A CROSS-DIFFUSION SYSTEM DERIVED FROM A
FOKKER-PLANCK EQUATION WITH PARTIAL AVERAGING

ANSGAR JUNGEL AND NICOLA ZAMPONI

ABSTRACT. A cross-diffusion system for two compoments with a Laplacian structure is
analyzed on the multi-dimensional torus. This system, which was recently suggested by
P.-L. Lions, is formally derived from a Fokker-Planck equation for the probability density
associated to a multi-dimensional Itd6 process, assuming that the diffusion coefficients
depend on partial averages of the probability density with exponential weights. A main
feature is that the diffusion matrix of the limiting cross-diffusion system is generally neither
symmetric nor positive definite, but its structure allows for the use of entropy methods.
The global-in-time existence of positive weak solutions is proved and, under a simplifying
assumption, the large-time asymptotics is investigated.

1. INTRODUCTION

The aim of this paper is the analysis of the following cross-diffusion system
(1) Oru; = Alaluy /ug)u;) + pawg,  £>0, w(0)=wu) >0 inT i=12,

where T? is the d-dimensional torus with d > 1, a : (0,00) — (0,00) is a continuously
differentiable function, and p; € R. This system can be formally derived [7] from a (d+1)-
dimensional Fokker-Planck equation for the probability density f(x,v,t), where z € R,
y € R. The function w; is obtained from f by partial averaging,

wie,) = [ fag ey, i=1.2
R

w; is a function of \;, and a(ug/us) is related to the diffusion coefficients in the Fokker-
Planck equation. Strictly speaking, equation (1) holds in R¢ (or on some subset of R9)
but we consider this equation on the torus for the sake of simplicity (and to avoid possible
issues with boundary conditions). For details on the derivation, we refer to Section 2.

System (1) has been suggested by P.-L. Lions in [7], and the global-in-time existence
of (weak) solutions has been identified as an open problem. In this paper, we solve this
problem by applying the entropy method for diffusive equations.
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The underlying Fokker-Planck equation for f(z,y,t) models the time evolution of the
value of a financial product in an idealized financial market, depending on various under-
lying assets or economic values. The function w; is an average with respect to the variable
y, which may be interpreted as the value of an economic parameter, and the exponential
weight emphasizes large positive or large negative values of y, depending on the sign of
Ai. We note that partial averaging is also employed to simplify chemical master equations
[9]. Here, we are not interested in potential applications, but more in the refinement of
mathematical tools to analyze (1).

We assume that there exist ag > 0 and p > 0 such that for all » > 0,

' Qo
&) alr) 2l ()], alr) =
The first condition means that a grows at most linearly (see Lemma 6). The second
condition is a technical assumption needed for the entropy method (see the proof of Lemma
5). Examples are a(r) = 1, which leads to uncoupled heat equations for u; and us, a(r) = r*
with 0 < a < 1, a(r) = r? /(1 +r#71) with 8 > 0, and a(r) = 1/r. The last example gives
the equations

2
(3) Ouur = Aus,  Oyus = A(%).
1

Surprisingly, this system corresponds (up to a factor) to an energy-transport model for
semiconductors. Indeed, introducing the electron density n := u; and the electron temper-
ature 6 := uy/uy, equations (3) can be written as

om = A(nbd), 0,(nf) = A(nb?).

A class of energy-transport models that includes the above example was analyzed in [13].
Another class of models which resembles (1) are the equations

(4) Ou; = A(pi(uw)ug), i=1,...,m,

modeling the time evolution of population densities u;. These systems are analyzed in, e.g.,

5, 8], essentially for m = 2. In this application, p; is often given by the sum p; (u1)+pi2(u2),

and consequently, the results of [5, 8] do not apply and we need to develop new ideas.
Our first main result is the global-in-time existence of weak solutions to (1).

Theorem 1 (Existence of weak solutions). Let (2) hold and let T > 0, o« > p + 4, w1,
pe €R, 0<ae CH0,00), u = (ud,uy) € L*(TH? with u?, u§ > 0 in T? and H|[u’] < co.
Then there exists a solution u = (uy,uz) to (1) satisfying u; > 0 in T, t >0, i = 1,2, and

ug, a(uy fug)u; € L>(0,T; L*(TY)),

Vi, V(a(ui/uz)u;) € L*(0,T; L*(T%), O, € L*(0,T; H'(TY), i=1,2.
If additionally p; < 0 for i = 1,2, we have the uniform bounds
(5)  wi, aluy/uz)u; € L=(0,00; L*(T?)),  Vu;, V(a(ui/us)u;) € L*(0,00; L*(T?)).
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As mentioned above, the proof of this theorem is based on entropy methods. These
methods have been originally developed to understand the large-time behavior of solutions;
see, e.g., [2, 12]. The “entropy” of system (1) is often understood as a convex Lyapunov
functional which provides suitable nonlinear gradient estimates. In many situations, and
also in the financial context presented here, the “entropy” has no physical counterpart.
However, we claim that this notion is appropriate since it naturally generalizes physical
situations. For details, we refer to [8].

Our key idea is to employ the functional

(6) Hlu] = / h(u)dz, h(u) = <E> uj + <%> u3 + uy — loguy + ug — log us,
Td

2

where @ > p+ 4 and u = (uy,uy) € (0,00)%. We will show that

(7) %H[u] + /T ((Z—;) o + <Z—;>W) (IVui]” + |[Vue|?)dz < CH[u]

for some constant C' > 0 which vanishes if gy = ps = 0. In this situation, the mapping
t — Hlu(t)] is nonincreasing; otherwise, for p; # 0, t — H[u(t)] is bounded on finite time
intervals. We infer from the inequality « + 2~ > 2 for all > 0 uniform bounds for w;(¢)
in H'(T%), which are needed for the compactness argument.

The entropy method gives more than just the a priori estimate (7). Indeed, let us write
(1) in divergence form:

o — div(A(uw)Vu) = f(u), t>0, u(0)=u" in T,

where the ith component of div(A(u)Vu) equals ijl S22 0i(An(w)dyuy), 8; = 8)0x;,
and f(u) = (puyuy, gous)". The diffusion matrix

(8) Alu) = <G(U1/U2) + (uy fug)a (uy /us) —(uy fuz)?a’ (uy Jug) )

a'(uy/uz) a(uy fug) — (uy/ug)a (uy /uz)

is generally neither symmetric nor positive definite. Since the only eigenvalue of A(u) is
given by A = a(uy/uz) > 0, the system is normally elliptic [1] and local-in-time existence
of classical solutions can be expected. The difficulty is to prove the global-in-time exis-
tence. The entropy density h(u) allows us to formulate (1) in new variables with a positive
semidefinite diffusion matrix. Then, together with the a priori estimates from (7), global
existence will be deduced. Indeed, defining the so-called entropy variable w = (wy, ws) by
w; = Oh/0u; (i = 1,2), equation (1) is equivalent to

9) O — div(B(w)Vw) = f(u), t>0, u(0)=u" in T
where B(w) = A(u)h/(u)™! is positive semidefinite (see Lemma 5) and h”(u) is the Hessian
matrix of h(w). With this formulation, we obtain

d

—Hul+ [ Vu:h"(u)Aw)Vudzr = [ f(u) - wdx,
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where A : B = Z?Zl S 2 ApiByy for two matrices A = (Ay;), B = (By;) € R¥% The
right-hand side can be bounded in terms of H[u| (see (14)), and the integral on the left-hand
side is related to the corresponding integral in (7).

The proof of Theorem 1 is based on a regularization of (9), the fixed-point theorem of
Leray-Schauder, and the de-regularization limit. The compactness is obtained from the
entropy estimate (7). This technique is similar to those employed in our works [8, 13]. The
novelty here is the (nontrivial) observation that the cross-diffusion system (1) possesses a
convex Lyapunov functional, defined by (6). Moreover, compared to [8, 13], we are facing
additional technical difficulties due to the quotient u; /us.

The second result concerns the large-time asymptotics in the case pu; = 0 for ¢ = 1, 2.

Theorem 2 (Large-time asymptotics). Let the assumptions of Theorem 1 hold and let
p1 = p2 = 0. Then the solution u(t) = (u1,uz)(t) to (1) converges in L*(T?) tow = (T, Us)
as t — oo, where

1 0
TG=— | WOdz, i=1,2.
" meas(T9) /Td wam

If i; < 0 for i = 1,2, we prove the exponential convergence of u(t) to zero in H'(T?),
see Remark 9. For a discussion of the case p; > 0, we refer to Remark 10.

The paper is organized as follows. In Section 2, we make precise the derivation of (1)
from a Fokker-Planck equation. Some technical results are proved in Section 3. Section 4
is devoted to the proof of Theorem 1, and Theorem 2 is shown in Section 5.

2. DERIVATION OF THE CROSS-DIFFUSION SYSTEM (1)

We summarize the formal derivation of (1) from a Fokker-Planck equation as presented
by P.-L. Lions in [7]. Consider the n-dimensional Ito process X; = (X/,..., X]") on some
probability space, driven by the n-dimensional Wiener process W; = (W}, ..., W) with
respect to some given filtration. We assume that X; solves the stochastic differential
equation

dXt = ﬁt(Xt)dt + Jt<Xt)thu t > 0,
where 1y = (jiy,..., 1), and o = (afj)i,j,zlwn is an n X n matrix. It is well known

[10, Theorems 7.3.3, 8.2.1] that the probability density f(z1,...,x,,t) for X, satisfies the
Fokker-Planck (or forward Kolmogorov) equation

1 e 0?2 R N0 P
o f = 3 Z (Dij()f) — Z (n'(@)f), TeR" t>0,
=1

2,7=1
where D(Z) = (D;;(Z)) = o(Z)o(Z) " is the diffusion tensor and T = (21, ...,2,).
In the following, we set i, = 0 and o, = diag(oy,...,0,). This means that we neglect

correlations between the processes. Taking them into account will lead to first-order terms
in the final equations; see Remark 3. Under the above simplifications, the Fokker-Planck
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equation becomes
(10) 0f =152 2. ser 150
= — — O X .
t 9 — 81‘3 j 3 )
We assume that o, is a function of the partial averages

wi(z,t) = / flz, 2, )N dr,, x=(x1,...,20_1), i=1,...,m,
R

where ); are some given (pairwise different) parameters. Temporal averages appear, for
instance, in the modeling of Asian options. Here, u; may be interpreted as an average with
respect to the ecocnomic parameter z,,. We may employ other weights than the exponential
one but this one is mathematically extremely convenient because of the property du;/dx,, =
A\iu; (see Remark 3). Multiplying (10) by e*®" and integrating with respect to x, € R, a
straightforward calculation shows that u; solves

)\2
(11) opu; = Z J u;) 2102u1, 1=1,...,m.
We allow o; to depend on the partlal averages, 0; = 0;(U1, ..., Up).
We consider only the special case m =2, 0 :=o; for j =1,...,n—1, and o, is constant

and positive. Setting u = (uy, us), p; := A0, /2, we find that
1
(12) Ou; = §A(a(u)2ui) +piu;, T ERM >0, i=1,2.
In divergence form, this system is equivalent to
L B o+ 2010uy 20,04

Owu = div(A(u)Vu), where A(u) =0 ( 0oty Ot 2oty )
where 0,0 = 0o /0u;, i = 1,2. This system is of parabolic type in the sense of Petrovski if
the real parts of the eigenvalues of A are nonnegative [1], i.e. if 0 + 010u; + Oa0uy > 0 for
all u € R?. This requirement is fulfilled if, for instance, o depends on the quotient u; /us
only. Therefore, we set o(u)? = 2a(u;/us). Then

Orui = Ala(ug/ug)us) + pyug, o € R t>0,i=12,

is of parabolic type in the sense of Petrovski, and these equations correspond to (1).

Remark 3 (Generalizations). The general model for nonvanishing /i and nondiagonal o
is derived as above, and the result reads as

n—1 n—1
0? 8 i oon
(13) Owu; = E 6 —(Djrw;) — E (995] 2u + N\ Djn)ul) ) (20" + N Dy ).

x;0zy,
]_

Compared to (11), this equation also contains first-order terms. If i = 0 and oy is
diagonal, we obtain m equations of the type (12). The analysis of cross-diffusion systems
with more than two components is expected to be much more involved than for those with
two components. For instance, the analysis of the cross-diffusion model (4) is rather well
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understood only in the case of m = 2 components, while the case of m > 3 equations
requires additional properties [3].
Another generalization concerns nonexponential weights. For instance, we may define

= / f(z,t)sin(\xy,)dx,, 1=1,...,m.
R

Choosing again i = 0 and o; = diag(oy,...,0,), we find that

o= 23 2 (o) - Mo, =1
U = = —(o;(u)u;) — —ozu;, 1=1,...,m.
24922 2 "

This justifies the assumption p; € R in (1) but there seems to be no financial interpretation
of the trigonometric weight functions. O
3. SOME AUXILIARY LEMMAS

In this section, we prove some algebraic properties of the matrices h”(u) and A(u) and
some estimates related to the entropy density h(u) and the components of A(u). Recall
that h(u) is defined in (6) and A(u) in (8).

Lemma 4 (Properties of h). Let a > 0. The function h : (0,00)* — R2, defined in
(6), is convez, its derivative h' is invertible, and there exists C, > 0 such that for all
u = (uy,uz) € (0,00)?,

(14) h(u) > = 1 ul + ), Z,uzuz(() h(u) < Cyh(u),

where we recall that O;h = Oh/Ou;.

Proof. We proceed in several steps.
Step 1: h is convex. We compute the first partial derivatives of h,

(15) O h(u) = (a4 2)uf M uy® — auy® tuy ™ —uyt 41,
(16) Dah(u) = (o + 2)uy “uy™ — aufPuy ! —uyt 4+ 1,
and the Hessian h”(u) = HY + H® + H®) where

(a+2)(a+ 1) (u/ug)® —ala+2
ala+2)(uyfug)*™ ala+1)

/\\_/

(Ul/u2)°‘+1> 7

ul/u2)a+2

Ho = ( )
(17) g — ( alat D(uz/ur)*™  —afa+2)(us/ur)**
—afa +2)(ug/ur)* ™ (a+2)(a+ 1) (ug/u1)* )’
HO (

(1

(
u;? 0

0 uy”
Since det HY = a(a + 2)(u1 /ug)? @) > 0, det H? = a(a + 2)(uy/uy)*@*H > 0, and

the diagonal elements of HY, H® are positive, the matrices H%, i = 1,2, 3, are positive
definite and so does h”(u). Thus, h is convex.
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Step 2: W' is invertible. Since the Hessian h” is positive definite on (0,00)?, I/ is one-
to-one and the image R(R') is open. If R(I/) is also closed, it follows that R(h/) = R?
which means that A’ is surjective. For this, let (w,) € R(R') for n € N such that w,, — w
as n — oo0. We show that w € R(h'). By definition, there exists w, > 0 such that
wy, = h(u,) for n € N. The idea is to prove that (u,) = (uyn,u2,) is a bounded and
strictly positive sequence. This implies that, up to a subsequence, u,, — u € (0,00)* as
n — oo. By continuity of A/, we infer that h'(u,) — h'(u) as n — oco. We already know
that A'(u,) = w,, — w which shows that w = h/(u) € R(R'), and R(h') is closed.

It remains to verify that there exist positive constants m, M > 0 such that m < u;,, < M
foralln € N, i = 1,2. We argue by contradiction. Let us assume that (up to a subsequence)
Uy, — 0 as n — oo. Since (wy,) = (O1h(u,)) is convergent, we deduce from (15) that
uz,, — 0 as well. As a consequence,

auy W1, + (a4 2)ug e, = 0, (0 + 2)ug i, + Qg W, — 0.
Expanding these expressions yields

upgs 5wl o
and the product also converges, uf,u3, — 1/4. This is absurd since (u,) converges to
zero. Therefore, u; , is strictly positive. With an analogous argument, we conclude that
Ugp is strictly positive too.
Let us assume that (up to a subsequence) u, ,, — 0o as n — oco. Again, the convergence

of (wy,,) and (15) imply that us, — co. Consequently,
« a+2 a+2

wl,n + W2 n — 07 W1 ,n +
U2, n, Uin U2, n Uin

Wan — O,

from which we infer after expanding these expressions that us , /u;,, — 0 and uy ,,/us, — 0,
which is a contradiction. So, (u;,) is bounded, and the same conclusion holds for (us,,).
Step 3: proof of (14). Observing that = — logxz > 1 for all > 0, it follows that

=) = () ) -(() ()

The elementary inequality * + (1/2)*™? > 1 for x > 0 shows the first inequality in (14):

2 [e% a+2 2 a+2 «@
uj U1 U9 Uy Uy Ug 1 2 2
> — — — —= — — > — .
h(u) > 5 (<u2) + (u1> ) + 5 ((UQ) + <u1> ) > 2(u1+u2)

For the second inequality in (14), we employ definition (6) of h and the elementary in-
equality z — 1 < 2(x — logz) for > 0 to find that, if C}, = 2(a+ 2)(|pa| + |p2l).

2
D miwidih(u) = (paa +2) = poor)uiPuy® + (pa(a +2) — ma)u; “us™
i=1

+ pa(ur = 1) + po(up — 1)

< Ch(us ™ uy ™ + uy“uy ™) + Ch(uy — logug + uy — log uy).
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This finishes the proof. O
Next, we prove that h”(u)A)(u) is positive semidefinite. Then B = A(u)h”(u)~! in (9)
is positive semidefinite too, since 2" A(u)h" (u)~tz = (B"(uw)~t2) Th"(u)A(u)(h"(u)"1z) >0

for z € R2.

Lemma 5 (Positive semidefiniteness of h” A). Let condition (2) hold. If a(a+2) > 1, the
matriz ' (u)A(u) is positive semidefinite in (0,00)%. Furthermore, if additionally o > p,
there exists a constant k = r(a) > 0 such that for all u = (uy,us) € (0,00)? and z € R?,

T () Af) > /i((Z—) ' (Z—)) 2P

Proof. Let a(a+2) > 1 and let M@ = (Mj(,?) = 2((HDA)T + HDA) be the symmetric
part of H® A, where H® with i = 1,2,3 is defined in (17). A computation shows that
MY = (o +2)((a + Valur /uz) + (w1 /us)a’ (ur fuz)) (ur /uz)°,
det MW = (afa + 2)a(ur /ug)? — (un/ug)a’ (w1 /u2)?) (ur fug)***?,
Ml(f) = o((a+ 1)a(ur fus) — (wr/ug)a’ (ur /uz)) (ua/ur)*+2,
det M® = (a(a + 2)a(ui /uz)® — (ur/u2)?d (ur /us)?) (ug/ur)** 2,
1@ _ [ (alur/ug) + (u/us)a’ (us [ug) Juy 0 ,)
0 (a(u1/uz) = (ur/uz)a’ (us fuz))uy
By the first condition in (2) and the positivity of a, we infer that M) is positive semidefi-
nite and M}, MY are positive for u, v > 0. Moreover, since a(c+2) > 1 by assumption,
det(M™) > 0 and det(M®) > 0. Thus, by Sylvester’s criterion, (h"”A)(u) is positive
semidefinite for all u € (0, 00)2.
Now let additionally o > p. Then the first condition in (2) shows that

det MM _ ala+ 2)aluy fug)? — (uy /ug)?a (uy Jusg)?
tr M) (a(ug/ug)? + a+ 2)((a + 1)a(uy /ug) + (uy /us)a’ (uy/us))
(0la+2) ~ Dalw/u)?
= (a0 +2)((ur/u2)? + D) (a + 2)a(u Juy) 2
a(uy/us) at?
= ki(a) (o fu2)? + 7 (u/uz)™™,
where k(a) = (a(a +2) —1)/(a+ 2)%. In a similar way, we find that
det M) _ ala+ 2)a(uy fug)? — (ur/uz)?a (ug Jug)? (1)
tr M@ (o + 2)(wr /u2)? + @) ((a + Da(ur fug) — (wr fug)a' (us Jug)) - -
N (a(a +2) = Da(us /up)? (1 f1z)~
T (a+2)((ur/ug)? + 1) (a+ 2)a(ug /usg)

= b{a) ()

)a+2

(u1/ug
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Since det M/ tr M is a lower bound for the eigenvalues of any symmetric positive definite
matrix M € R?*? (and taking into account that M®) is positive definite), we deduce that
for » € R?,
(u1/u2)**? + (u /up) ™ 122

(u1/u2)? + 1

k() a(uy/ug)((uy /us)™ + (uy/uz)~*)|2]%.

2T (W A)(u)z > k(a)a(uy /us)

AV
N | —

In the last inequality, we have employed the elementary inequality (z*"%+27)/(z*+1) >
(z*+27*) which is equivalent to (2% —1)(z* —z~%) > 0, and this holds true for all z > 0.
By the second condition in (2),

(ur/ug)® + (U1 /ug)
(ur/uz)? + (u1/uz)
The inequality (% +z~%) /(2P +27F) > (2> P 4+ 2P~) is equivalent to (z® 7 — 2P~*) (2P —
x7P) > 0, which holds true for > 0 since & —p > 0 and p > 0. Therefore,

2T (W A)(w)z > Ph(a) (tn/ua) 7 + (s /uz)"~)) 2P,

2T (W' A)(u)z > 5%(@)

-«
|,
—-p

which concludes the proof with k = agk(«)/4. O

The following two lemmas concern elementary estimates for a(r).

Lemma 6. Given rq > 0 arbitrary, it holds that

a(ro)
a(r) < o T 1 forr >rg,
roa(re)y forr <.

Proof. The first inequality in (2) implies that r — a(r)/r is nonincreasing, while r —
a(r)r is nondecreasing. Writing these monotonicity properties in an explicit way gives the
result. O

Lemma 7. Let a > 2. Then, for all uy, us >0,

ug \ 2 u?
a(—l) (u% + u%) <C, <u§ + u% + u—;)
2

U2
< &@((@ﬂ) u? + (@ﬂ> u%) < &uCuh(u),
U9 U9

where Cy = a(1)? and &, > 0 is a suitable constant which only depends on .
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Proof. The first inequality follows from an application of Lemma 6 with rq = 1. Indeed, if
uy/us > 1, we obtain

2 2 2
u 2 2U1 2 u 2 2,2
al — | ui <a(l)’—=u al — | u; <a(l)u
(1) wt < apthu o) @ <ot
while if u; /us < 1 we have
u \ uy\ u3
1) 2 2 2 1) 2 2U3 o
al — ) uf <a(l)u;, al — ) u; <a(l)"—us;.
(1) <awrd o) @<apie
These inequalities show the claim with C, = a(l)2 The second inequality follows from
4 4 w3 a+l a+l
2, 2 U1 U Uy U
up tuy+ — + =5 =uwu +—+—+ < St | —=g + )
P w3 1 (uz up o ud u1> < Satiatiz (ug‘H u(f“)

where &, > 0 is a suitable constant, which depends only on a. This finishes the proof. [J

Lemma 8. Recall that A(u) = (Ai;(u)) is given by (8). Then there exists C4 > 0, only
depending maxo<,<1 a(r), such that for all uy, uy > 0,

A< a1+ (Z_) . (Z_))

Proof. We apply the first condition in (2) and Lemma 6 with o = 1 to find that

Z|Aw |<a< )(4+ﬂ+@).
U2 U2 Ui

i,j=1
Then Lemma 6 with ro = 1 implies that

U u U u
ZIA” )| < af )(—1+—2) (4+—1+—2>.
i1 Uz Uy Uz U
This estimate and Young’s inequality conclude the proof. O

4. PROOF OF THEOREM 1

Let T"> 0, N € N, 7 = T/N, and m € N with m > d/2. Then the embedding
H™(T?) < L*(T%) is compact. Furthermore, let w*=! = (w1 wh=1) € L*(T%)? be given
and let uf! = ( N~ (w*!). By Lemma 4, the pair u*~! = (u’f’ ub™') is well defined
and we have u*~! € L“(Td) We wish to ﬁnd wy, = (W, wh) € Hm(Td) such that for all
¢ = (¢1,¢2) € H™(T?)?,

l/ (u* — v pdr+ | Vi B(w*)Vuwde
Td

T Td

(18) / (D™w* - D™p 4+ w" - p)da = ZM / ulgidz,
Td Td
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where B(wk) = A(uF)h" (uF)~1,

2
D™ . D™ = Z Z Duf D*¢;,

|a‘:m =1

a = (ay,...,aq) € Ndis a multiindex and D* = 9l°l /(92" - - - 025) a partial derivative of
order |a|.

Step 1: solution of (18). Let @ = (@, ;) € L>®°(T%)? and n € [0,1] be given. Set
U = (U, ug) := (W)~} (w). We solve first the linear problem

(19) a(w, ) = nF(¢) for all p € H™(T?)?,

where
a(w, ¢) = / (D™w* - D¢ +w - ¢)dz + | V¢ : B(w)Vw'dz,
Td Td

2

Since W € L°°(T%)? and A’ is continuous in (0,00)%, we have u € L>(T%)2. This shows
that F' is continuous on H™(T¢). The bilinear form a is continuous and coercive, by the
generalized Poincaré inequality for H™ spaces [11, Chap. 2.1.4, Formula (1.39)] and the
positive semidefiniteness of B(w) (see Lemma 5). Hence, the Lax-Milgram lemma provides
a unique solution w = (wy, wy) € H™(T%)? — L>°(T%)? to (19). This defines the fixed-point
operator S : L>°(T%)? x [0,1] — L*°(T%)2, S(w,n) = w, where w solves (19).

It holds clearly S(w,0) = 0. Standard arguments show that S is continuous (see, e.g.,
the proof of Lemma 5 in [8]). Because of the compact embedding H™(T9) < L>°(T4), the
mapping S is even compact. In order to apply the Leray-Schauder fixed-point theorem, it
remains to prove a uniform bound for all fixed points of S(-,n) in L°°(T¢)2,

Let w € L*(T9)? be such a fixed point, i.e. a solution to (19) with @ replaced by
w = (h')"!(w). The uniform bound will be a consequence of the entropy inequality. For
this, we employ the test function w in (19):

ﬁ/ (u— v - wdr + [ Vw: B(w)Vwdz + 7'/ (|D™w]?* + |w|*)dx
Td

T Td Td

2
(20) — > [ wwids,
i=1 T
By the convexity of h, it follows that
h(u) — h(u") < B (u) - (u—u"Y) = (u— ") w.

Moreover, by (9) and Lemma 5, we have

/Td Vu: B(w)Vuds = [ Vus (0A)(0)Vads

’]I‘d
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a—p p—a
()7 (2) e
Td U9 U2

Taking into account the second estimate in (14), we infer that

2 2
UZ/M/ uw;dr = nZui/ w;0;h(u)dr < C’h/ h(u)dx.
i=1 T¢ i1 Td

Td

Therefore, (20) becomes

a—p p—a
Q/ h(u)dx+n/ ((ﬂ> + <@> )|Vu|2dx
T Jrd Td U9 Uo
(21) —|—7'/ (|D"w]? + |w|*)dz < Q/ h(ukl)dx—i-Ch/ h(u)dz.
Td T Jrd Td

Choosing 7 < 1/C}, this shows that w is uniformly bounded in H™(T¢). Thus, we can apply
the fixed-point theorem of Leray-Schauder to conclude the existence of a weak solution
wh == w with v* = W/(w") to (18) with n = 1.

Step 2: a priori estimates. Inequality (21) shows, for w = w

uF\ @P wF\ P
(1-— ChT)/ h(u®)dx + /{7‘/ ((—}c) + <_/1§) )|vuk|2d$
Td Td U U

—1—7'2/ (|ID™w*|* + |w*|?)dz §/ h(u"1)d.
T4 T

We sum (21) for k£ = 1,...,j and divide the resulting inequality by 1 — C,7 (recall that
we have chosen 7 < 1/C},):

J k\ =P k\ P~
. KT u U
h(u’)d — — VuPd
oo [ () + () Jovra
72 J
Dm k|12 k2d
g 2o [ (P s

1 ChT i
< h(u®)d h(u®)dz.
_1_ChT/Td (u>x+1_0h7—kz;/’ﬂ‘d (U)JJ

We apply the discrete Gronwall inequality [4] to obtain for j7 < T,

oy J uk\*? uk\ P k|2
/]I‘d (U)x—f—T;/ﬂ‘d((u—g) +(u—§) >|VU’ X

J
(22) +T2Z/ (’mek‘Z_i_’wk‘Z)de C,
k=11

where C' > 0 denotes a constant which is independent of 7 (and independent of T" if y; < 0)
but dependent on the initial entropy H [u°].

F w=uF and n =1, that
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We define the piecewise constant functions in time w(™(x,t) = w*(z) and u\”(z,t) =
uk(z) for v € T and t € ((k — 1)1, k7], k = 1,...,j. Furthermore, we introduce the shift
operator aTu( N(x,t) = uF(z) for x € T, ¢ € ((k — 1)7, k7). With this notation, we can
rewrite (20) (with n = 1) as

//Td — o )¢d93dt+/ /Tdv¢ (B A) ()Y VuD ddt

T

(23) +7 / (me(T)-Dm¢+w(T)-¢(7))d:cdt+Z,ui / / W\ it
0o Jrd i—1 0o Jrd
and (22) as
( u(T) p—a
/ dx+/ / (( el ) + (%) )|Vu<f>|2dq;ds
T4 Us Uy
(24) +r/ / (ID™w )2 + [wD?)dads < C,
0 Td

where t € ((j — 1)7, j7]. It follows that
(25) 1w L2 s rm (rayy < O3

By Lemma 7, Lemma 4, and estimate (24), we find that

() ()
| () uq
(26) /Ed ( a(u(T))ul a(u(T))
2 2
Td Td

Moreover, using Lemma 8 and (24),

/OT/TdGV((I(UgT)/UQ uD) |+ |V (a(@l” fusD)yud) | )dxdt

T
]A(u(T))Vu(T)\zde/ / |A(u )2 Vu' Pdadt

(1) 4
<(JA/ / (1+( ) +(uf—) )|Vu(7|dxdt
Td u2 Uy
o'\ u\ T\ P
(28) gc/ / (( 3)) +( é)) )qu(T)|2dxdt§C’.
0 Td Uy Usg

The last but one inequality follows from the elementary estimate 1 + y* < y® P 4 yP=¢
for y > 0 which holds because of the assumption o —p > 4. Estimates (26)-(28) yield for
1=1,2,

2
—+

2
ul” )dx < 3Ca/ h(u)dx < C,
Td

(29) [% ||L°°(0TL2(Td )+ 1Vl 2 o2 (1)) < C,
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(30) lla(ul” uSD Vil oo 0.2 mayy + 1V (a(ud” JuSD Yl | 2o vz (rayy < C.

These estimates are uniform in 7" > 0 if p; < 0.
Next, we derive a uniform estimate for the discrete time derivative (u(™ —o,u(™) /7. For
¢ € L*(0,T; H™(T?)), we estimate

1

T

T
/ (U(T) - UTU(T)) - gdrdt| < HA(U(T))VU(T)||L2(O,T;L2(’J1‘d))||v¢||L2(O,T;L2(Td))
0

+ THW(T) ||L2(0,T;Hm(1rd)) ||¢||L2(0,T;Hm(1rd))
+ max{p1, 2 H|u'™ | 20 722 (vay 10| 220,722 ey
< Ol|@l L2, m (1ay)
taking into account the bounds (25), (28), and (29). Therefore,
(31) 7 u — o ||L2(0THm(1rd <C.

Step 3: limit T — 0. Estimates (29) and (31) allow us to apply the Aubin-Lions lemma
in the discrete version of [6] to obtain the existence of a subsequence, which is not relabeled,
such that, as 7 — 0,

ul™ = u;  strongly in L*(0, T; L*(T%)) and a.e., i = 1,2.
Moreover, by (25), (29), and (31), for the same subsequence and i = 1,2,
rw — 0 strongly in L*(0,T; H™(T%)),

Vul™ = Vu; weakly in L*(0,T; L*(T%)),
7w = oul™) = Gu;  weakly in L2(0,T; H™(T%).

The pointwise convergence of (uz(»T)), Fatou’s lemma, and estimate (24) imply that, for a.e.
te(0,7),

A(t) = log u(t))dz < liminf —logu!™ (t))d
Z/Tdu ogU())w_lgnggliX:/qrd ogu,” (t))dx

< lim inf / h(u™(t))dz < C.
Td

T7—0

This means that u; > 0 a.e. in T x (0, 7).
Estimate (26) and (28) show that, up to a subsequence,

a(u\” /u§ N — ¢; weakly in L2(0,T; H'(T?), i =1,2,

where ¢; € L?(0,T; H'(T9)). We wish to identify ¢;. To this end, let us define V=
1 (D 3eul) 56} and X. = 1{u,>c, uy>c}, Where 14 denotes the characteristic function on the
1 Z& Uy 2 - -

set A. Clearly, XS;T) — Xe strongly in L*(0,T; L(T%)) for all 1 < s < oco. We infer that
Xg)a(u(f)/ug))uy) — xea(uy fug)u; weakly in L*(0,T; L (T?), 1< s < 2.
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We deduce that ¢; = a(uy/uz)u; on the set {u; > &, uy > €}. Since € > 0 is arbitrary and
u; > 0 a.e. in T¢ x (0,T), this identification holds, in fact, a.e. in T x (0, 7).

Consequently, we may perform the limit 7 — 0 in (23) to deduce that u is a weak solution
to (1) with test functions L?(0, T; H™(T?)"). However, since a(u; /us)u; € L?(0,T; H(T?)),
we employ a density argument to infer that (1) also holds for L2(0,7; H'(T?)’). Since
u; € L*(0,T; HY(TY)) and dyu; € L?(0,T; HY(T9)'), it follows that u; € C°([0, T]; L*(T%)),
so the initial datum is satisfied in L?(T¢). Finally, since the bounds are uniform in 7' if
w; < 0, the statement (5) follows.

5. PROOF OF THEOREM 2

Theorem 1 allows us to employ the test equations u; — 1y, us — @y in (1), respectively:

2 2
%/ Z(uz — ;) dx = —/ ZVui - V(a(u)u;)dz,
T =1 T4 =1

which, together with Theorem 1, implies that (d/dt) [ S>7_, (u; — @;)%dx € L'(0,00). Con-
sequently, the limit

2 2 . 2
d
: _ N2 0_ 12 N2
thm /’H‘d ;_1 (u;(t) — u;)°de = /’ﬂ‘d ;_1 (u; — u;)°dx +/0 o /Td ;_1 (u; — w;)*dx dt

exists and is finite. Poincaré’s inequality and Theorem 1 imply that

2 2
/ > (ui = w;)de < op/ > [Vuidx € L'(0,00),
T¢ =1 T¢ =1

which means that lim;_. [r4 Z?Zl(ui(t) — 1;)%dx = 0. This finishes the proof.
Remark 9. If p; < 0 for i = 1,2, we can prove the exponential convergence of the solution
u(t) to (1) in HY(T9)" by using the dual method. Indeed, let ¢; € L*(0,T; H*(T%)) be the
unique solution to —A¢; = u;(t) in T and [, ¢;dz =0, i = 1,2. Employing ¢ = (¢, ¢2)
as a test function in (1), we find after a straightforward computation that
1d
—— | (Vo1 +|Vo|*)dx + / aluy Jug) (vl + ud)dr = / (11| V| + 12| Vo|*) da.
2dt Td Td Td
Then Gronwall’s lemma implies that

/ |Vo(t)|?dr < emaximnait / (Ve (0)[2dz, t>0.
Td Td

Since [|w;|| g1 eray = ||@illgrray, we conclude that |u(t)||gieray < Cexp(—rt) for t > 0,
where £ = —max{p, 12} > 0 and C' > 0 depends on u°. O

Remark 10. In the case y; > 0 for i = 1,2, we cannot expect equilibration rates, since
the solution grows in the L? norm as ¢t — oo. This growth can be made precise if y :=
w1 = p1 > 0. Indeed, uf = e #u; solves

O = A(a(uj/us)uy), t>0, uf(0)=u) inT i=1,2,
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and Theorem 2 shows that u}(t) — u; in L*(T¢) as t — oo, which translates to |le #u;(t) —
ﬂiHLz(Td) — 0. O
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