GLOBAL EXISTENCE OF WEAK SOLUTIONS AND
WEAK-STRONG UNIQUENESS FOR
NONISOTHERMAL MAXWELL-STEFAN SYSTEMS

STEFANOS GEORGIADIS AND ANSGAR JUNGEL

ABSTRACT. The dynamics of multicomponent gas mixtures with vanishing barycentric
velocity is described by Maxwell-Stefan equations with mass diffusion and heat conduc-
tion. The equations consist of the mass and energy balances, coupled to an algebraic
system that relates the partial velocities and driving forces. The global existence of weak
solutions to this system in a bounded domain with no-flux boundary conditions is proved
by using the boundedness-by-entropy method. A priori estimates are obtained from the
entropy inequality which originates from the consistent thermodynamic modeling. Fur-
thermore, the weak—strong uniqueness property is shown by using the relative entropy
method.

1. INTRODUCTION

The dynamics of multicomponent gaseous mixtures with vanishing barycentric velocity
and constant temperature can be described by the Maxwell-Stefan equations [23, 26]. The
existence of local-in-time smooth and global-in-time weak solutions to these systems has
been proved in [2, 13, 16, 21]. The analysis of nonisothermal gas mixtures is, however,
incomplete. The existence of local-in-time solutions was shown in [19], while [15] investi-
gated a special nonisothermal case. In this paper, we prove the existence of global-in-time
weak solutions and the weak—strong uniqueness property for a rather general nonisother-
mal Maxwell-Stefan system. The novelty of our approach is the consistent thermodynamic
modeling.

1.1. Model equations. The evolution of the mass densities p;(x,t) of the ith gas com-
ponent and the temperature 0(x,t) of the mixture is described by the mass and energy
balances

(1) Opi +divJ; =0, 0ipe)+divd, =0, i=1,...,n,
(2) Jl = Pil;, Je = —/@'(Q)Vﬁ + Z(pjej —i—pj)uj in Q, t > 0,
j=1
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2 S. GEORGIADIS AND A. JUNGEL

where Q C R3 is a bounded Lipschitz domain, .J; and J, are the diffusion and energy fluxes,
respectively, u; are the diffusional velocities, p = > | p; is the total mass density, p; the
partial pressure with the total pressure p = > | p;, p;e; the partial internal energy p;e;
with the total energy pe = >" | pie;, and £(0) is the heat conductivity. Equations (1)—(2)
are supplemented with the boundary and initial conditions

(3) Jiov=0, Joov=A0-0y) onodQ, t>0,
(4) pi0) =% 0(0)=6" inQ i=1,...n,

where v is the exterior unit normal vector to 02, 6y > 0 is the given background tem-
perature, and A > 0 is a relaxation constant. The boundary conditions mean that the
gas components cannot leave the domain, while heat exchange through the boundary is
possible and proportional to the difference between the gas and background temperatures.
To close the model, we need to determine u;, p;e;, and p;.

The velocities u; are computed from the constrained algebraic Maxwell-Stefan system

(5) —QZ bwplpj(ul — Uj) = dl for i = 1, o, szul = 0,
j=1 i=1

where the constant coefficients b;; = b;; > 0 model the interaction between the ¢th and jth
components. The driving force d; is given by

i r
where p; is the chemical potential. The constraint
(7) Vp=0 inQ, t>0,

is needed in order for our system to be thermodynamically consistent. We refer to Section
2 for details.

The internal energies p;e; and chemical potentials p; are determined from the Helmholtz
free energy (see (16)), and the pressure is computed from the Gibbs-Duhem relation. As
shown in Section 2, these quantities are explicitly given by

0 i
wi = — log £ cowf(logl — 1), pie; = cupif,
m; m;
sz‘:__l(l()g_l_l)+Cwﬂz‘10g97 pi = : ) =1...,n,
m; i i

where p;n; is the entropy density of the ith component and ¢, > 0 is the heat capacity.
Then the driving force d; and energy flux J, simplify to
V(pit -
(9) g; = Y0 Jo=—kVo+63 P
i=1

m; my;

i Us

The matrix M associated to the algebraic system (5) is singular (since > ., d; = 0)
and thus not positive definite. However, we recall in Section 3.1 that it is positive definite
on the subspace L = {y = (y1,...,yn) € R" : {/p-y = 0} (here, \/p is the vector with
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components /p;). Therefore, the Bott-Duffin inverse of M, denoted by MPP = MPP(p),
exists and is symmetric and positive definite on L. Moreover, we show in Section 3.3
below that the fluxes can be expressed as a linear combination of the entropy variables (or
thermo-chemical potentials) p/0 = (u1/6, ..., u,/0) and —1/6,

(10) (JJ ) — Qp.9) ( # /09) ~ whete Q(p,0) = (];‘T f) ,
and A = (4;;) € R™", B = (B;) € R", a > 0 are given by

" A

BD _ za _ 2 ij
(11) A”LJ( ) M VPiPj, B p, QZ )—8 (:‘i—i— 2%)
INES
Here, variables in bold font are n—dlmensmnal vectors. The Onsager matrix ) turns out
to be positive semidefinite (see (33)), which reveals the parabolic structure of equations

(1)-(2).

1.2. State of the art. The isothermal Maxwell-Stefan equations can be derived from
the multispecies Boltzmann equations in the diffusive approximation [6]. The high-friction
limit in Euler (—Korteweg) equations reveals a formal gradient-flow form of the Maxwell-
Stefan equations [17], leading to Fick—Omnsager diffusion fluxes instead of (5). In fact,
it is shown in [5] that the Fick-Onsager and generalized Maxwell-Stefan approaches are
equivalent. A formal Chapman—Enskog expansion of the stationary nonisothermal model
was given in [27]. Another nonisothermal Maxwell-Stefan system was derived in [1], but
with a different energy flux than ours.

Maxwell-Stefan systems with nonvanishing barycentric velocities can be formulated in
the framework of hyperbolic—parabolic systems, which allows one to perform a local-in-time
existence analysis [13]. Global-in-time regular solutions around the constant equilibrium
state were found to exist in [14]. An existence analysis for Maxwell-Stefan systems coupled
to the Navier—Stokes equations for the barycentric velocity can be found in [8] for the
incompressible case and in [4] for the compressible situation. For steady-state problems,
we refer to, e.g., [7, 24].

When the barycentric velocity vanishes, the (isothermal) Maxwell-Stefan equations can
be solved by generalized parabolic theory. The existence of local-in-time classical solutions
was proved in [2], while the existence of global-in-time weak solutions with general initial
data was shown in [21]. Concerning the nonisothermal equations, we refer to [15], where
an existence analysis for global-in-time weak solutions was presented. However, this model
has some modeling deficiencies explained below. Therefore, our first aim is to prove the
global existence for a thermodynamically consistent nonisothermal model.

The uniqueness of strong solutions to the isothermal Maxwell-Stefan equations was
shown in [2, 16, 19], but the uniqueness of weak solutions for general coefficients b;; is still
unsolved. A very special case (the coefficients b;; have two degrees of freedom only) was
investigated in [9]. It was shown in [18] that strong solutions are unique in the class of
weak solutions, which is known as the weak—strong uniqueness property. Our second aim
is to prove this property for the nonisothermal case.
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Let us detail the main differences of our work compared to [15]:

(i) The most important difference is the lack of validity of the Onsager reciprocity
relations in the model of [15]. The relations imply the symmetry of the coefficients
of the Onsager matrix; see (10). The choice in [15] leads to a cancelation in the
entropy inequality, thus simplifying the estimation. Our results do not rely on this
simplification; see Remark 6 for further details.

(ii) The constraint (7) on the pressure is not taken into account in [15]. This condition
is not necessary mathematically, but its lack creates an inconsistency with the as-
sumption of vanishing barycentric velocity. Indeed, a difference in pressure induces
a force difference, which can result in an acceleration according to Newton’s second
law, if there is no additional force to balance it.

(iii) According to Onsager’s reciprocity relations, the Onsager matrix @) in (10) has to be
positive semidefinite. We show that () is in fact positive definite on the subspace
L={ycR":y-/p =0} In|[l5], is is assumed that this subspace equals
{y € R":y-1=0}. This is not consistent with the thermodynamic modeling.

(iv) We consider different molar masses m;, while they are assumed to be the same in
[15]. When we assume equal molar masses, the cross-terms cancel, and we end
up with the simple heat flux J. = —kV#0 (see (9) and the constraint in (5)), thus
decoupling the equations.

1.3. Main results. We impose the following assumptions:

(A1) Domain: © C R? is a bounded domain with Lipschitz boundary, and T > 0. We
set Qpr =Q x (0,7) and R, = [0, 00).

(A2) Data: p) € L>(Q) satisfies p) > 0in Q and 0 < p, < > p? < p* in Q for some
ps, p* > 0and for all i = 1,...,n; 0° € L°°(Q) satisfies infq 0° > 0.

(A3) Coefficients: b;; =bj; >0 foralli,j=1,...,n.

(A4) Heat conductivity: £ € CO(R x Ry) satisfies ¢,,(1 + 6%) < k(0) < Cy(1 + 6?) for
some ¢,;,C, > 0 and all (p,0) € R} x R;.

The lower bound for the total mass density p is needed to derive uniform estimates
for the temperature. The proof of Lemma 10 in [18] shows that M[7”(p) is bounded
for all p € R?}. The growth condition for the heat conductivity is used to derive higher
integrability bounds for the temperature, which are needed to derive a uniform estimate
for the discrete time derivative of the temperature. We may also assume reaction terms
R; in (1) with the properties that the total reaction rate Y ., R; vanishes and the vector
of reaction rates R; is derived from a convex, nonnegative potential [11, Section 2.2].

The first main result is the existence of solutions.

Theorem 1 (Existence of weak solutions). Let Assumptions (A1)-(A4) hold. Then there
ezists a weak solution to (1)—(8) satisfying p; >0, 0 >0 a.e. in Qp =Q x (0,T) and

Vi € L¥(Qr) N CO([0,T); L*(Q2)) N L*(0, T; H'(Q)),  dwps € L*(0,T; H'(Q)"),
6 € Co([0,T]; L*()) N L*(0, T; HY(2)),  8i(p0) € LM (0, T; WHO/M(Q)),
0 logh € L*(0,T; H'(Q)), i=1,...,n,
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the weak formulation

/ (Oupis i) (@ dt+/ /ZMBD 2V.\/p; + p;V log 0)dzdt = 0,

9 BD
/ / (D4(p0), do) w165 (y-dt + / / VPi(2V \/p; + /p;V log0) - Vodudt

/ / kV0 - V¢0d$dt / / 90 Odet
o0

holds for all ¢y, ..., ¢, € L*(0,T; H'(Q)) and qﬁo € L1350, T; WHI6/5(Q0)*), and the initial
conditions (4) are satzsﬁed in the sense p;(0) = p? in L*() and 6(0) = 0° weakly in L*(£2).

The idea of the proof is to apply the boundedness-by-entropy method, which automat-
ically yields L*(£2r) bounds [20]. More precisely, we formulate system (1)—(2) in terms
of the relative entropy variables (p; — u,)/0 for i = 1,...,n — 1 and logf. We show in
Lemma 3 that this defines the mass densities and temperature uniquely as a function of
(w1, ..., wy_1,w). We introduce the mathematical entropy density

h(p',0) = ZZ—(I g% - 1) — cwplogb,
i=1 " !

where the nth partial mass density is computed from p, = p — Z;:ll pi, i.e., h depends on
p = (p1,...,pn_1) and 6. Gradient estimates for (p, ) are first derived from the entropy
equality

d ,
— | hip dx+/ Vo|*dx + / ; d x =0,
5 | neo) oPdr+ S jmg_pj

4,7=1

which becomes an inequality for weak solutions. Second, as in [15], the energy balance
equation (2) yields a bound for % in L*(0,T; H'(©)). As mentioned before, the derivation
of the entropy inequality differs from that one in [15], because the cross-term

n—1
Bi i — pn,
15 =2 —V - Vlog 0dz,
=2 >3 g

0

which cancels out in [15], needs to be controlled. (We recall definition (11) of B;.) This is
done by observing that the sum Iy + I5 + Ig (see (40)) is nonnegative,

]4+[5+]8:/ZAUV(IL;Z—F—log@) V(’L;]+Elog0)dx>0

i,7=1 J

as (A;;) is positive semidefinite due to (33).

From a technical viewpoint, we approximate equations (1)—(2) by replacing the time
derivative by the implicit Euler discretization to avoid issues with the time regularity and
by adding a higher-order regularization to achieve H?(2) and hence L>(£2) regularity for
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the entropy variables. The approximation is chosen in such a way that a discrete entropy
inequality can be derived, yielding uniform estimates for both the compactness of the fixed-
point operator (to obtain a solution to the approximate problem) and the de-regularization
limit (to obtain a solution to the original problem).

Our second main result concerns the weak—strong uniqueness property.

Theorem 2 (Weak-strong uniqueness). Let the assumptions of Theorem 1 hold, let A = 0
in (3), let (p,0) be a weak solution and (p, ) be a strong solution to (1)—(8). We assume
that there exist m, M > 0 such that

0<p;<p, 0<O<M, 0<p<p 0<m<O<M inQr.

Furthermore, we suppose that @;, |V log| € L®(Qr) fori=1,...,n and that the thermal
conductivity k is Lipschitz continuous. If the initial data of (p,0) and (p,0) coincide then
p(x,t) = p(x,t) and O(z,t) = O(x,t) for a.e. x € Q and all t > 0.

By a strong solution, we understand a solution that has sufficient regularity to satisfy
the entropy equality stated in Lemma 14; see Section 5. Observe that we require the
boundedness of the temperature #, which is not proved in Theorem 1. The proof of
Theorem 2 is based on the relative entropy, defined by

H(p.0p.0) = [ (p.0) = 1p.0) = 3 2900~ p) — (. O)(E - B)

(12) - [{Z L (w1os2 =) —cur(105 5~ 0-9)) .

=1

where E = ¢,p0 and E = c¢,pf are the internal energy densities. The idea is to compute
the time derivative:

dH

E(p,@\ﬁ,@)%—c/QZpi]ui—ai\de—l—c/Q|V(log9—log9)|2dx
i=1

<c [ (St-p+0-02)a
@\ =1
where ¢ > 0 is some constant and C' > 0 depends on the L*>(Qr) norms of 6, u;, and
Vg, i = 1,...,n. The difficulty is to estimate the expressions arising from the time
derivative of the relative entropy in such a way that only @, and 6 need to be bounded.
Thanks to the positive lower bound for , we can bound the right-hand side in terms of
the relative entropy,

/Q(izn;pi_ﬁiy*(@_é)?)dx < /QH(P,9|p,9_)da:.

Then Gronwall’s lemma shows that H((p, 8)(t)|(p,0)(t)) = 0 for ¢ > 0 and hence (p, 0)(t) =

(p,0)(t). Compared to [18], we include the temperature terms and combine them with the
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entropy variables w; in such a way that the positive semidefiniteness of MBP can be
exploited.

The paper is organized as follows. We detail the thermodynamic modeling of equations
(1)-(8) in Section 2. The inversion of the Maxwell-Stefan system (5), the definition of
the (relative) entropy variables, and the formulations of the fluxes in terms of the relative
entropy variables, as well as the corresponding weak formulation is presented in Section 3.
Section 4 is concerned with the proof of Theorem 1, and Theorem 2 is proved in Section 5.

2. MODELING

We consider the following system of equations modeling the dynamics of a nonisothermal
gas mixture of n components with mass diffusion and heat conduction:

(13) 8tpz+d1v(pz(v—i—uz)) = 0, 1= 1,...,n,
(14) Oy(pv) + div(pv ® v) = pb — Vp,

1 1
(15) o) (pe + §p|v|2) + div ((pe + §p|v|2> U>

= div(kVE) — div Z(piei + pi)u; — div(pv) + pr + pb - v + Z pibi - u;.

j=1 i=1

Besides of the variables introduced in the introduction, v denotes the barycentric velocity
of the mixture. The quantities p;b; are the body forces, where pb = >0 | p;b; is the
total force exerted on the mixture, and pr is the total heat supply due to radiation. The
diffusional velocities u;, the partial internal energy densities p;e;, and the partial pressures
p; are determined from the free energy; see below.

Equations (13)-(15) correspond to a so-called class-I model. They can be derived either
via an entropy invariant model reduction [3] or in the high-friction limit [12] from a class-1I
model, in which each component has its own velocity v;. Equations (13) are the partial mass
balances, (14) is the momentum balance, and (15) the energy balance. As proved in [12],
system (13)—(15) and (5) fits into the general theory of hyperbolic-parabolic composite-
type systems introduced in [22] and further explored in [25].

As mentioned in the introduction, system (1)—(2) and (7) is supplemented by the con-
strained Maxwell-Stefan system (5) for the velocities u;. These equations can be derived
from a class-IT model in the diffusion approximation [3, Section 14, (210)] or in the high-
friction limit [12, Section 2, (2.50)] with the driving forces

d; = —&Vp + pZHV& — 0(pie; ~HD,-)V1

P 0 0

where p; is the chemical potential of the ith component. Since the pressure is uniform in

space, Vp = 0, and we have neglected external forces, the driving force becomes (6). Then
equations (1)—(2) and (7) are obtained by setting v = 0 and r = b; = 0.

The internal energy densities p;e;, partial pressures p;, and the chemical potential u; are

determined from the Helmholtz free energy. We assume that the gas is a simple mixture,

+ pi(b — b;),
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which implies that these quantities can be calculated from the partial free energy densities
Ui(pi,0),7=1,...,n. We have

i = ; i = — ) i€ = U + 0pin;, i = Pilki — Vi,
% o, pin 500 P Vi +O0pini,  pi = pipli — ¢

where p;n; is the entropy density of the ith component and the equation for p; is called the
Gibbs—Duhem relation. Defining the partial Helmholtz free energy as

(16) %Zeﬁ(bg&—l)—cwpﬁ(loge—l), i=1,...,n,
m; m;

the thermodynamic quantities are given by (8). Moreover, the driving force d; and enthalpy
h; := pie; + p; read as

(17) d; = V(pﬂ)’ h; = (cw+%)p10, i=1,...,n.

my; i

This corresponds to equations (9).

3. PREPARATIONS

3.1. Inversion of the Maxwell-Stefan system. We discuss the inversion of the Max-
well-Stefan system (5) following [12] and [18, Section 2]. We write (5) equivalently as

(18) —0/pi > Miy\/pju; =di, i=1,....n,
j=1

where the matrix M (p) = (M,;) € R"*" is given by

(19) M;; = {ZbZl’k# buxp %f Z D j:’

—bij\/PiDj if 1 £ j.
We wish to invert Mv = w, where v; = /pju; and w; = —d;/(0./p;). Since (b;;) is
symmetric, 0 = (Mv); = 3, bij/pj(/Pjvi — \/pivj) shows that the kernel of M consists
of span{,/p}. Thus, we can invert M only on the subspace L = {y € R" : \/p-y = 0}.
We define the projections Py, on L and P;. on L* by

(Pp)ij =05 — p ' \/oipj,  (Pri)iy=p 'pip; forij=1,....n,
where §;; is the Kronecker symbol. The matrix M = (M,;) is positive definite on L [18,
Lemma 4]:

(20) 2" Mz > pp|Ppz* for all z € R”,

where 1y = min;; b;; > 0. Since the matrix M Py, + Pp. is invertible [18, Lemma 4], we
can define the Bott-Duffin inverse of M with respect to L as MPP = P (M Py, + Pp)~".
Hence, we can invert (18) by

n

d.;
(21) Voiui=—Y MPP—_ =1 n
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The matrix MBP = MPP(p) is symmetric and positive definite on L [18, Lemma 4],
(22) 2" MPPz > u|Ppz|* for all z € R”,
where pp = (237, (bi; + 1))~

3.2. Entropy variables. The mathematical analysis becomes easier when formulating
the system in terms of the so-called entropy variables. To this end, we introduce the
mathematical entropy density

(23> Zpﬂh - Z (1 g% - 1) - pr10g67

which is the negative of the physmal (total) entropy density (8). Summing the mass
balances (1) over ¢ = 1,...,n and using the constraint > ., p;u; = 0 from (5), we obtain
Oyp = 0. Thus, the total density is determined by the initial total density, p(z,t) =
i, pY(x) for € Q, and is independent of time. This suggests to compute only the first
n — 1 mass densities, since the last one can be determined by p, = p — Z;:ll pi- Then we
interpret the entropy density h as a function of (p,0) := (p1, ..., pn-1,0):

n—1
hp', 0 pz(lo ——1) P <1g&—1)—cwplog0
i=1 mn mn
with the partial derivatives
oh 1 oh p
= —log ———1 =1,....,n—1, — =—cp=.
dp;  my mz my, og My, ! T Cwy

The Hessian matrix

R 0
29 nxn o
D7h = (OT pr/ez) € R, where R;;
is positive definite, showing that the entropy is convex.

According to thermodynamics [3], the entropy variables equal (u1/0, ..., 1,/0,—1/0).
We set

Oii 1
LR

)

i 1 Pi .

24 i =—=—log— —c,(logh—1) fori=1,...,n.

(24) 6 =" = log - —cuflogf 1)

Since the nth partial density is determined by the densities p, ..., p,_1, we prefer to work
with the relative entropy variables

fi = fn _ Oh .

25 W; = q; — qn = = s 221,...,71—1.

(25) 4 0 dpi

Setting additionally w = log 0, our new set of variables is (wy, ..., w,_1,w). The following
lemma states that the mapping (p1, ..., pn,0) — (w1,...,w,_1,w) is invertible.
Lemma 3. Let (wy,...,w,—1,w) € R" and p > 0 be given. Then there there exists a unique

(p1,--spn,0) € R with p; > 0 fori=1,...,n satisfying >, p; = p, w; = Oh/0p; for
1=1,...,n—1, and w = log¥.
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Proof. The proof is similar to [8, Lemma 6] with some small changes. Given w € R, the
temperature equals § = exp(w) > 0. The function

— 3 mz/mn
ZmZ i (—) for s € [0, pl,

is strictly decreasing and 0 = f(p) < f(s) < f(0) for s € (0, p). By continuity, there exists a
unique fixed point sy € (0, p). Then p; := m; exp(m;w;)((p — s0)/my)™ /™ fori =1,...,n
satisfies p; > 0 and Z;:ll pi = f(s0) = so < p. Consequently, p,, := p—zz:ll pi = p—S9 >0

and p;/m; = exp(mw;)(pp/mn,)™/ ™ is equivalent to
1 ; n  Oh
w; = — log Pi 2 og Pr—
my m; my mp, apl
for i =1,...,n — 1, which finishes the proof. O

3.3. Formulation of the fluxes and parabolicity. We can compute the fluxes as a
linear combination of V(wy, ..., w,_1,w) or V(q1,...,qn, —1/0).

Lemma 4. [t holds fori=1,...,n that

n—1 n
B; 1
(26) Ji=— Z AV, — 7Vw == Z AijVq; — BV (—5),
(27) Jo = —KOVw — ZB Vw, — 0 Z o

ljl

where the coeﬂicients

(28) = MEP /pip;, Bi= QZA” (cw + i) =0>

fori,j=1,...,n depend on (p,0) and satisfy the relations

1=1 j=1 =1

Proof. We wish to express the driving force d; = V(p;0)/m; from (9) in terms of Vg¢; =
Vlogpj/m; — ¢, Vlog. A computation, using w = log 8, yields

1
(30) d; = p;0Vgq; + pﬁ(cw + E) Vw.

J
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Therefore, by (21), fori=1,...,n,

B B BD J BD =

S jZIAijVQj — jZIAij (Cw + E)Vlogﬁ = — jZIAiquj — ?Vloge.

J

This shows the second relation in (26). The first relation then follows from (29) (which is
proved below), since, using ¢; = w; + ¢, for j =1,...,n —1 (see (25)),

n n—1
(31) D AV =Y Ay(Vw; + V) + AV, = Z Ay Vw;.
=1 j=1

Next, we compute the energy flux defined in (2). We use (17), (21), and (30):

n 1
= —kf E -0 - U
J, KOVw + ‘ A/ P (cﬂ + mi)«/pu

1 d;
= —kVw — 0 N (cw + —) MZBD J
ljzl ! 9 \ p‘]

1 1
= —kOVw — QZ (cw+ )MBDw/pipj{qu%— <Cw+E)Vw}

i,7=1 J

= —rfVw =Y B;Vg; —0> Ay (cw + E) (cw + E) Vuw

j—l ij—l ‘ J

= —kOVw — ZB VqJ—QZm

i,7=1

where the last equation follows from (29). Moreover, because of

n—1

(32) ZBVqJ ZBVw]+qn )+ BV, = Zvaj,

we have proved (27).

It remains to verify (29). We recall the property PL(MP;, + Ppi) 'P,i = 0 from
28, Lemma 2|, which implies that MPPP,. = 0. Hence, L+ C ker MBP and since
L+ = span{,/p}, we conclude that > i MPP . /p; = 0. This shows that, by the definition
of A

R

iAij = Pz ZMBD
j=1
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The symmetry of (A4;;) immediately gives » . ; A;; = 0. Finally, by the definition of B;,

ZB _HZMBD plp](cw—l——) —02 <cw+—)ZAu =

2,7=1

This finishes the proof. O
The previous proof shows that we can formulate the diffusion fluxes in different ways.

Corollary 5. It holds forv=1,...,n that

Ji = Pty = ZAZJV(QJ + _> \/EZ 1] 9\/_

J=1 J=1
We claim that the Onsager matrix Q € R"FD*(+1) i (10) is positive semidefinite. Let
a=0(k+ 7. Aij/(mim;)). We compute for § € R"*!:

(33) Q¢ = Z Ay +2 Z Bi&i€ns1 + aly,

i,7=1
Z] §z§n+1 +0 (H+ Z

= ZAU@SJMHZ
i,7=1

n+1
,mj)
4,j=1 1,j= 1

_ Z A, (& 6§n+1) (5] 95::1) +RO%E2,, >

i,7=1 J

where the nonnegativity follows from the positive semidefiniteness (22) of MZP. This
reveals the parabolicity of our system in terms of the entropy variables.

3.4. Weak formulation. The previous subsection shows that we can write our system as
the mass and energy balances (1)—(2) with the fluxes (26)—(27). The weak formulation in
the relative entropy variables (25) reads as

T T n—1
0 0 Q j=1

(35) / (0., ¢o)dt + / / e’ (/1 + ) i >Vw - Vgodadt
0 0o JO =1 m;m;

T n—1 T
+ / / > B;Vuw; - Vopdrdt = A / / (6 — ) ppdsdt
0o Jaio 0 Jon

for test functions ¢1,...,¢, € L*(0,T; H'(Q)) and ¢y € L>(0,T; WH>(Q)). According
to (8), the energy is given by E = ¢,pf. Moreover, p;, A;;, B;, and E are interpreted as
functions of (wy, ..., w, 1, w).
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4. PROOF OF THEOREM 1

The proof follows the lines of [15, Section 3], which is based on the boundedness-by-
entropy method [20], but some details are different. We approximate equations (34)—(35)
by replacing the time derivative by the implicit Euler scheme and adding a higher-order
regularization in w;. The existence of solutions to the approximate system is shown by
means of the Leray—Schauder fixed-point theorem, where the compactness of the fixed-
point operator is obtained by the approximate entropy inequality. This inequality yields
estimates uniform in the regularization parameters, allowing for the de-regularization limit
via the Aubin—Lions compactness lemma.

Let € € (0,1), N € N, and 7 = T/N. We set wy = logfy and w = (wy, ..., w,_1,w).
Let w = (w1, ..., W, 1,w) € L®(Q;R™) be given. We define for test functions ¢; € H*(Q),
1=0,...,n— 1, the approximate scheme

36 0= [ (plw) = pt@)ode + [

T Q

n—1

( > AyVuw; + eWBNw) - Veidr
j=1

+ E/ (DQUJ% : D2¢z + wquz)dx,
Q
n A@'j
e’ k(e”) + Z —— |Vw - Vgodr

m;m
hy=1""""

n—1
—|—/ Z B;Vw; - V(ﬁodl’ — )\/ <€w0 - ew)¢0d5
Q=1 0%

+ 6/(6“’0 + e”)(w — wp)podx + 8/ e’ (D*w : D*¢g + |[Vw|*Vuw - V) dz,
0 Q

37) 0= /Q (E(w) — E(@))dodz + /

T Q

where D?w; is the Hesse matrix of w;, the double point “:” denotes the Frobenius matrix
product, we recall that E(w) = ¢,pf, and A;; and B; are interpreted as functions of w. The
higher-order regularization yields solutions w;, w € H?(Q), and the W'*(Q) regularization
allows us to estimate the higher-order terms when using the test function e™*° — e~ (see
the estimate of I; below). The lower-order regularization (e*° — e“)(w — wp) provides an
e-dependent L?(2) bound for w.

4.1. Solution of the linearized approximate problem. Let w* € Wh4(Q; R") and
o € [0,1]. We want to find a solution w € H%(Q;R") to the linear problem

(38) a(w, @) = cF(¢) for ¢ = (¢1,...,¢n_1,00) € H* (4 R™),

where
n—1
a(w, @) = / Kk(e”)e” Vw - Voda + 5/ > (D’w; : D*¢; + wigy;)dx
Q =1

+ e/(ewo + e Nweoda + 5/ e (D*w : D*¢y + |Vw*|*Vw - V) dz,
0 0
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/Q ZA” IV} - Vida — / Z mlm] v . Vooda

7,7=1

_/QZBi(w 0" gt V@dx—/ZB V) - Veodz
“/QZ pi = pdonds = = [ (B = Bjoudda 1 [ (e =" Jands

o0
+e / (e + e wogoda,
Q

where we abbreviated p; = p;(w*), p; = pi(w), B* = c,pe®”, and E = c,pe?®. The bilinear
form a is clearly coercive on H?(2;R™), and both a and F are continuous on this space.
By the Lax—Milgram lemma, there exists a unique solution w € H?(Q; R"™) to (38).

4.2. Solution of the approximate problem. The solution w € H?*(Q;R") to (38)
defines the fixed-point operator S : WH4(;R") x [0,1] — WI4(Q;R"), S(w*,0) = w.
The operator is continuous, compact (because of the compact embedding H?(Q; R") —
WH4(Q; R™)), and it satisfies S(w*,0) = 0 for all w* € W4(Q;R"). It remains to find a
uniform bound for all fixed points of S(-,0). Let w € H?*(Q;R"™) be such a fixed point.
Then w solves (38) with w* = w. We choose the test functions ¢; = w; fori =1,...,n—1
and ¢p = e —e " in (38):

/ Z ~ pwidz+ 2 /(E _B)(—e)dr 4 2 / (F — E)e="dz
Q T Ja
+o / Z Aij(w)Vw; - Vwjdz + 20 / ZB )e "Vw; - Vwda

i,7=1

d D2 2 d d

+ [ enivul x+s/2| Wl +u? x+0/z ) Tufda

—a)\/ (ev0 —e®) (e —ew)ds—i—a/(ewo +e’) (e — ™) (w — owp)dx
o0 Q

+ 5/ (ID*w]> = Dw : (Vw ® Vw) + |[Vw|)dz = I, + -+ + I1.
Q

We estimate the terms Iy, ..., [1; step by step. First, by the convexity of the entropy and
arguing similarly as in [15, Section 3, Step 2],

n—1
o Z _ . 0Oh oh
Il+[2_;/gi:1 <<Pi_Pi)a ' te- 0)89>dx

o _
> —/ (h(pl, ce ,pn,l,Q) — h(ﬁl, e ,ﬁn,l,ﬁ))dx,
Q

T



NONISOTHERMAL MAXWELL-STEFAN SYSTEMS 15

where we have set 6 = e* and § = e?. Definition (25) of w;, definition (28) of B;, and the
relations

[airy

n—

n—1
Ay (w)Vw; = ZA” w)Vg;, > Bi(w)Vw; = ZB )V
=1

1

<.
Il

from (31)—(32) allow us to rewrite the sum I, + I5 + Ig as

w w
(40) I4+I5+Ig—0/ ZAZ] ( m) -V(qj—l—H)dx.

7,7=1 J

This expression is nonnegative because of the positive semidefiniteness of A;; = M,L-];”D /PiPj:
see (22). Furthermore, since sinh(z)/z > 1 for z € R, z # 0,

Iy = a)\/ eI (e — e"0)2dx > 0,
Ge)

sinh(w — wy)

L = 25/ sinh(w — wp)(w — owp)dx = 2¢ / (w — wp)(w — cwp) dz
Q Q w — Wy

Q w — Wy Q w — Wy

sinh(w — wy
) ( )

> 8/ w?dz + 5/ (w? = 2(1 + o)wwy + 20w dx.
Q 0

We claim that there exists m = m(wp, o) > 0 such that for all w € R,

w — Wo

sinh(w — wy)

g(w) = (w* = 2(1 + o)wwy + 20w]) > —

)

w — Wy

where wy € R and ¢ € (0, 1] are given. Indeed, this follows from g(w) — oo as |w| — oo
and g((1 + o)wp) < 0 (unless wg = 0). We conclude that

Ly > s/wzdx—em.
Q

Finally, we can estimate

Iy = g/ (ID*wl* + [D*w = Vo @ Vul + [Vul|)dz > %/ (D*wf* + [Vul')de
Q Q

Summarizing these estimates, we find that

g —w

-
+//{(ew)|Vw|2dx§ g/ (h(p1, ..., pn-1,0) + Ee™™)dx + em.
Q Q

The right-hand side is bounded since w € L*(€2;R") by assumption, implying that
(1. Pn-1,0) € L=(;R™). The first term on the left-hand side is bounded from below
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since, by definition (23) of h and Fe™"° = ¢,,p0/0,

& ) ( 0
h(p1, .-, po, 0) + Be™ = Z%(l gﬂpl— . 1) —cwp<log9— 9—).

i=1 0
Thus, we obtain a uniform bound for w in H?(Q; R") and consequently also in W4(Q; R™).

We can apply the Leray—Schauder fixed-point theorem to conclude the existence of a fixed
point of S(-,1). This, in turn, shows that w is a weak solution to the approximate problem

(36)—(37).
Remark 6 (Treatment of the cross-terms). In the paper [15], the fluxes are given by

()=l ) v (1)

where M = M(p,0) € R"" and G = G(p,0) € R". A multiplication of this equation by
V(p/6,—1/0) shows that the cross-terms cancel out,

oN\T
—V(fl/w) :( ) ZMHV— v +/<9|V10g9|220,

2,J=1

since M is assumed to be positive semidefinite in [15]. In the present work, we have

()=~ ( 2)v (400,

and the cross-terms do not cancel. This is compensated by the sum ", A;;/(mim;).
Indeed, a computation shows that (also see (40))

T n
R AN EAN o v of W ,
\% (_1/9) : (J) - Z:lA”V(% + mi) V(qj + mj) + k|Vlog|* > 0,
1,)=
since A is positive semidefinite because of (33). g

4.3. Discrete entropy inequality. We derive some estimates from (39) with o = 1,
which are uniform in (e, 7), by exploiting the sum I, 4+ I5 + Ig, which we have neglected in
(41). Taking into account that the estimate of I15 becomes for o = 1

Lo = 25/ sinh(w — wp)(w — wp)dx > 25/(w — wp)3dx >0,
Q Q

we obtain the discrete entropy inequality

o —w
(42) _/Q(h(plw-'7pn—179)+Ee O)dx—i_‘gC(HwH%ﬁ(Q)+||Vw||i4(ﬂ))

-
o2 /ZA“ LY o )y
—f—/ﬂm(e )| Vw|“dx + . iV QZ+mi \Y4 qj+mj T

,5=1
o

< _/ (h(Prs-+ pur, B) + Be)du.
Q

T
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Lemma 7. It holds that

(43) /QZAUV(%JF—) 'V<qj+m%)drc2/gi;%

2,7=1

Pi Pi

where p > 0 is defined in (22).

We deduce from Assumption (A4) that k(e”)|Vw|* > ¢,|Vw|?, and in view of (42), this
quantity is bounded in L*(Q2). Therefore, Lemma 7 yields a gradient bound for ,/p; in
L?(Q), since

AV B < 29y + VAVl + p Vul?

Proof of Lemma 7. It follows from (24) and (29) that

Z Aquz - zn: Azym — Cy Z Azva - Z Azy

7,7=1 7,7=1 7,7=1 1,7=1

and therefore, in view of the definition A;; = Z»j /Pip; and the positive definiteness (22)
on the subspace L,

Vi V Vp; 'V
ZAzJV(qz+—)~V(qj+ﬂ> ZA”< ) w)( Py “’)
m; m;P; m; m;pP; m;

Zpl

i,j=1 1,j=1
Vp; L (Vp,
MBD ( + pZVw)-—< — + pr)
Z o YV )\ Y
sz n |2
MPL< ( +\/va))
VPi i=1

We insert the definition of the projection matrix Py:

L) e TG o

j=1 j=1 P
Vpl ) VPi o 1 (sz
= —I— piVw | — ~— Vp + p;Vw +piVuw ).
The last step follows from the pressure constraint (7) Indeed, by (8),
"1
44 - - _
(44) ; o (Voi 0 V0) = Vp 0.

We have shown that

n

iAijV(qu%) -V(qj—ir%) _Z ]2V\//71+\//71Vw|

ij=1 J i=1

which equals (43) after integration over €. O
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Remark 8. We observe that the sum (44) vanishes even without requiring the constraint

(7). Indeed, by (17),

n

Zﬂi(vijrpr Z VPJ —%Zdj_o
j=1

j=1
The fact that Z?:1 d; vanishes is a necessary condition for the invertibility of the linear

system (18). O

In view of Lemma 7 and the lower bound x > ¢, (1 + 6?), we conclude from (42) the
following discrete entropy inequality.

Lemma 9 (Discrete entropy inequality). It holds that

]‘ —w
- /Q (h(Pla ooy pn1,0) + Ee O)dx + 50(”’“’”%{2(9) + ||Vw||j§4(9))

T

+/ (|Vw|2+|V9|2)dx+/Z%‘2V\/E+ ViVuw|’dz
Q Q5 M

1 L
< _/ (h(ﬁla"'7ﬁn—1a‘9) +E6_w0)dx‘
Q

T

Finally, we derive an estimate for the temperature.

Lemma 10. There exists a constant C' > 0, only depending on X, Q, 0, and 6° such that
Cw 2 2) P
5 p&dx—i——/l—l—@ |V9|dx<C—|—C’/Z\V\//TZ|dx+2 /pedx.

Proof. We use 6 as a test function in the approximate energy equation (37). Observing
that Vw; = Vp;/(mip;) — Vpu/(mupn) by (25) and > B;Vw; = > i Bi(mip;) 'V,
by (29), we find that

0= p(@—é)dx+/ )|V d:c—i—/ Z Ay |V0|2dx

T
Q 2,j=1 i

/ > —Vp,;- Vodz — )\/ (0 — 0)0ds + ¢ / (6 + 0)(log 6 — log 6)0dx
Q iPi o0 9)

=1

| 4

1
+s/ (|D29\2—§D20:(V6®V9)+|V9§ )dx:J1+---+J7.
Q

We deduce from Young’s inequality and Assumption (A4) on s that

Jy > C—”/pw? —03dx, Jy> cﬁ/(1 + 6%)|V0|*dz.
2T Q Q
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Furthermore, J; > 0. Definition (28) of B; and A;; as well as the bound p; < p* show that

n MBD\/p_j
= i+ Vida =0 i - Vod
Jy = ezmzm]mvp - Vodzr me]mvp Vodx

7,7=1 2,7=1

> = 92|V0]2dx - / Z IV /pi|d.
The integrals J5 are Jg are bounded from below since
Js > —é/ Oads > —C(X, 09, 0),
4 Joq

and the dominant term in Jg is #% log #, which is bounded from below by a negative constant.
Finally, J7 is nonnegative:

o|* 1 ?
J7=§/ |D20|2+&+ D*) — ~VO @ V6| |dz > 0.
2 Ja 62 0
Collecting these estimates finishes the proof. O
4.4. Uniform estimates. Let (wf, ..., w* | w"*) be a solution to the approximate scheme
(36)-(37) with (wi™, ... w*=t w1 = (wy,..., W, 1,w). We set ¥ = exp(w*) and

oF = pi(w*) determined from Lemma 3. Furthermore, we set E*¥ = ¢, p0*, recalling that
p=> i, p). We introduce the piecewise constant in time functions

1
(@, t) = phx), 7 = —logp—z —cyp(logbf —1) fori=1,...,n,
my my;

0 (z,1) = 05(z), ET(z,t) = E¥z), w(z,t)=wl(z) fori=1,....,n—1,

where z € Q, t € (k— 1)1, k7], and k = 1,...,N. At time ¢t = 0, we set p(T)(O) = p!

and 67 (0) = #°. Furthermore, we introduce the shift operator (angT))(a:, t) = pF(z) if
t € ((k— 1)1, k7]. Then (p,01)) solves

T T
(45) 01 / / (0 = 0. pydmdt + € / / (D2w™ : D2, + w!" ;) dadt
0 Q
/ / <ZA” NV 4 e Bi(w(T))Vw(T)> - Vdadt,

(46) 0=— / / (EM — 0, EM)¢odxdt + / ' / k(0TI . Vpodadt
/ / ZB NV - Veodz — A / /8 ) (B — 0 podsdt
/ / mlmj 0 . Vodadt

2,7=1
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T
+e / / (6o + 0 (log 8 — log By ) podaxdt
0 Q

T
+e / / 0" (D*log 0') : D2¢y + |V10g0(7)|2V10g9(7)~V¢0)dxdt.
0 Q

The discrete entropy inequality in Lemma 9 and the temperature estimates in Lemma 10
yield, after summation over k =1,..., N,

(47) sup / (h<p§”<t>,...,ps_%(t),e“)(w)+C—wp9<7><t>)dx
o<t<T JQ 00

T
+/ /(|Vlog0(7)|2—i—|V9(T)|2)dxdt
0 Q

T
LeC / ([0 oy + V00 L)l

//Z 512V (07)2 + (p7) 2V log 67 dadt
< [ (bt 8) 4 copt)
Q

(48) Cp SUP / 2dx+c,i/ / (14 (07))| Vo) |*dxdt

o<t<T
<C(T +C/ /Z\v 1/22dxdt+—/ (0°)%dx.

Lemma 11. There exists C > 0 not depending on (g,7) such that

(49) 107 ooy + 107 | L 07210 < C,
(50) 110g 07 || 220,711 () + 1107 || 20,7012 ) < €
(51> 51/2”w(7—)||L2(O,T;H2(Q)) + 81/4||Vw(T)||L4(QT) <C,

Proof. Estimates (49) and (51) are an immediate consequence of (47) and p > p, > 0.
Bound (47) also shows that sup 7 [, (— log 8 +6(™))dz is uniformly bounded from above.

Thus, log#™ is uniformly bounded in L>(0,T; L'(2)). Then the uniform bounds for
V1og 6™ and VA as well as the Poincaré-Wirtinger inequality yield bounds for log (™
and 0 in L2(Qy), proving (50). O

Lemma 12. There exists C' > 0 not depending on (g,7) such that fori=1,... n,

(52) 1Y) 2o,y + 107 220210y < C,
(53) 16 oo o, z20) + 1107V | 20,751 ) + 107 | 16/ gy < C.
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Proof. We infer from (47) that
T T
V()2 Pdadt < C 2V (D) 22 + (7)) 2V og 07| *dudt
N pi pi 8
0 Q 0 Q

T
+ C/ / IV log 67 2dzdt < C,
0o Ja
and the L>*(Q7) bound (49) gives fori =1,...,n

T 7'12 T T
17 2z < 2108712 1V (0 M2y + 1087 2200y < C

Therefore, the right-hand side of (48) is uniformly bounded, which proves the first two es-
timates in (53). The remaining one is a consequence of the Gagliardo—Nirenberg inequality
with n = 3/4:

T
8/3 T 8n/3 T (1 3
(R o I i N T il

T
<101 e | 1OVt < C.

Lo°(0,T5L2(Q
This finishes the proof. O
The following lemma can be proved as in [15, Lemma 9].

Lemma 13. There exists C > 0 not depending on (e, 7) such that
(54) 17 = 020 | 20112000y + 107 = 0707 || 1150 w160y < CT-

4.5. The limit (¢,7). The bounds (50), (52), and (54) allow us to apply the Aubin-Lions
lemma in the version of [10]. There exist subsequences, which are not relabeled, such that
as (e,7) = 0,

pET) — D, 0) — 0 strongly in L*Qr), i=1,...,n—1.

The convergence also holds for i = n since pif) =1 — S pg ) Thanks to the L>(Qr)

bound for p\” and the L'%/3(€27) bound for 6, we have

P\ = p; strongly in L"(€) for all r < oo,

6 — 6 strongly in L"(Qr) for all 7 < 16/3.

We claim that p; > 0 and 6 > 0 a.e. in Q7. The positivity of p; is proved as in [15, p. 16].
The strong convergence of (7)) implies a.e. convergence and in particular log 67 — Z
a.e. Thus, 0" — exp(Z) a.e. We conclude that § = exp(Z) > 0 a.e. in Q7.

It follows that log# € L?(Qr) and estimate (50) yields
(55) Viogh™ — Vlogh weakly in L*(Qr).

Furthermore, in view of (50), (52), and (54), up to subsequences,

pZ(T) —p;, 07 =0 weakly in L*(0,T; H'(Q)),
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) — 0,p7) = Bip weakly in L*(0,T; H*(Q2)"),
7"1(9(7) —0.0) = d,p;  weakly in L*/15(0, T; W16(Q)*),
and the bounds (51) show that
elogf™ =0, ew =0 strongly in L*(0,T; H*()).

The embedding H'(Q2) < L?*(99) is compact, giving 07 — @ strongly in L?(0,T; L?(0S2)).
These convergences are sufficient to pass to the limit (,7) — 0 in (45)—(46), showing
that (p,0) solves the weak formulation (34)—(35). We only detail the limits in the terms

AT = A (w™) and B = B;(w™). We know that V(p\™)/2 — Vp!/* weakly in L2(€27)

ij
and

A7 (o) o _ Ay
s = MEP(O) P o MR (o) = i
m;(p;") My My myp;

strongly in L7(Qr) for all v < co. Using (31) and (24), this implies that

S o () e AT p BD( ()2 e
ADT = i vlog P =23 ME —v g
= 1] w] ]Zl m] Og Z m] (pﬁ )

— 2 Z MBD'O’ ij weakly in L*(Qr), s < 2.

Since the sequence is bounded in L?*(€7), this convergence also holds in this space. Simi-
larly,
o n_ 4™
Bi(T)e_w V'™ = Z 17;] Vlog 67 — Z Aij “YVlogh weakly in L*(Qy),

J j=1 ]

j=1
ADTO = MEP (o) (p7 pTY12707)  A,;V0  weakly in L2 (),
and using 6 — @ strongly in LT(QT) for r < 16/3,

Z Bz‘(T)sz( =2 Z Zinz )( )UQV 1/2 - 22 1/2 1/2

i=1 4,j=1 i=1 TMhip;

weakly in L*(Q7) for s < 16/11, and since the right-hand side lies in L'6/*(Qy), this
convergence also holds in L'S/11(Qq).

Next, we claim that p;(0) and 6(0) satisfy the initial data. The time derivative of the
linear interpolant

A1) = pf

is bounded since, because of (54),

kT_t(p — oY for (k— 17 <t <kT

T

10:587 | 20209y < 7M1 — 0007 20320y < C.
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Thus, 5\ is uniformly bounded in H'(0, T: H2(2)*) < C°([0, T]; H2(2)*) and we conclude
for a subsequence that p? = 5\ (0) — r; weakly in H2(Q)* for some r; € H2(Q)*. It follows
that r; = p%. As 5" and p\” converge to the same limit,

Hﬁ{f) - PgT)HP(O,T;H?(Q)*) < HPET) - UfpgT)HLQ(O,T;HZ(Q)*) <Cr—0,

this shows that p? = r; = p;(0) in H%(Q)*. In an analogous way, we verify that 6(0) = 6°
in T216(Q)*.

The initial data are satisfied in better spaces. Indeed, going back to (34)-(35), the
regularity of p; implies that d;p; € L*(0,T; H(Q))NH(0,T; H'(2)*) — C°([0, T}; L*(2))
and thus p;(0) = p? in the sense of L?(2). The temperature satisfies § € L>(0,T; L*(2))N
CO([0, T); W16(Q)*), which gives 6 € C°([0,T]; L*(Q2)). Consequently, 6(0) = 6° weakly
in L2(2). Moreover, we deduce from |kV0| < C,(|VO| + 0|VH?|) € L'/11(Qr) that 9,0 €
LYS/1(0, T; WH16/11(Q)*). This completes the proof.

5. PROOF OF THEOREM 2

Let (p,0) be a weak solution and (p,f) be a strong solution to (1)-(8). We introduce
the entropy

H(p(t),0(t)) :/Q (z::l—(l g% - 1) —cwplogQ)dx.

Lemma 14 (Entropy equality for strong solutions). Let (p,0) be a strong solution to
(1)—(8) (in the sense mentioned after Theorem 2) with A = 0. Then

// iz M varands + //wammluz a,*dads = H(p(0), 6(0)).

2,7=1

Proof. We use (1) and (2) and integrate by parts to obtain

a 7 i Cw ~
iy £
m; P

Pilli s P VO 7 axe il
Zml +92( Hvew; mi)}dx

U; ~
_Z' _i _7; 1 d
IV d:c+/QZm (Vs + p;V log 0)dz

i=1

Vo) d:v+/z ~ i, - dydu,

%\l =

(=5
-2
e
|7

%ll =
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where & = 1(f) and we used (17) in the last step. By the algebraic system (5) and the
(s

symmetry of (b;;),
n 1 - )
(56) > 50 di= Z bijpipj (Wi — Uj) - Ui = —5 Z bij pip|ti; — 1 *.
i=1 t,j=1 zg 1
This shows the claim. U

Lemma 15 (Entropy inequality for weak solutions). Let (p,0) be a weak solution to (1)—(8)
with A = 0. Then

/ / 92|V8|2dxds+ / / Z bijpipilu; — uj|*dzds < H(p", 6°).
2,7=1
Proof. Let (p*,0%) for k = 1,..., N be a solution to the approximate problem (36)—(37),

constructed in Section 4.2. According to (42), this solution satisfies

H(p’“,@"”)—FT//{(9’“)|Vlog9k|2dx
Q
wh wh
/ Z Ak (qf‘ + —) : v(qj? + —)d:c < H(p"', 051,
3,7=1 m; mj

where the superindex k£ denotes the kth time step. By Corollary 5 as well as relations (21)
and (56),

ij 4 M qj m; - ij Qk(p§)1/2 ‘gk(p?)l/Q

ij=1 i =1
— 1 uF 12
- _Ze_kdz ’ i Zblﬂpzpj |
i=1 z] 1
Therefore,
H(p", 0%) + T/ Kk(0%)|V log 0% |*dz + — / Z bijplplluy — ufPde < H(p" ', 0"71).
2,J=1

We sum over k =1,...,j with ¢ € ((j — 1)7,j7] and use the notation of Section 4.4:

(57)  H(p(),07(t / / 0|V log 67 |2 dzds

/ / Zm 7 |u” — w7 Pdads < H(p",60°)

2,7=1

for a.e. t € (0,7).
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It remains to pass to the limit (¢,7) — 0in (57). We deduce from the strong convergence
of (p™) and (6) that

H(p(t),0(t)) < liminf H(p"(t),07(t)).

(e,7)—0

(1)

We deduce from the strong convergence p,”’ — p; in LY(r) for any ¢ < oo and the

boundedness of M5” that MZ»?’D(p(T)) — MJP(p) strongly in any LI(Qr). In view of the

weak convergences V log (7 — Vlog § from (55) and V(pl(-T))l/2 — Vp}/2 from (52) weakly
in L?(Qr), we have

QV(pET))l/2 pET)Vlog o) 2Vp,1/2 + piV1og# weakly in L*(Qr).
Hence, using (21),

1/2 ZMBD (QV( )1/2+pZT)Vlog9 )

m;

—~ Z MPEP(p 2Vp1/ >4 piVlog) = pu,.

weakly in L?(Qr), where the last identity is the definition of u;. Then, taking into account
the boundedness of p( ™ in L>(Qr), forany i,j =1,...,n

(bngZ(T)P§ ))I/QUET - (bz‘jpz‘ﬂj)l/2ui weakly in L*(Qr).
As the L?(Qr) norm is weakly lower semicontinuous,

T |2
/ / S byl u,Pdeds < lim inf / / S |Gl ) — o) dads

1,j=1 1,J=1

7) (7)2
_hgnTnilg/ /Zb”/)z p] Z» — ;" [*dads.

2,j=1

Finally, x(6)2V log 0" — k(0)'/*V log § weakly in L'(€7) and, because of the uniform
bounds, also in L*(€27). Hence,

Y[ R(0) 2
/O/Q o V0| dxd3<l151£112£// CRIE |V9 )2 dads.

Thus, applying the limit inferior (g,7) — 0 to both sides of (57) yields the result. O

Lemma 16 (Relative entropy inequality). Let the assumptions of Theorem 2 hold and let
pi(0) = p;i(0) fori=1,...,n and 0(0) = 6(0). Then

5 (DOl 000+ 15" [ [ 5 s aaras
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—/ /|v log 0 — log )] dxds<(]/ /( +(0-9) )dxds,

where the relative entropy H(p,0|p,0) is defined in (12).

Proof. We use the test functions ¢; = m; * log(pi/m;) — cu log # and ¢y = —1/6 in the weak
formulations satisfied by p; — p; and p(6 — ), respectively,

/( — pi)(t)pi(t dx—// — D 8tqbld3:ds~|—/ / pi; — pit;) - Vidads,

/gcwp(e = 0)(t)go(t)dw = /0 /Q cwp(0 — 0)Dspodrds — /0 /Q (kV60 — V) - Vodzds
i /0 /Q;(hjuj — hyu;) - Vgodads,

where h; = (¢, + 1/m;)p;0, hj = (c, + 1/m;)p;0, and k = k(0), & = k(f). Strictly
speaking, we cannot use ¢; as a test function since log p; and 1/6 may be not integrable.
However, we can use a density argument similarly as in the proof of [18, Lemma 8]. Then,
summing over ¢ = 1,...,n,

i@ a0 Eroe P e108) (1) — ep? =0 (1) L
LA 0 (108 2~ cuos) ) e

)

/ / { ( Z)S;Z + (pitts — pit) Zf;) + cup(0 — 0)0; (—%) }dxds
_/0 /Q(we—favé).v<—%>dxds+/0t/gil(hjuj_;ajaj).v<_%>dxds.

We subtract this identity and the entropy equality from Lemma 14 for (p,f) from the
entropy inequality for (p, ) obtained in Lemma 15 and insert equations (1)—(2) to replace
the time derivatives 0;p; and J;(—1/6). A computation shows that

(59) H((p,0)(t)|(p,0)(t)) < K,---+ K5, where

// (k|V1og 0> — K|V log 0]%) dxds—i—/ //ﬂV@ ( a)dxds
// KV@—FLV@ V( e)dxds
_/ /Z% pZ dxds—/ /Z Vpl pu ﬁﬂ‘)d[L’dS
: mz Z sz i 2 (a2 bl
1
//Zhul <ﬁ——)dxds—/ /Z (hyu; — huz V(—E)dxds,
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INARIR
Ka= _5/ / > bigpipilu; = uj*dads,
0 JQ .

2,7=1

IR
K5:§/0 /{;waﬁlﬁ]‘ﬂl—ajfdxds

ij=1

The term K, can be rewritten as

t
1, = _ _
K, = —/ / 5(/@9 — kO)V(log — log0) - Vlog fdxds
0o Ja
t
—/ /H‘V(logH—loge)‘zdzds
0o Jo )
L ro—0 - ~ _
+ TVIogQ- (kVlogl — KV log0)dads =: Ky + Ko + Ki3.
0o Ja
The algebraic system (5) with d; = V(p;0)/m; can be formulated as
—m; Y bizpip;(t; — 1) — piV log f = V.
j=1
This allows us to rewrite Ky:

t n t n
0o Jo! 0 JQ

i,j=1 2,7=1
t n t n
0 Jo, 0 J8y; i

t n 1 t n 1 3
+ / / —piV1ogt - u;drds — / / —p;Vlog6 - u;dxds
0 JQ ; my 0o Jao ; m;
t n 1 B t n 1 _
+ / / —piV1ogt - u;drds — / / —p;Vlog6 - u;dxds
0 JQ ; my 0o Jo ; m;

= K21+"'+K28.
Furthermore, it follows from h; = (¢, + 1/m;)p;0 and Y. | pyu; = > | p;ii; = 0 that

t n t n
ng—/ /Zhiui-V(—%)dxds—/ /Zhiui-V(—l)dxds

0 /2y 0 0 /2 0
t n

0o Joi m; 0
t n

LB s
0o Joi m; 4
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¢t pon _5 topon 1
- _/ / 3 Pl V(%)dxds —/ / D 2 V(—:)dmds

T n _ T n — —

Pill; pi;0 )
= — =~ . VOdxds + 2/ / — . Vfdzds
/o /Q ; m;0 o Jao ; m;0?
T " ol _
. / / Y P Vhdads.
o Jai= mib?

We reformulate K4 as

1 [t n B _
Ky = _5/ /Q Z bijpipj‘(ui — ;) — (u; — uj)‘zdxds
0 .

2,7=1

+ = biipip;i|u; — u;|"dxds
2 0 QZ J ]’ ]‘

4,7=1

t n
— / / Z bmpzpj(uz — Uj) . (ﬂl — ﬂj)d(lde = K41 + K42 —+ K43.
0o JQ.

i,7=1
A long but straightforward computation shows that

Koy + Koy + Koz + Koy + Kyo + Ky3 + K5

T n
- _/ /Q > bispi(p; — ) (ui — ) - (W — @;)dads =: Ly
0 :

ij=1

and

T " -
K25+K26+K27+K28+K3:/ /Zﬁ(pz—ﬁz)(VlogG—Vloge)szxds
0 Ja oy N
+/T/iiﬁﬂ- (Vlog@—VlogH_)(l—Q)dxds
o Joi Mi o 0
+/T/iip-(u-—ﬂt) Vlog9(1—€>dxds
0o JoiI M o ' 0
+/T/zn:1( pi)u; - V1 9(1 e)dd
—Pi — Pi)Ui -V 10g — = |dxdas
o Jai M 0

=: Lo+ L3+ Ly + Ls.

Inserting these expressions into (59), putting K2 on the left-hand side, and rearranging
the terms, we find that

60 B OB 00 5 [ [ 3 bl =5 - (1= 1) Pdads

7,7=1
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t
+ [ V0080 ~tog)Pdads < Kan + Kug o+ Lo+ L.
0 Ja
The second term on the left-hand side can be bounded from below. Indeed, it follows

from the symmetry of (b;;), definition (19) of M,;, and the positive definiteness (20) of M
on L that

_ 2
szmzm — ;) — (u; — uy))|
7,] 1
=) ( >, biij)Pin‘ —wl® = D bipipi(ui — ) - (u; — 1)
i=1 N j=1,j# ij=1,i#j
= Mij\/pi(ui — ) - /p;(u; — ;) > py | PLY |,
ij—1

where Y; = ,/pj(u; — ;). The norm of the projection is computed according to

PYP = Y]~ [Py = me Wl — Z’” ij w; — ;)

_sz|uz uz|2__ Zzpi|ui_ﬂi|2_cl Z<’Oj_pj>2’
i=1 j=1

D (0=
where we used > | p;u; = 0 in the third equality, and C; > 0 depends on p, and the

2

j=1

L>*(Qr) norms of @;, j =1,...,n. Consequently,
2
(61> / / Z szpzp] 7,) ( U; — U])| dxds
2,7=1

>,UM/ /ZM% ;| d:cds—Cg/ /Z —pj) )2dxds.

We turn to the estimation of the terms on the right-hand side of (60). By the Lipschitz
continuity of x and Young’s inequality, K; is estimated as

Ky =— /t/ 1_(/1(0_ —0)+ (k — R)Q) V0 - V(logd — log 0)dzds

//|V log 6 — log 0) 2d:vds—I—C'g/ / (6 — 0)*dads,

and Cs > 0 depends on ¢, (see Assumption (A4)), and the L>(Q7) norms of 6 and V log 6.
A similar estimate shows that

t _0 _ _ _
K3 = —/ / ¢ 7 ¢ (kV(log8 —logh) + (k — R)V1ogh) - Vlog fdzds
0 Jo
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t t
< C—R/ / |V (log 6§ — log 0)|*dzds + 04/ /(9 — 0)*dxds,

Ly < — / /|V log — log 0)| dxds—l—C},/ /Z — pi)*dxds,

L3 < —“/ /|V(log9—log9)|2dxds+06/ /(Q—Q)deds,
8 Jo Ja 0o Ja

observing that Cyy depends on ¢, d and the L>(Q7) norms of 8, V log 6, and ;, Cs depends
on the L>*(Q7) norms of u;, and Cs depends on ¢, p*, §, and the L*({2r) norms of w;
(t=1,...,n). Moreover, by Young’s inequality again,

< //szlul ;| dxds+C’7/ /Z )2dads,

< M—M/ /Zpi|ui—ui|2dxds+08/ /(6’—9_)2dxds,
4 Jo Ja‘z 0 Jo

where C7 depends on p*, par, and the L*°(€Q7) norms of #; (i = 1,...,n), while Cs depends
on ¢, p*, and the L*({2r) norm of Vlog#. Finally,

L5<09/ /Z pzzdxds+010//8 0)2dads,

where Cy > 0 depends on the L>(Qr) norms of u; (i = 1,...,n), and Cyy depends on §
and the L= (27) norm of Vlog6.

Summarizing the previous estimations, we infer from (60), (61), and the lower bound for
Kk (see Assumption (A4)) the conclusion. O

It remains to estimate the right-hand side of (58) in terms of the relative entropy. For
this, we observe that, by [18, Lemma 16],

~ 1 Pi ) 2
g — | pilog — — (p;i — pi dx>C/ g — p;)dx.
/Q i i ( Pi s
Furthermore, for all functions f € C'(R) with f/(1) = 0,

f(s)— f(1) = (s — 1)/ fllo(s—1)+1)do = (s — 1)/0 fr(s=1)+1)|7_do

(5 1) //f 1)+ 1)drdo.

This yields, choosing f(s) = —logs +s— 1 and s = /0,

w 1 0—0)|dx > wp—————=—=dz > C [ (6 —0)dz,
/QC p( Og9+9( )) $_/§20 " max{0,0y2"" /Q( Fde
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where C' > 0 depends on the lower bound for @ in Q. By definition of the relative entropy,
we conclude from Lemma 16 that

H((p,6)(0)](p. O)(1)) + 2" / / > s s

' t
+%/ /|V(log0—log§)|2dxds§ C/ H(p,0lp,0)ds.
0 Jo ‘

Gronwall’s lemma shows that H((p,0)(t)|(p,0)(t)) = 0 and hence p(t) = p(t) and 6(t) =
0(t) = 0 in Q for ¢ > 0. This finishes the proof.
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