WEAK-STRONG UNIQUENESS FOR MAXWELL-STEFAN SYSTEMS
XIAOKAI HUO, ANSGAR JUNGEL, AND ATHANASIOS E. TZAVARAS

ABSTRACT. The weak-strong uniqueness for Maxwell-Stefan systems and some general-
ized systems is proved. The corresponding parabolic cross-diffusion equations are consid-
ered in a bounded domain with no-flux boundary conditions. The key points of the proofs
are various inequalities for the relative entropy associated to the systems and the analysis
of the spectrum of a quadratic form capturing the frictional dissipation. The latter task is
complicated by the singular nature of the diffusion matrix. This difficulty is addressed by
proving its positive definiteness on a subspace and using the Bott—Duffin matrix inverse.
The generalized Maxwell-Stefan systems are shown to cover several known cross-diffusion
systems for the description of tumor growth and physical vapor deposition processes.

1. INTRODUCTION

The Maxwell-Stefan equations describe the diffusive transport of the components of
gaseous mixtures. Applications arise in, e.g., sedimentation, dialysis, electrolysis, and ion
exchange [34]. They were suggested in 1866 by James Maxwell [31] for dilute gases and
in 1871 by Josef Stefan [33] for fluids. While there are several works on the existence of
local-in-time smooth solutions [4, 20, 21] and global-in-time weak solutions [27] in the case
of vanishing barycentric velocity, the problem of the uniqueness of solutions is basically
unsolved. The uniqueness of strong solutions has been shown in [21, 24], and uniqueness
results for weak solutions in a very special case can be found in [10]. In this paper, we make
a step forward in the uniqueness problem by showing that strong solutions are unique in
the class of weak solutions to Maxwell-Stefan systems.

1.1. Setting. We consider an ideal gaseous mixture consisting of n components with vol-
ume fractions or concentrations ¢;(z,t), ¢ = 1,...,n. The dynamics of the mixture is given
by the mass balance equations and the relations between the driving forces and the fluxes,

CiCj

(1) 8tci -+ le(CZU,J = 0, VCZ' = — Z

j=1 U

('LLZ'—Uj), z'zl,...,n,

Date: October 11, 2021.

2000 Mathematics Subject Classification. 35A02, 35K51, 35K55, 35Q35.

Key words and phrases. Cross diffusion, weak-strong uniqueness, relative entropy, Maxwell-Stefan sys-
tems, thin-film solar cell model, tumor-growth model.

The second author has been partially supported by the Austrian Science Fund (FWF), grants P30000,
P33010, F65, and W1245. This work received funding from the European Research Council (ERC) under
the European Union’s Horizon 2020 research and innovation programme, ERC Advanced Grant NEURO-
MORPH, no. 101018153.

1



2 X. HUO, A. JUNGEL, AND A. TZAVARAS

where w;(z,t) are the partial velocities and D;; = Dj; > 0 are diffusion coefficients. The
equations are solved in a bounded domain Q C R? (d > 1), supplemented by the initial
and no-flux boundary conditions

(2) c(0)=¢ inQ, Ve-v=0 ondQ, t>0,i=1,...,n,

where v is the exterior unit normal vector to 0f).
We assume that the barycentric velocity vanishes, which implies that the sum of all
fluxes vanishes, Y ", ¢;u; = 0. Then, supposing that ¢ > 0 and > " ;) = 1 in Q, we

i=1G
deduce from mass conservation that

Zcizl in Q for all ¢ > 0.

=1

This constraint is necessary to invert the force-flux relations in (1), i.e. to express the flux
c;u; as a linear combination of the driving forces Ve;.

The global existence analysis for (1)—(2) is based on the property that the system is
endowed with the entropy functional

(3) H(e) = Z/ch-(log ¢; — 1)dz,

where ¢ = (c,...,¢,) solves (1)—(2) and satisfies the entropy dissipation inequality [27,
(1.14)]

dH & )
. <
(4) = (c)+C ;:1 /Q \V/c|*dx <0,

with C' > 0 depending only on (D;;). The aim of this paper is to prove the weak-strong
uniqueness for (1)—(2) and generalized systems. Weak-strong uniqueness means that any
weak solution coincides with a strong solution emanating from the same initial data as
long as the latter exists. In other words, the strong solutions must be unique within the
class of weak solutions. To achieve this aim, we use ideas from our previous work [23] and
establish a relative entropy inequality. This leads to a stability estimate for the difference
of a weak and a strong solution and eventually to the weak-strong uniqueness property.
Here, the relative entropy functional is given by

(5) H(cle) = zn; /Q <ci 10g2—j — (e — ci))dx,

where ¢ and ¢ are suitable solutions to (1)-(2).

In the literature, relative entropies are known to be useful to prove the weak-strong
uniqueness of solutions. First results were achieved for systems of hyperbolic conserva-
tion laws [14] and later for the compressible Navier—Stokes equations [16, 17] and general
hyperbolic-parabolic systems endowed with an entropy [13]. The relative entropy tech-
nique was applied to, for instance, entropy-dissipating reaction-diffusion equations [18],
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reaction-cross-diffusion systems [11], energy-reaction-diffusion systems [22], nonlocal cross-
diffusion systems [26], and quantum Euler systems [8, 19]. Compared to the results of, e.g.
[11, 22}, the diffusion matrix in these works is assumed to be positive definite if ¢; > 0 for
all 2 =1,...,n, which is not satisfied for the Maxwell-Stefan system.

1.2. Definitions and assumptions. We impose the following assumptions:

(A1) Domain: © C R? with d > 1 is a bounded domain.
(A2) Coefficients: D;; > 0 and D;; = Dj; for alli,j =1,...,n, i # j.
(A3) Initial data: 0 < ¢ € LY(Q) fori=1,...,n, H(c ) < 00, and >

Next, we define the concept of weak and strong solutions employed in this paper.
We call ¢ = (¢q,...,¢,) a weak solution to (1)—(2) if ¢ satisfies the initial condition (2),
¢ >0, " ¢;=1inQ x (0,00),

VG € L (0,00, H(Q)), ¢ € CL.([0,00);V), i=1,...,n,

where V' is the dual space of V = {w € H*(2) : Vw-v = 0 on 9Q}, and ¢ satisfies (1)-(2)
in the weak sense, i.e., for any ¢; € CL _([0,00); C*(Q)) satisfying V¢; - v = 0 on 9Q and
any T'>0,7=1,...,n, we have

/cl( )i (T )d:z;—/ A:(0) daf—/ /cﬁt@da:dt—/ /czuz Vo;dxdt =0,

where u; satisfies the force-flux relations in (1). The last integral is well defined, since the
gradient bound for ,/¢; implies that |/c;u; € LIOC(O oo; L2(2)) (see Lemma 7 below) and
thus, because of the property 0 < ¢; < 1, ciu; € L2 (0, 00; L*(Q)). Finally, a weak solution
is requ1red to satisfy the entropy mequahty

(6) Z / / % |y — w[Pdwds < H(c).

For the Maxwell-Stefan system this is not an additional requirement as it is guaranteed by
the existence theory of [27]; see Section 3.1.

We will use the term strong solution to (1)—(2) to mean that ¢ = (¢;,...,¢,) with
0 < ¢ < 1is a weak solution satisfying additional regularity properties. The necessary
regularity is stated precisely in context. In certain cases, ¢; satisfies (1)—(2) pointwise, as
is the traditional notion of strong solutions.

A =1in Q.

i=1 "1

loc

1.3. Main results and key ideas of the proofs. Our first main result is concerned with
the Maxwell-Stefan system (1)—(2).

Theorem 1 (Weak-strong uniqueness). Let Assumptions (A1)-(A2) hold. Let ¢ be a weak
solution to (1)—(2) and let € be a strong solution to (1)—(2) satisfying 0 < ¢; < 1 in €,
t > 0, the reqularity properties

log & € Hypo(Q x (0,00)), @ € Li,(Q x (0,00)),
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and ¢; does not have anomalous dissipation, i.€., it satisfies the entropy identity

/ / Cj|u,—uj| dxds = H(e®) fort > 0.

1]

1,7=1

The initial data for ¢ and € satisfy Assumption (A3). Then for any t > 0, there exists a
constant C(t) > 0, depending on t, Q, n, and (D;;), such that

(7) H(e(t)le() + /0 /Q eilus — T2dads < C(#) H(c|&).

If the initial data coincide, i.e. ¢ = & in Q, then c(t) = €(t) in Q fort > 0.

We verify in Section 3.1 that solutions with the stated regularity exist. To prove Theorem
1 we develop a relative entropy identity and use it as a yardstick to control the distance
between two solutions. First, it is shown that the relative entropy (5) satisfies the inequality

(8) C‘ +_ Z /Clcﬂ W) — (uj —u;)*dz

z] lz;éj

1,5=1,1#7j

(see Section 3.2). Next, we study how the frictional dissipation (the second term in (8))
controls the L? norm of u; — %;. The quadratic form in (8) captures the dissipative effect
of friction in the following way:

LS ) — (i) = 3l ) 3y (= ) — (15— )
ij=1,i#j Y i=1 j=1 4
o = fleU(cwa(uz 1) (Ve — 1) = YT A()Y
where the matrix A(c) = (4;;(c)) € R™" is defined by
(10) Ajj(c) = { §5?—C’j75';/ D ii;i

and Y = (Y1,...,Y,) with V; = \/c;i(u; — @;). The matrix A(c) is singular and thus
not positive definite. However, we can show that it is positive definite on the subspace
L:={z e R":\/c-z =0} (here, /cis the vector with components ,/¢;) and the quadratic
form satisfies
YTA(e)Y > pu|PLY %,

where p > 0 is a uniform lower bound for the positive eigenvalues of A(c) and Py, is the
projection on L. This inequality and a careful estimate of the right-hand side of (8) implies
(7) and the weak-strong uniqueness property.
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The L bound on the partial velocities @; in Theorem 1 can be avoided at the expense
of assuming V,/¢; € L> and ¢; is uniformly bounded from below by a positive constant.
The uniform lower bound is not needed in Theorem 1, where only positivity is required.

Corollary 2. Let the assumptions of Theorem 1 hold, replacing u; € L*>(£2 x (0,00)) by
Vé € L®(Q x (0,00)), i = 1,...,n. Suppose additionally that there exists m > 0 such
that ¢;(t) > m in Q, t >0, i =1,...,n. Then there exist constants C; > 0 and Cy(t) > 0
(depending on t, Q, n, and (D;;)) such that the following inequality holds for t > 0:

(11) H(c(t)|e(t)) + Cy Z/O /Q IV (/@ — V&) Pdeds < Co(t) H(|).

The relative entropy inequality (11) is the analogue of the entropy estimate (4). It can
be achieved by working with the square roots ,/c; as the main variables. More precisely,
we write the force-flux relations in (1) as

(12) 2V \/c; = ZA” c) /G, i=1,...,n,

subject to Y1 | c;u; = 0, where A(c) is defined in (10). This system cannot be directly in-
verted, since ker A(c) = span{,/c}. However, introducing the Bott—Duffin inverse A5 (c)
of A(e) with respect to L := (span{y/c})* (see Section 2 and Appendix A), we can invert
(12), leading to

(13) :—22/1 (OVG, i=1,...,n,

and system (1) can be formulated in the concise form
(14) Orc; = 2div (Z mAgD(c)v\/c—j), i=1,...,n.
j=1

The Bott-Duffin inverse APP(c) equals the group inverse studied in [6], since L = ran A(c).
Compared to [6], we work here with the square roots ,/¢; instead of the chemical potentials
logc; (see [6, (4.25)]). The relative entropy inequality (8) is rewritten in the form (see
Lemma 9)

(15) c| +4Z/ABD VZi - Z;da

<4Z/Z v\/_( S AP () AgD(c)\/—\/g:j)dx,

3,0=1
where Z; = V\/¢; — \/¢;/&V /G, i=1,...,n. We prove in Lemma 4 that the Bott-Duffin
inverse is symmetric and positive definite on L,

ZTAP()Z = NPLZP, Z = (Zu,.... 7).
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where A > 0 is a uniform lower bound for the positive eigenvalues of AZP(c¢). Inequality
(11) now follows from this property and suitable estimates for the right-hand side of (15).

The above-mentioned techniques can be extended to a class of generalized Maxwell—
Stefan systems, which includes several examples of cross-diffusion systems occurring in
applications (see Section 5):

n

(16) e + div(eu;) = 0, Z cju; =0,
j=1
(17) - ; Kij(c)cjuj = 561 — ¢ Z ¢V 5(:] ), i=1,...,n,

together with the initial and boundary Condltlons (2), where 0 H/dc; denotes the variational
derivative of H. Again = 1 implies that > "  ¢;(t) = 1in Q, ¢ > 0. We assume

that .
i=1 7

which gives 0H/d¢; = hj, and (K;;) € R™ " satisfies . | K;;(c) = 0 for all ¢ € R}. This
model was proposed in [23] and can be obtained as the high-friction limit of multicompo-
nent Euler systems. It can also be derived from elementary thermodynamic considerations;
see Appendix C. If the entropy H (c) equals (3) and K;j(c) = \/c;A;5(c)/\/c;, where A;;(c)
is defined in (10), then system (16)—(17) reduces to (1). We refer to [5, 12, 30] for mul-
ticomponent diffusion models that account for other factors, such as thermal conduction,

viscous stresses, chemical reactions, etc.
We introduce the matrix B(c) = (B;;(c)) € R"*" by

1
(18) BZ](C) == EKH(C)\/E, Z,] = 1,...,71,,
and we assume that B(c) is symmetric and as before, we set L :== {z € R" : \/e-z =0}
and L+ = span{y/c}. We write (17) as (see the beginning of Section 4)

n

—ZBM C)\/Gu; = Y (PL)i/GVH(e;), i=1,....n.

7j=1

zlz

We show in Lemma 11 that this system can be inverted, leading to

n

Ve = — Z BgD(C>\/C_jv}13'(Cj)a

j=1
where BBP(¢) is the Bott-Duffin inverse of B(c), and system (16)—(17) can be formulated
as

s 6H .
Orc; = div (; \/C_z‘BgD(C)\/C_jV(S—Cj(C)), i=1,...,n,

which, by the way, equals (14) if H(c) is given by (3) and B(c) = A(c).



WEAK-STRONG UNIQUENESS MAXWELL-STEFAN 7

We suppose for all ¢ € [0,1]™ the following conditions on the matrix B(c):
(B1) B(c) is symmetric and L = ran B(c), L+ = ker(B(c)Py).
(B2) Forall7,j=1,...,n and s > 0, B;;(c) is bounded and Lipschitz continuous for all
€ [s, 1]™
(B3) There exists a function v : (0,00) — (0, 00) such that for all m > 0 and all s > m,
it holds that v(s) < y(m) and ||B(c)||r < y(min,—,__,¢;).
(B4) All nonzero eigenvalues of B(c) are not smaller than a positive constant g > 0.
The partial free energy functions h;(c;) are associated to the pressures p;(c;) via the
thermodynamic relations

(19) pi(c;) = cihl(c),  pi(e;) = eihli(c;) — hi(c).
For h;(c;) and p;(c;), we assume that, for some constants K7, Ky > 0, it holds that
(H) hi € C*((0,1]), 0 < ¢;hyi(e:) < Ky, |pf(ei)] < Kby (e;) for ¢; € (0,1]

for i = 1,...,n. This hypothesis implies that h;(¢;) is strictly convex, p;(¢;) is Lipschitz
n (0,1]. The functions h;(c;) = ¢;logc; — ¢; and hi(¢;) = ¢], v > 1, satisty (H).
Our final main result is the weak-strong uniqueness property for (16)—(17).

Theorem 3 (Weak-strong uniqueness for the generalized system). Let Assumptions (A1)-
(A3) and (B1)-(B4) hold, and let h; satisfy Hypothesis (H). Let ¢ be a weak solution and
¢ be a strong solution to (2), (16)—-(17). We suppose that € satisfies ¢;(t) > m in Q, t >0
for some constant m > 0,

h;(é ) Hl{)c

(Q x (0,00)) N Lys,

loc

(0,00; W2°(Q)), i=1,...,n,
and the entropy identity
(20) )+ Z / / V& BEP (e)Vh(c;) - VH(¢;)dads = H(e)
i,7=1
fort > 0. Then there exists a constant C(t) > 0, depending on t, m, and (D;;), such that
H(c(t)|et)) < C(t)H(|e”)  fort > 0.
If the initial data coincide, then c(t) = €(t) in Q fort > 0.

We do not explore the existence of solutions with the stated regularity. The existence
of weak solutions to (2), (16)—(17) can be shown by the techniques detailed in [28, 29]
under suitable assumptions on K;; and h] that guarantee nonlinear gradient estimates.
The existence of (local-in-time) strong solutions can be shown by following the approach
of [21] by formulating (16)—(17) as

Orc; = M,( —le(Z Vq) 1=1,...,n,

where M;;(c) depends on BPP(¢) and /(c;), and verifying that the principal part of the
operator M(e) = (Mjy,..., M,)(e), defined on suitable spaces, is normally elliptic and
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satisfies the Lopatinski-Shapiro condition. By [15, Theorem 8.2], the operator M(c) has
maximal regularity of type L? and the local existence result follows from [21, Theorem A1l].

The strategy of the proof of Theorem 3 is similar to that one of Theorem 1, but it is
more involved. First, we show a relative entropy inequality. The terms of this inequality
are estimated by splitting the domain into two regions: c,(z,t) := min,—y__, ¢;(x,t) < m/2
and c.(z,t) > m/2, where m > 0 is the uniform lower bound for ¢;. The final estimate
reads

(21) dH C Z/ (1 = x(e)y/@c;BEP (e)Vhi(c;) - VR(c;)da

my / (e — @)ds < CH(cle)

where x(c) a cutoff function that vanishes if ¢; < m/2 for some i (see (65) for details).
An application of Gronwall’s lemma completes the proof. Notice, however, that we do not
obtain a gradient estimate as in (11).

By specifying the coefficients K;;(c) and the entropy densities h;, we prove the weak-
strong property for cross-diffusion systems describing physical vapor deposition processes
[1] and for the tumor-growth model suggested in [25] and analyzed in [27] and the Maxwell-
Stefan system considering different molar masses that is derived in [3, 5]; see Section 5.

The main contributions of this work are, first, the derivation of the relative entropy
inequality (8) for the Maxwell-Stefan system and (21) for generalized Maxwell-Stefan sys-
tems. Second, the introduction of the Bott—Duffin inverse provides an efficient way to
reduce the Maxwell-Stefan system to a (degenerate) parabolic system formulated in the
square roots /¢;. (Related formulations using the chemical potentials 0 H/d¢; can be found
in [6].) Third, we show that our technique can be extended to more general Maxwell-Stefan
systems which may have degeneracy at zero.

The paper is organized as follows. We study the properties of the matrix A(c), defined in
(10), and its Bott-Duffin inverse AZP(¢) in Section 2. In Section 3, we recall the existence
results for global weak and local strong solutions to (1)-(2), prove the relative entropy
inequalities (7) and (8) as well as Theorem 1 and Corollary 2. Section 4 is devoted to the
existence of the Bott—Duffin inverse of B(c¢), defined in (18), and the proof of the relative
entropy inequality (21) eventually leading to the weak-strong uniqueness Theorem 3. In
Section 5, we present some examples that fit into our framework. Finally, we recall the
definition and some properties of the Bott—Duffin inverse in Appendix A, show two simple
inequalities for the Boltzmann entropy density in Appendix B, and derive the generalized
model (16)—(17) from thermodynamic principles in Appendix C.

Notation. We set R, = [0,00). Elements of the matrix A € R™*" are denoted by A;;,
1,7 = 1,...,n, and the elements of a vector ¢ € R" are c¢1,...,¢,. If f: R — R is any
function, we define f(¢) = (f(c1),- .., f(c,)) for ¢ € R™. In the whole paper, C' > 0, C; > 0

denote generic constants whose values change from line to line.
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2. PROPERTIES OF THE MATRIX A(c)

The properties of the matrix A(c), defined in (10), have been studied in [4, 21, 27]
under the assumption ¢; > 0 for all ¢ = 1,...,n. Our results are valid for nonnegative
concentrations ¢; > 0, including vacuum.

Let ¢ € R"}. Since (Dm) is symmetric, we have for all z € R™,

n

D SUTC P SE S o R L S

hj=1 witgs i S P hj=1, j#i
showing that span{y/c} = ker A(c). We set
ran A(c) = L:={x e R": \/c-x =0},
ker A(c) = (ran A(c))* = L+ = span{\/c},

and note that > 1" | ¢; = 1 implies that [/c|* = ¢; + -+ - + ¢, = 1. The projection matrices
P; on L and P;. on L are given by

(22) (Pr)ij = 0ij — /@y, (Pre)iy = 0y — (Pr)yy = /acj, 4,5 =1,...,n.
Lemma 4. Let ¢ € R"! be such that > ¢; = 1. Then
(23) 2T A(e)z > p|Prz|*  for all z € R,
where p = min,,;(1/D;;). Moreover, the Bott-Duffin inverse
APBP(¢) = PL(A(e)Py + Ppo) ™t
1s well defined, symmetric, and satisfies
(24) 2T APP(¢)z > \|Ppz|?  for all z € R,
where A = (23,,;,(1/Dy; +1)) 7

Proof. We first prove (23). Let 0 < a < p and suppose that ¢; # 0 fori = 1,..., M and
¢i =0 fori=M+41,...,n. If necessary, we may rearrange the indices to achieve this
ordering. Since ., ¢; = 1, it holds that M > 0. Thus, we can write —A(¢) — aPp: in
block diagonal form as

\/_Zz V€izj),

l

Al o 0 0
0 0
“Ale) —aPy. = ar+1 ,
0 0
0 0 an,

where A € RM*M has the coefficients A;; = —Aji(e) — ac; and Zij = (1/Dy; — a),/Gic;
fori,j=1,....,M,i# j,and aj = =37, |, ck/Dyj for j = M +1,...,n. Because of
a < i, the matrix A is quasi-positive and irreducible. Hence, by the Perron—Frobenius
theorem [32, Chapter 8], the spectral radius of A is less than or equal to the Perron—
Frobenius eigenvalue that is a simple eigenvalue of A associated with a strictly positive
eigenvector, and all other eigenvalues of A have no positive eigenvector. In the present



10 X. HUO, A. JUNGEL, AND A. TZAVARAS

case, the Perron—Frobenius eigenvalue is given by App = —a and is associated with the
eigenvector (1/c1,...,+/ca), recalling that ¢; > 0 for alli = 1,..., M (also see the proof of

Lemma 2.1 in [27]). Since all eigenvalues of A are not larger than A\pp, we have
FT(—A)z > alz)? for 2= (z,...,2) € RM.

This leads, for any v < p and z € R”, to the inequality

2T(A(c) + aPp)z = Az + Z Z
i= M—|—1] 1,5#1

B . 1 n _ n
2a|zl2+wgmMD— Z ¢j Z 2 >alzP+a Z 22 = alz)?,

whe TR =14 =M Pyyatt

where we have used the fact that >37_, ;,;¢; = 1 fori = M +1,...,n, since ¢; = 0 for
exactly these indices. This inequality 1mp11es that for all z = Ppz + PLLZ e R,

2TA(e)z + a|Priz|? = 2T (A(e) + aPri)z > a|Prz|* + a| P z|?,

which shows (23).

The invertibility of A(e)Pp, + P is a consequence of Lemma 17 in the appendix. Con-
sequently, the Bott—Duffin inverse AP (c) = Pr(A(c)Pp + Pp.)~! exists.

It remains to show (24). The spectral radius r(A(c) Py + Pp1) is bounded by the Frobe-
nius norm. Thus, because of A(e) P, = A(c) (see Lemma 17 in Appendix A) and 0 < ¢; < 1,

’L

n

1/2
HA(Q)Py + Pri) < JA(€) + Poallr = ( S (Ay(e) + ¢—>)

,j=1

AE(E ) 5 (o a) )

i,j=1,i#]

We infer that the eigenvalues of (A(c)Pr, + Pp1)~! are larger than or equal to A. Thus, in
view of (81), we find that for all z € R",

2T APP(e)z = (Pprz)T (A(e)Py + Ppu) 'Prz > M Prz|?,
finishing the proof. U
Since (Vy/c1,...,V/c,) € L, the existence of the Bott-Duffin inverse guarantees that
the solution of (12) can be expressed via the formula (13); see Appendix A.

3. WEAK-STRONG UNIQUENESS FOR MAXWELL-STEFAN SYSTEMS

3.1. Existence theory. We discuss the existence of weak and strong solutions to the
Maxwell-Stefan system (1)—(2). First, we recall the existence theorem for weak solutions,
which was proved in [27].
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Theorem 5 (Global existence for Maxwell-Stefan systems). Let Assumptions (A1)-(A3)
hold. Then there exists a weak solution to (1)—(2) satisfying the entropy inequality (6) for
t >0, or equivalently,

+4Z / / ABP(e)V /e -V Jesdads < H(cy).

2,J=1
The existence of strong solutions was proved in [4, Theorem 1] and [21, Theorem 3.2].

Theorem 6 (Strong solutions for Maxwell-Stefan systems). Let Q@ C R? (d > 1) be a
bounded domain with 9Q € C? and let ¢ € W 2PP(Q;R™) with ¢ >0, Y. ) =1 in
Q, where p > d+2. Then there exists T* > 0 and a unique solution ¢ to (1)—(2) satisfying

c; € CH(0, T%); W22/Pe(Q)) N WHP(0, T; LP(Q)) N LP(0, T; W2P(2))
fori=1,....n

The strong solution of Theorem 6 has the property of immediate positivity: If ¢ > 0in Q
then ¢;(t) > 01in Q for 0 < ¢t < T", where T" < T depends on c’. Moreover, if the initial data
is close to a constant vector, the strong solution can be extended globally: Let c* € RY.
Then there exists € > 0 such that if the initial data satisfies ||¢” — ¢*||lyy2-2/p0(0) < €, then
the strong solution exists globally in time.

If @ >0in Qfori=1,...,n, the continuity of the strong solution implies that there
exists 0 < T” < T* and m > 0 such that ¢;(t) > m > 0in Q for i = 1,...,n. Therefore,
because of the embedding W2~2/P?(Q) — C(Q), we have \/¢; € L>=(0,T"; WH>(2)), and
T" = oo if || = €*|ly2-2/p0(q) is sufficiently small. This shows that the strong solution
satisfies the regularity assumptions of Corollary 2.

The assumption \/¢; € L2 (0,00; Wh>(Q)) and the property ¢;(t) > m in Q imply

loc

that the regularity condition u; € Lfg’c(ﬂ x (0,00)) of Theorem 1 is satisfied. This is a
consequence of the following lemma and m Y 1, u]® < Y0 cilw)®> < C Y0 V@l
Moreover, the assumption logc; € HL (€ x (0,00)) follows from |Vlogc;| < |Vei|/m €

CO((0,7"; CO(Q).

Lemma 7. Let 0 < ¢; < 1 and let u; be given by the force-flux relations in (1) satisfying
Yo ciu; = 0. Then there exists a constant C' > 0, only depending on (D;;) such that

ZCZM2 < C’Z Vel

i=1

Proof. 1t follows from (12) and the symmetry of A(c), defined in (10), that

42 Vel = i ( \/_UJ
i=1

Z Veiui(A )ZJ\/_UJ

1,j=1
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Since the eigenvalues of A(e¢)? are the square of the eigenvalues of A(c), we deduce from
(23) that 2T A(e)?z > p?|Ppz|? for all z € R™. This yields

Because of )" | \/¢i(y/ciu;) = 0, we have (y/¢;u;); € L and hence, Pp(\/cu;); = (\/Ciu;);-
The statement of the lemma follows after setting C' = 4/ U

3.2. Relative entropy inequality. We first derive a relative entropy inequality via a
formal computation. Using (5) and (1), we obtain

d _ " C; C; _
(25) aH(dc) = ;/Q (log E—i@tci + (1 — E_) atci> dx

= Z/ (V log ? - (cyu;) — Vog g : (Cz‘ui)>d$
i=1 7 Ci i

= Z / ¢;V(loge; —logc;) - (u; — w;)dx.
i=1 79

To reformulate the integrand of the right-hand side, we insert the second equation of (1),
and use the symmetry of (D;;):

n n

1

ZCZV(IOg C; — 10g Ei) : (Ul - ’ljz) = — ZCZ(UZ - ﬂz) : Z D_(C](UZ — Uj) — Ej(ﬂi — ﬂj))
i=1 i=1 g Y
n ) . ) )
= - ZQ(uz - ul) : Z D]< ((uz uz) - (u] - u]))
i=1 gAY
n 1 - B
(26) - Z Cz(uz u;) ((C] —¢)(u u]))
1,7=1,1#j &
Cc;C _ 2 - C; _ _
= Z D{ ‘(uz ;) — (uy u])‘ ”<C] i) (u; — ;) - (U; — ;)
ig=1i5 Y igj=1,i#j W
This shows that
d _ 1 _ CiCj _ 2
i,j=1,i#j
n Cz B B B B
- _ Z / D-~(CJ ¢i)(u; — ;) - (w; — uj)de
ig=1,i#; 7 7Y

Our aim is to make this computation rigorous. Since the computation in (26) is purely
algebraic, it holds without any regularity restrictions. In principle, one would expect that
(27) holds under the condition that all the terms are well defined, which would cover the
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class of weak solutions subject to the condition u; € L™ (to ensure integrability of the
right-hand side). However, we have not been able to establish (25) for such a class of
solutions, and stricter conditions on one of the solutions are required.

Lemma 8. Let ¢ be a weak solution to (1)—(2) and let € be a strong solution to (1)—(2)
satisfying 0 < ¢;(t) < 1 in Q, the regularity
loge; € L (0,00, H(Q)), d;logée; € L (2 x (0,00)), @; € LX.(0,00; L®()),

loc

and the entropy identity

(28) ) + Z / / %C] — |*dwds = H(&®) fort > 0.
ij

Then

+Z// i ( wi — ) - (/G (uy — ;) dads

2,7=1

(29) < H(|E) -

1,7=1,1#7]

Proof. Since

Hiele) = Hic) — H(e) - /Q > (e e log s,

we need to formulate the time evolution of each of these terms. According to Theorem 5,
the weak solution ¢ satisfies V/¢;, \/cu; € L (0, 00; L*(2)) and

Z / / % ~Ju; — uj|*deds < H(c®) fort > 0.

1]1

The symmetry of (D;;) and the force-flux relations in (1) give

= c;j 1 <= ¢

J i 2
E ciu; - Vdoge; = E ci; - Z-—uj)——é E = |u; — 7,
i=1 L

ij=1 ” ij=1 "4

and we formulate the entropy inequality as
n t
(30) H(c(t)) — H(c") < Z/ / ciu; - Vdog ¢;dxds  for t > 0.
i=1 Y0 JQ
The expression c;u; - V log ¢; has to be understood as 2V, /¢; - (1/¢;u;), which is well defined

since V/¢;, y/cu; € L*(Q x (0,7)) (see Lemma 7). In a similar way, we express the
entropy identity (28) as

no o
(31) H(e) - H@) =S / / it - Vlog éxdads for t > 0.
i=1 70 JQ
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Next, the difference of the weak formulations for ¢ and ¢ gives

[ @—awea = [ @ -do 00

// &g@dxds—k/ / ciu; — Ciuy) - Vidads

for test functions ¢; € CL_([0,00); C1(9)). Using a density argument we see that the test
function ¢; can be taken in the class H'(Q2 x (0,7)) for T > 0, in which case ¢;(t), ¢;(0)
are well defined by the trace theorem. Selecting ¢; = log ¢;, we obtain

(32) /(c &) () log &i(t )dx—/Q(c — ) log Vda

/ / tczdxd +/ / ciu; — Gitg) - Vlog ¢;dxds.

Taking into account the regularity properties of ¢;, we insert 9;,¢; = — div(¢;;) in the third

term and integrate by parts:
OhC; ! i
Y drds = / / V(C—> - (&;)dads.
Ci o Ja Ci

[ [

We wish to write the integrand on the right-hand side as

C; C; C;

Since ¢; > 0 only, the expression log ¢; may be not integrable. Therefore, we define

Ci 1
og <Ez) \/C_z( Ve —+/eViloge) ife
as the product of two functions and V log(c;/¢;) arbitrary if ¢; = 0. Although this product

may be not integrable, the expression ¢;V log(c;/¢;) lies in L*(2x (0, 7)) and consequently,
¢;Vlog(c;/¢;) - u; lies in the same space. Therefore, we can formulate (32) as

(33) /Q (c; — &)(£) log &(t)dz — /Q () — 2 log Pz

t ' t
= / / c;V log (3) - u;dxds + / /(cluZ — ¢iu;) - Vlog édxds.
0 Ja Ci o Ja

Subtracting (31) and (33) from (30) leads to

(34) H(c()|e(t)) — H(|&) < Z;: /0 t /Q ¢V log (Z’-) - (ui — @) dads.

Finally, using (26) and the form (9) of the friction, we obtain (29). O
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3.3. Proof of Theorem 1. We proceed to estimate (29). We set Y = (Y7,...,Y,) with
Y; = /ci(u; —4;),i=1,...,n. Then, using (23), we have
(35) > Ayle)(Velu —w) - (Ve (uy — ) = YT A(e)Y > p| PLY |
ij=1

It follows from the constraints Y., c;u; = Y ., ¢u; = 0 that

(P Y); Z\/_c] \/_Z ),

n n

IPYP =Y~ |PaY = clu—wf* -«

n

> (e =)y

i=1 i=1 | j=1
n
> Zcm il = nllall = > (e — ),
7=1
where ||@||pe = max;—1,__n [|uj]| Lo @x(0,1)), and we used Y ", ¢; = 1.

We turn to the last term in (29), which is estimated

(36) ‘/ /
1,j=1,1#j
l¢; — &l
g/o /Q E_ (vei(u — 1 ( E jDU L\u; — ;] |dwds
2||u||Loo / / - 1/2 n o 1/2
< . — i . _ B
< miny, Dy, czlul ;| n E lc; — & dxds

< = //Z:cl|uZ | *drds + C(p //Z )2dwds,

where the constant C'(1) > 0 also depends on min,,; D;; and ||u||L~. Inserting (35)-(36)
into (29) and taking into account Lemma 18 in Appendix B, we find that

H(e(t)le() + 5 /0 /Q s — i [2dds
H(%e%) + C’(u)/o /QZ(CZ — &)*drds < H(c|&) + QC’(;L)/O H(c|e)ds

and an application of Gronwall’s lemma finishes the proof.

— Ej)(ui — ﬂl) : (ﬂz — ’ljj)d!L‘dS

Z

3.4. Proof of Corollary 2. In this section, we express the relative entropy via the Bott—
Duffin inverse ABP(c).
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Lemma 9. Let the assumptions of Lemma 8 hold with u; € L3%.(0,00; L>®(Q2)) replaced
by /G € L. (0,00, Wh*(Q)). Then, setting Z = (Z,...,2Z,) with Z; = V\/¢; —

loc

(\/c_i/\/g)v\/_fmw—l... n,
(37) (t)e(t) +4Z//ABD )Z; - Z;dxds

H(c"|&) +4§:1//Z V\/_(\/_ABD AgD(c)\/—\/Z:j)dxds.

Proof. Starting with the relative entropy inequality in the form (34), we express its right-
hand side by using (13):

ZciV(log c; —log¢;) - (u; — u;)

i=1
- Ci _ 1 1 1 1
= — Ve; — TZVci) . ( A,FD(C)—VC' — — A?D(é)—_Vc-)
- BD BD j BD /= Ci -
:—422,140. —422 (A /c;—Aij (€) E—i)v ¢,
1,j=1 i,5=1
which gives (37). O

We continue with the proof of Corollary 2. We estimate the two integrals of the relative
entropy inequality (37). The integrand of the second term is estimated, because of (24),
as

(38) ZA &) Z;- Z; > NP Z|.
2,j=1

The definitions of P, and Z yield

one () (e 3e)

- (e - v+ e - fz LY s,

Using Young’s inequality (A + B + C)? > A?/2 — 4B* — 402 and the bounds ¢; > m and
VG + v/E < 2, we infer that

rPLZ|2>Z( V(e = Va) —
(VB — (&)
\/E_

C;

7
G

2
Cj)

_4‘\/5,;
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] — _ dn+1) & _ _
EIMLCRNGIE W) S (e - VarIvVaR
] =1

With this estimate, 38 becomes after integration over 2 x (0,1),

(39) //ABD ) Zi - Zda:ds>2)\2//\v\/_ V&) |Pdxds

~ 16(n + 1)
m

.....

Next, we consider the last integral in (37). By Young s inequality,

(40) 42/ /Z v\/_(\/_ABD AgD(c)%)dxdsg%g/ot/Q|Zi|2dxds

i,j=1

2
c N

—l—C max HV\/_HLOO Qx(0,T)) Z/ /< ABD AgD(c)Tg) dxds,
J

..... 2,7=1

and the constant C' > 0 depends on A and n. The first term on the right-hand side is
estimated according to
(1) 27 = V(e - va) - L

<AV(E VA + 2VE — VEPIV VAR

To estimate the second term on the right-hand side of (40), we need some preparations.
We write

Ppadj(A(c) + Ppr)  R(y/c)
det(A(e) + P.)  S(ye)’
where “adj” denotes the adjugate matrix. We know that the elements of A(c), P, and

P;. are polynomials of y/e. Therefore, R(y/c) and S(y/c) are also polynomials of +/c.
Any eigenvalue of A(c) is also an eigenvalue of A(c) + Py (since L+ = ker A(c)). As
A(ce) has the eigenvalue 0 with eigenvector /e, A(c) + Pp1 has the eigenvalue 1 with the
same eigenvector. Moreover, all other eigenvalues of A(c) + Pp. are larger than or equal
to p. Since the determinant of a matrix is the product of its eigenvalues, we conclude that
S(y/e) > p"~' > 0. This shows that S(y/c) is uniformly bounded from below. Thus, we
can estimate as follows, denoting the elements of the matrix R(v/c) by R;;(v/¢):
Vel G T VasWe - SWevg
= ¢S &S(Ve))Ri;j(Ve) /¢
- (RiwaNc_j - Rz’j(\/g)\/é_j) Vas(ve)l

APP(c) = P(A(c) + Ppo)™ =
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n
m) Y Ve — Ve,
=1

where C(m) > 0 depends on the Lipschitz constants of the polynomials \/¢;R;;(v/c) and
V/GS(y/c). Inserting this estimate into (40), we obtain

(42) 4121 / / Z;-V\/¢ (\/_ABD AgD(c)\/—\/Z:j>dmds
< Ag/ot/ﬁwwa—¢a>12dxds+cg/0t[2<¢a—@deds,

where C' > 0 also depends on the L* norm of V4/¢; through (41).
Finally, we use estimates (39) and (42) in the relative entropy inequality (37), together
with Lemma 18 in Appendix B, to find that

Hele®) + 1Y [ [ V(e - va) P

gci/ot/g(@—\/a)mdsgcif;/otch)ds

and an application of Gronwall’s lemma finishes the proof.

Remark 10 (Nonhomogeneous total mass). The condition Y ¥(z) =1 for z €  on

the initial total mass can be relaxed to >~ , ?(z) = M(z) for x € Q and some strictly

i=1"1
positive function M € L*>(2). In this situation, the force-flux relations in (1) change to

ST
\Y% “(u; —u;), i=1,...,n.
j; ¢ = Z D“(u uj), 1@ n

j=1,5#i ¥

Notice that the total mass Z?zl c; = M is preserved in time. The previous equation can
be expressed in terms of the matrix A(c), defined in (10), by

Z(PL)UV\/_ ZAU c)V/ciuy,

J=1

where the projection matrix Py, is now given by (Pp)y; = 0y — (/€ic;/M(x), 4,5 =1,...,n
Lemma 4 still holds in this situation with o < inf,eq M (z) min;;(1/D;;). The relative
entropy inequalities (29) and (37) do not depend on the assumption > | ¢; = 1 such that
the relative entropy inequalities in Theorem 1 and Corollary 2 still hold but with constants
depending on M. U
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4. WEAK-STRONG UNIQUENESS FOR GENERALIZED MAXWELL—STEFAN SYSTEMS

We consider the generalized Maxwell-Stefan system (16)—(17). First, we rewrite (17) in
terms of the Bott-Duffin inverse of B(c). To this end, we recall the definition of (P );; =
dij — /Cic; and rewrite the right-hand side of (17),

n

GV — e 306V 6) = v (VETI) Z VEVa )

j=1
= V& Y _(PL)ij /G Vh(c)),
j=1
as well as the left-hand side of (17), using definition (18) of B(c¢),

_ZKij<c)Cjuj = \/C_’LZBU \/_uj7 L= 17"'7”7
j=1

showing that (17) is equivalent to
—ZBU e)eu; = Y (PG Vh(e), i=1,....n.
7j=1

We prove in Lemma 11 below that the Bott-Duffin inverse BPP(c) of B(c) exists. Thus,
we can invert the previous system:

n

Ve = = (BPP(e)PL)ij /& VI (c;) ZB e)\/& V) (e;),

j=1
where we have used the relation BPP(¢)P, = BBP (c) (see (81) in Appendix A). This
equation generalizes (13). We conclude that system (16)—(17) can be written as

(43) 8tcz—d1v(z\/c_,BBD \/_Vh/(cj)) i=1,...,n.

4.1. Properties of the matrix B(c). We prove the following lemma.

Lemma 11. Let Assumptions (B1)-(B4) hold for B(c), defined in (18). Then the Bott-
Duffin inverse BPP(¢) = Pr(B(c)Pr + Ppi)™" of B(c) exists, is symmetric and satisfies
the following properties:

o Let s > 0. Then the elements BgD(c) are bounded and Lipschitz continuous for all
ceE [s, 1]
e Let m > 0. Then there exists \(m) > 0 such that for all z € R" and ¢ € [m, 1],

(44) 2" BBP(c)z > A(m)|Prz|*.
o The matriz BPP(c) satisfies for all z € R™ and c € [0,1]",

1
(45) z'B"P(c)z < — [z,
0
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recalling that p > 0 is a lower bound for the nonzero eigenvalues of B(c); see
Assumption (B4).

Proof. Assumption (B1) and Lemma 16 (ii) in Appendix A imply that
ker(B(¢)Pp + Ppi) = ker(B(c)PL)NL = LN L={0}.

Hence, B(c)P, + P;1 is invertible and the Bott—Duffin inverse is well defined and symmet-
ric.

We continue by studying the eigenvalues of B(¢)P, + Pri. A computation shows that
for \/c € ker(B(c)Py) = Lt we have (B(c)Py + Ppi)y/e = Ppiy/c = /¢, ie., \/cis an
eigenvector of B(c) Py, + Pp1 with eigenvalue 1. Let £ ¢ L+, £ # 0, be another eigenvector,

(B(e)Pr + Ppu)§ = p€.
Then p # 0. Applying P;, on both sides, we obtain P,B(c)PrL¢{ = B(c)(Pr&) = pPr&, ie.,
P& # 0 is an eigenvector of B(c) with eigenvalue p. Due to Assumption (B4), we conclude
that p > p > 0.
We claim that the elements BJ”(c) are bounded and Lipschitz continuous for all ¢ €
[s,1]™. Indeed, observe that

(46) B"P(c) = Py(B(c)Py + Pya) ™' = Pdt%?();]) +;P>)

where “adj” denotes the adjugate. Since the determinant of a matrix is the product of
its eigenvalues, det(B(e)P, + Pr1) > p™ ' > 0 and the denominator in (46) is bounded
from below. Assumption (B2) implies that the elements of B(c) are bounded. Hence, all
elements of adj(B(c) P, + Pp1) are bounded too. We conclude from (46) that the elements
of BBP(¢) are bounded. Since the product of Lipschitz continuous functions is Lipschitz
continuous, Assumption (B2) further implies that the elements of BPP(c) are Lipschitz
continuous for all ¢ € [s, 1]" for any s > 0.

We wish to verify (44). Since the spectral radius r of a matrix is bounded by its Frobenius
norm || - || and the Frobenius norm is submultiplicative, we have

F(B(e)Py+ Py) < | B(e)Py + Pylr < | B(€)Pyllr + | Pyelr
< 1Bl Pell + [Py |-

The Frobenius norms of P;, and Pp. are estimated according to

n

||PLH%“ = Z((Sij - \/cicj)Q < Z 1 =n?

ij=1 ij=1

n n 2
Pl = Yo (vaey = (a) =1
ij=1 i=1
Assumption (B3) guarantees that ||B(c)||r < y(m). This shows that r(B(e)P, + Pr1) <
v(m)n + 1. We infer that the smallest eigenvalue of (B(e)Pp + Pr.)~! is larger than

A(m) :=1/(y(m)n + 1) proving (44).
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It remains to prove (45). First, we show that the nonzero eigenvalues of B(c) and
BPP(c) are reciprocal to each other. Let ¢ € R be a nonzero eigenvalue of BPP(c).
Then the corresponding eigenvector y € L satisfies BPP (¢)y = ¢y, which is P.(B(c)P, +
P,) 'y = fy. Hence, z := (B(c)Pp + Pp.) 'y satisfies Prz = ((B(c)P, + Pp.)z.
Applying P, on both sides yields Prz = (P,B(c)PL,z = (B(c)Pyz. Thus, Prz is an
eigenvector of B(c) with eigenvalue 1/¢. Similarly, we can reverse the above argument and
verify that if z is a nonzero eigenvector of B(c) with eigenvalue ¢, then (B(c¢)Py+ Pr1)z is
an eigenvector of BBP(c) with eigenvalue 1/¢. We conclude that the largest eigenvalue of
BPP(c) is the reciprocal of the smallest eigenvalue of B(c), and Assumption (B4) implies
that 27 BBP(c)z < |z|?/u for all z € R™. O

4.2. Weak and strong solutions. We call ¢ a weak solution to (2), (16)—(17) if
ci € CL.([0,00); V)N LE (0,00, H(Q)), i=1,...,n,

where V' is the dual space of V = {w € H?(Q) : Vw - v = 0 on 99}, it holds for any test
function ¢; € CL.([0,00); C1(Q)) with V¢; - v = 0 on 9Q and all ¢ > 0 that

/cl( )bt )da:—/ A :(0) da:—/ /cl&gqbldxds
+Z/ /\/_BBD W VRi(c)) - Viidads =0, i=1,...,n,

and the entropy dissipation inequality

(47) ) + Z / / V@i BEP (e)Vhi(¢;) - VI (¢;)daxds < H(c")
1,7=1
is satisfied for ¢ > 0.
Furthermore, we call € a strong solution to (2), (16)-(17) if ¢; € CL.([0,00); C*(
fori=1,...,n,if (2), (16)—(17) are satisfied pointwise, and the entropy 1dentity (20
fulfilled.

£2))
) is

4.3. Relative entropy inequality. The partial free energies h;(c;) and pressures p;(c;)
are associated through (19). Define the associated relative free energy density and relative
pressure via

hi(cile;) == hi(ei) — hi(c) — hi(c)(ci — &),

pi(ciles) := pi(e;) — pil@) — pi(@)(ci — ).

We prove a relative entropy inequality associated to the generalized Maxwell-Stefan sys-
tem.

(48)

Lemma 12. Let ¢ be a weak solution to (2), (16)—(17) and let € be a strong solution to
(2), (16)—(17) satisfying

hi(@:) € Line(0, 00; H*(Q)), h{(e:) € Lig, (0,00, L%(R)), 9i¢; € Lig(0, 003 L*(2)).
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Then the following relative entropy inequality holds:

H(elt)le(t)) — H(@le) + 3 / | BEPe:- Vidads

Z//(BBD N : ‘/_B\/C_(i)‘/_>y V1, (¢;)dwds
(49) +; /0 t /Q pi(cile;) div (éBgD(é)\/—\/cé:th;(Cj))dxds,
where
(50) Y = &V (hi(e) — k&), i=1,....n

Note that the definition for Y; differs from that one used in Section 3.

Proof. We proceed as in the proof of Lemma 9, but re-arrange the terms in a different
fashion. The difference ¢; — ¢; satisfies the weak formulation

0— /Q (ci — &) (1) (B — / (2 — &) (0)dar — /0 t /Q (c; — &) Dhbudnds
* Z / / VB (e)y/e;Vh(c;) — (€)\/E V() - Vrdrds

for i = 1,...,n. We wish to use ¢; = h(¢;) as a test function. Strictly speaking, this is
not possible, but, as in the proof of Lemma 8, we can use a density argument. Then, using
(43) for the third term and adding over i = 1,...,n, we obtain

O—Z/ ci — ) (t)h(e(t) dx—Z/c—c 0)dx
(51) — Z/O /Q(ci — &)Y (c;) div (; VéaBEP (e) \/a_jwz;(aj)) dxds

s / / (VaBEP(e) GV, (¢;) — VEBE (@) /5 VI (e,)) - VHL (@) drds.

2,7=1

Subtracting (51) and the entropy identity (20) for € from the entropy inequality (47) for
¢, we find that

() < He@) - 3 [ [ B amvine) - Hie) - Vi (c)dnds

3,0=1

(52) / / )h! (& dw(Z@B )\/a_th;(aj)>dxds.
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In turn, using (50), this is rewritten as

H(e(t)le(t) — Hl) + 3 / / BEP ()Y, - Yduds

i,j=1

: 1/ / (BBD —VeBP(e )jf;) VI, (&) duds

—Z/ /\/C—ZBBD Y V! (¢;)dads

2,7=1

/ / Z e)eh C”dw(iBﬁD@)\/—\gw(aj))dms

J=1

//Z ¢i = @)hi () Vei - ZBBD( )\\;__Vh’( Vdads

= Ji+Jo+ J5+ Jy.

The sum J, + J; becomes

Jo+ Jy = / / c,Vh’ (¢;) — &V hi(E)) Zn: BiP(e )\/\/:Vh’( Ndxds

-/ ;m(ci)—m(@))div(ilBgD( VG e s

Combining this expression with J; and using definition (48) finally leads to (49). O

4.4. The entropy dissipation structure. We state an auxiliary lemma that provides
some control of the entropy inequality (47) and the relative entropy inequality (49).

Lemma 13. Let ¢ be a weak solution and € be a strong solution to (2), (16)—(17), satisfying
the hypotheses of Lemma 12 and ¢;(t) > m in Q, t > 0 for some constant m > 0.

(i) Assume that c; > m/2 for alli=1...,n and let Z; = \/c;Vhi(c;). Then, for some
constant B(m) > 0, we have

n

(53) > BEP(e)Zi- Z; > 2B(m Z Vel
ij=1
(ii) Assume that c; >m/2 for alli=1,...,n and letY; = \/c;V (Rhi(c;) — hi(C;)). Then,
for some B(m) >0 and C > 0, we have

n

(54) ZB c)Y;-Y; > B(m )Z\vci—va\?—ciy(;i—@ﬁ
=1

2,7=1 =1
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(iii) Let the weak solution c satisfy (47) and set

(55) ez, t) = ,:Hllin ci(z,t).
Then
(56) H(c(t)) + 25(m)/0 /Ql{c*>m/2} ; Ve Pduds < H(c").

Note that (56) provides a partial control of the gradients, which however might degen-
erate as m tends to zero.

Proof. Proof of (i). Inequality (44) in Lemma 11 implies that
(57) > BEP(e)Zi- Zj > Nm/2)|PLZ|* = \(m/2)Z" P] PLZ
ij=1
ij=1
Before we can estimate the right-hand side, we need some preparations.
We define the vector ¢ := (ci,...,¢,—1) without the last component and define the
entropy density in n — 1 variables according to

h(e) = ghi(q) + hn<1 - Scj).

=1

<

Its partial derivative is given by

T aﬁ(a / / — .
h,Z(E) :a—Q:hl(Cl)—hn(l—ZC]), 221,772,—1

j=1
Next, introduce the matrix F(c) with elements

c;i — 2 iti=j.
Eij(e) = (Pr)ijy/&i65 = cidiy — cic; = {—m i # .
The sum of its rows and columns vanishes, > 7| Fy;(c) = > 1, Eij(e) = 0. We deduce
from the symmetry of E(c) that for all z; € R?,

n

Z Eij(€)z - zj = Zzi : <2Eij(c)zj + Em(c)zn) = Z 2 - i Eii(e)(zj — zn)

ij=1
n—1 n—1 n—1
=Yz ) Eyle)(z—2a) + 2 Y En(€)(z — 2a)
i1 =1 j=1

S By - ) - (5 - )

1,j=1
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Choosing z; = Vh[(c;) and observing that Z; = |/c;z;, we rewrite the right-hand side of
(57):

n

Z (PL Z] Z EZJ n) ) (Zj - Zn)

1,7=1 2,7=1
_Za]vw &) - VI(@).
2,7=1

Introducing the matrix Q(¢) with elements Q;;(c) = 8%(5}/8@8@- fori,j=1,...,n—1,
this expression becomes

n n—1
(58) Z (PL)ijZi - Zj = Z Eij(c)Qir(€)Ver - Qje(€)Vey.
,5=1 1,9,k 0=1

We claim that there exists ((m) > 0 such that for all y € R"™!,

(59) y' (QO)"E()Q(0)y > ((m)ly[*.

Then, letting y = Ve in (59) and using (57) and (58) leads to (53) with B(m) =
¢(m)A(m/2)/2. The proof of (59) proceeds in several steps.

Consider first the matrix Q(¢). Let 1 := min;—; __, min,, o<, <1 h7(¢;) > 0 and £ € R"*
and compute

n—1
(@) = W)y + h"( ¢ )
1

k=

€17,

l\DId

n—1 n—1
E7QE = 3" Mi(e)€2 + 1! (1 - ck) (6t Eu)? >
Jj=1 1

k=

This implies that Q(¢) is positive definite with eigenvalues larger than or equal to 7/2.
Consider next the (n —1) x (n — 1) submatrix P, = ((P1)ij)ij=1,..n—1 of P and note that
for £ € R"1, we have

€7 PLE = 6P — (VO Z el — |eP(er -+ cama) = caléP = T Iel”

.....

Finally, let E(c) be the first (n — 1) x (n — 1) submatrix of E(c). Then E(c) = STP,S
with S = diag(\/c1, ..., /cn1) and, for all y € R*" 1,

m m n—1 m2 n
TE(e)y = (Sy)TPy(Sy) > syl = TS e > TS
y'E(c)y = (Sy)" Pu(Sy) = 5|9y = ;czyz > ;y

i.c., the eigenvalues of E(c) are larger than or equal to m2/4. Since E(e) — (m?/8)1,_1,
with I,,_; is the unit matrix on R"=D*"=1 "and Q(¢) are symmetric and positive definite,
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we deduce that
2 9

~ m
Q@) E(©Q(@) > Q@) " 1,-1Q(€) > "Ly

This proves (59) with ((m) = m?n?/32.

Proof of (i1). Inequality (44) in Lemma 11 implies that
(60) Z BEP(e)Y; Yy = Mm/2)|PLY |* = A(m/2) Y (PL)iYi - Y;.

1,j=1 i,j=1

Similarly as the derivation of (58), we compute

Z(PL ij Z Eij(c sz (e)Ver — Qux(c )Vék) : (Qje(avce — QjZ(E)VEZ)

i,j=1 i3,k 0=1

Z Eij(e)(Qun(€)V (ex — &) + (Qik(€) — Qun(€)) V)

4,5,k ,0=1
X (ng(aV(Cg —C) + (Qje(c) — Qju(c ))VC@)

We remark that if £ is any symmetric positive definite matrix, then for any z;, z, € R”,
the Cauchy—Schwarz and Young’s inequalities show that

(21 +22)TE(2) + 23) = 2T Bz + 21 Ezy + 2l Ez, + 2l Ez,

> 2l Ez) — /2T Ez, - \/2FEzy —\/2TEz, - \/z;szQ + 23 Bz,
1 1
> 2l Bz — §z1TEz1 — 22 Fzy + 2l Bz, = §z1TEz1 — 21 Ez,.

Using this inequality, (58) is estimated as

n

1
(61) > (Pu)yYi- % Z ¢)Qir(€)Qje(e)V (cr — &) - V(ce — &)
ij=1
n—1
- Z Eij(e)(Qir(€) — Qu(€)Ver) - ((Qje(€) — Qye(€)Ver) = J5 + Jg.
i kd=1
We infer from (59) that
1 n—1

(62) 5 Z ‘V - Cz
It follows from Ve, = — Z:ll Vi that

-1

E k_ck

k=

3
,_.

V(e =) S(n—l) IV(Ck—Ek)IQ,

1

i
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n n—1
Z |V(Ck — Ek)|2 S TLZ |V(Ck — Ek)|2.
k=1 k=1

Inserting these estimates into (62) yields finally

¢(m) ¢ _
(63) Js > 2 > V(e —

=1

27

The estimate of the term J, is easier. Since Ej;(c) is bounded and the Hessian Q(c¢) =

D?h is Lipschitz continuous,

J <03 (Qul@ - Qul@)Val < 02 )V < CZ — &y

ik=1
Combining the above inequality with (63) and (61) gives
n C(m n n—1
SUARARREICN S LA
ij=1 i=1 i=1

We conclude (54) after inserting the previous estimate into (60).

Proof of (iii). Let c.(z,t) be defined by (55) and split the domain of integration into

the two subdomains

Q% (0,1) = { . g}u{ < g}

By Lemma 11, the matrix B8P (¢) is symmetric and positive semi-definite. Using (53), the

entropy inequality (47) yields (56).

g

4.5. Proof of Theorem 3. Lemma 12 suggests that the relative entropy inequality can

be expressed in two ways, using either (52) or (49):

H(cle)(t) < H(c|e") + / / (I, + I,)dzds
(64) = H(e") +/O /Q(J3 + Iy + I5)dwds,

where

n

I =— Z Bg.D(c)\/chV(h;;(Ci) — () - Vh;'(cj)7

I, =— Z(Cl —¢;)hl(c;) div (Z \/E_iBgD(é) \/C_th;-(Cj)),

=1

=D Vi BiP(o)Y,

ij=1
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ZY (B2t - VP NS iy,

zzlpl c|é;) div (BBD\(/_)\/_Vh’( ))

and Y; = \/;V(Ri(c;) — h(&)), i=1,...,n

Step 1: Preparations. Recall that we have assumed that ¢;(z,t) > m for z € Q, t >
0 for some m > 0. Let c.(x,t) := min;—y__,c;(z,t). We split the estimations of the
above integrals into two subdomains: one where c,(z,t) < m/2 and another one where
ci(x,t) > m/2. To this end, we use a cutoff function. Let ¢ > 0 be sufficiently small
and ¢ : [0,1] — [0,1] be a C?-function, which takes the values ¢» = 0 on [0,m/2], ¥ = 1
on [m/2 +¢,1], and ¥ € (0,1) on the complementary interval (m/2,m/2 + ). Define
x(e) : R* — [0,1] by

n 1 ifm/2+e<¢<lforali=1,...,n,
(65)  xl(c) = qub(cz’) =40 if 0 < ¢; <m/2 for some 1,
=1 ale) € (0,1) else.

We employ x(c) to split the integral (64) into two parts:

66)  Hcle)(t) — H(c|&) //1_ (s + I + I5)dads

/ / [3+I4+[5)d$d8— Jr + Jg.

In the sequel, we estimate J;, and Jy separately.

Step 2: Case c.(x,t) < m/2+e. We estimate the term Jy, in (66). By replacing p(c;|¢;)
in I5 by definitions (19) and (48) and tracing backwards the derivation from (52) to (49),
we can express the integral over (1 — x(c)(I3 + Iy + I5) by (1 — x(e)(I; + I3) except for a
term accounting for the cutoff function:

(67) Jp = / / (1 — x(e))(I1 + I)dzds
—I—/O /QVx(c)-i: pi(c) — pi(©)) ZB Vh’( )

In the sequel, we estimate the right-hand side of (67) term-by-term. To estimate I,
we set Z = (Zy,...,2Z,) with Z; := \/¢;Vhl(c;), i = 1,...,n. By Lemma 11, the matrix
BPP(c) is symmetric and positive semi-definite. Therefore, using Young’s inequality and
the boundedness of BPP(¢) (see Assumption (B2)),

I, =-Z"B%P(c)Z + Z BEP () Zi/e;V I ()

2,7=1
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n

1 1 . 1=
< —5Z"'B"(0)Z + 5 Y BEP(Q)(VavVhi(@) - (VG V(@)
1,7=1
1 n
<—5Z"B*P(0)Z+C) |VH (@),

i=1
where C' > 0 depends on m and u (defined in Assumption (B4)). For the term I, we use
the regularity for ¢; to conclude that

I < Z(ci —&)?+C Y |h(e)div (VEBEP(e) /e Vh(¢))| Z — &)’

ij=1
On the set x(e) < 1, we have c,(z,t) < m/2+ ¢, and there exists ¢ € {1, ...,n} such that

co(x,t) < m/2+e. Thanks to Assumption (H) on page 7, we can apply Lemma 19 to find
that

2
hig (Cig|Cig) = Ko (Cig — Cip)* > K (% - 8) when x(c¢) < 1.
We infer that

Iggzn:( —G) +C’Zh (cile:) <C’Zh (cilci).
i=1

[t remains to estimate the last term in (67) using the fact that Vx(c¢) vanishes outside
the set ¢, € [m/2,m/2 + €], the Lipschitz continuity of p;(¢;), entropy inequality (56) and
Lemma 19:

t n
//Vx(c)~ pZ ¢i) — pi(&) ZB Vh’( ;)dxds
<C Lim/a<e, <m/2ie Ve, dxd
<o, om, [a@]) [ / WD R
t
S C/ / 1{C*>m/2} Z ‘VciPdﬂidS + C/ / 1{c*<m/2+5} Z |C] — é]‘zdxds
0 JQ Py 0 Jo =
t n
< c+/ /1{C*<m/2+8}2|cj — ¢j|*dads
0 Jo =
t n
S C/ / 1{c*<m/2+£} Z hz(Cz|Ez)dl'd8

(9c]

.....

blow up if we let ¢ — 0. Therefore we fix € > O Combining the previous estlmate, we
end up with

(68) Jp < ——/ / (1—x(e)Z"BPP(c )dederC/ /1{C*<m/2+5}2h (cilé)dxds.
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Step 3: Case c.(x,t) > m/2. We proceed to estimate the term Jy in (66). The range of
integration now consists of the sets {m/2 < ¢, < m/2+ ¢}, where 0 < x(¢) < 1, and the
set {m/2 +¢e < ¢, <1}, where x(c) = 1.

For the term I3, we use (54) in Lemma 13:

/ / ¢)Izdrds = / / BBD( )Y; - Ydxds

1]1

m) /Otfﬂx(c)izn;|V(ci—ci)|2dxds—0/0t/9><(c)izn;|ci—ci|2dxds.

By Young’s inequality with 6 > 0, the term I, can be estimated as

/ / ¢)lydrds < 52/ / c)|Y;|2dxds

Z// <BBD o)/E — EB%C)\/E_> IV (&) Pdeds.

1]1

Recall that we work in the range ¢; > m/2 and ¢; > m. The boundedness and Lipschitz
continuity of A imply that

S WP =D alV(hi(e) = B@)? < albi(e) Ve — &) + (b () — 1 (@) Vel
i=1 i=1 i=1
< CZ IV(ci — &) + (e — @)? V).
Furthermore, the boundedness and Lipschitz continuity of BgD (see Lemma 11) yield

BgD(C)\/C_j— \/C_lei/E_(lé)\/a

= Bij(c)\/c_j—BiBD \/_—I— (V& — \/_\}ij (€)V/c

SCZ|Ci—5i|+|\/C_i—\/5_i’ SCZ|Cz’—@|-
=1 =1

Thus, the choice § = B(m)/(2C) gives

t
// c)l,dxds < (;n)//x Z\V ci — ¢)|*dxds
0o Ja

n

t
+C’/ /X(C)Z|Ci—ci|2d{£d$.
0o Ja pr
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Finally, we use definition (48) of p;(¢;|¢;) and Hypothesis (H) to estimate

/ / pl(te; + (1 —7)¢)drds

< Ko(c; — ci)z/ / h!(te; + (1 — 7)&)drds = Kahi(c|é;).
o Jo

Ipi(ciles)| =

In turn, this implies that

/ / I5da:ds<C’/ / hi(c;|é;)dxds.

Summarizing the previous computations and using Lemma 19, we conclude that

(69) Jy < —@/Ot/Q Z\v 2dxds+C/ / iihi(ci|ai)dxds.

Step 4: End of the proof. We combine the differential inequality (66) with the estimations
(68) and (69) to obtain

(70) H(c(t / / (1—x(e)Z"B?P(c)Zdxds
+Tm/0/g ZW . — &)|*dads
H(c"|&) +C’/OtH(c|é)ds

The constant C' > 0 depends in particular on m and the L>(0,T; W?*°(Q)) norm of ¢;,
j=1,...,n. The proof of Theorem 3 finishes after applying Gronwall’s inequality.

Remark 14. Inequality (70) leads to a slightly stronger version of the relative entropy
inequality than stated in Theorem 3. However, we obtain gradient estimates only on the
set {c. > m/2}, while on {c, < m/2}, the quadratic form Z7 BPP(¢c)Z generally does not
lead to a control of the L?-norm of V;. O

5. EXAMPLES

We present some examples for the generalized Maxwell-Stefan system (16)—(17) satisfy-
ing Assumptions (B1)-(B4).

5.1. A cross-diffusion system for thin-film solar cells. Thin-film crystalline solar
cells can be fabricated by the so-called physical vapor deposition process. This process
produces a metal vapor that can be deposited on electrically conductive materials as a
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thin coating. It is shown in [1] that the evolution of the volume fractions of the thin-film
components can be described by the cross-diffusion system

(71) Orc; = div (Zaij(ujVui — uiVuj)), i=1,...,n,
j=1
where a;; = a;; > 0 fori,j =1,...,n, and ), ¢; = 1. This model can be formulated

as a generalized Maxwell-Stefan system. Indeed, let h;(¢;) = ¢;(loge; — 1) and K;j(c) =
Y1 VeEALP(e)ye for i, j = 1,...,n, where A(c) is given by (10) with D;; = 1/aj;.
Then B(c) = ABP(c) (see (18)) and hence BB (c) = A(c). Equation (43) becomes

(72) Oyc; = div (Z VciAij(e)/c;V log cj), i=1,...,n.
j=1

Because of (10), the mobility matrix (y/c;As(c),/c;) reads as

D aakcic if i = 7,
\/C_ZA”(C)\/E - { —CZZ'?C@'CJ' if ¢ 7£ j,
and an elementary computation shows that (72) can actually be written as (71).
Although it can be checked that the matrix B(c) = APP(c) satisfies Assumptions (B1)-
(B4), we can here directly verify the statements of Lemma 11. Definition (10) of A(c)
immediately implies that BgD (c) is bounded and Lipschitz continuous on [0, 1]™. Property
(44) follows from (23) in Lemma 4 with A(m) = p. Hence, the weak-strong uniqueness
property holds for this model.

5.2. A tumor-growth model. The growth of a symmetric avascular tumor can be mod-
eled on the mechanical level by diffusion fluxes of the tumor cells, the extracellular matrix
(ECM), and the interstitial fluid (water, nutrients, etc.). The model was suggested in [25]
and analyzed in [27]. The evolution of the volume fractions ¢; of the tumor cells, ECM,
and interstitial fluid is given by (see, e.g., [29, Section 4.2])

(73) oc; +div(cu;)) =0, i=1,...,3,
3
(74) V(CZPZ) —f- szp = — Z k‘ijcicj(ui — Uj)7 l = 1, 2,
7j=1
3
(75) 03Vp = — Z k‘ijCiCj('LLi — Uj),
j=1

where k;; = kj; > 0 for ¢,j = 1,2, 3, the partial pressures P;, P, and the phase pressure p
are given by

P1 = (1, P2:ﬁ02(1+901), p:—Clpl—CQPQ,
£ >0, 8 > 0 are suitable parameters, and it holds that Z?:l c = 1.
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We claim that (73)—(75) can be formulated as a generalized Maxwell-Stefan system. We
define the entropy densities as in the previous example, h;(¢;) = ¢;(loge; — 1), i =1,2,3.
With the matrix

2¢1(1 —¢1) — Blcyc3 —2Bc1ca(1 + Ocy) 0
W(e) = | —2c1co+ BO(1 — ca)cd 2Bea(1 —co)(1+6cy) 0],
—2c1c3 — Blcscs —20czc2(1+6c¢1) 0
the left-hand side of (74)—(75) can be written in a more concise form:
V(01P1> + 61Vp VCl
V(CQP2> + Cgvp = W(C) VCQ
c3Vp Ves

Let the matrix A(c) be given by (10) with D;; = 1/k;;. Then the right-hand side of
(74)—(75) equals (also see (12))
A
- > Z)j (ui = Z\/_Aw C) /5.

g=1,5#i Y

Thus, inverting

ZW,J c)Ve; = — Z\/_Aw o) /Gy, i=1,2,3,

(which is the same as (74)—(75)) ylelds
3

1
Ve ==Y ABP(e)—Wir(e)Ver, i=1,2,3,
Pyt Ve

and system (73)—(75) can be written for ¢ = 1,2,3 as
3
. 1
8tci = div ( Z \/C_ZAED(C)EWJIC(C)VC/C)
7,k=1
: 1

= div (jﬁ;l\/aABD( )\/C_]

recalling definition (22) of Pr. Thus,

0ic; = div (Z VeiRiy(e)y/ciV log cz>, where

W€ v/ (PL)er/@V log )

Z A \/— Wik(e)vee(Pr)we, 1,£=1,2,3.

Also in this case, it is more convenient to check the statements of Lemma 11 instead of
Assumptions (B1)—(B4). Notice that W (e) is not symmetric, so R(c) is not symmetric
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either. The elements R;;(c) are bounded and Lipschitz continuous, since A" (c) and
W;;(c) have these properties. The second statement of Lemma 11, namely property (44),
is verified only for a special example that was considered in [27].

Lemma 15. Letk;; =1 fori,j =1,2,3 and 0 < 0 < 4/+/3. Then, withm = min,_; 53 ¢; >
0, there exists A(m) > 0 such that

2T R(c)z > Am)|Ppz|>  for all z € R

Proof. The assumption k;; = 1 implies that A(c) = P, and hence ABP(¢) = P(A(e)Pr +
P,.)™! = Pp. Suppose that for any y € R? satisfying y € L (i.e. \/c-y = 0), we have

(76) Z e)V/Eiyiy; > Am)lyl*.
INES 1
Then, for z € R* and y = Pz € L,
3

2'R(c)z = Z(PLz)i !

W, (Prz): >\ P z|?
2 \/c—iWw(C)\/c_A 12); = Mm)| Pzl

which proves the lemma.
It remains to verify (76). Using y3 = —(y/ciy1 + /C2¥2)/+/C3, We calculate

Z )Gy = 2B(1 + 0cr1)(v/eaye)* + BOea(Veryn) (Veaye) + 2(v/eryn)™.

1,]= 1
Since 0 < 0 < 4/+/3, the discriminant of the quadratic form is negative and there exists
k>0 such that

K

Z \/_ Wi (©)y/Guiy; = K(ery? + cas) = = (aryf + ey + (Ve + Veays)?)

1,7=1

w

K K
= g(clyf + coys + c3y3) > g( min, Cz> (vi +v5 +y3),

proving the claim with A(m) = km/3. O

We deduce from the previous lemma that the weak-strong uniqueness property holds
for the tumor-growth model if k;; = 1 for i,j = 1,2,3 and 0 < 6 < 4/y/B. The latter
condition is necessary to achieve the global existence of weak solutions, since it guarantees
the positive semidefiniteness of the mobility matrix; see [27] for details.

5.3. A multi-species porous-medium-type model. Another model is a generalization
of the first example to illustrate that also non-logarithmic entropies may be considered. We
choose h;(¢;) = ¢} /(v — 1) with v > 1 and A(e) as in (10). The partial pressure becomes
pi = c;hi(¢;) — hi(¢;) = ¢, and equation (72) reads here as

(o) = (S
8tcl—dlv<z\/c_lAU )&V, (c]))—ﬁy_ldw(j:l Dij(

Vet - cch;-’_l)).
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Hence, the weak-strong property holds for this model.

5.4. Maxwell-Stefan system with different molar masses. In equations (1), we have
implicitly assumed that all molar masses of the species are the same. We show that the
weak-strong uniqueness property also holds for the model proposed in [3, 5] without this
assumption. In the case of different molar masses M;, we need to distinguish between the
mass densities p; and the molar concentrations ¢; = p;/M;. The Maxwell-Stefan equations
read fori=1,...,n as

, "L e “ (5H
(77) atpi + dlv(piui> =0, - Z CQZ)J ( i u]) =piV — Pi Z ,0] 7
=1 Y

where ¢ = 377 | ¢;. As before, the restriction )7, p; = 1 inherited from the initial data
is imposed. The second equation can be rewritten as

P §H - §H
=Y =) = 0V 5 (p) DoV ()

J

j=1

where Dy;(p) = M;M; = (31, pr/My,)2M;M;. Due to

n n
D S
1 Mk - 1 maxe—1,.n Mg maxy—1,..n Mg’

the coefficients lN)ij(p) are uniformly bounded from below. Since the proof of Lemma 4
only relies on the uniform boundness of D;;, Lemma 4 also holds for the following matrix

A(e), defined similarly as in (10):
Z( — ZZ:L/@# Pk/f)zk(P) if i = j,
ii(p) = ~ SRR
—/Pipj/ Di;(p) if i # 4.

Therefore, the weak-strong uniqueness holds if H(c) satisfies the assumptions of Theorem

3.

Recalling that H(p l 1 o fo i pl )dx, we may formulate the entropy in terms of the
concentrations ¢ as n( ) Sy Joni(ei)dax, where n;(c;) = hi(p;/M;). Then we can rewrite
the second equation in (77) as

CiC; &
- Z . —u;) = iV — ciM; Z ;i V1,
j=1

where p; = ni(¢;) is the molar-based chemical potential. Using the Gibbs-Duhem equation
Vp =>""¢;Vu;, where p is the pressure, the above equation can be put into the form

clc] B
o Z c DzJ ;—uj) = Vi, — pVp,
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which is [5, Formula (203)]. Yet another formulation in terms of the molar fractions
X;=c¢/cis

cicj m
- Z c? D]U — u;) = ¢;Vppi + (¢i — pi) Vp,

where j1; is given by /M(p, Xl, cos X)) = i), Vg = Z?Zl(aﬁi/é)Xj)VXj, and ¢; :=
Op;/Op is the volume fraction.
A simple choice is the entropy

ni(c;) =cloge; — ¢y, i=1,...,n,
corresponding to h;(p;) = (pi/M;)(log(p;/M;) — 1). Tt leads to p; = logc;, p = ¢, and the
model
clcj B
— Z . Dw uj) = Ve, — piVe.

The existence of local strong solutlons to this model can be proved as in [4], while the
existence of global weak solutions was shown in [9].

APPENDIX A. THE BOTT-DUFFIN INVERSE

For the convenience of the reader, we recall the definition and some properties of the
Bott—Dulffin inverse. Let A € R"*™ be an arbitrary matrix and L C R" be a subspace. The
Bott—Duffin inverse is introduced in connection to the solution of the constrained inversion
problem (see [7], [2, Ch 2.10])

(78) Ar+y=0>b, xze€lL, yeclL

Let P, and P;. be the projection operators onto L and L*, respectively. The set of
solutions of (78) is the same as the set of solutions to (AP, + Pp1)z = b, and (z,y) solves
(78) if and only if x = Prz and y = Ppiz = b— APpz. Then, if the matrix AP, + Pp. is
invertible, we define the Bott—Duffin inverse of A with respect to L by

(79) APP = Pr (AP + Ppo)™t
and the solution to (78) is expressed in the form
(80) r=ABPb, y=10b— Ax.

If L = ran(A) and A is symmetric, the Bott—Duffin inverse is the same as the group inverse,
which was investigated in the context of Maxwell-Stefan systems in [6].

Let A be symmetric. We call A L-positive definite if 2T Az > 0 for all z € L\ {0}. For
this class of matrices, a generalized Bott-Duffin inverse is defined in [35], which coincides
with the classical Bott—Duffin inverse when AP, + P; . is invertible. The following result
is proved in [35, Lemma 2c and 1b].

Lemma 16. Let A be symmetric and L-positive definite. Then
(i) APPP =0,
(ii) ran(APp + Ppi) = Prran(A) ® LY,  ker(APp + P;.) = ker(AP,)N L
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It follows from property (i) that ABP can be formulated as
(81) APP = P (AP, + Ppo) (P + Ppy) = PL(APL + Py ) ' P, = APP Py

Lemma 17. Let A be symmetric and L = ran A, L+ = ker A. Then AP, = A, PLA = A,
ABD s well defined and symmetric.

Proof. The identities AP, = A and P, A = A follow immediately from L = ran A, We infer
from property (ii) that

ker(APy + Ppi) =ker(AP,) N L =ker(A)N L = L-NL = {0},

showing that AP, + P;. is invertible. The matrix AP, = P, APy, is symmetric, since Py,
and A are symmetric. Also P;. is symmetric, so AP, + P;. and its inverse are symmetric
too. Taking into account (81), this implies that ABP = Pp(APp + Pp.)"'Pp is also
symmetric. Il

In our context, we are interested in the constrained inversion
Ar=0b, x €L,

where A is a symmetric positive semidefinite matrix, with L = ran(A4) and thus Lt =
ker(A), and b € L. Lemma 17 implies that AP, + Py is invertible and APP is well defined
by (79). Because of (80), we can express the inverse as * = APPhif b € L.

APPENDIX B. POINTWISE ESTIMATES FOR ENTROPY FUNCTIONS

For the convenience of the reader, we recall the following lower bounds.

Lemma 18. The following estimates hold for any c, ¢ € [0,1]:

= c—2) clogg—(c—é) > (Ve — e

C
log = — (c—&) > =
clog S = (=) 2 5

Proof. Let f(c) = cloge. Then
f(e) = £(@) = [(Bc = &) + )|y, = (c =) / f'(0(c =) + )
and
clog: — (¢ = &) = f(c) = (&) = /'(@)(c )
=) [ (70— +0) - F@)d0

=(c—¢) /01 f’(s(c—c‘:)+é)\f:0d0 = (c—¢)? /01 /09 f"(s(c—¢) +e)dsdh.

The first inequality follows after observing that f”(s(c —¢) +¢) =1/(s(c—¢)+¢) > 1.
For the second inequality, we define g(c¢) = (cloge — ¢+ 1)/(y/c — 1)? for ¢ # 1 and

g(1) = 2. Then g is continuous and increasing, which implies that g(c¢) > ¢(0) = 1 and

proves the statement. O
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Lemma 19. Let c,¢c € R% satisfy 0 <c¢; <1, m < ¢ <1, fori=1,...,n, and suppose
that h; € C([0,1]) N C%((0,1]) satisfies

hl(c;) >0 for0<c¢ <1
Then, for some K, > 0,

Proof. By Taylor expansion, the relative entropy density satisfies

lim (CZ|CZ hm/ / ! (s(ci — & +cl)dsd6_§h”( &) > 0.

ci—C; (cl — cl ci—C;

Therefore, h;(c;|c;)/(c;i — ¢;)? is a continuous function with a positive minimum:

. . hi(ci|c:)
K = min min ——=>0.
i=1,...n ¢;€[0,1],gi€[m,1] (¢; — ¢;)?
This shows that h;(c;|¢;) > km(c; — &) for ¢; € [0,1], & € [m, 1] and proves (82). O

APPENDIX C. THERMODYNAMIC DERIVATION OF THE GENERALIZED
MAXWELL—-STEFAN SYSTEM

The aim of this section is to derive (16)—(17) from elementary thermodynamic principles.
We assume that the evolution of the gaseous mixture is given by the conservation of mass
and energy (without chemical reactions),

0 (pc;) + div(peo + J;) =0,
(83) 0 (pU) + div(pUv + q) = 0,
Op+div(pv) =0, i=1,...,n,

where p; is the partial density of the ith species, p = > | p; the total density, ¢; = p;/p
the concentration of the ith species, v the barycentric velocity, J; the ith flux, g the heat
flux, and the internal energy U is given by the first law of thermodynamics in differential
form by

(84) dU = TdS — pdV + Y _ pidc;,
i=1

where S is the entropy, V = 1/p the volume, and p; = OU/0Jc; the ith chemical potential.
By definition, it holds that >, ¢; = 1. Adding the first and last equation in (83), we see
that div )", | J; = 0, which motivates us to assume that > ., .J; = 0.

The sum of the fluxes should vanish, Y7 | J; = 0, to be consistent with the conservation
laws.

With the material derivative D, f = 0,f +v -V f, the conservation laws can be simplified
to

pDic; +divJ; =0, pDU+divg=0, Dip+ pdive =0.
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Inserting these equations into equation (84), formulated as D,U = TDS — pD,V +
Yoy piDiey, yields the entropy balance

pD.S = —DtU + —th( ) Z MthcZ

1 i . :
:—fdivq—i—%divv—l—;%dwﬁ:—d1VJS+r5,

where

R B 1 . - i
Js—?—izlfji, Ts—Q'VT—delVU—FZJZ"VT

are the entropy flux and entropy production, respectively.

In our Maxwell-Stefan model, we assume that v = 0 and T" = 1. Then the entropy
production simplifies to rg = > | J; - V. It can be reformulated by taking into account
that >, J; = 0 and hence Jl/\/c_l eL={xzeR":\/c-x=0}

"
- — - \/c;V}; =

1,]= 1
where the projection P, on L is defined in (22). By the second law of thermodynamics, it
should hold that rg > 0. To guarantee this property, we introduce a positive semidefinite
matrix B(c) such that

(Pr)ij /e Vi = — Z ZPLW\/—V”w

’L

n

(85) > (Pr)ij/e Vi = — ZBU(@f, i=1,....n.
= =R
We claim that these equations correspond to the generalized Maxwell-Stefan equations
(17) after setting J; = cyu; and Kij(c) = \/ciBij(c)/ /c; (see (18)). Indeed, the left-hand
side of (85), multiplied by /¢;, becomes

n

\/C_iZ(PL)ij\/C—jVMj =GV — ¢ Z ¢V g,
j=1

Jj=1

and the right-hand side of (85)7 multiplied by ,/c;, equals

—\/_ZB” = —ZKw Iy ==Y Ki(e)eju;.
=1
Hence, observing that p; = 8U/(?cj corresponds to 0H/dc;, (85) equals (17).
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