The dynamics of interacting population species can be described macroscopically by
cross-diffusion equations. A well-known model example is the deterministic Shigesada-
Kawasaki-Teramoto population system [36]. It can be derived formally from a random-walk
model on lattices for transition rates which depend linearly on the population densities
(38, Appendix A]. Generalized population cross-diffusion models are obtained when the
dependence of the transition rates on the densities is nonlinear. The existence of global
weak solutions to these deterministic models was proved for an arbitrary number of species
in [13]. In this paper, we allow for a random influence of the environment and prove
the existence of global nonnegative martingale solutions to the corresponding stochastic
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ABSTRACT. The existence of global nonnegative martingale solutions to a stochastic cross-
diffusion system for an arbitrary but finite number of interacting population species is
shown. The random influence of the environment is modeled by a multiplicative noise
term. The diffusion matrix is generally neither symmetric nor positive definite, but it
possesses a quadratic entropy structure. This structure allows us to work in a Hilbert
space framework and to apply a stochastic Galerkin method. The existence proof is
based on energy-type estimates, the tightness criterion of BrzeZniak and co-workers, and
Jakubowski’s generalization of the Skorokhod theorem. The nonnegativity is proved by
an extension of Stampacchia’s truncation method due to Chekroun, Park, and Temam.

1. INTRODUCTION

cross-diffusion system.
More precisely, we consider the cross-diffusion equations

(1)

du; — div (ZAZ](U)VU])C% = ZO’Z](U)dI/V](t) in0,t>0,i=1,...,n,
j=1 Jj=1

with no-flux boundary and initial conditions

(2)

, im0, 1=1,...,n,

ZAij(u)Vuj v=0 ond0, t>0, u(0)=ud
j=1
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where O C RY with d = 2,3 is a bounded domain with Lipschitz boundary, v is the
exterior unit normal vector to 0, and ! is a possibly random initial datum. The solution
u = (up,...,u,) : Ox1[0,T] x Q2 — R" models the density of the i population species,
where x € O represents the spatial variable, t € (0,7") the time, and w € Q) the stochastic
variable. The matrix A(u) = (A;;(u)) is the diffusion matrix, ¢;;(u) is a multiplicative noise
term, and W = (W;,...,W,) is an n-dimensional cylindrical Wiener process. Details on
the stochastic framework will be given in section 1.3.
The diffusion coefficients are given by

(3) Aw(u) = (Sij <CL2'0 + Z alkui) -+ 2aijuiuj, Z,j = 1, oo, n,
k=1

where a;o > 0 and a;; > 0. This model is derived from an on-lattice model with transition
rates p;(u), which depend quadratically on the densities, i.e. p;(u) = a0 + >, awui for
i=1,...,n [38]. This quadratic structure is essential for our analysis. To understand this,
we need to explain the entropy structure of equations (1).

1.1. Entropy structure. Generally, the diffusion matrix in (1), originating from general
transition rates in the lattice model, is neither symmetric nor positive definite which sig-
nificantly complicates the analysis. However, the equations possess a formal gradient-flow
or entropy structure under certain conditions. For the sake of simplicity, we sketch this
structure in the deterministic context only and refer to [23, Chapter 4] for details. By
entropy structure, we mean that there exists a so-called entropy density h : R — R such
that, still in the deterministic context, system (1) in the entropy variables w; := 0h/0u;,
i=1,...,n, has a positive semi-definite diffusion matrix B = (B;;),

j=1
where B = A(u)h”(u)~! is the product of A(u) and the inverse of the Hessian of h(u),
and u(w) = (h')~}(w) is the back transformation. When the transition rates are given by
pi(u) = aip + Y, agu; for some s > 1, the entropy density can be chosen as h(u) =
S mihs(u;)ds, where m; > 0 are some numbers and

| z(logz—1)+1  fors=1,
ha(2) = { 2%/s for s # 1.

It was shown in [12] that B = (B,;) in (4) is positive semi-definite in the two-species case
n = 2 with m; = my = 1. This property generally does not hold for the n-species system.
It turns out [13] that B is symmetric, positive semi-definite if the numbers 7; are chosen
such that

Q45 = T for all Z,j = 1,...,7’L.

This condition is recognized as the detailed-balance condition for the Markov chain asso-
ciated to (a;;) and (7, ...,m,) is the reversible measure. The detailed-balance condition
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is sufficient but not necessary for the positive semi-definiteness of B; in fact, when self-
diffusion dominates cross-diffusion (see (8) for the precise statement) then B is still positive
semi-definite.

The entropy structure also yields a priori estimates. Indeed, let H(u) = [, h(u)dz be
the so-called entropy. A computation shows that, still in the absence of the stochastic
term,

dH Al
dt o i1 8u,8u]

Since B = A(u)h”(u)™! is positive semi-definite, this holds true for h”(u)A(u). Thus,
taking into account the special structure of A(u), this yields gradient estimates (see Lemma
3 below).

The gradient-flow structure is the key of the analysis of the deterministic analog to
(1), but there are severe difficulties in the stochastic context. Indeed, neither semigroup
techniques [15, 26] nor monotonicity arguments [30] can be applied because of the properties
of the differential operator in (1). Stochastic Galerkin methods usually work in Hilbert
spaces, and generally they cannot be used since the transformation to entropy variables is
nonlinear. In order to overcome these difficulties, we consider quadratic transition rates
with s = 2 which makes the transformation to entropy variable linear,

(w)A;ij(u)Vu,; - Vudr = 0.

oh
Still, the diffusion matrix A(u) is not positive definite, but the new diffusion matrix B =
A(u) diag(1/my, ..., 1/m,) is positive semi-definite; see Lemma 3. This allows us to combine

entropy methods for diffusive equations and stochastic techniques.

1.2. State of the art. Before stating our main existence result, let us review the literature.
Fundamental results on stochastic partial differential equations of monotone type were
obtained already in the 1970s by Pardoux [34]. More recently, abstract stochastic evolution
equations with locally monotone nonlinearities [30] or maximal monotone operators [4] were
analyzed. The existence of (mild or pathwise strong) solutions to quasilinear stochastic
evolution equations was proved in, e.g., [17, 21]|. For these solutions, the driving noise is
given in advance. A weaker concept is given by martingale solutions, where the stochastic
basis is unknown a priori and is given as part of the solution. Existence proofs of such
solutions to nonlinear stochastic evolution equations can be found in [6, 14].

Stochastic reaction-diffusion equations are a special class of evolution equations, and they
are investigated in many papers starting from the 1980s [19, 20]. There are less results on
systems of stochastic reaction-diffusion equations. In [10], the existence and uniqueness of
mild solutions with Lipschitz continuous multiplicative noise was shown. The result was
generalized in [29] to Holder continuous multiplicative noise. The existence of maximal
pathwise solutions to stochastic reaction-diffusion systems with polynomial reaction terms
was proved in [33]. More general quasilinear systems were investigated recently in [28],
proving the existence of local pathwise mild solutions, including the Shigesada-Kawasaki-
Teramoto cross-diffusion system. The local-in-time results are not surprising since even in
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the deterministic case, certain reaction terms may lead to finite-time blow-up of solutions.
The work [31] also analyzes population systems and provides the existence of pathwise
unique solutions, but only for two species and for Lipschitz continuous nonlinearities.

Up to our knowledge, the population model (1) with coefficients (3) was not studied in
the literature. In this paper, we prove the existence of global martingale solutions using the
techniques of [8, 9]. We show that the solutions are nonnegative under a natural condition
on the operators o;;(u) using the stochastic maximum principle of [11]. Since even the
uniqueness of weak solutions to the deterministic analog of (1)-(3) is not known (see the
partial result in [24]), we cannot expect to obtain pathwise unique strong solutions.

1.3. Stochastic framework and main results. Let (Q, F,[P) be a probability space
endowed with a complete right continuous filtration F = (F;);>¢ and let H be a Hilbert
space. The space L*(0O) is the vector space of all square integrable functions u : O — R
with the inner product (-,-)2(0). We fix a Hilbert basis (ej)ren of L*(O). The space
L*(2; H) consists of all H-valued random variables u with

EfJul = / (@) B(dw) < oo,

Furthermore, the space H'(Q) contains all functions u € L?(Q) such that the distributional
derivatives Ou/dw1,...,0u/0xy belong to L*(O). Let Y be any separable Hilbert space
with orthonormal basis (7x)ren. We denote by

Lyo(Y; L*(0)) = {L 1Y — L*(O) linear continuous: Z HLfr]kH%Q(O) < oo}
k=1

the space of Hilbert-Schmidt operators from Y to L?*(O) endowed with the norm

I Za L2y = Z 1Lk 20y
k=1

Let (Bjk)j=1,. n,ken be a sequence of independent one-dimensional Brownian motions and
for j =1,...,n, let Wj(z,t,w) = >, 5 M(x)Bx(t,w) be a cylindrical Brownian motion.
If Yo D Y is a second auxiliary Hilbert space such that the map Y 3> u — u € Yj is
Hilbert-Schmidt, the series W; = 3", e, converges in Lo(€2;Y).

The multiplicative noise terms o := 0;;(u,t,w) : L*(O) x [0,T] x Q — Lo(Y; L*(0))
are assumed to be B(L*(O)® [0, T)| @ F; B(Ly(Y; L*(0))))-measurable and F-adapted with
the property that there exists one constant C, > 0 such that for all u, v € L?*(O) and
ij=1,....n,

oy (Wl Zaviz2i0p < Co(1+ [ullZ20))
losj(u) — Uij(“)”%z)(y;mw)) < Collu — UH%Z(@)-

(5)

Here, the L*(O) norm of the function u = (uy,...,u,) is understood as HuH%Q(O) =
Yo HuiH%g(o), and we use this notation also for other vector-valued or tensor-valued
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functions. The expression o;;(u)dW;(t) formally means that
(6) oij(u)dW;(t) = HZ oi (w)eedBi(t),  where o35 (u) := (0 (w)ik. €¢) 12 -
(eN

Next, we define our concept of solution.

Definition 1. Let T > 0 be arbitrary. We say that the system ([7 W, u) is a global
martingale solution to (1)-(3) if U = (€, F,P,F) is a stochastic basis with filtration F =
(ft)te[O,T}; W is a cylindrical Wiener process, and u(t) = (U (t), . .., Un(t)) is an Fy-adapted
stochastic process for all t € [0,T] such that for alli =1,...,n

i € 12(@; CO((0,T); I2(0))) N 12(@; 120, T; HY(O))),
the law of u;(0) is the same as for v, and u satisfies for all¢ € H'(O) and alli =1,...,n

(ui(t), @) 20y = (u:(0), @) 2(0) — Z/ (div (Ai;((s))V;(s)), ¢)ds

¥ (Z [ aij@(s))d’v?j(s),qb)ﬁ(o).

The brackets (-, ) signify the duality pairing between H'(O) and H'(O), i.e.
(div (A (W)V;), ) = — / Ai(W)V, - Vda.
0

As mentioned before, the new diffusion matrix B in (4) is positive definite only under an
additional assumption, namely either

1 n
(7) mia;; = mia;; for i #j and = Irlunn (au' —3 Z aij> >0, or
o J=1,j#i
. 1 <
(8) Qo 1= i:nlnnn (CLM — g Z ((CLZ']' + Cle') — 2«/011']‘0/]'1')) > 0.
""" =1, j#i

Our main result is as follows.

Theorem 1 (Existence of global martingale solution). Let T' > 0 be arbitrary, d < 3, and
uyg € L*(0). Let 0 = (045)} =1 with oy : L*(O) x [0, T] x Q = Ly(Y; L*(O)) satisfy (5),
ajp >0, a;; >0 fori,j=1,...,n, and let either (7) or (8) hold. Then there exists a global
martingale solution to (1)-(3). If additionally, v? > 0 a.e. in O, P-a.s. fori =1,....,n
and

(9) Z o (W]l £5v;22(0)) < Clluillr2(0)

then the population densities are nonnegative P-a.s.
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Remark 2 (Discussion of the assumptions). (i) We can also choose random initial data,
see Remark 18. We need additionally that E||u0||722(0) < oo for p = 24/(4 — d). This
condition is needed to derive a higher-order estimate for u;. It can be weakened to smaller
values of p by refining the Gagliardo-Nirenberg argument in the proof of Lemma 7.

(ii) Assumption (5) on ;; seems to be quite natural. In [29], the multiplicative noise was
assumed to be only Holder continuous, but the matrix (o;;(u)) is needed to be diagonal,
which we do not assume. Condition (9) implies that > 0i;(u) = 0 if u; = 0, which is a
natural condition to obtain the nonnegativity of u;.

(iii) The existence of solutions to the deterministic version of (1)-(3) can be shown also
for vanishing coefficients a;o = 0 [13]. This seems to be not possible in the stochastic
framework, since the condition a;y > 0 is needed to derive estimates for Vu,; in L?(O)
P-a.s., and these estimates are necessary to work in the Hilbert space H'(O).

(iv) Conditions (7) and (8) on the matrix coefficients are probably not optimal. For
local-in-time existence of solutions to the determinstic analog of (1), only the positivity
of the real parts of the eigenvalues of A(u) is needed [1]. This condition is generally not
sufficient to ensure global solvability. A sufficient condition for the global existence for
general quasilinear evolution equations is provided by uniform W'?(O) bounds with p > d
[2, Theorem 15.3], but it is difficult to prove this regularity for solutions to cross-diffusion
systems. Conditions (7) and (8) are currently the best available assumptions to guarantee
the existence of global solutions, even in the deterministic framework. O

1.4. Ideas of the proof of Theorem 1. We sketch the main steps of the proof. The full
proof is given in section 2. First, we show the existence of a pathwise unique strong solution
u™) to a stochastic Galerkin approximation of (1)-(3), where N € N is the Galerkin
dimension. Estimates uniform in N are derived from a stochastic version of the entropy
inequality (which is made rigorous using It6’s formula in section 2.3)

n t
EH (u!™(t)) — EH(u™(0)) + Z E/ / WiAij(u(N))VuEN) : Vu§N)d$dS
0 Jo

ij=1

1 t n t
< éEA HP1/2HNO-(U(N))||%2(Y;L2(O))d8 + Z E/ /(;WZU,EN)UIJ(U(N))dW](S)dI,
0

1,7=1

where Il is the projection on the finite-dimensional Galerkin space,

n n T 1
1) =Y [ mitwis = 305 [ tde = S1P Pulf,
=1 =1

is the quadratic entropy, and P = diag(m, ..., m,), PY2 = diag(m/?,...,m/?). Since
PA(u™)) is positive definite, the last term on the left-hand side yields uniform gradient
estimates. The first integral on the right-hand side is bounded from above by the entropy H
(up to some additive constant), using assumption (5), and the second integral is estimated
using the Burkholder-Davis-Gundy inequality (see Proposition 21 in the appendix).

Next, the tightness of the laws £(u™)) in the topological space Zr, defined in (23) below,
is proved by applying a criterion of Brzezniak, Goldys, and Jegaraj [7]. Because of the low



STOCHASTIC POPULATION CROSS-DIFFUSION SYSTEM 7

regularity properties of the solutions, Zr cannot be chosen to be a metric space and we
cannot apply the Skorokhod representation theorem, as usually done in the literature (e.g.
[16, 33]). This problem is overcome by using Jakubowski’s generalization of the Skorokhod
theorem, which holds for topological spaces with a separating-points property (Theorem
23). Then there exists a subsequence of (u")) (not relabeled), another probability space,
and random variables (ﬁ(N),W(N)) having the same law as (u™), W) and ('E(N),W(N))
converges to (u, W) in the topology of Zr. Because of the gradient estimates, we conclude
in particular the strong convergence ™) — % in L?(O x (0,T)) P-a.s. This, together with
further convergences resulting from the relative compactness in Zr, allows us to pass to the
limit N — oo in the Galerkin approximation, showing that (u, W) is a global martingale
solution to (1).

From the application viewpoint, we expect that the population densities u;(t) are non-
negative P-a.s. if this holds initially. The problem is that generally, maximum principle
arguments cannot be applied to cross-diffusion systems. System (1), (3), however, possesses
a special structure. Indeed, we may write (1) as

du; — div <<aio + Z aikuz> Vu,; + uZF,[u}) = Z o (w)dW;(t),
k=1 j=1

and F; depends on u; and Vu; for j # i. The term u,;F;[u] can be interpreted as a drift
term which vanishes if u; = 0. If we assume that o;;(u) = 0 if u; = 0 then a maximum
principle can be applied.

More precisely, we employ the stochastic Stampacchia-type maximum principle due to

Chekroun, Park, and Temam [11]. The idea is to regularize the test function (ﬂZ(N))_ =

max{0, —EEN)} by some smooth function Fe(ﬂ(N)), to apply the It6 formula for E [ FE(EEN))dx,

7

and then to pass to the limits N — oo and € — 0 leading to the inequality

t
BIG() o) <E [ 1) a0

Gronwall’s lemma show that w;(t)” = 0 a.e. in O, which proves the nonnegativity of 1;
P-a.s.

In order to make the manuscript accessible also to non-experts of stochastic partial
differential equations, we recall some known results from stochastic analysis used in this
paper in Appendix A. As the tightness criterion of [7] is probably less known, we present
the details directly in the proof of Theorem 1 in section 2.4.

2. PROOF OF THE EXISTENCE THEOREM

2.1. An algebraic property. We recall the following result on the positive definiteness
of the new diffusion matrix, taken from [13, Lemma 3| by choosing s = 2.

Lemma 3. Let my,...,m, >0 and P = diag(my,...,m,) € R"". Let either condition (7)
or (8) hold. Then PA(u) is positive definite, i.e., it holds for any z = (z1,...,2,) € R"
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and u = (uy,...,u,) € R,

n n n
2 2.2
E miAij(w)ziz; > 5 TiGi0Z; + 3 5 U 2
i=1 =1

ij=1
where o = oy if (7) holds and a = «ay if (8) is satisfied. In the latter case, we may choose
m=1foralli=1,... ,n.

2.2. Stochastic Galerkin approximation. We fix an orthonormal basis (e;)g>1 of L*(O)
and a number N € N and set Hy = span{ey,...,ex}. We introduce the projection oper-
ator Iy : L*(O) — Hy,

N

y(v) = Z(v,ei)p(@)ei, v e L*(0).

i=1
The approximate problem is the following system of stochastic differential equations,
(10) dul™ — Iy div ( > A (u<N>)vu§.N)> dt = Iy ( > aij(uW))) dW; (1),

j=1 j=1
11 W) =Ty@)), i=1,....n

Lemma 4. Let Assumptions (7) or (8) hold. Then there ezists a pathwise unique strong
solution to (10)-(11).

Proof. We apply Theorem 22 in Appendix A to
(12) 7 du = a(u)dt +b(w)dW(t), t>0, u(0)=TIyu"),

where
a = (al, R ,an) cHy — Rn, al(u) = Il div (ZTQAZ](U)V’U,J>,
j=1

bij : HN — LQ(Y, HN), bZ](U) = WiHNUij(U),

and the numbers 7y, ..., m, > 0 are given by (7). Observe that this problem is equivalent
to (10) after componentwise division by ;. It is sufficient to verify Assumptions (48)-(49).
Let R> 0,7 >0, and w € Q and let u, v € Hy with ||ul|g,, ||v]zy < R. Then, using the
positive definiteness of PA, according to Lemma 3, and the equivalence of norms on Hy,

(a(u) —a(v),u —v)gy, = — Z /OmA,-j(u)V(ui —v;) - V(u; —vj)de

ij=1

+ Z /OWZ(AZJ(U> — AU(U))V<UZ — Ui) . V’Ujdl'

ij=1
< COf|A(u) = A() || 220y IV (u = v) | L2(0) [ VU | 22 (0)
< C(N,R)|lu — v,
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where the constant C'(N, R) > 0 depends on N and R. In the last step we have used the
fact that A;;(u) is locally Lipschitz continuous. Hence, together with assumption (5) on o,
the local weak monotonicity condition (48) holds. To verify the weak coercivity condition
(49), we take u € Hy with ||u||g, < R and employ again the positive definiteness of PA:

(a(w), W)y + [b(W)|2, ) = = D /O miAij () Vs - Vugda + | P20 ()7, vy,

i,j=1
< Co(1+ |lullFy ),

where we recall that PY/? = diag(w}/ 2, e ,ml/ 2). Therefore, the lemma follows after ap-
plying Theorem 22. U

2.3. Uniform estimates. We prove some energy-type estimates uniform in V.

Lemma 5 (A priori estimates). Let T > 0 and let u™N) be the pathwise unique strong
solution to (10)-(11) on [0,T]. Then there exists a constant C; > 0 which depends on
Elu’l120); Cor and T but not on N such that

(13) sapB(sup [V )) <€
NeN te(0,T)
T
(14) ]%%%E(/O IIVU(N)H%Q(@dt) < (i,
T 2
(15) ajsvlé%E(/o HV(U(N))QHmw)dt) < O,

and o = oy if (7) holds, o = ay if (8) holds.

We remark that (13) shows that (u™) is bounded in L*(O x (0,T) x ), so together
with (14), we infer a uniform bound for v™) in L2((0,T) x Q; H'(0)).

Proof. We apply the Ito formula (Theorem 19) to the process X (t) = u™(t), where u™)
solves (12):

1 1
§\|P1/2u(m(t)|!%z(<9) — §||HN(p1/2u0>H%2(O)
n t
=30 [ ) T v (a0 () 90 5)
ij=170
1/t )
+§/ HHN(P1/2O'(U(N)(S)))||£2(Y;L2(O))d8
0

+>. / (™ (), s (i (™ ()W (5)) o

3,j=1

=-> /0 (V™ (), mAs (™ () Vil (5)) o ) s

1,j=1
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1 t
* _/ HHN(PI/%(“(N)(S)))||i:2(Y;L2(O))dS

(16) +Z/mw'mWWWM@mw

i,7=1

The first term on the right-hand side can be estimated by using Lemma 3:

n

> (vl (), iy (™ () V™) o

ij=1

> Zmaio/ |VUEN)|2d$+3aZ7ri/ |u§N)|2|Vu£N)|2d:B
i=1 o i=1 o
> O||VU(N)||2L2(O) + COZHV(U(N))Q”%%O)
where (™) = (™2, ... (u!})?) and here and in the following, C' > 0 is a generic

constant independent of N with values changing from line to line. Therefore, (16) becomes

HP” (O30 +C/HWL HB@%+C%/M7 () l220)ds
1 1
a7 §§Mw%wa@+54prﬂdm@mbmp@ﬂs

+> /0 7 (™ (5), 055 (™) () dW(5)) 120

ij=1

For the second integral on the right-hand side, we take into account assumption (5):
e 1/2 N 2 ' N 2
5/0 HP 2o (u )(S))Hﬁg(Y;LQ(O))dS < C/o Ha(u( )(8))”£2(Y;L2(O))d8

t t
SCA(LWMW@wm%=w+CAHWW@@¢

To estimate the last integral in (17), we observe that, since the process u™) is Hy-valued
and a solution to (10), the process

Ly Z/MN%Z%WWmemMW

i,0=1
is an F;-martingale. Then, by the Burkholder-Davis-Gundy inequality (see Proposition
21), we have

E( sup
( te(0,T) Z_

1,j=1

/(; ; (u(N) 0ij (U(N) (5))(1%(3)) L2(0)




STOCHASTIC POPULATION CROSS-DIFFUSION SYSTEM 11

1/2

T
2
< ([ IRl 6 o)

and by the Holder inequality, assumption (5) on o, and the Young inequality, we obtain

n t
E sup / ; u(N) , O u™ ($))dW;(s
1e(0,T) ZJZ1 0 ( J( ( )) J( )>L2(O)
1/2 T 1/2
<cnf (s [WOOe ) o ( [ 0+ Be)is) )
t€[0, 7] 0
1 T
(18) < —E( sup Hu(N)(t)||2Lz(O)) + C<T+E/ ||u(N)||%2(O)ds>.
4\ iepo,1] 0
We take in (17) the Supremum over t € (O, T) and the mathematical expectation and use
the inequality ||PY?u™|120) > C[u®™)| 120 for some constant C' > 0 only depending
on 7i,...,mT, and the prev1ous estimates to conclude that

1 t t
1E( s WO ) + CE [ 196 ords + CaB [ V06 s

t€[0,T]
T
(19) <CT+ C’E(HuOH%g(@)) + C’/O E(tSI[[l)p] ||U(N)(T)||%2(O))d5.
c|0,7
We infer from the Gronwall lemma that

supE( sup Hu(N)(t)Hi2<<9>) <c

NeN te[0,T

where C' > 0 depends on E|[u°[|2 12(0)» Co, and T This proves (13). Inserting the previous
estimate into (19), we deduce immediately estimates (14) and (15). O

We need a higher-order moment estimate, which is proved in the following lemma.

Lemma 6. Let T > 0 and let u™) be the pathwise unique strong solution to (10)-(11) on
0, T]. Furthermore, let p > 2 and EHuOH ) < 00. Then there exists a constant Cy > 0

which depends on p, E||u0]|122(0), C,, and T but not on N such that

(20) supE( sup [lu™]2, O)) < Ch.

NeN te(0,T)
Proof. We take the supremum over ¢ € (0,7) in (17) and neglect the second and third
terms on the left-hand side. Then, raising both sides to the the power p/2 and applying
the Holder inequality, we find that

T
10 1V o < Cllagoy + CT7* [ otut®
0

Hﬁ (Y;L2(0
te(0,T) 2
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+ C< sup i /Ot (uZ(N)(s), WiUij(u(N)(5))de(S))L2(O)>p/2.

te(0.7) /5

Taking the mathematical expectation and using assumption (5), it follows that

T
E( sup [|u™]|7 (9)) < C+CEHUO\|§2(@)+0E/O [t ()72, ds

te(0,7)

n

. p/2
(21) +CE( sup Z/O (UZ(N)(S),WiUij(U(N)(5>>dWJ’(3))L2(O)> ’

te(0,T) ij=1

For the last term, we use the Burkholder-Davis-Gundy and Young inequalities,

E( o Z /0 | (U(N)(S),Wiaij(u(N)(5))de(3))L2(O))P/2

te(0,T) ij=1

T
2
< CE</O HU(N)(SN%Q(O)Ha(u(N)(S))ch(Y;LQ(O))dS)
p/4 T p/4
gCE{( sup Hu<N>(t)HiQ(O)> 05/4(/ (1+Hu‘N)H%z<o>)dS> }
te[0,T] 0
1/2 T 1/2
<ca{( s WOR0) ([ 0 1)) ]
te[0,7 0

1 T
< §E( sup [[ul™ ()HL2(O) +CE/O (14 w0y ds.

te[0,T

p/4

Inserting this estimate into (21) and observing that the first term on the right-hand side
of the previous inequality can be absorbed by the first term on the left-hand side of (21),
we infer that

T
E( sup [Ju™]7 0)) < C+CEHu0H’£2(O) +CE/0 sup [[u™ (7)|[2,, 0 ds

te(0,T) 7€(0,s)

T
N
+C]E/0 (1—i— Hu( )Hiz(o))ds.

Then the Gronwall inequality implies that

te(0,7)

which concludes the proof. O
The previous lemma allows us to improve slightly the regularity of u(®")

Lemma 7. Let T > 0 and let u™Y) be the pathwise unique strong solution to (10)-(11)
on [0, T]. Then (UEN))Q € L3((0,T) x Q; L*(O)) fori=1,...,N and, for some constant
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03>0,
T
Elnwmﬂm@ws%,

where (uN))2 is the vector with the coefficients ( ) fori=1,... N.

Proof. By the Gagliardo-Nirenberg inequality with 6 = d/(2+d) and the Holder inequality
with ¢ = 2(2+d)/(3d) and ¢’ = 2(2+ d)/(4 — d) (here, we need that d < 3), we find that

T T
d/(2+d d
[ 10 Pl < 0B [ RIS 0 R

T
12/(2+d) 3d/(2+d)
§CE< sup |[u™ H /(+ /0 [[(u™))? HHI/(O+ dt)

te(0,T)

)1124/(4—d) v g N)\2(12 Vi
<cfs s W82 ) b {E [0 PRt}
te(0,T) 0

The first factor is uniformly bounded by (20) with p = 24/(4 — d) and the second factor is
uniformly bounded as a consequence of (13) and (14). O

2.4. Tightness. The aim of this subsection is to prove that the sequence of laws of u(®V)
is tight on a certain topological space. For this, we introduce the following spaces:
e CY([0,T]; H3(O)) is the space of continuous functions u : [0,7] — H*(O)’" with the
topology 7; induced by the norm ||u||co(o7);m30y) = SUDye(0,7) ()| 30y ;
e L2(0,T; H'(O)) is the space L*(0,T; H'(O)) with the weak topology Ts;
e L*(0,T; L*(0)) is the space of square integrable functions u : (0,7) — L*(O) with
the topology 73 induced by the norm || - ||2(0,7:22(0)):
e C°[0,T]; L2 (0)) is the space of weakly continuous functions u : [0,7] — L*(O)
endowed with the weakest topology 7; such that for all h € L*(O), the mappings

CO([(]? T]? L’?U(O>) — CO([07 T]7 R)a u = (U(), h>L2(0)7
are continuous.
In particular, convergence in C°([0,T]; L2 (O)) means the following: u,, — u in C°([0, T';
L%(0)) as n — oo holds if and only if

lim sup |(un(t) — u(t),h)r20)| =0 for all h € L*(O).

We need another space: Let r > 0 and B := {u € L*(O) : |Jul|;20) < r}. Let ¢ be
the metric compatible with the weak topology on B. We define the following subspace of
C?([0,T]; L7, (0)):

C°([0,T); B,,) = set of all weakly continuous functions u : [0,7] — L*(O)

22
(22) such that sup,c o7 [u(t)|z20) < 7.
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This space is metrizable with the metric ¢*(u, v) = sup;¢ (o7 q(u(t), v(t)) [5, Theorem 3.29].
By the Banach-Alaoglu theorem, B, is compact [5, Theorem 3.16], so, (C°([0,T]; By), ¢*)
is a complete metric space.

The following lemma ensures that any sequence in C°([0, T]; B) which converges in some
space C°([0,T];U") with U C H'(O) is also convergent in C°([0,T7]; B,,). We apply this
lemma with U = H*(O).

Lemma 8 (Lemma 2.1 in [8]). Let u, : [0,7] — L*(O) (n € N) be functions satisfying
sup sup_fun (Dl 20y < 7
neN te(0,7)

u, —u in C°[0,T);U") asn — oo,

where U C HY(O) and U’ is the dual space of U. Then u,, u € C°([0,T]; By) and u, — u
in C°([0,T]; B,) as n — .

We define the space
(23) Zr :=C([0,T]; H*(O)') N L3,(0,T; H(O)) N L*(0, T; L*(0)) N C°([0, TT; L7, (0)),

endowed with the topology 7 which is the maximum of the topologies 7;, i = 1,2, 3,4, of
the corresponding spaces. On this space, we can formulate a compactness criterion which
is analogous to the result due to Mikulevcius and Rozowskii [32].

Lemma 9 (Compactness criterion). Let (Z7,T) be as defined in (23). A set K C Zp is
T -relatively compact if the following three conditions hold:

(1) sup,ex Supseor) [[u(t)||22(0) < 00,
(2) K is bounded in L*(0,T; H'(O)), and
(3) lims_0 SUpP,cx SUDPs te(0,7), |s—t|<5 Ju(s) — U(t)”m(@)’ =0.

We refer to [8, Lemma 2.3] for a proof. The result follows since the embeddings H'(Q) —
L*(0) — H?*(O) are continuous and the embedding H'(O) < L*(O) is compact, such
that we can apply Dubinskii’s Theorem [18] (also see [37]) to a sequence (uy,)neny C K to
conclude that there exists a subsequence of (uy,),en that is convergent in C°([0, T; H3(O)').
By Lemma 8, this subsequence is also convergent in C°([0,T7; B,,).

The compactness criterion in Lemma 9 allows for a proof of the following tightness
criterion taken from [8, Corollary 2.6].

Theorem 10 (Tightness criterion). Let H, V, and U be separable Hilbert spaces such
that the embeddings U — V — H are dense and continuous and the embedding V — H
is compact. Furthermore, let (X, )nen be a sequence of continuous F-adapted U'-valued
stochastic processes such that

(1) there exists C' > 0 such that

swE(mww<sza

neN te(0,7
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(2) there exists C > 0 such that

T
supE( / Hxn(t)n%dt) <c
neN 0

(3) (X,)nen satisfies the Aldous condition in U’ (see Definition 3 in the appendiz).
Furthermore, let P, be the law of X,, on Zyp. Then (P,)nen is tight on Zr.

The main result of this subsection is the tightness of the laws £(u™)) of the solutions
u™) to (10)-(11).

Lemma 11. The set of measures {L(u™)) : N € N} is tight on (Z7,T).

Proof. The idea of the proof is to apply Theorem 10 with U = H?*(0), V = H'(O), and
H = [*(O). In view of estimates (13) and (14), conditions (1) and (2) of Theorem 10
are fulfilled. It remains to show that (u™))ycy satisfies the Aldous condition in H3(O)'.
To this end, let (7n)nen be a sequence of F-stopping times such that 0 < 7y < T Let
t €[0,T] and ¢ € H3(O). Then (10) can be written as

w060 = ). ) - 3 [ @) Iris)as

+Z< [ (o) ). 0)

(24) =: Jl +J2 ()+J3 (t),

where (-, -) is the dual pairing between H?(O)" and H*(O). We estimate each term on the
right-hand side individually.

First, consider the term involving the diffusion coefficients. Let 8 > 0. Then, using the
(at most) quadratic dependence of A;; on w;, and the continuous embedding H3*(0) —
W1 () (this is another instance where we use d < 3), we find that

T~+0
E‘ / <Aij(u(N))Vu§N), VIly¢)ds
TN

TN+9
N
<E [ 1450 0|96 1200 IV6l mords

TN

TN+9
B( [ 01 o) 196 o0t ) ol

((91/2 + 070 (@) | s 072200 IIVU(N)IIL‘A’(OI;L%O))) 191l m2c0)

E
1 2 1/6 4 N\2113 2/3 1/2
{9/ 0/( ( [ ) ||L2<O)dt) )

IA

IN
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T 1/2
. (E / HW(N)Hiz(@dt) }H¢HH3<O>,

where in the last two inequalities we applied the Holder inequality with respect to time
and then with respect to the random variable. The vector (u(™))? consists of elements

(uEN)))2 for i = 1,...,N. Taking into account the estimates from Lemmas 5 and 7, we

deduce that

TN +0
(25) E‘ / (A (M) VulY) Vv )ds| < COVO| 6|0
TN

For the stochastic term, we use assumption (5) on o, the It6 isometry (see Proposition 20),
and the Holder inequality to obtain

EK / " (s ), ¢>

TN

TN te N 2 2
SE( [ ot >>||£2(Y;L2<o»dt)||¢>||Lz(o>

TN

TN+0
< CUE</ (1+ HU(N)H%Q(O))dt) 1611720

TN

2

T 2/3
(26) sc(e+91/3(1a / ||u<N>||iz(o>dt) )||¢||%2<O)scel/?’uasn%z@-

Next, let x > 0 and ¢ > 0. By the definition of the H*(O)" norm, the Chebyshev
inequality, and estimate (25), we have

1
P15 (v +6) = V() lsioy = ) < ZENISY (v + 6) = I ()| s oy
1

1/6
L B[y 4 0) = I, 0 < E2

K H¢”H3(o):1 K

Thus, choosing §; = (ke/C)®, we infer that

sup sup P{HJQ(N)(TN +6)— JZ(N)(TN>HH3(O)/ > /i} <e.
NEN 0<6<5,

In a similar way, it follows that

1
P11 (r +0) = 5V () lmscoy = 1) < SENEY (7 +6) = I (o) oy
Cu0'/?
<

= )
KJ2

and choosing &, = (k%/C)? gives

sup sup P{\|J§N>(TN +0y) — I (r) ooy > m} <e.
NeN 0<0<6,
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This shows that the Aldous condition holds for all three terms Ji(N), 1 =1,2,3. Conse-
quently, in view of (24), it also holds for (u™¥))yen. We conclude the proof by invoking
Theorem 10. U

2.5. Convergence of the approximate solutions. First, we show that the space Zr,
defined in (23), verifies the assumption of the Skorokhod-Jakubowski theorem (see Theorem
23 in the appendix). More precisely, we prove that on each space in definition (23) of Zr,
there exists a countable set of continuous real-valued functions separating points.

Lemma 12. The topological space Zr, defined in (23), satisfies the assumption of Theorem
23.

Proof. Since the spaces C°([0,T]; H*(O)") and L*(0,T; L*(0)) are separable, metrizable,
and complete, the assumption of Theorem 23 is satisfied; see [3, Exposé 8|. For the space
L2(0,T; H'(0O)), it is sufficient to define

T
fm(u) = / (w(t), v (8)) 1 (0ydt € R, where u € L2,(0,T; H'(O)), m € N,
0

and (v,,)men is a dense subset of L(0,T; H'(O)).

It remains to consider the space C°([0,T]; L2(0)). Let (wm,)men be a dense subset of
L*(0,T; L*(O)) and let Q7 be the set of rational numbers from the interval [0,7]. Then
the family {f,..: m € N, t € Qr}, defined by

fmp(u) = (u(t), wm)r20) € R, where u € C°([0,T); L2 (0)), m € N, t € Qr,
consists of continuous functions separating points in C°([0,T7; L2 (0)). O
In view of Lemma 12 and Theorem 23, we infer the following result.

Corollary 13. Let (1,)nen be a sequence of Zp-valued random variables such that their
laws L(n,) on (Zp,T) form a tight sequence of probability measures. Then there exists a

subsequence (nk)keN, which is not relabeled, a probability space (Q, F,P), and Zp-valued
random variables 1, ny. with k € N such that the variables ny and 1y have the same laws
on Zr and (Nx)ken converges to 1 a.s. on Q.

By Lemma 11, the set of measures {£(u™) : N € N} is tight on (Z7, T) and by Lemma
12, the space Zp x C°([0,T];Y}) satisfies the assumption of Theorem 23. Therefore, we
can apply Corollary 13 to deduce the existence of a subsequence of (u(™ ))ven, which is

not relabeled, a probability space (fNZ F, I?P/’), and, on this space, Zr x C°([0, T; Yy)-valued
random variables (1, W) (aN W(N)) with N € N such that (™), W®)) has the same
law as (u™), W) on B(Zr x C’O([O,T],YO)) and

(ﬂ(N),W(N)) — (u, W) in Zr x C°([0,T];Yy), P-a.s., as N — co.
Because of the definition of the space Zr, this convergence means that I?D—a.s.,
a™) =@ in C°([0,T]; H3(0O)"),
a™) -~ @ weakly in L*(0,T; H(0)),
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(27) a™ — @ in L*(0,T; L*(0)),
a™) = @ in C°([0,T7; L2(0)),
WM™ W in €0, T); Vo).

Since u™) is an element of C°([0, T]; Hy) P-a.s., C°([0, T]; Hy) is a Borel set of C°([0, T';
H3*(O)) N L*(0,T; L*(0)), and since u™) and @) have the same laws, we infer that
LEM)(CO([0,T]; Hy)) =1 for all N > 1.

Note that, as B(Zr x C°([0,T];Yp)) is a subset of B(Z7) x B(C°([0,T];Yy)), the function u
is a Zp-Borel random variable. Furthermore, in view of estimates (13)-(15) and (20) and
the equivalence of the laws of u"Y) and @ on B(Zr), we have the uniform bounds

(28) sup E(sup [ 22(o)) < O,
NeN te(0,T)
~ T _ T )
(29) supIE(/ ||u(N)||§{1(O)dt> + asupE(/ H(u(N))QHHl(O)dt) <,
NeN 0 NeN 0
(30) supB( sup [700)) < Ca
NeN te(0,T)

where p > 2 is any number.
We deduce from (29) that there exists a subsequence of (u)) (not relabeled) which is

weakly converging in L2((0,T) x Q; H(O)) as N — oc. Since t®™) — @ P-a.s. in Zp, we
conclude that w € L*((0,T) x Q; H(0)), i.e.

. T
(31) IE/O () 2 0y < .

Similarly, the bound (28) allows us to extract a subsequence which is weakly™ convergent
in L?(Q; L>(0,T; L*(0))) and
(32) E< sup Hﬁ(t)H%g(o)) < 00.
t€(0,T)
The convergence &™) — @ in L2(0, T; L2(O)) P-a.s. implies, up to a subsequence, that
™) 5T ae. in (’),I@—a.s.

In particular, we have (componentwise) (7")2 — ()2 a.e. in O, P-a.s. On the other
hand, by estimate (29), there exists a subsequence of ((@"))?)yen weakly converging to

some function v in L2(Q; L2(0,T; HY(O))). The uniqueness of the limit function then
implies that v = u? and consequently,

(@2 = (@)?  weakly in L*(Q; L*(0,T; H'(O))).

It remains to show that the stochastic process u is a martingale solution to (1). The
following lemmas are taken from [7, Lemma 5.2 and proof].
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Lemma 14. Suppose that the process (W(N)(t))te 0,1], defined on (Q F, ﬁ), has the same
law as the Y -valued cylindrical Wiener process W, defined on (Q, F,P). Then W) is also
a Y -valued cylindrical Wiener process on (Q F, IP)

Lemma 15. The process (W( ))te[O 71 18 a Y -valued cylindrical Wiener process on (Q, F,P).
If0 <s<t<T, the increments W( ) — W(s) are independent of the o-algebra generated
by W(r) and W(r) forr € [0, s].

We denote by F the filtration generated by (u, W) and by F®™) the filtration generated

by (a), ww )). Lemma 14 implies that u is progressively measurable with respect to IT?,
and Lemma 15 shows that u(") is progressively measurable with respect to F(V).
The following lemma plays a significant role in establishing the existence of a martingale

solution to (1).

Lemma 16. It holds for all s, t € [0,T] with s < t and all ¢; € L*(O) and ¢ € H*(O)
satisfying Voo - v =0 on 00 that

(33) Jm B [ @G0 =0, 01) oyt =0,
(34) lim E(@™)(0) = (0), 1) 2 ) = 0
Y RSN . ~(N) ~ o
(%) lm B /0 ; /0 (A4 (@) () VN (5) — Ay (@) Vi (5), Voo Yds|dt = 0,
2
(36) Jim B | (ou @ NIV s) = oy @)Wy (s).6n) , |t =0

Proof. Let ¢; € Li(@). We know that a®™) — @ in Zp P-a.s. In particular, a®™ — @ in
C°([0,T); L2 (O)) P-a.s., which means that for any ¢ € [0, 7],

Jim @M(t), $1)r2(0) = (@(t), 61)r2(0) P-as.

Estimate (28) provides a uniform bound for (™) (¢), gbl)%z(o) such that we can apply the

dominated convergence theorem to conclude that
T

(37) lim [ (@M (t) = TU(t), ¢1) oy dt =0 P-as.

N—oo 0

We have for any r > 1, by (30),

(/|ﬁNu @ﬁmwt)SCE/(WWKM%Q+MUMWMﬁSG

This bound provides the equi-integrability of fo (u N(t) —a(t), ¢1); (O)dt. Taking into

account the convergence (37), Vitali’s convergence theorem (see the appendix) then shows
that (33) holds.
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Convergence (34) follows in a similar way. Indeed, since %) — @ in C°([0,T]; L?(0O))
P-a.s. and @ is continuous at ¢ = 0, we infer that for any ¢, € L*(O),

lim (ﬂ(N) (O), ¢1)L2(O) = (6(0), (bl)LQ(O) I?’—a.s.

N—oo

Then convergence (34) follows from (28) and Vitali’s convergence theorem.
Next, we establish convergence (35) through several steps. Due to the structure of
A (@), we need to show the following three convergences:

t

(38) lim (Va™ (s) — Vi, (s), Vo)ds = 0,
(39) Jim | <a§N>(s)a;N>(s)vagN>(s) - ﬂj(s)ﬂk(s)Vﬂk(s),V¢>ds —0,
(40) Jim | (@)Y () () Vils), V6 )ds = 0,

for j # k and suitable test functions ¢. We deduce from convergence (27) that (38) follows
for all ¢ € H'(O). The second convergence (39) is proved as follows:

<a<.N>(S)~,gN>(s)va,§N>(s) — T (8) T (5) Vi (s), V¢>ds

‘/ i)V (Y ()" = ()9 (@(5))", Vo )ds
2‘/ i (s) = ()7 (@ (5))" + () V{ (@ (5))" = (@(5)"}, Vo s
< 5 [0 = 16 o VG0 [V s s

%‘/ (V) ()" - (@0(9)*). V6) |

Let ¢ € H3((’)). Then the embedding H*(O) < W>(0O) is continuous for d < 3 and,
using the Cauchy-Schwarz inequality,

~(N ~ ~(N
< SN8llas 1Y) — @l 2020200 |V @) | 22007200y

Since 7™ — @ in L2(0,T; L2(0)) P-a.s. and V(a®™)? is uniformly bounded in L2(0, T}
L*(0)), it follows that I{N) — 0 as N — oo. For the second integral, we observe that
u; Ve € L*(0,T; L*(0)) (using (29)) and (u™)? — (@)? weakly in L?(0,7T; H'(O)) (by
(27)). This implies that ]éN) — 0 as N — oo, and we have proved (39).
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We turn to the proof of (40). Let ¢ € H3(O) be such that V¢ - v = 0 on 0. An
integration by parts leads to

/ t<<ﬂ;N><s>>2w§-N><s> — (@()V(5), V6 )ds
_ / / (@)™ (5) — (@) Vi(s)) - Vodads
== / (@062 5) = @)Pis(s)) Agads
/ / V(u™(5)? ~ ) (5)V (is())?) - Vs

The estimates for If ) + ]2( show that LE — 0 as N — oo. We estimate ]:,EN) as follows,
using the continuous embeddings H3(O) < W24(O) and H'(O) — LY O) (for d < 3):

— /0 /O @M () — a;(s)) (@ (s )’ Agdads
# [ (6 = o)) i) Adsds
< / 17577 (5) = @) 2o 1@ )2 o o 1A 220 s

t ) 2 (up(s)?) (s xds
[ [ (@ e - >>> () Agdzd

= Hﬂ; UJHLQ (0,T;L2(0)) ” HL2 (0,T;H(0)) H¢HH’

¥ / @) = @u(s)) () Avdeds.

The convergences (27) and u;A¢ € L*(0,T; L*(0)) P-a.s. imply that IPEN) — 0as N — oo.
Convergences (38)-(40) imply that P-a.s.
t

(1) lm [ (Ag@Y()VE (5), Ven) 1y o ds = /O (A (T(5))Vity (), V) 1o ds

N—oo 0

for all ¢ € H3(O) with V¢y - v = 0 on 9O. Furthermore, employing the structure of
Aij(uM), the continuous embedding H?*(O) — WH>*(0O) (again for d < 3 only), and
estimates (29 , we find that

)

A JRs—

< ||v¢2||%m<0)ﬁ(' / HAU<u<N><s>>va§-N><s>Hm)ds

)
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- t 2
< 0||¢>2H%13<@>E( | 0+ 13062200 195 () 30 )
0
~ i~ 1/2
< Cllgals(o) (T2 BIE™ 122 0,101 0p)

~ 1/3 1251~ 1/2
+ TS ENE W s0ir20m) BN 20 arion) ) < C.

This bound and the P-a.s. convergence (41) allow us to apply the Vitali convergence the-
orem to infer that (35) holds.

[t remains to prove convergence (36). Since W™ 5 W in C°([0,T7; Yp), it is sufficient to
show that o;;(a™N)) — o (w) in L2(0,T; Lo(Y; L2(0))) P-a.s. We estimate for ¢ € L2(O):

/ H (N) — O'ij(a(s))a¢)L2(O)Hiz(Y§R)d8

- ~ 2
< / o @) = @, o 6120 s
0
< Colja™ — U202 0 191172 (0)-
Since u™) — @ in L*(0,T; L*(O)) P-a.s., by (27), we infer that for ¢ € [0,7], w € 2, and
¢ € L*(0),

(42) lim /0 | (035@(5)) = 035i5)). ) o I, oy 5 = 0

N—o0

We conclude from (30) and (31) that

2

E‘ /0 (035 (@™ () — o33 ((s)). ¢)L2(O)H12(Y;R)d8
- t
< CE<||¢||%2(O)/O (HUij(a(N)(s))H%‘,Q(Y;L?(O)) + Ho-ij(a(s))||4£2(Y;L2(O)))d3)

<o(1+E( s 100, + sup i lizer) ) <

te(0,T) te(0,T

With this bound, convergence (42), and the Vitali convergence theorem we obtain for all

¢ € L*(0),

lim E/ [ (03, (@™(s)) = 05 (u(5)), ¢)L2(O)H12(Y;R)d8 =0

N—oo

Hence, by the Ito isometry (Proposition 20) for ¢ € [0,7] and ¢ € L?(0O),

( /Ot (03, (@M (5)) — 03 (U(s)) ) dW (s), ¢)

2

(43) lim E =0.

N—oo

L*(0)
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We use the It isometry again and estimates (28) and (32) for N € N, ¢t € [0,7], and
¢ € L*(O) to infer that

t
—~ ~ 2
_ E( @) - Uij(u(s)),¢)L2(O)|{£2(Y;R)ds>
t
T ~ ~ 2
< E(H¢H%2(O)/O HUU‘(U(N)(S)) - Uij(u(s))H£2(Y;L2(O))d8)
< B (¢t sup [T 0+t s [T ) < C
te(0,T) te(0,T)

This bound and convergence (43) allow us to apply the dominated convergence theorem
to conclude that for all ¢ € L*(O),

i B (] s - unaiioe)

This shows (36) and finishes the proof. O

2
dt = 0.

Let us define

AM @™ WM 6) (1) = (Un (W (0)), ¢) 12(0)

n

+ Y tHNUij ™ (s d/W/j(N),Cb ,
(Z/o Ws)) )Lz(O)
MG, 6)(8) = (@0), Do) + /0 (div (Ayy(@(s)) VT, (s)), 6 )ds

# (3 [ outipaie)

L2(0)

for t € [0,7] and @ = 1,...,n. The following corollary is essentially a consequence of
Lemma 16.

Corollary 17. It holds for any ¢, € L*(O) and any ¢o € H3(O) satisfying Vo - v = 0
on 00 that

lim H(a(N)a ¢1)L2(O) - (aa ¢1)L2(O)HL2(S~2X(O,T)) = 07

N—oo

; (N) (7 (N) (v T _
]\}1_{20 ||Az (u( )7 W( )7¢2> - Az(u7 W’¢2)HL1(S~2><(O,T)) =0.
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Proof. The first convergence follows immediately from the identity

T
H (ﬁ(N)a ¢1>L2((9) - (ﬂ7 ¢1)L2(O) HLQ(QX(O,T) - E/O | (a(N) (t) - ﬁ(t% ¢1)L2((’)) |2dt

and convergence (33). For the second convergence, let ¢ € H3(O) satisfying Vg - v =0
on 0O. Fubini’s theorem implies that

||ASN) (a(N)’ W(N); ¢2) - Az(ay W7 ng) ||L1(§X(0,T))
T N _
_ / E[ANM @, T, 6) — M@, W, o)t
0

Convergences (34)-(36) show that each term in the definition of AEN) (a™, ww, ¢9) tends
to the corresponding terms in A;(u, W, ¢) at least in the space L'(2 x (0,7T)). O

Since u™) is a strong solution to (10)-(11), it satisfies the identity
(1), )20y = A (W™ W, 9)(t) Pas.
forallt € [0,T],i=1,...,n, and ¢ € H'(O) and in particular, we have
T
| B[ 0. 0020, — AV @, W) 0) |t =
0
Since the laws £(u™, W) and £(@™, W M) coincide, we find that
T
/ E’@EN) ,O)r20) — AN @ W (t)’dt =0.
0
By Corollary 17, the limit N — oo in this equation yields
T
/ E‘(az(t)7¢)L2(O) _Ai(aa W7¢)(t)‘dt207 L= 17"'7n-
0

This identity holds for all ¢ € H*(O) satisfying Vé-v = 0 on 9O. By a density argument,

it also holds for all ¢ € H'(O). Hence, for Lebesgue-a.e. t € (0,7] and P-a.e. w € €, we
deduce that

(@i(t), )20y — M@ W, ) (1) =0, i=1,...,n
By definition of A;, this means that for Lebesgue-a.e. ¢ € (0,7T] and P-a.e. w € €,

(wi(t), @) 20y = (u(0), 9)r2(0 +Z/ (div (Az;(a(s))Vu(s)), ¢)ds

g (Z A oz-j@(s))d’v%(s),qs)m.

Setting U = (ﬁ,]?, P, IA?‘), we infer that the system (ﬁ,’vﬁ u) is a martingale solution to
(1) and the stochastic process u satisfies estimates (31) and (32).
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Remark 18 (Random initial data). The initial data may be chosen to be random, i.e.,
we prescribe an inital probability measure p° on L?(QO) instead of a given initial data. We
assume that

24
(44) [ ollydna) <00 tforp= {2
L2(0) 4—d

Now, in principle, we can carry out the whole analysis also in this case. Since for the given
initial distribution p° and a given stochastic basis (€2, F,F,P), we have an Fy-measurable
random variable, which we will denote by u° and whose distribution is p°. Because of
assumption (44), we have IEHuOHig(O) < oo and consequently, the a priori estimates ob-
tained in section 2.3 still hold true. As before we can show that the set of measure
{L£(u™): N € N} is tight on Z7 and therefore, by the Skorohod-Jakubowski theorem, we
obtain a sequence of new random variables (u™)) ey (and also a sequence of new Wiener
processes) which have the same law as the old random variables u(™) on Zz. In particular,
LEM(0) = L™ (0)) in LAO) as well as a®™ — @ in C°([0,T]; L2(O)) P-a.s. and
2™ (0) — @(0) in L2(O) weakly P-a.s. We conclude that £(@(0)) = £(a™(0)) = L(u’) =
(V. Thus, we have shown that the process @ has the initial measure x° and therefore is the
required martingale solution of (1). O

2.6. Nonnegativity of the solutions. We show that if u) > 0in O fori =1,...,n and
condition (9) on ¢ holds then u; is nonnegative P-a.s. For this, we employ the technique
of [11]. The idea is to approximate the test function f(z) = 2~ = max{0,—z} for z € R
and to use Ito’s formula. We define as in [11, Section 2.4] the following functions:

—z if 2z < —e¢,
4 3 2
fe(z) = —3(E> z—8<f> z—6<z>z if —e<2<0
€ € €
0 ifz>0

for ¢ > 0. Then f. has at most linear growth, i.e. |f.(z)| < C|z| for all z € R, and the
functions f! and . := f.f” + (f/)? are bounded in R. We set

EM=A£MW%3FM=LﬂWWM

for square-integrable functions v : O — R.
We replace the diffusion coefficients A;;(u™)) in (10) by the modified coefficients

A;-;-(u(N)) = 0;j (aio + Z aikui) + 2aufuy, 4,5 =1,...,n,
k=1
where 2™ = min{0, z} is the positive part of z € R. Observe that generally, A7 (u) # Aj;(u)
but if u; > 0 for all s = 1,...,n then we obtain the original coefficients, A (u) = Ay;(u).

(N)

The proof of Lemma 4 provides the existence of a pathwise unique strong solution u'**’ to

this truncated problem. The It formula in finite dimensions gives [11, Formula (3.3)]

F(u™(t) = F.(u{™(0))

7
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+2//fa N u™( HN(Z% (N)( )dde()

(45) ~2 /O /O wg(ugN)(s))ZA;;(u(N)(s))VuEN)(s)-Vug-N)(s)dxds

/ / Z Z Z% M (s))erera i (u™ () o (W™ (s))dwds

=1 k=1 m=1
= I + 1D+ 1)+ 11D,

where oF™ is defined in (6). We claim that the integral [E(f) is nonpositive. Indeed, we

ij
write
:—2//% N )|Vu |2dxds

—2/ /1/15 N (u(N))VugN)-Vug.N)dxds.
J#Z

The first term on the rlght hand side is clearly nonpositive; the second term vanishes since
zpa(uf.N)) =0 in {u > 0} and A*( )) =0 in {uz(-N) < 0}. This shows that Ig) < 0.
By (27), we know that u™) — v in L2(0 T; L*(0)) as N — oco. (To be precise, we should
work with the new processes u™) but we omit the tilde.) Therefore, up to a subsequence

which is not relabeled, u™) — u for a.e. (x,t,w) € O x (0,T) x €. Following the steps of
[11, Section 3.2], we can show the following P-a.s. convergence results as N — oo:

Fu™M(t) = Flw(t), 1§ — F@),

%y —>2/Ot/0fa(ui( Zaw $))dzdW(s),
) - / / Z Z Z@bg u;(s))erecolt (u(s)) ol (u(s))dads.

j=1 kf=1m=1

Passing to the limit N — oo in (45) then leads to

n

Fe(ui(t)) < Fe(u) +2/0 Ofs(ui(S))fé(ui(S))Z%( u(s))dW;(s)dx

Jj=1
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Taking the mathematical expectation, the stochastic integral vanishes:

(46) EF.(u;(t)) < EF.(u)) + E / / Yo (ui(s ZZ (% )deds

7j=1 m=1
It is shown in [11, Section 3.4] that in the limit ¢ — 0, P-a.s.!
EF(ui(t)) — Eju; (¢ )”%2(0 EF.(u;) = Ell(u?) I Z2(0)

/ /% Us ZZ (Uza 77m) dﬂ?d$—>E/ ZHUU HLQ YL2((’)))dS'

j=1 m=1
Thus, the limit € — 0 in (46) gives

EH“@‘_(t)”%?(O) < EH(“?)_H%Q(O) +E/ Z o3 (—uy ||52(Y .12(0)) ds-

The first term on the right-hand side vanishes since u > 0. For the second term, we
employ the linear growth (9) of o;;, showing that

t
Ellu; (1)|220) < E / ety ()220 ds.

Gronwall’s lemma implies that E||u; (t)||%2(0) = 0 for ¢t € (0,7) and consequently, u;(t) > 0
in O, P-a.s. for a.e. t € [0,7] and all i = 1,...,n. This finishes the proof.

APPENDIX A. SOME RESULTS FROM STOCHASTIC ANALYSIS

A.1. Results for stochastic processes. The following particular It6 formula is proved
in [35, Theorem 4.2.5].

Theorem 19 (It6 formula). Let V- C H C V' be a Gelfand triple and U be a separable
Hilbert space, Xo € L*(Q; H), and let a € L*(2 x (0,T); V'), b e L*(Q2 x (0,T); L2(U, H))
be progressively measurable. Define the stochastic process

X(t) = Xo + /ta(s)ds + /t b(s)dW(s), te(0,T).
Then

1 1 t 1/t
SIX O = 310+ [ (o) XEDvwds+5 [ I wmds

+ /0 (X(s),b(s)AW ()i fort € (0,T),

where (-, )y v is the duality pairing between V' and V', (-,-)u is the inner product in H,
and X (s) € L*(Q x (0,7); V) in {a(s), X (s))v.v is any V-valued progressively measurable
dt @ P version of the equivalence class represented by X (s).

!Observe that there is a typo in [11, formulas (3.21)-(3.24)]: The sum from I = 1 to oo should be outside
the brackets.
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The next proposition can be found in [26, Prop. 2.10].

Proposition 20 (It6 isometry). Let o(u) € L*((0,T) x Q; Lo(Y; L?(O))) be a predictable
stochastic process. Then

T 2 T
B( [ o)) =& [ o,y mends
0 0
This result can be generalized in the following sense; see [26, Prop. 2.12].

Proposition 21 (Burkholder-Davis-Gundy inequality). Let p > 2 and let o : L*(O) x
0, 7] x Q — Lo(Y; L*(O)) be a predictible stochastic process such that

T p/2
E(/O ||O_(u(s))”%Q(Y;LQ(O))dS) < 0.

Then, for some C' > 0 depending on p,

/0 To(u(s>>dw<s) < CE( /0 ' Ha(u(s))H%Q(Y;LQ(O))ds)p/ 2.

A.2. Finite-dimensional stochastic differential equations. We state a result on the
existence of the pathwise unique strong solution to the stochastic differential equation on
R™ (essentially taken from [35, Theorem 3.1.1]; originally from [27]),

(47) 7o dX() = a(X, t)dt + b(X, ) dW (1), t>0, X(0)= X,

Here, 7 = (71, ...,m,) € (0,00)", a: R" x[0,00) xQ — R™ and b : R" x [0, 00) x 2 — R™™
are both continuous in = € R" for fixed ¢t € [0,00), w € 2, progressively measurable, and
satisfy for all R, T" > 0,

p

E

T

(48) / sup (la(z, D + bz, £))dt < 0o in 2,
0 lzI<R

where |a(z,t)| is the Euclidean norm on R™ and |b(z,t)| is the Frobenius norm on R™*™.

Furthermore, we assume that for all R, ¢t > 0, and x, y € R" with |z|, |y| < R,

2(a(z,t) — aly,t),z — y) + |b(z,t) — b(y,t)|" < Kg(t)lz -y,

(49)
2(a(@, 1), ) + [b(a, )] < Ki(t)(1+ [a]?),

where for every R > 0, Kg(t) is an R, -valued F-adapted process satisyfing fOT Kg(t)dt <
oo in Q for all R, T > 0. We call X the pathwise strong solution to (47) if X(¢) =
(X1(t),..., X, (t)) for t > 0 is a P-a.s. continuous R"-valued F;-adapted process such that
P-a.s. for all ¢ > 0,

t
(50)  mX;(t) = mXoi + / a;(X(s),s)ds + Z bi;j(X(s),s)dW;(s), i=1,...,n.
0
Theorem 22 (Existence of solutions). Let Assumptions (48)-(49) hold and let Xy : Q —

R™ be Fo-measurable. Then there exists a (up to P-indistinguishability) pathwise unique
strong solution to (47).
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The proof is the same as in [35, Theorem 3.1.1]. The difference to this theorem is the
appearance of the constant vector m on the left-hand side of (47). As the proof in [35] is
based on the Euler method and the vector is constant, this appearance does not change
the arguments. We just have to take into account that min;—; __, m; is positive.

A.3. Tightness. We recall some definitions and results on the tightness of families of

probability measures. Let E be a separable Banach space with norm || - ||z and associated
Borel o-field B(FE).

Definition 2 (Tightness). The family A of probability measures on (E,B(E)) is said to
be tight if and only if for any € > 0, there exists a compact set K. C E such that

wWK.)>1—¢  forall pe A.

The theorem of Skorokhod allows for the representation of the limit measure of a weakly
convergent sequence of probability measures on a metric space as the law of a pointwise
convergent sequence of random variables defined on a common probability space. Since
our space Zr, defined in (23), is not a metric space, we use Jakubowski’s generalization of
the Skorokhod Theorem, in the form given in [9, Theorem C.1] (see the original theorem
in [22]). This version is valid for topological spaces.

Theorem 23 (Skorokhod-Jakubowski). Let Z be a topological space such that there exists
a sequence (fu)men of continuous functions f,, : Z — R that separate points of Z. Let S
be the o-algebra generated by (fn)men. Then

(1) Every compact subset of Z is metrizable.

(2) If (ttm)men is a tight sequence of probability measures on (Z,S), then there exists
a subquence (fim, )ken, a probability space (2, F,P), and Z-valued Borel measurable
random variables & and & such that (1) i, is the law of & and (ii) § — &€ almost
surely on ).

The Aldous condition is mentioned in the tightness criterion of Theorem 10, and therefore
we recall its definition.

Definition 3 (Aldous condition). Let (X,)nen be a sequence of stochastic processes on a
complete separable metric space S, defined on the probability space (€, F,P) with filtration
F = (Fi)ecpo,r- We say that (X, )nen satisfies the Aldous condition if and only if for any
e > 0, there exists n > 0 such that for any 6 > 0 and any sequence (7, )nen of F-stopping
times with 1,, < T, it holds that

sup sup P{d(X, (7, 4+ 0), Xn(0)) = 0} <e.

neN 0<0<0
A.4. Vitali’s convergence theorem. We use the following version of Vitali’s conver-
gence theorem (which can be seen as a special version of the theorem of De la Vallée-
Poussin).

Theorem 24 (Vitali). Let (an) be a sequence of integrable functions on some probability
space (2, B(Q),P) such that ay — a a.e. as N — oo (or ay — a in measure) for some
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integrable function a and there exist r > 1 and a constant C > such that Elay|" < C for
all N € N. Then Elay| — Ela| as N — oc.
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