LARGE-TIME ASYMPTOTICS FOR DEGENERATE
CROSS-DIFFUSION POPULATION MODELS
WITH VOLUME FILLING

XIUQING CHEN, ANSGAR JUNGEL, XI LIN, AND LING LIU

ABSTRACT. The large-time asymptotics of the solutions to a class of degenerate parabolic
cross-diffusion systems is analyzed. The equations model the interaction of an arbitrary
number of population species in a bounded domain with no-flux boundary conditions.
Compared to previous works, we allow for different diffusivities and degenerate nonlin-
earities. The proof is based on the relative entropy method, but in contrast to usual
arguments, the relative entropy and entropy production are not directly related by a
logarithmic Sobolev inequality. The key idea is to apply convex Sobolev inequalities to
modified entropy densities including “iterated degenerate” functions.

1. INTRODUCTION

The aim of this note is to extend the large-time asymptotics result of [19] on multi-
species cross-diffusion systems with volume-filling effects to the degenerate case. Such
systems describe, for instance, the spatial segregation of population species [16], chemo-
tactic cell migration in tissues [15], motility of biological cells [18], or ion transport in fluid
mixtures [1]. The main difficulties of the cross-diffusion systems are the lack of positive
semidefiniteness of the diffusion matrix and the nonstandard degeneracies. The first is-
sue was overcome by applying the boundedness-by-entropy method [13], which exploits
the underlying entropy (or formal gradient-flow) structure. This allows for both a global
existence analysis and the proof of lower and upper bounds, without the use of a maxi-
mum principle. The second issue was handled by extending the Aubin—Lions compactness
lemma [19]. However, the large-time asymptotics in [19] only holds if the problem is not
degenerate. In the present note, we remove this restriction.
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The evolution of the volume fraction w;(z,t) of the ith species is given by

(1) 8tui:dinAij(u)Vuj inQ,t>0i=1,...,n
j=1
(2) ZAij(u)Vuj v=0 ond, wu(-,0)=u inQ,
j=1

where ug = 1 — )", u; is the solvent volume fraction or the proportion of unoccupied
space (depending on the application),  C R? (d > 1) is a bounded domain with Lipschitz
boundary, v is the exterior unit normal vector to d€2, and the diffusion coefficients are
given by

Ip;
(3) Aij(u) = Dipi(u)q(uo)dij + Dyuipi(u)q' (uo) + DiuiQ(UO)aul (w),
J
where 4,j = 1,...,n, u = (uy,...,u,) is the solution vector, D; > 0 are the diffusivities,

d;; denotes the Kronecker symbol, and p; and ¢ are smooth functions. In particular, the
bounds 0 < u; < 1 should hold for all ¢ = 0,...,n. The boundary condition in (2) means
that the physical or biological system is isolated. We note that equations (1) and (3) can
be written as

. u;p;(u) . oo UiDi(u)
(4) owu; = D; div (uzpl(u)q(uo)VIOg 2o ) D, div (q(uo) v 2(u0) )
In some applications, drift or reaction terms need to be added; see, e.g., [3, 9] for systems
with drift terms and [6] for reaction rates.

Equations (1) and (3) can be formally derived from a random-walk lattice model in the
diffusion limit [19, Appendix A]. The functions p; and ¢ are related to the transition rates
of the lattice model with p; measuring the occupancy and ¢ measuring the non-occupancy.
This class of systems contains the population model of Shigesada, Kawasaki, and Teramoto
[16] (if p; is a linear function and ¢ = 1) and Nernst—Planck-type equations accounting for
finite ion sizes (if p; = 1 and q(ug) = wp; see [9]). In this note, we consider the degenerate
case ¢'(0) = 0 and assume that there exists a smooth function x such that p; = exp(9x/du;)
to guarantee an entropy structure via the entropy density

n o
© hu) = Y (uslogus = 1)+ 1)+ [ loga(s)ds + x(w)

i=1 1
where u € D :={u € (0,1)": D"  u; < 1}.

There exist other approaches to model volume filling. The finite particle size may be
taken into account by adding cross-diffusion terms of the type u;V Z?Zl biju; to the stan-
dard Nernst—Planck flux [ 1] or by using the Bikerman-type flux J; = —D;(Vu;—u;V log ug)
in the mass conservation equation dyu; + div J; = 0 [1].

The global existence of bounded weak solutions to (1)—(3) was shown in [19, Theorem
1] assuming D; = 1 for i = 1,...,n and the following conditions:
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(H1) Domain: 2 C R? (d > 1) is a bounded convex domain with Lipschitz boundary,
T>0 Set D={ue (0,1)":>" u <1} and Qr =Q x (0,7).

(H2) Initial datum: v°(x) € D for a.e. z € Q and h(u’) € L}(Q).

(H3) Functions p;: p; = exp(9x/du;), where y € C3(D) is convex.

(H4) Function ¢: ¢ € C?([0,1]) satisfies ¢(0) = 0, ¢(1) = 1, ¢’(0) > 0 and ¢(s) > 0,
qd(s)>0foral0<s<1.

The convexity of Q in Hypothesis (H1) is used for the convex Sobolev inequality; see
Lemma 2 below. For generalized Nernst—Planck systems with p; = const., we may choose
x(u) = > | u;, which satisfies Hypothesis (H3). Moreover, if p;(u) = P;(u;) for some func-
tions P : [O 1] = [0, 00), condition p; = exp(dx/0u;) is satisfied with x(u) = > "1 xi(w)
and x;(s fo log P;(7)dr. The functions ¢(s) = s* with a > 1 satisfy Hypothesis (H4).

We clalm that the existence result also holds for arbitrary D; > 0. Indeed, it is sufficient
to define X(u) = x(u) + > 7, u;log D;, since exp(9x/0u;) = D;exp(dx/du;) = Dip;, and
we can apply Theorem 1 in [19] with ¥. We observe that the condition ¢'(s)/q(s) > ¢; > 0
in [19] is not needed for the existence analysis.

The weak solution u = (uy,...,u,) to (1)-(3) satisfies u(x,t) € D for a.e. (z,t) € Qr,
mass conservation, the regularity

\/q (uo), \/q (uwo)u; € L2(O T;H' (), Vq(u)Vu; € L2(QT),
Ow; € L*(0,T; HY(Q)) fori=,1...,n,

and the weak formulation

/0 (Opui, gi)dt = / /D V(o) [V (uipi(u)\/q(uo)) — 3uipi(w)V/q(uo)] - Vdadt

for all ¢; € L*(0,T; H'(Q)), i =1,...,n, where (-, -) denotes the duality product of H'(Q)’
and H'(2). Moreover, the initial datum in (2) is satisfied in the sense of H'(€)" and the
entropy inequality

© [ ntuoyts e [ t / (q(u())iileFHVWF)dxdrS | ntutsa,

holds for 0 < s < t, t > 0 for some ¢y > 0 depending on D;, p;, and ¢, recalling defini-
tion (5) of h(u). The L>(Qr) bound for u; and the L?*(Qr) for \/q(uo)Vu; imply that
V (uipi(u)\/q(ug)) € L*(Qr), so that the weak formulation is well defined.

Our main result is the convergence of the solutions to (1)—(3) towards the constant

steady state
1 n
u?:ﬁ/ugdl’ fori=1,...,n, ugozl—Zu‘f’
Q =1

for large times under the following additional hypothesis:

(H5) ¢ is convex, ¢q/¢" is concave, and there exist 5 € [0,1], ¢; > 0 such that
B
lim >4 (s)
5—0 q(s)

=c; > 0.
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Examples of functions satisfying Hypothesis (H5) are ¢(s) = s* with a« > 1. The conver-
gence (with exponential decay rate) was proved in [19] for the nondegenerate case ¢’'(0) > 0
only. In the degenerate situation ¢’'(0) = 0, the numerical results of [9] indicate that expo-
nential rates cannot be expected. Therefore, we show the convergence without rate.

Theorem 1 (Large-time asymptotics). Let Hypotheses (H1)-(H5) hold and let uw = (uy,
., Uy) be a weak solution to (1)—(3) satisfying the entropy inequality (6). Then u;(t) — ug®
strongly in LP(Q2) ast — oo foralli=1,...,n and 1 < p < 0.
The idea of the proof is to exploit, as in [19], the relative entropy density (or Bregman
distance)
(7) W (uu™) = h(u) = h(u™) = h'(u™) - (u—u™),
where u = (uy, ..., u,) is the weak solution to (1)—(3). The entropy inequality implies that

dh* -
A ) + C—”/ SV Valum) s < 0.
ar 2 Jo 2

Unfortunately, the entropy production integral cannot be estimated in terms of the relative
entropy directly by applying a logarithmic Sobolev inequality to u;. We overcome this issue
by using two ideas.

First, we apply the logarithmic Sobolev inequality to \/q(uo)u;,

Q(Uo)uz‘ / 2
uo)U; 1o de < C V/ q(ug)u;|“de.
/QQ( o) & Q[ fQ q(uo)udx Q | (o)l

The idea is to relate the integrand of the left-hand side to the relative entropy part
Ry (ulu™) =30 (wilog(u;/ui®) — u; + ug®)dx. For this, we define

n

q(uo)u; 1 / )

u) = ug)u; lo — q(ug)u; + — ug)w;de | .
)= 3 (st ton s —atwnh+ gy [t

Since [ [ |V/q(uo)u;*dadt < oo, we also have [° [, fi(u)dzdt < oo, and there exists

a subsequence t;, — oo such that fi(u(t;)) — 0. The key result is the limit (see Lemma 8)

: fi(u(tr)) )
lim — hi(u(ty)|u™) ) =0.
(o stuctiyas ~ o™
This result shows that hj(u(t;)|u™®) — 0 as tp — 0.
Second, instead of the part hj(ulu™®) = ['2 log(q(s)/q(ug®))ds of the relative entropy

o0
Yo

t—00

density, we analyze the function

q(uo)
q(s)
fa(ug) = / log —=ds,
q Q(q )
where ¢ := |Q|™" [, ¢(uo)dz, which can be seen as an “iterated” version of hj(ulu™), since
it involves g o ¢ instead of ¢. Then an application of the convex Sobolev inequality yields a

bound for the integral over |V+/q(ug)|* without the need of condition ¢'(0) > 0; see Remark
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6 for details. It follows from [ [, [V/q(uo)|*dzdt < oo that [~ [, f2(u)dzdt < oo, and
there exists a subsequence t;, — oo such that fo(u(tg)) — 0.

The convergences fi(u(ty)) — 0 and fo(u(tx)) — 0 as well as the monotonicity of the
entropy imply that h*(u(t)|u>) — 0 pointwise. The monotonicity of ¢ — [, h*(u(t)|u*)dx
then implies the convergence for all sequences ¢t — oo and finally u;(t) — u$® strongly in
L*(Q).

To conclude the introduction, we mention some results on the large-time asymptotics for
diffusion systems. Exponential equilibration rates in L?(£2) norms were shown for reaction-
diffusion systems in [8, 7], for electro-reaction-diffusion systems in [10], and for Maxwell-
Stefan systems for chemically reacting fluids in [6, 14]. The convergence to equilibrium
was proved for Shigesada—Kawasaki-Teramoto cross-diffusion systems without rate in [17],
for instance. All these results concern nondegenerate diffusion equations. The work [3]
is concerned with the large-time asymptotics for systems like (1) with D; = p; = 1 and
q(up) = o without rate. The asymptotics for solutions to Poisson—Nernst—Planck-type
equations with quadratic nonlinearity was investigated in [20] using Wasserstein techniques.
Decay rates for degenerate diffusion systems without cross-diffusion terms were derived in
[5]. An extension of our results to cross-diffusion systems with drift or reactions seems
delicate; see Remark 9 for drift terms and [6] for cross-diffusion systems with reversible
reactions.

2. PROOF OF THEOREM 1

We first recall the convex Sobolev inequality; see [19, Lemma 11].

Lemma 2 (Convex Sobolev inequality). Let Q C R? (d > 1) be a conver domain and let
g € C*(R) be convex such that 1/g" is concave. Then there exists Cs > 0 such that for all
v € LY(Q) such that g(v), ¢"(v)|Vul* € L'(Q),

y Jontz = o(gq [ vie) < g [ ol

The logarithmic Sobolev inequality is obtained for the choice g(v) = v(logv — 1) + 1:
(8) /vlog 1—dx < 403/ IVV|?dx
Q7 fqvd

and for functions \/v € H'(Q).
Since h(u*) is independent of time (because of mass conservation), the entropy inequality
(6) implies the relative entropy inequality

o [reopda [ [ (o Z 9+ [V ) deds

< /Q B (u(s) [u™)
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for 0 < s < tandt > 0, where h*(u|u>) is defined in (7). As mentioned in the introduction,
we cannot apply the logarithmic Sobolev inequality (8) with v = w; since g(ug) = 0 for
uo = 0. Instead we apply this inequality to v = q(ug)u;.

We split the relative entropy density ~* into three parts, h* = h] + h} + hj, where

u.
Biufu®) = 3 (wlog = —u; +ui® ).,
T (u]u™) (u ogu?o u+u1)

=1

o als)
R (u|u™) :/ log —<ds,
? ug® q(uo )

A (™) = x(u) = (™) = 3 ( — ) log p(u™)

where x is introduced in Hypothesis (H3).
Lemma 3. The functions hi(-|u™), i = 1,2,3, are nonnegative and bounded on D.

Proof. The function hj is bounded since u; — u; log u; is bounded for 0 < w; <1, and Aj is
bounded thanks to Hypothesis (H3) on p;. Integrating by parts in hj(u|u>) and observing
that uglog q(ug) < 0, we find that

“ (uu™) = uy log q(uo) A . AON
(10) R (u|u™) = ugl ) /ugo q(s)d < —log q( 0)—i—/0 q(s)d'

By Hypothesis (H5), lim, .o s¢'(s)/q(s) = lim, 0 s*77 - s%¢/(s) /q(s) is finite (here, we need
B < 1). Therefore, s — sq'(s)/q(s) is bounded on [0, 0] for some ¢ > 0. On the other hand,
s +— sq'(s)/q(s) is also bounded on [6, 1] since this function is continuous and ¢(s) > 0

for s > 0 is nondecreasing. This shows that fol(sq’ (s)/q(s))ds is bounded, proving the
claim. g

2.1. Study of some auxiliary functions. The study of the large-time behavior is based
on the analysis of the two functions

n

U ) U ~ q(uo) s
(11)  filw) = ; (Q(UO)Uz log% q(uo)u; + Qi)a Ja(ug) = /(7 log ng;ds

for u € D, where

1 1
12 q:—/qu dx, qi:—/qu u;dx.
- il Jo 1 af J,

Lemma 4. The function fi is nonnegative, and the function fa is nonnegative and bounded
onD.

Proof. Set z = q(ug)u;/@ and let u € D. Then

= Z(ji(zlogz—z—i- 1) >0,
i=1
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proving the first claim. To show the nonnegativity of f, we distinguish two cases. If
q(up(z,t)) > q at some (z,t) € Qp, then log(q(s)/q(q)) > 0 for any ¢ < s < q(up(z,1))
and consequently fo(u(x,t)) > 0. If g(ue(z,t)) < g, we have log(q(s)/q(q)) < 0 for
q(uo(z,t)) < s < qand fo(uo(z,t)) = qu(uo(x,t)) log(q(q)/q(s))ds > 0.

It remains to show that f5 is bounded. Since ¢ is convex, Jensen’s inequality shows that
7> q(|Q" [ uodx) = q(ug®). Then, using integration by parts and arguing as in (10),

q(q(uo)) /q(““) J2() q'(s)
q(q) g q(s) q(s)
—10gq(q(u8°))+/0 siéj;ds.

We already showed above that the last integral is bounded. This finishes the proof. U

fa(ti0) = q(uo) log ds < —q(uo) log 4(q) + / RACP
0

2.2. Convergence of f; and f,.

Lemma 5. It holds for a.e. x € Q, s € (0, 1] that
lim fi(u(z,s+ N))=0, lim fy(ug(z,s+ N))=0.
N—o0 N—o0

Proof. The idea is to exploit the boundedness of the entropy production integrated over
€ (0,00). First, we consider f;. We know from (9) for s = 0 and ¢t — oo that

(13) CO/OOO/Q <q(u0)Z]V\/u_i\2+|V\/q(u0)|2>d:cdt§/Qh*(uo\uoo)da:
Thus, in view of q(ug)u; > 0 and
IV q(uo)uil* = q(uo) [V v/l + 2¢/q(uo)uiV v/ q(uo) - Vi/us + ui| V/q(uo) |
< 2q(uo)|Vv/uil* + 2|V /q(uo) [,

it follows for a constant C' > 0 being independent of time that

/ /\V\/q(uO)uidedtgc.
0 Q

Furthermore, by the logarithmic Sobolev inequality (8), applied to v = q(ug)u;,

/ / U ullog uzd <C/ /]V\/ uo)u;|*dr < C,

recalling definition (12) of g;. Taklng into account definition (11) of f;, we see that

/0 /Qf““(x”f))dxds = NZ:O/O /Qfl(u(x, s+ N))dads < o,

Therefore, the sequence N fol Jo fi(u(-, s + N))dads converges to zero,
Nlim filu(z,s+ N)) =0 forae x€Q, se(0,1].
—00
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Next, we prove the limit for f,. For any fixed ¢ > 0, we introduce the nonnegative
function

1) = ) o) q(a) o S
f(s,t)—/q(t)lgq(q(t))d, 0<s<l.
(

By Lemma 4, x — f(q(uo(x,t));t) = fao(u(z,t)) is integrable in Q for any fixed ¢ > 0.
Moreover, f(-,t) is twice differentiable in (0, 1):
df qg(s)  &f q'(s)
—(s;t) = log ——, —=(s;t) =
a5 =B gy a0 T )
We infer from the positivity of d?f/ds® that f(-,t) is convex. By Hypothesis (H5),

(d%f/ds*)™' = q/q is concave. Thus, the assumptions of the convex Sobolev inequality
(Lemma 2) are satisfied for f(q(uo(x,t));t):

’Q’/f (uo(z,t));t)dx (’;N/ (uo(x,t))da:;t)

dlalunle ) o o
<c@ [ daluo(z. 1)) ¥ Aol

Hence, since f(G(t);t) = 0 by definition and recalling that f(q(uo(z,t));t) = fa(uo(x,t)),
the previous inequality becomes

/Q e < C@) /quo)q(( ) IVq uo e /|v i,

q(q(uo))  q(u
where we used Hypothesis (H5) to infer that

sq'(s) _ (-8 SBC]/(S)
q(s) q(s)

is bounded in [0, 1]. By (13), the integrated entropy dissipation is finite:

/jéﬁ@@@dtg(}/j/va\/Mdedtgc.

Therefore, arguing as for the function f;, we obtain limy_, fa(ug(z,s + N)) = 0 for a.e.
x € Q, s € (0,1], which finishes the proof. [l

> 0.

with s = q(u)

Remark 6. In the nondegenerate case ¢’(0) > 0, it was shown in [19, Section 5] that
t — hi(u(t)|u>) converges to zero exponentially fast. Indeed, applying the convex Sobolev
inequality similarly as in the previous proof,

(15) Lhz(u|uW)dx§CL qé“o))\v |dx—4C’/ |VV “)0|

and we conclude from the entropy inequality (6) and Gronwall’s lemma. Since we allow
for ¢'(0) = 0, this argument cannot be used here. We solve this issue by considering
the “iterated” function f, involving g o ¢ and assuming that s — s¢’(s)/q(s) is bounded;
see (14). The iterated use of ¢ gives the term |V/q(ug)|* in (14) without requiring the
nondegeneracy condition ¢’'(0) > 0. O
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A consequence of the limit for f5 is the following result.
Lemma 7. If limy o fo(uo(z,s + N)) =0 for some x € Q, s € (0,1] then

lim q(up(z,s + N))

=1
N—oo (s + N)

Proof. We write ul¥ := u;(z,s+ N) and ¢¥ = ¢(s + N) to simplify the notation. We recall
from Lemma 4 that f, is nonnegative and change the variable o = s/g" in the integral:

q(ug’) q(ud")/aY =N
q 1

v q(q") q(q")
a(ud)/a™ =N
9(¢"0)
> q(u’ / log — —~~do,
) ) a(@")
where we used Jensen’s inequality to find that ¢V > ¢(|Q|™" [, u dx) = q(ug®). Moreover,
since ¢V < 1,

a(ud’)/a™ N a(ud)/a 7N
q(ugo)/ log a(q a)da < fQ(UéV> < / log a(q J)da.
1 1

q(q™) q(q™)
This shows that limy_ o f2(ul") = 0 if and only if
a(ud’)/a™ =N
. q(q o)
16 lim log ———=do = 0.
(16) N—oo [y q(q)

Set A = {(z,s) € Q x (0,1] : limy_e0 fo(up(z,s + N)) = 0}. We want to show that
limy oo q(ul) /@ =1 for (x,s) € A. If not, there exist (xg,s0) € A and gy > 0 such that
either

N N
M) 1 g o M) o) feral NeN.
q q

In the former case, we have q(7Vo) > q(gV(1 + &0/2)) for ¢ > 1 + £4/2, since q is
increasing, and therefore,

a(ud’)/a™ =N 1+eo N
(17) / log q(qua)da > / log alq”(1 360/2»(10.
1 q(q™) 14€0/2 q(qV)

Using the convexity of ¢, a Taylor expansion shows that ¢(¢" + ¢"eo/2) > q(gV) +
¢ (7 )qVeo/2. Then the integrand of the previous integral can be estimated according

to s (q(ch(ql(;Vjoﬂ))) > log (1 n %ﬁ%) > Jog (1 n coq(ug°)15%0>,

where we used Hypothesis (H5) and ¢ > q(u$°) in the last step, and ¢y > 0 is some
constant. As the right-hand side is independent of o, we infer from (17) that

q(ug) /" =N
q(q o) o 1-8%0
10g—d02—10g(1+cqu°° — .
/1 a(7") 2 oA
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In the latter case q(ud’)/qY < 1 — &o, we estimate as

N

a(u)/a =N 1 =N
/ log q(q_Na)dU —/ log q(_qN) do
! q(qa™) audyy a(@o)

1—e0/2 ~N

q(q")
> log — do.
/1_50 q(gV (1 —e0/2)

We apply again a Taylor expansion, similarly as in the first case,

a(@) = q(qN <1 - %0) + %QN) > q(ciN <1 - %)) + q’(qN(l - %))%‘)q]v

which leads to

q(q
q(q" (1 —e0/2)

Thus, in both cases,

wNY/gN _
/q( 0)/a log q(@Vo)
1 q(q"™)

which contradicts (16) and consequently limy o fo(ud) = 0. O

™)

log

(@ (1 — 202
> log (1 44 (g (1= 2o/ >)@qN) > log (1 + coq(ugo)l_ﬁ%).

do > 0 uniformly in N € N,

2.3. Key lemma. We show that f;(u(-,s+N))/q(s+N) and hi(u(-, s+ N)|u™) are close
for sufficiently large N € N. The following lemma is the key of the proof.

Lemma 8. For a.e. x € Q, s € (0,1], it holds that

lim (fl(u(”“"’ SHEN) e s + N)yuOO)> 0.

N—o0 (j(S -+ N)

Proof. We set u™ :=u(-,s+ N), % = q(s+ N), and ¢’ = |Q|™" [, ¢(u{")u)’ dz. Inserting
definition (11) of fi, the lemma is proved if we can show that for any i = 1,... n,

T q(u)) Ny qug)uy _ q(ud’) n @_ N ﬂ N o
(18) 0= ]\llinoo (—qN u; log N ] u; + N u; log u tu; —u

N Ny, N N N
= lim {(%]\?)ufv log% —ul log u_z> — (Q(ZS )ufv — ufv)
N—o0 q ; u;*® q

Fix i € {1,...,n}. We know from Lemmas 5 and 7 that limy_, q(ul)/q" = 1 ae.
Together with the boundedness of u, this shows that

N
lim (q(uo )uN —ufv) =0

N—oo ch ’
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as well as

N Ny, N N
lim (_q(;\(; )ufv log —q(uz\;ul —ul¥ log Z—;)

L (q(q_jvff)uzv o /T )

N
— u; log ~
QZN /N Uu;

N N N N
— lim {Q(Uo )uNlog q(ug) i (Q(uo) _ 1)ufvlogu—io
u

v qv a~

7

N N J =N N =N J =N
— Q((;S )ufv log 4% /9 {g } = — lim q(uj\? )ufv log q’u/gg

i N—oo @

To show that the limit on the right-hand side equals zero, we observe that, because of mass
conservation and dominated convergence,

~N N
m (5 ) = i (& [ L0 vy
i (G ) = i (e -
1 N 1 1 N
= lim <—/ q(uj\?)ufvdx——/u?dx) = lim — <q(u]3) —1)u£vdx:0,
N=oo \ | Jo g 9] Jo N—oo |Q q

and this is equivalent to limy_,o, log((7" /q")/u$®) = 0. We conclude that

N Ny, N N
lim <Mu]y log m — ufv log u—éo) =0.

Nooo \ gV ay U

Putting together the previous limits, we have proved (18). U

2.4. Convergence of h*. We conclude from Lemmas 5 and 8 that limy_,., h}(u™ [u*>) = 0.
We claim that also h} and hj converge to zero as N — oo. Since ul¥ and u$® are bounded
in [0, 1], we have the estimate [12, Lemma 16]

%iwiv Z ¢

showing that u)¥ — u® a.e. in Q x (0,1] as N — oo for i = 1,...,n. We deduce from the
continuity of x that also limy o h5(u™|[u™>) = 0.

For the limit of hj, we observe that uf) =1—> """  ul¥ — uy a.e. Hence, for any fixed
(x,s) € Qx(0,1], there exists Ny € N such that 1/2 < ug(z, s+ N)/u < 3/2 for N > N,.
Next, we write hj as

W als) W glugo)
R (u™ |u™ :/ log R _gs = u°°/ logq 0 do.
™) w o q(ug) ° L q(ug?)

Since the integrand is a function in L'(1/2,3/2), it follows from the absolute continuity of
the integral that limy o h3(u™|u™) = 0 a.e. in Q x (0,1]. By definition of h*, we have
proved that limy_,o h*(u™|u>) = 0.

3 (3

- (W =) = )
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2.5. Convergence in L?(Q2). We deduce from the relative entropy inequality (9) that
t = o h*(u(t)|u>)dz is bounded and nonincreasing. Then it follows from the limit
lmpy oo h*( N|u>®) = 0 that in fact we have the convergence for all sequences ¢ — oo,
limyo0 [ P*(u(t)|u*®)dz = 0 and in particular, since h3 > 0 and hj > 0,

lim [ Aj(u(t)|u™)dz = 0.

t—o00 Q

Using [12, Lemma 16] again, we have

N—oo 2 N—oo Q

1 n
lim —Z/(uz(t) —u)dr < lim [ hi(u(t)|u™®)dz = 0.
i=1 /9

The convergence in LP(2) for any p < oo then follows from the uniform bound for (u;(t)):o,
finishing the proof.

Remark 9 (Drift terms). Equations (4) with drift terms read as

Oyu; = D; div {uipi(u)q(uo)V(log uipi(v) + @i) }, i=1,...,n,
q(uo)

where ®; = ®,(z) are given (electric or environmental) potentials. Adding the associated
energy to the entropy density (5),

n

ug
ho(u) = Z(ui(logui —-1)+1) +/ log q(s)ds + x(u) + Zul i
1

=1

we can compute (formally) the entropy inequality, giving

d w;pi(w) 2
i | dx+/ZDu1pz )v(log +c1>i>

q(uo)
It was shown in [19, Section 3.2] that the entropy production term with ®; = 0 can be

bounded from below by p;(u)(q(uo) >y [Vv/wil* + |V /q(up)|?). Such an estimate seems
to be impossible in the presence of V®;. Indeed, the entropy inequality shows that

f fotwree (5
— /0 /Q w;ipi(u)q(uo) V(bg il +q)i>

Q(Uo)

Thus, in the special case ¢(0) > 0 and if ®; is bounded from above, we conclude the
existence of a subsequence t; — oo such that V(u;p;(u)e® /q(ug))*/?(t) — 0 strongly
in L?(Q2) as k — oo, and one may proceed similarly as in [2, Section 5]. However, the
condition ¢(0) = 0 is needed to model correctly the transition rate of nonoccupied cells in
the lattice model [3, 19]. O

dz = 0.

2

dx

2
< OQ.
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