QUALITATIVE BEHAVIOR OF SOLUTIONS TO CROSS-DIFFUSION
SYSTEMS FROM POPULATION DYNAMICS

ANSGAR JUNGEL AND NICOLA ZAMPONI

ABSTRACT. A general class of cross-diffusion systems for two population species in a
bounded domain with no-flux boundary conditions and Lotka-Volterra-type source terms
is analyzed. Although the diffusion coefficients are assumed to depend linearly on the
population densities, the equations are strongly coupled. Generally, the diffusion matrix
is neither symmetric nor positive definite. Three main results are proved: the existence of
global uniformly bounded weak solutions, their convergence to the constant steady state
in the weak competition case, and the uniqueness of weak solutions. The results hold
under appropriate conditions on the diffusion parameters which are made explicit and
which contain simplified Shigesada-Kawasaki-Teramoto population models as a special
case. The proofs are based on entropy methods, which rely on convexity properties of
suitable Lyapunov functionals.

1. INTRODUCTION

Many multi-species systems in biology, chemistry, and physics can be described by
reaction-diffusion systems with cross-diffusion effects. The analysis of such problems is
challenging since generally neither maximum principles nor regularity theory can be ap-
plied. Moreover, many systems have diffusion matrices that are neither symmetric nor
positive definite such that even the local-in-time existence of solutions is a nontrivial task.
In this paper, we apply and extend the boundedness-by-entropy method of [14] to a class
of cross-diffusion systems for two species, which are motivated from population dynamics.
Compared to our previous work [14], we are here interested in the qualitative behavior of
weak solutions, namely their uniform boundedness, positivity, large-time asymptotics, and
uniqueness.

1.1. Setting. We consider reaction-diffusion systems of the form

(1) Ou — div(A(u)Vu) = f(u) inQ, t >0,
subject to the homogeneous Neumann boundary and initial conditions
(2) (A()Vu)-v=0 ondQ, u(0)=u’ inQ,
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where u = (uy,us)" represents the vector of the densities of the species, A(u) = (A;;(u)) €
R2*2 is the diffusion matrix, and the birth-death processes are modeled by the function
f = (f1, f2). Furthermore, Q C R? (d > 1) is a bounded domain with Lipschitz boundary
and v is the exterior unit normal vector to 9€2. Our main assumption is that the diffusivities
depend linearly on the densities,

(3) A,](u) = Qyj + @jul + VijU2- i,j = 1, 2,

where «;;, Bi;, vi; are real numbers.

Such models can be formally derived from a master equation for a random walk on
a lattice in the diffusion limit with transition rates which depend linearly on the species’
densities [14, Appendix B]. They can be also deduced as the limit equations of an interacting
particle system modeled by stochastic differential equations with interaction forces which
depend linearly on the corresponding stochastic processes [12, 19].

The most prominent example of (3) is probably the population model of Shigesada,
Kawasaki, and Teramoto [20] (abbreviated SKT model):

a0 + 2a11uy + apaus 12Uy
4 Alu) = ,
(4) () ( A1 U2 azo + ag1uy + 2a22U2)

where the coefficients a;; are nonnegative, and the source terms in (1) are given by
(5) fi(u) = (bio — biur — bigug)uy, i =1,2,

and the coefficients 0;; are nonnegative. The existence of global weak solutions without any
restriction on the diffusivities (except positivity) was achieved in [11] in one space dimension
and in [6, 7] in several space dimensions. Global classical solutions for constant A;; were
shown to exist in [17]. Galiano [10] proved the uniqueness of bounded weak solutions to the
SKT model with either diagonal diffusion matrix or the regularity assumption Vu,; € L™.
Uniqueness of strong solutions was shown by Amann [1] in the triangular case (a; = 0 in
(4)).

There are much less results in the literature concerning L>° bounds and large-time asymp-
totics. In one space dimension and with coefficients a9 = agy, Shim [21] proved uniform
upper bounds. Moreover, if cross-diffusion is weaker than self-diffusion (i.e. ajp < a9,
as; < app), weak solutions are bounded and Holder continuous [16]. The existence of
global bounded solutions in the triangular case (i.e. as; = 0) was shown in [8]. In the tri-
angular case, Le [15] proved the existence of a global attractor. With vanishing birth-death
terms, it was shown in [7] that the solution to the SKT model converges exponentially fast
to the constant steady state.

It cannot be expected that such results hold for any choice of the parameters appearing
in (3) and (5). For instance, system (1) with

A(u) = ((1) _;Ll) , flu) = (Ul 8 u2>

corresponds to the parabolic-parabolic Keller-Segel model which exhibits the phenomenon
of cell aggregation. If the cell density is sufficiently large initially, finite-time L°° blow-up
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of solutions in two and three space dimensions occurs (see, e.g., [13]), and bounded weak
solutions cannot be generally expected.

We wish to determine conditions on the parameters in (3) for which the weak solutions to
(1)-(2) are uniformly bounded, positive, converge to the steady state, and are unique. The
key idea is to apply and refine entropy methods. Here, an entropy is a convex Lyapunov
functional which provides additional gradient estimates. Special entropies may also allow
for uniform L* bounds, see below. The advantage of these methods is a separation of
the analytical and algebraic properties of the parabolic system. Often, it is sufficient to
analyze the algebraic structure of the diffusion matrix, which simplifies the proofs, while
achieving new results.

1.2. Main results. We introduce the triangle
(6) D:{(Ul,UQ)GRQ:u1>O, ug > 0, U1—|—U2<1}.

First, we prove the existence of global bounded weak solutions to (1)-(3) for diffusion
matrices of the form

A(u) = (0411 + Briur + 11Uz Braty ) .

Yo1U2 Qigg + Pagtty + Yaouso

Theorem 1 (Bounded weak solutions to (1)). Let u® = (u?,u3) € L'(Q;R?) be such that
u’(x) € D for x € Q, let A(u) be given by (3) with coefficients satisfying

(7) e =091 = Po1 =712 =0,
(8) Baz = P11 — Y21, Y11 = V22 — P12, Yo1 = Qg — Q11 + P12,
(9) a1 >0, axn>0, [ <o +min{fi, v}, i+ 061 >0, a4y >0,

and let fi(u) = wu;g;(uv), where g;(u) is continuous in D and nonpositive in {1 — e <
uy +ug < 1} for some € > 0 (i = 1,2). Then there exists a bounded nonnegative weak
solution u = (uy,uz) to (1)-(2) satisfying u(z,t) € D for x € Q, t > 0,

(10) w e L2,(0,00; HYRE), O € L3, (0, 00; H'(Q;R2)),
and the initial datum is satisfied in the sense of L2.

Note that the L* bound on w is uniform in time. We show in the appendix that (7)
(and two further conditions) are necessary to apply the entropy method. Thus, in the
framework of such techniques, conditions (7) cannot be improved. The theorem also holds
true if a1y = a9y = 0 but B3 > 0 and 792 > 0; see Remark 7. The condition u{ + u§ < 1
can be satisfied after a suitable scaling of the positive function v® € L*°(Q;R?) and is
therefore not a restriction. The assumption on f(u) guarantees that the triangle D is an
invariant region under the action of the reaction terms. Theorem 1 generalizes the global
existence result in [12], where the positive definiteness of A was needed. To the best of our
knowledge, this is the first general existence result for uniformly bounded weak solutions
to cross-diffusion systems with linear diffusivities.
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The proof is based on the boundedness-by-entropy method, first used in [3] for a ion-
transport model and later extended in [14]. The key idea is to formulate conditions under
which the functional

3
Hlu] = / h(u)dz, where h(u) = Zui(logui —1), uz:=1—uy — uy,
Q

i=1

is an entropy for (1). More precisely, assume that the derivative of the entropy density
h : D — R is invertible and the matrix h”(u)A(u) is positive semidefinite, where h”(u) is
the Hessian of h(u). We introduce the entropy variable w = h'(u). Then (1) is equivalent
to

Oyu — div(B(w)Vw) = f(u(w)),
where B(w) = A(u)h”(u)™! and u(w) = (h')~'(w). Now, if f(u)-w <0,

%H[u] < —/ Vw : B(w)Vwdr = — / Vu : B (u)A(u)Vudr <0,
Q 0

where “:” denotes summation over both matrix indices. This shows that #[u] is a Lyapunov
functional for (1). There is a second consequence: Since the triangle D in (6) is bounded,
the original variable u = (h')~!(w) maps into D which is bounded. Therefore, u(z,t) € D
and the solutions to (1) are bounded. This result holds without the use of a maximum
principle.

Theorem 1 can be applied to the SKT model (4) to determine conditions under which
this model possesses bounded weak solutions; see Section 2.3. The novelty is not the global
existence (which has been proven in [6]) but the uniform boundedness of weak solutions.

The second main result is concerned with the large-time behavior of the solutions to (1).
The steady state of (1)-(2) is defined as the only constant solution U = (Uy, Us) to (1)-(2).
(There may be also non-constant steady states [18] but we are interested only in constant
solutions.) The steady state is a solution to the algebraic equation f(U) = 0. If f is given
by (5) and (b;;); j—12 is positive definite, equation f(U) = 0 admits the unique solution

_ b20b11 - b10b21
b11b22 - b12b21 .

o b10b22 - b20b12

11 U= —F——-=
(11) Y byybog — byoboy

Us

Theorem 2 (Convergence to the steady state). Let the hypotheses of Theorem 1 hold and
let f(u) be given by (5). Let the matriz (b;j); j=12 be positive definite and assume that

(12) bio = b1z < b1, b = bay < bao,
as well as
2 Us
(aq1 + Bi1) (a1 + B — Pr2) — 47217 > 0,
1

(13) .
(a2 + Y22) (22 + Y22 — Y21) — 4612271 > 0.
2
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Then the solution to (1)-(3) constructed in Theorem 1 satisfies u;(x,t) > 0 a.e. in Q x
(07 00)7 U; — Ui; VIOgUZ S L2(Q X (O7OO)>; and
ui(t) — U;  strongly in L*(Q) ast — oo, i=1,2.

Assumption (12) is a special case of the weak competition case,
b b b
A 0 2
bar b Do
which allows for coexistence of species in the Lotka-Volterra differential equations [2]. This

condition guarantees that U € D, i.e., Uy, Uy > 0 and U; + Uy < 1. The idea of the proof
is to show that under the stated conditions on the parameters, the functional

2
<I>(u|U)=Z/Q (Ui—Ui‘i‘UilOg%)dx
i=1 g

is a Lyapunov functional and satisfies

2 t
(15) —@ )|U) —i—cb/ l|lu(s) UH%Q(Q)ds—i—cZ/O /Q]Vlogui]Qda;dng,
i=1

where ¢, > 0 is the smallest (positive) eigenvalue of (b;;); j=1.2 and ¢ > 0 is another constant.
For this property, we need condition (13). Clearly, (15) is only formal as u; may vanish,
and we need to regularize to make this inequality rigorous (see Section 3). Inequality (15)
is the key step to deduce the properties mentioned in the theorem.

Our final result is the uniqueness of weak solutions to (1).

(14)

Theorem 3 (Uniqueness of weak solutions). Let the assumptions of Theorem 1 hold.
Furthermore, let f =0 and

(16) Qo2 = 11,  Yo1 = Bi2, Y22 = Pu
Then the weak solution to (1)-(3) is unique.

Summarizing the assumptions on the parameters, the uniqueness result holds for diffu-
sion matrices of the form

Alu) = (0411 + Briur + (B — Biz)us Brauy )
B Braus an + (B — Pi2)ur + Brug )

For the proof of Theorem 3, we first observe that under the conditions imposed on the
parameters in (3), the sum p := u; + uy satisfies the diffusion equation d;p = AF(p)
for a certain nondecreasing function F. By the H~! method, this equation is uniquely
solvable. Furthermore, the difference o := u; — uy solves the drift-diffusion equation
0o = div(d(p)Vo + cVV(p)) for certain functions d(p) > 0 and V(p). To prove the
uniqueness of weak solutions to this equation, we employ the method of Gajewski [9]. We
stress the fact that we require only the regularity V(p) € L*(0,T; H'(Q2)), which excludes
many uniqueness techniques. The idea of Gajewski is to differentiate the semimetric

], where S[o] = / ologodz,
Q

O'1+O'2

=01, 05] = S{o] + Slpa] — 25{



6 ANSGAR JUNGEL AND NICOLA ZAMPONI

for two solutions o7 and o9 with respect to time and to show that 0;Z[oy(t), 02(t)] < 0 for
t > 0. Since Z[01(0), 02(0)] = 0, we infer from the nonnegativity of = that Z[oy(t), o2(t)] =
0 for all £ > 0, and the convexity of o log o shows that () = 05(t) = 0 for ¢t > 0.

This paper is organized as follows. Theorems 1, 2, 3 are proved in, respectively, Sections
2, 3, 4. In the Appendix, we derive some necessary conditions on the parameters in (3) to
apply the entropy method.

2. PROOF OF THEOREM 1

We apply the following theorem from [14, Theorem 2|, here in a formulation which is
adapted to our situation.

Theorem 4 ([14]). Let D C (0,1)% be a bounded domain, u° € L'(Q;R?) with u°(z) € D
for x € Q) and assume that

H1: There exists a convex function h € C*(D;|[0,00)) such that its derivative h' :
D — R™ s invertible.

H2: Let a* > 0,0 < m; <1 (i =1,2) be such that for all z = (z1,22)" € R? and
u = (u,us)" €D,

H3: It holds A € CO(D R>?), f € (O
allue D, f(u)-h(u) <cp(1+h(u

).
Then there exists a weak solution u to (1)-(2) satisfying u(x,t) € D for x € Q, t >0 and
u € L. (0,00, H (4 R?), 0w € L}.(0,00; H' (4 R?)).

The initial datum is satisfied in the sense ofL2 Moreover, if h € C°(D) and f(u)-h'(u) <0
for allw € D, the entropy Hu fQ u(z,t))dz is nonincreasing in time.

The last statement is a consequence of the proof of the theorem in [14].
Now, choose the entropy density

3
(17) h(u\ﬂ)zz <—1g—2———|—1> uz=1—uy —up, Uz=1—1u — Uy,

U U
i=1 v v

defined on D (see (6)). This function fulfills Hypothesis H1. It remains to verify Hypotheses
H2 and H3.

2.1. Verification of Hypothesis H2. Let H(u) = h”(u). We require that the matrix
H(u)A(u) is symmetric. This leads to conditions (7)-(8), and we are left with the five
parameters a1, a2, B11, fi2, and 9. We prove that H(u)A(u) is positive definite under
additional assumptions.
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Lemma 5. Let conditions (7)-(9) hold. Then there exists € > 0 such that for all z € R*
and all uw € D,
2

2
(18) 2TH(u)A(u)z > ¢ (Z—l + 2—2) .
(51 U9
The lemma shows that Hypothesis H2 is fulfilled with m; = % First, we verify the
following result.
Lemma 6. The matriz H(u)A(u) is positive semidefinite for all uw € D if and only if
(19) ;1 >0, @p>0, Bio<an+min{fi, Y}, a1+ 0611>0, @+ >0.

Proof. Step 1: equations (19) are necessary. We first prove that the positive semidefinite-
ness of H(u)A(u) implies (19) by studying H(u)A(u) close to the vertices of D. To this
end, we define the matrix-valued functions

Fi(s) =sH(s,s)A(s,s), Fy(s)=sH(1—2s,s)A(1l—2s,s),

Fi(s) = sH(s,1—2s)A(s,1—2s) forse(0,3).
A straightforward computation shows that

lim Fi(s) = (an 0 ) , lim Fy(s) = <0411 + Bu ai + Bu ) ’

s—0+ 0 a9 s—0—+ a1 + B11 2(an + Pu) — P2
. aqy + agy + 2720 — B2 Qoo + Y22

lim Fj(s) = )

50+ 3(s) ( Q2 + Y22 Q22 + Y22

Since H(u)A(u) is assumed to be positive semidefinite on D, also limg_,o; F;(s) must be

positive semidefinite for ¢+ = 1,2,3. Sylvester’s criterion applied to these matrices yields
(19) since

det (Slir& Fg(s)) = (a1 + Bi) (a1 + fii — Bi2) > 0,

det (Sl_igfr FS(S)) = (a9 + Y22) (11 + Y22 — f12) > 0.

Step 2: sign of the diagonal elements of HA. Let conditions (19) hold. We claim that
either HA := H(u)A(u) is positive semidefinite or one of the two coefficients (HA);; or
(HA)ys is positive in D. For this, we introduce the functions

Ji(ug,uz) = (1 —ug — ug)us(HA) 11 (1 — up — ug, uz), (ug,us3) €D,
fg(ul,’dg) = (1 — Uy — U3)U3(HA)22(U1, 1-— Uy — U3), (Ul,U?,) eD.

We wish to apply the strong maximum principle to f; and f,. In fact, f; and f, are
nonnegative on 9D since (19) implies that

(20) filus=i—us = (1 — u2) (011 + (Y22 — Br2)uz) > ani(l — us)® >0,
(21) filus=0 = @11 + B11(1 — uz) > agjug >0,

(22) Filug=o = (1 —u2) ((oa1 4 B11) (1 — u2) + a2 + 722) = 0,
(23) foluy=0 = a2 + Yoo (1 — ug) > agoug > 0,
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(24) folug=1-u; = (1 = ur) (a22(1 — wr) + (o1 + i1 — Br2)ur) > asa(l —ug)? >0,
(25) falus=0 = (1 — Ul)((OQz + Y22) (1 — uy) + (o1 + 511)“1) > 0.

Furthermore, a straightforward computation gives

Ausuz) [ = =Durug) fo = 2(a11 — oz + 11 — 722) in D.

Consequently, either A, u)fi < 0 or Ap,uyfe < 0 in D. By the strong maximum
principle, there exists i € {1,2} such that f; > 0in D unless f; = 0 in D. This means that
(HA);; > 0in D unless (HA); =0 in D.

To complete the claim, we show that if one of the coefficients (HA)y; or (HA)y is
identically zero in D, then HA is positive semidefinite in D. Consider first the case
(HA);; =0in D, ie. f; =0 in D. Then also f; = 0 on 0D. We deduce from (20)-(22)

the relations aq; = 11 = 0, gy = —799, and o9 = [S12 and so,
0 0
HA = 99 (0 1/U2> .
Since agy > 0, HA is positive semidefinite. In the remaining case (HA)y» = 0 in D,

(23)-(25) lead to

HA = oy (1/0u1 8) )

and because of a7 > 0, this matrix is positive semidefinite. This shows the claim.

Step 3: sign of the determinant of HA. By Step 2, we can assume that one of the
two coefficients (HA)y; or (HA)s is positive in D. We show that det A > 0 in D. Then
det(HA) = det Hdet A > 0 in D, and by Sylvester’s criterion, these properties give the
positive semidefiniteness of HA. This proves that conditions (19) are sufficient for the
positive semidefiniteness of HA.

We consider det A on dD. Taking into account conditions (19), we find that

det A0, up) = (a2 + Yaous) (a1 + (722 — Br2)ua) > (1l — us)or (1 — us) > 0,
det A(u1,0) = (o1 + 511%)(0422(1 —uy) + (a1 + P — 512)”1)
> agy(l —up)an(l —u) >0,
det A(ur, 1 —uy) = ((o22 + 722) (1 — w1) + o1 + Bi1)
X (0411 — Brz + 22 + (B — 722)“1)
> (on1 + B11) (— min{ By — 722, 0} + (Bi1 — y22)ur) > 0.

We conclude that det A > 0 on 9D.
Next, we consider the Hessian C' := (det A)”(u) with respect to u. Since det A is a
(multivariate) quadratic polynomial in u, C'is a symmetric constant matrix satisfying

det C' = —(511512 + Y21 — a2 — 612))2 = 0.

Thus, one of the two eigenvalues of C' is nonpositive, say A < 0. Let v € R*\{0} be a
corresponding eigenvector, i.e. Cv = Av. Furthermore, let v € D be arbitrary and let
I, C R be the (unique) bounded open interval containing zero with the property that
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the segment u + [,v is contained in D and its extreme points belong to dD. Define
o(r) = det A(u + rv) for r € I,. Then ¢"(r) = v Cv = AMo|> <0 for all r € I,,. We infer
that ¢ is concave and attains its minimum at the border of I,,. Since det A > 0 on 0D,
this implies that det A(u + rv) > 0 for all » € I,,. By choosing » = 0 € I,,, we conclude
that det A(u) > 0. As u € D was arbitrary, this finishes the proof. O

Proof of Lemma 5. The claim (18) is equivalent to the positive semidefiniteness of the
matrix HA — A for a suitable € > 0, where

A (1/0u1 1/0u2) ‘

p— (1 — Up —Up > ’
—U2 1— (5)
we can write HA — e\ = HA® with A° = A — ¢P. We observe that A° has the same
structure as A with the parameters

Since A = HP, where

ai1:a11_€7 063220622—5, Bil:ﬁll—i_ga /6522512—’_57 7;2:/722"_8-
From Lemma 5 we conclude that HA® is positive semidefinite if and only if (19) holds for

the parameters (o, a5, 551, 559, 75) instead of (aq1, g, f11, P12, 722). This means that
HA — €A is positive semidefinite for a suitable ¢ > 0 if and only if (9) holds. O

Remark 7. Let a;; = e = 0 but £1; > 0 and 795 > 0. We claim that there exists € > 0
such that for all z € R? and v € D,

2 H(u)A(u)z > g|z|?
holds, i.e., Hypothesis H2 is satisfied for m; = 1, and the conclusion of Theorem 1 holds.
We show that HA — el is positive semidefinite, where I is the identity matrix in R?*2. The
matrix can be written as
€ 11
HA—cl=(HA + ———
A=A+ (1 1),
where (H A)® has the same structure as H A but with f;1, 512, 720 replaced by f§; = 511 —¢,
P55 = P12 — €, V59 = Va2 — €. Choosing 0 < ¢ < min{f1,v22}, conditions (19) are satisfied

for these parameters. Thus, Lemma 5 shows that (HA)® is positive semidefinite and we
conclude that also HA — el is positive semidefinite, proving the claim. O

2.2. Verification of H3. By definition of f;, we write
fi(w)Oy,h(u) = u;g;(u) log u; — w;gi(u) log(l — uy — ug) — u;gi(u) log(w; /us).

Since g;(u) and u; log u; are bounded in D, the first term on the right-hand side is bounded.
The second term is bounded in {0 < u; + uy < 1 — ¢} by a constant which depends on e.
Moreover, we have g;(u) < 0in {1 — ¢ < u; + uy < 1} by assumption, which implies that
—u;9;(u)log(l —uy —ug) <0in {1 —e < uy +up < 1}. Finally, the third term is trivially
bounded. Thus, f;(u)d,,(u) < ¢ for a suitable constant ¢ > 0.
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2.3. Bounded weak solutions to the SKT model. Applying Theorem 1 to (1)-(2)
with diffusion matrix (4), we infer the following corollary.

Corollary 8 (Bounded weak solutions to (4)). Let the assumptions of Theorem 1 hold
except that the coefficients of A, defined in (4), are nonnegative and satisfy a;g > 0,
aso > 0 as well as

(26) a1 = a1y, Qg2 = A1, Az — A0 = G11 — G2 > 0.
Furthermore, let f(u) be given by the Lotka-Volterra terms (5) satisfying
(27) bio < min{byy, bia}, by < min{bay, bao}.

Then there exists a bounded weak solution u = (uy,us) to (1)-(2) satisfying uy, ug > 0,
up +uz < 1in Q2 x (0,00), and (10).

Proof. The corollary follows from Theorem 4 and Theorem 1 by specifying the diffusivities
according to (4). The requirement of the symmetry of H(u)A(u) leads to the conditions
a11 = Aa921, 22 = 12, and oo — Q10 = A11 — G922, whereas (9) becomes aig > 0, Aoy > 0, and
—a1y < ajo + 2min{agy — ajp, 0}. Taking into account that a9 < asg, the last condition is
equivalent to —ajo < a9, and this inequality holds since ay( is positive. Finally, Hypothesis
H3 follows from the inequality g;(u) = bjo — bjyus — bigua < bjp — min{b;y, bio }(u1 + uz) <0
for 1 —e < uj +up < 1, where ¢ = min{ey, &2} and ¢; = 1 — bo/ min{b;1, b2} € (0,1). O

3. PROOF OF THEOREM 2

First, we observe that condition (12) is a special case of the weak competition condition
(14) which implies that U; > 0 and Uy > 0. It holds that U; + Us < 1 since otherwise, the
assumption U; + Us > 1 leads in view of condition (12) to

0= fl(U) = <b10 - bllUl - 612U2>U1 < (blo - leUl - b12U2)U1 S blO - b12 = 07

which is a contradiction. Thus, U € D. Furthermore, the identity b;y = b;1 Uy +b;oUs allows
us to we rewrite f;(u) as

2
(28) filw) = —u; » bij(u; = Uy), i=1,2,
j=1
and the additional condition (12) leads to
fz(u) = —biouiUig (g—z - ;—Z), where U3 =1 U1 - Ug.
For later use, we observe that the entropy density (17) satisfies
/ Ui
(29) flu)- W (u|U) = ZblguZUg( 0 Ug)(loga—log U3) <0
for all w € D, and we conclude from Theorem 4 that t — H[u = [ hu(z, t)|U)dx

is nomncreasmg.
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For the positivity and large-time behavior, we need another functional. Define

B (ulU]) = /Q 6. (u|U)dz, where
2

G (u|U) :; (ui—Ui—(Ui—l—s)logZiii), ueD.

We will show that ®.(u|U) is an entropy for (1)-(2). For this, let K = ¢?(u|U) be the
Hessian of ¢. with respect to u. Because of the e-regularization, ¢.(u|U) is an admissible
test function for (1):

(30) D (u(t)|U) //Vu K A(u)Vudrds = ®.(u°|U) + //f ¢ (u|U)dxds.

First, we estlmate the last term on the right-hand side. We infer from (28) and 0,,,¢. (u|U) =
(wi — U;)/(u; + €) that

//f O (u|U)dzds = — Z// i (ui — U3 (ug — Uj)dads

i,j=1
)(u; — Uj)dxds.
"’5”21/ /Uz Us)(u; j)dxds

Since (b;;) is positive definite and wu; is bounded, there are constants ¢, > 0 and C' > 0
such that

(31) / /f L (u|U)dwds < —cb/ lu = UllZ2 @) ds+5CZ/ /j-xjsg'

Next, the second term on the left-hand side of (30) is estimated with the help of the
following lemma.

Lemma 9. There exists €g > 0 and cxa > 0 such that for all 0 < € < ey and all u € D,
z = (21,27) € R%
T - %
KA > —_—
< (u)z = cka 1 (u; + )2

Proof. The matrix coefficients of K are explicitly given by K;; = (U; + €)d;;/(u; +¢)?. In
order to estimate the product 2" K A(u)z, we rewrite the coefficients of the diffusion matrix

as Ag(u) =S ¥y, where

v

a(l) = ay; + Bij CL,(?) = Qij + Vij, CLS) =ag, 4,5 =12

Then we need to treat the quadratic form

KAz =) uy
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3
(k) 2 (k) Uy +cus+¢ (k) Uy+cu +¢ (k) o

—_— wW1We + Gy9' W5 |,
k:luk(allwl+<a12\/U2+su1+s+a21\/U1+eu2+e 1T a1

where w; = z;v/U; +¢/(u; +€), i = 1,2. Because of condition (7), ag) = ag) = aéll) =

ag?i) = 0, and so, the quadratic form simplifies to

3
2T KA(u)z = Z up (0l w? + alw?)

k=1
1) [Ur+cui(ug +¢) @ [Us+cug(uy +¢)
+(a12 Uy+e¢ ui+e¢ + U +e us+e w2
3
k k
> Zuk(agl)wf +a§2)w§)
k=1
(1) Ui+¢ () Us + ¢
— | |a — (U2 +¢)+ |a Uy +¢€) | |wy||w
N R e [T
3
B (1) Ui+e¢ ) Uy +e
(32 = 3wt =< Joldly g + 1yl
where
Uy +¢
1 1 2 2
I = a§1)w% + aéjw% - ’ag1)‘ U, + 8’“’1”“}2‘7
Uy +¢
2 2 1 1
lo = aijwi + agglud — |aif |\ 77—,

I, = aﬁ)wf + agz)wg.

Condition (9) shows that a,g? >0, ag) > 0 for i = 1,2, and conditions (7) and (8) lead
to

U.
(11 (oo U, as |* = (oa1 + Bi1) (e + Ba2) — 47?(0421 + 791)?

U.
= (aq1 + fBu1) (a1 + Bi1 — Pr2) — 4—U2’Y§1 > 0,
1

U
ayy ayy — 4—lajy | = (11 + 1) (g + y22) — 472(0612 + Bra2)?

U
= (g2 + 722 — Y1) (22 + 722) — 47;5%2 > 0,

and the positivity of the discriminants follows from assumption (13). As \/(U; +¢/(U; + ¢)
is an e-perturbation of \/U;/U;, there exist 6 > 0 and C' > 0 such that, for sufficiently
small € > 0,

I, > 26(w? + w3) — eClw ||ws| > §(w? + w3).
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Therefore, still for sufficiently small € > 0, (32) yields

) 0 Up+e Uy +e
TKAMW)z > —(w? +uwd) = = ——-22 4 =2 1—_22).
z (u)z > 2(w1+w2) 5 (u1+5)221+ (UZ_I_S)QZQ

Since Uy > 0, Uy > 0, the conclusion follows with cx4 = 6 min{U;, Us}/2. O

We proceed with the proof of Theorem 2. Employing Lemma 9 and estimate (31) in the
entropy inequality (30), it follows that

t V|
w0) 4o [ uts) Unmdswz [ [ s
2
dxds
< O (u° .
(33) < o.(u |U>+€C;/O/Qui+e

We Wish to pass to the limit ¢ — 0. First, we focus on the integral on the right-hand
side of (

drds 2 € ird 2 ' _ oW
62 Ui+€_; A x s—l-; i meas({z : u;(z,s) = 0})ds

By domlnated convergence, we have

2 t -
lim / /
e—0 ZZ:; 0 J{u;>0} U; + €

Thus, performing the limit inferior € — 0 in (33) and applying Fatou’s lemma, we obtain
t 2 t 2
VUZ'
u(t)|U) + cb/ lu(s) = Ul z2(oyds + cxca Z/ / | " " dwd
0 = Jo Ja U

(34) < d(u|U) + CZ/O meas({z : u;(z,s) = 0})ds

dxds = 0.

(ulU) = lim @ (ulU) = Z/ <<——1—logUZ)dx

If meas({z : u;(z,t) = 0}) > 0 for some ¢ > 0 and some ¢ € {1,2} then ®(u(t)|U) =
which contradicts (34). Thus, meas({x : u;(z,t) = 0}) =0 for all ¢ > 0 and ¢ = 1,2. This
means that w;(z,t) > 0 for a.e. z € 2, t > 0, which shows the first property stated in the
theorem. It follows from (34) that u; — U;, Vlegu; € L*(0,00; L*(2)). In particular, (34)
implies that

/0 |lu(s) — U||%2(Q)ds < 00.

Hence, there exists a sequence ¢, — oo such that u(t,) — U strongly in L?(Q2) as n — cc.
In view of (29) and Theorem 4, the mapping t — H[u(t)|U] is nonincreasing. Since
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h(u(t,)|U) — 0 as n — oo, the dominated convergence theorem and the continuity of
h in D (see (17)), we infer that H[u(t,)|U] — 0 as n — oo. Then the monotonicity of
t — H[u(t)|U] implies that this convergence holds for any sequence and H[u(t)|U] — 0 as
t — oo. This finishes the proof of Theorem 2.

4. PROOF OF THEOREM 3

Set p = u; +uy and 0 = u; — uy. A straightforward computation shows that, thanks to
assumptions (7)-(8) and (16), p and o solve
(35) Op=AF(p), t>0, Vp-v=00n02, p0)=ul+u)inQ,
(36) Qo =div (d(p)Vo +0oVV(p)), t >0, Vo-v=00n0Q, o(0)=u]—u)inQ,

where

aq1p if 811 =0,

and V(p) = [Bap. Observe that, by assumption (9), ay1 + 811 — f12 > 0 and hence,
together with p = u; + uy < 1, it holds that d(p) > 0. Clearly, the bounded weak solution
u = (ug,uz) to (1)-(2) is unique if and only if the weak solution (p, o) to (35)-(36) is unique.
First, we prove that (35) possesses at most one weak solution. Then the uniqueness result
is shown for (36).

The function F is nondecreasing since [3;; > 0. Thus, by the H~! method, the solution
to (35) is unique. Indeed, if p1, po are two weak solutions to (35), their difference satisfies

(37) O(p1 — p2) = A(F(p1) — F(p2)) in €2
Let w(t) be the weak solution to the dual problem
—Aw(t) =p1(t) — po(t) inQ, Vw(t)-v=0 ond, t>0.

Then w € L*(0,T; H'(Q2)) and using this function as a test function in the weak formulation
of (37):

Flp) = { (1 + Bup)?/(2811) if B # 0, . d(p) = an + (Bu — Bia)p,

0 = (Bu(pr — po)w) + / V(F(p1) — Flps)) - Vwda

— (@)~ [ (Flp) - Plp)duds

— 53 [ IVuld+ [ (Pl = F(p)(or = )i

By the monotonicity of F, the last integral is nonnegative, so [, [Vw(t)|*dz is nonincreasing
in time. But [, [Vw(0)[*dz = 0, and therefore w(t) = 0 which implies that p;(t) = pa(t)
for t > 0.
Next, we consider (36) with p being a given function. Let 07, 09 be two weak solutions
0 (36). As in [9], we introduce the semimetric
], Slo] :/alogadx.
Q

O'1+0'2

5[01,0'2] = S[O’l] + S[O‘Q] — 25|:
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Because of the strict convexity of o — o log o, it holds that Z[oy, 03] > 0 and Z[oq,09] =0

if and only if 07 = 9. Computing the time derivative of Z[oy, 03], we see that the drift
terms cancel and we end up with

d
—Elov, 0] = _4/ d(p)(IVVai]* + [Vyo2l* = [Vvoi + o) da.
Q

It was shown in, for instance, [22, Lemma 10] that the integral is nonnegative (since
the Fisher information [, d(p)|V/o;]*dx is subadditive). We infer that Z[oy(t), 02(t)] <
=[01(0),02(0)] for t > 0. As o7 and oy have the same initial data, Z[co1(0),04(0)] = 0
and consequently, =[o(t), 0a(t)] = 0 for ¢ > 0. Since Z is a semimetric, we infer that
o1(t) = o9(t) for t > 0, finishing the proof.

APPENDIX A. NECESSARY CONDITIONS FOR POSITIVE SEMIDEFINITENESS

We show that conditions (7) and a part of conditions (8) are necessary to apply the
boundedness-by-entropy method. More precisely, we prove the following result.

Lemma 10 (Necessary conditions). We define h(u) = S_o_, ér(ur), where u = (uy, uy),
uz =1 —wuy —ug, and ¢ € C*(0,1) are convex functions satisfying lim, o, ¢} (s) = oo for
k=1,2,3. Let H= h"(u) € R**? be the Hessian of h(u) and let A(u) be given by (3). If
HA(u) is positive semidefinite then
(38) Q12 = az = P = 712 =0,
(39) B2 = ann — az + P11 — Paz,  7Yo1 = o2 — a1 + Y22 — i1

Conditions (38) correspond to (7) needed in Theorem 1. If the coefficients fulfill condi-

tions (8) from Theorem 1 then also (39) holds. Functions which satisfy the assumptions
stated above are ¢(s) = slogs, ¢(s) = s — log s, and ¢(s) = s® with b < 2, b # 1.

Proof. We write A(u) = 3 i_ u,A®) | where A% = (agf))m:l,g are constant matrices and

1 2 3
a@(j) = aij + iy az(j) = Q45 + Yij, CLEJ-) = ;.

Furthermore, we formulate H = 30_ #//(u) H*®), where
10 0 0 11
1 — 2) — B) —
(o) =) =)

3
HA®u) = Y ¢p(up)ucH® AL,
kof=1
The idea is to study the behavior of HA(u) at the border of the triangle D. We take
uy = (1 —¢)s, up = (1 —€)(1 — s), and consequently uz = ¢ for some ¢, s € (0,1) in

Then

3

3
1 1
——HA(u) = E uHOAO

1 H(l) 1 H(Q) A(e)
3(U3) (=1 3(“3) /=1 " (¢1 (U1) + ¢2 (u2) )
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and pass to the limit ¢ — 0. By assumption, the left-hand side is a positive semidefinite
matrix. Moreover, since ¢5(u3) = ¢4(¢) — oo as € — 0, the last sum on the right-hand
side vanishes in the limit. We deduce that

3
m > uHOAO = HO (sAD 4+ (1 - 5)A?)
/=1

li
e—0

is positive semidefinite for all s € (0,1), which implies that H®AM and H®A® are
positive semidefinite. By exchanging the rule of uy, us, us, a similar argument shows that
H® AU is positive semidefinite for all i = 1,2,3, j # i. For any matrix M = (m;;); j=1.2,
we have

HWOM = <m11 mm)’ HAM = < 0 0 >7 H®M = (m11+m21 m12+m12>.

0 0 Mo1 Mg mir + Mo M2 + Mao

We verify that H®AU) is positive semidefinite for all i = 1,2,3, j # i if and only if
(38)-(39) hold. 0
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