CONVERGENCE OF A FINITE-VOLUME SCHEME FOR A
DEGENERATE-SINGULAR CROSS-DIFFUSION SYSTEM
FOR BIOFILMS

ESTHER S. DAUS, ANSGAR JUNGEL, AND ANTOINE ZUREK

ABSTRACT. An implicit Euler finite-volume scheme for a cross-diffusion system modeling
biofilm growth is analyzed by exploiting its formal gradient-flow structure. The numerical
scheme is based on a two-point flux approximation that preserves the entropy structure
of the continuous model. Assuming equal diffusivities, the existence of nonnegative and
bounded solutions to the scheme and its convergence are proved. Finally, we supplement
the study by numerical experiments in one and two space dimensions.

1. INTRODUCTION

Biofilms are organized, cooperating communities of microorganisms. They can be used
for the treatment of wastewater [10, 20|, as they help to reduce sulfate and to remove
nitrogen. Typically, biofilms consist of several species such that multicomponent fluid
models need to be considered. Recently, a multi-species biofilm model was introduced by
Rahman, Sudarsan, and Eberl [22], which reflects the same properties as the single-species
diffusion model of [14]. The model has a porous-medium-type degeneracy when the local
biomass vanishes, and a singularity when the biomass reaches the maximum capacity,
which guarantees the boundedness of the total mass. The model was derived formally
from a space-time discrete walk on a lattice in [22]. The global existence of weak solutions
to the single-species model was proved in [15], while the global existence analysis for the
multi-species cross-diffusion system can be found in [13]. The proof of the multi-species
model is based on an entropy method which also provides the boundedness of the biomass
hidden in its entropy structure. Numerical simulations were performed in [13, 22|, but no
numerical analysis was given. In this paper, we analyze an implicit Euler finite-volume
scheme of the multi-species system that preserves the structure of the continuous model,
namely positivity, boundedness, and discrete entropy production.

The model equations for the proportions of the biofilm species u; are given by

UzQ(M)

1 O, +divF =0, Fi=—ap(M)>V—~—~

inQ, t>0,i=1,...,n,
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where Q C R? (d > 1) is a bounded domain, a; > 0 are some diffusion coefficients, and
M = 3"" | u; is the total biomass. The proportions u;(z,t) are nonnegative and satisfy
M < 1. We have assumed for simplicity that the functions p and ¢ only depend on the
total biomass and are the same for all species. The function p € C'([0,1]) is decreasing
and satisfies p(1) = 0, and ¢ is defined by

p(M) / M- ga ds
2 M) =—7—= M >0
where a, b > 1. Equations (1) are complemented by initial and mixed boundary conditions:

(3) u;(0) =u) inQ, i=1,...,n,

(3

(4) w=uf onl? VF-v=0 onI?V,

where I'? is the contact boundary part, I'"V is the union of isolating boundary parts, and
oN=TPyurh,
We recover the single-species model if all species are the same and all diffusivities a; are

equal, a; = 1 for i = 1,...,n. Indeed, summing (1) over i = 1,...,n, it follows that
) Mq(M) ) M
oM =d M)? =d — VM
) o =aiv (o 2 ) = o (i 2ot

which makes the degenerate-singular structure of the model evident.
Equations (1) can be written as the cross-diffusion system

(6) atul- — div (ZAU(U)VUJ> =0 in Q, t> 0,

j=1
where the nonlinear diffusion coefficients are defined by
(1) Aij(u) = dip(M)g(M) + aju; (p(M)g' (M) — p'(M)q(M)), i,j=1,...,n.

Due to the cross-diffusion structure, standard techniques like the maximum principle and
regularity theory cannot be used. Moreover, the diffusion matrix (A;;(u)) is generally
neither symmetric nor positive definite.

The key of the analysis, already observed in [13], is that system (6)-(7) allows for an
entropy or formal gradient-flow structure. Indeed, introduce the (relative) entropy

H(u) = /Qh*(u]uD)d:v, where
W (ulu®) = h(u) — h(u?) = ' (u?) - (u —u?),

h(u) = Z (ui(logu; —1) +1) + /0 log %d.ﬁ,

defined on the set

(8) (9:{u:(ul,...,un)G(O,oo)”:iilui<1}.
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A computation gives the entropy identity [13, Theorem 2.1]

) 2> a [ por|y L0

p(M)
Thus, H is a Lyapunov functional along the solutions to (1). Moreover, under some
assumptions on p, the entropy production term (the second term on the left-hand side)
can be bounded from below, for some constant C' > 0, by

Mot VM2
(10) 20/ (1-M | 1+b4’md +Z/ M)V /ui|dz,

yielding suitable gradient estimates. Moreover, it implies that (1 — M)*~°~% is integrable,
showing that M < 1 a.e. in €2, ¢ > 0, which excludes biofilm saturation and allows us to
define the nonlinear terms.

Another feature of the entropy method is that equations (1), written in the so-called
entropy variables w; = Oh*/0u;, can be written as the formal gradient-flow system

Oyu — div(B(w)Vw) =

with a positive semidefinite diffusion matrix B. Since the derivative (h*)' : O — R" is
invertible [13, Lemma 3.3], v can be interpreted as a function of w, u(w) = [(h*)]~}(w),
mapping R" to O. This gives automatically u(w) € O and consequently L* bounds. This
property, for another volume-filling model, was first observed in [8] and later generalized
n [17].

The aim of this paper is to reproduce the above-mentioned properties on the discrete
level. For this, we suggest an implicit Euler scheme in time (with time step size At) and
a finite-volume discretization in space (with grid size parameter Ax), based on two-point
approximations. The challenge is to formulate the discrete fluxes such that the scheme
preserves the entropy structure of the model and to design the fluxes such that we are
able to establish the upper bound M < 1 a.e. in €2, ¢t > 0. We suggest the discrete fluxes
(20), where the coefficient p(M)? is replaced by (p(Mg)?* + p(M)?)/2, and K and L are
two neighboring control volumes with a common edge (see Section 2.1 for details). We
establish a discrete counterpart of (10) in Lemma 4.3. This result is proved by exploiting
the properties of the functions p and ¢ as in [13, Lemma 3.4] and distinguishing carefully
the cases M < 1—¢9 and M > 1—¢ for sufficiently small 6 > 0. However, due to the lack of
a chain rule at the discrete level, we cannot conclude that the “discrete” biomass satisfies
M < 1. To overcome this issue, we need to assume that the diffusivities are all equal.
Then, summing the finite-volume analog of (1) over ¢ = 1,...,n, we obtain a discrete
analog of the diffusion equation (5) for M that allows us to apply a discrete maximum
principle, leading to M < 1.

Our results can be sketched as follows (see Section 2.3 for the precise statements):

2

dz = 0.
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(i) We prove the existence of finite-volume solutions with nonnegative discrete propor-
tions u; x and discrete total biomass My < 1 for all control volumes K.
(ii) The discrete solution satisfies a discrete analog of the entropy equality (which be-
comes an inequality in (25)) and of the lower bound (10) for the entropy production.
(iii) The discrete solution converges in a certain sense, for mesh sizes (Az, At) — 0, to
a weak solution to (1).

Let us notice that even if the assumption on the diffusion coefficients provides an up-
per bound for M, we cannot establish the nonnegativity of the densities u; by using a
maximum principle. Instead, we adapt at the discrete level the so-called boundedness-by-
entropy method, introduced in [8] and developed in [17], to a finite-volume scheme. This
approach allows us to prove that the solutions to the nonlinear scheme proposed in this
paper satisfy the properties (i)-(iii); see Theorems 2.1 and 2.2. The adaptation of this
technique represents the main originality of this work.

There are several finite-volume schemes for other cross-diffusion systems in the math-
ematical literature. For instance, an upwind two-point flux approximation was used in
[1] for a seawater intrusion model. A positivity-preserving two-point flux approximation
for a two-species population system was suggested in [4]. The Laplacian structure of the
population model was exploited in [19] to design a convergent linear finite-volume scheme,
avoiding fully implicit approximations. Cross-diffusion systems with nonlocal (in space)
terms modeling food chains and epidemics were approximated in [2, 3]. The convergence of
the finite-volume scheme of a degenerate cross-diffusion system arising in ion transport was
shown in [9], and the existence of a finite-volume scheme for a population cross-diffusion
system was proved in [18].

A finite-volume scheme for the biofilm growth, coupled with the computation of the
surrounding fluid flow, was presented in [24]. Finite-volume-based simulations of biofilm
processes in axisymmetric reactors were given in [23]. Closer to our numerical study is the
work [21], where the single-species biofilm model was discretized using finite volumes, but
without any numerical analysis. In this paper, we prove the existence of discrete solutions
and the convergence of the finite-volume scheme for (1) for the first time.

The paper is organized as follows. The notation and assumptions on the mesh as well as
the main theorems are introduced in Section 2. The existence of discrete solutions is proved
in Section 3, based on a topological degree argument. We show a gradient estimate, an
estimate of the discrete time derivative, and the lower bound for the entropy production in
Section 4. These estimates allow us in Section 5 to apply the discrete compactness argument
in [5] to conclude the a.e. convergence of the proportions and to show the convergence of
the discrete gradient associated to V(u;q(M)/p(M)). The convergence of the scheme is
then proved in Section 6. In Section 7, we present some numerical results in one and two
space dimensions. They illustrate the L2-convergence rate in space of the numerical scheme
and show the convergence of the solutions to the steady states.

2. NUMERICAL SCHEME AND MAIN RESULTS

In this section, we introduce the numerical scheme and detail our main results.
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2.1. Notation and assumptions. Let Q@ C R? be an open, bounded, polygonal domain
with 00 = TPUTN € C%, TP NTY = ), and meas(I'?) > 0. We consider only two-
dimensional domains {2, but the generalization to higher dimensions is straightforward.
An admissible mesh M = (T,&,P) of Q is given by a family 7 of open polygonal control
volumes (or cells), a family £ of edges, and a family P of points (zx)xer associated
to the control volumes and satisfying Definition 9.1 in [16]. This definition implies that
the straight line between two centers of neighboring cells Txx is orthogonal to the edge
o = K|L between two cells K and L. The condition is satisfied by, for instance, triangular
meshes whose triangles have angles smaller than 7/2 [16, Examples 9.1] or Voronoi meshes
[16, Example 9.2].

The family of edges £ is assumed to consist of the interior edges o € & satisfying o € €2
and the boundary edges o € & fulfilling o C 9Q2. We suppose that each exterior edge
is an element of either the Dirichlet or Neumann boundary, i.e. Eoy = EL, UEN,. For a
given control volume K € T, we denote by £k the set of its edges. This set splits into
Erk = Enpx U 8£¢’K U Sg(t’K. For any o € &, there exists at least one cell K € T such that
o € Ek. We denote this cell by K,. When o is an interior cell, 0 = K|L, K, can be either
K or L.

Let o € £ be an edge. We define

6 - d(zk,zr) if o = K|L € &g,y
7\ d(zk,0) if 0 € Eext k>

where d is the Euclidean distance in R%. The transmissibility coefficient is defined by

(11) Ty = ——=

where m(o) denotes the Lebesgue measure of . We assume that the mesh satisfies the
following regularity requirement: There exists £ > 0 such that

(12) d(zg,0) > &d, forall KeT, o€ k.

This hypothesis is needed to apply a discrete Sobolev inequality; see [6].

The size of the mesh is denoted by Az = maxger diam(K). Let Ny € N be the number
of time steps, At = T'/Np be the time step and set t, = kAt for k = 0,..., Ny. We denote
by D an admissible space-time discretization of Q7 := 2x (0,7T") composed of an admissible
mesh M of ) and the values (At, Nr). The size of D is defined by 7 := max{Ax, At}.

As it is usual for the finite-volume method, we introduce functions that are piecewise
constant in space and time. A finite-volume scheme provides a vector v = (vg)ger € R*T
of approximate values of a function v and the associate piecewise constant function, still

denoted by v,
v = Z UK]-K)
KeT

where 1k is the characteristic function of K. The vector vy, containing the approximate
values in the control volumes and the approximate values on the Dirichlet boundary edges,
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is written as vy = (vr,vep), where vep = ('Uo-)o.egeDt € R#Ex. For a vector vy, we
introduce for K € T and o € £x the notation

vy, if o = K’L € gint,Ka
(13) Vko =4 Vg if o € &L et
vg  foe&lk

and the discrete gradient
(14) D,v := |Dg,v|, where Dk ,v = vk, — Vk.

The discrete H*(£2) seminorm and the (squared) discrete H'(£2) norm are then defined by

1/2
(15)  Joaham = (ZTU(DUU)Q) o ol o = loadllg o n + Toadld o 00
oe&
where || - |lop.m denotes the LP(€2) norm

1/p
londllopat = ( 3 m<K>|vK|P) CVi<p<oo

KeT

Thanks to the regularity assumption (12) and the fact that Q is two-dimensional, we
have

(16) > m(o)d(zk,0) <2 m(K) = 2m(Q).

KeT o€k KeT

2.2. Numerical scheme. We are now in the position to define the finite-volume dis-
cretization of (1)-(4). Let D be a finite-volume discretization of Q7. The initial and
boundary conditions are discretized by the averages

1
1 = —— O(x)dx for K
(17) Uy ¢ m(K)/KuZ(@I or K €T,
1
(18) uf":m(a)/‘,u?ds force&l i=1,...,n.

We suppose for simplicity that the Dirichlet datum is constant on I'” such that u}, = u}’

3
for i =1,...,n. Furthermore, we set uf, = u for o € EL, at time ;.

Let uf ¢ be an approximation of the mean value of w;(-,%;) in the cell K. Then the
implicit Euler finite-volume scheme reads as

m(K)
(19> At (uz,K - uzK Z f-sza = 7
o€k
kq(M*¥)

9 k — ok 2D Uy Q<
(20 Fio = —racu(sh) Do (T,
where K € T, 0 € Ex, i =1,...,n, and the value p* is defined by

Mk 2 + Mk: 2
(21) (p];)Q — p( K) p( K,o’)

2 Y
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recalling definition (11) for 7, and notation (13) for M .

Observe that definitions (13) and (14) ensure that the discrete fluxes vanish on the
Neumann boundary edges, i.e. Ff, =0forall o0 € &Y, 1, k € N,and i = 1,...,n. This
is consistent with the Neumann boundary conditions in (4).

For the convergence result, we need to define the discrete gradients. To this end, let
the vector uys = (ur,ugn) as defined before. Then we introduce the piecewise constant
approximation up = (u1p, ..., U,p) by

(22) wip(a,t) =Y uf li(x) forzeQ, t € (e ty],
KeT
(23) wip(r,t) =u forzelPi=1,...,n.

For given K € T and o € &k, we define the cell Tk, of the dual mesh as follows:

o If o = K|L € & i, then Tk, is that cell (“diamond”) whose vertices are given by
Tk, xr, and the end points of the edge o.

o If 0 € Ext i, then Tk, is that cell (“triangle”) whose vertices are given by xx and
the end points of the edge o.

An example of a construction of such a dual mesh can be found in [11]. The cells Tk,
define a partition of {2. The definition of the dual mesh implies the following properties:

e As the straight line between two neighboring centers of cells Tz, is orthogonal to
the edge 0 = K|L, it follows that

(24) m(o)d(zg,zr) =2m(Tk,) forall o = K|L € En k-
e The property m(Tx ) = m(TL,) for 0 = K|L € Epy x implies that

> m(Txk,) < 2m(Q),

el
K=K,

where the sum is over all edges o € &, and to each given o we associate the cell
K =K,.
We define the approximate gradient of a piecewise constant function up in Q7 given by (22)-
(23) as follows:
m(o) k
VPup(z,t) = ———Dg ot vi, forz e Txy, t € (tpr,til,
p(z,1) m(Tho) K, K, K, (te—1,tx]
where the discrete operator Dy, is given in (14) and vk, is the unit vector that is normal
to o and points outward of K.

2.3. Main results. Our first result guarantees that scheme (17)-(21) possesses a solution

and that it preserves the entropy dissipation property. Let us collect our assumptions:

(H1) Domain: © C R? is a bounded polygonal domain with Lipschitz boundary 99 =
rPyry, TP NTY = @, and meas(oT'”) > 0.

(H2) Discretization: D is an admissible discretization of Q7 satisfying the regularity con-
dition (12).
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(H3) Data: u® = (uf,...,u) € L*(Q;[0,00)") , uP’ = (uP,... uP) € (0,00)" is a constant
vector, Y i ud <1inQ, > " uP <1, and aq,...,a, >0, a,b>1.
(H4) Functions: p € C*([0,1]; [0, 00)) is decreasing, p(1) = 0, and there exist ¢, £ > 0 such

that limps 1 (—(1 — M)¥*p/(M)/p(M)) = c. The function ¢ is defined in (2).
For our main results, we need the following technical assumption:

(A1) The diffusion constants are equal, o; =1 for i =1,...,n.

Remark 2.1 (Discussion of the hypotheses). The assumption on the behavior of p when
M — 1 quantifies how fast this function decreases to zero as M — 1. An integration
implies the bound

p(M) < Kyexp(—Ky(1—M)™) for0< M <1,

with K; and K, some positive constants. We imposed this technical assumption to show a
discrete version of (10), following the proof of [13, Lemma 3.4]; see Lemma 4.3. The lower
bound on the entropy production term is needed to prove the convergence result.

The upper bound for p is also used in [13] to deduce an estimate for (1 — M)1=°=" in
LY(2), impliying that M < 1 in Q. Unfortunately, this estimate requires the multiple use
of the chain rule which is not available on the discrete level. Therefore, we assume that
the diffusivities a; are equal and apply a weak maximum principle to the equation for M*
to deduce the bound M% < 1 for all K € T.

In [13], the parameters in the definition (2) of ¢ need to satisfy a, b > 1. We are able
to allow for the slightly weaker condition a, b > 1; this is possible since we allow for equal
diffusivities (condition (A1)). O

We introduce the discrete entropy

where

n

Mg
with f(uj) = Z (uf g (log uf o — 1) +1) +/ log st
0

i=1
is the relative entropy density.

Theorem 2.1 (Existence of discrete solutions). Let hypotheses (H1)-(H4) and (A1) hold.
Then, there exists a solution (ufe)ker, k=0,..ny With ufe = (Uf jc, ... ul ;) to scheme (17)-

(21) satisfying

UﬁKZO, Mf(ZZuiKSM* for K €T, k=0,...,Nrp,

=1
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where M* = sup,.o{MP, M°(z)} < 1. Moreover, the discrete entropy dissipation inequal-
1ty

(25) H(uk,) +At2] ) < H@hY, k=1,...,Np,

holds with the entropy dzsszpatwn

(26) ]i(u%):ZTg(pl;)Q(Dg( %))2 i=1,...,n.

oe€

For the convergence result, we introduce a family (D,),~o of admissible space-time dis-
cretizations of Qr indexed by the size n = max{Ax, At} of the mesh. We denote by
(M;)n>0 the corresponding meshes of Q. For any 1 > 0, let u, := up, be the finite-volume
solution constructed in Theorem 2.1 and set V" := VPn,

Theorem 2.2. Let the hypotheses of Theorem 2.1 hold. Let (D,),~0 be a family of admis-
sible discretizations satisfying (12) uniformly in n. Furthermore, let (u,),>0 be a family of
finite-volume solutions to scheme (17)-(21). Then there ezists a function u = (uy, ..., uy,)
satisfying u(z,t) € O (see (8)) such that

Uiy — U a.e. inQp, 1=1,...,n,

n n
M, = Zum — M = Zuz <1 ae nQr,
— —

The limit function satisfies the boundary condition in the sense
uig(M)  uPq(MP)
p(M) — p(MP)

with H5(Q) := {v € HY(Q) : v =0 on TP} and it is a weak solution to (1)-(4) in the sense

(/ /uzatgbldxdtjt/ (@) (x, 0) d:z:) Z/ / <“@‘J(M)>> V6, dudt,

for all p; € CF°(2 x [0,T7)).

€ L*(0,T; Hp(9),

We also need the assumption o; = 1 for7 =1, ..., n for the proof of Theorem 2.2. Indeed,
due to the lack of chain rule at the discrete level, it is not clear how to identify the weak limit
of the term p(M,)*V"(u;,q(M,)/p(M,)). Another difficulty comes from the degeneracy
of p when M = 1, which prevents the proof of a uniform bound on V"(u,,q(M,)/p(M,))
from the entropy inequality (25). Our strategy relies on the uniform upper bound satisfied
by M, obtained in Theorem 2.1. Thanks to this bound, the monotonicity of p, and the
inequality (25), we can establish a uniform bound on the L? norm of V"(u;,q(M,)/p(M,))
and identify its weak limit. The numerical experiments in Section 7 seem to indicate that
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the assumption «; = 1 is purely technical and that the scheme still converges in the case
of different diffusivities.

3. EXISTENCE OF FINITE-VOLUME SOLUTIONS

In this section, we prove Theorem 2.1. We proceed by induction. For k

= 0,
have u’ € O with v > 0 for K € T, 4 = 1,...,n by assumption and M° < Mt =

sup,ea{MP, M°(x)} by construction. Assume that there exists a solution uf,' for some

ke {1,..., Np} such that

ub=l >0, ME = Zuk1<]\/[* for K € T.

The construction of a solution u’jw is divided into several steps.

Step 1. Definition of a linearized problem. We introduce the set

Z = {wM = (Wipy -+ W) Wie =0 for o € EL
Hwi,MHLQ,M < oo for i = 1, R ,n}.
Let € > 0. We define the mapping F. : Z — R by F.(wy) = wS,, with 0 = #T + #EP,
where wi, = (Wi o, - .., w;, ) is the solution to the linear problem
: : m(K)
(27) ¢ (— > 7.Dg ot —I—m(K)wi’K) — _( Ay (i —ub )+ > EKU)
ocelk o€

forKET,izl,...,nWith
(28) ,=0 foroe&?

oty L =1,...,m.

Here, u; i is a function of w; g, defined by

uikq(Mg) log uPq(MP) i=1,..

p(Mk) p(MP)
and F; g, is defined in (20). Note that F; ., depends on wpg via up and M. It is
shown in [13, Lemma 3.3] that the mapping O — R", ux +— wg is invertible, so the
function ux = u(wg) is well-defined and ux € O (recall definition (8) of O). The proof
in [13, Lemma 3.3] shows that My € (0,1) such that F; . is well-defined too. Since
Mg = Y7 u;k, we infer that 0 < w;x < 1. Definitions (13) and (14) ensure that
Dgowi =0 for all 0 € £J, ;. The existence of a unique solution w§ to the linear scheme
(27)-(28) is now a consequence of [16, Lemma 9.2].

(29) w; g = log n,

Step 2. Continuity of F.. We fix i € {1,...,n}. We derive first an a priori estimate for
w; p- Multiplying (27) by w; g, summing over K € 7 and using the symmetry of 7, with
respect to o = K|L, we arrive at

5ZTo(Dow +5Z |sz’2 —ngt()(uzK—um w; g ZEKU’U}ZK

el KeT KeT oce€

=K
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(30) =:J1 + Jo,

where in the term Jy the sum is over all edges o € £, and to each given ¢ we associate the
cell K = K,. For the left-hand side, we use the definition (15) of the discrete H'(€2) norm

e To(Dguws)’ 42 > m(K)wi x|* = eljwd pll} o a0
el KeT

By the Cauchy-Schwarz inequality and definition (20) of F; k ,, we find that

KeT

1 _
< EHUzM - Uf/\}l lo.2.0m (105 i ll1,2,Mm5

(M)
Bl < S 02D, (M)Dgwf
2] b p(M)

a3
< (S (o)) (g

Since My € (0,1) for all K € T, w; x ¢q(Mg)/p(Mg) is bounded. Moreover, p, < p(0) as p
is decreasing. Hence, there exists a constant C'(M) > 0 which is independent of w5 , such
that |Jo| < C(M)||w§ uqll1,2,m- This constant does not depend on u; x € [0,1). Inserting
these estimations into (30) yields

(31) Vellwi pllem < C(M),

where C'(M) > 0 is independent of w; .

We turn to the proof of the continuity of F.. Let (w}y)men € Z be such that w — wa
as m — oo. Estimate (31) shows that w}" := F.(w}y) is bounded uniformly in m € N.
Thus, there exists a subsequence of (wy") which is not relabeled such that wiy" — w5,
as m — oo. Passing to the limit m — oo in scheme (27)-(28) and taking into account
the continuity of the nonlinear functions, we see that wf ,, is a solution to (27)-(28) and
wi, = F.(wa). Because of the uniqueness of the limit function, the whole sequence
converges, which proves the continuity.

Step 3. Existence of a fixed point. We claim that the map F. admits a fixed point.
We use a topological degree argument [12], i.e., we prove that §(I — F., Zg,0) = 1, where
0 is the Brouwer topological degree and

ZR = {UJM € 7 Hwi,MHLQ,M <R fori= 1,...,77,}.

Since § is invariant by homotopy, it is sufficient to prove that any solution (w5, p) €
Zp % [0,1] to the fixed-point equation ws, = pF:(wS,) satisfies (wi,, p) &€ 0Zg x [0, 1] for
sufficiently large values of R > 0. Let (w5, p) be a fixed point and p # 0, the case p =0
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being clear. Then wy ,, solves

(32) ( Z TJDKJw +m(K> 1K> = _p(mé[t(> (uzK _ulK Z )’

0EEK o€fk

where F7 ., is defined as in (20) with w4 replaced by v, which is related to wj, by (29).
The followmg discrete entropy inequality is the key argument.

Lemma 3.1 (Discrete entropy inequality). Let the assumptions of Theorem 2.1 hold. Then
for any p € (0,1] and € € (0,1),

pH (u5 +5AtZszMH12M+pAtZ[ ) < pH(uf,"),

=1 =1

usg(M)\\*
where I;(u 7, (p) ( U( ’—)) , i1=1,...,n,
M) Z p(Me)

el

with obvious notations for (pS)? and Me.

Proof. We multiply (32) by Atw;; and sum over i =1,...,n and K € T. This gives

gAtZ< Z ToW; e Dic oWy +Z |sz’2) + J3+ Jy, =0, where
i=1

aeS KeT

—No

By the symmetry of 7, with respect to o = K|L, the first term is written as

5Atz< Z ToW; i D oW; + Z |sz|2> _5At2|lszH12M
i=1

oef KeT
K=K,

=Ks

Inserting definition (29) of w; ;- and using the convexity of u +— u(logu —1) + 1, we obtain

ngpZZm(K) ZK—uzK)<logu x + log E%}ii;)

i=1 KeT
MD
_p;I;T ZK—uZK)(logu +longMD;>
> p 3" m(K) (h(us) - — ,OZ uf g — uf;)g—Z(uD)

KeT
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= p Y () (Aluf) — (u5e —uP) - W (uP))

KeT
—p Z Hl(K)(h(u];{_l) — (u’;{‘l —uP) h/(uD))
KeT
= 37 ) (0 (i) = 1 (e ) = p(H () — Hlk ).
KeT

We abbreviate vf ;- := uf  q(My)/p(Mf). Then

Jo=—pAtY " Fix,Dicol(us)

i=1 o€e€

=Ko

= pAt Z Z To (Pi)Q(UiE,K,g — 05 i) (log vf g — log i ).

i=1 o€ef
K=K,

The elementary inequality (z —y)(logz —logy) > 4(y/z — \/y)? for any x, y > 0 implies

that
n 2
ugq(Me)
Jy > 4pAt 7. (p5)? (Do< ’—)) :
2% 0T
Putting all the estimations together completes the proof. O

We proceed with the topological degree argument. The previous lemma implies that

A Y Wil [foun < pH(ulfY) < H(uf").
i=1

Then, if we define
H(uk1 1/2
pe ()
eAt
we conclude that wj, & 0Zg and 6(I — F;, Zg,0) = 1. Thus, F; admits a fixed point.

Step 4. Limit ¢ — 0. We recall that uj, € O. Thus, up to a subsequence, Uy — Upm € @]
as € — 0. We deduce from (31) that there exists a subsequence (not relabeled) such that
ew; g — Oforany K € T andi = 1,...,n. In order to pass to the limit in the fluxes F7x ,
we need to show that Mk = >  u;x < 1 for any K € T. To this end, we establish the
following result:

Lemma 3.2 (L? estimate). Let the assumptions of Theorem 2.1 hold. Then for all € > 0,
there exists a constant C' > 0 depending on H(u'jv_tl), Q, At, the mesh T, and M* =
sup,e{MP, M°(z)} such that

(33) > m(K) (Mg = MT9)* < CE,

KeT

where zt = max{z,0}.
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Proof. Let € > 0 be fixed. Then, summing (32) over 4, we obtain

- £ € MIE( B Mik(_l
gz — Z To Dk ow; + m(K)wLK + m(K)T
i=1

o€k
+3 ) Fik,=0 forall KeT.

Multiplying this equation by A¢[M5 —M*]*, summing over K € T, and using (2% —y?) <
x(z — y), we obtain

m(K
2 (0 — MR~ M MR) < Tt ot

KeT

where

Js = —Atz Z Fir oMy — M4,

i=1 o€e&

=Ko

Jo = eAtEn: Y TeDrowi[Mi — M]*,

i=1 o€e&

Jr=—eAtY > m(K)w  [Mf — M*]*.
i=1 KeT
We use discrete integration by parts to rewrite J; as
Meqg(Me®
=t Y s (200

ocel p(ME)
K=K,

) Dy o [M*® — M*]*.

We assume that for 0 € & we have My, > Mj. Then, since the function M
Mq(M)/p(M) is increasing (see definition (2)), we deduce that Dy , (M q(M?)/p(M?)) >
0. We distinguish the following cases:

o M* > Mj, > My, = Dgo[M® — M*]" = 0;

o My, > M*> My = Dg o [M®— M*|" = M, — M* > 0;

o My, > Mj > M* = Dk [M®— M*|* = My, — Mg >0.
This implies that Dy ,(M®q(M?)/p(M?)) Dy o[M® — M*|* > 0 if Mj; , > Mg. A similar
argument shows that Dg ,(Mq(M®)/p(M¢®))Dg oM — M*|* > 0 also in the case M}, >
My, and we deduce that J; < 0.

For Jg, we apply discrete integration by parts and the Cauchy-Schwarz inequality:

n 1/2 1/2
| Jg| < /2 <5At SN TU(D,,wf)?) (At > 1o (D, [MF - M*]+)2) .

i=1 oc€€& oel
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It follows from Lemma 3.1 and the L* bound M} <1 for K € T that

1/2
| Js| < 2H (uk MY (1 + M) (AtZTg) el

ce€

Finally, we use the Cauchy-Schwarz inequality together with Lemma 3.1 and then the L™
bound My <1 for K € T to estimate J;:

1/2
| J7| < eV2H (ulh)Y? (At Z m(K) ([My — M*}+)2)

KeT
S H(U'Ij\/_tl)l/Q (1 +M*)At1/2 m(Q)l/QSI/Q.

Gathering all the previous estimates, we deduce the existence of a constant C' > 0 such

that (33) holds. O
We conclude from Lemma 3.2 that passing to the limit ¢ — 0 in (33) that

S m(K) (Mg — M) <0,

KeT

recall that M5, — My as ¢ — 0 for K € T. This shows that M < M* < 1forall K € T.
We can perform the limit € — 0 in (32), which completes the proof of Theorem 2.1.

4. A PRIORI ESTIMATES
In this section, we establish some uniform estimates for the solutions to scheme (17)-(21).

4.1. Gradient estimate. We deduce the following gradient estimate from the entropy
inequality (25).

Lemma 4.1 (Gradient estimate). Let the assumptions of Theorem 2.1 hold. Then there
exists a constant Cy; > 0 only depending on H(uS,), Q, ¢, p, and the upper bound M*
defined in Theorem 2.1 such that

qu MM)

ZAt R

Proof. Let i € {1,...,n}. Thanks to the uniform L*> bound for u%, it is sufficient to show
that there exists a constant C' > 0 independent of Az and At such that

ZAt

To prove this estimate, we start from the followmg bound which comes from the discrete
entropy inequality (25):

o0 B (o) <

el

<Cy foralll <i<n.
1,2,M

Uu; ./\/lq MM)

<C.
(M)

1,2,M
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Using the inequality z? — y* < 2z(z — y) and ufKU < 1, we can write

3503 (00 (SIE)) ) < a3 ary ke (i, (A )

oecf& oef
Nt k 2
Q(ﬂﬂwg)( ( UWﬂﬂfk))>
<4 At To—r—| Dy R .
= Zkzl Zaeg (M) p(MF)

Thanks to [13, Lemma 3.4], we know that the function z — \/q(x)/p(x) is strictly increas-
ing for z € (0,1). We use the L* bound M¥ < M* for K € T given in Theorem 2.1 to
conclude that

(o () =S B o550

oc€e€ el

In view of (34), this shows the lemma. O

4.2. Estimate for the time difference. We wish to apply the compactness result from

[5]. To this end, we need to prove a uniform estimate on the difference uf , — uf .

Lemma 4.2 (Time estimate). Let the assumptions of Theorem 2.1 hold. Then there exists
a constant Cy > 0 not depending on Az and At such that for all i € {1,...,n} and

¢ € C((J)O(QT);
Z ALY " (uf o = ub N o(xi, th) < CoAL|V ] L= (-

k=1 KeT

Proof. We abbreviate ¢% = ¢(zx tk) and fix i € {1,...,n}. We multiply (19) by Atk
and sum over K € T and bk =1,..., Ny

Z Z m(K)me Z At Z KJ¢K Js.

k=1 KeT el
K=

—No

Inserting the definition of ]-"i’fKJ and using the symmetry of 7, with respect to o0 = K|L,

we find that
ufq(M*)
zﬁt (D)2 Dg o | "> | D 0"

ocel
K=K,

Using the Cauchy-Schwarz inequality, we obtain |Jg| < JgoJs1, where

Jso = (fAt\WiQ,M)I/Q,
e (Egaenn ()

oel
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It follows from the mesh properties (12) and (16) that

1/2
Jio < [Vl QT>(ZAtZ )

oef
1/2
< Vol (Zm > 3 mlo)ier.o))
KeT oelk
1/2 2m(Q)7T
< é~1/2||V925||L°<>(QT ZN Y om(k)) = ¢ IVoll=@n.
k=1 KeT

By Lemma 4.1, Jg; < C1p(0). This shows that |Js| < CoAt|| V|| 1 (gr), concluding the
proof. O

4.3. Lower bound for the entropy production term. In this section we establish a
discrete counterpart of inequality (10).

Lemma 4.3 (Lower bound for the entropy production). Let the assumptions of Theorem
2.1 hold. Then there exists a constant C3 > 0 depending on p, q, a, b, and k such that for
k=1,...,Np,

ka 1 k
(35) ZI ufy) ZZTUBKU \/5 +C3Z%M M(;iﬁn)?

i=1 oc€&

where MY = 0, M} 4+ (1 — 0,) M, for some 0, € (0,1),

Brco = min {p(Mz)g (M), p(M: o )a(M5.,) },
and we recall that I;(u%,) is defined in (26).

Proof. To simplify the presentation, we omit the superindex k throughout the proof. Sum-

ming definition (26) for [;(upr) over ¢ = 1,...,n and setting f(z) = /q(z)/p(z), we

obtain

I:= ZL-(UM) = Z Z Tgpf,(DK,g(\/u_if(M)))Q.

We split the sum into two parts and use the product rule for finite volumes. Then [ =
Jgo + ng, where

Joo = Z Z oD (/Ui ko Dico (f(M)) + DK,U(\/U_i)f(MK))Ql{MK,(,zMK},

i=1 o€e&
K

=Ko

o =3 mp2 (Vauk Dico (F(M)) + Dico (Vi) f(Mic)) Lt <

i=1 o€e&

K,
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A Taylor expansion of f around Mk, gives

Joo = Z Z 7ol (/Ui ko Dico (M) ' (M) + DK,J(\/U_i)f(MK))21{MK,UzMK},

i=1 o€e&

=Ko

Jo1 = Z Z Tap?;(\/ui,KDK,o<M)f/(Ma) + DKJ(\/u_i)f(MK,a))21{MK’U<MK}a

i=1 o€

where M, = 0, Mk, + (1 — 6,) Mg for some 6, € (0,1) and for K € T and o € Ek.
We consider the term Jyg first. Expanding the square gives three terms, Jog = Jgo1 +
Joo2 + Joo3, where

n

Joo1 = Z ZTUpz'f(MK)z(DU(\/u_i>)21{MK,aZMK}’

i=1 o€f
Joo2 = 2 Z Z Tapg\/ui,K,UDK,U(\/Ui)f/(Mo)f(MK)DK,U(M)l{MK,UzMK}y
=1 o€ef

—No

Jooz = Z Z Tap?;ui,KJf/(Ma)Q(DJM)Q]-{MK,UZMK}

i=1 o€f
=D Tole Mico f'(Mo)* (Do M) Linsye >0
oef

and in the last equality we used the identity Z?:l Ui ko = Mk
Definition (21) of p? implies that p? > p(Mg)?/2. Then, by definition of f,

T = 5 37 3 7p(Mi)a(Mic) (Do (/) L2300

i=1 o€&

The function f is strictly increasing [13, Lemma 3.4]. Since z(z—y) > 3(2®—y?), it follows
that

Jooz 2> Y o0 (s reo — wis) '(My) f(Mi) Dico (M) are > 1)

i=1 o€e&
K=K,
T

= Z a’pg'(DO'M)2f/(MO')f(MK)1{MK,UZMK} > 0.
ek

It remains to estimate Jyo3. For this, we set Jooz = > ¢ Joo3(o), where
J903(U) = TcrpiMK,af/(MG)2(DGM)21{MK,UZMK}‘
Thanks to [13, Lemma 3.1], there exists a constant C,, such that

p(M)q(M)

M (1= apyron — Om € (0,00).
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We deduce that there exists 6 € (0,1/2) such that for all M, > 1 — 6,
p(My)q(M,) Chq
> —.
(36) (1 _ q{g)l—b—m - 92

We distinguish the cases (i) 0 < M, <1 -6 and (ii) 1 — 6 < M, < 1.
Consider first case (i). Modifying slightly the proof of [13, Lemma 3.4], it holds that for
all0< M, <1-96,

! a p(l — (S)QMg
f(My) > QMUf(MU)’ p(M;)q(My) > W-

On the set {My, > Mg} we have Mg, > M, > Mg, and thus, p2 > p(Mg)?/2 >

p(M,)?/2. Therefore, taking into account the definition of f,

p(M,)? a?
2 T4M?

Joos(0) > 7, f(M0'>2<D0'M)21{MK,o-ZMK}

a
= _Tap(Ma)Q(Ma) — (DUM)Zl{MK,aZMK}

2 1_62
CLp( )27—0'Mg-71

8(a + 1)p(0)

a’p(l —9)?
s 7 UMa—l DUM 21
o 8(0, + 1)p(0)27— g ( ) {Mg,o>Mg}>

where we used Mg, > M, in the last inequality. Since M, < 1—4, we have (1—M,,)1 0+~ >
§1*+% and consequently,

a’p(1 — §)26totr 7 Mot

S+ Dp(Of (1= M)
In case (ii), using Mg, > M, >1—§ and p2 > p(Mk)?/2 > p(M,)?/2, we find that
1

MK,O’
M,

(DUM>21{MK,O'ZMK}

Jooz (o) >

(Do M)*Lias o>y}

Toos(0) 2 5 (1= 0)7p(Mo)* ' (M) (Do M)* Lasye ;> n11c)
1 f'(Mo)\®
Z 5(]‘ _5)T0p(MO')Q(MO')(f(MU) (DO'M)21{MK7O-2MK}'
The proof of [13, Lemma 3.4] shows that there exists a constant C; > 0 such that
f'(z) Cy 1
> for — 1.
fl@) = (T—ape 725 0T
Hence, together with (36), we infer that
1 p(My)q(M, b
Jgog(()‘) Z 5(1 — 5)042’7'0(1(_ ]\/)[0)(1172,{(1 — Mo’) 1-b (DO’M)21{MK702MK}
1

> Z(l - 5)Cpqcz%7—o<1 - MO’)_1_b_H(DUM)2]‘{MK,azMK}
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a—1

1 M¢
2 Z(l - 5>Cquz§Tv<1 — M,)l+b+r <D”M)21{MK702MK}’

where in the last step we used M, < 1 and a > 1. We have proved that in both cases (i)
and (ii), there exists a constant Cs > 0 such that

Mafl
J903 2 C5 ZTO' (1 - ]\40 )1+b+,€ (DUM>21{MK,JZMK}'
el 7

Similarly, we expand the square in Jg; such that Jy; = Jg11 + Jg12 + Jo13, where

n

Jo11 = Z ZTo'pg'f(MK,O')z(DU(\/u_i))Ql{MK,U<MK}’

i=1 oc€&
J912 =2 Z Z Tap?yv ui,KDK,J(\/ ui)f/(Ma)f(MK,a)DK,U(M)]-{MKyg<MK}7
i=1 o€e&
K= o

Jo13 = Z Z TO'pg-ui,Kf,(MU>2(DO'M)Q]'{MK,J<MK}'

i=1 o€f

Arguing as for the expressions Jgg; and Jgg2, we obtain Jgo > 0 and

1 n
Jo11 = 2 Z Z Tap(MK,a)Q(MK,a)<Da(\/u_i))21{MK,a<MK}'
i=1 oc€&
The terms in Jg13 are studied as before for the cases 0 < M, <1 —4¢ and M, > 1— 6.
Similar computations lead to the existence of a constant Cg > 0 such that

a—1

M
J913 Z 06 ZTO' (1 . ]\40' )1+b+f€ (‘DUM>21{MK,U<MK}'
oce€ 7

We put together the estimates for Jog; and Jgiq,

BT) o o 2 5 3 momin {p(Mi)a(Mre), p(Mico )i (Mico) Do/

o€l
and add Jgog and J913,
Mafl
(38) J903 + J913 Z min{C5, 06} ZTg(l — ]\; )1+b+n (DUM)2.
ock 7
Note that Jgga + Jg12 > 0. Then I > (Jgo1 + Jo11) + (Joos + Jo13) and inserting estimates
(37) and (38), we finish the proof. O

5. CONVERGENCE OF SOLUTIONS

We wish to prove Theorem 2.2. Before proving the convergence of the scheme, we show
some compactness properties for the solutions of scheme (17)-(21).
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5.1. Compactness properties. Applying Theorem 3.9 in [5], we obtain the following
result.

Proposition 5.1 (Almost everywhere convergence). Let the assumptions of Theorem 2.2
hold and let (u,),>o0 be a family of discrete solutions to scheme (17)-(21) constructed in
Theorem 2.1. Then there exists a subsequence of (uy)yso, which is not relabeled, and a
function u = (uy,...,u,) € L=¥(Qr)" such that, as n — 0,

Uiy — U >0 ae. inQp, i=1,...,n.

Moreover, there exists M € L>®(Qr) such that
n n
M, = Zum — M = Zul <1 ae inQr.
i=1 i=1

Proof. Assumptions (A,1) and (A43) in [5, Theorem 3.9] are satisfied due to the choice of
finite volumes. Assumption (A;) is always fulfilled for one-step methods like the implicit
Euler discretization. Assumptions (a) and (b) are a consequence of the L> bound, while
Lemma 4.2 ensures assumption (c). Thus, the result follows directly from [5, Theorem

3.9]. O

The gradient estimate in Lemma 4.1 shows that the discrete gradient of u; ,q(M,,)/p(M,)
converges weakly in L?(Qr) (up to a subsequence) to some function. The following lemma
shows that the limit can be identified with V(u;q(M)/p(M)).

Lemma 5.1 (Convergence of the gradient). Let the assumptions of Theorem 2.2 hold and
let (uy)n>0 be a family of discrete solutions to scheme (17)-(21) constructed in Theorem
2.1. Then, up to a subsequence, as n — 0,

V"(%ﬂ% ) - v(“ﬁ%)) weakly in L*(Qr),

where u; and M are the limit functions obtained in Proposition 5.1.

Proof. This result follows from the proof of [11, Lemma 4.4] since Proposition 5.1 guaran-
tees the a.e. convergence of u;,q(M,)/p(M,) to u,q(M)/p(M). 0

Finally, we verify that the limit function u satisfies the Dirichlet boundary condition in
a weak sense.

Lemma 5.2 (Convergence of the traces). Let the assumptions of Theorem 2.2 hold and let
(un)n=0 be a family of discrete solutions to scheme (17)-(21) constructed in Theorem 2.1
such that w, — u and M, — M a.e. in Qr asn — 0. Then

wig(M) — uq(M”)
p(M)  p(MP)

€ L*(0,T; Hp ().
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Proof. Let us define v;,, := u; ,q(M,)/p(M,) for i = 1,...,n. Then, using [7, Lemma 4.7]
and [7, Lemma 4.8], we can prove, thanks to Lemma 4 1 and the L*°-estimate, that up to
a subsequence, for all 1 < p < 400 as n — 0,

u; q(M) : D :
Vi — V; = strongly in LP(I'” x (0,7)), i=1,...,n,
: D (T x (0,7))
see for instance the proof of [7, Proposition 4.9]. Then, up to a subsequence,
(39) vy — v ae in [P x (0,T), i=1,...,n.
Moreover, by construction (22)-(23),
uf g(M")
Vin(z,t) = ——-—2 for (z,t) e TP x (0,T), i=1,...,n.
Thus, we deduce from (39) that
uf g(MP")
vi=—">—"2 ae in'Px(0,7),i=1,...,n,
p(MP) 0.7)
which concludes the proof. Il

6. CONVERGENCE OF THE SCHEME

We prove in this section that, under the assumptions of Theorem 2.2, the limit function
u = (u1,...,u,) obtained in Proposition 5.1 is a weak solution to (1)-(4). For this, we
follow some ideas developed in [9, 11].

Let ¢ € C°(Q x [0,7)) and choose n = max{Ax, At} sufficiently small such that
supp(¢) C {z € Q : d(x,09) > n} x [0,T). In particular, ¢ vanishes in any cell K € T
with K N IQ # (). Again, we abbreviate ¢% = ¢(xk, t;) and we fix i € {1,...,n}. Let

e(n) = Fiy + Fy, where

_ /T /umat¢da:dt— / u;y(z,0)¢(z,0)dx,
P = / / (u;"&% )>  Vodzd.

Proposition 5.1 and Lemma 5.1 allow us to perform the limit n» — 0 in these integrals,
leading to

lime(n) = —/T/uiﬁtqbd:cdt—/ui(:c,O)(b(x,O)dx

10 / / <uzq(M))) - Vodudt.

Therefore, it remains to prove that £(n —> 0asn—0.
To this end, we multiply (19) by At¢ and sum over K € T and k = 1,..., Ny, giving

F'+ F] + F] =0, where
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Nr
Fi =) m(K)(ufx —uf )i

k=1 KeT

SAY Y A,

k=1 KeT o€€int, Kk

For the proof of e(n) — 0 as n — 0, it is sufficient to show that Fjj, — F;' — 0 as  — 0 for
j=1,2.
The arguments in [9, Section 5.2] show that

|Flo — £V < OTm(Q)”Cb”a(@) n—0 asn—0.

The remaining convergence for |Fy, — F'| is more involved. First, we rewrite Fy. By the
conservation of the numerical fluxes F; i » + Fi 1, = 0 for all the edges 0 = K|L € &y
and the definition of F}'y ,, we infer that

Nr
= ALY Y FDiod™!

k=1 KeT 0€&int,k

Sa ot ¥ (S8

KeT aeSmt K

+2Atz Z ch pa’ _p(MK) )DKG(U EZJ(%)))DK,ogbk_l

k=1 KeT 0€&int,k
. nl/] n

Inserting the definition of the discrete gradient V7 = V" we can reformulate Fyj, as

Nr 3
FQ%ZZZP(M@)Q Z DK,J<U EZ](\% ) (Ts) / /T Vo - vk dxdt.

k=1 KeT oe&m,K

Thus, using the monotonicity of p, we have

Nr uk k
gy — FR < p0? > > Y m<0>Do(£f(TAf>))

k=1 KeT 0651m,K

NS )
7T Vo - vigdx |dt|.
/tk—l ( dU m(TK70'> TKJ ¢ o

In view of the proof of Theorem 5.1 in [11], there exists a constant Ceops > 0 such that

tr DK ¢k 1 / ) ‘
ar Vo - vk dr |dt| < CeonsAtn.
/t']c 1 ( dU m(TK70'> TK,O' gb o 77

X
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Applying this inequality and the Cauchy-Schwarz inequality, we obtain

|F2770 F2771’<p consn(ZAtZ 0> (ZAtquk)

el

1/2
1 2,/\4)

It remains to use the mesh regularity (12), property (24), and the gradient estimate given
by Lemma 4.1 to conclude that, for some constant C' > 0,

(40) |Fyy — F3y| < C(&,C3)p(0)*n = 0 asn— 0.

We turn to the estimate of Fj,. To this end, we use the definition of (p¥)? to rewrite Fy,
as Fy, = Fohy + Fyh,, where

p(Mi¢,)* — p(Mie)? urq(M") -
S N S U L

k=1 KeT o€&int,

Nr k
MKU) p(Mj)* ufq(M* -
Fyhy = Z At Z Z TU Dice (W)Dl{ﬁgbk 11{M§§Mf<,g}'
=1

KeT O'Egmt K

It follows from p(Mj) < p(Mj; ) and the inequality 2 — y* < 2x(x — y) that

Nt
Bl < 2010l S0 Y S 7,

k=1 KeT UEgint,K

p(Mf ,)? — p(MF)? ul g .q(M ) ufg(M*)) |
9 p(ME ) Ko p(MF) {ME>Mp 3

A Taylor expansion, for M¥ = 8,MF + (1 — 0,) M}, for some 0, € (0,1),
P(Mf.,)” = p(MR)* = 2/ (MZ)p(MF) (M, — M),
and the Cauchy-Schwarz inequality give

X

(41> | 2o| < 277||¢”CI(QT F2200F22017 where
qu(Mk) 2y 1/2
= At - - vt T 7
{Z Z < ( p(MF) )) }
ZKO’q(MKO') 12
Fypor = {ZNZW (M) QW(DUM)“{M;%W}%@}} :
el

Inequality (34) shows that Fiho, < p(0)H (ul,)/?/p(M*).
For the estimate of Fyh,, we use uf ;. , <1 and C7 := supgc,<p- P/ (2)?/p(x) < oo (this
is finite since M* < 1) to infer that

Nrp 1/2
Pl < G 3080 Y ratME DMLy

k=1 el
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{308 0t 1 - e

el
(Mg ,)"!
x (1 _ M;C(U)1+b+l€

1/2
(DM Loy 1}

Set M} = 0,Mj; + (1 — 0,) M}, as in the proof of Lemma 4.3. Using the inequality
(1—Mj )0+ <1 together with the monotonicity of x +— z%~! /(1 —x)~'7""", we obtain

E ylmag()fk (My)*! 2 i
Fohor < Z At Z To MKa (MK o) (1 — MFE)l+b+s (Do M) 1{M§>M§,a} '
o€l g
By (35) and the bound
k l1—a k M~
(Mg ,) “a(Mpg,) < for all o € &,

~ (a+1)p(M*)? (1= M*)P

this expression is bounded by the entropy production which is uniformly bounded due to
the entropy inequality. We have shown that Fjb,, and Fjb,, are bounded uniformly in 7
such that (41) implies that Fj,, — 0 as n — 0.

Now we rewrite |Fyh,| as

F] < 20]16ller oy ZAtZ >

k=1 KETUEElnt K

» ufKQ(Mlk()_ uﬁK,aq(MIk(,a) 1o
p(MF) p(Mf,) ) MEsMia)

— P(Mfé o2 Jubeq(ME)
p(MF)

Arguing as for the term |Fy),|, we see that Fih, — 0 asn — 0.
The previous convergences and (40) imply that

[Foy — Fy| < |Foy — Fh |+ [F| = 0 asn — 0.

To conclude the proof of Theorem 2.2, it remains to apply [13, Theorem 2.3] which shows
the uniqueness of the weak solution to (1)-(4) (in the case a; = 1 for ¢ = 1,...,n) and
which implies in particular that the whole sequence (u,),~0 converges to the weak solution.

7. NUMERICAL EXPERIMENTS

We present some numerical experiments in one and two space dimensions, when the
biofilm is composed by n = 2 different species of bacteria and the function p satisfies
hypothesis (H4) (case 1) or not (case 2).
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7.1. Implementation of the scheme. The finite-volume scheme (17)-(21) is imple-
mented in MATLAB. Since the numerical scheme is implicit in time, one has to solve
a nonlinear system of equations at each time step. In the one-dimensional case, we use
a plain Newton method. Starting from u*~! = (u’f‘l,ug_l), we apply a Newton method
with precision € = 107!° to approximate the solution to the scheme at time step k. In the
two-dimensional case, we use a Newton method complemented by an adaptive time step
strategy to approximate the solution of the scheme at time k. More precisely, starting
again from v*~' = (/7! ub™"), we launch a Newton method. Then, if the method did not
converge with precision ¢ = 1071Y after at most 50 steps, we half the time step and restart
the Newton method. At the beginning of each time step, we double the previous time step.
Moreover, we impose the condition 1078 < At,_; < 1072 with an initial time step set to
Ato = 107°.

7.2. Test case 1. We introduce a function p that satisfies hypothesis (H4),
(42) p(x) =exp(—1/(1 —x)) forall z € [0,1),
and we choose a = b = 2. In this case Kk = 1 and

. o P'(M)
A (== M0

This definition of p allows us to compute explicitly the value of ¢(M)/p(M):

q(M) L[ o/a-m 1 e?
el M--)+5).
p(M) ~ M\© 2) T3
We consider a one-dimensional test case on Q = (0,1) with ' = {0}, TV = {1},

uP = ud = 0.1, and the following initial data:

=1.

uf(z) = up +ufLg05(x),  us(x) =ud 4 uy Ljs0s/(2).

In Figure 1, we illustrate the order of convergence in space of the scheme. Since exact
solutions to the biofilm model are not explicitly known, we compute a reference solution
on a uniform mesh composed of 5120 cells and with At = (1/5120)%. We use this rather
small value of At because the Euler discretization in time exhibits a first-order convergence
rate, while we expect a second-order convergence rate in space for scheme (17)-(21), due to
the approximation of p(M)? in the numerical fluxes. We compute approximate solutions on
uniform meshes made of respectively 40, 80, 160, 320, 640, 1280, and 2560 cells. Finally,
we compute the L? norm of the difference between the approximate solution and the
average of the reference solution over 40, 80, 160, 320, 640, and 1280 cells at the final time
T =103, Figure 1 shows the results for p defined in (42) and with different choices of the
diffusivities a; and ay. We observe that the scheme converges, even when a; # «ay, with
an order around two.

Next, we consider a two-dimensional test case on = (0,1) x (0,1) with I'? = {y = 1},
'V =00 \T?, uP =ul =0.1, a; = 1, ay = 5, and the initial data

u(z,y) = uf +ul 10.2,05(%) 110,04 (¥), ud(z,y) = uy +uf 105,08 (%) 110,04 (¥)-
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FIGURE 1. L? norm of the error in space with a; = ay = 1 (left) and oy = 1
and ap = 10 (right); p is defined in (42).

The mesh of Q = (0,1) x (0,1) is composed of 3584 triangles. In Figure 2, we show the
evolution of the biomass M at different times. It is shown in [13, Theorem 2.2] that the
steady state is given by u® = uP and u$® = v and that the rate of convergence in the L?
norm is of order 1/t. Figure 2 (bottom right) shows this convergence to the steady state
in the L? norm in a semi-logarithmic scale. We remark that the test case used here is close
to that one used in [13]. The main difference is the absence of the source term in our case.
It is worth mentioning that in this case, the rate of convergence of order 1/t seems to be
sharp, while in [13], the authors observed an exponential convergence rate when the source
term is given by u” —u; fori=1,... n.

7.3. Test case 2. We use a function p that does not satisfy hypothesis (H4):

(43) p(x)=1—2xz forall x €[0,1]

and take a = b = 1. Also here, we can also compute explicitly ¢(M)/p(M):
gM) M

p(M)  2(1—M)*
As before, we consider first a one-dimensional test case on Q = (0,1) with '’ = {0},
'Y = {1}, v = uf = 0.1, and the initial data

ud(z) = uf +uflpoos (), us(®)=us +uylpsos(v).

We investigate the L?-convergence rate in space of the scheme for different values of o
and ap; see Figure 3. We use the same strategy as described in the previous section. In
particular, the scheme converges with an order around two.

Finally, we consider a two-dimensional test case on = (0,1)x (0,1) with I'? = {y = 1},
'V =00 \TI'?, uP =ul =0.1, a; = 1, ap = 5, and the initial data

u(z,y) = uf + u?1[0.2,0.5] (2) 10,04 (¥) ud(z,y) = uy + Ugl[o.s,o.s]($)1[0,0.4](?J)-
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FI1GURE 2. Evolution of the biomass M at different times with p defined
in (42). Top left: t = 1, top right: ¢ = 5, bottom left: ¢ = 10. Bottom
right: Convergence of the solutions to the steady states in the L? norm with
p defined in (42).

-

Again, we choose a mesh of Q = (0,1) x (0,1) consisting of 3584 triangles. In Figure 4,
we show the evolution of the biomass M at different times and investigate the rate of
convergence of the solution to the steady state u$® = uP and u$® = u. We represent the
(squared) L? norm of the difference between u; and u® in a semi-logarithmic scale with
final time T' = 30. Surprisingly, the rate of convergence seems to be better that the one of
order 1/t obtained in [13, Theorem 2.2].
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