NONLOCAL CROSS-DIFFUSION SYSTEMS
FOR MULTI-SPECIES POPULATIONS AND NETWORKS

ANSGAR JUNGEL, STEFAN PORTISCH, AND ANTOINE ZUREK

ABSTRACT. Nonlocal cross-diffusion systems on the torus, arising in population dynamics
and neural networks, are analyzed. The global existence of weak solutions, the weak-strong
uniqueness, and the localization limit are proved. The kernels are assumed to be posi-
tive definite and in detailed balance. The proofs are based on entropy estimates coming
from Shannon-type and Rao-type entropies, while the weak-strong uniqueness result fol-
lows from the relative entropy method. The existence and uniqueness theorems hold for
nondifferentiable kernels. The associated local cross-diffusion system is also discussed.

1. INTRODUCTION

The segregation and migration in populations [31] and the dynamics of multilayer neural
networks [29] can be modeled by stochastic interacting particle systems. Since the numer-
ical approximation of such systems is very time-consuming, it is reasonable to investigate
simpler macroscopic models. They can be derived from the many-particle systems in the
mean-field limit, typically leading to nonlocal diffusion equations [25]. When the model
involves several species, the mean-field system includes nonlocal cross-diffusion terms [12].
In this paper, we analyze nonlocal cross-diffusion systems that are motivated from [12].
We prove the global existence of weak solutions, show a weak-strong uniqueness result,
and perform the localization limit.

The nonlocal cross-diffusion equations are given by

(1) Ou; — oAu; = div(u;Vpi[u]), t>0, u(0)=u) inT i=1,...,n,

where o > 0 is the diffusion coefficient, T? is the d-dimensional torus (d > 1), p;[u] describes
the multi-species connectivity of the network, given by the nonlocal operator

) plie) = Y [ Koo = vty =1,
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K;; : T — R are the kernel functions (extended periodically to R?), and u = (uy,. .., u,)
is the solution vector. In neural network theory, the kernels describe the weight of a
connection between the node x associated to species i and node y associated to species j.
In population dynamics, K;; = VVj; is the force field associated to the interaction potential
V;; between species i and species j [12]. The torus is chosen to simplify the problem; we
may consider (1) also on the whole space. In population dynamics, T? is the “physical”
space, while it is the space of predictor variables in network theory.

Model (1)—(2) was derived in [12] from an interacting particle system. If the kernels
converge, up to the factor a;;, to the delta distribution, the nonlocal system converges to
a local system, consisting of (1) with the local operator

(3) pl[U] :Zaijuj7 7= 1,,71
7=1

The localization limit was proved in [12] but for smooth solutions and in the whole space;
we show it for weak solutions.

Most nonlocal models studied in the literature describe a single species. A simple exam-
ple is Qyu = div(uv) with v = V(K *u). This corresponds to the mass continuity equation
for the density v with a nonlocal velocity v. An LP theory for this equation was provided
in [6], while the Wasserstein gradient-flow structure was explored in [11]. In the neural
network context, the equation can be seen as the mean-field limit of infinitely many hidden
network units [29, 34].

In the multiple-species case, the mean-field limit performed in [3, 23] leads to the
McKean—Vlasov—Focker—Planck equations for the probability distributions w;,

Oyu; = o Au; + diVZ/ M;i(x, y)u;(z)u;(y)dedy, i=1,....,n,
j=17/1

which correspond to (1)-(2) if M;;(z,y) = VK,j(x —y). For two species and symmetriz-
able cross-interaction potentials (i.e. K12 = aKy for some a > 0), a complete existence
and uniqueness theory for measure solutions to (1)—(2) in the whole space with smooth
convolution kernels was established in [18] using the Wasserstein gradient-flow theory. A
nonlocal system with size exclusion was analyzed in [4], using entropy methods. In [22],
a nonlocal version of the Shigesada-Kawasaki-Teramoto cross-diffusion system was ana-
lyzed, using finite differences instead of a gradient. All these works are concerned with
two-species models. Compared to previous results, we allow for an arbitrary number of
species and nondifferentiable kernel functions.

The existence of a unique global smooth solution to (1)—(2) in R? was proved in [12], but
only for small initial data. Existence and localization results for global bounded solutions
to a related model, but with the same kernel for all species, were recently shown in [17].
In this paper, we study system (1)—(2) for weak solutions, allowing for large initial data
and revealing a (new) double entropy structure, and prove a new weak-strong uniqueness
result.
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The mathematical difficulties are the cross-diffusion terms and the nonlocality, which
exclude the application of standard techniques like maximum principles and regularity
theory. For instance, it is well known that nonlocal diffusion operators generally do not
possess regularizing effects on the solution [2]. The key of our analysis is the observation
that the nonlocal system possesses, like the associated local one, two entropies, namely the
Shannon-type entropy H; [33] and the Rao-type entropy Hs [32],

ZZ/ miui(logu; — 1)dz,  Ha(u //Wz i ( y)ui(z)u;(y)dzdy,
i1 JT¢ Td J1d

if the kernels are in detailed balance and positive definite in the sense specified below and
for some numbers m; > 0. A formal computation that is made rigorous below shows that
the following entropy inequalities hold:

(4) dHl 402/ | V| Pde = — Z/d /Tdm iz —y)Vu(z) - Vu;(y)dzdy,

1]1

(5) dH2 Z / i | Vs [u] |Pde = —UZ / ) /T i (1 = y) Vi) - Vg (y)dady.

3,j=1

These computations are valid if Kj; is in detailed balance, which means that there exist
1, ..., T, > 0 such that

(6) miKi(r —y) =mK(y —x) forali,j=1,....n, z,y € T%

We recognize these identities as a generalized detailed-balance condition for the Markov
chain associated to (K;;j(x —y)) (for fixed z — y), and in this case, (m,...,m,) is the
corresponding reversible measure. The functionals H; and Hy are Lyapunov functionals if
(mK;) is positive definite in the sense

D2 [ k) 2 0 o il € 2T
Td JTd

i,7=1

This condition generalizes the usual definition of positive definite kernels to the multi-
species case [10]. Examples of kernels that satisfy (6) and (7) are given in Remark 1.
Because of the nonlocality, we cannot conclude L?(T?) estimates for u; and Vu; like in
the local case; see [28] and Appendix B. We deduce from (4) only bounds for u; logu; in
LY(T?) and \/u; in H'(T?).

These bounds are not sufficient to pass to the limit in the approximate problem. In
particular, we cannot identify the limit of the product w;Vp;[u], since u; and Vp;[u] are
elements in larger spaces than L?(T?). We solve this issue by exploiting the uniform L?(T¢)
bound for \/u; Vp;[u| from (5) and prove a “compensated compactness” lemma (see Lemma
9 in Appendix A): If u, — u strongly in LP(T%), v. — v weakly in LP(T%), and u.v. — w
weakly in LP(T?) for some 1 < p < 2 then uv = w. The estimates from (4)—(5) are the key
for the proof of the global existence of weak solutions to (1)—(2).
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As a second result, we prove the weak-strong uniqueness of solutions, i.e., if u is a weak
solution to (1)—(2) satisfying u; € L?(0,T; H'(T)) and if v is a “strong” solution to this
problem with the same initial data, then u(t) = v(t) for a.e. ¢ > 0. The proof uses the
relative entropy

H(ulv) = / m (wi(logu; — 1) — u;log vy +v;)da,
=1

a variant of which was used in [21] for reaction-diffusion systems in the context of renor-
malized solutions and later extended to Shigesada—Kawasaki-Teramoto systems [14]. The
recent work [24] generalizes this approach to more general Shigesada—Kawasaki-Teramoto
as well as energy-reaction-diffusion systems. Originally, the relative entropy method was
devised for conservation laws to estimate the L? distance between two solutions [16, 19].
Up to our knowledge, we apply this techniques for the first time to nonlocal cross-diffusion
systems. The idea is to differentiate H(u|v) and to derive the inequality

noot
H(u(t)|v(t)) < C’Z/ ||lu; — Ui”%l('ﬂ*d)ds for t > 0.
i=1 70

The Csiszar-Kullback-Pinsker inequality [27, Theorem A.2] allows us to estimate the rela-
tive entropy from below by ||w;(t) —v;(t) ||il(1rd)’ up to some factor. Then Gronwall’s lemma

implies that u;(t) = v;(t) for a.e. t > 0. The application of this inequality is different from
the proof in [14, 21, 24], where the relative entropy is estimated from below by |u; — v;|?
on the set {u; < K'}. The difference originates from the nonlocal terms. Indeed, if K;; is
bounded,

S [ [ ke~ =00 o))y < cz ([~ w|dx)2,

ij=1
leading to an estimate in L'(T¢). In the local case, the associated estimate yields an L*(T¢)
estimate:

n n
Z / miai;(u; — v;)(z)(u; —vj)(x)dr < C’Z lu; — v *du.
i =17 T4 =1 JT¢

As the densities u; may be only nonnegative, we cannot use m; logu; as a test function
in (1) to compute dH (u|v)/dt. This issue is overcome by regularizing the entropy by using
log(u; + €) for some € > 0 as a test funtion and then to pass to the limit ¢ — 0.

We observe that the uniqueness of weak solutions to cross-diffusion systems is a delicate
task, and there are only few results in the literature. Most of the results are based on
the fact that the total density » " | u; satisfies a simpler equation for which uniqueness
can be shown; see [4, 13]. A duality method for a nonlocal version of the Shigesada—
Kawasaki-Teramoto system was used in [22]. In [5], a weak-strong uniqueness result on a
cross-diffusion system, based on L? estimates, was shown.

The bounds obtained in the proof of our existence result are independent of the kernels,
such that we can perform the localization limit, our third main result. For this, we assume
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that K;; = By, — a;j00 as € — 0 in the sense of distributions, where d; is the Dirac delta
distribution. Then, if u° is a weak solution to (1)-(2), we prove that u; — w; strongly
in L'(T¢ x (0,T)), and the limit u solves the local system (1) and (3). As a by-product,
we obtain the global existence of weak solutions to this problem; see Appendix B for the
precise statement.

We summarize our main results:

e global existence of weak solutions to the nonlocal system (1)—(2) for nondifferen-
tiable positive definite kernels in detailed balance;

e weak-strong uniqueness of solutions u € L2(0,7; H'(T4; R")) to the nonlocal sys-
tem;

e localization limit to the local system (1) and (3).

The paper is organized as follows. Our hypotheses and main results are made precise
in Section 2. The global existence of weak solutions to the nonlocal system and some
regularity results are proved in Section 3. The weak-strong uniqueness result is shown in
Section 4. In Section 5, the localization limit, based on the a priori estimates of Section 3,
is performed. Finally, we collect some auxiliary lemmas in Appendix A and state a global
existence result for the local system (1) and (3) in Appendix B.

2. MAIN RESULTS

We collect the main theorems which are proved in the subsequent sections. We impose

the following hypotheses:

(H1) Data: Let d > 1, T >0, 0 > 0, and u° € L?(T?) satisfies u) > 0in T4, i =1,...,n.

(H2) Regularity: K;; € L*(T?) for 4,5 = 1,...,n, where s = d/2ifd > 2, s > 1if d = 2,
and s =11if d = 1.

(H3) Detailed balance: There exist 7y, ..., m, > 0 such that = K;;(z —y) = m; K;;(y — x)
foralli,j=1,...,n, v,y € T%

(H4) Positive definiteness: For all vy, ..., v, € L*(T?), it holds that

i /Td /Td il (x — y)vi(x)v,(y)dedy > 0.

ij=1

We need the same diffusivity o for all species, since otherwise we cannot prove that the
Rao-type functional Hs is a Lyapunov functional. The reason is the mixing of the species
in the definition of Hs.

Remark 1 (Kernels satisfying Hypotheses (H2)-(H4)). Kernels satisfying Hypothesis (H4)
with n = 1 can be characterized by Mercer’s theorem [10, 30].

An example that satisfies Hypotheses (H2)—(H4) is given by the Gaussian kernel B(|x —
y|) = (27) % exp(—|z — y|?/2). We define for i,j = 1,...,n and z,y € R?,

c Qjj ’flf—yF
Kij(‘r—y):Bz’j(x_y) 3ZWGXP(— )7

2e2
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where ¢ > 0 and a;; > 0 are such that the matrix (m;a;;) is symmetric and positive definite
for some m; > 0. Thus, Hypothesis (H3) holds. Hypothesis (H4) can be verified as follows.
The identity

o—lo—yl?/(22) o—lo—22/e p—ly—=[2/<?
= dz,
d

(27T€2)d/2 o (7T€2)d/2 (W52>d/2
shows that

i ole—yl2/(222) .
P 1/Ird /Tdﬂ-z Z] U’L( U] ray = Z/d /Tdﬂ-zal] 27‘[’82 /2 U@(.T)'U](y) Tay

—lo—z[2/e2 o—ly—=[2/2
— Z TiQij /d /Ed ( 71'52 /2 ’UZ(I))dI' /Td (ij(y)>dydz

i,7=1

mde/Rd</Td Ty )dx> dz > 0,

where a > 0 is the smallest eigenvalue of (m;a;;). This proves the positive definiteness of
Ki;. Note that B, — a;j0p as € — 0 in the sense of distributions.
We can construct further examples from the Gaussian kernel. For instance,

Q5
Kij(x —y) = ’

Er— i,j=1,...,n, z,yecR’

satisfies Hypothesis (H4), since

b — /00 eiS(lHI*Z”P)dS,
1+ [z —yl? 0

and B(z —y) = exp(—s(1 + |z — y[?)) is positive definite. a
First, we show the global existence of weak solutions. Let Qr = T? x (0, 7).

Theorem 2 (Global existence). Let Hypotheses (H1)-(H4) hold. Then there exists a global
weak solution u = (uy,...,uy,) to (1)~(2) satisfying u; > 0 in Qr and

(8) u? € LX(0,T: H'(TY), u; € L4(Qq) N LI(0, T; W9(T)),
atui - Lq(O, T, W_l’q(Td)), uZVpZ[u] € LQ(QT)’

where ¢ = (d+ 2)/(d+ 1) and i = 1,...,n. The initial datum in (1) is satisfied in the
sense of W=H4(T?) := Whd+2(T4)' . Moreover, the following entropy inequalities hold:

nooat
9) Hy(u(t)) + 402/0 /’JI‘d 7r,-|Vuil/2|2d:vds < Hy(u?),
i=1

(10) Hy(u(t)) + Z/o /Td T | Vpi[u]|*deds < Hy(u®).

Imposing more regularity on the kernel functions, we can derive H'(T?) regularity for
u;, which is needed for the weak-strong uniqueness result.
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Proposition 3 (Regularity). Let Hypotheses (H1)-(Hj) hold and let VK;; € L¥2(T?)
fori,j=1,...,n. Then there exists a weak solution u = (uy,...,u,) to (1)~(2) satisfying
u; >0 in T¢ and

w; € L(0,T; HY(TY), Ou; € L*(0,T; HY(T%), Vpi[u] € L=(0,T; L>=(T%)).

Moreover, if additionally VK,;, AK;; € L*(T?) and mo < u? < My in T then 0 <
moe N < u(t) < MoeM in T¢ for t > 0, where A > 0 depends on AK;; and u®.

The proof of the H'(T?) regularity is based on standard L? estimates if VK;; € L>(T?).
The difficulty is the reduced regularity VK;; € L*2(T?) which requires some care. Indeed,
the test function u; in the weak formulation of (1) leads to a cubic term, which is reduced
to a subquadratic term for Vu; by combining the Gagliardo-Nirenberg inequality and the
uniform L!'(T¢) bound for u;.

Similar lower and upper bounds as in Proposition 3 were obtained in [17] with a different
proof. Since the L* bounds depend on the derivatives of K;;, they do not carry over in
the localization limit to the local system. In fact, it is an open problem whether the local
system (1) and (3) possesses bounded weak solutions. The proposition also holds for kernel
functions K;;(x,y) that are used in neural network theory; see Remark 6.

Theorem 4 (Weak-strong uniqueness). Let K;; € L®(RY) fori,j = 1,...,n. Let u be
a nonnegative weak solution to (1)—~(2) satisfying (8) as well as u; € L*(0,T; H(T?)) N
HY(0,T; HY(T9)), and let v be a “strong” solution to (1)—(2) satisfying

c<u<C inQr, O e L*(0.T;H ' (TY), v e L¥(0,T;Wh(T7),

for some C > ¢ > 0 and having the same initial data as u. Then u(t) = v(t) in T for a.e.
te(0,7).

For the localization limit, we choose the radial kernel
(11) K8<x_y):%3(u>7 Z’?j:]‘7"'7n7 x?yer7
where B € C°(R), supp(B) C (—1,1), [; B(2)dz = 1, and a;; > 0 is such that (ma,;) is
symmetric and positive definite for some m; > 0,7 =1,...,n.

Theorem 5 (Localization limit). Let Kj; be given by (11) and satisfying Hypothesis (H4).
Let u® be the weak solution to (1)—(2), constructed in Theorem 2. Then there exists a
subsequence of (u®) that is not relabeled such that, as e — 0,

u. —u  strongly in L*(0,T; LY@=1(T4)),

if d > 2 and strongly in L*(0,T; L"(T?)) for any r < oo if d = 1. Moreover, u is a
nonnegative weak solution to (1) and (3).

The existence of global weak solutions to (1) and (3) can also be proved for any bounded
domain; see Appendix B.
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3. GLOBAL EXISTENCE FOR THE NONLOCAL SYSTEM

We prove the global existence of a nonnegative weak solution u to (1)—(2) and show the
regularity properties of Proposition 3. Since the proof is based on the entropy method
similar to [27, Chapter 4], we sketch the standard arguments and focus on the derivation
of uniform estimates.

Step 1: Solution of an approzimated system. Let T > 0, N € N, 7 = T/N, 6 > 0,
and m € N with m > d/2. We proceed by induction over k. Let u*~1 € L*(T%R") be
given. Set u;(w) = exp(w;/m;) > 0. We wish to find w* € H™(T? R") to the approximated
system

1/(u(wk)—u’“)-¢dx+oz Vui(w¥) - Voudz + 5b(w, 9)

(12) =— Z /’]I‘d wi (W) Vpifu(w®)] - Vidar,
for ¢ = (¢1,...,¢n) € H™(T4 R"). The bilinear form

b(w", ) :/w < > Dawk-Da¢+w-¢)dx,

|al=m

is coercive on H™(T4;R"), i.e. b(wk, w*) > C||w*|? m(pay for some C' > 0, as a consequence
of the generalized Poincaré-Wirtinger inequality. By the fixed-point argument on the space
L>=(T4 R™) used in [27, Section 4.4], it is sufficient to derive a uniform bound for wf in
H™(T), which embeddes compactly into L>°(T?). To this end, we use the test function
¢; = wF = m;loguf (with uf := u;(w")) in (12):

Zm’/ uf —ul logukd:v—i-llaZm/ IV (uf) 22z + 6b(w", w")
= — k i kd - / (2 (2 kd
Z/ Vi [u”] - Vw;de = Z Td7er -Vu;dz,

where we used the identity ufVwF = m;Vu¥. An integration by parts gives

/Td VE;(x — y)uf(y)dy = / VE;(2)uf(z — 2)dz _/ Kz ut (y)dy.

Thus, in view of definition (2) of p;[u¥] and Hypothesis (H4),

ZE (uf —uf=Y) - loguldx + 4027?z |V( 22 de + Sb(wk w")
i=1

-y /T /T Tk (@ — y)Vik(y) - Vi (2)dzdy < 0.
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Taking into account the convexity of s — slogs to estimate the first integral and the
coercivity of b(w®, w*) to estimate the third term, we find that

1 n
- E / mi(uf(loguf — 1) —uf ' (loguf ™' — 1))da
T “ Td

=1

(13) +40 ) il V() (1 ga) + 5C Y Nwf [Fmray < 0.
=1

i=1

This provides a uniform estimate for w* in H™(T9) — L°°(T?) (not uniform in §),
necessary to conclude the fixed-point argument and giving the existence of a solution
wr € H™(T% R") to (12). This defines u* := u(w*), finishing the induction step.

To derive further uniform estimates, we wish to use ¢; = m;p;[u*] as a test function
in (12). However, we cannot estimate the term &b(w",) appropriately. Therefore, we
perform the limits 6 — 0 and 7 — 0 separately.

Step 2: Limit§ — 0. Let u® = (uf, ..., ud) with u¢ = u;(w*) be a solution to (12) and let
w? = m;logud for i = 1,...,n. Estimate (13) and the Poincaré-Wirtinger inequality show
that (u?)'/? is uniformly bounded in H'(T?) and, by Sobolev’s embedding, in L' (T9),
where m = 2d/(d —2) ifd > 2, r; < coif d =2, and r = oo if d = 1. Therefore,
Vul = 2(ud)/?V (uf)'/? is uniformly bounded in L™(T?), where ro = d/(d — 1) if d > 2,
ry < 2 if d = 2, and ry = 2 if d = 1. By Sobolev’s embedding, (u?) is relatively compact
in L"(T?) for r < r;/2, and there exists a subsequence that is not relabeled such that, as
0 — 0,

ul — u; strongly in L"(T%), r < r/2,
Vui — Vu; weakly in L (T%),
sw? — 0 strongly in H™(T%).

In particular, we have, up to a subsequence, ul — u; a.e. and |u(y)| < g(y) € L*(T%). By
dominated convergence, p;[u’] — p;[u] a.e. Young’s convolution inequality (see Lemma 7
in Appendix A) shows that, for d > 2,

i 6] || oo ey < Z
j=1

/Td Kij(- — y)ud (y)dy

Lo (T4)
<Y Kl gz 65| a2 ey < C,
j=1

In a similar way, we can prove that (p;[u’]) is bounded in L"(T¢) for any r < oo if d = 2
and in L>®(T?) if d = 1, assuming that K;; € L'(T?). Lemma 8 in Appendix A implies
that p;[u’] — p;[u] strongly in L"(T9) for any r < co. Furthermore, if d > 2,

IV Di[t] || s (pay < Z |1 K| s pay | VU5 | pasca—v ray < C,
j=1
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where 73 = d, and (Vp;[u’]) is bounded in L™ (T¢) for some 73 > 2 if d = 2 and for r3 = 2
if d = 1. Hence, for a subsequence,

Vpilu’] = Vpi[u] weakly in L"3(T9).
It follows that (u¢Vp;[u’]) is bounded in L™n{24/(@=D}(Td) and
wVpi[u’] = u;Vpi[u] weakly in [min{2d/(d=1}d)

Thus, we can pass to the limit § — 0 in (12) to conclude that u¥ ;== u; > 0fori=1,...,n
solves

(14) 7—1_/T(u —uFh ¢dx+02/ Vul - Vdr = — Z/ uFVp[ut] - Vide,

for all test functions ¢; € W1rs(T9). Observe that p;[u*] is an element of the space
Whrs(T?) and is an admissible test function; this will be used in the next step.

Step 3: Uniform estimates. We introduce the piecewise constant in time functions
u(z,t) = uF(x) for v € T and t € ((k — 1)1, k7], k = 1,...,N. At time t = 0, we set
uET)(~,O) = u). Furthermore, we use the time-shift operator (o,u™)(z,t) = u*~1(z) for
reT te ((k — 1)1, k7. Then summing (14) over k, we obtain

n T
/ / = o) pdadt + 0 / / vul . Vdudt
Td — 0 Td

n

T
=—Z/ / W Vp[u™] - Vidadt,
i—1 J0 Jrd

for piecewise constant functions ¢ : (0,7) — W13 (T%, R") and, by density, for all functions
¢ € L0, T; Wbrs(T4; R")). Summing the entropy inequality (13) from k = 1,..., N, it
follows that

n T
(15) (D) 410 Y [ V@) gt < Hifa),
—1 0

These bounds allow us to derive further estimates. Since the L'log L' bound dominates
the L'(T?) norm, we deduce from the Poincaré-Wirtinger inequality that
i 10g e o1z + 1™V P lazoizian oy < O, i=1,...0m
This implies, by the Gagliardo—Nirenberg inequality with 6 = d/(d + 2), that

I gy = [ I

L1+2/d QT [,2+4/d Td)

T
(r 0(2d+4)/d T 1-0)(2d+4)/d
<C [ I Il P
0

T
T)2/d T
(16) el [T AT / (i) 213 paydt < C (),
0
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and by Holder’s inequality with ¢ = (d + 2)/(d + 1),
907 0@ = 2l <T>>1/2v< ) @
(17) < 20/ ()| 2asai@p IV (™)l 2(ary < C.

These bounds are not sufficient to pass to the limit 7 — 0. To derive further estimates,
we use the test function ¢; = m;p;[u*] € W7s(T?) in (14):

- > / [ @) =t @) o = g)uto)dady

(18) +o / / miKij(x — y)Vul (x) - Vub (y)dedy = —Z/ Tl | Vi [uF]|Pde.
T4 JTd — J1e

i,j=1

Because of the positive definiteness of m;K;;, the second term on the left-hand side is
nonnegative. Exploiting the symmetry and positive definiteness of 7, /K;; (Hypotheses
(H3)7(H4)) the first integral can be estimated from below as

Z /’ﬂ‘d /’H‘d il (x — (uk(w)uf(y) — uf‘l(x)uf_l(y)
+ (uf (@) = ul ™ (@2) (Wh(y) — wi~ (y) ) dady
23 2 [ [t () ot et )

= (Hz( “) = Hy(u")).
Therefore, we mfer from (18) that

uF) + TZ/ Tl | Vi [uF)|Pde < Hy(uF™h),
i=1 7T

and summing this inequality from £ =1,..., N, we have

(19) ) + Z m/ 2T [ gy dt < Ha(u).
The previous bound allows us to derive an estimate for the discrete time derivative.
Indeed, estimates (16) and (19) imply that
u T Ipu] = @) () V),
is uniformly bounded in L(Qr), where ¢ = (d+2)/(d+1). Let ¢ € L7 (0, T; W(d+2)/2(T4)),
where ¢ =d+2. Then 1/¢+1/¢' =1 and

™ — ou™) - pdadt

Td
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<o Z ||u£’r)”L1+2/d(QT)||A¢i||L(d+2)/2(QT) + Z ||u£T)Vpi[u(T)] a@n) IV Oill Lo (1)
— i=1
< CH¢HLq’(o,T;W“d“W(Td))'
We conclude that
(20) T = i oo e ey < C.

Step 4: Limit 7 — 0. Estimates (15) and (20) allow us to apply the Aubin-Lions
compactness lemma in the version of [7] to conclude the existence of a subsequence that is
not relabeled such that, as 7 — 0,

uz(-T) — w; strongly in L*(0, T; Ld/(d_l)(']rd)), i=1..mn,

if d > 2 and strongly in L?(0,T; L"(T?)) for any r < oo if d = 1. Strictly speaking, the
version of [7] holds for the continuous time derivative, but the technique of [20] shows that
the conclusion of [7] also holds for the discrete time derivative. Then, maybe for another
subsequence, UET) — w; a.e. in Qr, and we deduce from (16) that uET) — u; strongly in
L"(Qr) for all r < 1+ 2/d (see Lemma 8 in Appendix A). Furthermore, we obtain from

(15), (17), (19), and (20) the convergences
Vuzm — Vu; weakly in LY(Qr), i =1,...,n,
7w — ou™) — du;  weakly in LU0, T; W22y,
()20 [u™] = 2z weakly in L*(Qr),

where z; € L2(Qr) and ¢ = (d + 2)/(d + 1). Since u\” > 0, we infer that u; > 0 in Qr.

Step 5: Identification of the limit. We need to identify z; with ui/ZVpi [u]. We show first
that

Vpi[u™] = Vp;[u]  weakly in LY(Qr).

Indeed, it follows from the strong convergence of (ugT)) that (up to a subsequence) K;;(x—y)
xugT)(y,t) — Kij(x — y)u;(y,t) for a.e. (y,t) € Qr and for a.e. z € T?. Hence, because
of the uniform bounds, p;[u™] — p;[u] a.e. in Q7. We deduce from Young’s convolution
inequality and the uniform bound for V'™ in L9(Q7) that Vp;[u(”] is uniformly bounded
in L9(Qr). (Here, we only need K;; € L*(T?). The estimate for Vp;[u(”] is better under
Hypothesis (H2), but the time regularity cannot be improved.) Therefore,

VpiluD] = Vpi[u]  weakly in LY(Qr).

When d = 2, we have the convergences Vp;[ul”] — Vp;[u] weakly in LY3(Qr) and
(ugT))I/ 2 5wl /? strongly in LYQ7), which is sufficient to pass to the limit in the product
and to identify it with z;. However, this argument fails when d > 2, and we need a
more sophisticated proof. The div-curl lemma does not apply, since the exponents of the
Lebesgue spaces, in which the convergences of (uzm)l/ 2 and Vp;[ul™] take place, are not
conjugate for d > 2. Also the generalization [9, Theorem 2.1] to nonconjugate exponents

cannot be used for general d.
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Our idea is to exploit the fact that the product converges in a space better than L!.
Then Lemma 9 in Appendix A immediately implies that

(W2 [u™] = w)*Vp;lu]  weakly in LY(Qr).

In fact, estimate (19) implies that this convergence holds in L*(Qr). Then the strong
convergence of (u\”)/? in L*(Qr) gives

uET)sz' (W] = w;Vpi[u]  weakly in L'(Qr).

In view of the uniform bounds for (u{”)/2 in L2*4/4(Q7) and of (u{™)V2Vp;[u™] in L2(Q7),
the product u sz[ 7] is uniformly bounded in L9(Qr). Thus, the previous weak con-
vergence also holds in LY(Qr).

Step 6: End of the proof. The convergences of the previous step allow us to pass to the
limit 7 — 0 in (14), yielding

T T
/ (Opu;, ¢;)dt + a/ Vu,; - Vodadt = / / w;Vp;i[u] - Vidadt,
0 0o Jrd Td

for all smooth test functions. Because of Vu;, u,Vpl[ | € LY(Qr), a density argument shows
that the weak formulation holds for all ¢ € L9'(0,T; W (T¢)), recalhng that ¢ = d + 2.
Then Ou; lies in the space L7(0,T; W~"49(T%)), where W~14(T?) := W4 (T?)'. The proof
that u(-,0) satisfies the initial datum can be done exactly as in [26, p. 1980]. Finally,
using the convexity of H; and the lower semi-continuity of convex functions, the entropy
inequalities (15) and (19) become (9) and (10), respectively, in the limit 7 — 0. This ends
the proof of Theorem 2.

Proof of Proposition 3. The proof of the H'(T¢) regularity requires an approximate
scheme different from that one used in the proof of Theorem 2. Given u*~1 € L?(T4; R")
with u#~* > 0, we wish to find v* € H'(T% R") such that

1 (uk)*
21)  — b id Vul - Vd /l—v,- M Vidz =0,
) [ oo [ Vil Vo [ S Vo
for ¢; € H'(T?), where § > 0 and 2" = max{0, z}. Since VK;; € L*?(T?), Vp;[u*] can
be bounded in L42(T?) in terms of the L'(T¢) norm of u*. Thus, the last term on the
left-hand side is well defined. The existence of a solution to this discrete scheme is proved
by a fixed-point argument, and the main step is the derivation of uniform estimates. First,

we observe that the test function (uf)~ = min{0, u¥} yields

l/ (uf —ul~ dx—i—o/ |V (uf)™|Pdx = / ﬂVpl[ M.V (uf)"de =0,
T Jrd e 1+ 5( ) '

and consequently, (u¥)~ = 0 in T¢. Thus, u¥ > 0 and we can remove the plus sign in (21).
Second, we use the test function u¥ in (21) ‘and sum over i = ...,

(22) Z/Edu—u kdm—i—aZ/ Vb |*de = — Z/ 1+5kv1)2 [u*] - Vulds.
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The first integral becomes

Z/Td uf — uF Nubde > = Z/Td (uf=1)?)da.

The right-hand side in (22) is estimated by Holder’s inequality and Young’s convolution
inequality:

n k‘ n
— /Td —1 n 6u’? Vpl' [uk] . Vufdx S ‘|U§‘|L2+4/d('ﬂ*d) Hsz [uk} “Ld+2(Td) HvufHLz(Td)
=1 ? =1

n
< Ck Z [ || 2 asapay 165 ] £ pay |V | 2 e,

ij=1
where Cx > 0 depends on the L*%(T¢) norm of VK;;. Taking the test function ¢; = 1
in (21) shows that ||uf|| ;1 ray = [[uf]| 11 (7ey is uniformly bounded. This allows us to reduce

the cubic expression on the right-hand side of the previous inequality to a quadratic one.
This is the key idea of the proof. Combining the previous arguments, (21) becomes

1 - k\2 k(2
5;/@(7%) Z/Td d:v—l—TaZ/ |Vu;|“dx
<7C Z [ || 2 asaepay | V05 || p2ay

=1

TUZ ||vuf||iQ(’]Td) + TCZ ||u§||2L2+4/d('J1‘d)'

i=1 i=1

<

N | —

The Gagliardo-Nirenberg and Poincaré-Wirtinger inequalities show that
”Uk”L2+4/d(qrd < Ol |7 oyl k“Ll (T4)
< C(IIVus]l 2 (T¢) + g | o ird)) HukHLl (T4)
< C(u) IV [|Zapay + C(u),
where 6 = d(d + 4)/(d +2)* < 1. We deduce from Young’s inequality that for any & > 0,
[ 12 4/apay < ENVUEZ2gay + C(E)-

Therefore, choosing € > 0 sufficiently small, we infer that

(23) %g/wwf) Z/W dx+—702/ Vb [?de < C.

This provides a uniform H!(T9) estimate for u*. Defining the fixed-point operator as

a mapping from L%(T%) to L%*(T%), the compact embedding H'(T%) — L*(T?) implies
the compactness of this operator (see [27, Chapter 4] for details). This shows that (21)
possesses a weak solution u* € H!(T4).
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In order to pass to the limit (6, 7) — 0, we need uniform estimates for the piecewise con-
stant in time functions uET), using the same notation as in the proof of Theorem 2. Estimate
(23) provides uniform bounds for u\” in L(0, T; L2(T%)) and L2(0,T; H'(T)). By the
Gagliardo—Nirenberg inequality, (ugT)) is bounded in L2**/4(Qr). By Young’s convolution
inequality,

sup || Vpilul” ()| oo ey < Z IV Kj| pavzpa) Sup 17 )| acrsy < C,
te(0,7) =1 te(0,T

where ¢ = (d 4 2)/(d +1). Thus, (Vp;[u(™]) is bounded in L‘X’(O, T; L>°(T%)). From these

estimates, we can derive a uniform bound for the discrete time derivative. Therefore, by

the Aubin—Lions lemma [20], up to a subsequence, as (J,7) — 0,

uET) — u; strongly in Lz(QT)a

and this convergence even holds in L"(Qr) for any » < 24 4/d. We can show as in
the proof of Theorem 2 that p;[u(™] — p;[u] a.e. and consequently, for a subsequence,
Vpi[uD] — Vp;[u] weakly in L2(Qr). We infer that

u{"Vpi[u™] = wVpilu]  weakly in L'(Qr).
Omitting the details, it follows that v = (uy, ..., u,) is a weak solution to (1)—(2) satisfying
u; € L2(0,T; HY(T?)) fori =1,...,n.

Next, we show the lower and upper bounds for u;. Define M (t) = Mye, where A > 0
will be specified later. Since VK;; € L, we can apply the Young convolution inequality
and estimate Vp;[u] in L>(T?) in terms of the L'(T?) bounds for u;. Then, with the test
function e A (u; — M) T (t) = e max{0, (u; — M)(¢)} in the weak formulation of (21), we
deduce from

1 A
Opuze M (u; — M)*T = §8t{e’)‘t[(ui - M)**} + Ee’”[(ui — M)+ Xe MM (u; — M),
that

%/ e (u, dm—i—a// e~ |V (i — M)* [Pdads
T o
/ / —As( M)Vp;[u] - V(u; — M)*dzds — —/ / e [(u; — M) T2dxds
Td Td
/ / e MVpilu] - V(u; — M)"dzds — / / e MM (u; — M) dwds.
Td Td

We write (u; — M)V (u; — M)" = 1V|[(u; — M)"]? and integrate by parts in the first and
third terms of the right-hand side:

1
—/ e (u; dx—l—a// e |V (u; — M)t |*dxds
2 Td Td

1 - s
§(HAP1[ ul|| oo (0,75 2.00 (my) — // A — M)*Pdzds
Td
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t
+ (HApz'[u]HLOO(O,T;LOO(’]N)) - A) / /d e”\s]\/[(ui — M)*dxds.
0o Jr

By Young’s convolution inequality and the regularity assumptions on Kj;,

[ Ap:[ul|| oo (0,7;1.00 (1)) < CZ [l 2o 0,7 (7)) < Co.
j=1

Therefore, choosing A > Cy, it follows that
/ e M(u; — M)t (t)?dx <0,
Td

and we infer that e (u; — M)T(t) = 0 and w;(t) < M(t) = MyeM for t > 0. The
inequality u;(t) > m(t) := moe ™ is proved in the same way, using the test function
e M(u; —m)” = e Mmin{0,u; — m}.

Remark 6. Proposition 3 holds true for functions K;;(x,y) that are not convolution ker-
nels. We need the regularity V,K;; € L;"Lg” N L?L;*Q to apply the Young inequality
for kernels; see [35, Theorem 0.3.1]. For the lower and upper bounds of the solution, we
additionally need the regularity V,Ki;, A, K;; € LPLye. O

4. WEAK-STRONG UNIQUENESS FOR THE NONLOCAL SYSTEM

In this section, we prove Theorem 4. Let u be a nonnegative weak solution to (1)—(2)
and v be a positive “strong” solution to (1)—(2) with the regularity properties specified in
the theorem. Then, for 0 < e < 1, we define the regularized relative entropy density

n

he(ulv) = Z Wl((uz +¢e)(log(u; +¢) — 1) — (u; + €) log v; + vl-),

=1

and the associated relative entropy

H(ufv) = /T e (u]v)dz.

Step 1: Preparations. We compute

ahs 8h5 U; + €
ulv) = m log(u; +¢) — mlogv;,, —(ulv) = —m;

S (ul) = mlog(us +€) = milog s, = (ul)

The second function is an admissible test function for the weak formulation of (1), satisfied

by v;, since Vu; € L*(Qr) and Vu; € L>(Qr). Strictly speaking, the first function is not

an admissible test function for the weak formulation of (1), satisfied by w;, since it needs

test functions in W14t2(T?). However, the nonlocal term becomes with this test function

/Ed y Kij(ZE — y)Vuj(y) ) uzv(;t;)(f_)e

e

dxdy,
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which is finite since Kj; is essentially bounded and Vu;-Vu; € L'(Qr). Thus, by a suitable
approximation argument the following computation can be made rigorous. We find that

%HE(UW) — zn: <<8tui, %(U|v)> + <8tvi, g—i}f(u|v)>)

i=1

- Oh. Oh.
= —O’Z/ (Vui : Van (ulv) + Vu; - V a0, (u|v))dx

- Z /T ) (Uini[u] : Vng (ulv) +v; Vpi[v] - Vaait (u|v)>d:v

dx

The first integral is nonpositive Thus, an integration over (0,%) gives

He(u(t)]v(t)) — H-(u(0)|v(0))
Z/ /Tdm w; + &)V (pi[u] — p;[v]) - Viog ui;_gdxds

24 Vi 1
(24) +€Z/ /TdWVp Vog

Step 2: Estimation of I; and I,. Inserting the definition of p;,

Vol = ple) ) = Y [ Kl =)V (s = o))y

dxds =1+ .

=3 [ st =) (s + 0V 10 2 )
+ (u; — v)(y)Vlogv;(y) + eV log vj(y)>dy,
leads to
Z A / [ st = (G 20+ 200V 10g 22
x Vlo g (:v) + (u; +€)(2)(u; — v;)(y)Vlogv,(y) - Vlog ulj 8(x)) dxdyds
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/ / / i K ( y)(u; + €)(x)Vlogv,(y) - Vlog Yi +8(m)dxdyds
ij=1 Td JTd (%

= 111 —|— 112.

Setting
i 1
Us = (Ui+€)V10gu +€7 Vi= §(ui—vi)V10gvi,

i

we can formulate the first integral as

I =— /0 /w /Tdm iz — ) (Uiz) - Ui(y) + 2U; () - V;(y))dadyds

i,j=1

:—Z/ [ [ miita = 0+ Vi) - (U + V) ) dodyds

zgl

/ / [ mls(e = Vi) - Vi(w)dadyds
= Td JTd

<3 Z/O /T /Tdm Sl — ) (s — 0) (@) (1 — v;)(y)V log vi(x) - Vog v; (y)dadyds

i,7=1

Z max 17 Kij || oo (ray max IV 1og vk |7 ()
n t

<> [ [ = @it [ 1 - v)ls
ij=1

n t 2
SC’Z/O </Td|ul-—vi|dx) ds,

i=1
using the symmetry and positive definiteness of m; K;; as well as the regularity assumptions
on K;; and Vlog v;. The second integral [ is estimated as

Ly = — / / / miKij(x — y)Viogv;(y) - (Vu; — (u; + €)Vlogv;) (z)dedyds
Td J 74

1]1

<eC Z |V log vj]| Lo QT)/ / (|Vui| + (u; +1)|V logvs] ) dzds

i,j=1
< EOZ (IVuillr@ry + luill Li@ry + 1) < eC.
i=1
We conclude that

n ¢ 2
Il SOZ/ ( d]ui—vi|dx> ds + eC.
i=1 70 T



NONLOCAL CROSS-DIFFUSION SYSTEMS 19

It remains to estimate I,. Here we need the improved regularity Vu; € L*(Qr). Inserting
the definition of p;[u ] we have

e ///771 i VUJ()'VIOgui+E
i1 Td JTd (5

NV

(x)dxdyds.

Since

eIV us(y) - Vgl +£)(2)| = 26| V() - " )| < 2|V )|V Vo)
we find that
1< 0 EIVulion + VEIT0 Lo IV ylan) < VEC

i,7=1

We summarize the estimates for I; and I and conclude from (24) that

(25)  Hulelt) - HO)](0) <Y / ( [ —vi\dx) ds + /EC.

Step 3: Limit € — 0. We perform first the limit in H_(u(t)|v(t)). Since u; € L*(0,T;
HY(T) N HY0,T; H1(T?)) — C°([0, T]; L*(T)), we have

|(u; + &) (log(u; + €) — 1)| < wi(logu; + 1) + C € L>(0,T; L' (T?)).

Therefore, by dominated convergence, as ¢ — 0,

> /T mlua(t) + <) log(us(t) +2) — e > 3 /T s (t) log (1) — 1),

and this convergence holds for a.e. t € (0,7T). Furthermore, in view of the bound for log v;,

Zm (u; +€)logv; +v;) < C(v (Zuﬁ—l) € L>(0,T; L (Td))

=1
and we can again use dominated convergence:

Z/Td mi(— (wi(t) + &) logvi(t) + v;(t))da — Z/Td i (= wi(t) log vy (t) + vi(t))d.

This shows that for a.e. t € (0,7),
H.(u(t)|v(t)) — H(u(t)|v(t)) ase— 0, where

H(ulv) = Z /]I‘d 7i (wi(log u; — 1) — w; log v; + v;) dz,
i=1

and H.(u(0)[v(0)) = H.(u’|u’) — 0. Then we deduce from (25) in the limit ¢ — 0 that

(26) HO) < O3 [ = il s



20 A. JUNGEL, S. PORTISCH, AND A. ZUREK

Taking the test function ¢; = 1 in the weak formulation of (1), we find that [, u)dz =
de u;(t)dx for all ¢ > 0. Since u and v have the same initial data, it follows that
Jpa wi(t d$ = [pavi(t)dx for all ¢ > 0. Thus, by the classical Csiszar-Kullback-Pinsker
1nequahty 27, Theorem A.2], we have

H(u|v):Z/Tdmuilog;da:—i—Z/wa v
i=1 ! i=1
> [ o e = €YD o = il

We infer from (26) that

Zu ()22 may < C / Zuui—wnilm)ds
=1

Gronwall’s inequality implies that || (u; — v;)(¢)||f1(rey = 0 and hence w;(t) = v;(t) in T for
ae.t>0andi=1,...,n

5. LOCALIZATION LIMIT

We prove Theorem 5. Let u® be the nonnegative weak solution to (1)—(2) with kernel
(11), constructed in Theorem 2. The entropy inequalities (9) and (10) as well as the proof
of Theorem 2 show that all estimates are independent of €. (More precisely, the right-hand
side of (10) depends on K%, but in view of [8, Theorem 4.22], the right-hand side can be

’L]’

bounded uniformly in e.) Therefore, for i = 1,...,n (see (15)-(17), (19)-(20)),
||u‘?: log'uﬁ:HLoo(O T;LY(T4)) + HU§|’L1+2/d(QT + ||u HLq (0,T;WLa(Td)) <,
H( )1/2HL2 (0,T;H(T4)) + H@tu HL‘I 0,7;W1,d+2(Td)/ + H( )1/2VPZ[ ]HLQ(QT < C

where C' > 0 is independent of ¢, ¢ = (d +2)/(d + 1), and pf[uf] = >0, [. Kf(x —
y)u5(y)dy. We infer from the Aubin-Lions lemma in the version of [7 20] that there ex1sts
a subsequence (not relabeled) such that, as e — 0,

(27) ué — u; strongly in L*(0,T; LY@=D(T4)), i=1,...,n
if d > 2 and strongly in L?(0,T; L"(T9)) for any r < oo if d = 1. Moreover,
(28) Vu; = Vu; weakly in LY(Qr), i=1,...,n,
(29) oS — Opu;  weakly in L9(0, T; WH4+2(TY),
(30) (uS)V2Vps[uf] — 2 weakly in L*(Qr),

where z; € L*(Qr) fori=1,...,n.

As in Section 3, the main difficulty is the identification of z; with uil/ QVpi[u], where
pilu] == 377, aijVu;. Since the kernel functions also depend on ¢, the proof is different
from that one in Section 3. We claim that

(31) Vpi[u] — Vpilu]  weakly in LY(Qr).
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Indeed, let gb € LY(Qp;R™), where ¢/ = d + 2 satisfies 1/qg 4+ 1/¢' = 1. We compute

(Vpi[u] = Vpi[u]) - <bd:rdt‘

z::/o /Td (/Td Kz — y)VU§(y,t)dy> - ¢(x, t)dwdt
- i/OT /Ed ai;Vug(y,t) - ¢(y,t)dydt‘

( Kij(x —y)o(z,t)dr — a;é(y, t)) -V (y, t)dydt‘
d Td

Td

T

aij

/0 T V(u; —u)(y. 1) - o(y, t)dydt'

o(y)dy — ai;é VUi La(qr)

L9 (Qr)

/ V(u§ — uj)(y,t) - gb(y,t)dydt'.

—i—Zam

Since B has compact support in R, we can apply the proof of [8, Theorem 4.22] to infer
that the first term on the right-hand side, formulated as the convolution Kj; x ¢ — a;;¢
(slightly abusing the notation), converges to zero strongly in LY (R%) as ¢ — 0. Thus,
taking into account the weak convergence (28), convergence (31) follows.

Because of the convergences (27), (30), and (31), we can apply Lemma 9 in Appendix

A to infer that z = u, sz[ |. Therefore,
uVpi[u'] = w;Vpi[u] - weakly in L'(Qr).

Estimate (30) shows that the convergence holds in LY(Q7). This convergence as well as
(28) and (29) allow us to perform the limit € — 0 in the weak formulation of (1), proving
that u solves (1) and (3).

APPENDIX A. AUXILIARY RESULTS

We recall the Young convolution inequality (the proof in [8, Theorem 4.33] also applies
to the torus).

Lemma 7 (Young’s convolution inequality). Let 1 < p < ¢ < oo be such that 1 +1/q =
1/p+1/r and let K € L"(TY) (extended periodically to RY). Then for any v € LP(T?),

K(-—y)v(y)dy

Td

< NK|| reray [0 || o (ray-
La(Td)
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The next result is a consequence of Vitali’s lemma and is well known. We recall it for
the convenience of the reader.

Lemma 8. Let Q C R? (d > 1) be a bounded domain, 1 < p < oo, and u., u € L*(T?) be
such that (u.) is bounded in LP(2) and u. — u a.e. in Q. Then u. — u strongly in L"(Q2)
foralll <r <np.

Proof. We have for any M > 0,
/ [ue|"dz = / e [P |~ da < M(pr)/ u.|Pdx < CM~P™) =0,
{ue>M} {uc>M} 0

as M — oo. Thus, (u.) is uniformly integrable. Since convergence a.e. implies convergence
in measure, we conclude with Vitali’s convergence theorem. O

The following lemma specifies conditions under which the limit of the product of two
converging sequences can be identified.

Lemma 9. Let p > 1 and let u. > 0, u. — u strongly in LP(T%), v. — v weakly in LP(T?),
and u.v. — w weakly in LP(T?) as € — 0. Then w = uw.

The lemma is trivial if p > 2. We apply it in Section 3 with 1 < p < 2. Note that the
strong convergence of (u.) cannot be replaced by weak convergence. A simple counter-
example is given by u.(z) = exp(2miz/e) — 0, v.(z) = exp(—2wix/e) — 0 weakly in
L?(—=1,1), but u.v. =1 #0-0.

Proof. We define the truncation function Ty € C?(]0,00)) satisfying Ti(s) = s for 0 <
s <1, Ty(s) = 2 for s > 3, and 7T} is nondecreasing and concave in the interval [1,3].
Furthermore, we set Ti(s) = kTi(s/k) for s > 0 and k € N. The strong convergence of (u.)
implies the existence of a subsequence that is not relabeled such that u. — u a.e. Hence,
Ti(u:) — Ti(u) a.e. Since Ty is bounded for fixed & € N, we conclude by dominated
convergence that Ty (u.) — Ti(u) strongly in L"(T?) for any r < oo. Because of the
uniqueness of the limit, the convergence holds for the whole sequence. Thus, Ty (u.)v. —
Ty.(w)v weakly in L'(T?). Writing z for the weak limit of a sequence (z.) (if it exists),
this result means that Tj(u.)v. = Ti(u)v and the assumption translates to w.v: = w.

Consequently, w — Ti(u)v = (us — Ti(uc))v.. Then we can estimate

0<e<1 0<e<1

C c .
8 p
ot /{|“5|>k} Juelfeeld < kp—1 /’H‘d(l + [ucvelP)dx < fp—1°

This shows that Ty (u)v — w strongly in L'(T¢) and (for a subsequence) a.e. as k — oo.
Since Ty (u)v = wv in {|u| < k} for any k € N and meas{|u| > k} < ||ul|1(ray/k — 0, we
infer in the limit & — oo that w = uwv in T¢. U

Jw = T(u)ll oo < sup / e — Te(u.)|le.ldz < C sup / o |dz
Td {|ue|>k}

<
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APPENDIX B. LOCAL CROSS-DIFFUSION SYSTEM

The existence of global weak solutions to the local system (1) and (3) in any bounded
polygonal domain was shown in [28] by analyzing a finite-volume scheme. For completeness,
we state the assumptions and the theorem and indicate how the result can be proved using
the techniques of Section 3. We assume that  C R? (d > 1) is a bounded domain, T > 0,
and u® € L?() satisfies u? > 0in Q for i = 1,...,n. We set Qr = Q x (0,7).

Theorem 10 (Existence for the local system). Let o > 0, a;; > 0, and let the matriz (u;a;;)

be positively stable for all u; > 0,1 =1,...,n. Assume that there exist my,...,m, > 0 such
that mia;; = mjay; for alli,j =1,...,n. Then there exists a global weak solution to (1) and
(3), satisfying u; > 0 in Qr and

w; € L2(0,T; HY(Q)) N L4 Qr),  du; € LI(0, T; W11(9)),

fori=1,...,n, where ¢ = (d + 2)/(d + 1). The initial datum in (1) is satisfied in the
sense of W=H4(Q). Moreover, the following entropy inequalities are satisfied:

dH
— +402/m|v\/u7| dx—i—ozZ/[Vul %dx < 0,

dH“ .
Z mul\Vpl |d:1:—|—aaz ]Vul dr <0,

where o > 0 is the smallest eigenvalue of (m;a;;) and HY(u) == § Zz’,j:l Jo miaijuguidz > 0.

(32)

We call a matrix positively stable if all eigenvalues have a positive real part. This con-
dition means that (1) is parabolic in the sense of Petrovskii, which is a minimal condition
to ensure the local solvability [1]. Inequalities (4)-(5) and (32) reveal a link between the
entropy structures of the nonlocal and local systems. This link was explored recently in
detail for related systems in [17].

Proof. 1f € is the torus, the theorem is a consequence of the localization limit (Theorem
5). If Q is a bounded domain, the result can be proved by using the techniques of the
proof of Theorem 2. In fact, the proof is simpler since the problem is local. The entropy
identities are (formally)

dH
atiy _|_40-Z/7T1‘V\/u_2| dr = — Z/maUVul Vu;dz,
(33) .

dHO
Z 7r,uz|sz |2de = —0o Z ﬂ,a”Vuz Vu;dz.

,j=1
We claim that the matrix (ma;;) is positive definite. Let A; := diag(u;/m;) and Ay =
(miaij). Then Ay is symmetric and positive definite; by our assumptions, A, is symmetric
and A; Ay = (w;a;;) is positively stable. Therefore, by [15, Prop. 3], As is positive definite.
We infer that the right-hand sides in (33) are nonpositive, and we derive estimates for
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an approximate family of u; in L>(0,T; L*(Q2)) and L*(0,T; H*(Q2)). By the Gagliardo—
Nirenberg inequality, this yields bounds for u; in L***?(Qr). Consequently, u;Vp;[u] is
bounded in L1(Qr), where ¢ = (d+2)/(d+1) (we can even choose ¢ = 4(d+2)/(3d+4)), and
Oyu; is bounded in L4(0, T; W ~14(Q)). These estimates are sufficient to deduce from the
Aubin-Lions lemma the relative compactness for the approximate family of u; in L*(Qr).
The limit in the approximate problem, similar to (12), shows that the limit satisfies (1)
and (3). Finally, using the lower semicontinuity of convex functions and the norm, the
weak limit in the entropy inequalities leads to (32). O
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