A NONLINEAR FOURTH-ORDER PARABOLIC EQUATION WITH
NON-HOMOGENEOUS BOUNDARY CONDITIONS*
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Abstract. A nonlinear fourth-order parabolic equation with non-homogeneous Dirichlet-Neu-
mann boundary conditions in one space dimension is analyzed. This equation appears, for instance,
in quantum semiconductor modeling. The existence and uniqueness of strictly positive classical
solutions to the stationary problem is shown. Furthermore, the existence of global nonnegative weak
solutions to the transient problem is proved. The proof is based on an exponential transformation
of variables and new “entropy” estimates. Moreover, it is proved by the entropy—entropy production
method that the transient solution converges exponentially fast to its steady state in the L! norm as
time goes to infinity, under the condition that the logarithm of the steady state is concave. Numerical
examples show that this condition seems to be purely technical.
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1. Introduction. In recent years, the nonlinear fourth-order parabolic equation
ut + (u(log u) gz )ew =0, u(,0)=ur >0 inQ, t>0, (1.1)

in a bounded interval = (0, 1) with periodic or Dirichlet-Neumann boundary condi-
tions or in the whole space 2 = R, has attracted the interest of many mathematicians
since it possesses some interesting mathematical properties. For instance, the solu-
tions are nonnegative, there are several Lyapunov functionals, and related logarithmic
Sobolev inequalities can be derived [4, 10].

Equation (1.1) has been first derived in the context of fluctuations of a stationary
nonequilibrium interface [9]. It also appears as a zero-temperature zero-field approx-
imation of the so-called quantum drift-diffusion model for semiconductors [1], which
can be derived by a quantum moment method from a Wigner-BGK equation [8].
The first analytical result has been presented in [4]; more precisely, the existence of
local-in-time positive classical solutions with periodic boundary conditions has been
proved. This result has been generalized to global nonnegative weak solutions in [10].
The existence of global weak periodic solutions in several space dimensions has been
proved very recently employing Wasserstein space techniques [12].

In quantum semiconductor modeling, Dirichlet-Neumann boundary conditions of
the type

w(0,8) = u(1,t) =1, uy(0,8) = ux(1,8) =0, ¢>0, (1.2)

have been employed to model resonant tunneling diodes in @ = (0,1) [14]. Here,
the function u(x,t) signifies the (nonnegative) electron density in the semiconductor
device. The existence of global weak solutions to (1.1)-(1.2) has been proved in [13].
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The boundary conditions (1.2) simplify the analysis considerably. Indeed, one
of the main ideas of the existence proof is to employ an exponential transformation
of variables, u = €Y. In the new variable y, the boundary conditions are homoge-
neous. Thus, using, for instance, the test function y in the weak formulation of (1.1),
no integrals with boundary data appear. The conditions (1.1) follow from physical
considerations like the charge neutrality at the boundary contacts. However, it has
been shown in [16] that these assumptions may not hold for ultra-small semiconductor
devices. In particular, the homogeneous Neumann conditions may be questionable in
very small devices. Therefore, we wish to study the more general non-homogeneous
boundary conditions

U(Oat) = Uo, u(lvt) = Uy, ur(ovt) = Wo, ur(lvt) =wi, t> 07 (13)

where ug, u; > 0 and wg, w; € R. The treatment of the non-homogeneities is also
interesting from a mathematical point of view. Indeed, almost all results for (1.1)
(and for related fourth-order equations like the thin-film model [3]) are shown only
for periodic or no-flux boundary conditions or for whole-space problems, in order
to avoid integrals with boundary data. In this paper, we show how to deal with
non-homogeneous boundary conditions for equation (1.1).

More precisely, we show (i) the existence and uniqueness of a classical positive
solution us to the stationary problem corresponding to (1.1), (ii) the existence of
global nonnegative weak solutions u(-,t) to the transient problem (1.1), (1.3), and
(iii) the exponential convergence of u(-,t) to its steady state u, as t — oo in the L!
norm, under the assumption that the boundary data is such that logu., is concave.
The long-time behavior is illustrated by numerical experiments. Notice that this is
the first result of the stationary problem corresponding to (1.1) in the literature (if
(1.2) or periodic boundary conditions are assumed, the steady state is constant). We
also remark that the Wasserstein techniques of [12] cannot be applied to (1.1), (1.3)
since this technique relies on the conservation of the L' norm which is not the case
here.

The long-time behavior of solutions to (1.1) has been studied for periodic bound-
ary conditions [5, 10] and for the boundary conditions (1.2) [15]. In particular, it
could be shown that the solutions converge exponentially fast to its (constant) steady
state. The decay rate has been numerically computed in [6]. No results are available
up to now for the case of the non-homogenous boundary conditions (1.3).

Our first main result is the existence and uniqueness of stationary solutions needed
in the existence proof for the transient problem.

THEOREM 1.1. Let ug, uy > 0 and wg, wy € R. Then there exists a unique
classical solution u to

(u(log w) gz )z =0 in (0,1), w(0) =wup, u(l) =wu1, ugy(0) = wo, uy(l) = w(l,
1.4)
satisfying u(x) > m > 0 for all x € [0,1], and the constant m > 0 only depends on
the boundary data.

The existence proof is based on a fixed-point argument and appropriate a priori
estimates, using heavily the structure of the equation and the one-dimensionality.
More precisely, we perform the exponential transformation v = e¥ and write the
equation in (1.4) as y., = (ax + b)e ¥ for some a, b € R. The key point is to
derive uniform bounds on a and b. This implies a uniform H' bound for y and, in
view of the one-dimensionality, a uniform L bound for y = log u, hence showing the
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positivity of u. For the uniqueness we employ a monotonicity property of the operator
Vu — —(u(log u)ze ) sz /(24/u) for suitable functions u (the monotonicity property has
been first observed in [13]).

The second main result is the existence of solutions to the transient problem. For
simplicity, we consider time-independent boundary data only.

THEOREM 1.2. Let ug, u1 > 0 and wy, wy € R. Let us(z) > 0 be integrable
such that fol (ur —logur)dx < oco. Then there exists a weak solution u to (1.1), (1.3)
satisfying u(xz,t) > 0 in (0,1) x (0,00) and

5/2
loc

(0, 00; WH(0,1)) N W21 (0, 00; H2(0,1)),  logu € LE,.(0,00; H2(0,1)).

loc

u€eL

For the proof of this theorem we semi-discretize (1.1) in time and solve at each
time step a nonlinear elliptic problem. The main difficulty is to obtain uniform esti-
mates. The idea of [13] is to derive these estimates from a special Lyapunov functional,

1
Ei(t) = /0 (uu —log uu) dz,

which is also called an “entropy” functional. Indeed, a formal computation (made
precise in Section 3) shows that

1 1
Dt [ togude = [ uttogur, () an (1)
dt 0 0 Uoo /) za

implying that E; is nonincreasing if (1/uoo)zz = 0, which is the case in [13] where
Uso = const. holds. However, in the general case (1/uco)zz 7# 0, the right-hand side
of (1.5) still needs to be estimated.

The key idea is to employ the new “entropy”

1
Bat) = [ (Vi Vi)

A formal computation yields

%+2/01 (4 5 () g — i(\/@)mfdw:& (1.6)

U Uso

With this estimate the right-hand side of (1.5) can be treated. Indeed, the above
entropy production integral allows to find the bound

1
| Watlog w2, + (k) do <. (1.7)

0
for some constant ¢ > 0 only depending on the boundary data (see Lemma 3.2 for

details). Then, using Young’s inequality, the right-hand side of (1.5) is bounded from
above by

1 1
/ \/ﬂ(logu)imdx—i—Hl/ugo||wz,oo(071)/ w32 d
0 0

which is bounded in view of (1.7). We stress the fact that this idea is new in the
literature.
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The above estimates are only valid if u is nonnegative. However, no maximum
principle is generally available for fourth-order equations. We prove the nonnegativity
property by employing the same idea as in the stationary case: after introducing an
exponential variable u = ¥, we obtain a uniform H? bound by (1.5) and (1.7) and
hence an L*° bound for y = logu, which shows that u is positive. Letting the
parameter of the time discretization tend to zero, we conclude the nonnegativity of w.

We notice that, interestingly, the new entropy FEs; is connected with the mono-
tonicity property of \/u — —(u(log )z )2z /(24/1) since the proof of this property also
relies on the estimate (1.6) (see Lemma 2.3 in [13] and (2.7) below). It also allows to
derive some regularity results (see Remark 3.6).

The physical (relative) entropy

1
E3<t):/ (ulogui—u—l—um) dx
0 )

is still another Lyapunov functional. It is used in the proof of the long-time behavior
of solutions, which is our final main result:

THEOREM 1.3. Let the assumptions of Theorem 1.2 hold and let fol uy(logur —
1)dx < co. Let u be the solution to (1.1), (1.3) constructed in Theorem 1.2 and let
Uso be the unique solution to (1.4). We assume that the boundary data is such that
log uoo is concave. Then there exist constants ¢, A > 0 only depending on the boundary
and initial data such that for all t > 0,

”u('vt) - uoo”Ll(oJ) < ce M.

In order to prove this result, we take formally the time derivative of the rela-
tive entropy F3. It can be shown (see Section 4 for details) that the assumption
(log Ueo )z < 0 allows to derive

dFEs
—+ P <0,
7 + P <
where P > 0 denotes the entropy production term involving second derivatives of w.

This term can be estimated similar as in [15] in terms of the entropy yielding

dE3

I + 2 \E53 <0
for some A > 0. Gronwall’s inequality implies the exponential convergence in terms
of the relative entropy. A Csiszar-Kullback-type inequality then gives the assertion.
The assumption on the concavity of logus, can be slightly relaxed (see Remark 4.4).

The paper is organized as follows. Section 2 is devoted to the proof of Theorem

1.1. Then the existence of transient solutions (Theorem 1.2) is shown in section 3.
Theorem 1.3 is proved in section 4, and in the final section 5, some numerical results
are presented.

2. Existence and uniqueness of stationary solutions. In this section we
will prove Theorem 1.1. First, we perform the transformation of variables y = logu
and consider the problem

(€"Yaz)ea =0 I (0,1), w(0) =yo, y(1) =91, 42(0) = @, (1) =5,  (2.1)
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where yo = logug, y1 = loguy, o = wp/ug, and S = wy/u;. Clearly, any classical
solution of (2.1) is a positive classical solution of (1.4). We show first some a priori
estimates for the solution of (2.1).

LEMMA 2.1. Let y be a classical solution to (2.1). Then

y(x) < M :=max{yo,y1} + |o| + |5]. (2.2)

Proof. First we observe that there exist constants a, b € R such that y solves the
equation y,, = (ax + b)e Y. This implies that y,, can change its sign at most once.
In the following we consider several cases for the sign of y,,(0) and y..(1).

First case: Let y;,(0) > 0 and y,,(1) > 0. Since y,, can change the sign at most
once it follows that y,, > 0 in (0,1). We conclude that y(x) < max{yg,y1} for all
z € 10,1].

Second case: Let Y., (0) > 0 and y,,(1) < 0. There exists 1 € [0,1) such that
Yzz(21) = 0. Therefore, ax +b > 0 for all z € [0, 2] and ax +b < 0 for all = € [z, 1].
A Taylor expansion gives for all z € [z1,1]

1

yuw:mn+%uxm—n+/ks—m%A@@

T
1

=y +B(x—1)+ / (s — x)(as + b)e ¥ ds < max{yo, y1} + |6].
We claim that y(z) < max{yo,y1}+|0| holds for all - € [0, 2:1]. For this, let zo € [0, 21]
be such that y(z2) = max{y(x) : z € [0,z1]}. Suppose that y(z2) > max{yo,y1} +
|B]. Then zo € (0,21) and, since y(x) reaches a maximum at the interior point xs,
Yoz (2) < 0. But yu.(x2) = (azq + b)e*y(“) > 0; contradiction. Hence, y(x) <
max{yo, y1} + |5| for all z € [0, 1].

Third case: Let y,,(0) < 0 and y,,(1) > 0. By similar arguments as in the second
case, it can be shown that y(z) < max{yo,y1} + |af for all z € [0, 1].

Fourth case: Let y,.(0) < 0 and y,,(1) < 0. This implies axz + b < 0 for all
x € [0,1] and, by a Taylor expansion,

T
y(z) = yo + ax +/ (x — s)(as +b)e ¥Ods < yo + |a|, = €0,1].
0

The lemma is proved. O
LEMMA 2.2. Lety be a classical solution to (2.1). Then there exists a constant
K > 0 only depending on yo, y1, o, and 8 such that

Iyl 20,1y < K.

Proof. There exist constants a, b € R such that y solves the equation
Yxax = (Cl]? + b)eiy in (Oa 1)) (23)

and b = ¥y, (0), a = €Yy (1) — €%y, (0). In order to obtain a uniform estimate
for y,, we have first to find uniform estimates for a and b. For this, we multiply (2.3)
by y? and integrate over (0, 1):

1 1 1 1 1
/<m+w6wmx:/ym£m=—/kﬁnm=—w%wﬂ.
0 0 3 0 3
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Next we multiply (2.3) by y.., integrate over (0, 1), integrate by parts, and use the
above equality:

1 1
| vede= [ ar+ b ysuda
0 0
1 1
= /0 (azx + b)efyyidx - a/o e Yy.dx + [(ax + b)efy(m)ym(x)](l)

1
= 5(53 —a®) +ale ™ —e V) + (a+b)e V3 — be Y.

By Young’s inequality this becomes

1
1 1
2 —2M 2 —2M 12
dr <C+ — — b 2.4
| e < 0 et 4 e (249

where C := (8% —a?)/3+15e2M ((1+3)e ¥ —e )2 +3e2M (Be=¥1 —ae~%0)2. Taking
the square of (2.3) and integrating over (0,1) yields, by Lemma 2.1,

1 1 1
/ y2ada = / (ax +b)2e Ydx > e*QM/ (az + b)?dx
0 0 0

= l672M(a2 + 3ab + 3b*%) > lesz a_2 + E (2.5)
-3 —3 10 2)° '

where we have used the Young inequality 3ab > —9a?/10 — 5b/2. Putting together
(2.4) and (2.5), we obtain

a2 b2 !
—+ =< 362M/ yfmdx <3e2M(C 4+
10 2 o

2 2

a b

— 4 —. 2.6
20 + 4 (2:6)
Therefore, a and b are bounded by a constant which only depends on g, 1, a, and
B. By (2.4) this gives a uniform estimate for ||y« ||z2(0,1) and, employing Poincaré’s
inequality, also for ||y||g2(0,1). O

Proof of Theorem 1.1. We wish to employ the Leray-Schauder fixed-point theorem.
For this let 0 € [0,1] and 2 € H(0,1) and let y € H?(0,1) be the unique solution of

(€*Yza)we =0 in (0,1), y(0) =oyo, y(1) = oy1, ¥2(0) = oa, y,(1) = 0f.

This defined a fixed-point operator S : H(0,1) x [0,1] — H(0,1), S(z,0) = v.
Clearly, S(z,0) = 0 for all z. Moreover, by standard arguments, S is continuous and
compact, since the embedding H?(0,1) — H'(0,1) is compact. It remains to show
that there exists a constant K > 0 such that for all o € [0, 1] and for any fixed point y
of S(-,), the estimate ||y||g1(0,1) < K holds. Lemma 2.2 settles the case o = 1. For
o < 1, a similar proof as in Lemma 2.2 shows the existence of a constant K > 0 such
that ||y[|z2(0,1) < K holds. By Leray-Schauder’s theorem, this proves the existence
of a solution y € H%(0,1) to (2.1).

Actually, the solution y is a classical solution. Indeed, y satisfies y,, = (az +
ble=¥ € H?(0,1) for some a, b € R and hence, y € H*(0,1). By bootstrapping,
y € H™(0,1) for all n € N and y is a classical solution.

In order to prove the uniqueness of solutions, we extend an idea of [13]. Let
uy and ug be two positive classical solutions to (1.4). We multiply (1.4) for u; by
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1 — \/uz/uy and (1.4) for ug by y/u1/us — 1, integrate and take the difference. This
yields, by integrating by parts,

0= /01 [(m(log U1)ea)za (1 — \/M) — (uz(log U‘?)ﬂﬂx)zz(\/m _ 1)] da

1 2

o (VIDEs = (Ve + %

2 [ (e~ (Vi) (VD 2.7
— (v (1) + (v (5 1) Jae

=2 [ ({Z - Z—(\/u_))

Therefore,

2/01 {W“T)”” N Wu*z)iw} (Vi — Vuz)dx

iz w

(\/u_l)rz -4 7(\/@)11‘ in (0, ].)

Uy Uz

0:

Writing u; = e¥' and ug = €¥2, this identity is equal to
0= 6(92_91)/4(6?’1/2)5595 _ e<y1_y2)/4(ey2/2)m
1 1 1 1
= §€(y2+yl)/4 (yl,m + 5:’/%@) - 56(y1+y2)/4 (927:1090 + Ey%w) .

and hence

1 .
Yl,zz — Y2,20 = _§(yia: - y%,m) m (07 1)' (2'8)

We integrate this equation over (0, z), use the boundary condition y;,(0) = y2,(0),
and take the supremum:

To
||(Z/1 - y2)a:HL°°(O,mO) < /0 |(yl + yz)z\ : |(y1 - y2)z|d33 < $0L||(3/1 - y2)a:HL°°(O,zo)7

where L = [|y1 2|l Lo (0,1) + |¥2,2 [ L (0,1)- Choosing x¢g = 1/2L gives (y1 —¥2), = 0 and
hence y; — y2 = 0 in [0, z¢]. In particular, (y1 — y2)z(zo) = 0. Therefore, integrating
(2.8) over (zg,2x¢) we obtain by the same arguments that y; — yo = 0 in [xg, 220].

After a finite number of steps we achieve y; — y2 = 0 in [0,1]. This proves the
uniqueness of solutions. [
REMARK 2.3. Equation (2.3) with y(0) = y(1) and y,(0) = —y,(1) < 0 is

formally related to a combustion problem. Indeed, the boundary conditions imply
that y is symmetric around x = % and that y(z) < y(0) = yo holds for any x € [0, 1].
The symmetry implies further a = €% (y,(1) — y4,(0)) = 0 and moreover, b =

€Yy, (0) > 0. Thus we can write (2.3) as y,, = be” ¥ or, introducing z(z) = —y(x),
Zrz + be* =0 in (07 1)7 Z(O) = Z(l) = —Yo-

This is the solid fuel ignition model of [2]. It is well known that there exists b* > 0
such that this problem has exactly two solutions if b € (0,b*), it has exactly one
solution if b = b*, and no solution exists if b > b* [2, 11]. This relation provides
a better bound for b (for the above special boundary conditions) than the estimate
(2.6). Indeed, a = 0 and b is uniformly bounded by a number b* > 0 independently of
the boundary conditions (and only depending on the domain (0, 1)).
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3. Existence of transient solutions. In order to prove Theorem 1.2 we again
perform the exponential change of unknowns and we semi-discretize (1.1) in time. For
this, we divide the time interval (0,7] for some 7' > 0 in N subintervals (t5_1,tx],
with K = 1,...,N, where 0 =ty < --- < ty = T. Define 7, = t;, — tp—1 > 0 and

T=max{7;: k=1,..., N}. We assume that 7 — 0 as N — oo.

Let ux > 0 be the unique classical solution to (1.4) and set Yoo = 10guno.
We perform the transformation z = log(u/us) and zg = log(ur/ue). For given
ke{l,...,N} and z,_; we first solve the semi-discrete problem

Yoo
?(6% —eP1) = — (eZk+yoo (2 + yoo)gm)mm, zk € HS(O, 1). (3.1)
PROPOSITION 3.1. For each k = 1,...,N, there exists a unique weak solution

2, € HZ(0,1) to (3.1).

For the proof of this proposition we show first some a priori estimates.

LEMMA 3.2. Let z, € HZ(0,1) be a weak solution to (3.1). Then there exists a
constant ¢ > 0 only depending on T, uy, and us such that

lle*/2|| 20,1y < ¢ (3.2)
N 1
Sor [ (Gt + (b)) < (3.3)
k=1 0
N
> wille* o) < e (3.4)
k=1

Proof. Similarly as in the uniqueness proof of Theorem 1.1 we use the test func-
tions 1 — e~*/2 € HZ(0,1) in the weak formulation of the semi-discretized equation
(3.1) and e*/2 —1 € HZ(0,1) in the weak formulation of the stationary equation (1.4)
and take the difference of the corresponding equations:

1t

1
— evoe (e — ek 1) (1 — e_z"‘/2)d;v = / eV (21 + yoo)m(e_z’“m)mdx
Tk Jo 0

1
- / € Yoowa (€7/?) g dz. (3.5)
0

The right-hand side is equal to the first integral in (2.7) with u; = e®*¥= and
ug = e¥>. Therefore, the right-hand side is equal to the expression

1
o[ (et o
0

For the left-hand side of (3.5) we write

1
?k ; eyoo(ezk _ eZk—l)(l _ efzk/2)dx
1 1
_ 1 eV ((e*/2 —1)2 — (e#1/2 = 1)?)dx + i/ Voo (er/h — eh-1/2720/4)2 gy
Tk Jo Tk Jo
1
> 1 e¥>e ((ez"/2 —1)% — (ex—1/2 1)2) dz.
Tk 0
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Therefore, we conclude from (3.5), for all k =1,..., N,

1 1
1 e¥ee (ez"‘/2 —1)%dx + 2/ (e_z’“/4(e(z’“+y°°)/2)m — ez"‘/4(ey°‘3/2)m>2 dx
Tk Jo 0
1 ! Z—1/2 2
< — | eY¥e(eP 1% —1)%da. (3.6)
Tk Jo

This yields
1 1 1
/ eV (e®/? —1)%dx < / eV (e*0/? — 1)2dg = / (Vur — Voo )2de < 0o (3.7)
0 0 0

and thus (3.2). Moreover, after summing up (3.6),

k 1 2 1
QZTi/ (6_21/4(6('21'4'?100)/2)11: _ ezi/4(eyoo/2)xm) dr < / eyoo(eZO/Q _ 1)2dat.
i=1 V0 0

Young’s inequality gives

k 1 k 1
4273/ e %i/2 (e(zi+y°°)/2> dr < c+ CZTi/ ez"/2dx,
i=1 0 i=1 0

where here and in the following, ¢ > 0 denotes a generic constant only depending on
T, ur and us. In view of (3.7), the right-hand side is uniformly bounded. Hence

k 1 2
S / A COR S NP
p— 0 Tr
2

k 1
< Heym/2HLoo(0’1) ZTi/ e—7i/2 (e(zﬁyoo)/z) dz < c.
i=1 0

2

rxr

rxr

Now the assertion (3.3) follows since, by integration by parts,
! I 1
/ e“/zuiumda@ = _6/ e“/QU;1 + g(e“(l)ﬂuac(l)?’ — e“(o)/Quw(O)?’)
0 0
for all uw € H%(0,1) and hence,

1 2
/ e 2 (et 2) gy
0

Trx

1 [t 1

- Z/ e(Zityos)/2 ((zl + yoo); + Z(ZZ + yoo);1 + (2 + Yoo )wa (2i + yoo)i) dx
0

1

1
1 1
— Z/0 e(zi+yoo)/2 ((Zz + yoo)ig; + E(zl + yoo)i) dx + ﬁ(ey1/263 _ ey0/2a3>.

Finally, (3.4) is a consequence of (3.3) and the Poincaré-Sobolev inequality since

1 1
/o e/ (z)zdw = 84/0 (e*/%)z 2 clle™/ | L 0,1)-
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This shows the lemma. O
LEMMA 3.3. Let z;, € HZ(0,1) be a weak solution to (3.1). Then there exists a
constant ¢ > 0 only depending on T, uy, and us, such that

L k 1
/ (e*F — zp)dx + ZTz/ (2i + Yoo )z < c. (3.8)
0 i=1 /0

Proof. We choose the test function e=¥=(1—e~**) € HZ(0,1) in the weak formu-
lation of (3.1). Then, by Young’s inequality,

1
/ (e®* —e**=1)(1 — e **)dx
0
1 1
= _Tk/ e (zx + yoo)a:x(ygo,x — Yoo,zz)dT — Tk/ (21 + yw)ixdz
0 0
1
+ Tk/ (21 + Yoo) 2 (2k + Yoo )zad
0
1 1
= / /2 (2h + Yoo) 2o + T / (Y2, = Yoo ua)
0 0

1
’
- Tk/ (2 + yoo);dx + gk(ﬁs —a?).
0

In view of (3.3) and (3.4), the right-hand side is uniformly bounded. The left-hand
side can be estimated by

1 1 1
/ (e — e 1) (1 — e *F)dx > / (e* — zp)dx — / (e*+1 — zp_q)dx,
0 0 0

which is a consequence of the elementary inequality e* — 1 > x for all x € R. Thus,
(3.8) is proved. O

Proof of Proposition 3.1. The existence of a solution to (3.1) is shown by the
Leray-Schauder fixed-point theorem. For this, let & € {1,..., N} and z;_1 be given.
Furthermore, let w € H'(0,1), o € [0, 1], and define the linear forms

1
a(z, ) = / e¥ Ve 2w pede,

0

1t 1
F(QS) = eV (ew - ez}%l)qﬁdx - / eeryocyoo,:cxd)xxd-ra
Tk Jo 0
where ¢ € H2(0,1). Consider the linear problem

a(z,¢) = aF(¢) for all ¢ € HZ(0,1).

By Lax-Milgram’s lemma, there exists a unique solution z € H2(0, 1) to this problem.
This defines the fixed-point operator S : H*(0,1) x [0,1] — H(0,1), S(w,0) = z.
It is not difficult to show that S is continuous and compact, since the embedding
HZ(0,1) < H'(0,1) is compact. Moreover, S(w,0) = 0 for all w € H*(0,1). It
remains to prove that any fixed point of S satisfies a uniform bound in H'(0,1). In
fact, Lemma 3.3 shows that any fixed point z € HZ(0,1) is uniformly bounded if
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o = 1. The estimate for ¢ < 1 is similar (and, in fact, independent of o). This
provides the wanted bound in H'(0, 1), and Leray-Schauder’s theorem can be applied
to yield the existence of a solution to (3.1). O

For the proof of Theorem 1.2 we need some more uniform estimates. Let z(") be
defined by 2N (z,t) = zi(z) if t € (tx_1, 1), = € (0,1).

LEMMA 3.4. The following estimates hold:

1™z 0,721 00) + 112 220,732 0,1 < € (3.9)
(N)
”z(N)||L5/2(O,T;W1’°°(0,1)) +le” lrsrzomwrion) <6 (3.10)

where ¢ > 0 only depends on uy and the boundary data.

Proof. The inequality e* — 2 > |z| for all x € R and the estimate (3.8) imply
that (™) is uniformly bounded in L>(0,T’; L*(0, 1)) which, together with (3.8), shows
(3.9). Then, using the Poincaré and Gagliardo-Nirenberg inequalities, we obtain from
(3.8)

||Z(N)||L5/2(0,T;W1’°°(0,1)) < C||Z(N)HL5/2(0 T;L(0,1))

< C”Z(N HLOO(OTLl 0,1)) ||Z (N) ”L2 (0,T;H2(0, 1))

This estimate, (3.2), and the first bound in (3.9) imply (3.10) since

L(V) L(V)

HLO/Q(O TWwii(0,1)) S € <||e ||L5/2(O,T;L1(0,1)) + (e )rHLs/Z(o,T;Ll(o,l)))

§C||€Z HL5/2(0,T;L1(0,1))

™)
+ clle? ||L°°(O,T;L1(O,1))||za(cN)||L5/2(0,T;L°°(0,1))
<ec.

The lemma is proved. O

We also need an estimate for the discrete time derivative. For this, introduce the
shift operator (on(2M)))(,t) = 2zx_1 for t € (tg_1,tx].

LEMMA 3.5. The following estimate holds:

L(N)

(V)
||€ w~( )||L1(O,T;H*2(O,1)) <crT, (3.11)

where ¢ > 0 only depends on ur and Uy -
Proof. From (3.1) and Holder’s inequality we obtain
1

— =™ — e

(N)
- or:—201) < lle” T ™ 4+ yoo)aall L0 i22(0.1))

(N)
< le* | 20,7512 0,0) | (2N + Yoo )aw 20,7522 (0,1)

and the right-hand side is uniformly bounded by (3.9) and (3.10) since W1(0,1) —
L(0,1). O

Proof of Theorem 1.2. For any N € N, there exists a solution z(N) ¢ L?(0,T;
HZ(0,1)) to the sequence of recursive equations (3.1) satisfying z(™)(-,0) = 2. The

uniform bounds (3.10) and (3.11) and the compact embedding W1(0,1) < L*(0, 1)
allow to apply Theorem 5 of [17] yielding the existence of a subsequence of eV
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(not relabeled) such that e* 0, p strongly in L'(0,7; L*(0,1)) and hence also in
LY(0,T; H=2(0,1)). The above results give, using (3.2) and Ll(O 1) — H=2(0,1),

L(N)

(N) (N)
le* = pllT2 02001y < N€¥ = plemm—20)le” = pllioma-201)

L(N)
<c <||€ | oo (0,521 (0,1)) + HP||Loc(o,T;L1(o,1)))
()
x |le - pHLl(O,T;H*Q(O,l))
(V)
S c||e — P”Ll(O,T;H*?(O,l)) —0 as N — oo. (312)

Moreover, the estimate (3.9) provides the existence of a subsequence, also denoted by
2V such that

z(N) 2 weakly in L?(0,T; H*(0,1)) as N — oco. (3.13)
We claim now that e* = p. For this, let w be a smooth function. Letting N — oo
in

T
0< / <ez<N) —ev, (V) _ w) g2 gadt
0

and using the convergence results (3.12) and (3.13) yields

0<// — e)(w — z)dadt.

The strict monotonicity of x — e* then implies that e* = p.

Thus, ™ e strongly in L'(0,T; L'(0,1)) and (maybe for a subsequence) a.e.
The uniform bound (3.10) implies that (after extracting a subsequence) " e
weakly* in L5/2(0,T; L>(0,1)) since W1(0,1) < L>(0,1). Therefore, we conclude
via Lebesgue’s convergence theorem that

(™)

e —e* strongly in L?(0,T; L*(0,1)). (3.14)

Finally, the uniform estimate (3.11) gives for a subsequence
— NGy L (e7),  weakly in LY(0,T; H2(0,1)). (3.15)

The convergence results (3.13)-(3.15) allow to pass to the limit N — oo in the weak
formulation of (3.1) to obtain a weak solution 2z € L?(0,T; H3(0,1)) to

e¥>(e*); = — (" (2 + Yoo )az)ex 0 (0,1), t >0,

such that z(-,0) = 2o = log(us/us) in the sense of H~2(0,1). Transforming back to
the variable u = e*T¥= gives the assertion. [J

REMARK 3.6. For the problem (1.1) with boundary conditions (1.2) it has been
shown in [13] that the solution u satisfies the following regularity properties:

we L0, T;WhP(0,1)) and we WH™(0,T; H=2(0,1)), (3.16)

where p € (1,%), q= % € (2, g), and m € (1, %). The new entropy estimate
(3.3) allows to derive some more regularity. Indeed, we claim that

u € L0, T;Wh*(0,1)) for all s < 4.
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In order to prove this, we first observe that the regularity results (3.16) can be derived
for the boundary conditions (1.3) in the same way as in [13]. The Gagliardo-Nirenberg
inequality

-0
[ull o< (0,1) < ellulVyango,lull 7o)

with 0 = p/(2p — 1) and Hoélder’s inequality imply for o = 5(2p — 1)/(2p — 2) that

T T
a 1-0)x a
/0 ol 0.1yt < ellel %100 / Ea—s

and the right-hand side is finite since o = ¢. Thus, since /u € L*(0,T; W4(0,1)),
by (3.3), Holder’s inequality again yields for all § < 2

T 25 T 1 5 w208
_ 78/4 T
/0 Hux||L23(O)1)dt—/O /Ou —u75/4dt
T

1 4\ B/2
u
< [l /( ) di
/0 L= f\ 472

78/4 23
< C||UHL7B/2(276)(oyT;Lw(oyl)) ||({S/ﬂ)zum(o,T;Lzﬁ(o’l)),

and thus the assertion.

4. Long-time behavior of the solutions. This section is devoted to the proof
of Theorem 1.3. The proof is based on the entropy—entropy production method. For
this we need the following lemma for lower and upper estimates for the entropy

1
E; = / e¥=(e*(z — 1)+ 1)dz.
0

LEMMA 4.1. Let z, yoo € L>°(0,1). Then

1 2
c1 (/ eves|e® — 1|dx) < B3 < cpe/? - 1||2L°°(0,1)7 (4.1)
0

where ¢y, ca > 0 depend on ||€¥>=|| o (0,1) and ||e*||L1(0,1)-

The lower bound for Fj5 is a Csiszar-Kullback-type inequality. A similar version
of this lemma is shown in [15].

Proof. The upper bound is proved by expanding the function f(z) = x2(log x? —
1)+ 1 around z = 1:

Fe2) = £0) + ) 1)+ 3 ) - 1)
=2(logh 4+ 1)(e*/2 —1)2 < 2(e*/2 +1)(e*/2 = 1)2,

where 0 lies between e2/2 and 1, and using the inequality logf < §—1 < max{e*/? 1} —
1 < ¢*/2. Then

1
By <2 / ¥ (¢*/241) (/2 ~1)2dw < 2lev [ = 0,1y (111125 1y + Dl =13 0.,

2111/2
and we st ¢z = 2[/e¥ | L= 0,1y (€] /471y + 1)-
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For the lower bound we observe that a Taylor expansion of f(z) = z(logz—1)+1
around x = 1 yields

M= (ef(z—1)+1) = e (e* —1)?
20 ’

and 0 = 6(z) lies between e* and 1. Then, by the Cauchy-Schwarz inequality,

1
/ e¥>ele® — 1ldx < / e¥> (1 — e*)dx +/ e¥>= (e — 1)dx
0 {z<0} {z>0}

1—¢? e —1
< eve ———dx + / ev= 0(2)"%dx
/{z<0} 0(2)'/? >0y ()12

L o2 1/2
< meas{z < 0}/2 / 2= ﬂdav
{z<0} 0(z)

1/2 1/2
2Yoo LZ _ 1)2 T z)dx
- </{z>0}e 0(z) I > </{z>0} b(z)d )

< (14 |e? H1L/12(01 ) (/01 erm%dx)l/z

1/2 2nl/2 1 2
<Vller= |2 1y (1 + el 7010 Bs'

1/2
L1(0,1))2’ 0

Proof of Theorem 1.3. The idea is to differentiate the entropy FE3 of the intro-
duction with respect to time and to use the differential equation (1.1). Since we do
not have enough regularity for the solution u to (1.1), we need to regularize. We set
as in the proof of Theorem 1.2 uy, = e¥>~, where uq, is the unique solution to (1.4).
There exist numbers a, b € R such that eV yq 4o = az+b < 0 for all z € (0,1) since
Yoo = logus, is assumed to be concave. This implies that Yoo > min{ys(0), yoo (1)}
and hence e¥>~ > min{ug,u1} in (0,1). Furthermore, let 2, € H3(0,1) be a solution

o (3.1), for given zp_1. We assume for simplicity that 7 = 7, for all k € N.

and the assertion follows with ¢; ' = 2/[€¥> | 1o (0,1)(1 + |||

Using 2 as a test function in the weak formulation of (3.1), we obtain, after
integrating by parts,

1

1 1
;/ e¥oe (et — e 1) zpda = —/ eV (21 + Yoo )wa 2k, xz AT
0 0

1 1
- / e o7l — / €** 2k gz (ax + b)dx
0 0

1 1 !
— _/ et 27 pd +/ e* 24 p(ax + b)dz + a/ e 2y pd (4.2)
0 0 0

IN

1
. 2 L2
fmln{uo,ul}/ €™ 24 12 de,
0

since az +b < 0 in (0,1) and e*) =1 for z = 0,1. The left-hand side is estimated
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from below by employing the elementary inequality e* > z 4 1 for all z € R:

1 1
7/ eYoo (ezk _ ezk_l)deI
0

T

1 [t 1/t
—/ ety (2 — 1)dw + —/ etV (4 —1)dx
0 0

T T
1
1 z =+ Zp—2
+ = | eFR T (PR TR oy g — 2 — 1)dx
T Jo

1 e
_/ ek T Yoo (zx — Dda + _/ e#h—11Yoo (zk—1 — 1)dz. (4.3)
0 0

v

T T

This shows that the sequence E®*) = fol e¥> (e**(z, — 1) 4+ 1)dx is non-increasing and

bounded from below by E(®) = fol(uj(log(uf/uoo) — 1) + 1)dz, which is finite.
We relate the entropy production term on the right-hand side of (4.2) to the
entropy itself. We first claim that

1 1
/ € 2j ppda > 4/ (e*/2)2 du. (4.4)
0

0

To see this we set u = e** and observe that an integration by parts yields

! Uz U2 2 [t ul
5 dr = = —3dx.
0 U 3 0 U

1 1 2 4 1 2 4
1
/ezkzimdx:/ Yzz _ L Uz dmz/ uﬂiiui dz (4.5)
0 ’ 0 u 3“3 0 (3 12 ’U,3

1 1
1 [ (Vaphdo =1 [ (@2
0

Then

We need the Poincaré inequalities

1
llullz2(0,1) < ;||Ua:||L2(0,1), llull o 0,1) < luzllz2(0,1)
for all u € H(0,1). Therefore, using Lemma 4.1, we infer

1 1 2
4
/0 e 2} ppdr > dr / (/% —1)2de > 4x®||e™/? = 1|7 o1y = %EW (4.6)

0

Setting v = 472 min{ug, u; }/c2, we obtain from (4.2) the difference inequality
E®) < =1 _ 47 pk)
from which
E® <1 4~47)tE* D <1 4+47)*E® < (14 47)~/"EO (4.7)

follows. The parameter v depends on [|e*||1(g,1) through cy. However, since ™ s
uniformly bounded in L>°(0,T; L'(0, 1)) in view of Lemma 3.3, v is bounded uniformly
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in k. We have shown in the proof of Theorem 1.2 that e** — e* a.e. Then the uniform
boundedness of e** and z; and Lebesgue’s dominated convergence theorem imply that

1
E® —>E3(t):/ ¥ (D (2(, 1) — 1) + 1)da.
0

Hence, after letting 7 — 0, we conclude from (4.7) that F3(t) < E3(0)e7". The first
inequality in (4.1) gives the assertion with A =~/2. O

REMARK 4.2. The decay rate A is not optimal. For instance, we neglected the
term fol ut/12u3dx in (4.5) and the constants in (4.1) are not the best ones. For
optimal constants in logarithmic Sobolev inequalities related to (1.1) with periodic
boundary conditions, we refer to [10].

REMARK 4.3. It is not easy to find conditions on the boundary data for which
log i is concave. An example is ug = u; and wg = —w; > 0. Indeed, if y = log txo,
we have y(0) = y(1) and y,(0) = —y,(1) > 0 and therefore, y is symmetric around
z = 1. Thus (see Remark 2.3) a = €% (y,4(1) — y4,(0)) = 0 and b = e¥y,,(0) < 0.
This implies (10g Uoo )zz = Yz = be™¥ < 01in (0,1).

REMARK 4.4. The assumption on the concavity of log u, can be slightly relaxed.
Indeed, we claim that the assertion of Theorem 1.3 also holds if ((10g %o )zz) T is small
enough in the sense

max{us () : 0 <z <1} !
min{us(z) : 0 <z <1} Jy

((log oo )ee) T dz <1 -6 (4.8)

for some § > 0, where (z)* = max{0,z}. We prove this result by deriving a bound on
the second integral in (4.2) in terms of the first one, employing the weighted Poincaré
inequality [7, Thm. 1.4

1 1
/ wp(z)de < K/ u? dx
0 0

for all u € H?(0,1) satisfying w(0) = u(1) (which implies that fol ugdx = 0). The
function p is assumed to be nonnegative and measurable. The best constant K > 0
is not explicit but can be bounded by K < 4f01 p(z)dz [7, Rem. 1.10.4]. We choose
w(x) = (az + )T = (too(l0gUoo)zz)T- Then the weighted Poincaré inequality and
(4.4) give

1 1 4m [*
/ eszryooZ,%’mmdx > 4m/ (GZk/z)imd$ > ?/ (GZk/2)i,u(x)dSE
0 0 0

1
= %/ (az +b)Te* 2 ,dx,
0

where m = min{us(z) : 0 < z < 1}. Inserting this inequality in (4.2) and using
(4.3), we obtain

1 (E(k) _ E(k—l))
.

IN

1 1
—/ ez’“+y°°z,3$mdx—|—/ (az +b)Te* 2} dw
0 0

K !
< (1) [ e
= ;
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Assumption (4.8) shows that K/m <1 —§ and hence, by (4.6),

1 2
1 (E(k> _ E(k—l)) < _5/ ot 2 gy < 2O ik,
0

T Co

Now proceed as in the proof of Theorem 1.3. The convergence rate in the L! norm is
given by \ = 2w26m/cs.

5. Numerical examples. In this section we show by numerical examples that
the assumption of concavity of logus (or the assumption (4.8)), where uq, is the
solution to (1.4), seems to be only technical. Equation (1.1) is solved numerically in
the formulation

u?

Ut = —Uppze + <uT> in (0,1). (5.1)

We use a uniform grid (z;,t;) = (Az - i, At - j) with spatial mesh size Az = 1073
and time step At = 107%. With the approximation u;; of u(z;,t;), the fully implicit
discretization reads as
1 B B _ [ (D)2
Kt(ulj — ui,j_l) = *D+D D+D ’U/ij -+ D+D (U/Z;J 5
where Dt and D~ are the forward and backward difference operators on the spatial
mesh (see [13]). The nonlinear equations are solved on each time level by Newton’s
method where the initial guess is chosen to be the solution of the previous time level.
For the first example we use the boundary conditions

w(0,t) =wup, u(l,t)=uy, (5.2)
Uz (0,8) = wo = 2v/uo(Vur = vuo),  ua(1,1) = w1 = 2w (Vur = V), (5.3)

with ug < uy. The advantage of these conditions is that the stationary problem (1.4)
has the exact solution

Uso(@) = (Va1 - Vo + Vo), @ € (0,1).

We choose the initial condition uy(x) = e~ * sin(37x)+3z+1 and the boundary values
ug = 1 and u; = 4. The numerical solution for various times is displayed in Figure
5.1. The discrete solution seems to converge to the exact solution u,, as t — oc.
Figure 5.2 shows the exponential decay of the relative entropy

Es(t) = / u(e, 1)((108(u (-, 1) /o) — 1) + tng )t

and of the L' deviation [Ju(-,t) — tso|[L1(0,1)- As predicted by the proof of Theorem
1.3, the decay rate of the L' deviation is half of the rate of the relative entropy. Notice
that the function log u, is concave, i.e., the assumptions of Theorem 1.3 are satisfied.

In the second example we show by a numerical example that the solution to (1.1)
decays exponentially fast even if the function logu., is convex. For this we choose
the boundary conditions ug = 1.5, u; = 0.8, wg = —4.6127, and w; = 2.0618. The
stationary solution u., is computed numerically from the equation

Uoo (108 Uoo ) wx = ax + b, x € (0,1),
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4.5

4

3.5

3

2.5

u(x,t)

2

15

1

0'50 0.2 0.4 0.6 0.8 1

F1G. 5.1. Numerical solution to (5.1)-(5.3) with ug = 1, u1 = 4, wo = 2, and w1 = 4 for
various times.

10° ‘ : ‘ : 10
107 | 1 10"
. 2
glo 4| i 510
g g
6 210
02; 10 1 .ig
g -
—_ -
lg:) 10'8 L 4 :I.Oi4
107 ] 10°
1072 . . . . 10°° . . . .
0 0.005 0.01 0.015 0.02 0.025 0 0.005 0.01 0.015 0.02 0.025
time time

Fic. 5.2. Logarithmic plot of the relative entropy E3(t) (left) and the L' deviation ||u(-,t) —
Uso|lL1(0,1y (Tight) for the solution to (5.1)-(5.3) with up =1, u1 = 4.

where @ = 1 and b = 3. Then, logu is strictly convex in (0,1) and the assumption
(4.8) is not satisfied. We choose the initial function ur(z) = —e~"sin(2mz) — Lz + 3.
Figure 5.3 shows the discrete solution for various times. In this case, the relative
entropy and the L! deviation are also exponentially decaying (Figure 5.4) although the
condition of Theorem 1.3 is not satisfied. This indicates that the concavity hypothesis
is purely technical.
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