CROSS DIFFUSION PREVENTING BLOW UP IN THE
TWO-DIMENSIONAL KELLER-SEGEL MODEL*
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Abstract. A (Patlak-) Keller-Segel model in two space dimensions with an additional cross-
diffusion term in the equation for the chemical signal is analyzed. The main feature of this model
is that there exists a new entropy functional, yielding gradient estimates for the cell density and
chemical substance. This allows one to prove, for arbitrarily small cross diffusion, the global existence
of weak solutions to the parabolic-parabolic model as well as the global existence of bounded weak
solutions to the parabolic-elliptic model, thus preventing blow up of the cell density. Furthermore,
the long-time decay of the solutions to the parabolic-elliptic model is shown and finite-element
simulations are presented illustrating the influence of the regularizing cross-diffusion term.
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1. Introduction. Chemotaxis, the directed movement of cells in response to
chemical gradients, plays an important role in many biological fields, such as embryo-
genesis, immunology, cancer growth, and wound healing [19, 31]. The mathematical
modeling of chemotaxis dates to the pioneering works of Patlak from 1953 [30] and
Keller and Segel from 1970 [26]. The original model equations have been reduced to
describe the evolution of the cell density n(x,t) and the concentration of the chemical
signal S(z,t), and it is given, in its general form, by

ny = div(D1(n, S)Vn — x(n, S)nVS) + Ri(n, S),
aS; = DoAS + Ra(n,S), x€Q, t>0,

where Q C R? (d > 1) is a bounded domain. This system of equations is supplemented
by homogeneous Neumann boundary and initial conditions:

Vn-v=VS-v=0 ondQ, t>0, (1.1)
n(,O) = Ny, S(,O) = SO in Q, (12)

where the initial condition for S is only needed if « # 0, and v denotes the exterior unit
normal to 9€2. The positive coefficients Dy and Ds describe the diffusivity of the cells
and the chemical substance, respectively. The nonlinear term x(n, S)nV.S models the
cell movement towards higher concentrations of the chemical signal, which is called
positive chemotaxis. The coefficient y is the chemotactic sensitivity. Furthermore,
Ry describes the cell growth and death and Ry the production and degradation of
the chemical signal. The parameter o > 0 is a measure of the ratio of the time scales
of the cell movement and the distribution of the chemical. When a = 1, we call
the above system to be of parabolic-parabolic type, whereas in the case o = 0, it is
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called parabolic-elliptic. The classical Keller-Segel model corresponds to the choice
Dy =x =1 R =0, and Rao(n,S) = un — S, where pu > 0 is the secretion or
production rate at which the chemical substance is emitted by the cells. The rigorous
derivation of the classical Keller-Segel model from an interacting stochastic many-
particle system has been perfomed by Stevens [34].

The classical Keller-Segel model exhibits the phenomenon of cell aggregation.
The more cells are aggregated, the more the attracting chemical signal is produced by
the cells. This process is counter-balanced by cell diffusion, but if the cell density is
sufficiently large, the nonlocal chemical interaction dominates diffusion and results —in
two and three space dimensions — in a blow-up of the cell density, see, e.g., [21]. In two-
dimensional domains, the critical threshold for blow-up is given by M := fQ nodr = 4w
[29]. If M < 47, solutions exist globally in time, whereas for M > 4, solutions blow
up in finite time. In the parabolic-elliptic whole space model, the critical value is 87
[4]. In the critical case M = 8, a global solution exists, which becomes unbounded
as t — oo [3]. We mention that in dimensions d > 3, a related critical phenomenon
occurs, where the L2 norm of the initial density ng plays a similar role as the initial
mass M in two dimensions, see, e.g., [10].

Motivated by numerical and modeling issues, the question how blow up of cells
can be avoided has been investigated intensively the last years. In this paper, we show
that an additional cross-diffusion term in the equation for the chemical substance leads
to global solutions to the parabolic-parabolic model and to global bounded solutions
to the parabolic-elliptic model. Before we explain our main results, we review the
methods used in the literature to prevent overcrowding of cells. In the following, if
not stated otherwise, we consider the case D1 =y =1, Ry =0, and Ry = un — S.

The first method is to modify the chemotactic sensitivity. If we suppose that
aggregation stops when the cell density reaches the maximal value no, = 1 (volume-
filling effect), one may model the sensitivity by x(n) = 1—n. In this case, the cell den-
sity satisfies 0 < n < 1 and the global existence of solutions can be proved, see [7] for
the parabolic-elliptic equations and [15] for the parabolic-parabolic model. Further-
more, if the sensitivity is sublinear in two dimensions or, more generally, x(n) = n?
with 0 < p < 2/d, all solutions to the parabolic-parabolic model are global and
bounded [22]. Global solutions are also obtained when the sensitivity depends on the
chemical concentration. For instance, in the biased random walk approach, which
leads to x(n,S) = (1 4+ B3)/(S+ 5) (8 > 0) [2], solutions to the two-dimensional
parabolic-elliptic model exist globally in time. Finally, we mention the work by Hillen
et al. [20] in which the gradient of the chemical is replaced by a nonlocal gradient
yielding global bounded solutions.

A second way consists in modifying the cell diffusion. In the context of the
volume-filling effect, Burger et al. [7] have altered the cell equation to n; = div(n(1 —
n)V(n — 5)), which has the property that the mobility vanishes at the threshold
value no, = 1. The corresponding Keller-Segel system possesses a quadratic energy
functional involving gradients of the chemical, which allows one to show the global
existence of solutions to the parabolic-elliptic system [7]. Global existence results can
be also achieved by employing the degenerate diffusion Dq(n,S) = n? with ¢ > 1,
which can be interpreted as a volume-filling effect on the level of cell diffusion, see
[8, 27] for the parabolic-elliptic model and [28] for the parabolic-parabolic model
(with ¢ > 2 —4/d). According to Hillen and Painter [18], the diffusion coefficient
and the sensitivity are related by D; = P(n) — P/(n)n and x = P(n)r(n), where
P(n(z,t)) is the probability that a cell at (x,t) finds space at its neighboring location.
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This (parabolic-parabolic) model admits a global solution [40]. Furthermore, global
solutions to the parabolic-elliptic model exist if D1 = n?, nx = nP, and p > ¢ — 2/d
[35]. On the other hand, if D;(n)/(nx(n)) grows faster than n?/¢ as n — oo, then
there exist unbounded solutions [39].

A third method is to consider nonvanishing growth-death models R; # 0. In [5],
the rate Ry(n,S) = n(1 —n)(n —a) with 0 < a <1 is taken in the parabolic-elliptic
model, and the global existence of solutions has been shown. In the logistic-growth
model R1(n,S) =n(1—nP~1), a global weak solution to the parabolic-elliptic model
exists for all p > 2 — 1/d [38]. Moreover, if p > max{d/2,2 — 1/d}, the solution is
bounded for all ¢ > 0 even when the initial datum is in L*() only.

In this paper we suggest a fourth way to prevent blow-up of the cell density by
adding a cross-diffusion term. More precisely, we analyze the following system

ny = div(Vn —nV.S), (1.3)
aSi=AS+5An+un—S, xe€Q, t>0, (1.4)

with the initial and boundary conditions (1.1)-(1.2), where Q C R? and 6 > 0. This
choice is motivated by the fact that the augmented model possesses a new entropy
functional allowing for global existence results and revealing some interesting struc-
tural properties of the system. Moreover, numerical results (see Section 5) indicate
the existence of nonhomogeneous steady states for this system. For numerical approx-
imations of the parabolic-parabolic model, we refer to [6, 13]; the parabolic-elliptic
Keller-Segel model in d = 2 has been numerically solved in, e.g., [14, 17, 32]. We
show below (Theorems 1.1 and 1.2) that the system (1.1)-(1.4) possesses a global
weak solution, for arbitrarily small values of 6 > 0. Thus, discrete (finite-element) so-
lutions are expected to exist for all times too. We confirm this statement by numerical
simulations.

At first sight, the additional cross-diffusion term seems to cause a number of
serious difficulties. Rewriting the system (1.3)-(1.4) in the form

(s = (G )7 E) G s),

we see that the diffusion matrix is neither symmetric nor positive definite. Moreover,
we cannot employ anymore the maximum principle to the equation for the chemical
substance, and it is not clear how to prove the nonnegativity of the cell density or the
boundedness of the variables. All these difficulties can be resolved by the observation
that the system (1.3)-(1.4) possesses a logarithmic entropy. Indeed, differentiating
formally the entropy functional

E(t) = /Q (n(logn -1+ %52> (z,t)dx

yields the entropy production equation

dE 1 1
—+ 4Vyn? + <|VS]2 + =S8? ) dx = ﬁ/ nSdz. (1.5)
dt Q 1) ) o Ja
When the secretion rate vanishes, p = 0, F turns out to be a Lyapunov functional.
The right-hand side can be bounded for x> 0 by use of the Holder and Gagliardo-
Nirenberg inequalities (see the estimates following (3.6)):

| nsdr < O(u, 5)|In|\‘2/12<m +/

1 1
<2|V\/ﬁ|2dx + =|VS* + SQ> de.
0 Q Q 26

20



4 S. HITTMEIR AND A. JUNGEL

Inserting this estimate into (1.5) provides H' bounds for \/n and S.

The existence of the entropy functional has another consequence: It allows us
to reformulate the system (1.3)-(1.4) in such a way that the new diffusion matrix
becomes positive definite. Introducing the new variable y = §logn, the transformed
system reads as

) <an5) — div ((6—;@;;/6 _ely/a> \Y (g)) + (WO_ S) . (1.6)

It is well known that, in hyperbolic or parabolic systems, the existence of an entropy
functional is equivalent to the existence of a change of unknowns which “symmetrizes”
the system [11, 25]. (For parabolic systems, “symmetrization” means that the trans-
formed diffusion matrix is symmetric and positive definite.) In the Keller-Segel system
(1.6), we obtain a nonsymmetric, but still positive definite diffusion matrix.

We state now our existence results for the parabolic-parabolic system (a > 0) as
well as for the parabolic-elliptic system (a = 0).

THEOREM 1.1 (Global existence). Let o >0, 6 > 0, u > 0, and let Q C R? be
a bounded domain with 9Q € C%'. Furthermore, let 0 < ng € L*(Q) be such that
nologng € L*(Q), So € L*(Q). Then there exists a weak solution (n,S) to (1.1)-(1.4)
satisfying n > 0 in £ x (0,00) and

ny € Liue(0,00; (WH(Q))), oSy € Lyl (0, 00 (WH())),

loc
n € L3,.(0,00; WHH(Q)), /n € L2 (0,00, H'(Q)),
S € Li,.(0,00; H'(Q)), aS € Lix.(0, 00; L*(12)).

Moreover, we have the following reqularity results:

n? € L3 (0,00, H'(Q)) for0< B <1/4, (1.7)
logn € L .(0,00; HY(Q)) if logng € L' ().

Estimate (1.8) shows that the cell density n(-,t) is positive a.e. in £ but it does
not exclude that n(-, ) vanishes at certain points. The existence proof is based on the
construction of a problem which approximates (1.6). First, we replace (1.6) by a time-
discrete system using the implicit Euler discretization with time step 7 > 0. Then
(1.6) becomes a recursive sequence of elliptic problems. Second, we add the fourth-
order operator —e(A%y + ye¥/?) with € > 0 to the first component of (1.6), which
guarantees coercivity of the elliptic system in H?(Q) with respect to . Third, we add
the regularization ediv(|Vy|?Vy) to the first component. This regularization, which
was also used in [24], is not needed for the existence proof but for the derivation of the
additional a priori estimates (1.7)-(1.8). The existence of weak solutions (nc, S:) to
this approximate problem is then proved by the Leray-Schauder fixed-point theorem.
The a priori estimates from the (discrete) entropy inequality are sufficient to pass
to the limit (¢,7) — 0. More precisely, for given T" > 0, we infer from the entropy
estimate that VS. — V.S weakly in L2(0,T; L*(Q)), as (g,7) — 0, and, by the Aubin
compactness lemma, n. — n strongly in L2(0,7; LP(Q)) for all p < 2 (see Step 2 of
the proof below). This does not imply that (n.V.S.) converges weakly. A remedy of
this difficulty is to exploit the L! log L' bound for (n.) which allows us to improve the
strong convergence of (n.) to the case p = 2 (see Proposition 2.1). As a consequence,
neVS. — nVS weakly in L' (0,T; L' (Q)).
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The entropy estimate from (1.5) depends on the parameter 6 > 0 and does not
allow for the limit § — 0 in a direct way. This is not surprising since in the limit
0 — 0, the limiting solution is expected to satisfy the classical Keller-Segel system
for which finite-time blow up is possible. We expect that the limit 6 — 0 leads to
measure-valued solutions, see, e.g., [12]. The investigation of this limit is devoted to
future work.

The proof of Theorem 1.1 covers the parabolic-elliptic system « = 0. In fact, we
are able to prove some regularity and the uniqueness of solutions, as stated in the
following theorem.

THEOREM 1.2 (Regularity and uniqueness for the parabolic-elliptic system). Let
a=20,8 >0 u>0, and let Q C R? be a bounded domain with 0Q € CL1.
Furthermore, let 0 < ng € L>(Q). Then there exists a unique weak solution (n,S) to
(1.1)-(1.4) satisfying n >0 in 2 x (0,00) and

n € L>(0,00; L°(Q)), ny € L .(0,00; (H*(Q))), n € LL.(0,00; H(Q)),
S € L*®(0,00; L®(Q)), S € L2 (0,00; H'()).

Moreover, S + dn € L*(0,00; W2P(Q)) for all p < oo.
The idea of the proof of the L* bound for n is to introduce the new variable
v =25+ dn. Then (1.1)-(1.4) with o = 0 can be written formally as

ny =div((1 4 0n)Vn —nVv), 0=Av+ (u+8)n—wv.

This corresponds to the Keller-Segel model with the nonlinear cell diffusivity D; =
1+ dn. Similar models have been investigated in the literature. For instance, in [27]
the boundedness of n is shown by estimating the LP norm of n and then by passing
to the limit p — oo. This Moser-type strategy has been first applied in [23] to the
Keller-Segel model. Global boundedness of n and S in space and time has been proved
by Calvez and Carrillo [8]. Our proof is based on these techniques.

Theorem 1.2 shows that blow up of the solutions cannot occur. When the secretion
rate ¢ > 0 is sufficiently small or ¢ is sufficiently large, we are able to show the
exponential time decay of the weak solution (n,S) to the homogeneous steady state
(n*,S*), where n* = M/meas(Q), S* = un*, and M = [, nodx. For this, we define
the relative entropy

B () = /Q (n1og ) (. 1)

THEOREM 1.3 (Exponential time decay). Let (n,S) be the weak solution con-
structed in Theorem 1.2. Then there exist constants ¢1(2), co(2) > 0 only depending
on Q such that if n?M/§ < c1(S2) then

E*(t) < E*(0)e "', t>0,
where k = c2(2)(c1(Q) — u2M/8) > 0. Moreover, fort >0,
1) =y < VREFO)e ™2, 1S(58) = 8" [naey < ese ™",

where c3 > 0 depends on p, 6, n*, and the global L> bound of n.

We expect that a largeness condition on ¢ is necessary to obtain convergence
to the homogeneous steady state since the Keller-Segel system with § = 0 exhibits
blow-up solutions for large initial mass.
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The paper is organized as follows. A strong convergence result, which improves
slightly the compactness resulting from the Aubin lemma, is shown in Section 2.
Section 3 is devoted to the proof of Theorem 1.1. The parabolic-elliptic system is
studied in Section 4, and Theorems 1.2 and 1.3 are proved. Finally, some numerical
simulations are presented in Section 5 illustrating the smoothing effect of the cross-
diffusion parameter § > 0.

2. A convergence result. In this section, we prove the strong convergence of
a sequence of functions bounded in certain Sobolev spaces.

PROPOSITION 2.1. Let  C R (d > 1) be a bounded domain with O € oL,
T > 0, and s > 0. Furthermore, let (u:) be a sequence of nonnegative functions
satisfying

Vel L2 0,111 () + llue 10g ue || Lo (0.1:21 ()) + 100te || L1 0.7 (25 (2))) < C
for some C > 0 independent of €. Then, up to a subsequence, as € — 0,

u. — u  strongly in L*(0,T; LY @=1(Q)).

The above uniform estimates are typical for solutions u. of nonlinear diffusion
equations for which [, u-(logu. — 1)dz is an entropy with [, |V/uc|*dz as the
corresponding entropy production. Notice that the estimate implies that Vu. =
2,/u:V/u; is uniformly bounded in L?*(0,7;L'(2)). Hence, since the embedding
WH(Q) < LP(Q) is compact for all p < d/(d — 1), we conclude from the Aubin
lemma that there exists a subsequence of (u.), which is not relabeled, such that
ue — u strongly in L?(0,T; LP(Q)) as ¢ — 0. The additional estimate for u. logu. in
L' allows us to extend this convergence result to p = d/(d — 1). This is the novelty
of Proposition 2.1.

Proof. By the above application of the Aubin lemma, it holds u. — u a.e. First,
we claim that this convergence and the bound for (uelogu.) imply that \/u: — /u
strongly in L>(0,T; L*(Q)) as ¢ — 0. Indeed, by the Fatou lemma,

sup [ |uloguldx = sup / lim |u. log ue|dz < liminf sup / lue log uc|de < C.
o Q

(0,1)Ja (0.1) /a0 =0 (0,1)

Let L > 1 and v. = min{u.,L}. Then v. — v = min{u, L} a.e. By dominated
convergence, it holds for sufficiently small € > 0:

[ 1o oo <
sup [ |ve —v|dz < ——.
onJa log L
Then, for sufficiently small € > 0,

sup / |ue — u|dz < sup / |ue — ve|dx + sup / |ve — v|dx 4+ sup / [v — u|dx

(0,1)Ja 0,1)Ja (0,7)Ja 0,1)Ja

1
< sup / (ue — L)dx + + sup / (u— L)dzx
(0,7) J{uc>L} log L~ (o,1)J{u>rL}

|uelog u,| 1 ulogu 1+2C
< sup / dx + + sup dx < .
0,1 Jo log L log L 0,1)Jo log L log L
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Since L > 1 is arbitrary, this shows that u. — w strongly in L>(0,T; L*(€)) and
hence, \/u: — \/u strongly in L>(0,T; L?(Q)).
Next, we apply the Gagliardo-Nirenberg inequality (see p. 1034 in [41])

T
||\/1Tg - \/’E”izl(o’T;Lgd/(d—l)(Q)) < Cl A ||\/@ - \/aH%l(Q)H\/@ - ﬁ”%ﬁ(ﬂ)dt

< Co(IVaelFz 0.1 ) + VUl 20 7.5 02))
X |lvue — \/a”%m(O,T;LQ(Q))

—0 ase—0.

Hence, /u. — +/u strongly in L*(0,T; L*¥(?=1(Q)) and consequently, u. — u
strongly in L2(0,T; L% @=1(Q)). O

3. The parabolic-parabolic system. This section is devoted to the proof of
Theorem 1.1. The proof is divided in several steps.

Step 1: existence of a time-discrete problem. Let T > 0 and K € N. We split the
time interval in the subintervals

C =

(0,7 = ((k—1O7,kr], 7=T/K.

k

1

Let 0 < e < min{1,1/(d7)}. For given functions y,_1 and Sk_1, we wish to solve the
approximate elliptic problem

1 [evr/0 _ oyk-1/d . Yk
- - D
T (a(Sk - Sk—l) ) div ( (yk)v (Sk
(A2 + 0 2div(| VP Vr) — yrevs/? 0
= £ ( 0 + ueyk/‘s _ Sk 5 (31)

subject to the boundary conditions
Vyr-v=VAy, -v=VS,-v=0 on 09, (3.2)
where the diffusion matrix is given by

§—Leyr/d  _puk/d
D(yk)) = < 6yk/5 1 ) .

Here, ny := exp(yx/0) is an approximation of the cell density at time k7. In the
first time step, we do not replace ng by exp(yo/d). If yx is a bounded function, the
cell density is strictly positive. Due to the fourth-order term, we need the additional
boundary condition VAyy - v = 0 on 092. In the limit ¢ — 0, we will loose this
condition. The following proposition is also valid for three-dimensional domains 2.

PROPOSITION 3.1. Let yp—1 be a measurable function such that exp(yg—1) €
LY(Q) and let Sx_1 € L?(). Then there exists a solution (yx, Sk) € H?(2) x HY(Q)
to (3.1)-(3.2).

Proof. First, we solve a linearized problem. For this, let (7, S) € H™/*(Q) x L*(Q)
be given. In view of the Sobolev embedding H™/*(Q) «— L>®(Q) for @ C R? (d < 3),
we have exp(g/0) € L>(£2). We show the existence of a unique solution (y,S) €
H?(Q) x H*() to the linear problem

a((y,S), (2, R)) = F(z,R) forall (y,8), (z,R) € H*(Q) x H'(%), (3.3)
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where

ol ). = B) = | (g;)TD@) (94) e

+ 5/ (AyAz + 52| Vy|*Vy - Vz + yeg/éz)da@ + / SRdzx,
Q Q

1 e¥/0 — eyr-1/9 z /6
F(z,R)——T/Q<a(S_Sk1)>-<R>dx+u/ﬂe Rdx.

The diffusion coefficients are bounded. Moreover, in view of the embedding H?(Q) «—
WH4(Q) for Q C R? (d < 3), we can estimate

/QIVﬂIsz Vzdr < ||Vl 1a)lIVyllao I VellLa@) < C@Iylm@llzlm@).

This proves the continuity of the bilinear form a : (H?(Q2) x H'(Q))? — R. The
functional F : H?(Q2) x H'(Q) — R is continuous, too. Moreover, a is coercive since

a((4. 9), (4. 5)) = / (671675 Ty[ + |VS[2)da

+ 5/ ((Ay)? + 672|Vg[2|Vy|? + y2e?/)dx + / S%dx
Q Q
= CENYlEz@ + 151 @
for some C(e) > 0. By the Lax-Milgram lemma, there exists a unique solution
(y,9) € H2(Q2) x HY(Q) to (3.3).

Now we turn to the nonlinear problem which we solve by applying the Leray-
Schauder fixed-point theorem (see Theorem B.5 in [36]). For given (7, 5) € H™/4(Q) x
L?(Q) and o € [0,1], we define the fixed-point operator B : H™4(Q) x L2(Q) x[0,1] —
H™4(Q) x L*(Q) by B(g, S;0) = (y,S), where (y,S) € H?(Q) x H'() is the solution
to the linear problem

a((y,S),(z,R)) = oF(z,R) forall (z,R) € H*(Q) x H'(Q). (3.4)

We notice that B(7,5;0) = (0,0) for all (7,5) € H™/4(Q) x L*(Q). Standard
arguments prove that B is continuous and, because of the compact embeddings
H?(Q) — H7*(Q) and H'(Q) — L*(Q) for d < 3, also compact. It remains to
show that there exists a constant C' > 0 such that for any (y,S) € H/*(Q) x L*(Q2),
o € [0,1] satisfying B(y, S;o) = (y,5), the estimate ||(y, )|l g7/4(q)x 12(2) < C holds.

In order to prove this bound, we use first the test function (z, R) = (1,0) in (3.4)
giving, with the elementary inequality ze® > e* — 1 for x > 0,

/ey/‘sdm:/ey’“*l/gdx—sT/yey/‘sdscg/eyk*1/6dx+676/(1—ey/5)dx
Q Q Q Q Q

< / ey"'*l/‘sdx—i-sTémeas(Q).
Q
Hence exp(y/§) is bounded in L!(£2) uniformly in ¢ > 0:

/ey/‘sdxg/eyo/‘;dquséTmeas(Q). (3.5)
Q Q
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Next, we employ the test function (y,S) in (3.4):

1/((69/5_eyk—1/5)y+a(5—Sk71)5)dx+45/ |vey/26|2d$
¢ Q

T

+ / (IVS]? + S%)dz + 5/ ((Ay)% +672|Vy|* + y2e¥/?) da
Q Q

:a,u/ eV 08 dx. (3.6)
Q

We estimate the right-hand side of (3.6) using the Holder inequality and the Sobolev
embedding theorem:

M/Qey/65d$ < ulle?”? || orsey I1SlLo () < nColle?’* 7125 1S 11 -

The Gagliardo-Nirenberg inequality (see p. 1034 in [41]) with 6 = d/12 and the Young
inequality for p; = 1/60, p2 = 2/(1 — 260), and ps = 2 imply that

2(1—-6
M/Qey/‘;de < Ncl||€y/26HH (Q)H y/26||L(2(Q))||SHH1(Q)
< MCl||ey/26H%?1(Q)Hey/6||L1(Q 151 1. (22)
2-20)/(1—20) 1
< 28/ |3 @) + Co() ¥ I ey T 4 SIS -

The first and last term can be absorbed by the second and third integral in (3.6),
respectively, using (3.5). The second term is bounded because of (3.5). Since ¢(x) =
z(logz — 1) is convex, ¢(z) — ¢(z) < ¢'(z)(z — 2) for all z, z > 0. This yields for
r =¥ and z = e¥r-1/9

/Q(ey/‘S — eVe1/0)ydy > 5/9 (¢(e¥/%) — p(ev+=1/%)) da.
Moreover,
a/ (S — Sp_1)Sdw > / (S — S2_,)dx.
Q 2 Ja
Hence, (3.6) becomes
~(Be = Ba) +2 [ [V do + 2l o
5/ (D) + 072 Vy[* + y?er)de < C3(0) e 2y (3)
where
Ep = /Q ((b(ey’“/é) + 2%52>dx.

With the test function (e=%/%,0) in (3.4), we obtain, after some elementary cal-
culations,

1
5/(—y)dx: —6—2/ \Vy\zdx—#g/ (1 — elwm—1=0)/9)dy
Q Q Q

_E [ urs 2_1 2, Ligy 1/ .
5/96 ((Ay) 5Ay|Vy| +62|Vy| )d:c—|—(S QVS Vydz.
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The first term on the right-hand side is nonpositive. The second term is estimated
from above by meas(Q2)/7, and the third integral can be written as the sum of two
squares. Finally, we apply the Cauchy-Schwarz inequality to the the last term, show-
ing that it is bounded. Observing that fﬂ ydx is bounded (as a consequence of the
discrete entropy estimate (3.7)), we have shown that y is uniformly bounded in L*()
(with a constant that depends on ¢). Hence, by (3.5) and (3.7), this gives a uniform
H?-bound for g, and an H'-bound for S). The proposition is proved. O

Step 2: limit of vanishing approximation parameters. From now on, we require
that d = 2. Let (yx, Sk) be a solution to (3.1)-(3.2) and define y(7)(x,t) = yp(2),
n(z,t) = ni(x) = exp(yx(z)/6) > 0, and S (z,t) = Si(z) for x € Q and t €
((k — 1)7, k7). Then (n(7), S(M) solves the following problem:

D™ = div(Vn? —n(Mvs)) - 5(A2y(")
— 0 2div(|Vy ™ Pvy () + y(T)n(T)), (3.8)
aD, S = AS™ 4+ §AR™ 4 yn(™ — 5
subject to the boundary conditions
vl v =VAY™ .y =VST .y =0 on 99,

where D, n(7) = (n(7) — o.n(7) /7 is the discrete time derivative and o, denotes the
shift operator (o,n(™)(t) = n(7) (-t — 1) for 7 <t < T. We collect some a priori
estimates uniform in € and 7.

Estimate (3.5) can be reformulated as

anHLl(Q) < Hn0||L1(Q) + e&Tmeas(Q), ke {1, - ,K}.

Using this estimate, we can solve the discrete entropy inequality (3.7) recursively:

j=1

k k
.
j=1
er &
F I [ (B0 4 57Vl e ) dn < B+ 7hC < B+ TC,
j=1"9

where C > 0 depends on d, T, and the L'-norm of ng (notice that 0 < & < 1). Hence,
we have proved:
LeEMMA 3.2. The following bounds hold:

2 log ™ || oo (0. 721 00y + 1V 20,711 ()
+ ||S(T)HL2(O,T;H1(Q)) <C,
\/gHAy(T)||L2(QT) + %”Vy(ﬂ”L“(QT) + \/gHy(T) 1% n(T)HLz(QT) < Oa

—~

3.10)
3.11)

—~

where C' > 0 is independent of € and 7.
The following lemma is a consequence of the above uniform estimates.
LeEMMA 3.3. The following bound holds:

17 20,7510 ) + 10T | Lass 0 pawrass ) < C (3.12)

where C' > 0 is independent of € and 7.
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Proof. We employ the Cauchy-Schwarz inequality:

IV 20 ey = 4 / VATV 02, o dt
4 / 1V 22y IV V0O |2

< 4H”(T)||L<><>(0,T;Ll(Q))||v V n(T)H%Q(O,T;L2(Q)) <C,

using (3.10). This shows the first estimate. Notice that this bound implies, because
of the embedding W'(Q) — L?(Q) for d = 2, that (n(7)) is bounded in L?*(Qr),
where Qp = Q x (0,T"). Then the second bound follows from

IV Lass () = 2V ROV || Lass
<2[[Va Lo IVV L2,y < C,

which finishes the proof. O
Next, we show that the discrete time derivatives of n(™) and S(7) are uniformly

bounded.
LemMA 3.4. It holds for any n > 0:

D0 10,1524 n(@y) + @l DS pass o, z5wra(yyy < Cs (3.13)

where C' > 0 does not depend on € and T.
Proof. Let n > 0 and ¢ € L>(0,T; H**"(Q)). By Sobolev embedding, it holds
¢ € L*(0,T; WH>(Q)). Then, by (3.8) and Holder’s inequality,

/ (D;n'™), )dt = / / (Va( V¢ —nIVS) . Ve)dz dt

0
+e / / (AyM A + 672 |Vy D PVyD) Ve + yInD ) da dt
o Ja
< IV | pass o IVl La )
+ 1022 @ VST 220y VBl L 2r)
+ el AY | L2 180 L2y + 262 VY D s ) IVl L3021

"'EH?/(T) v n(T)HLZ(QT)H v n(T)’|L4(szT)||¢HL4(QT)

< C([|gll Lo 0,751 () + Dl Lo 0,7552(2)))
< O] Loe (0,775(H2 47 (2))7)

using (3.10)-(3.12). Here, the brackets (-,-) denote the dual product in the corre-

)

sponding spaces. In a similar way, using (3.9),

a/ (DS $Vdt = / / (VST V¢ +6Vn™ - Vo — un e+ ST ¢)dx dt
0

< NVS 2@ VRl L2y + 811V | Lass0m VOl L4 ()

+ (ulln ™ 2207y + 1S L2 18] L2
< Olloll Lao,mwra@)),
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which shows the lemma. O

Taking into account (3.10), (3.12), and (3.13), Aubin’s lemma [33, Thm. 6] (or
using Lemma A.2 in [9]) provides the existence of subsequences of (n(™)) and (S(7)),
which are not relabeled, such that, as (e,7) — 0,

n(™ —n  strongly in L?(0,T; LP(Q)), p < 2,
ST — S strongly in L?(0,T; LY(Q)), q < oo, if a # 0.

Here, we have used the compactness of the embeddings W1(Q) — LP(Q) for all
1 <p<2and HY(Q) — LIY(Q) for all 1 < ¢ < oo in two-dimensional domains.
Notice that the positivity of n{”) = exp(y(7)/§) implies the nonnegativity of the limit
function n. The estimates (3.10) and (3.12) show that, up to subsequences,

V(™ — Vn  weakly in L/3(0,T; L*/3(Q)),
VS VS  weakly in L*(0,T; L*(9)),

and (3.13) implies that, if a # 0,
DS —~ S, weakly in L¥3(0,T; (H*(Q))").

Unfortunately, these results do not allow us to pass to the limit in the term n(7)V.S(7).
However, we are able to exploit the boundedness of n{7) logn(™) in L. Indeed, Propo-
sition (2.1) shows that, up to a subsequence,

n(7) — n  strongly in L2(0,T; L*(12)).
Hence, we find that
n(MVS) ~nVS  weakly in L'(0,T; L}(Q)). (3.14)

Since, by (3.11), for all ¢ € L*(0,T; H?(2)),

’s / T(A2y(T) — 5 2div(|Vy D 2Vy D) + (™), qb)dt‘
0
< e(ly 2@y Il L2 0.13m20) + 02 IVY D (0 VBl 24 (021
+ Hy(T)mHLQ(QT)Hm||L4(QT)”¢HL4(QT))
< C(EV2+ Yol i, m2@)s
we infer that
5(A2y(7) — div(|VyD]2Pvy) + y(T)n(T)) — 0 weakly in L*3(0,T; (H?(2))').
Observing (3.8), this result and (3.14) imply
D™ — div(Vn —nVS)  weakly in L'(0,T; (H**"(Q))').
Since D,;n™ — n,; in the sense of distributions, this gives
ny = div(Vn —nVS) in L*(0,T; (H*™(Q))").

Due to the boundedness of the right-hand side we can now employ a density argument
to extend this equation to the space L(0,T; (W1 (€))").



CROSS-DIFFUSION KELLER-SEGEL MODEL 13

The limit (¢,7) — 0 in the linear equation (3.9) leads to
aS; = AS +0An+pun — S in L*(0,T; (W= (Q))).

Since (D,n(™) is bounded in W40, T; (W (Q))) — C°([0,T]; (WH>(Q))), the
initial datum n(-,0) = ng holds in the sense of (W1>°(Q))".

The above proof also works in the case & = 0. Indeed, we loose the estimate for
(S(M)in L=°(0,T; L*(Q)) and the estimate on the time derivative of (™). Both bounds
are not required in the convergence arguments since we only need weak convergence
for (S(7)). This proves the existence result for o > 0.

Step 3: proof of the regularity results. We show (1.7) and (1.8). We employ
(n(™M)7~1 with 0 < v < 1/2 as a test function in the weak formulation of (3.8).
This is possible since n(™) = exp(y(7) /d) is strictly positive and, on each subinterval
((k — 1)1, k7], an element of H*(Q). Then

4(1 — T
(Vﬂnwwwﬂniz amy = (1= / [Pt

/ / Dn n(My1=1 4 7V( (M) -VS(T))dxdt

+e / / (Ay DAY= 4 572 vy D PEVy T v () dadt
0

T
+6/ /y(T)(n(T))’dedt. (3.15)
0 Jo

Using the concavity of the function x — x7, we infer that

T K
/ /DTn(T)(n(T))771d$ dt = Z/ (nk — nk_l)nz_ldx
0o Ja /e

K
< %Z/(nz —njy)dr = %/ﬂ (0D, 7))" = ng)de,

which is uniformly bounded by (3.10). We know from (3.10) that (VS(™)) is bounded
in L?(Qr). Hence, in order to show that the integral

T
| [ @y -9 < SI9GOP ) + 5195 e

is uniformly bounded, it remains to control (V(n(™))7) in L?(Q7). For this, we observe
that, using the elementary inequality 227~ < na?~! + C(n) for all z > 0 and n > 0
(here we need the assumption v < 1/2),

V()2 =42V (n()) 7 (n(7))2
< A2V P () ()7 + C ()
= Ay |V ()22 4 4C ()72 |V V™ .

For sufficiently small > 0, the first term can be absorbed by the left-hand side
of (3.15). Furthermore, the integral over the second term is uniformly bounded, by
(3.10). This shows that the first integral on the right-hand side of (3.15) is uniformly
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=

bounded. We proceed by estimating the second integral in (3.15). To this end, we
rewrite this integral as

— T —
-1 / /(n(ﬂ)v—l (g2 + =19y RAy™ + i2|vy<f>‘4>dx dQt
5 Sy Ja 5 5

=) 7L oy (G- a0 + ey
+ (1 - 3(1 - 7)2)(Ay(7))2> dw dt < 0.

The last integral in (3.15) is estimated as follows:

5e /O ! /Q log(n(™)(n™)Ydz < 8:C(1 + |11 0,)) < 6C.
This shows that
IV (Y72 200y < COV(IVVRO |20y + IV87 20y + 1)
The regularity (1.7) follows with § = /2 < 1/4.

Next, we choose the (admissible) test function 1/n(7) in the weak formulation of
(3.8):

T 2
IVn(T)I
Vy(” 2 / ————dzdt

(m)
/ / D " (17) VS . Vn(T))dm dt

1
+5/ / Ay(T)A ;0T 21wy 2vy (D) -Vm)dxdt

+e / / yda dt. (3.16)
0 Q

We estimate the right-hand side term by term. The elementary inequality 1 — z <
—log x leads to

T D,n(m a Ng_1 - a
/0 /Q ! d:cdt;/ﬂ(l - )dm_;/g(lognk_llognk)dx

:/Q(logn(T)(x,T)—logno(x))dx

< /(n(T)(I,T) —1—logno(z))dz < C,
Q
since n(7) is uniformly bounded in L>(0,T; L*(R)), by (3.10). Furthermore,

T
/O /vas( ) VnDdzdt < IV By + IV )

The first term can be absorbed by the left-hand side of (3.16), the second term is
uniformly bounded, by (3.10). This shows that the first integral on the right-hand
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side of (3.16) can be controlled. The second integral is nonnegative since it is equal

to
e [T [1 2 _ LA, Mgy 4 L,
5 | e (@) = Say Iy O 4 5y e de

5[

Finally, the last integral is estimated as follows:

T T
5/ /y(T)d:vdt:aS/ /logn(T)dxdt < e8]|n | L p-
0 Q 0 Q

Thus, Vlogn(7) is uniformly bounded in L?(Qr) which proves (1.8).

1 1 1 2 3
— (r) _ = ()12 e (7)\2 <
() ((gAy 51Vyl ) +7(Ay7) )dwdt_o.

4. The parabolic-elliptic system. In this section, we prove Theorem 1.2 (Sec-
tion 4.1) and Theorem 1.3 (Section 4.2).

4.1. Existence of solutions. Taking a = 0 in the Keller-Segel system (1.3)-
(1.4), we obtain the parabolic-elliptic system
ny = div(Vn — nV5S), (4.1)
0=AS+6An+pun—-S, ze€Q, t>0, (4.2)
supplemented by the Neumann boundary conditions and the initial condition (1.1)-
(1.2) with @ = 0. The proof of Theorem 1.1 covers the case a = 0. However,
this yields only low regularity. Therefore, we present an alternative proof of the
existence of solutions to (1.1)-(1.2), (4.1)-(4.2) with bounded cell densities, preventing
overcrowding of cells. As mentioned in the introduction, the idea is to define the new
variable v = S + dn. Then the parabolic-elliptic system can be written as
ny = div((1 4 0n)Vn — nVo), (4.3)
O=Av+(u+d)n—v, z€Q, t>0, (4.4)

together with the boundary and initial conditions
Vn-v=Vv-r=0 ondQ, t>0, n(,0)=ng inf. (4.5)

We consider the regularized system (3.1) with a = 0. Written in the variables
ny = exp(y/d) € H*(Q) and vy = Sy, + dny, € H'(Q), this system reads as

1

;(nk — nk,1) = le((l + 6nk)Vnk - nvak)
— (A%, — 62div(| Vyr*Vyr) + yeni), (4.6)
0= Av; + (,U + 5)nk — v, in Q. (4.7)

The existence of solutions (ny,vg) is guaranteed by the proof of Theorem 1.1.
Step 1: nonnegativity of v. The test function v, = min{0,v;} in (4.7) leads to

/|Vv,;|2dx: (u—i—é)/ nkvlzdx—/(v;)degQ
Q Q Q

since ng, > 0. Hence, v > 0in Q and v(") > 0 in Q. Performing the limit (g, 7) — 0,
this implies that v > 0 in Qrp.
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Step 2: regularity n € L*(0,T; H*(2)). Next, we use logny = yx/d as a test
function in the weak formulation of (4.6) and n; as a test function in the weak
formulation of (4.7). Summing both equations, the nonlinear term in Vny - Vo
cancels and we end up with

1 2
pu / (ng, = ng—1) log nyda + / (1 + ong) YL g
TJa Q N

— ((Ayk)Q+5—2|Vyk|4+y2nk)dx+(u+5)/nidag—/nkvkdx
Q

0 Jo Q
< (,u+6)/ nida.
Q

As in the proof of Theorem 1.1, we can write this inequality as

1
;/ (ni(logny, — 1) = ng—1(logng—1 — 1))dz + 6 [ |Vng|*de < (u+ 5)/ nida.
Q Q Q

Solving this recursive inequality gives, with the notation of Section 3,

t
/n(”(',t)(logn“)(wt)fl)dx+/ /|Vn(7)|2da:ds
Q 0 Ja
t
S/no(logno—l)dx—i—(,u—l—é)/ /(n(T))Qdmds.
Q 0 Ja

In view of (3.12) and the continuous embedding W11 (Q2) < L2(Q) for d < 2, the right-
hand side is uniformly bounded. This shows (after performing the limit (¢,7) — 0)
that n € L2(0,T; H(Q)).

Step 3: regularity n € L°(0,T; L*(R2)). We employ ny in the weak formulation
of (4.6),

1
- / (ng — ng—1)npde + / (14 6ny)|Vng|dx
Q Q

T

1 € _ _
zi/Vvk-Vnidx—g/nk((Ayk)2—|—5 Q\Vyk\4—|—5 1Ayk|Vyk|2)d:U
Q Q

—6/ yknidx,
Q

and n? /2 in the weak formulation of (4.7),

1 1 1
f/ Vvk.Vnidxzf(/,Ler)/nidxff/vandm.
2 Ja 2 0 2 Ja

Summing both equations, the expression in Vv - Vni cancels and, using the nonneg-
ativity of v and the Cauchy-Schwarz inequality, we infer that

1 46
il /Q(ni —ni_)dx + 9 /Q |vni/2|2dx

T

1
< - g ((Ayr)® + 62| Vyx|*)dx — 65/ ni log nydx + 5(# + 5)/ nida.
Q Q Q
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Solving this recursive inequality, we end up with

t
/(n(T))Q(-,t)dx—k%&/ / IV (n(7)3/22dz ds
Q 9 0 JQ

t 1 t
S/n%dw—eé/ /(n(T))Qlogn(T)dxds—&—f(u—l—é)/ /(n(T))Sdacds.
Q 0o Jo 2 0o Ja

The second integral on the right-hand side is uniformly bounded since x +— —z2log
has an upper bound in [0, 00). The third integral is estimated by using the Gagliardo-
Nirenberg inequality with 6 = 2/3:

T T T ) 3(1=0
[ [ = [ gy < [ a8 O

< Ol Lo,z @) 1072 0.1:11 (0

and this is bounded by (3.10) and Step 2. Hence, letting (,7) — 0, we have n €
L*(0,T; L*()).

Step 4: regularity n € L*(0,T; L*(2)). We employ the test function n? in the
weak formulation of (4.6) and 2n} /3 in the weak formulation of (4.7) and sum both
equations:

1
— / (n — n;g_l)nidx + 2/(1 + 6nk)n;€\Vnk|2dx
T JQ Q
2e 2 1
=—= [ n; ((Ayk)2 + Ay Ve + 7|Vykl4>dx - 6/ yrnidax
5 Jg 5 5 o

2 2
+7(u—|—5)/ nidw—f/ vpnada.
3 Q 3 Ja

The first term on the left-hand side is bounded from above by

1
3 (ni — nzfl)dx.

The first integral on the right-hand side is nonnegative since it is equal to

% 2 2 1 2\ 2
=5 [ () 4 519aP) o

We estimate the second integral on the right-hand side as above. Furthermore, the
fourth integral is nonnegative. Hence, we obtain

1
/( ()3 ( t)dp + 2 / / V2 2dz ds
3 Jo
1
< 7/ ngdr +eC + *(M + 5)/ ||n(T)Hi4(Q)ds
3 Ja 3 0
Estimate (3.11) and Step 3 show that the second integral on the right-hand side is

uniformly bounded. In order to estimate the last integral, we employ the Gagliardo-
Nirenberg inequality with 6 = 1/2:

T
) A d
AHMWEQﬁSC/\W||GMMmé®w

< Clln™ 20,2001 0 12 2 0,722 (0) < €
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by Steps 2 and 3. This proves n € L>(0,T; L*(Q)).
Step 5: regularity v € L>®(0,T;WhH°(Q)). In view of the regularity n(™) €
L*(0,T; L3(9)), standard elliptic theory implies that the problem

A 40 = (u+6)n™ inQ, Vol .v=0 ondQ,

has a unique solution satisfying v(7) € L>°(0,T; W?3()). Here, we need the assump-
tion 9 € C''. By Sobolev embedding, we find that v(7) € L>°(0,T; WH>°(Q)).
Step 6: regularity L>°(0,T; L>(€2)). This step is a consequence of the following
proposition.
PROPOSITION 4.1. Let Q C R? be a bounded domain with 0Q € C%', T > 0,
up € L®(Q), § > 0, and V € L>=(0,T; Wh>(Q)). Then there exists a unique weak
solution u to

uy — div((1 + ou)Vu) = =div(uVV) in Q, t >0, (4.8)
(14 60u)Vu—uVV)-v=0 ondQ, u(,0)=uy inf, (4.9)

such that, for some constant C > 0, depending on 2 and the L> norm of VV,

Hu”Loo(QT) §Cmax{17||u0||Loo(Q)}, 0<t§T.

A proof of the above result is sketched in [20] for § = 0 and with an L> bound
which depends on the L' norm of ug.

Proof. Let ugp = max{u, R}, where R > 0 is a constant to be determined. Then
a standard fixed-point argument proves that the quasilinear problem with bounded
coefficients

up — div((1 + dug)Vu) = —div(uVV) inQ, ¢t >0, (4.10)

with boundary and initial conditions (4.9) possesses a weak solution in L2(0,T};
H'(Q)). Notice that u conserves mass.

It remains to prove the L bound independent of R such that we can remove
the index R in (4.10). This can be done by using (a variant of) u? as a test function
and deriving a recursive differential inequality. Since u” is not an admissible test
function, we have to truncate. Let 0 < k < K with k = [Jug|[z~(q), p > 1, and set
ug = min{u, K}. Then ¢(u) = [(ux — k)*]P € L2(0,T; H*(Q)) since this function is
bounded and u € L*(0,T; H'(2)). Hence, ¢(u) is an admissible test function in the
weak formulation of (4.10). Observing that

1

gl — k)

o) = [ C o)z >

and, using ¢(ug) = 0,
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we conclude from (4.10) that

— ) = 1y e
+p/0 /Q(l+5u3)[(uK—k)+]p_1\V(uK —k)T?dxds
— ' u— up — k)TPt V(ug — k)tdrds
v [ [ =Bl =0V Vg — by d
+kp/0 /Q[(uK—k)*]p’lvv-V(uK—k)erxds.

Since u — k = (ux — k)™ on {k < u < K}, we can write

1
7 ety = 1y i
+(%/ /|v [(ug — k) F]®PTD/2)24g ds
p
p+1// ug — k)| PV2UV .V [(ug — k) TP 24z ds
2kp

p+1// ug — k)] Y29V . V](ug — k)T P/ 24z ds.

Applying the Cauchy-Schwarz inequality and absorbing the gradient terms by the
second integral on the left-hand side, we infer that

1
p+1

t
(uge (- ) — B) P de + / IV {(uxe — k) H @D/ 2z ds
Q 0 Q

2p
(p+1)2

t
<AVl [ [ [t =01 asds

t
+ B2V B ) /0 [l — kazas.

We apply a?~! < (p — 1)a?™/(p + 1) + 2/(p + 1) (which follows from the Young
inequality) to the last integral:

t
k2pHVVH%,°°(QT) /0 A[(UK — k)+]p71dgg ds

p(p—1) /t/ - 2p
< —2C1(V — k)P dx d —C
S — 1(V) ; Q[(UK )P da s+ 70

/ [ (1) — k) PHde < p(p + 1)Cy (V) / t / (e — k)P da ds + pCs,
Q 0 Q

and hence,

where C7 > 0 depends on k and the L> norm of VV, and C5 > 0 depends on k, T,
and ). By the Gronwall lemma,

/ [(ug (-, 1) — k) TP de < pCoePP+NCVIE 4 >
Q
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Since the right-hand side does not depend on K > 0, we can perform the limit K — oo
and obtain

[(u(-,t) = k)| o1 () < (pCa)/PHpr(V)E g >,

This shows that u € L>°(0,T; LP(Q)) for all p < co. Unfortunately, we cannot perform
the limit p — oo since the right-hand side is not unformly bounded in p.

Since u; — div((1 + dugr)Vu) = —div(uVV) € L>(0,T; (W1P(Q))) for all p <
0o, maximal regularity implies that u € LP(0,T; WP(2)) (see, e.g., [16]). This,
together with the regularity result u € L®(0,T"; LP(2)) for all p < oo, proves that
uP € L*(0,T; H'(Q)) is an admissible test function in the weak formulation of (4.10).
Estimating as above, we find that

d 2p 174
el R I (P+1)/2(2 gy < ne / ptlg
dt/Qu x—i—p I/QWU |“dz < p(p+1)C1(V) QU €,

where C7(V) > 0 depends on the L™ norms of VV and ng and on 7" and 2. Now, we
can proceed exactly as in [20] (and similarly as in [27]) to deduce a set of recursive
inequalities in the spirit of Alikakos [1] to prove the theorem. O

Next, we prove the global boundedness of n and v. We introduce the functional

Pt) = /Q (h(n) — o + muwz o))

where h(n) = n(logn — 1) + 6n?/2. A straightforward computation shows that F
is decreasing along the solution trajectories, F'(t) < F(0) for ¢ > 0. Proceeding
as in the proof of Theorem 4.1 in [8], the entropy estimate implies that fQ h(n)dx
and fQ |Vv|?dx are uniformly bounded in time. The superlinearity of h shows the
time equi-integrability of n which implies L°(0, co0; LP(f2)) estimates for n for all
p < oo. By elliptic regularity, we deduce that v € L>(0, 0o; W1°°(Q)). From Lemma
4.1 in [27], which is based on the iteration technique of Alikakos, we find that n €
L>(0,00; L>=(Q)).

Finally, the uniqueness of solutions to (1.1)-(1.2), (4.3)-(4.4) can be proved using
the standard dual method. This completes the proof of Theorem 1.2.

4.2. Long-time behavior of solutions. We begin by recalling that a homo-
geneous steady state of (1.1)-(1.2) and (4.1)-(4.2) is given by n* = M /meas(2) and
S* = un*, where M = fQ nodz is the total mass. We define the relative entropy

E*(1) = /Q (nlog %)(a:,t)dx > 0.

The following lemma is a consequence of the relative entropy inequality.
LEMMA 4.2. Under the assumptions of Theorem 1.3, it holds

Vv/n e L(0,00; L*(Q)), S —S* € L(0,00; H(Q)).

Proof. Since logn may be not integrable, we define the regularized entropy

E.(t) = /Q ((TL+E) log %)(m,t)dx, e>0.
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We employ the test function log(n +¢) € L?(0,T; H'(Q)) in the weak formulation of
(1.3):

dE.
dt

= (ng,log(n+e)) = —4/ |VVn + e|?dr +2 VS -Vvn+edzr. (4.11)
Q

e

Furthermore, employing the test function (S —.5*)/d in the equation
=A(S = 85")+5A(n —n")+ pn—n*)— (S -5,

we find that
1
0:75/ |V(SfS*)|2dx—2/ VI FEVS - Vi + eda
Q Q
1
Jrﬁ/(nfn*)(S—S*)dxf 7/(575*)%@. (4.12)
0 Ja 0 Ja

Adding (4.11) and (4.12) gives

dE.
dt

n+e||?

(Q)+ ||S S*”Hl(Q)

6/n—n )(S —S")dxr —2

/ \/7VS Vvn +edz. (4.13)

Since [,((n+¢) — (n* +¢))dz = 0, we can apply the Poincaré inequality
In = n*llzassiay = 1+ ) = (0* + ) lzussey < COIV +)lxcoy

to the first integral at the right-hand side of (4.13):

,LL * * ,LL * *
S/Q(nfn )(S*S )d.’ﬂ § g”’ﬂ*ﬂ ||L4/3(Q)||S*S ||L4(Q)

K *
< 5C@IVm+e)l@lls =5 @)

Using
IV(n+e)llri) <2(IVn+ellrz@lVvn + ez
=2/ M + emeas(Q)||Vvn + ¢l 12(q),

we proceed by applying the Young inequality:

=

2
* * M
/Q(n —n)(S — §%)de < O(O) P (M + cmeas(2) [V v T €10
1 *
+ 2*5”5 - 53
Thus, (4.13) becomes

dE 2

dt6+(4_c( )

1 .
(M + emeas() ) VR Fll32(q) + 55118 = 57 Iy

VS an+eda: < 2\[||VS||L2 Q)HV\/n-i-&HLz(Q

» %‘t

=
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The limit € — 0 gives

dE*
dt

4 (1 OO M) [V a0 + el — 5 s oy <0 (4.14)

This limit can be justified by first integrating the above inequality in (¢, t+h), perform-
ing the limit ¢ — 0, and then passing to the limit h — 0 to obtain the differentiated
expression. The lemma follows if C(Q)u?M/§ < 4. 0

In order to prove the first part of Theorem 1.3, we choose ¢ > 0 and § > 0 such
that C(Q)u?M/§ < 4 and use the logarithmic Sobolev inequality

E* :/nlog ﬁ*dng(Q)/ IV /n|2dz.
Q n 0

This shows that

dE*
dt

M2 —1
+(4—C(Q)7M)K(Q) E*<0, t>0.

Gronwall’s lemma concludes the exponential decay of E*(t). The L' decay of n — n*
is an immediate consequence of the Csiszar-Kullback inequality [37]. For the decay
of S — 5%, we observe first that, by interpolation and the global L> bound for n,
* 1/2 1/2 —K
(1) =n*lla) < (1) =0l g In(, 1) = n7l|¥g) < Cae™/™.
Hence, using n — n* as a test function in the weak formulation of (4.4) and applying
Young’s inequality to the right-hand side,

%/Q|V(va*)\2da:+/ﬂ(v—U*)de§ %(,qu(S)Z/Q(n—n*)de

1
S §(M+6)2012€_Kt/2.

Since S — S* = (v —v*) — §(n — n*), the theorem follows.

5. Numerical simulation. We compare the solutions of the classical Keller-
Segel model with those from the augmented Keller-Segel system with additional cross
diffusion. The simulations have been carried out using the COMSOL Multiphysics
package with quadratic finite elements. The numerical solutions are for illustration
only; a more detailed comparison is the subject of future work. We choose a circular
domain 2 with radius r = 2 and

w=1 M =9r,
no(z,y) = 60((9U3 — O.?;yz)(a:2 +y? - 1)2 + 0.15), So(z,y) = 0.

The initial cell density ng is illustrated in Figure 5.1. In all figures, we report the
maximal numerical values for the cell density n.x for comparison. Since M > 87
and the domain is radially symmetric, we expect that the cell density blows up in
finite time and that blow up happens at the domain boundary; see [21, Thm. 4.9] for
the parabolic-elliptic case.

First, we present simulations using the parabolic-parabolic model. Figure 5.2
shows the cell density at time ¢ = 1.4 for the classical Keller-Segel model and at
times t = 1.4 and ¢ = 1000 for the augmented Keller-Segel model with two different
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Fic. 5.1. Initial cell density, nmax = 15.

values of §. The cell density of the classical model can be computed numerically up to
time ¢t = 1.4 at which a peak forms. For ¢ > 1.4, the numerical scheme breaks down
(and the continuous solution blows up). In contrast, the solution of the augmented
Keller-Segel model exists for all time as predicted by the theoretical results. At
t = 1000, the cell density corresponds to a steady state solution. The effect of the
cross-diffusion parameter ¢ is a smoothing of the density; the value of the cell density
peak decreases with increasing values of §. The numerical results indicate that the
cell density remains globally bounded; the proof of the global boundedness in the
parabolic-parabolic model is an open problem.

For comparison, the numerical solutions to the parabolic-elliptic model are shown
in Figure 5.3. The blow-up time in the classical model is approximately ¢t = 0.47.
Again, we observe the smoothing effect of the additional cross diffusion term. At ¢t =
1000, the maximal values of the cell density computed from the parabolic-parabolic
and the parabolic-elliptic model almost coincide. This is clear since the steady states
of the parabolic-parabolic and parabolic-elliptic models are the same. Furthermore,
it seems that the augmented Keller-Segel model allows for smooth nonhomogeneous
steady states.
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