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Abstract

A degenerate fourth-order parabolic equation modeling condensation phenomena related to Bose-
FEinstein particles is analyzed. The model is a Fokker-Planck-type approximation of the Boltzmann-
Nordheim equation, only keeping the leading order term. It maintains some of the main features
of the kinetic model, namely mass and energy conservation and condensation at zero energy. The
existence of a local-in-time nonnegative continuous weak solution is proven. If the solution is not
global, it blows up with respect to the L norm in finite time. The proof is based on approximation
arguments, interpolation inequalities in weighted Sobolev spaces, and suitable a priori estimates
for a weighted gradient L? norm.
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1 Introduction

The dynamics of weakly interacting quantum particles like bosons can be described by the homoge-
neous Boltzmann-Nordheim equation for the distribution function f(x,t) depending on the energy
x >0 and time ¢t > 0 [16],

fulan t) = jﬁ /D S(fafal+ £+ fo) — fifa(1+ f3)(1+ fa))dwsdas, (1.1)

where x9 = x3 + x4 — 21, D = {23 + x4 > x1}, and the transition rate S in the energy space depends
on xy,...,r4. The main feature of this equation is the existence of finite-time blow-up solutions if
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the initial density is sufficiently dense, modeling the condensation process [11]. The post-nucleation
self-similar solution was investigated in detail by Spohn [23]. Due to the high complexity of the
Boltzmann-Nordheim equation, approximate Fokker-Planck-type equations modeling condensation
phenomena related to Bose-Einstein particles were studied in the literature.

For instance, if the energy exchange of each collision is small, the Fokker-Planck approximation of the
Nordheim equation in the non-relativistic regime leads to the so-called Kompaneets equation [21]. It
was originally suggested to describe the evolution of a homogeneous plasma when radiation interacts
with matter via Compton scattering. Escobedo et al. [10] showed that this equation develops singu-
larites at zero energy.

Another Fokker-Planck model was studied by Kaniadakis and Quarati [19, 20], proposing a nonlinear
correction to the linear drift term to account for the presence of quantum indistinguishable particles
(bosons and fermions). The model was derived in [1] from a Boltzmann Bose-Einstein model in the
crazing collision limit. Toscani [24] proved that the limit equation possesses global-in-time solutions if
the initial mass is sufficiently small and the solutions blow up in finite time if the initial mass is large
enough.

A Fokker-Planck-type equation, only containing the superlinear drift term, was analyzed recently by
Carrillo et al. [8]. The existence of a unique measure-valued solution, which concentrates the mass at
the origin, was proven. Moreover, all mass concentrates in the long-time limit ¢ — oo.

All these Fokker-Planck equations are of first or second order. A higher-order Fokker-Planck approx-
imation of the Boltzmann-Nordheim equation was motivated by Josserand et al. [16]. This model
is the subject of this paper. Assuming that the main contribution to the collision operator on the
right-hand side of (1.1) comes from the neighborhood of z ~ 1 ~ x5 ~ x3 &~ x4, the integrand of the
collision operator can be expanded to second order, leading to the fourth-order parabolic equation

up = a2 <x13/2(u4(u_1)m — u2(logu)m)> , z€(0,00), t>0, (1.2)

where u(z,t) denotes the energy distribution. This approximation maintains some of the features
of the original Boltzmann equation. Indeed, assuming no-flux-type boundary conditions at x = 0
and x — oo, this equation conserves the total mass N = fooo 21/2udz and the kinetic energy E =
I 23/2udz. Furthermore, the entropy S = JoS (1 4 w) log(1 + u) — ulog u)z'/?dz is nondecreasing,
and the equilibrium is reached at the Bose-Einstein distribution u = (e@~#/T —1)~1 where p and T
are some parameters [16].

We expect that the local approximation (1.2) contains the relevant information on the finite-time
collapse of the distribution function. For such a study, it is reasonable to keep only the leading-
order cubic term in (1.2). Furthermore, we restrict ourselves to the finite energy interval (0, L) for
an arbitrarily large L > 0 to avoid some technicalities due to infinite domains. Because of the
condensation at energy x = 0, we expect that the density essentially vanishes for large energies which
makes Neumann-type boundary conditions at x = L plausible.



More precisely, in this paper we shall subsequently consider the slightly generalized problem given by

U = B (xaun+2(u—1)xm> , e t>0,
T
$aun+2(uil)xa: = <$aun+2(uil)$z> =0, r=0,1>0,
N (1.3)
uﬂ}:ul’l’x:o? x:L,t>0,
u(z,0) = up(x), x € (),

where o > 0, 5 € R, n > 0, and Q = (0, L) C R, with a given nonnegative function wuy.

The boundary conditions at = 0 correspond to those imposed in [16, Formulas (13)-(14)]. In the
original equation, we have a = 13/2, f = 1/2, and n = 2. The approximate equation in (1.3) still con-
serves mass and energy. Moreover, it admits the stationary solutions u(x) = =7 with o € {0, 1, %, % ,
containing the same Kolmogorov-Zkharov spectra as the full Boltzmann-Nordheim equation [16, Sec-
tion 3.3]. This indicates that there is condensation at zero energy x = 0.

From a mathematical point of view, significant challenges for the analysis stem from the fact that the
parabolic equation in (1.3) degenerates both at v = 0 and at x = 0; accordingly, the literature does
not yet provide any result for this equation, except for the heuristic study on self-similar solutions
in [16]. It will turn out that this double degeneracy drastically distinguishes the solution behavior
in (1.3) from that in related well-studied degenerate fourth-order parabolic equations such as the
thin-film equation u; + (W Ugzz)z = 0 [3, 2, 9]. Whereas e.g. the Neumann problem for the latter
equation always possesses a globally defined continuous weak solution which remains bounded [5, 6],
we shall see in the forthcoming paper [18] that the particular interplay of degeneracies in (1.3) can
enforce solutions to blow up with respect to their spatial norm in L*(2) within finite time. More
generally, quite various types of higher-order diffusion equations such as e.g. the quantum diffusion or
Derrida-Lebowitz-Speer-Spohn equation [14, 17], equations of epitaxial thin-film growth [25], or also
some nonlinear sixth-order equations [7, 12, 22] have recently attracted considerable interest. To the
best of our knowledge, however, such effects of spontaneous singularity formation, only due to a pure
diffusion mechanism without any presence of external forces, have not been detected in any of these
examples.

Against this background, the furthest conceivable outcome of any existence theory can only address
local solvability. The goal of the present work is to establish an essentially optimal result in this
direction, asserting local existence of a continuous weak solution u that conserves mass and that can
be extended up to a maximal existence time Ty, € (0,00] at which [[u(-, )|z (o) must blow up
whenever T),q. < 00.

Before we state our main result, we introduce some notation. We define for v € R the weighted
Sobolev space
1,2 1,2 . 2 2

W) = {v e W0 (Q) : ||’UHL2(Q) + ||957/ V|| r2(0) < oo}
2
2@ T
set Q C R™. The space C*'(Q x (0,7)) consists of all functions u such that .., and u; exist and
are continuous on € x (0,7"). Furthermore, for any (not necessarily open) subset Q C R", C§°(Q) is
the space of all functions such that supp(f) C @ is compact.

with norm ||v[ly = (||v| )+ Hx’Y/2UxHL2(Q))1/2. We denote by x¢ the characteristic function on the



Definition 1.1 Let n, o, 8 € R, and T > 0, and suppose that ug € C°(QQ) is nonnegative. Then by
a continuous weak solution of (1.3) in Q x (0,T) we mean a nonnegative function v € C°(Q x [0,T))
with the properties u € C+1(((0, L] x (0,7)) N {u > 0}) as well as

X{u>0}xo‘u"um € LZIOC(Q x [0,T)) and X{u>0}xau”_1u§ € L}OC(Q x [0,T)), (1.4)
for which u(-,t) is differentiable with respect to x at x = L for a.e. t € (0,T) with
uy(L,t) =0 for a.e. t € (0,T), (1.5)

and which satisfies the integral identity

T T
—/ /xﬂuqStd:L‘dt—/xﬁuogb(.,o)dm:/ /X{u>0}[—xau”um—|—2xaun_1ug]¢mdmdt (1.6)
0o Jo Q 0o Jo

for all € C§°(Q x [0,T)) fulfilling ¢(L,t) =0 for all t € (0,T).

Note that if u is a positive classical solution in the sense of this definition and « > 1, then partial
integration in (1.6) shows that u satisfies the boundary conditions in (1.3). Our main result reads as
follows.

Theorem 1.1 (Local existence of solutions) Let n € (n*,3), where n* = 1.5361 ... is the unique
positive root of the polynomial n +— n® + 5n? + 16n — 40. Let o > 3 and B € (—1,a — 4). Then for
any v € (b — a+ f5,1) and each nonnegative function ug € W%’Z(Q), there exists Tmqaz € (0, 00] such
that (1.3) possesses a continuous weak solution u € LS ([0, Trax): W12(Q)). Furthermore,

if Trnaz < 00 then limsup |lu(:,t)|| Lo (o) = oo, (1.7)

t—Tmax

and the solution conserves the mass in the sense that

/xﬁu(a:,t)da: = / tPug(z)dz  for a.e. t € (0, Thae).
Q Q

Note that the physical values o = %, = %, and n = 2 are admissible choices in the theorem.

A cornerstone in our analysis will consist in establishing an a priori estimate of the form

d

— [ 2uidr + C/$a—6+wunu2

Txrxr

dm+c/ L T Tt Vi d:c+c/ 2o P4 S da
Q Q

xr rr

+ c/xa'3+'y2u”u§mdx+c/xa6+72u"2uidx
Q Q

n+2

C+C</me§dx> ’ (1.8)

for appropriate ¢ > 0 and C' > 0, which can formally be derived from (1.3) under the restrictions for
a, B, v, and n made in Theorem 1.1. Upon integration, (1.8) will imply appropriate weighted integral
estimates for u and its derivatives on small time intervals, inter alia the inequality

IN

/ V2 (z,t)de < C for all t € (0,7) (1.9)
Q
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for some C' > 0 and appropriately small 7' > 0.

A rigorous variant of (1.8) is shown in Lemmas 4.1 and 4.2. In view of the degeneracies in (1.3),
our analysis will rely on a suitable regularization. To achieve this, we shall replace =% and z® by
(z+¢)7? and g.(z), respectively, where & > 0, g. is positive in Q, and g. , vanishes on the boundary.
The latter condition ensures that the approximate flux J = —g.(2)(—u"ug, + 2u™ 'u2) vanishes on
the boundary as well. We emphasize that unlike typical approaches in related equations such as the
thin-film equation, our regularized problems are still degenerate at u = 0. To circumvent obstacles
stemming from this, we shall first consider stricly positive initial data only; however, this will require
additional efforts in ruling out that the local-in-time approximate solutions thereby obtained do not
approach this critical level © = 0 within finite time (see Lemma 5.2).

The limit process € — 0 will then be carried out on the basis of a spatio-temporal Holder estimate for
the approximate solutions, which thanks to the fact that v < 1 can be derived from (1.9) along with
the adaptation of a well-known argument from parabolic theory, which turns this into an appropriate
Holder estimate with respect to time (Lemma 6.1).

The paper is organized as follows. In Section 2, we introduce the family of approximate problems.
Interpolation inequalities in weighted spaces, which are needed for the existence analysis, are shown
in Section 3. The proof of the a priori estimates (Lemmas 4.1 and 4.2) is the subject of Section 4.
Then Section 5 is concerned with the local existence for the approximate problems and the absence of
dead core formation. A Holder estimate for the approximate solutions is derived in Section 6. Finally,
the proof of Theorem 1.1 is presented in Section 7.

2 A family of approximate problems

We formulate a family of approximate problems in which the singularity at x = 0 is removed but
the boundary conditions in (1.3) hold at x = L and x = 0. To this end, we let ¢g = mln{l VL }
and for e € (0,g0), we choose (. € C§°(2) satisfying 0 < (. < 1 and (.(y) = 1 for y € (¢2, L —
Furthermore, we set

x)z&%—/ogﬁfg(y)dy, x € 1[0, L].

Then the function z. belongs to C*°([0, L]), z-(z) > ¢ for all € [0, L], and it satisfies homogeneous
Neumann boundary conditions, 2. ,(0) = 2.,(L) = 0. Then g. := z% belongs to C*°([0, L]) and
satisfies g > £% on [0, L] and g. »(0) = g- - (L) = 0. Further pointwise estimates for g. are summarized
in the following lemma.

Lemma 2.1 (Properties of g.) Let a > 0. Then the following properties hold:
(i) There exists a positive decreasing function A :[0,e0) — (0,1) such that info .y A >0, A(0) =1,
and for all € € (0, <),
Ale)(z +e)* < g:(z) < (z+€)*, 2 €[0,L]
(i) There exists ¢ > 0 such that for all € € (0,¢e9),

0 < gelz) <clx+e)* Y, zelo, L)



(11i) There exists ¢ > 0 such that for all € € (0,ep),

Gex ($)2

9: ()

<clx+e)* 2%, xelo, L]

PrOOF. (i) Since (. < 1, we have z.(z) < e+ x for = € [0, L]. This yields the second inequality,
ge(x) = ze(x)® < (x + ). To prove the first one, we divide [0, L] into three subintervals. First, for
x € [0,€2] the property z.(x) > ¢ yields

zg(:v)> € e 1
r+e xt+e e24+e 1+4¢€

Next, if 2 € (¢2, L — €2) then (.(z) = 1, whence using that z.(c?) > ¢, we obtain

=0~ (e [ew) 2 S o

T+e T+e z+e 24+e 1+4e

We finally consider the case x € [L — &2, L], in which because of the nonnegativity of z. and the fact
that (. = 1 on [¢2, L — 2], we infer that

ze(x) - z(L—¢€?) e+ (L—2¢% - L+e—2¢? ) 2¢?

r4+e - x+e T+e -~ L+e L+e
The claim hence follows by defining A(g) = min{1/(1+¢),1 —2¢2/(L +¢)}.
(i) As0<z., <1, wehave g., = @z 12, < z2 1in [0, L]. Thus, (i) implies (ii).
(iii) This follows directly from (i) and (ii). O

With the above choices of g9 > 0 and g., we proceed to regularize the original problem appropriately.

The idea is to replace in the first equation in (1.3), rewritten in the form wu; = 272 (—xu Uy, +
22U 1u2),,, the coefficients 277 and z® by (z + )7 and g.(z), respectively. Accordingly, for

e € (0,e9), we shall consider the approximate problem

up = w . { — ge(z)u™uyy + 2gg(x)u”_1um}m, e, t>0, (2.10)
Uy = Upge = 0, x e, t>0.
The boundary behavior of g. guarantees that the flux
J(z,t) = —go(2)u gy + 2g-(x)u™ 1u? (2.11)
vanishes on 02 = {0, L}. This results upon expanding .J,, according to
Jo = —ge(@)u Ugzr + (4 — 1) ge(2) U™ M ugtiny + 2(n — 1) ge(2)u"2ud
— ez () Uy + ZQE@(m)u”_lui, (2.12)

and evaluating this expression on 02:

Lemma 2.2 (Boundary flux vanishes) Letn >0, a >0, B € R, T > 0, and € € (0,g¢), and let
u € CH1(Q x (0,T)) be a positive classical solution of (2.10). Then J.(z,t) = 0 for all x € O and
€ (0,T), where J is defined in (2.11).



ProOOF.  The statement is a consequence of (2.12) and the identities u; = Uzps = ge» = 0 on 0§2. [
The above choice of boundary conditions ensures that the total mass is preserved.

Lemma 2.3 (Conservation of total mass) Under the assumptions of Lemma 2.2, we have

dt

PrOOF.  The claim immediately results by integrating (2.10) over €2 and using that J, = 0 on 0.
O

4 / (z 4 ¢)Pu(z, t)dz =0 for allt € (0,T).
Q

3 Some interpolation inequalities

As a preparation for our subsequent analysis, let us collect some interpolation inequalities in weighted
spaces. The first of these reads as follows.

Lemma 3.1 Let n € R\ {-1,1}, « € R, B8 € R, and v € R. Then for any n > 0, one can find
C(n) > 0 such that for all positive functions u € C?(Q) satisfying u, = 0 on OQ, we have

/Q(:L’ + &) A2y 2 da + /Q(ac 4 £) P2y 2yt d 4 /Q(x + e) Aty 2 dy

< 7 /Q(x + 5)0‘76+7u"uimdx +n /Q(x + 5)a75+7un72uiuixd:c

+ C(n) /Q(:C 4 )2 P60yt 2y (3.1)

for all e > 0.

The proof of Lemma 3.1 will be achieved in a series of steps to be presented separately in Lemmas
3.2-3.4. We first estimate the last integral on the left-hand side of (3.1) by a sum involving a small
portion of the first term in (3.1).

Lemma 3.2 Letn € R\ {—1} and «, B, and vy be arbitrary real numbers. Then for all n > 0, there
exists C(n) > 0 such that whenever ¢ > 0 and u € C?() is positive with u, = 0 on 99, the inequality

/(x + ) Ay de < 77/
Q

(z 4 &) P2y dx + C(n) / (z+ &)@ P =6y 20 (3.2)
Q

Q
holds.

Proor.  Using u, = 0 on 02, we may integrate by parts and use Young’s inequality to find that

r .= /Q(x—i-e)a_5+7_4u”uid:b

1
= / (x + 5)0‘_6+7_4u"+1umdx
Q

- L a—fB+y-4
n+1

n-+1

(x4 ) BH1=6y 2y

/ (z 4 &) P =5y da
Q

< 1 / (z + )2 P 2ym2 da +
Q

1
2 2(n + 1)27)/(2

1 (a—B+v—4)? / B
T a—Lf+vy—6 n+2d )
+2 + 20n +1)° Q(a:—i-a) u x

7



Rearranging yields (3.2).

Using the above preparation, we can control the first term in (3.1) as desired:

Lemma 3.3 Let n € R\ {—1} and «, B, v € R. Then for all n > 0, one can find C(n) > 0 with the

property that any positive function u € C3(Q) with uy = 0 on 9 satisfies

/ (x4 ) P22 de < 77/ (x4 &) P2 de 47 / (x4 &) Py =2u2u2 dx
Q Q

Q
+C() / (2 + £)2 B 612y
Q

for each € > 0.

PrOOF.  Since u; = 0 on 942, an integration by parts shows that
r .= /(a; + ) B2y 2 de = — / (z + )2 P20 up g d
Q Q

—n / (x4 &) P2y L2 upde — (o — S+ 7 — 2) / (z 4 &) P30 U,
Q Q

where by Young’s inequality we find that

— /Q(x + ) P2 U d < g /Q(iL‘ + o) Pt de + ¢ /Q(x + ) APy da

and
—n /Q(a: + )2 P2y Y2y de < Z/Q(a; + )2 Pty 2202 dx
+ co /Q(:n + ) APy da
as well as
—(a—p+v—2) /Q(at + &) ATy e dr < Z /Q(ac + ) Ay 2202 da
+c3 /Q(Jc 4 )2 =6yt 2 gy
with ¢; = %, Ccy = %2 and c3 := W Since Lemma 3.2 provides ¢4 > 0 such that

1
(c1+c2) / (x4 &) PHr4ym2de < §F +c / (x4 &)@ P62y,
Q Q

(3.4) thereby proves (3.3).

Now the latter allows us to also estimate the second term in (3.1) in the claimed manner.

(3.3)

(3.4)



Lemma 3.4 Let n € R\ {—1,1} and o, B, v € R. Then for all n > 0, we can pick C(n) > 0 such
that if u € C3(Q) is positive and satisfies uy = 0 on 9L, then for all € > 0, we have

/ (x4 &) P2y 2yddr < 77/ (z 4 ) PHrumu? dx + 77/ (x4 &) P22 dx
Q Q

Q
+C(n) /Q (& + &) P62 (3.5)
PROOF.  Once more integrating by parts and using Young’s inequality, we see that
r = /Q(a: + &) B2y 2yt dy

- — i . /Q(:c + E)O‘_B+7_2u"_1uiumd$ St 5 j Z —2 /Q(.CU + 6)a_6+7_3u"_1uidx

< if‘ + /Q(a; + ) B2y 2 da + if + e /Q(x + £) A6y 2 gy
with ¢1 1= ﬁ and ¢y := %. Thus,

I'<2¢ /Q(x + )2 P2y 2 d + 2¢y /Q(a: + )2 BTy 2y

whence invoking Lemma 3.3, we readily arrive at (3.5). O
PROOF of Lemma 3.1. We only need to combine Lemmas 3.2, 3.3, and 3.4. O

The following inequality is closely related to those used in the context of the thin-film equation
up + (W Ugpy)z = 0 [4].

Lemma 3.5 Let n € R\ {3} and o, B, v € R. Then for all n € (0,1) and any positive u € C?(Q)
fulfilling u, = 0 on 082, the inequality

25
/Q(a/: + )2 Py Sdr < A=) =37 /Q(z + ) PPy 202 da
(@ —B+7) e Br—2, e
g T e @9

is valid for all € > 0.

ProOOF.  We integrate by parts using u, = 0 on 02 and apply Young’s inequality to obtain the
estimate

r = /Q(:U—I—E)a_ﬁ'”u"_‘lugdx

5 _
= — / (x4 &) P 3utu,,de — a-fty / (x4 &) P Ly =3yS da
n—3 Q n—3 Q

1 1 25 _ _
< 51“ + 5 . m /Q(IL' + €)a ﬁJ”u" 2U§U§xd$

n 1 (a—6+7)2/ B2, n—2 4
L I S e A a=p+y=2,n d
+ 5 + 2 (n—3)2 Q(:(: +¢e) u"Pugde,

9



which can readily be checked to be equivalent to (3.6). O

The following two lemmas are concerned with estimates on the Holder and L norms of functions in
Wh2(Q).

loc

Lemma 3.6 Let v € (—o0,1). Then there exists c(y) > 0 such that for any ¢ € [0,1) and any
ue WH(Q),

loc

2
lu(ze) —u(z)| <c </ (x + e)vuidaz> lzo — x1|°  for all x1, 29 € Q,
Q

where 6 := min{1, 1_T7}

PrOOF. Let 0 < 21 < z92 < L and suppose first that v € [0,1). Then by the Cauchy-Schwarz

inequality,
1 1
x9 5 T2 5
/ ugz(x)dx| < </ (x + a)Vuidm> (/ (x + 6)_7d:c> .
x1 Q Tl

Employing the Hélder continuity of = — 2=, we obtain

[u(z2) — u(z1)| =

T2 1 c
/ (@4 &) do = —— (w4 &) — (21 4 &))<~ |gy — 29|17
1 -y -y

The result thus follows with ¢ = (¢1/(1 — 7))%
If v € (—00,0), we replace v by —v in the above arguments and use the Lipschitz continuity of
z s i thl, U

Lemma 3.7 Lety € (—o00,1) and B € R. Then there exists ¢ = ¢(3, L) > 0 such that for all € € [0,1)
and any u € W (Q),

loc
1/2
[ullpeo(@) < ¢ (/ (2 + &)’ |uldz + (/ (x+ 8)7u326da:) ) )
Q Q

PROOF.  Assuming that B = [(z + ¢)°|u|dz is finite, we see that there exists zo € (%,L) such

that (zg 4 €)®|u(zg)| < %, for otherwise the inequality B > fAL(a: + ¢)Blu|dz > % : % = B gives a
2

contradiction. Since % < x9+e < L+1, we infer that
uao)| < 1 [ (@ +2)lulda,
Q

where ¢; = 2 - max{(%)_ﬁ, (L +1)7P}. The conclusion thus follows from Lemma 3.6. O

10



4 A differential inequality for [,z7u2

A key role in our analysis will be played by the following a priori estimate for the functional y(t) :=
Jo(z +e)Puldz in terms of a weighted norm of u in L"*2(). In Lemma 4.2 below, we shall turn this
into an autonomous differential equation for y(t), which will be essential for our local existence proof.

Lemma 4.1 (A priori estimate in terms of a weighted L"*2? norm) Letn, = 1.5361... be the
unique positive root of n +— P(n) := n3 + 5n? + 16n — 40, and let n € (ny,3), « > 0, B € R, and

v € R. Then there exist €, €

(0,e0), ¢ > 0, and K > 0 such that if for some T > 0 and € € (0,&,),

u € CHH(Q x (0,7)) is a positive classical solution to (2.10), then

(x4 &) ul(z,t)dx

dt Jq

+ c/ (x + 5)a_5+7u"uimdx + c/ (x + 6)°‘_B+7u”_2uiuixda’
Q Q

+ c/ (z + )2 P 2ym2 dx + c/ (z + )2 P2y 2yl dx
0 0

< K/(x + )2 BTyt 2 gy for allt € (0,7T). (4.1)
Q

Proor.  With the notation (2.11), we can write the first equation in (2.10) as uy = (z + €)% Jps.
Since u, = J, = 0 on 9 by Lemma 2.2, an integration by parts gives

qa
dt

N

/ (z +¢)Tuidx

Q

for all t € (0,7"). Computing

[(:c + &) P g + (2 + e)—ﬂﬂ—luz}

— / ((x 4+ &)Tuy)purde = — / (@ + &) Vug ) (@ + )P Jppda
Q Q

[9) x

T

= (@4) P MU + 2y = B+ ) P Uy +v(y = B = 1)(z + )PP 2,

and expanding J, by means of (2.12), we thus obtain the identity

1d

T Q(:1: + &) ulda

- /Q(l' +e) Mg (w)u"uyp de
=) [ @ g st
+2(n—1) /Q(m + ) P g (2)u" 2 ud g da
— /Q(ac + 6)_B+Vgem(:n)u"umuzmdx
+2 /Q(x + ) P g (@) P U da

- (27 - /6) / (33 + 8)75+771.g£($)unu1’xuxxxd$
Q
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(27— B)(4—n) / (x4 &) P17 g (@) gy da
9]
£207 = =) [ 42 PO g et
Q
—(2v - P) / (x+ 5)_6+7_lg€x(x)u”uixd:c
Q
+2(2y-8) / (z + 5)7B+’Vilgax(x)un71“iumd$
Q

- 7(’7 - /8 - 1) / (x + 5)*/5+77295($)unu$%mdw

Q
by —B—1)4—n) / (& + ) P20 (o)un VR da

Q
2y = A= 1)(n—1) / (2 + &)1 2g, ()" Puda
Q

—y(y=p5-1) / (x + s)*ﬁﬂﬁgm(ag)u”umumdx

Q
Loy - A1) / (& + &) P12 g () b da

(9]

= Li+---+1I;5 forallte(0,T). (4.2)

Our goal is to adequately apply the interpolation inequalities in Lemma 3.1 and Lemma 3.5 and to
identify those integrals which absorb the O(7) contributions in (3.1) and (3.6) such that finally only
a possibly large multiple of the integral over (z + ) #+7=64"+2 remains.

To achieve this, we observe that the integral I; is nonpositive and thus can be used to absorb positive
contributions. Apart from this, the only absorptive contribution to be used in the sequel will result
from I3, which we therefore rearrange first: Namely, by two further integrations by parts, once more
relying on the fact that u, = 0 on 0f2, this term can be rewritten according to

b= =601 [ (@) e P da
~2n=1)n=2) [ @+ o) dusndo
~20- A= 1) [ () P g s
~2n=1) [ 0+ ) P g b
= —6(n—1) /Q(a: + &) PP g (@) u"2ulul da

~2n -1 —2)(3 - n) /Q@: ) PP g (@)u" ulda

20— =10 =2) [ (a+ gyl

12



+ %(n —1)(n—2) /Q(a: + 5)76+7gm(x)u"*3u2dx

2y~ B)(n—1) / (@ + &) P11 g (@) P ugede
Q
o 1) / (2 + &) gon ()" 2 upadr
Q

= Is1+--+ I for all t € (0,7). (4.3)

In order to specify our choice of e, let us note that, according to our restriction on n and with P as
specified in the formulation of the lemma, we have P(n) > 0, which implies that when n < 2,

—n)? n— —n
43 -6 -1y - Lo - VEZ)

= 243 —n)(n—1)—(3—n)(4—n)?—40(n —1)(2 —n)
= —24n% 4+ 96n — 72 — 3n® + 24n — 48 + n® — 8n? + 16n + 40n> — 120n + 80

= P(n)>0.
Since in the case n € [2,3) we clearly have
6(n—1)—M26(2—1)— (-2 =5>0,
this entails that for any choice of n € (n,3),
6(n—1)— (4—=n)*> 10(n—-1)2—-n)s _—

4 3—n

Consequently, with A(e) as in Lemma 2.1, we can pick e, € (0,e9) such that with A, := A(e,), we
have

(4 —n)? 10(n —1)(2 —n)4
b1y~ U=y 0
{ (n—1) 1 3—n ~
and thereupon fix a number p € (0, 1) sufficiently close to 1 and 7 > 0 suitably small such that still
(4 —n)? 10(n —1)(2—n)4
6 —1—7}/\— —{A 2 1} 0, 44
{(” L T G 3—n e T (44)
and such that moreover
(1—p—n)Ay—n>0. (4.5)
Upon these choices, we first use Young’s inequality to estimate Is according to
—B+ n, 2 (4— n)2 —B+y n—2,2 2
L<p [ (x+¢) ge ()u"uf,dr + i (x +¢) ge(2)u" " “ujus, d. (4.6)
Q 2 Q

Next, recalling Lemma 2.1, we obtain

2
L < 2 / (2 + &) PP g () u™ul,dx + ¢ / (z+ 5)_5+7g”7($) w2, dx
2 Jo Q 9= ()

< gul‘ + coI'y, (4.7)
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where

INRES / (x4 ) P22 da (4.8)
Q
and ¢ and ¢, as all numbers c3, ¢4, ... appearing below, denote positive constants depending on n,
a, 3, and =, but neither on € € (0,,) nor on the solution wu.
Similarly, we find ¢35 > 0 and ¢4 > 0 such that
" 2 9%:(2) 2 4
Is, < = / (z + &) PP g (z)u™ul, dx + c3 / (x4 ¢e) PHrLenl =2yt dy
4 Jo Q 9= ()
< z’fﬂ + cqI'9 (4.9)
with
Iy = / (x4 &) P2y 2yt da, (4.10)
Q
and then c5 > 0 and cg > 0 satisfying
Iy < ;//(:17 + &) Mg (2)u"u2, dx + c5 / (x4 )P 2g. (z)uu? da
Q Q
< glh\ + 5Dy (4.11)
and
I; < ;’/Q(x + )P ge (@) u" 2t u? da + c6 /Q(ac + ) P2y (2)u Ml da
< gfzﬂ +c6Ty (4.12)
where s
z 31 _
I3 := rTe— = /S](a:—f-&) P g (z)u 2 uu?  da. (4.13)
In much the same manner, we derive the inequalities
Is < Z/(x + ) P g (2)u" " 2udud dr + ¢ / (x4 )P 2g (z)u" 2t da
Q Q
< ngl + 7l (4.14)
and
n 20,24,2 292 (z) 2
Ly < /(x—i—a)ﬂ*VgE(x)un uiuy dr —1—08/(m ) Aty 2RE 2
8 Ja Q e 37)
< gf?)l +col's (4.15)
for some positive c7, cg and cg and
Is:= /(x + )2 A4y de, (4.16)
Q
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as well as

I < % (x—i—e)_ﬂﬂgs(:v)u"uimda:+clo/(x+€)_5+7_4g5(:v)u"uid:n
Q Q
n
< —|rI T
< 16’ 1]+ ciol's
and
Ly < 1% (x+€)ﬁJrVgE(x)u"2u§uixdaz+cn/(aﬁ+€)ﬁ+74ge(x)u"u?:d:z:
Q Q
/r] ~
< —1 I
S 16 31 +ciils
and
2
Ly < aA (w+£)BJWga(m)u"2u§ugwd:€+clg/(w+a)B+V4gaz(x)-u"+2dx
32 Jo 0 9-()
77 ~
< —I T
S 3 31 + c13l 4,
where

Iy := /(x + ) B =6y 2y
Q

and cqg, c11, c12, and c13 are positive constants.

(4.17)

(4.18)

(4.19)

(4.20)

As for the remaining terms on the right of (4.2), we again apply Lemma 2.1 to find ¢14 > 0 and ¢15 > 0

such that
Iy < c141y

and
I3 < c15J2,

whereas Young’s inequality provides cig > 0 fulfilling
Lis < ci4 /Q(CC + 5)0‘_6+7_3u"_1|ux|3dx
< ci6 /Q(a: + E)“”*V’Zu”%uida: + c16 /Q(x + 5)°‘*5+7*6u”+2daz
= ci6l'2 + ci614.

Finally, abbreviating
I3 = / (x4 ) P ge (@) u"*ulda,
Q

using Young’s inequality we obtain constants cj7, ..., co1 such that

I3

IN

g / (x4 ) P g (z)u" *ubdx + c17 / (x4 ) P 2g (2)u" 2utda
Q Q

gf?)z + c17l'2

IN
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(4.22)

(4.23)

(4.24)

(4.25)



and

2
I3y < U / (x4 &) PP g (x)u™*uldr + c15 / (z+ 6)_’3+795”7(x) "2yl da
4 Jq Q ge()
< le?a + c18l'2 (4.26)
as well as
I35 < g/(ﬂf +e) Mg (z)u"Hubdr + 019/(95 +e) P2, (2)u Ml da
Q Q
< gf32 + c19lt (4.27)
and

2
Iss < A (x4 &) PP go(x)u *uSdx + eq / (x + 6)_B+7gm7(x) cu"ulda

16 Jo Q g=(x) o
< 11:32 +coal'y. (4.28)
16
In light of (4.6)-(4.28), (4.2) and (4.3) thus yield
1d
b aronds < —1-p-n) [ @+ Mg utids
2.dt 9 Q
4 — 4
— {G(n —-1)— ( n) — 77} /(SU + 5)75+795(a})u"72uiu3mdx
Ap Q

2

{20 -E - +a)- /Q(ac o) Bt g () um S da

+ c22 /Q(ﬂc + &) P2y M2 da + eg9 /Q(x + ) A2y 2yt

+ c22 / (x4 &) P42 da + ey / (x4 ) BH=6y" 24z (4.29)
Q Q

for all t € (0,7") with some 22 > 0, where we have used that Z;VZI 55 <nforall N € N.

Now by means of Lemma 3.5 we can find co3 > 0 such that

{ — %(n —1)(n—=2)(3—n)+ 7}} /Q(x + 5)75+7g5(x)u"74u2dx

= {%(n — 12 -n)4(B-n)+ n} /Q(x + o)yt d

T et EUERI LRI NC IR ) R S
+ eos /Q (2 + &) B2y =2y gy

< g B ve-n oo} [t e

5

+ c23 /Q(a: + )2 A2y 2yt dg,
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The last inequality follows from the fact that for A := 2(n —1)(2—n)4(3—n) <1 (0 <n < 3), we
have (A+n)/(1—n) < A+2nif 0 <n < (1 — A). Then applying Lemma 3.1, we obtain cpy > 0
satisfying

€99 /Q(x + 6)a_ﬁ+7_2u"uixdx + (cog + c23) /Q(x + 5)a_ﬁ+7_2u"_2uidx
+ ca9 /Q(:U + ) APy da
< 7 /Q(x + o) Byl de + /Q(a: + ) Ay 2202 da
+ coy4 /Q(x + &) A6y 2, (4.30)

Therefore, (4.29) shows that

3 eV < () [ (@0 POl o
2 dt Q Q
N2
— {G(n —1)— 7(4 n) — 77} . / (x+ 6)_5+7g5(x)u”_2uﬁu§mdx
4p )

+n /Q(x + z—:)a_6+7u”uimdaz

fn)

+ (c22 + c24) / (x4 ) P16y 24y for all t € (0, 7).
Q

Since clearly 1 — 4 —n and 6(n — 1) — % — n are both positive thanks to (4.5) and (4.4), we may

now use the lower estimate for g. established in Lemma 2.1 to infer that

1d
- @ ¥,,2 < _ o 7 a—B+vy, n, 2
5l /Q(ers) uzdr < {(1 w—n)Ay 77} /Q(xqte) uuy,,dx

—{[G(n—l)—@l;ﬁ—n]A*_lo(n_l)@_n)Jf_ 507 —77}

3—n (3—n)?
X / (z 4 ) Py =220 da
Q

+ (c22 + 24) / (z + &)@ P16y 24y for all t € (0,7),
Q

because ¢ < &, and hence A(g) > A, by the monotonicity of A asserted by Lemma 2.1. According to

(4.5) and (4.4), after another application of (4.30), this entails (4.1). O

Under additional assumptions on the parameters «, 3, and v, we are able to derive a priori estimates
for small times only depending on the initial data. More precisely, if the parameter ~ is chosen large
enough, then the weight in the integral on the right-hand side of (4.1) is sufficiently regular, whence
from the above we can deduce a bound for [, (z + €)Yu2(z, t)dz for all sufficiently small ¢ > 0. Since
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we plan to finally achieve a boundedness property for u itself with respect to the norm in L*>(Q), we
require that v < 1. This explains the restriction on g in the following lemma.

Lemma 4.2 (A priori estimate for small times) Let n, = 1.5361... and e, € (0,1) be as in
Lemma 4.1, let « >0, f € (=1, — 4), and

ve(B—a+pb1). (4.31)

Then one can find ¢ > 0 such that for all A > 0 and B > 0, there exists To(A, B) € (0,1) with the
following property: If for some € € (0,&,) and T € (0,To(A, B)), u € CH(Q x [0,T)) is positive and
solves (2.10) in Q x (0,T) with

/(l‘ + &)’ (z,0)dx < A and /(x + &)’u(z,0)dz < B, (4.32)
Q Q

then

sup /( +e)Tu(x, t) x<c/ / x4 ) P2, dadt (4.33)
t€(0,T)

+ c/ / (z + )2 Fryn- 2u§u§xdazdt+c/ /(az—i—e)o‘ﬁﬂu” Yuldadt
0o Jo

T
c/ / (x4 &) P2y dadt + c/ / (z 4 ) P2y 2yt dadt
0 Q 0 Q

< A+1. (4.34)

In particular, in that case there exists C(A, B) > 0 such that the flux J, defined in (2.11), satisfies
T
/ / (2 + £)2F+7 J2dudt < C(A, B). (4.35)

PROOF.  Let us first note that our hypothesis 8 € (—1,a — 4) entails the inequality 5 —a + 8 < 1,
whence the assumption v € (5 — a + 3, 1) indeed is meaningful. Then with Ty(A, B) € (0,1) to be
fixed below, we assume that 7" € (0,7p(A, B)) and that u has the properties listed above. Thus, for
each t € (0,T), by (4.32) and Lemma 2.3, we have [, (x + e)Pu(z,t)de < B, so that Lemma 3.7 says
that

1

(x4 &)l (x, t)da:) for all x € Q (4.36)

u(z,t) < 1B +c1</

Q

with some ¢; > 0, where we have used that v < 1. Consequently, thanks to (4.31), the integral on the
right-hand side of (4.1) can be estimated according to

/(x+€)a5+76u”+2(x,t)da: < 2"+2(clB)"+2(/
Q

n+2
(x + €)a75+776da€>
Q

n+2
+2mt2. . c?"'Q(/( + &)l (x, t)da:) :
Q

n+2

cz(B)—l—a;(/ﬁ(z—i—eﬂu (z, t)da:) ’

IN
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with appropriate constants ca(B) > 0 and ¢3 > 0. From Lemmas 4.1 and 3.5, we thus obtain ¢4 > 0,
c5(B) > 0, and ¢g > 0 such that

pm Q(a: + &) uidr + ¢4 /Q(a: + )2 Pyt dr + ¢y /Q(x + )2 P22 da

+ 04/(x+6)a_’3+7u”_4u2d:):
Q

+ C4/Q(SUJrg)a—5+7—2unuimdl,+C4/Q(x+€)a—ﬂ+fy_2un_2uidx

n+2

cs5(B) + 06(/9(33 + 5)7u325> * da for all t € (0, 7). (4.37)

IN

With the above constants being fixed, we consider the solution y = y4 p of the initial-value problem

Y(t) = cs(B) +coy™® (1), >0,
y(0) = A.
It is then clearly possible to fix some sufficiently small Ty(A, B) € (0,1) such that y(t) < A+ 1 for

all t € (0,To(A, B)), and a comparison argument for ordinary differential equations, applied to (4.37),
shows that

/(x + &)Ul (z,t)de < A+ 1 forallt € (0,7), T < Ty(A, B).
Q

Inserting this into (4.37) and integrating, we readily arrive at (4.33).
From this, the estimate (4.35) easily follows upon recalling (2.12), (4.36), and Lemma 2.1 and applying
Lemma 3.7 and Lemma 3.1. O

5 Local existence in the approximate problems

The a priori estimate of Lemma 4.2 allows us to prove the local existence of a classical solution to the
approximate problem (2.10) for smooth initial data up with compactly supported derivative ugy.

Lemma 5.1 (Local existence for smooth data) Let ¢g = min{l, \/g} and € € (0,¢9), and let

ug € C*(Q) be positive and such that uo, € CG°(S). Then there exist Tinqae € (0,00] and a unique
positive classical solution u € CH1(Q x [0, Trnaz)) of (2.10) in Q x (0, Tae) with u(z,0) = ug(x) for
all x € Q. Moreover, Tyq. has the property that

if Trnaz < 00 then either liminf ( inf u(x,t)) =0 or limsup (sup u(x,t)) = 00. (5.1)
t/(Tmaa; €S t  Tmax €N

PrROOF. For k € N, we let fr € C*°(R) be a smooth nondecreasing truncation function on R such
that fi(s) = s for all s € [£,k] and 5 < fx < 2k on R. Then each of the problems

wi = g { — @ s + 20 @ ) we @ >0
Ugz = Uggzz = 0, x e i, t>0, (52)
uk(.iE,O) = UO(m)7 T € (),
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is non-degenerate, and since wup, has compact support in 2, standard parabolic theory [13] yields a
uniquely determined global solution u € C*1(Q x [0, 00)).

Now for sufficiently large kg € N and each k > ko, it follows from the continuity of u; and the positivity
of ug in Q that

1
Tk::sup{T>0‘%Sukgkian(O,T)}

is a well-defined element of (0, cc], and by uniqueness in (5.2), it is clear that the sequence (T%)r>r,
is nondecreasing, and that ug, = ug, in Q x (0,7),) whenever ko > k; > ko. Consequently, the
definition Tinee = limgoo Tk € (0,00] is meaningful, and the trivially existing pointwise limit
u(,t) = limg oo up(z,t), (2,t) € Q % [0, Tinaz), satisfies u = uy in Q x (0,7) for each k > k.
It is therefore evident from (5.2) and the definition of fj, that u actually solves (2.10) in © x (0, Tyaz)
with u|i—¢p = ug in Q.

It remains to verify (5.1). To this end, we assume on the contrary that T),,, < oo, but that both
liminf; »7,,,, (infzeq u(z,t)) > 0 and limsup; sy, . (Sup,eq u(z,t)) < co. Then for some k > ko, we
would have % <u< % in Qx (0, Tynaz), implying that u = ug in Q X (0, Thaz) by uniqueness. But since
uy, is continuous at t = T},qz, this would entail that 1) > T),.. and hence contradict the definition of
Tinaz- 0

The following result rules out the occurrence of the first alternative in (5.1); that is, solutions to the
approximate problem (2.10) cannot develop a dead core within finite time.

Lemma 5.2 (Absence of dead core formation) Let n > 1, a > 0, and § € R. Then for all
e €(0,80),0 >0,M >0, and T > 0 there exists C(e,0, M, T) > 0 such that if u € C*1(Q x [0,T)) is
a positive classical solution of (2.10) in Q x (0,T) satisfying

u(x,0) > 46 for all x € Q (5.3)
and
u(z,t) < M forallz € Q and t € (0,T), (5.4)
we have the tnequality
1
———dx < 5, M, T nt T). )
| e < CESMT)  forallte (0.7) (5.5)

PROOF.  Our goal is to conclude (5.5) from a differential inequality for [,,(z+¢)?u~2 which we shall

thus derive first. To this end, we twice integrate by parts over €2 to compute, using .J as defined in
(2.11),

d 1 u 1
— Plde = 2/ +e)=Ld :2/J d
dt/gz($+8) 2de Q(x €) 20T R x

- —6/952@@:6/9 (55) Jda
= 6/Q [% - 432} [— ge(T)u Ugy + 2g€(m)un_1uﬂd$

= —G/gg(x)un4u§xdx+36/ga(x)u"5u§umd$—48/ga(x)un6u§dx
Q Q Q
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for all t € (0,T), because u, = J, = 0 on 9N according to Lemma 2.2. Since one more integration by
parts yields

36/ G (2)u" P ugedr = 12(5—n)/ge(x)u”_6uidm— 12/ Geo (@)U Puddz,
Q Q Q
this shows that

1
d/($+6)6-2dx = 6/ ge(2)u" M2 dx — 12(n — 1)/ ge(z)u"Suldz
dt QO u [¢) Q

— 12/ Gex (2)u" Ul da (5.6)
Q

for all t € (0,T"). Here, since n > 1, the second term on the right-hand side is nonpositive, and by
means of Young’s inequality and Lemma 2.1, we can find ¢; > 0 and ¢o > 0 fulfilling

IN

4
12(n — 1)/ ge (2)u"Suldr + 01/ gggi(a:) " 2 da
Q Q

—12/ Geo (@)U Sud da
Q : ( ) gs(x)

< 62/(x+5)°‘_4u"_2dx,
Q

whence (5.6) in particular entails that

1
4 (z+e)? —dz < c / (x+e)* " 2dx  for all t € (0,T). (5.7)
dt 9] u Q

Now if n > 2, writing c3(¢) := [,(z + €)* *dz and using (5.4), from (5.7) we obtain

d 1
o7 (z+e)f- ﬁdaz < coc3(e) M2 for all t € (0,7),
Q

which after integration implies that

1 1
Fog——dz < b M"2T  forallt e (0,T).
/Q(:z:—i—s) (1) x < /Q(a:—i—a) Z(@.0) x + cac3(e) orallt € (0,7)

As a consequence of (5.3), we thereby find that

1 1
/Quz(x,t)dz < cle) /Q(x+5)ﬁ 2w dx
04(5){ ¢ (¢) + 0203(5)M”_2T} for all t € (0,7)

with c4(e) := max{e~?, (L +¢&)7%} and c5(¢) := [(z + ¢)Pda.
In the remaining case n < 2, we first apply the Holder inequality with p = % and p’ = ﬁ to the

right-hand side in (5.7) to obtain

IN

d 1
B
(x+¢)”- u2dm

2 / (x + €)a747(27")§ ((x+ a)ﬁuﬂ)%Tndaz

IN

1 2—n
0206(5)</Q(x +e)f. ?d:z) ’ for all t € (0,7)

21



with
(a=4)—(2=n) 3
c(e) = </(x+5)2 e Bdm>2.
Q

Integrating this in time shows that in this case,

2

1 1 n n
ﬂ 6 n
/(a: + E,‘) . 7@@( ,t) dx < {/(x + 5) c——dx + —6206(6)T} for all t € (O,T)7

u?(z,0) 2
and hence,
/ %dw < ey(e) - {05(8) + n@c@-(zs)T}i for all t € (0,7),
o u?(z,t) 52 2
according to (5.4). O

6 Holder continuity

We next derive a spatio-temporal Holder estimate for the above solutions to the approximate problems.
This will allow us to construct a continuous weak solution of (1.3) along a uniformly convergent
sequence of appropriate solutions of (2.10) as ¢ — 0.

Lemma 6.1 (Holder estimate) With n, as in Lemma 4.1, assume that n € (ny,3) and that a > 0,
B < a—4, and v < 1 are such that « — 8+ v > 5. Moreover, let A > 0 and B > 0, and let
gx and To(A,B) € (0,1) be as given by Lemma 4.1 and Lemma 4.2, respectively. Then there exists
C(A,B) > 0 such that, whenever v € C*1(Q x [0,T)) is a positive classical solution of (2.10) in
Q x (0,T) for some T € (0, Ty(A, B)) with

/(x + e)7u2(z,0)dr < A and /(w + &)Pu(x,0)dz < B,
Q Q

the estimate ,
[u(ws,t2) = ulwr, )] < C(A, B) - (Joz — @] + |t — 1|59 ) (6.1)
holds for all x1, xo € Q and t1, ty € (0,T) with 0 := min{%, 1*77 )

ProOOF.  According to Lemma 4.2, we can pick ¢1, as well as all constants co, ... below, possibly
depending on n, «, 3, v, A, B, and L but independent from ¢ and wu, such that

/(a: +e)Tu < ¢ for all t € (0,7).
Q

Hence, Lemma 3.6 provides ¢y > 0 such that we have the spatial Holder estimate
|u(xe, to) — u(z1,to)| < co|lxe — 1‘1\0 for all x1,29 € Q and ty € (0,7). (6.2)
Using this, a corresponding Hélder estimate with respect to the time variable, that is, the inequality

(o, t2) — w(zo, t1)| < Mlts — 1]%55  for all 2y € Q and 1,12 € (0,T) (6.3)
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with suitably large M > 1, can be derived by adapting a standard technique due to Gilding and
Kruzkov ([15], cf. also [5] for a related procedure in a fourth-order setting). Indeed, following [5], let
us assume that (6.3) be false, meaning that for some zg € 2 and ¢;,t3 € (0,7) we have

w(wo, ta) — u(wo,t1) > Mlts — t;|2055, (6.4)
where for definiteness we may suppose that t; < t2. We then fix any ¢ € C§°(R) such that 0 < ¢ <1
onR,(=1in[-3,3]and (=0in R\ [~1,1], and let

ba)=¢(F="),  weq
n
with )
M \3g 1
= ——) (ftg —t1)20+3. 6.5
g (1662) ( 2 1) ( )
Furthermore, we introduce the functions &5, § > 0, given by
— t —1
5/ 8 2 7<<s - 1>}d5, te(0,7), (6.6)

which belong to C§°((0,7")) and satisfy 0 > {5 > —c3 with ¢z := ffl ((o)do, provided that 6 < g :=
min{t;, T — to} (this ensures that &5(0) = &5(7') = 0). Therefore, testing (2.10) against 1(z)&s(1),
(z,t) € Q x (0,T), we obtain

// (z, ) () €5 (t)dadt = // (x4 ) Py(x)&s(t )} o(z, t)dxdt  for all § € (0,80) (6.7)

with J as defined in (2.11), where we again have used that J, = 0 on 92 by (2.12).
We insert the definition of £(t), substitute o = t_ét", i € {1,2}, and perform the limit 6 — 0, to
estimate the left-hand side in (6.7) from below according to

c3 6\0 c3 6\0

= / [u(m,tg) - u(w,h)} Y (x)d
Q
> /Q [u(l’o, tg) — U(iUO, tl)} : ¢($)d$
—/Q [|u(:p, t2) — u(zo, t2)| + [u(zo, t1) — U(l”tl)q -p(z)dz,

- hm/ / w(a, (@) (O dadt = — hm// u(a, ty + 60) — ulz, ty —1—(50)] - C(o)do - (x)dx

whence using (6.4) and (6.2) yields

— hm/ / z, 1) (2)E5(t)dadt
c3 N0

v

t2—t1 20+3/w dx—QCg/ ’.73_1'0‘0 )

> M(tg—t1)29+3'§—202 n? - 2n
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- g : {M(tg )z 8ch9}
n 1 .
= T Mty - ty)
y gMltz—t)
[’
= o M (ty — t;) 203 (6.8)

with ¢4 := [4 - (1602)%}_1. On the right-hand side of (6.7), by the Cauchy-Schwarz inequality and
Lemma 4.2, we find ¢5 > 0 fulfilling

‘/OT/ (@ o) Pu@)es(n)] - da:dt'

</ / e 6+7J2d$dt> 2 </0T §§(t)dt) % </Q(x +e)* i [(g; + 8)_6¢(x)} idm) %

cses(to —t1 + 25)% . (/Q(x + )by [(ZE + 6)_61/1(33)} idm) %, (6.9)

IN

IN

since &(t) = 0fort <ty —dort > ty+ 8 and €2 < c3. We use a— 3 —~ > 5—2v > 3 according to our
assumptions and ¢’ = 0 on R\[—1, 1], and we recall the definition (6.5) of 1 to find cg > 0 satisfying

/Q(x+6)°‘+5_7-(:):—i—s)_zﬁw%(a:)dx = / + )P (( >

(L1 2 I ey

IN

1 —_1
= C6M_§(t2—t1) 29+3

< ooty —tr) ",
because of M > 1 and thus M~ < 1. Similarly, with some ¢; > 0 we have
/ (x4 )P (x4 )P 22 (2)de = / (x4 &) P22 (2)dx
Q Q

(L + 1)&*6*7*2 - 2n
— ep M (ty — t1) %093,

whence altogether

([a+erlewe e>—%<x>}id:p)% < ] (t2 — 2) T 4 M (ty )7 |

holds with some c¢g > 0. Therefore, (6.7), (6.8), and (6.9) in the limit § \, 0 yield c¢g > 0 such that
%M”%(tz — tl)fffé < 09{(752 - tl)%*m + M3 (ty — t1)%+m}

6+2

041 1 042
= co{ (ta — 40) %5 + M (1 — 1) 955 |,
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which implies the inequality

1
caM e

IN

co{ 1+ M3 (t; — tl)ﬁ}

1 1
< {1+ M (Ty(4, B) |,

Since 1+ % > %, this gives an upper bound for M and thus yields the desired contradiction if M has
been chosen suitably large initially. This proves the Holder estimate (6.3) in time, and combining the
latter with (6.2) completes the proof. O

7 Proof of Theorem 1.1

Let ug € W%’2(Q), where v < 1, and let (g5)jen C (0,1) be a sequence satisfying e; — 0 as j — co. By
a standard approximation argument, we may construct a sequence of functions (uogj )jen C C*(2)
such that

upe >0 in Q and Upez € C5°(2) for all € € (g)jen, (7.1)

and such that

Uge —> Up 1N W;Q(Q) as e =¢; \(0. (7.2)
The following lemma asserts that under the assumptions on n, «, 3, and v required in Lemma 4.2,
the corresponding solutions of (2.10) emanating from wuq.; have their maximal existence time bounded

from below for all sufficiently small ¢ € (¢;);en, and moreover they accumulate at some continuous
weak solution of (1.3).

Lemma 7.1 Let n, «, 5, and v be as in Theorem 1.1. Then for all A > 0 and B > 0, there exists
T(A,B) € (0,1) such that, whenever uy € I/Vllof(Q) is nonnegative and satisfies

/ Tl (x)dr < A and / tPug(z)dr < B, (7.3)
Q Q

the following holds: For any (¢;)jen C (0,£0) such that €5 — 0 as j — 0o and each (uge,)jen C C™(€)
fulfilling (7.1) and (7.2), the problem (2.10) possesses a unique positive classical solution u. € C*'(Qx
[0,T(A,B)]) for all sufficiently small € € (€j)jen, and moreover, there exists a subsequence (£,)ieN
such that

ue —u in CO(Q x [0,T(A, B)]) ase=¢j — 0 (7.4)
with some continuous weak solution w of (1.3) in Q x (0,T(A, B)).

PrOOF.  We claim that the statement is valid if we let T'= T'(A, B) := Ty(A + 1, B + 1) with Ty
as provided by Lemma 4.2. To verify this, we first note that, according to (7.3) and upon passing to
subsequences, we may assume that

/(x +ej)up.  (x) <A+1 foralljeN (7.5)
Q

and
/Q (z + ;) uge, (x)dr < B+1  forall j € N. (7.6)
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For € € (€)jen, we then let u. denote the corresponding positive classical solution of (2.10), that is,
of the initial-boundary value problem

Uet = 7("E+1€)ﬂ . { — gs(w)u?ugm + 2gg($)u?_1ugx}xx, T € Q, t > 0,
Ueg = Uegze = 0, x €00, t>0,
ue(2,0) = upe (), x € Q,

which according to Lemma 5.1 exists up to a maximal time 7. € (0, oo] having the property stated in
(5.1). We divide the proof into four steps.

Step 1. We first show that actually T, > T.
To see this, we apply Lemma 4.2 to find, upon passing to a subsequence if necessary, that for some
c1 >0 and all € € (¢j)en, we have

sup /(:1:4—5—:)“’112 (x,t)dx
te(0,1:) 7

T- T.
4
/ / (z + )2 P22 u Emdxdt—l—/ / + )2 P48 dadt

T. Te
/0 /Q(g;+e°‘ Fy=2yn gmdde/ / (z + )2 P2y 2y2 dadt

S C1, (77)

where T, := min{7T., T'}. Since

sup /(x + &)Pu.(x, t)de = / (z + )Pupe(x)dz < B+ 1
te(0,7:) 7/ Q

by Lemma 2.3, Lemma 3.7 yields ¢z > 0 such that for all € € (&) jen,

sup [|ue(+, )|z (o) < c2. (7.8)
t€(0,7%)

Moreover, for fixed € € (£5)en we may apply Lemma 3.6 with v replaced by 0 to see that (7.7) entails
that with some c3(¢) > 0, the spatial Holder estimate

Jus(@, 1) — ue(y, )] < es(e)a —y|2 (7.9)

is valid for all z,y €  and any ¢ € (0,7.). Now assuming that 7. < T for some & € (€j)jen, in view
of the extensibility criterion in Lemma 5.1 and the inequality (7.8), we would have

Ue(xg, tr) — 0 as k — oo

with some (zx)geny C Q and (tx)keny C (0,7-), where we may assume that xp — xo and t T as
k — oo with some ¢ € €. According to (7.8), (7.9), and the Arzela-Ascoli theorem, we may pass to
subsequences to achieve that with some v € C°(€2) we have

uc(-,tp) = v in CY(Q) as k — oo, (7.10)
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and conclude that v(zg) = 0 and hence, again by (7.9), that
0 <wv(x) <ecs(e)|r— xo|% for all x € Q. (7.11)

This, however, contradicts the outcome of Lemma 5.2: The latter, namely, along with (7.8) implies
that with some c4(¢) > 0 we have

1
——dxr < for all k € N
/Q (1) x < cq(e) or all kK € N,

so that Fatou’s lemma and (7.11) give

1 1 1
dx < / dr < cy(e),
26 I o e T e R

which is impossible.

Step 2. We next construct the limit function w.

To achieve this, we observe that since T, > T according to the above arguments, we may replace 1.
by T in (7.7) and (7.8) and apply Lemma 6.1 to derive the e-independent estimate

< A
HUEHCQ’ﬁ(QX[O,T]) <ecs for all € € (&) jen
with a certain c¢5 > 0. Therefore, the Arzela-Ascoli theorem yields a subsequence, again denoted by
(¢j)jen, and a nonnegative function u € C°(Q x [0,77) such that

u. —u  in CO(Q x [0,7]) (7.12)

as € = ¢; N\, 0. Moreover, interior parabolic regularity theory [13] shows that (u.,);jen is relatively
compact in Cfo’cl(((O,L] x (0,7]) N {u > 0}), and hence we may assume that as ¢ = ¢; \, 0, we also
have

us —u  in CRN(P), where P := ((O,L] X (O,T]) N{u > 0}. (7.13)

loc

Step 3. We proceed to verify that there exists a null set N C (0,7") such that for all ¢ € (0,7 \ N,
u(-,t) is differentiable at x = L with u,(L,t) =0 for all t € (0,7) \ N.
To this end, we note that (7.7) in particular implies that for some c¢g > 0, we have

T rL T rL
/0 / ul?u? vl drdt + /0 /L ul S drdt < cq for all € € (&) jen
3

L

2

and since
n+2y 2 2 n+ 2\ 4 n—2 n—9 n— 2
() = () ol v+ 2 )
X
92\ 4 9\ 2
< 2(711— ) '{4u?72u§xugm+<n2 )u?iélugx} in Qx (0,7),
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we thus find ¢7 > 0 fulfilling

T rk nt2y2) 2
/ / (ug * > dzdt < ¢z for all € € (&) jen. (7.14)
0o JL z

xT

n+2

Since uzz(L,t) = 0 and hence (us* )z(L,t) =0 for all t € (0,T) by (2.10), using the Cauchy-Schwarz
inequality, we obtain

(@) wn = = [} v

L
< (L—w)-at) forallze <§,L> and ¢ € (0,7), (7.15)

where

ety = [ (@)} w10

L T
5 T

Again by the Cauchy-Schwarz inequality, (7.15) in turn implies that

n+2 n+2

< (L) { AL(L —y)? .aé(ze)dy}é

2 1 L
= \/;(L—x)i-ag‘(t) for all x € (§,L> and t € (0,7),

by (7.14) and the definition of a. meaning that

T O e e
T
Using (7.12) and Fatou’s lemma, from this we conclude that
T unTH(L,t) — unTH(az,t))4 4
A

so that in particular we can find a null set N C (0,7") such that for all £ € (0,7) \ N,

4

WLt — u”T“(x,t)]

b(t) := sup Tk

ze(§,L)

is finite.
Now if ¢ € (0,7) \ N is such that u(L,t) > 0, then from (7.13) we clearly infer the existence of
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Uy (L,t) = lime—.,\ 0 tex(L,t) = 0. On the other hand, if t € (0,7") \ N is such that u(L,t) = 0, then
according to the definition of b(t), we obtain

L
"2 (z,t) < b(t) - (L —z)° for all x € (§,L>,

that is,
w(L,t) — u(w,t) ' _ u(z,t)
L—=x L—x
- {b@)- (LL_—;)5}n+2

—n L
— () (L—2)n  forallze (E,L),

so that, since n < 3, we infer that also in this case u,(L,t) exists and vanishes.

Step 4.  We finally show that u furthermore satisfies the integral identity (1.6).

To prepare this, let us first derive two further estimates from (7.7): Namely, for any ¢ € [1,2), (7.7)
along with Lemma 2.1 and the Holder inequality implies that for all measurable 5 C Q and any
measurable @ C Qy x (0,7, we have

I

9e (T)Ug Uera

Tdedt < / / (& + &)™ ey [9ddt

2 (a+B-v+2) 1L 24

< // :E—I-EO‘B'WQ”gmdxdt 2 // x+€q = 7"dxdt> ’
q  9_ q(atB—y+2)
<G ([ @re) dq:) el Ze - (7.16)
Qo
whereas similarly,
n 1,2 qd d g q
g8 uz,| dedt < x—i—&? e | ddt

q
< //(:v+€o‘ Ay =2qn=22 dxdt)2
Q
q(a+ﬂ—w+2) 24 24
X (// (x+¢e) 2a qdazdt)
Q
1 54 glatp-n+2) N\ 3 ng
< T2 (/ (x+e) 29 dm) 'Hungoo(Q). (7.17)
Qo

In view of our assumptions a > 3, § > —1, and v < 1, we infer that o+ 3 — v+ 2 > 3. Hence, picking
any ¢ € (1,2) we know that

q

q(atB—y+2) 2%
¢g := sup (/(az+€) 2—q dx)
ec(0,1) M JQ
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is finite. Then (7.16) and (7.17), applied to Q := Q7 := Q x (0,T), show that because of ¢ > 1, we
may pass to a further subsequence to achieve that

e (T) Ul Uy — W in L9 x (0,7))
and

ge(x)ul Mt — 2 in LYQ x (0,T))

3 EX

as € = ¢; — 0 with some w and z belonging to L4(2 x (0,7")). In view of the pointwise convergence
properties ue; — Uy and Ugzy — Uy, inside P, as guaranteed by (7.13), we may identify these limits
to obtain that actually

9= (T)Ul Uz — U Uy in LY(P) (7.18)
and

ge()ul " 2, — x®u™ in L1(P), (7.19)

because n > 1.
Next, outside the set P, we may use that u. — 0 uniformly in @7\ P to infer upon another application
of (7.13) and (7.16) to g := 1 that

//Q o ge(z)ul |tuegq|daxdt — O (7.20)
T

and

//Q o ge(z)u 2 dedt — 0 (7.21)
T

as € = ¢; — 0, noting here again that o + 8 — v +2 > 0 by assumption.

Now for the verification of (1.6), we fix any ¢ € C§°(Q x [0,7)) such that ¢, = 0 at x = L. We then
approximate ¢ by letting

%@J%ZM&ﬂ+/<ﬂw%@ﬁ@, (z,t) € Q% [0,T), (7.22)
0
for 6 € (0, %), where
€ _
C(S(‘T) = C(E)v WS Qa
with a fixed cut-off function ¢ € C*°R) such that { =0 in (—o00,1], (=1 in [2,00) and 0 < ¢’ <2 on

R. This construction ensures that ¢s, vanishes at both x = L and = = 0, so that upon multiplying
(2.10) by (2 + ) ps, we may integrate by parts, again using Lemma 2.2, to obtain

T
— / / (z + &)Pucpspdadt
0 Q

/ (2 + &)Puoe ()5 (2, 0)da
Q

T
0 Q
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for all € € (¢j)jen and all § € (0,%). Here, from (7.12) and the fact that ug. — ug in C%(Q) by (7.2)
and the restriction v < 1, it is clear that

T T
—/ /($ +6)Bu€¢5td:ndt — —/ /xﬁuqﬁtdxdt
0 Q 0 Q

—/(x+5)6u05(:r)¢5(x,0)dx—> —/ xﬁuo(x)@(x,())dx
Q Q

and

as € = ¢; — 0, whereas (7.18)-(7.21) warrant that

T
/ / [*95($)u?usxx+2gs(x)u? ! :z::| ¢5a:acdxdt*>// — U Uy + 22" ! 2] Gszadxdt
0 Q

as € = ; — 0; hence, (7.23) yields

_/OT/Qxﬂuqb(;tdxdt—/ Bug () s, 0) dw—// — 20U Uy + 20U 2] - Pspedadt  (7.24)

for all 0 € (0, %) Now, taking 0 \, 0, we observe that by (7.22),

Osza(x,t) = (5() - Gun(,t) + %C’(%) - Gp(x,t) for all (z,t) € Q x (0,7,

so that since 0 < ¢’ < 2 we find that
'// [—2%u Uy + 20U 2] - psppdadt — // [~ U™ Uy + 220%™ 2] - qﬁmdxdt‘
< Nwzll e @x(0,1)) ‘// — U Uy + 220%™ 2] - (1 — C(x ))dazdt‘
#310dimoory - [ #w uaadodt + Solmqeony - [ om0 hiddeas

— L(5) + Ix(6) + I3(6),
where S5 := ((0,26) x (0,7")) N P. Clearly,
L(5)—0 as 0 \,0

by the dominated convergence theorem in conjunction with the integrability property —x®u"u., +
22%u" tu2 € LY(P) asserted by (7.18) and (7.19). Moreover, applying (7.13) and (7.16) to Q :=
((0,29) x (0,7)) NP and ¢ := 1 and once more recalling (7.18) and (7.19), we see that

o, 0 a+B—vy+2 M
U™ Uy |dadt < 09( x v dl‘) < 100
Ss 0
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and similarly

_ atB—y+3
// U™ luidxdt <ec16 2
Ss

for all 6 € (0, %) with positive constants cg, c19, and c11. As our hypotheses a > 3, 8 > —1, and v < 1

guarantee that W > 1, we thus obtain that also

I5(0) + I3(6) — 0 as d \, 0,

so that, since clearly ¢s — ¢ and ¢g5; — ¢; uniformly in £ x (0,t), we conclude from (7.24) that indeed
(1.6) is valid. O

We can now prove our main result.

PROOF of Theorem 1.1.  According to Lemma 7.1 with K > 0 as in (4.1), we know that there
exists T' > 0 and a continuous weak solution u of (1.3) in © x (0,7), which due to Lemma 4.1 and the
approximation statement in Lemma 7.1 has the additional regularity property

uwe L=((0,7); WVIZ(Q)) (7.25)
and satisfies

t
/ 2Vul(z,t)de < / Vud, (z)dx + K/ / P62 g ds for a.e. t € (0,7). (7.26)
Q Q 0 JQ

From Lemma 2.3 combined with Lemma 7.1, we infer that moreover

/ Pu(z,t)dr = By := / Pug(z)dzx for all t € (0, 7). (7.27)
Q Q
Therefore,

Tinaz = sup {T >0 ‘ There exists a continuous weak solution u of (1.3) in € x (0,7")

which satisfies (7.25), (7.26) and (7.27) } < 0
is well-defined, and it remains to show that (1.7) holds.
Indeed, let us assume on the contrary that T),q, < oo but uw < M in Q x (0, Tnes) for some M > 0.
Then (7.26) would imply that
/ 2Tl (z, t)de < Ag = / 2Vud, (z)dr + KM””TWH/ 2 P54y for ace. t € (0, Thaz),
Q Q Q

where our assumption v > 5 — o + 3 ensures that « — 4+ — 6 > —1 and hence Ay < co. We could
thus pick some ty € (0, Tinqz) such that

1
to > Tz — §T(A0, By) and / xvui(x,to)daz < Ay,
Q
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to see upon another application of Lemma 7.1 to A := Ay, B := By and

vo(x) == u(z, tp), x €,
that the problem
v = d3 - 2 [0 Ve + 211”_11;320]} , r€EQ, t>0,
T
T Uy 4 20" 2] = 2[00y + 20" 02, = 0, r=0,t>0,
Vp = VUgge = 0, r=1L,1t>0,
v(z,0) = vo(x), x € Q,

would possess a continuous weak solution v in  x (0, 7(Ayp, By)) which, again by Lemma 4.1, Lemma
2.3, and Lemma 7.1, would satisfy v € L>((0,T(Ao, Bo)); Wvlz(ﬂ)) and

t
/x”vz(a:,t)dx < / xVU(Q]x(x)dx—i-K/ /xa5+76v”+2dazd8 for a.e. t € (0,7(Ao, Bo))
Q Q 0 JQ
as well as
/ Pv(z,t)de = By for all t € (0, T (Ao, Bo)).
Q

It can therefore easily be checked that

i, 1) = u(z, ) if z € Qand t € (0,t),
u(x,t) = v(z,t —to) if . € Q and t € [to,to + T(Ag, Bop)),

would define a continuous weak solution @ of (1.3) in Q x (0,t9 + T(Ag, By)), yet fulfilling (7.25),
(7.26), and (7.27). As to + T (Ao, Bo) > Tinaz, this contradicts the definition of T}, O
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