; \°
(21) _'_E Z Wiaij(uiuj) 1( u—]iZi—i‘ u—ij) .

1,Jj=1,i7]

Proof. The sum of the terms I; and I, in (20) is exactly the first term on the right-hand
side of (21). Using detailed balance, we find that

n n
S S

U, U;
— (s )T =L 2 0 2 s (s )5~ 52
Is+ 1y = 5 g i (Uiu,) i + 5 g miai; (uu;) e
ij=1, i ’ ij=1,i#j !
n
2 s—1
+s E T Qg (UZUJ) ZiZj
ij=1,i%j

n n
52 52

U, U;
s—1") 2 s—1 " 2
= — E ﬂ-z’aij (UZUJ> —Z; + — E Wiaij(ujui) —Zj
2 = U; 2 U
i,5=1,1i#j i,5=1,1#]
n n
12 i (wiu;) iz + S(1— s) i (uguy)* L 2
S Q5 (WU 2% 2 S Q5 (WU u-zi
1.j=1,i#] 1.j=1,i#] ‘
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n

(1—y5) Z i (ww;)* 1u122.

u .
i,j=1,i#j J

+

NNV

The sum of the first three terms equal the second term on the right-hand side of (21), and
the remaining two terms are nonnegative since s < 1. U

Remark 5. In the existence proof, we will choose z; = Vu; (with a slight abuse of nota-

tion). Then the first term in (21) gives an estimate for Vu/? in L2 (if az > 0) and the
better bound Vuf € L? (if a; > 0). If a; = 0, we lose the latter regularity. This loss can
be compensated by the last term in (21) giving

Us; UZ . .
’LLU] JV i T (uiuj)8/2|2a ? 7&]’

and consequently a bound for V(u;u;)*/? in L2, This observation is used in Remark 12. [J
Lemma 6 (Non detailed balance). Let 0 < s < 1. If

S

R

then H(u)A(u) is positive definite. Under the slightly stronger condition ng > 0, it holds
for all z € R™ and v € R} that

2 H(u)A(u)z > s Z aious 2z +nos(s + 1) Z u?(s_l)z?.
i=1 =1

The lemma follows from Lemma 3 after choosing m; = 1 for i« = 1,...,n. Observe that
no > 0 holds if a;; > 0 for all ¢ and (a;;) is symmetric.

It is possible to show the positive definiteness of H(u)A(u) without any restriction on
(a;j) (except positivity) if we restrict the choice of the parameter s; see the following lemma.

Lemma 7. Let a;; +aj; >0 fori,j=1,...,n and 0 < s < sy, where
Sp := min VU<
Then, for all z € R™ and u € RY,

2 H(u)A(u)z > s Z aipu 227 + s(s + 1) Z aZZUZ(S 1)212.
i=1 i=1
Proof. We choose m; = 1 for ¢« = 1,...,n. With the notation of the proof of Lemma 3, we
only need to show that I3 + I, > 0. Employing the inequality b* + ¢* > 2bc, we find that

n
5,522 5,522 s—1
Is+ 1y =5 E (al]u ui "z + agujui "2y + s(ag + agi) (wiug) zizj)
1,j=1,1<j
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n
>s ) <2vaz‘jajz‘(uiuj)s_l|zizj| = s(ay + aji)(uiuj)5‘1|zizj|>

ij=1,i<j

n 2 i
=s ) (ay+az) (# - 5) (wguy)*zizl,
P Q5 + g
7.]_ 71<J
and this expression is nonnegative if s < s. O
2.2. Superlinear transition rates. Again, we assume first that detailed balance holds.

Lemma 8 (Detailed balance). Let s > 1 and ma;; = mjaj; for all i # j. If

s—1
i g (o157 3 ) 20
J=1,j#i
then H(u)A(u) is positive definite. Furthermore, if ny > 0, then, for all z € R™ and
u € RY,

2" H(u)A(u)z > s Z mapus 227 + ms(s + 1) Z Wiu?(s_l)zf.

i=1 =1

Proof. Tt is sufficient to estimate the sum I3 + I, defined in the proof of Lemma 3:

n
Ig + [4 = S Z (maijujuf_zz? + Wj&jiUij_2Z]2 + s(maij + Wj@jﬁ(uiuj')SilZiZj)
1,j=1,1<j
n
>s ) <2\/W(Uiuj)sfl|zz’zj| — s(may + Wjajz')(uiuj)sﬂzﬂjl)
i,0=1,1<J
n
=5 Y (S(Wz‘% + mja5i) — 2\/W> (wsuy)* 2z
ig=1,i<j
s n
> =2 > (stmay + maz) — 2y ) (6 z) + (7 %)?)
ij=1,i<j
S n
=3 > <S(7Tiaz'j + Tja i) — QW) (u; ™" 2)%.
ij=1,i#]

This expression simplifies because of the detailed balance condition:

13 —I— ]4 Z —S(S — ].) Z Wiaij(uf_lzi)2,
i,7=1,1#7]

and we end up with

T - 5—2_2 - s—1 2(s—1) _2
H(u)A > i 0l; 2 1 il @i — ij | U; ;s
2 H(u)A(u)z > s E miau; “z; + s(s+1) E m (a . | E 'a])ul z;

i=1 =1
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from which we conclude the result. O

Remark 9. Let n = 2. Then the condition 7, > 0 on the coefficients (a;;) becomes
aj; > ajp(s —1)/(s+ 1) and agse > ag (s —1)/(s +1). The product

2
s—1
10 > (m) (12021

is the same as the condition imposed in [10, Section 5.1] but weaker than

2
s—1
a11a22 = S 12021,

which was needed in [15, Lemma 11]. Furthermore, under the slightly stronger condition

n > 0, that is
s—1\2
a11G92 > a12021,

s+1
our weak solution satisfies the stronger estimate ui € L?(0,T; H'(2)) than that in [10,
Section 5.1]. 0

Lemma 10 (Non detailed balance). Let s > 1 and let

) 1
2 = 'mmn <aii — m Z (S(Qij + aji) - 2«/aijaji)> > 0.

i=1,.., P
Then H(u)A(u) is positive definite. Moreover, if 1y > 0, then, for all z € R™ and u € R,
2 H(u)A(u)z > s i aious 227 + mes(s + 1) i u?(s_l)ziz.

i=1 i=1
Proof. We choose m; =1 for ¢« = 1,...,n. Then, as in the previous proof,
I+ 1, > —g zn: (s(ag + a;;) — 2y/agag )u. ™22

ij=1,i#j

and
n

2" H(u)A(u)z > s Z aiui 22 + s(s+ 1) Z aiiu?(sfl)ziz
i=1 =1

- (s(aij + az0) — 2y/agaz) w22

i,j=1,1#7j
=5 aioufﬂzf
i=1
n 1 n
2(s—1)
+ S(S + 1) ZZ:; <aii — m ijzl:iij (8(04']' + Clji) — 2@))'&2 21-2.

By definition of 75, the result follows. U
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2.3. Approximate matrices. Our theory requires that the range of the derivative A’
equals R". Since this is not the case if s # 1, we need to approximate the entropy density
and consequently also the diffusion matrix. The approximate entropy density

(22) he(u) = h(u) + &Y (u;(logu; — 1) + 1)

i=1

possesses the property that the range of its derivative is R". We set H(u) = h"(u) =
(8ijsmus™%)i j=1...n for its Hessian and

He(u) = H(u) + eHO(u),  HY(u) = 6,07,
(23) A (u) = A(u) + e A%(u) + " A (u),
where 7 < 1/2 and

.....

U; Us
AY () = 5z‘j;i/lz‘ = (1= 0y)—aji, Ajj(w) = dijus,

7

T . Aji | Qij -
/uLz—E Z (_+7T_>7 Z—l,...,n.

T
j=lg#i N !

The approximation €7A'(u) is needed to achieve bounds for eY/2Vq; in L2, which are
necessary for the limit ¢ — 0. The off-diagonal terms in A°(u) are needed to preserve the
entropy structure in the sense that H.(u)A.(u) is still positive definite. This is shown in
the following lemma.

Lemma 11. Let s > 0. Then, for all z € R" and u € R7,

i

2 H (uw)Ac(u)z > 2" H(u)A(u)z 4 €"s Z mul 2l 4 et Z 22,
=1 =1

Proof. We decompose the product H.(u)A.(u) as
H.(u)A:(u) = H(u)A(u) + "H.(u) A" (u) + e (H*(u) A(u) + H(u) A% (u))
+e2HO(u) A%(u).

The £2-term becomes

HO(1) A = S, 5,% _1_54%4
(HO @Ay = S i (0 — (1= ) o
Hi Qji
=0 (1 _5“)?]@-
We obtain for z € R™:

n

2THO(u) A% (u)z = Z &z? - Z %zizj

7T.
=1 "" Lj=1i#j
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23 B Y B

i,j=1,i#]

_ i 2 aji\ o 1 - Aij \ 2
SR (X Beg( X 2
=1 “j=1,j#i =1
:0.
Next, we consider the e-terms:

(HO Z (5lku ((Sk] (ako + Z akguj + sakkui> + (1 — (5kj)sakjuj_1uk)

(=1

n
—1 s, —1 s—1 s—1
:(5U(ai0ui —i—E Qipupu; — + SQu; >+(1—(5”)sawu ,
(=1

- u u
(A @) = 3 B (30,2 e = (1= 3) )
k=1

= 5Z-jsuf*1,ui — (1 — di5)sau;i~ !

Summing these expressions and neglecting some positive contributions, we find that

2T (H () Au) + Hw)A%(w))z = > (aiou; ' + saguf ")z

i=1
n n
s—1 s—1
+ s g (1-— 5ij)aijuj 2% — S g (1 —6ij)ajiu; 2z
i,j=1 i,j=1

n n

-1 s—1\ .2 s—1_2

= E (aiou; ' + sazu;™")z} > s E agu; "z
=1 i=1

Here we see how we constructed A?j(u): The off-diagonal coefficients are chosen in such a
way that the mixed terms in z;z; cancel, and the diagonal elements (namely 4;) are suffi-
ciently large to obtain positive definiteness of H°(u)A%(u). Finally, we have (H.(u)A'(u));;
= 0y (smui ™t + ¢) and
ZTH () AN (w)z =Y (smui™' + )27,
i=1

which proves the lemma. O

3. LINEAR TRANSITION RATES: PROOF OF THEOREM 1

In this section, we prove Theorem 1. Let T'> 0, N e N, 7 =T/N, e >0, and m € N
with m > d/2. This ensures that the embedding H™(2) — L>°(£2) is compact. We assume
that ul(z) € [a,b] for z € Q, i =1,...,n, where 0 < a < b < co. Then, clearly, w® =
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B (u) € L=(Q;R™). For general u) > 0, we may first consider u? = (Q.(u)),...,Q.(u})),
where 0 < € < 1 and Q). is the cut-off function
€ for 0 <z <e,
Q:(2) =14 = for e < 2z < e Y2
e=12 for z > e 1/2

and then pass to the limit € — 0. We leave the details to the reader.
Step 1: solution of an approximated problem. Given w*~! € L>*(Q;R") for k € N, we
wish to find w* € H™(Q; R"™) such that

L () = ) o+ [ 9o Bt

-
(24) +5/ ( Z D“wk-Da¢+wk-¢)dﬂe:/f(u(wk))-¢d$
2\ oS Q
for all ¢ € H™(Q;R"). Here, u(w®) = (k)1 (w*), B(wk) = A(u(w®))H (u(w*))=?,
a = (o,...,0q) € NJ with o] = a3 + ... + ag = m is a multiindex, and D* =
o1l /(9x§" - - 925) is a partial derivative of order m. If k = 1, we define w® = h'(u°).
Equation (24) is an implicit Euler discretization of (1) including an H™ regularization
term.
We recall that the entropy is given by

Hlu| = /Qh(u)dx = /Qzﬂ-ihl(ui)dx, hy(u;) = w;i(logu; — 1) + 1.

Then the entropy variables equal w; = 0h/0u; = m;logu;. In particular, ' : R} — R" is
invertible on R", i.e., Hypothesis (H1) in [15] is satisfied. By Lemmas 4 and 6, H (u)A(u)
is positive definite, i.e., Hypothesis (H2) in [15] holds as well. (At this step, we only need
that H(u)A(u) is positive semi-definite.) Furthermore, f; grows at most linearly which
implies that

Z filw)m;logu; < C¢(1+ h(u)),
i=1
where C'y > 0 depends only on (b;;) and 7. This means that Hypothesis (H3) in [15] is also

satisfied. Thus, we can apply Lemma 5 in [15] giving a weak solution w* € H™(Q;R") to
(24) satisfying the discrete entropy inequality

(1-— CfT)/Qh(u(wk))dx + T/QVwk . B(w®)Vuw*dxr

(25) —I—sT/Q( Z | D“w*|? + |wk\2)d:v < /Qh(u(wk_l))dx%—Cmeeas(Q).

la|=m
Step 2: uniform estimates. We set uf = u(w”*) and introduce the piecewise in time
constant functions w(™(z,t) = w*(x) and w7 (x,t) = uF(x) for v € Q, t € ((k — 1)7, k7).
At time ¢ = 0, we set w™(-,0) = I/ (1) = w° and u™(-,0) = u°. Let u™ = (u{”, ... u{).
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We define the backward shift operator (o, u™)(z,t) = w(w* '(z)) for z € Q, t € ((k —
1)7, k7). Then u™) solves

/ / —ou) - pdxdt + / / V¢ : B(w'™)Vw ™ dzdt
(26) +5/0 A(ZD& 7. D% 4 w™ )d:vdt //f ) - ¢daxdt
jaf=m

for piecewise constant functions ¢ : (0,7) — H™(Q;R™). By a density argument, this
equation also holds for all ¢ € L?(0,T; H™(; R™)) [22, Prop. 1.36].
By Lemmas 4 and 6, we have

Vuk s Buw*) Vot = Vub : Huh) AW Vut > 200> |Vul?,

i=1
where 7y = min;—y__, ma; > 0 if detailed balance holds, and 1y, > 0 is given by (12)
otherwise. By the generalized Poincaré inequality [26, Chapter 2, Section 1.4], it holds

that
/ ( S Dot rw’wz)dw > Opll* ooy

laf=m

where C'p > 0 is the Poincaré constant. Then the discrete entropy inequality (25) gives
(1—Cyr) / h(u®)dz + 27707/ |Vu*Pd + eCpTHwkH?Hm(Q)
Q Q
< / h(uF~Y)dx + Cprmeas(Q).
Q

Summing these inequalities over k = 1,..., 7, it follows that

k k
(1—Cyr) / h(u?)dx + 20T Z/ VuPda + eCpm > [[w* ]| Fmq)
Q =179 =1

/ h(u®)dx + Cyr Z/ Mdz + CTmeas(Q).

By the discrete Gronwall inequality [6], if 7 < 1/CY,

k k
/ h(uw’)dz + TZ/ \Vu*|*dz + 572 ||wk||§{m(sz) <C,
Q j=1 7% j=1

where here and in the following, C' > 0 denotes a generic constant independent of 7 and ¢.
Then, observing that the entropy density dominates the L' norm and consequently, u(7) is
uniformly bounded in L*>(0,T; L*(€; R™)), we obtain

(27) ||u(7) ||Loo(07T;L1(Q)) + HU(T) HLQ(O’T;Hl(Q)) -+ 61/2||w(T) HLQ(O,T;H’”(Q)) S C
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We wish to derive more a priori estimates. Set Q7 = Qx(0,7"). The Gagliardo-Nirenberg
inequality with p =2+ 2/d and 0 = 2d(p — 1)/(dp + 2p) € [0, 1] (such that Op = 2) yields
fort=1,...,n,

T 7)11(1-0)
I iy = [ I it < € [ 1”17 st

(28) < Cllu” @l 15 0 a1 (o) < C-

In order to apply a compactness result, we need a uniform estimate for the discrete time
derivative of (™. Let ¢ = 2(d+1) and ¢ € L(0,T; W™4(Q; R™)). Then 1/p+1/q+1/2 =1
and, by Holder’s inequality,

) — oru ¢dxdt' > 1 AG @) oo VU 2@ I Vil Lo

ij=1
+ 5||w(7) HL?(O,T;Hm(Q)) ||¢HL2(0,T;H*"(Q))
+ 1f @) o (191l Lo (@)

where ¢’ = (2d+2)/(2d +1). Estimate (28) and the linear growth of A;;(u(™) with respect
to u(™ show that the first term on the right-hand side is bounded. The second term is
bounded because of (27). Finally, |f;(u(™)| is growing at most like (u; (r )) such that

1F @) o py £ CAH+ 1PN g,)) < C,
since 2¢" < p. We conclude that
(29) T_1||U(T) —oru ||Lf1 (0,1 Wm-a(Q < C.

Step 3: the limit (,7) — 0. In view of (27) and (29), we can apply the Aubin-Lions
lemma in the version of [13], which yields the existence of a subsequence, which is not
relabeled, such that, as (1,¢) — 0,

(30) u™ — u  strongly in L*(Qr) and a.e.,

(31) u™ — u  weakly in L*(0,T; H'(Q)),

(32) sw'™ — 0 strongly in L2(0,T; H™(Q)),

(33) T w” —ou) = du weakly in LY (0, T; W™(Q)),

where v = (ug,...,u,). In view of the a.e. convergence (30) and the uniform bound (28),
we have

(34) w'™ — u  strongly in L7(Qr) for all v < 2+ 2/d.

Then, together with (31),
uz(»T)Vug-T) — u;Vu;  weakly in L'(Qr).
We deduce from the L (Q7) bound for A(u?)Vu(™ that
B(w ™) Vw'™ = A(u)Vu'D = A(u)Vu  weakly in LY (Qr).



18 X. CHEN, E. S. DAUS, AND A. JUNGEL
Furthermore, taking into account (34) and the uniform bound for f;(u(”) in LY (Qr),

fiw™) = fi(u) weakly in L7 (Qr).

Then (32) and (33) allow us to perform the limit (¢,7) — 0 in (26) with ¢ € L9(0,T}
W™4(Q)), which directly yields (13). Since d,u = div(A(u)Vu)+f(u) € L7 (0, T; Wh(Q)"),
a density argument shows that the weak formulation holds for all ¢ € L?(0,T; W4(Q)).
Moreover, u; € W' (0, T; Wh(Q)") «— C°([0, T]; WH(Q)"), which shows that the initial
condition is satisfied in W4(2)’. This ends the proof.

Remark 12 (Detailed balance and vanishing self-diffusion). In the detailed balance case,
we may allow for vanishing self-diffusion. If a;; = 0 but a;y > 0, Lemma 4 implies that only
V(ulm)l/ 2 is bounded in L?(Q7). This situation was considered in [4] for the two-species
case, and we sketch the generalization to the n-species case.

Applying the Gagliardo-Nirenberg inequality similarly as in Step 2 of the previous proof,
we conclude that (u\”)"/2 € LP(Qr) with p = 2+ 4/d. Then

7

T T T -~ d —"_ 2
190 ssiam = 2107 lusian 19087 2o < €. 7= 577
and thus, (uET)) is bounded in L7(0,T; W(Q)) instead of L2(0,T; H'(Q2)). This loss of

regularity is problematic for the estimate of the discrete time derivative of ugT). In order

to compensate this, we need the last sum in (21). Indeed, Remark 5 shows that for any
i # 7, (uET)uE-T))l/2 is bounded in L*(0,T; H'(Q2)). Moreover, (ugT)ug.T))l/2 is bounded in
L>(0,T; L*(2)). We infer from the Gagliardo-Nirenberg inequality that (ugT)ugT))l/ 2 is
bounded in LP(Qr) with p =2+ 2/d.

Next we exploit the structure of the equations,

3 Ay )Vl = vl pi (™), piu) = ai + Y agul”.
j=1 j=1

Thus, to show that Aij(u(f))Vug) is bounded, we only need to verify that V(ugﬂuy)) is
bounded:

IV (W) oy < 20672 oo 1V (06 2| 2oy < €

where ¢’ = (2d+2)/(2d+1). The estimate for the Lotka-Volterra term is more delicate since
we have only the regularity uET) € L'Y/9(Qq). Here, we need to suppose that b; > 0, since
this assumption provides an estimate for (UET))2 log ugT) in LY(Qr). Then the discrete time
derivative of uET) is bounded in L'(0,7; W™(Q)") — but not in L4 (0, T; W™4(Q)"). By the
Aubin-Lions lemma, there exists a subsequence (not relabeled) such that, as (e,7) — 0,

ulm — u; strongly in L7 (Qr).

The problem now is to show that (a subsequence of) the discrete time derivative of uET)
converges to dyu; since L'(0,T; W™%(Q)) is not reflexive. The idea is to apply a result
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from [29] which provides a criterium for weak compactness in L'(0,7T; X), where X is a
reflexive Banach space. For details, we refer to [4]. i

4. NONLINEAR TRANSITION RATES: PROOF OF THEOREM 2

The strategy of the proof is similar to the proof of Theorem 1 but the nonlinear transition
rates complicate the proof significantly. As outlined in Section 2.3, we approximate the
entropy density by (22) and the diffusion matrix by (23). Again, we assume without loss
of generality that u)(z) € [a,b] for x € Q,i=1,...,n, where 0 < a < b < oco.

Step 1: solution of an approximated problem. We employ the transformation w; =
Oh./0u; and define B.(w) = A.(u(w))H (u(w))™t. Given w*~! € L>(;R"), we wish to
find w* € H™(Q; R") solving
1 / (w(w®) — u(w* ™)) - ¢pdz + / V¢ : B.(w*)Vuw"dx

Q

(35) /Q ( > Dwh - D%+ wh ¢)dx_ / f(u(w®)) - pda
o =m

for all p € H™(;R™). If k = 1, we define w® = h.(u") such that u(w®) = u°.
The construction of h. ensures that Hypothesis (H1) of [15] is satisfied. By Lemma 11,
Hypothesis (H2) holds as well. Also Hypothesis (H3) holds true since, for some C; > 0,

flu) -w= Z ( 0 — meu ) (su; + eu;logu;) < Cp(1 4+ he(u)),

I=1

where 0 = 1if s > 1 and 0 < 0 < max{0,2s — 1 + 2/d} if s < 1. We apply Lemma 5
in [15] to deduce the existence of a weak solution w* € H™(Q;R") to the above problem,
which satisfies the discrete entropy inequality

(1—Cf7')/h dx—i—T/Vw w*)Vwkde

(36) +€T/Q( Z | Dwk|? + |wk|2>dm < /th(u(wk1))da:—|—C'meeas(Q).

laj=m

Setting u* := u(w*) and employing Lemma 11, the second integral can be estimated as
follows:

/Vw w*)Vuwrde = / u® : H (uP) AL (uF)VuFde
Q

3+]— /Zmln{awﬁunmnlﬂ-u?b}( )2(8 b |Vuk|2dx

(37) + 6’78/ Z mi(uf) T Vul Pde 4 e / Z \Vuf |*dx
=1 @ i—1
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> O, /ZW )*|2dx
4es s+1/22 +1 k|2
Gr1e /ZW1|V |“dx + €" Z|Vu|dx

where Cy = s7 (s + 1) min{ai 171, . . ., Gun Ty M0, Ly - - s N0, M2 }-
To finish this step, we wish to write the “very weak” formulation for the solution (™,
which is defined from «” as in the previous section. First, we observe that

(B.(w*)Vw"); = (A (u®)VuF); = e(A°(u®)Vur); + (AN (uF)VuPh); + V (ulps(u?))
= (A" (uM)Vuh); + %V(uf)Z + V(ufp;(uF)).

Next, we choose a test function ¢ = (¢1,...,0,) € LI(0,T; WI()), where m >
max{l d/2} and ¢ > 2 will be determmed below. Recall that Wr4(€) is defined in
(17). Integrating by parts in (35), u(”) solves

// (u” — o u™ gbdmdt—/ /Zu pi(W)Agdxdt

(38) —|—€/ /ng - A (Y VuD dadt — %/ /Z(UET))2A¢idxdt

+5/ /(ZDC“ . D% + w™ )dxdt //f ™) . pdadt.

Step 2: uniform estimates. Arguing as in Step 2 of the proof of Theorem 1, we obtain
from (36) and (37) for suffiently small 7 > 0 the following uniform estimates.

Lemma 13. [t holds fori=1,...,n that

(39) ||U ||Loo(0TLmax{ls} )+ ||( )SHL2 o @) < C,
(40) 2| (ut™) 2 o s ) + 5(”“ Pl 2oy < C,
(41) 61/2”1111- ||L2(O7T;HM(Q)) S C.

Here, we used the fact that [, h-(u’)dz is uniformly bounded and that s < 1 implies

that (™ < C(1 + h(u'")) for some C' > 0, from which we deduce that (uET)) is bounded
in L>=(0,T; L'(2)). We need more a priori estimates.

Lemma 14. Let s > max{0,1 —2/d}. It holds that
(42) 1t ooy + "Nl iy < C
where p(s) = 2s + (2/d) max{1,s} and r(s) = s + 1+ (2/d) max{1, s} > 2.
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Proof. The estimates are consequences of Lemma 13 and the Gagliardo-Nirenberg inequal-
ity. First, let s < 1. We employ the Gagliardo-Nirenberg inequality, with 6 = ds/(ds+1) €
(0,1):

T T
T T Gss T s
11252, D) 805 oyt < C | ™) I ™) s
0 ) 0

T
T 0 s .
<OV IILooow (e | at, i =1, n.
( Q) 0 ()

It holds that fp(s)/s = 2. By (39), ™| 1o oy < C-

Next, let s > 1. Then, with § =d/(d+ 1) € (0, 1),

T
24-2/d T 0(2+2/d T (1-0)(2+2/d
[N s <c/uw9m;@Wu>n| /Dt
0
T)\s (7)1s(1—0)(2+2/4d)
scw¢>>ﬁmwﬂu||’m;0TU@ <c

again taking into account estimate (39). This shows that (u(”)) is bounded in LP®)(Qr).
Finally, let max{0,1 —2/d} < s < 1. Then r(s) = s+ 1+2/d. We apply the Gagliardo-
Nirenberg inequality with § = d(s+1)/(2+d(s+1)) € (0,1) such that 0-2r(s)/(s+1) = 2,

s+1)

= )| (u{) D2 2D o

S T A

T
T\ (s 2r(s)0/(s+1) (T)\(s 2r(s)(1-0)/(s+1
swc/n<“ﬂmﬂ|<“ ) eI
0

s (7)1 (1=0)r(s
< O (™) D22, 6 a1 S ot gy < €

using (39) and (40). If s > 1, we have r(s) = s + 1 + 2s/d, and applying the Gagliardo-
Nirenberg inequality with 6 = d(s+1)/(2s+d(s+ 1)) € (0, 1), we obtain in a similar way
as above

T T\ (s /(s+1
e 1 gy = NI TRTED o)
T
s r(s)0/(s T\ (s r(s 0)/(s
swc/nwﬁﬂ“ww</+Ww£>“wm5;&>”ﬁ
0
< O ()22, 6 g 1 | S oy < C-
This shows the lemma. |

Lemma 15. Let s > max{0,1 —2/d} and m > max{1,d/2}. Then there exist 2 < q < o0
and C > 0 such that

(43) 7'_1 ||u(7) — O'Tu(T) ‘|Lq/(0,T;Wm’q(Q)l) S C,

and 1/q+1/q¢ = 1.
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Proof. Let ¢ € L1(0,T;W1(Q)), where g > 2 has to be determined. Recall that W9(2)
is defined in (17) and that m > max{1,d/2}. Then, by (38),

7_—1

/(U(T) — oul) - pdr| < ||l wD| 20,1 mm ) | D] 2 0.1 mm (@)
0

+§]W1%“WMQHMQMMW+€XNM NV 00 IV S5 a0

i,7=1

+= ZII e i | A0l s + 1F (W) g 1Dl 2ocar)
_,[1_|_..._|_]5’

where 1/q+1/¢' = 1.

By (41), I; is bounded. We deduce from (42) that ul(-T) (uy))s is uniformly bounded in
L&/ (Qr), and so does uET)pi(u(T)). As s > 1—2/d, we have ¢; :=p(s)/(s+1) > 1.
We conclude that I is bounded with ¢ < min{2,¢,}.

Since Agj(u(T)) depends linearly on u(7, it is sufficient to prove that 5u£T)Vu§-T) is uni-
formly bounded in some L%(Qr) for all 4,j. Let ¢o = 2r(s)/(r(s) + 2), where r(s) =
s+ 1+ 2/d is defined in Lemma 14. As r(s) > 2, it holds that go > 1. Then, by Holder’s
inequality, (40), and (42),

577/7“(5)-&-(77-&-1)/2Hul(‘r)vugj')HLq2 @) < En/r(s)”UET)HLT(S)(QT) _6(77—1-1)/2Hvu§7)”L2(QT) <C.

The property 7(s) > 2 also implies that n/r(s) + (n+1)/2 < 1. This shows the bound on
I3 with ¢ <min{2,¢}.
Set g3 = r(s)/2 > 1. Using the second estimate in (42) and 1 —2/r(s) > 0, we find that

T —2/r(s r(s T 2
e ()| s (@ry = €1 (T ONuT ) Lo ,9)° < C

proving that I, is bounded with ¢’ < min{2, ¢3}.
Finally, in view of (14), |f;(u(™)| grows at most like (ul(T))H", where 0 = 1if s > 1 and
0 <2s—1+42/dif s < 1. Therefore, we have ¢4 := p(s)/(1 + o) > 1 and

1 (@) zas ey < C (L 16N o 0,) = C (L 1N g,) < C-

Hence, I5 is bounded with ¢ < min{2,¢;}. We conclude that the lemma follows with
¢ :=min{2,q1,¢, q3,qu} > L and ¢ = ¢' /(¢ — 1). O

Step 3: the limit (,7) — 0. Estimates (39) and (43) allow us to apply the nonlinear
Aubin-Lions lemma (Theorem 21 if s > 1/2 or Theorem 22 if s < 1/2) to obtain the
existence of a subsequence which is not relabeled such that, as (e,7) — 0,

u'™ = u strongly in LY(Qr) for all 1 <~ < p(s).
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In particular, u(” — u a.e. in Qp. By estimates (39), (41), and (43), we have, up to
subsequences,

(wf”)* = ui  weakly in L*(0,T; H'(2))
ew™ — 0 strongly in L*(0,T; H™(Q)),
7 W™ — o,ulD) = . weakly in L7 (0,T; W™(QY).

We have shown in the proof of Lemma 15 that (u!” p;(u(")) is bounded in LP&/ D (Qy).
Taking into account the a.e. convergence uET)pi(u(T)) — u;p;(u) in Qr, we infer that

u7pi(u™) = wpi(u) strongly in L}(Qr).

Furthermore, we proved that (e7/7(®)+(n+1)/ 2Agj(u(T))VugT)) is bounded in L%2(Qr) with
q2 = 2r(s)/(r(s) + 2) such that
0 (, (T () _ _1-n/r(s)—(n+1)/2 r(s)+(n+1)/2 A0 (. (T (7)
AL (uD)TulT) = 1O/ O 0 (7))
— 0 strongly in L'(Qr).

Here, we used the fact that 1/r(s) + (n+1)/2 < 1 such that e!="/")=0+D/2 5 ( as e — 0.
We know from (42) that (e7"®u{™) is bounded in L%(Qr). Consequently,

e5’7(u(7))2 = gn(1=2/r(s)) (5’7/’“<S>u§f))2 — 0 strongly in L'(Qr),

since e”172/7()) — 0 as ¢ — 0 because of r(s) > 2. Finally, f;(u(”) — f;(u) a.e. and the
uniform bound || f;(u™]| pas (@) < C with g4 = p(s)/(1 + o) > 1 imply that

fi(u(T)) — fi(u) strongly in L'(Qr).

Then, performing the limit (¢,7) — 0 in (38) with ¢ € L>°(0,T; W™>(Q)) , it follows that
u solves (18) for such test functions. A density argument shows that, in fact, u solves (18)

for ¢ € L1(0,T; W)™4(Q2)), finishing the proof.

Remark 16 (Weak formulation). In the superlinear case s > 1, the solution constructed
in the previous proof satisfies (1) even in the weak sense (13) with test functions ¢ €
L0, T;Wh4(Q)). In order to see this, it is sufficient to show that

Ay (u(T))Vug-T) — A (u)Vu,; weakly in L (Qr)
for some 1 < ¢’ < 2. Because of the structure of A;;, we only need to verify that
ul(-T) (ug-T))S_qugT) — wui 'Vu;  weakly in LY(Qr),
(uZ(T))SVug-T) — uiVu; weakly in L (Qr).
Indeed, we have the convergences uET) — wu; strongly in L7(Qr) for any 2 < v < p(s) and
(ul™)* = us weakly in L2(0,T; H'(€2)) and hence,

ul” (ugT))S_1Vu§-T) = s_lugT)V(uy))S — s~ Vui = uui ' Vu;  weakly in L7 (Qr),
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choosing ¢ = 2v/(v 4+ 2) > 1. For the remaining convergence, we need to integrate by
parts. It holds for ¢; € L4(0, T; W2%(Q))) that

T
(T)ysv7,,(T)
/0 /(ul )V -V gidudt
/ / WY N gdadt — / / (™) u” Agidadt
t
— —/ ujVuf-quidxdt—/ /ufujAgbidxdt:/ /usuj-V(b,-dxdt.
0 o Ja 0o Jo

A density argument shows that the weak formulation also holds for ¢; € L(0, T; W4(Q)).
U

Remark 17 (Vanishing self-diffusion). Assume that a;0 > 0 and a; = 0 The difficulty
is that we obtain a uniform bound only for V(u!”)*? instead for V(u!™)* in L2(Qr). In
order to compensate this loss of regularity, we need additional assumptlons, namely either
s > max{1,d/2} (superlinear rates); or 0 < s <1, d =1, and 0 < s + 1 (sublinear rates).
Under these conditions, the statement of Theorem 2 holds true.

For the proof, we remark that the regularity for (u ET)) in L2(0,7; H'(Q)) is employed
in the estimate of u!” in LP()(Qg). If only (u{™)*/? is bounded in L2(0,T: H'(S)), the
Gagliardo-Nirenberg inequality gives a weaker result: for 0 < s < 1 with § = ds/(ds + 2)
and p = s+ 2/d,

(T)\s 2p/s s 20p/s (T)\s (1-0)p/s
11180y = )21 ) < H( DR A [ K v
(Qr )

< Ol 2 20 st W I e zr iy < C

since 20p/s = 2; and for s > 1 with § = d/(d + 2) and p = s + 2s/d,
r s T 1-0)p
11500y < Y21 2008 s | S ooy < €

since 20p/s = 2. Consequently, ( ™) is bounded in L?(Qr) with p = s + (2/d) max{1, s}.

We claim that this estimate is sufﬁment to derive a bound for the discrete time derivative.
Since the e-terms in (4 ) do not need the estimate for v\ in L°(Qr), it is sufficient to
bound u{”p;(u™) and (u”)+! in some L7 (Qr) with ¢’ > 1. This is possible as long as
p>s+1land p>o+1, respectlvely. If 0 < s < 1, these two inequalities are equivalent to
d=lando <s—1+ d/2 =s+ 1. If s > 1 (in this case 0 = 1), they give the restriction
s > d/2, thus s > max{1,d/2}. This shows the claim. O

5. ADDITIONAL AND AUXILIARY RESULTS

5.1. Detailed balance condition. We wish to interpret the detailed balance condition
(10) and to explain how the numbers 7; can be computed from the coefficients (a;;). We
assume that the coefficients are normalized in the sense that a;; > 0 and Zk::l, kot j Ok <1
for all 7, j. The idea is to use a probabilistic approach, interpreting the coefficients a;; as
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the transition rates between two discrete states ¢ and j of the state space S := {1,...,n}.
Then
Q5 = P(Xk = j|Xk,1 = Z)

is the conditional probability for a random variable X : N — S. This variable represents
the Markov chain associated to the stochastic matrix Q@ = (Qy;);; € R™", defined by
Qij = ajj fori # jand Qu =137, ;a5 fori =1,...,n. A Markov chain is called
reversible if there exists a probability distribution 7 = (7, ..., m,) on S (called an invariant
measure) such that

(45) T3 = T4, Z,] = ]_,...7TL.

The Markov chain can be interpreted as a directed graph, where the states i € S are the
nodes and the edges are labeled by the probabilities a;; going from state 7 to state j.

The state space S can be partitioned into so-called communicating classes. We write
© — j if there exist ig,41,...,4,41 € S such that a;,; a; 4, -~ i, 4,., > 0 for ig = i and
ine1 = J. We say that ¢ communicates with j if both ¢ — j and j — i. A set of states
o C S is a communicating class if every pair in ¢ communicates with each other. This
defines an equivalence relation, and communicating classes are the equivalence classes.

Consider the following properties:

(A1) For all ¢, 5 € S, it holds that either a;; = a;; = 0 or a;ja;; > 0.
(A2) For any periodic cycle ig, iy, ..., imr1 = io,
m m
H Qi ipq = H Qigoyq i, -
k=0 k=0
The detailed balance condition (45) implies (A1) and (A2). It is shown in [25] that the
converse is true and that the invariant measure 7 can be constructed explicitly.

Proposition 18. Let (A1)-(A2) hold. Then there exists an invariant measure m = (my, .. .,
Tn) such that the detailed balance condition (45) is satisfied. Moreover, ™ can be computed
explicitly by choosing an iy in each communicating class and defining m; for iy and j
belonging in the same class by

n—1
. Qi gt
Ty =
a, .
k=1 Tk415%k
depending only on iy and j, where iy, ia,...,4, = j are such that a; ;  , > 0 for k =

0,....,n—1.
For instance, if n = 3, we need to suppose (according to (A2)) that
(46) 12023031 = 413032021,

and the invariant measure is given by m = ¢(1, a12/as1, ai3/as ), where ¢ = (1 + a12/as +
ars/ a31)_1-

The following result relates the detailed balance condition and the symmetry of the
matrix H(u)A(u).
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Proposition 19. The following three properties are equivalent:

(i) Graph-theoretical condition: (A1) and (A2) hold.
(i) Detailed balance condition: ma;; = maj; fori # j.
(iii) Symmetry: The matriz H(u)A(u) is symmetric.

Proof. The implication (i) <= (ii) is shown in Proposition 18. The converse can be proved
directly using the detailed balance condition. Finally, the equivalence (ii) < (iii) follows
from an explicit calculation of H (u)A(u). d

Remark 20. The equivalence of the symmetry of H(u)A(u) and the detailed balance
condition is related to the Onsager principle of thermodynamics. Indeed, the diffusion
matrix B = A(u)H (u)! in
Owu — div(BVw) = f(u),

where w = h/(u) is the vector of entropy variables, is the Onsager matrix which is sym-
metric, according to Onsager, if and only if the thermodynamic system is time-reversible.
Time-reversibility means that the Markov chain associated to the matrix (a;;) is reversible,
and the symmetry of B is equivalent to the symmetry of H(u)A(u). Thus, the equivalence
(ii) < (iil) corresponds to the equivalence of the symmetry of B and the time-reversibility.
For details on the detailed balance principle in thermodynamics, we refer to [7]. U

5.2. Nonlinear Aubin-Lions lemmas. Let Q@ C R? (d > 1) be a bounded domain with
Lipschitz boundary. Let (u(™) be a family of nonnegative functions which are piecewise
constant in time with uniform time step size 7 > 0. We introduce the time shift operator
(o,u)(t) = u(t — 1) for t > 7.

If there exist uniform estimates for the gradient (Vu(™) and the discrete time derivative
7~ (u™ — o.ul™), then, by the Aubin-Lions theorem and under suitable conditions on
the spaces, (u(T)) is relatively compact in some L? space. In the case of nonlinear transi-
tion rates, we obtain uniform estimates only for (V(u(™)®), where s > 0. Then relative
compactness follows from a nonlinear version of the Aubin-Lions theorem [5]. We recall a
special case of this result.

Theorem 21 (Nonlinear Aubin-Lions lemma for s > 1/2). Let s > 1/2, m >0, 1 < g <
0o, and there exists C' > 0 such that for all 7 > 0,

1@ N 2. rwray + 7 Hu™ = orul™ || i rrm )y < C.
Then there exists a subsequence of (u(T)), which 1s not relabeled, such that, as T — 0,
u™ = u  strongly in L**(0,T; LP*(Q)),
where p > max{1,1/s} is such that the embedding W'(Q) — L?(Q) is compact.

Theorem 21 can be extended to the case s < 1/2 if (u(”)) is additionally bounded in
L>°(0,T; LY(2)) which generally follows from the entropy inequality. This result is new.

Theorem 22 (Nonlinear Aubin-Lions lemma for s < 1/2). Let max{0,1/2 — 1/d} < s <
1/2, m >0, and there exists C' > 0 such that for all T > 0,

[0 iz + 1) ez @y + 77w = 0P| rismiay) < C.
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Then there exists a subsequence of (u(T)), which 1s not relabeled, such that, as T — 0,
u'™ = u  strongly in L'(0,T; LY(Q)).
Proof. The result follows from Theorem 21 and the Holder inequality. Indeed, we have
IV )2 20 inir0- ey = (28) 7 @) 2V ()| 2 g0y
< (28) [ (@) 22 Lo o rypzra-20 @ IV () |2 0,:22(0)
= [u o IV @) 20,2 < C-

Therefore, (u(™)/2 is uniformly bounded in L2(0,T; WH¥/1=9(Q)). By Rellich-Kondra-
chov’s theorem, the embedding WHY/1=5)(Q) — L2(Q) is compact for s > 0 if d < 2 and
s>1/2—1/dif d > 3. Applying Theorem 21 with s =1/2, ¢ =1/(1 — s), and p = 2, we
infer that (u(™) is relatively compact in L*(0,T; L'(9)). O

5.3. Increasing entropies. If detailed balance or a weak cross-diffusion condition hold,
we have shown that the entropy is nonincreasing in time along solutions to (1)-(2). In this
section, we show that the entropy may be increasing for small times if these conditions
do not hold. To simplify the presentation, we restrict ourselves to the case n = 3 (three
species), s = 1 (linear transition rates), and 2 = (0, 1).
Lemma 23 (Vanishing diffusion coefficients a;o). Let a13 = azs = ag1 = 1 and a;; = 0 else.
For any € > 0, there exist initial data u® such that

dH

dt 2 12 a'
In particular, if t — H[u(t)] is continuous, there exists to > 0 such that t — Hlu(t)] is
increasing on [0, to).

Proof. Observe that (46) is not satisfied, and hence detailed balance does not hold. Fur-
thermore, we have

1/U1 0 0 us 0 U1 U3/U,1 0 1
H(u)A(u) = 0 1/U2 0 Uo Uy 0 = 1 Ul/UQ 0
0 0 1/U3 0 U3z Us 0 1 UQ/Ug

Let 0 < & < 0.5 and define v = (u?, u3,u3) by ul(z) =1 for z € (0,1) and

3 for 0 <z < 0.5,
uy(r) = 3—eHax—05) for 0.5 <z <0.5+e¢,
2 for 0.b+¢e¢ <z <1,
9 for 0 <z < 0.5,
uj(r) =< 9+eHr—05) for 0.5 <z <0.5+e¢,
10 for0.b+e<x <1,

Then
1 0.5+¢ 0
3

52 0.5 uy () uz()
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PEVERNE A
~e\2 9)  6e
which implies that (dH/dt)[u’] > 1/(6e). O

One may ask if a similar result as above holds if the diffusion coefficients a;o do not
vanish, since they give positive contributions to the entropy production. The next lemma
shows that the entropy may be increasing even if a;o > 0 is chosen arbitrarily.

Lemma 24 (Positive diffusion coefficients a;). Let a13 = agy = as = 1, a9 > 0 for
i=1,2,3, and a;; = 0 else. For any e > 0, there exist initial data u° such that

ar ]ZE'

In particular, if t — H[u(t)] is continuous, there exists to > 0 such that t — Hlu(t)] is
increasing on [0, to).

Proof. We choose the initial datum

o( ) = aso(2a2 + asp)

uy () =
! 8@20 + 4a30
4asg for 0 < x < 0.5,
uy(z) = { agp(4—eY(r—05)) for0.5<z<0.5+¢,
3asp for 0.5 +e<x <1,
8asy + 4asg for0<ax< 0.5,
ud(r) = { axn(8—et(xz—0.5)) +4ag for 0.5 <z <0.5+e¢,
9aqg + 4das for0.b+e<ax <1,
Then
1
/ (0,u°) " H (u®) A(u°)0,u’dx
0
0.5+¢ 7,0 0
Uy + @
= [ (B0 + 0+ 0ot + B 0,08 )
Ug 3
< a%o 0:5te ( 2090 +-as0 Az 1 dagy + aso )d:ﬁ
- 0 5 3 8@20 + 4&30) 3(120 8&20 -+ 4&30
S@ __1_1_4_1 — a20
12 3 2 12¢
which proves the result. [l
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