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1 Introduction

In this paper, we continue our work [13] in which we have shown the local-in-time existence of weak
solutions to the problem

( w =ax P (J:O‘u”+2(u_1)xx) , reQ, t>0,
rou 2 (u ) = (:cau”“(u_l)m) =0, z=0, t>0,
zx (1.1)
Uy = Uggy = 0, r=1L,1t>0,
u(z,0) = up(z), x € (),

where « > 0, 8 € R, n > 0, and Q = (0,L) C R. This model describes the evolution of the energy
distribution u(z,t) as a function of the energy x > 0 and time ¢ > 0 in a particle system. The
boundary conditions at zero energy x = 0 are of no-flux type, whereas the boundary conditions at
x = L model the fact that the number of particles with (very) large energies is negligible.

The PDE in (1.1) is a Fokker-Planck approximation of the Boltzmann-Nordheim equation, modeling
the dynamics of weakly interacting quantum particles like bosons [11]. The physical parameters
are given by a = 173, = %, and n = 2 but we allow for more general values. The approximation
maintains some of the features of the original Boltzmann equation. In particular, it conserves the total
mass N = [, 2z°udz and the kinetic energy E = [, 2% 'udz. The Boltzmann-Nordheim equation
admits solutions which blow up in finite time if the initial density is sufficiently dense, modeling
the condensation process [6, 7]. The question arises if the local approximation underlying (1.1) also

possesses this feature. In this paper, we prove that this is indeed the case under appropriate conditions.

Because of the high complexity of the Boltzmann-Nordheim equation, approximate Fokker-Planck-type
equations modeling condensation phenomena related to Bose-Einstein particles were investigated in
the literature. The above equation is one of these approximations. Other approximations include
the Kompaneets equation [16], the Fokker-Planck model of Kaniadakis and Quarati [14], and the
superlinear drift equation of Carrillo et al. [2]. Escobedo proved that the Kompaneets equation
develops singularities at zero energy [5]. A similar phenomenon holds for the superlinear drift equation
[2]. If the initial mass is large enough, the model of Kaniadakis and Quarati also admits solutions
which blow up in finite time [19].

In contrast to the above mentioned models, the PDE in (1.1) is a pure diffusion equation, not explicitly
containing lower-order drift terms. On the other hand, the diffusion mechanism in (1.1) is of fourth
order, highly nonlinear, and it degenerates both at x = 0 and near points where v = 0. Mathematical
challenges thus do not only result from the lack of comparison principles, but moreover also from
the fact that standard parabolic regularity does not apply. Based on the construction of a family of
approximate problems and weighted gradient estimates, we have proved the local-in-time existence of
mass-conserving continuous weak solutions [13].

The purpose of the present paper is to go one step further and reveal a striking qualitative feature
of (1.1): Namely, we shall see that even the strong simplification (1.1) of the original Boltzmann-
Nordheim equation possesses the ability to spontaneously generate singularities. To this end, we first
refine the existence theory by proving the existence of local-in-time entropy solutions to (1.1) which,
as compared to the continuous weak solution constructed in [13], possess some additional properties;



in particular, our entropy solutions will satisfy the entropy inequality (1.2) below.

Based on this inequality and some further regularity information thereby implied, we shall be able to
show that if at the initial time, the mass is concentrated to a sufficient extent near the zero energy
level x = 0, then this entropy solution must cease to exist within finite time. On the other hand,
from our approach to local existence, as developed in [13], we know that solutions can be extended
in time as long as their norm with respect to L°°(€2) remains bounded; consequently, any such non-
global entropy solution must blow up in L®(£2). Our precise requirements quantifying the above
concentration condition will be shown to be conveniently mild: We shall see that the set of all such
blow-up enforcing initial data ug is actually dense in the set of all admissible initial conditions. This
seems essentially optimal in light of the observation that all nonnegative constants trivially solve (1.1),
and that hence in particular there cannot exist any critical mass level above which all solutions must
blow up.

In order to precisely state these results, let us introduce some notation. For v € R, we define the
weighted Sobolev space

w2(@) = {o € WE2(Q) | 1012 100 = lol320) + I e2l3a(q) < o0},

which for v < 1 satisfies W%2(Q) — C%9(Q), where § = min{3, 1_77} [13]. We denote by x¢ the
characteristic function on the set Q@ C R™. For T > 0, the space C*1(Q2 x (0,7)) consists of all
functions u such that Ou/dt and 9%u/dx* are continuous in Q x (0,T) for all 0 < o < 4. Furthermore,
for any (not necessarily open) subset @ C R™, C§°(Q) is the space of all functions v € C*°(Q) such
that supp(u) C @ is compact.

First, we prove the local-in-time existence of entropy solutions. We call u an entropy solution to (1.1)
in 2x(0,T) if w is continuous, smooth on {u > 0}, it satisfies certain weighted integrability conditions,
it solves (1.1) in the weak sense, and the entropy inequality

t 2
—/ z? lnu(x,t)dw—i—/ /X{u>0}xo‘u”_4 (uum — 2u:20> dxdt < —/ 2P Inug(z)dx (1.2)
Q 0 JQ Q

holds for all ¢ € (0,7"). We refer to Definition 3.2 below for the precise formulation.

Theorem 1.1 (Local existence of entropy solutions) Let n € (n.,3), where n, = 1.5361... is
the unique positive root of the polynomial n + n3 4+ 5n? 4+ 16n — 40. Let o € (3,00), B € (—1, ‘FTH}
and v € (b —a+ f,1), and let uy € W712(Q) be a nonnegative function satisfying

/ 2P Inug(x)dz > —oo, (1.3)
Q

Then there exists Tinae € (0, 00| such that (1.1) possesses at least one entropy solution w in 2% (0, Tynaz)
in the sense of Definition 3.2 satisfying the following alternative:

If Tz < o0 then  limsup [[u(-,t)| g (o) = oo (1.4)
t/Tmaw



The idea of the proof is to consider, as in [13], a family of approximate equations
u = (z + E)fﬁ( — ge(v)u" ugy + 2ga(x)u”71ui> in Q, t>0,
xrxr

together with the boundary conditions in (1.1) and a family of approximate initial conditions, where
e > 0 and g-(z) approximates x® but vanishes on the boundary. The latter condition ensures that
the approximate flux J := —ge(2)u™ Uz + 29- (z)u™ u2 vanishes on the boundary as well. It is shown
in [13] that on some time interval conveniently small but independent of e, there exists a positive
classical solution u. to this aproximate problem, and that there exists a sequence of such solutions
u converging to a continuous weak solution to (1.1) as € = ¢; N\, 0. It will turn out that, thanks to

assumption (1.3), this solution actually is an entropy solution and, in particular, satisfies (1.2).

The following theorem is the main result of the paper. It states that there exist entropy solutions
which blow up in finite time. We set In z := (In z)4 := max{0,In z} for z > 0.

Theorem 1.2 (Finite-time blow-up of entropy solutions) Let n € (n.,3), where n, is as in
Theorem 1.1, o € (n 4+ 4,0), and € (a;j:‘l, a_z_?’]. Then for all B >0, D >0, T > 0, and each
Kk > 0 fulfilling

(1.5)

. . 1 4
n<min{a23,a—n—4,5+1, a+(n+1)8+n+ }
n

there exists M = M(B, D, T, k) > 0 such that if ug € C°(Q) is a nonnegative function satisfying
1

uo(x)

/ Pug(z)de < B and / 2P In, dx < D, (1.6)
Q Q

but
/ 2P Fug(x)de > M, (1.7)
Q

then (1.1) does not possess any entropy solution in Q x (0,T). If additionally ug € WVM(Q) for some
v € (b—a+p,1), then the entropy solution u to (1.1), as constructed in Theorem 1.1, blows up before
time T > 0; that is, in this case we have Tyq. <T and

lim sup [Ju(-, )| oo () = 00. (1.8)
t/Tmaac

Note that the above conditions on the parameters include the physically relevant values n = 2, a = %,

and § = % We do not pursue here the mathematical question in how far the respective ranges of n,
a, and g in Theorem 1.2 are optimal.

To establish the latter blow-up result, we will firstly exploit the entropy inequality (1.2) satisfied by the
entropy solution to (1.1) in order to prove some additional regularity properties in weighted Sobolev
spaces. The main step then consists in deriving an integral inequality for the generalized moment
functional y(t) = [, 2" "u(x, t)dz, which will have the form

L t

y(t) > /04 xﬁfﬂu()(x)da: -C1(1+71T)+ 02/0 (y(s) — 03)1+1d8, t e (0,7). (1.9)
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Here, C1,C5, and (5 denote certain positive constants which depend on ug only through its mass
Jo #Puo(x)dz and the integral [, 2 In, #(r)dq:. The proof of (1.9) uses several integrations by parts;
in the considered generalized solution framework, these require additional justification which can be
achieved using the asserted regularity properties enforced by (1.2). By a nonlinear Grgnwall lemma,
we finally conclude from (1.9) that for sufficiently large M > 0 in Theorem 1.2, the entropy solution

ceases to exist in finite time, and that hence (1.8) holds.

We expect that, under the conditions of Theorem 1.2, the entropy solution blows up at zero energy
x = 0. This conjecture is physically reasonable and investigated by formal asymptotic arguments
in [11]. We believe, but cannot prove rigorously here, that the validity of (1.2) provides sufficient
regularity for solutions away from the origin x = 0 so as to prevent blow-up at any x > 0.

One may ask the question how many initial functions simultaneously satisfy (1.6) and (1.7). As an
explicit construction will show, the set of all such blow-up enforcing initial data is actually large in
the sense specified in the following proposition.

Proposition 1.3 (Density of blow-up enforcing initial data) Letn, «, 8, and k be as in Theo-
rem 1.2. Then for any p € (0, m) and each nonnegative uy € C°(Q) satisfying Jo 2P Inug(z)dx >
—00, one can find a sequence of nonnegative functions ugy such that ugr —uo € C5°(?) for all k € N
and such that ugr, — ug in LP(Q) as k — oo and

/ Pugp(z)dz — / Pug(z)dz as k — oo (1.10)
Q Q
as well as
8 1 8 1
x” Iny dr — [ x”Iny dx as k — oo, (1.11)
Q o () Q uo(z)
but such that
/ 2P g (z)dr — +oo as k — oo. (1.12)
Q

In order to highlight a peculiarity in the approach toward blow-up pursued in this paper, let us re-
call that tracking the time evolution of moments such as in (1.9), or of related linear functionals of
solutions, has a long history in the blow-up analysis of parabolic equations. In fact, approaches of
this type have widely been applied to reveal singularity formation driven by superlinear forces or
nonlinear drift terms, both in second-order as well as in higher-order diffusion equations [4, 8, 15, 17].
In contrast to this, arguments based on dissipation through the exploitation of entropy- (or energy-)
like inequalities usually can be applied to detect blow-up solutions only when the respective entropy
functional is unbounded from below and hence can diverge to —oo; examples for such reasonings again
include reaction-diffusion equations [17, 18] and long-wave unstable thin-film equations [1], but also
some more complex parabolic systems such as the Keller-Segel system [20] as well as dispersive equa-
tions such as nonlinear wave and Schrédinger equations [9, 12, 17].

Now in the present context, the entropy functional — fﬂ 2P Inu(z,t)dz is a priori bounded from be-
low along trajectories because of mass conservation; accordingly, the associated entropy inequality
(1.2) might be expected to enforce regularity, boundedness and possibly even stabilization of solutions
(cf. e.g. [3]), rather than support their explosion. Surprisingly, precisely this additional regularity
implied by (1.2) constitutes an indispensable cornerstone in our blow-up analysis by providing ap-
propriate estimates which finally allow for the derivation of the inequality (1.9) for the considered



moment functional y(t).

The paper is organized as follows. In Section 2, we prove some interpolation inequalities in weighted
Sobolev spaces, needed in the following sections. The local-in-time existence of entropy solutions, as
formulated in Theorem 1.1, is proved in Section 3. Section 4 is concerned with the proof of the integral
inequality (1.9) and of Theorem 1.2 and Proposition 1.3. The construction of approximate smooth
initial data, needed in the proof of Theorem 1.2, is shown in the appendix.

2 Some interpolation inequalities

Let us first show some interpolation inequalities used in the sequel (cf. e.g. Lemma 4.4). A common
ingredient is the following basic inequality.

Lemma 2.1 Let 3 € R. Then for all nonnegative u € L}, () there exists zo € (%, L) such that

loc
u(zg) < C/Qxﬁu(x)d:v (2.1)

holds with C := ([£ aPdx)~L.
2
PROOF.  This is immediately clear, for assuming u(z) > C [, ¥’u(z)dx to hold in (£, L) would lead
to the absurd conclusion [, z/u(z)dz > [Laf-(C Jo vPu(y)dy)de = [, yPu(y)dy. O
2

The assumptions required in the following lemma explain the second to last and especially the last
restriction on k made in Theorem 1.2.

Lemma 2.2 Letn > —1,a € R, § € R, and k € R be such that

— 1 4
m<min{a3,5+1, at(ntft+nst } (2.2)
n
Then there exists C > 0 such that if u € C°(Q) is nonnegative and u € C*({u > 0}), we have
1
/ 2P Fu(z)de < C/ 2Pu(x)ds + C’(/ X{u>0}x°‘_“_2u”_1uidx) e (2.3)
Q Q Q

PROOF. Assuming without loss of generality that B := fQ zPu(z)dz and the second integral on
the right-hand side of (2.3) are both finite, from Lemma 2.1 we obtain ¢; > 0 and zy € (4, L) such
that u(zg) < e1B. Now, let z € (0, %) be such that u(z) > 0, and let 21 := sup{Z € (z,20) | u >
0 in [z,Z]}. Then either x1 < xg, which implies that u(z1) = 0 < ¢;B, or 1 = xg, meaning that
u(z1) = u(zg) < e1B. Since clearly u > 0 in [z, 2;), our assumptions assert that u's belongs to
C%([z,x1]) N CY((x, 1)), so that by the Cauchy-Schwarz inequality, we can estimate

w2 (z) = ungl(wl)*/z(“T)x(y)dy

1
1

n+1 a—k— ntl 3 ‘ —a—kK 2
< (aB)T + (/QX{u>0}y *(u"z )i(y)dy)z-)/ y Oy | ”

1
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As a—k—3 >0, we have

C a2 1 R4 gy @RS
—atrt2 g1 — pmOtRE3 _ matR=3Yy
‘/y y‘ Oz—h‘,—?)( ! )_a—/{—?)’

whence using that (a 4+ b)™ < 2™(a™ + b™) for all a > 0, b > 0, and m > 0 we obtain

2

ntl n+1 —a+tr+3 o B % n+1
u(r) < aqB) 2 4+ —«— 2" 2 (/ a—K=2,n 1u2da:>
(@) {( 1B) 2a—r—3 | X0y 2
1
< 27%2#1 c1B + cox n++1+3 . (/ X{u>0}ya_n_2u"_1u§d:p) ntl (2'4)
Q
with ¢y := 2n<2H . 2\/%

We now multiply this by z”~* and integrate over (0, Z). Noting that x < 4 1 implies that c3 :=

)
_ —a+k+3 . .
L g B=r+ =555 da is finite, from (2.4) we

L
Jo? P~"dz is finite, whereas (2.2) ensures that also ¢4 ==
thereby derive the inequality

L 1
2 —_— n
/ xﬁ_"u(x)dac < 2ni101633+0264(/ X{us>0yZ® " Zynt de) A
0 Q

Combined with the trivial estimate

/LL 2’ Fu(z)de < max{(é)iﬁ,L_"‘} : /Q:nﬂU(:I:)d:L‘,

2

this proves (2.3). O

Lemma 2.3 Letn > 1, a > 3, and 8 > —1 be such that

B< a-n-3 (2.5)

n

Then for alln > 0, there exists C(n) > 0 such that for any nonnegative u € C°(Q) withu € C*({u > 0}
we have
/ 24" (2)dx < 7]/ "l dr + C(n)(/ > (2.6)
Q Q

PrROOF.  Proceeding as in Lemma 2.2, by Lemma 2.1, we find zg € (%,L) and ¢; > 0 such that
u(zg) < ¢1B holds with B := [, 2Pu(z)dz. For fixed 2 € QN {u > 0}, we then let

sup{ice(az,:co) ‘u>Oin [:U,JE]} if x < xo,
T ‘=
inf{:fue[a:o,x] ’u>01n [i,x]} if x > =z,



and then obtain again u(x1) < ¢;B. Furthermore, if © # ¢ then w1 is continuous in (x,21) and
moreover positive and hence continuously differentiable in (x,z1), where (z,x1) := (z,21) if x < 31
and (z,z1) := (x1,2) if x > x1. Therefore, using the Holder inequality, we see that

W) = wi)+ [ ey

=l

1
x (o)
/ Yy 3dy
Tl

< (aB)1+ (/QX{u>0}y“(uZ)i(y)dy>4

where regardless of the position of x; relative to x we have

a—3

z —a 3—a <273 —a
/ y_%dy = 3 (xST —x13 ) < 3.2 xST
- a—3 -

a—3

due to the fact that o > 3 and the obvious inequality z; > $ (since if 2 < g, we have 1 >z > §
and otherwise, x1 > g > % > 5 ). Consequently, from (2.7) we conclude that

4(n—1)

xa—,@—4un—l($) < QH{(ClB)n_lxa_ﬁ_4

—3 3(n— e
3-2% 5 !

+( i ) o par (/Qy“X{u>o}(uz)§(y)dy)”}

holds for all z € 2, so that since « — f — 4 > a—B—4—i—(n_1)nM > 0 by (2.5), we find ¢ > 0
fulfilling

n—1

za—ﬂ—‘*u”_l(x) < B 4 02(/ X{u>0}yo‘u”_4uidy> " for all x € Q.
Q

As
/ 2" (2)dx < sup (xa_5_4u"_1(m)> / 2Pu(z)dr,
Q e Q
an application of Young’s inequality easily leads to (2.6). O

Lemma 2.4 Letn >0, p > 1, and Q9 C R be a bounded interval. Then there exists C' > 0 such that
for each nonnegative u € C°(Qq) with u € C*({u > 0}), we have
udx)p}. (2.8)

) Tfsp n—4a 4 %
/Qou deC{(/Qoudx> </QOX{U>O}U uxd:c> —l—(/Q

ProOOF.  We only need to consider the case

0

/ X{u>0}u”_4uidx < 00, (2.9)
Qo

in which we use a cut-off argument: With a fixed ( € C*°(R) such that ( = 0 in (—o0,1], ¢ =1
in [2,00) and 0 < ¢’ <2 on R, for § > 0 and s > 0, we introduce a regularization ys(s) of X{s>0}

8



by defining xs(s) := ¢(5). We then may apply the Gagliardo-Nirenberg inequality to each of the
functions ys(u)ut, § > 0, so as to obtain ¢; > 0 fulfilling
4p n || 7
" (u)de - uP = H wut|l”
R xswpul| T
N 4(17;31) N 4(?13?53)) 4p
< ¢ H u)ut " wud|| " e H u4 " 2.10
1| (xs(w)ut )y i) Xs(w) L (00 Xs(u LA )’ (2.10)

Here, with some c3 > 0 we have

([CEME

4
<@(/xﬁww¢m+/féww4¢m,
L# (QO) Qo Qo

and recalling that x5 = 0 outside of the interval {6 < u < 26} and [|Xj|r(®) < 2, we may use the
dominated convergence theorem along with (2.9) to infer that

/ it (w)uulder — 0 as 6 — 0,
Qo

because
9\ 4
X5 (u)u™ul < (5) (20)4u"4ud in Q.

Using that xs(u)  X{us0y in Qo as 6 N\, 0, from (2.10) and Beppo Levi’s theorem we thus readily
obtain (2.8). O

3 Local existence and extensibility of entropy solutions

In this section, we prove the local existence of entropy solutions.

3.1 Continuous weak solutions and entropy solutions
We first recall the definition of continuous weak solutions from [13].

Definition 3.1 (Continuous weak solution) Let n, a, 5 € R, and T > 0, and suppose that ug €
Cco(Q) is nonnegative. Then by a continuous weak solution of (1.1) in 2x(0,T) we mean a nonnegative
function u € C°(Q x [0,T)) with the properties u € CH1(((0, L] x (0,T)) N {u > 0}) as well as

X{u>0}xaunu$$ S Llloc<Q X [07T)) and X{u>0}xaunilui S Llloc(Q X [OaT))a (31>
for which u(-,t) is differentiable with repect to x at the point x = L for a.e. t € (0,T) with
uy(L,t) =0 for a.e. t € (0,7T), (3.2)

and which satisfies the integral identity

T
/ / uqﬁwlacdt—/ Bugg(-,0)dx :/ /X{u>0}[—aj°‘u”um + 22U 2] pppdadt  (3.3)
0 Q

for all g € C§°(Q x [0,T)) fulfilling ¢p.(L,t) =0 for all t € (0,T).



The existence of local-in-time continuous weak solutions to (1.1) for certain parameters (n, «, 3) was
proved in [13]. Any such solution satisfies the natural mass conservation property associated with

(1.1).

Lemma 3.1 (Mass conservation) Letn >0, a >0, 3> —1, T >0, and ug € C°(Q) be nonnega-
tive. Then any continuous weak solution u of (1.1) in Q x (0,T) satisfies the identity

/ 2Pulz,t)de = / Pug(z)dz for allt € (0,T). (3.4)
Q Q

PrROOF.  We fix a nonincreasing function ¢ € C*°(R) such that ( = 1 in (—00,0], and ¢ = 0in [1, c0).
For given to € (0,T), we let &(t) := ((%52) for t € [0,T] and § € (0,T —t9). Then ¢(z,t) = &s(t)
defines a function ¢ € C§°(Q x [0,7)), and inserting ¢ into (3.3) yields

to+4 _
_;/to A)xﬁu(x,t)cl<?>dxdt:/Qa:ﬁuo(a:)da:

for any such ¢. Taking 6 N\, 0 and using the continuity of u, we readily end up with (3.4). O
Based on the above definition, a natural additional requirement leads to the following solution concept.

Definition 3.2 (Entropy solution) Let n >0, a > 0, and B8 € R, and suppose that ug € C°(Q) is
nonnegative and satisfies fQ 28 1n ug(z)dr > —oco. Then given T > 0, we call a function u an entropy
solution of (1.1) in Q x (0,T) if u is a continuous weak solution in 2 x (0,T), if moreover
X{u>0}xaun_2u§x € Llloc(Q X [OaT)) and
X{u>0}xaun_4ui € Llloc(Q X [OaT))a (35>

and if the entropy inequality

t t
—/ P Inu(z, t)de + / /X{u>0}xaun2uixdxdt+4/ /X{u>0}xau"4uidxdt
Q 0 JQ 0 JQ

t
—4/ /X{u>0}xau”3uiumd1’dt
0 JQ
< —/mﬁlnuo(m)dx (3.6)
Q

is valid for all t € (0,T).

Remark. It is clear from Young’s inequality that (3.5) asserts that the integrand in the last
summand on the left-hand side of (3.6) belongs to L, .(Q x [0,T)). Moreover, for any continuous
function w in € x [0,7), the first term on the left-hand side of (3.6) is well-defined with values a
priori possibly lying in (—oo, oc]; in view of the assumption [, 2P Inug(x)dz > —oo, however, (3.6) in
particular says that this term is finite for all ¢ € (0,7") if u is an entropy solution in £ x (0, 7).

The sum of the second, third and fourth integrals on the right-hand side of (3.6) can be written as
one single integral with its integrand being a square,

4
xT

X{u>0} (u”_Quiw + 4t — 4un_3u§um) = X{u>0}u”_4(uum — 2u3.)2.

This justifies the notion of “entropy” for the integral — [, 2P Inu(x,t)dr used in, e.g., [3].

10



3.2 A family of approximate problems

Following the approach in [13], we will construct entropy solutions of (1.1) as limits of solutions to
the regularized problems

_ —1
- x% { Ju" Uy + 29 (x)u” um}m, re, t>0, (3.7)
Uy = Ugze = 0, IE&Q t >0,

with appropriate initial data, where 0 < ¢ < g¢ := min{1, \/g} and g. € C*([0, L]) is the positive
function given by g. := z& with

)= e+ /0 Gy, w0 L], (3.9)

for some fixed (. € C§°((0, L)) fulfilling 0 < ¢ < 1in (0,L) and ¢- = 1 in (¢2,L — ¢?). Then the
fact that g., = 0 at both z = 0 and 2 = L ensures that whenever u € C*!(Q) is a positive classical
solution of (3.7) in £ x (0,7") for some T > 0, the function J = J[u| defined by

J(x,t) = Ju](z,t) = —ge(2)u"ugy + 29 (x)u" " u’, reQ, te(0,T), (3.9)

satisfies
Jp(z,t) =0 forall z € 0Q and t € (0,7 (3.10)

(cf. [13, Lemma 2.2]). Moreover, we shall need the following approximation properties of (g:)-c(0,c0)-

Lemma 3.2 Let o > 0. Then

a—1

ge(x) = % and gex(z) = ax locally uniformly with respect to x € (3.11)

as € \ 0. Furthermore, there exists C' > 0 such that

4
S;Eg(g)) <C(x+e)v™ for all x € Q and each € € (0,20). (3.12)

PROOF.  The properties in (3.11) are immediate from the definition of g.. To verify (3.12), we only
need to observe that there exist ¢; > 0 and ¢y > 0 such that whenever ¢ € (0, ),

c(z+e)* <ge(x) < (x+¢e)? for all x € Q
and
0 < gew() < co(x + )71 for all x € Q

(see also [13, Lemma 2.1]). O
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3.3 A criterion ensuring that a continuous weak solution is an entropy solution

In this section we shall make sure that any continuous weak solution already is an entropy solution if
it can be suitably approximated by solutions of (3.7). In deriving this in Lemma 3.4 below, we shall
make use of the following statement on integration by parts for possibly nonsmooth functions.

Lemma 3.3 (Integration by parts I) Letn > 1, a > 3, § € (—1, Q_T”_?)), and T > 0. Suppose
that u € C°(Q x [0,7)) N C%9((0,L] x (0,T)) N {u > 0}) is nonnegative and such that (5.5) holds as

well as

ug(L,t) =0 for a.e. t € (0,T) at which u(L,t) > 0. (3.13)
Then
t 3—n t
/ / X{u>0}xau"73u§umdazd8 = / / X{u>0}$aun74uid$d5
0 Ja 3 Jo Ja
o [t
- / / X{u>0}xa71u"73uidxds (3.14)
3 .Jo Ja
for allt € (0,T).
PROOF.  Because of possible singularities at * = 0 and ¢t = 0, we need to regularize. To this end,

we once more fix ( € C*°(R) such that ¢ =0 in (—o0,1] and ¢ = 1 in [2,00) as well as 0 < ¢’ < 2.
Moreover, for 1 € (0,%) and § > 0 we let

and

The function 1, removes the singularity at z = 0 since ¢, (x) = 0 in (0,7), and the function xs
approximates X (,~0}. Now, for each fixed ¢ € (0,7), using Young’s inequality and (3.5), we find that

L t
//x{u>0}xau”_3u§|um|d:pd8 < //x{u>0}xau"_2uimdajds
0 Ja 0 Ja
t
+/ /X{u>0}xau”_4uidxds<oo,
0 Ja

so that the dominated convergence theorem tells us that

t
| [ xtwsoa = usededs = Jim tin 1o 7(71.5)

where we have set

t
I(7,n,9) 12/ /Q:ann(:B)xg(u)u"_Suiumdxds

12



for 7 € (0,t), n € (0, %), and 6 > 0. On the other hand, an integration by parts shows that

3—n

t t
rend) = 250 [ atvenstetutdeds = § [ [ 2" @)xstwuuldads

1 [t L[
—3/ /xawn(x)xg(u)u”?’uidxds— 3/ /xa@bm(az)xg(u)u"?’uidxds
T JQ T JQ

= Il (Ta 7, 5) + 12(7—7 7, 5) + 13(7—7 7, 5) + I4(Ta 7, 6) (315>

for all 7 € (0,t), n € (0, %) and § > 0. Here, we note that the respective boundary terms vanish,

because 1, = 0 in [0, n], and because for a.e. ¢ty € (0,t), we have the alternative that either u(L,tp) =0
and hence xs(u(-,t0)) = 0 near x = L, or otherwise u(L,ty) > 0 and thus u,(L,ty) = 0 according to
the hypothesis (3.13). Now, taking 7 \, 0 and then § \, 0, we observe that ¢, /1 in Q and x5 — 0
a.e. in (0,00), and thus we infer from Lebesgue’s theorem that

%1{(1’(1) %I{‘I%) I3(T7 7, 6) = 07

because

2 _
< Xpusopa® 228w,

and the latter function belongs to L'(Q x (0,t)) according to (3.5). Similarly, we find that

[ () ()P

n73ui n73|ux‘3’

_ 2
‘wa%m(m)m(u)u < Xfus0yz® - 21 P
where thanks to our restriction 5 < O‘_T”_g’, we may apply Lemma 2.3 to see that the latter expression
is integrable in Q x (0,%), because by Young’s inequality, we have

aflun73’ux‘3 a, n—4, 4 a74un

X{u>0}L < X{u>0}T U Uy + T

)

and because the latter term belongs to L'(€2 x (0,¢)) since a > 3. Therefore, using 1, — 0 a.e. in Q
as 1\, 0, again by dominated convergence, we conclude that

%1{(% %1{% -[4(7—7 m, 6) =0.

Since clearly the same theorem ensures that

_ t
lim lim lim I;(7,n,d) = s / / X{u>0}xau”_4uidxds
0 JQ

N0 N0 n\0 3
and
lim lim lim Iy(7,n,d) = _@ /t/ X{u>0}x°‘_1un_3uida¢ds,
N0 N0 7\0 3 Jo Ja
the identity (3.14) results from (3.15). O

With this preparation at hand, we can indeed verify that any continuous weak solution to (1.1) which
is the limit of approximate solutions to (3.7) is also an entropy solution.
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Lemma 3.4 (Continuous weak solutions yielding entropy solutions) Letn > 1, a« > 3, § €
(-1, Q_T"_?’), and T > 0. Suppose that ug € C°(Q) is a nonnegative function fulfilling Jo 2P Inug(z)dx
> —o0, and let (€j)jen C (0,€0) be such that e; \, 0 as j — oco. Assume that for each e € (&) jen, ue €
CH1(Qx[0,T)) is a positive classical solution of (3.7) in Qx (0,T) satisfying [o,(z+¢€)° Inu(z,0)dz —
Jo 2P Inug(z)dr and ue — u in O (2 x [0,T)) ase =¢e; \, 0 for some continuous weak solution u of
(1.1) in Q x (0,T). Then wu is an entropy solution of (1.1) in  x (0,T).

PROOF. In order to verify the entropy inequality (3.6), we multiply (3.7) by (z+¢)’u. and integrate
by parts twice. Since with J = J[u.] as in (3.9) we know from (3.10) that J, = u., = 0 on 992, we
obtain

d U 1 U
Blnu.dr — _/ B e = — | —J. d :—/Esz
dt/(x—Fe) nucdr Q(l‘—i—e) " x L u x dx

2

_ Uezz  HUex | [ n—1,2

= {5 2 H i+ 20 o
- /gé‘< ) p gzxdx_ /g€< ) e 4u§xdx

+4/94@¢f%@ﬂwﬂx for all t € (0, 7). (3.16)
Q
Another integration by parts in the last term, using “gwus,m = %(ug’z)m, yields
43 —n _ 4 _
4 foent P nte = 2 [Lqarit it =3 [ oot~
Q 3 Q 3 Jo

so that from (3.16), we infer that
1
/Q(a:—i-e)ﬁlmru @ t)d:(} / /gE u 2 gmdmds—i-/ /gs ultul, drds
£ )
= /(x +¢)%In_ dx — / (z 4 €)? Inuge (x)dzx
Q Q
4 t
—3/ / e (@) ul U3 dads for all t € (0,7, (3.17)
0 JQ

where In_ z := max{0, —Inz} for z > 0. Here, according to our assumptions on the convergence of

uge and ug, we have
dx — / 2% 1In_
t) Q u

1
B
r+e)ln_
/Q( ) Ug(l',

- / (z + ) Inuge (x)dz — —/ 2P Inug(z)dx (3.19)
Q Q

as € = g \, 0, because f > —1. As for the last term in (3.17), we first use Young’s inequality and
Lemma 3.2 to find ¢; > 0 and ¢y > 0 such that

4 -3y 2n ! ~ayd g
0 JQ 0 JQ
2n ! n—4, 4 a—4, n
= 5 ge(z)u? ug,drds + crea (z + &) *uldxds.
3 Jo Ja 0 JO
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us(x,t)

9 dx for all t € (0,7) (3.18)

and




Since the uniform convergence u” — u™ in € x (0,¢) and the hypothesis o > 3 warrant that

//x+5°‘4"dxds—>// " dxds ase=-¢; \0,

(3.17)-(3.20) imply that there exists c3(¢t) > 0 fulfilling

t
/ /gs(x u "l drds < es(t) (3.21)
0 JQ

for all € € (gj)jen. We split the last term in (3.17) in two integrals over {u > 0} and {u = 0},
respectively. For the latter one, we obtain, using the Holder inequality and (3.21), that

3
’/t/ X{uzo}gew(:c)u?_3u§xdxds < (/t/gg(ac Ju "yl dxds>4
0o JQ .
(/ /X{u 0} gex u?da:ds>4
l
< § </ /X{u oy (@ + &) 4 "dmds) — 0 (3.22)

4
as € = €; \, 0, because u? — 0 uniformly in (2 x (0,t)) N {u = 0} and i]’i—; — 294 in LY(Q) according
to Lemma 3.2 and the dominated convergence theorem. In order to show that moreover

t t
/ /X{u>0}gw(w)u23u§xdazds — a/ /X{u>0}xa1u”3uidazd5 (3.23)
0o JQ 0 JQ

as € = g5 \ 0, we first observe that thanks to (3.21), for a subsequence (g,)ien and some v €
L3(Q x (0,t)), we have

3 3(n—4) . 4
X{usopgdus * ul, —v  in L3(Qx(0,1)) (3.24)
as € = €5 \¢ 0. On the other hand, the assumed uniformity of the convergence u. — u in © x (0, 1)
together with interior parabolic regularity theory and the Arzela-Ascoli theorem guarantee that also

us —u in CEH(Q2 % (0,1) N {u > 0}). (3.25)

loc

« (n—4)
This allows for the identification v = X{u>0}$34 uT u3 in (3.24) and hence for the conclusion that

(3.24) actually holds along the whole sequence ¢ = ¢; \, 0. Since furthermore Lemma 3.2 and the
assumption a > 3 readily imply that

_3 n —4

ge V(%) gea(x) - ud — 2T ui in L4(Q x (0,1)) (3.26)
as e =¢; (0, (3.23) results from (3.24) and (3.26) upon an obvious multiplicative decomposition in
J

the integral on the left-hand side of (3.23).
We now insert (3.18), (3.19), (3.22), and (3.23) into the identity (3.17), and apply (3.25) and Fatou’s
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lemma to the nonnegative integrals on the left-hand side of the latter to infer upon taking e =¢; \, 0
in (3.17) that

1 t 4n [*
Aln, ——d // 242 dad // =44 ded
/Qx ny w(z. 1) r + ; Qx{u>0}:c U TU,axras + 3 /s Qx{u>0}x U TULaxas

1
< 2P In_ dm—/mﬂ In ug(x)dx
/Q (z,1) Q ()

U ?
da [* a1, n-3, 3
3 X{u>0yZ" u"uydrds for all t € (0, 7). (3.27)
0 JQ

This in particular ensures that the regularity requirements (3.5) in Definition 3.1 are fulfilled, so that
according to the boundary condition (3.2) satisfied by the continuous weak solution u, we may apply
Lemma 3.3 to rewrite the last term in (3.27). After a straightforward rearrangement, we thereby
finally conclude that u indeed satisfies the entropy inequality (3.6). 0

3.4 Local existence of entropy solutions

In light of Lemma 3.4, our goal will be to construct entropy solutions of (1.1) as limits of appropriate
solutions to (3.7). To prepare the framework for this in a way refining the setting in [13], let us suppose
that 8 > —1 and v < 1 and that ug € W%2(Q) is a nonnegative function satisfying [, 27 Inug(z)dz >
—00. Then Lemma A.1 in the appendix ensures that whenever (g;);en C (0,00) is such that ; \, 0

as j — 00, we can construct a sequence (uoe,)jen of functions uge; € C*°(9) fulfilling

uge >0 in O and uoez € C°(2) for all € € (g5)jen (3.28)
and B
uge — up  in CV(Q) ase=-¢; \(0 (3.29)
as well as
/(x +e)ud., — / T3, ase=¢; \(0 (3.30)
Q Q
and
/(:U + )’ Inug. — / 2% Inwg as e =¢; \(0. (3.31)
Q Q

It has been shown in [13, Lemma 6.1] that when n € (n4,3), a > 3, 8 € (-1, — 4), and v €
(5—a+ f,1), the properties (3.28), (3.29), and (3.30) guarantee the existence of T' > 0 such that for
all suitably small € € (¢j)en, the problem (3.7) with the initial condition u.(-,0) = up. possesses a
positive classical solution u. in 2 x (0,7"). Along an appropriate subsequence, these solutions approach
a continuous weak solution of (1.1) in © x (0,7)). Under the additional hypotheses that 3 < 2=2=3
and that (3.31) holds, this can be sharpened as follows.

Lemma 3.5 (Local existence of an entropy solution) Let n € (ny,3) with ny as in Theorem
1.1, and let a« > 3, B € (—1,2=2=3], and v € (5 — a + B,1). Then one can find K > 0 and, given

n

A>0and B> 0, pickT =T(A,B) € (0,1) such that for any nonnegative ug € W%’Q(Q) satisfying

/ 2Vud, (z)dr < A, / 2Pug(z)dr < B as well as / 2P Inug(z)dz > —oo0, (3.32)
Q Q Q
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the problem (1.1) possesses an entropy solution u in Q x (0,T). This solution can be obtained as the
limit of positive classical solutions ue of (3.7) in Q x (0,T) along a sequence of numbers (0,e9) > € =
gj \v 0 as j = oo, with uge := uc(-,0) fulfilling (3.28)-(3.31), in the sense that

u. —u in CO(Q x [0,T)) as e =¢ej \,0. (3.33)
This function belongs to L>((0,T); W712(Q)) with

t
/ 2Tl (z, t)dr < / xVud, (z)dx + K/ / 2P0y 2 g ds for a.e. t € (0,7T), (3.34)
Q Q 0 Jo
and furthermore, we have

/ Pu(z, t)dz = / Pug(z)dx for allt € (0,T). (3.35)
Q Q

PROOF.  We first observe that since n > 1 and a > 3, the assumption § < “_T”_?’ ensures that also
B < a—4. As a consequence thereof, we may apply [13, Lemma 6.1] to find T'(A, B) € (0,1) such
that whenever the first two inequalities in (3.32) hold and (g;)jen C (0,€0) and (uq.,)jen € C*(£)
are such that e; \, 0 as j — oo and (3.28)-(3.30) are valid, for all sufficiently small € € (&;);en, the
problem (3.7) possesses a unique positive classical solution u. in Q x (0,7(A, B)) with u.(-,0) = uge,
and for a suitable subsequence (g, )ken We have u. — u in C(Q x [0,7(A, B)] as € = g, \, 0, where
u is a continuous weak solution of (1.1) in Q x (0,7(A, B)). Furthermore, this solution satisfies (3.35)
due to [13, Lemma 2.3], and the inclusion v € L*>((0,T); WA}Q(Q)) as well as (3.34) are consequences
of [13, Lemma 3.1].

Now ,given ug satisfying (3.32), we only need to choose any sequence (&) en C (0,€0) such that £; \, 0
as j — 0o, use Lemma A.1 to construct (uge;)jen C C°°(€2) fulfilling (3.28)-(3.30) and (3.31), and then
apply the above to find, passing to subsequences if necessary, that (3.33) holds for some continuous
weak solution u € L>((0,T); W%2(Q)) satisfying (3.34) and (3.35). According to (3.31), however, we
may apply Lemma 3.4 to conclude that u actually is an entropy solution of (1.1) in Q x (0,T(A4, B)).

O
We can now prove our main result on local existence and extensibility of entropy solutions to (1.1).
PROOF of Theorem 1.1.  We let K be as provided by Lemma 3.5 and introduce the set
S = {T >0 ‘ There exists an entropy solution v € L>((0,7); WA}2(Q)) of (1.1) in Q x (0,7
which satisfies (3.34) and (3.35) }

Then according to Lemma 3.5, S is not empty and hence T),q, := sup S € (0, 00] well-defined. Now
if Thnae < 00 but u < M in Q X (0,T)4) for some M > 0, then by (3.34) and the fact that
a—fB+v—6>—1, we could find a null set N C (0, T}nqs) such that

/ 2T (z, t)dr < A = / Vud, (z)dr + KM”HTWM/ P84z for all t € (0, Tjnaz) \ N,
Q Q Q

Upon another application of Lemma 3.5 to A := Ay and B := [, 2Pug(x)dx, and with ug replaced by
u(+,to) for fixed tg € (0, Thnaz) \ N such that tg > Tpar — %T(AO, By), we would thus readily obtain
that u can be extended as an entropy solution of (1.1) in Q x (0,¢y + T'(Ag, By)), yet belonging to
L>=((0,to+T(Ag, By)); Wo*(Q)) and satisfying (3.34) and (3.35). This contradiction to the definition
of Thnae implies that actually (1.4) must be valid. O
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4 Blow-up

4.1 Additional reqularity properties of entropy solutions

As a first step toward our blow-up proof, we show the following consequence of the entropy inequality
(3.6).

Lemma 4.1 (Consequence of entropy inequality) Let n > 1, a« > 3, and § € (—1,¢
Then there exists C > 0 such that if ug € C°(Q) is nonnegative and satisfies [, x° Inug(z)dz > oo,
and if u is an entropy solution of (1.1) in Q x (0,T) for some T > 0, the inequality

t t
/ /X{u>0}xau" 20k drds + //X{uw}xo‘un_‘luidxds
0 0 Jo
1 n
< ﬁ] d B d t- / B d 4.1
_C{/ﬂx SN x—l—/ﬂx uo(z)dz + ( | 2uo(a) x) (4.1)

PrROOF. In view of Lemma 3.3, we can rewrite the entropy inequality (3.6) in the form

t
—/xﬂ Inu(z,t)de + / /X{u>0}x°‘un 2 dacds—i—/ /X{u>o}$ "t drds
Q 0
< —/xﬁlnuo dx—/ /X{u>0}x°‘ Lun=3u3 dads,
Q

where the last term can be estimated using Young’s inequality so as to obtain

4 ! 2 t 3 4 rt
_04/ /X{U>0}xa_1un_3“id$d‘9 < n/ /X{u>0}$aun_4uidﬂcd5 + 043/ /:Ea_4u”d:pds
3 Jo Ja 3 Jo Jo 2n3 Jy Jo

for t € (0,7). Now thanks to the assumption § < O‘*TH, we may invoke Lemma 2.3 to find ¢; > 0
such that

a—4 u™ <= 4 B n
2n3/ / dxds / /X{u>0}$ u” dxds—l-cl/ (/Qx ud:c) ds

for all such ¢. Recalling (3.4) and using the fact that In{ < ¢ for all £ > 0, we thereby infer that

t t
/ /x{u>0}xo‘u” 2 2 Ldrds  + n/ /X{u>0}xau”_4uidfcds
0 Jo 3 Jo Jo
/ P lnuo(x)da:+/ xﬁlnu(x,t)d:chcl(/xﬁuo(:c)d:L")n-t
Q Q Q

1 n
B B B
z” In dx—i—/xu x)dx + ¢ /a:u x)dxr) -t,
|2 ot [ Pu@pdr+e( [ sufeis)
which proves (4.1). O

is valid for all t € (0,T).

IN

IN

The following additional regularity properties of any entropy solution are consequences of the above
lemma.

18



. . —n—3
Corollary 4.2 (Regularity of entropy solutions) Let n > 1, a > 3, and 3 € (=1, “==]. Sup-

pose that ug € C°(Q) is nonnegative with fQ 2P Inug(z)dz > —oco, and that u is an entropy solution
of (1.1) in Q% (0,T) for some T > 0. Then for any A € (—o0, 25L) and each fized t € (0,T), we have

t
/ /X{u>0}xo‘_’\unlum|dxds < 00
0 JQ

and

t
/ /X{u>0}xo‘ Ayn—l uldrds < oo
0 JQ

as well as

t .
/ / X{u>0}xo‘_%)‘unlu$ |dzds < oo.
0 JQ

ProorF. By Young’s inequality, we have

t t
//X{u>0}x n‘“xm’ddeS/ /X{u>0}$aun_2u:%xdxd$+/ /xa_z/\u”_"zdmds
0 Ja 0 Ja
/ /X{u>0}xo‘ Ayt 2d9€d8</ /X{u>0}x u" 4dxds+/ / =202 e ds

as well as

t [ t t
/ /X{u>o}ma§)‘u”ux\dxd3§/ /X{u>0}xau"4uida:ds+/ /a:aQ)‘u"+§dxds.
0 JQ 0 JQ 0 JQ

Here, thanks to the continuity of u in Q x [0, ] and the fact that a — 2\ > —1 by assumption on )\, the
rightmost integrals are finite. Therefore, the assertion is an immediate consequence of Lemma 4.1. [J

4.2 Integration by parts

For the proof of Theorem 1.2, we need two more integration-by-parts formulae, as well as a consequence
thereof, which we can verify for entropy solutions.

Lemma 4.3 (Integration by parts II) Let n > 1,a > 3, 8 € (-1, 2=n=3] gnd k < F(o — 3).
Assume that ug € C°(Q) is nonnegative and satisfies Jo 2% Inug(z)dx > —o0, and that u is an entropy
solution of (1.1) in Q x (0,T) for some T > 0. Moreover, let 1) € C*(Q) be nonnegative and such that

W(L) = 0.
(i) For each ty € (0,T), the identity

to 1 to
/O /52¢($)xan4un+1dﬂ§d5 = aﬁ:f / /X{u>0}¢ —Kk=3,, Nypdads
to
/ /I/Jx 3y drds (4.2)
oa—K—
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and the inequality

to 1 to
/o /Qw(x)xa_"‘_“u"“dmds < _nrl / /X{u>0}¢ 2212 s

Ct—/'ﬁ}—

2 fo
—/ /ww(x)xo‘_”_?’unﬂd:vds (4.3)
0 Ja

a—K—3

hold.
(ii) For all ty € (0,T), we have

to to
/ /X{u>0}¢($ Ry e dads = —n/ /X{u>0}w(x)xa_”_2u"_1u:26dxds
0o Jao 0
+(a—/<a— (a—kKk—3 /tO/w P

n+1
to
—/ /X{u>0}¢m($ a=r=2y Ny dads
0 Q
—Kk—92 [l
+anj—l/0 /wa(x)xa_”_?’unﬂd:cds. (4.4)

PROOF.  As in the proof of Lemma 3.3, we fix some ¢ € C*°(R) fulfilling ¢ = 0 on (—o0, 1] and
(=1on[2,00) as well as 0 < ¢’ <2, and let

Xs(s) = <<§>, 5 >0, (4.5)

for 6 > 0.

(i) In order to prove (4.2), we note that since k£ < (o —3) < a — 3 and u is smooth in ([n, L] x
[T,t0]) N {u > 0} for all n € (0, L) and 7 € (0,t), in each of the expressions

to
I(n,7,9) / / U(x ) s (w)udads
we may integrate by parts to find that
to
b)) = —— / / ne )27 sy duds
I
= — i:_ / / P(x ) 3o (w)uugdrds
to
R —— / / Y(x )Y s (w)u g dads
1 fo a—K—3 n+1
Ta_r_3 o Ya(z)(z —n)§ Xs(w)u"" dwds
= 11(7777—7 5) +12(7’77-7 5) +I3(7777—)5)' (46)
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In order to prepare the limit process ¢ \, 0, we note that

Xﬁ;(u) =0 in (2x (0, 7))\ {0 <u< 26}, (4.7)
that 5
and that hence
luxs(u)] < 4 in Q x (0,tg). (4.9)

Next, since 1 and 1), are continuous in {2 and u is continuous in € x [0, %], the fact that K < a — 2
guarantees that

() (x — )3 "t e LHQ x (0,10)) for all n € (0, L) (4.10)
and also
1) () ]|z " 3™ € LY Q x (0,tp)). (4.11)
As k < 3(a —3) and hence 2(k + 3) < 251, Corollary 4.2 with A = 2(k + 3) says that moreover
Q x (0,t9) 3 (,t) = Y(x)x* " 3u"u,| € L' (Q x (0,9)). (4.12)

Since (x — n)‘j‘r_”_?’ < 2% % and x5(u) 7 Xqus0y a-e. in © x (0,9) as § \, 0, an application of the
dominated convergence theorem along with (4.9), (4.10), (4.11), and (4.12) thus ensures that for fixed

€ (0,L) and 7 € (0,%p), we may take 6 \, 0 in I(n,7,9) and I;(n,7,9), i € {1,2,3}, to infer from
(4.6) that

to 1 to
/ /1/} a k—4 W Hdeds = — n+ / /X{u>0}w x_ )a K— 3u”uwd$d8

O[—K'/—

o 3, n+1
_ - — )" U dad 4.1
a_ﬁ_//w (@ —n)$ xds.  (4.13)

Here again by (4.11), (4.12), and Lebesgue’s theorem, we may next let 7 ~\, 0 in both expressions on
the right-hand side, whereas on the left-hand side we apply the Beppo-Levi theorem so as to infer
from (4.13) that

to 1 to
/ /1/1 oy drds = _ai:— / /X{u>0}”¢ 23y My drds

to
/ /w$ Oz K—3 n-i-ldxds
O[—HJ—

Finally, quite similar arguments allow us to take 7 ™\, 0 in each of the integrals here and thereby
conclude that (4.2) indeed holds. From this, (4.3) immediately follows upon an application of Young’s
inequality in estimating the first term on the right-hand side of (4.2) according to

I
nt / /X{u>0}7/) 3y g dads

a—K—3

to 1 to
/ /w TR 4 n+1d$d8+ ﬁ:i / /X{u>0}1/] pOTR— 2 u 1 2d$d8
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(ii) Adapting the above approximation procedure, for § > 0, n € (0, L), and 7 € (0,ty), we let x5 be
as in (4.5) and then may integrate by parts to find that

[ [ =t uadeds = —n [ [ v -5 s aldeds
[ e i
~a=r=2) [ [ wee e
[ [ et w14

For the subsequent limit procedures, we note that an application of Corollary 4.2 to A =x +2 < 0%1
(using & < (v — 3)) yields the inclusions

Xqus0y ¥ ()2 20" ugy| € L1 % (0, 10)) (4.15)
and

X{u>0}1/)(a:)x°‘*“*2u"*1ui S Ll(Q x (0,t9)). (4.16)
Again by means of the inequality x < %(a —3), Corollary 4.2 applied to A = 2(57+3) < QTH says that
moreover

X{u>0}w(m)xa*“*3u”]u9&\ € Ll(Q x (0,t0)), (4.17)
whence clearly also

Xfus0 [ ¥ (@) |27 20" ug| € LN x (0, 10)). (4.18)

Now, as for the second integral on the right-hand side of (4.14), we recall (4.7) and (4.8) to see that
es(w,) = B(@) (@ — WA GWuE, @ e @ x (0,t),
satisfies p5 — 0 a.e. in Q x (0,%9) as 6 \, 0 and
a—K—2 2 n, 2
lps(z, )] < |[¥llpe) - 15 X{o<u<as) UG
< Al e (o) -xo‘_“_Qx{uw}un_lui forall x € Q, t € (0,t9), and § > 0,

again because r < 3(a —3) < a — 2. Using (4.16), from the dominated convergence theorem, we thus
infer that

to
—/ / () (x — )3 A (w)u"uidzds — 0 as 0 N\, 0.
T Q

We next use (4.15)-(4.18) along with the fact that xs(u) / X{us0y as ¢ N\ 0 to see upon several
further applications of the dominated convergence theorem that, after taking o N\, 0, then n \ 0, and
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eventually 7 N\ 0, (4.14) becomes
to 2 o 2 1,2
/ /X{u>0}¢($ TR g dads = —TL/ /X{u>0}¢($ ATRTET dinS
0o Jo 0 Jo
to
—(Oé—/i—Q)/ /X{u>o}¢($ ARy My dads
0o Jo

to
—/ /X{u>o}¢z($ a=rk=2yny, dxds. (4.19)
0o Ja

Since here the second term on the right-hand side can be rewritten by means of (4.2) according to

to
(a0 — Kk —2) / / X{us0y ¥ (w)z* ™" Suugdrds

_ (a—rk— +o;—/<;— /to/w L T
n

a—K— o a—k—3, n+l1
+ ni—l—l s Yy (x)x u" " dxds,

we infer that (4.19) implies (4.4). O

4.3 An integral inequality for ¢ — [, 2" "u(z,t)dx

The core of our blow-up proof will consist of an inequality for the function t — y(t) = [, PRz, t)de,
which we shall derive in the following lemma.

Lemma 4.4 (Integral inequality for y(t)) Letn > 1 as well as

a—n—4 a—n—3
>n+4 d e( : ] 4.20
a>n+ an 6] i) - (4.20)
and suppose that k > 0 is such that
-3 — 1 4
/€<min{a ,a—n—4, +1, atn+)f+nt } (4.21)
n

Then, given B > 0 and D > 0, we can find constants C1(B,D) > 0, Cy > 0, and C3 > 0 with the
following property: If for some T > 0, u is an entropy solution of (1.1) in Q x (0,T) with nonnegative
initial data ug € C°(Q) fulfilling

1
/ Pug(z)de < B and / 27 In dxr < D, (4.22)
Q Q uo()

then
y(t) := / 2P (e, t)de, t € [0,7], (4.23)
Q

defines a continuous function which satisfies

y(t) = /O

t n+1
2P =Fug(2)dz — Cy(B, D) - (1+T) +Cs / <y(s)—CgB> ds  for allt € (0,T). (4.24)
0 +
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Remark. As can easily be checked, (4.20) guarantees that the first and last requirements implicitly
contained in (4.21) can indeed be fulfilled simultaneously for some x > 0.

PROOF. Step 1.  Let us first construct a suitable test function for Definition 3.1.
We fix a nonincreasing cut-off function ¢ € C*°(R) such that ( = 1 in (—o0,1] and { = 0 in [2, c0),
and let

P(x) = C(%), r €.

As in the proof of Lemma 3.1, given ¢y € (0,7) we moreover introduce

t—1t
&) =c(—=2),  tel.T),
forée(O,%). Then for any such § and each n > 0,

d(x,t) = &(O)Y(x)(z +n)7", r e, tel0,T),

defines a function ¢ € C§°( x [0, 7)) satisfying ¢, (L,t) = 0 for all t € (0,T’), since ¢ =0 in [L, 5]).
Accordingly, ¢ is an admissible test function in Definition 3.1, so that (3.3) yields

/ /55 2P (z +n) " (af,t)datdt—/ﬂw(x):z:ﬂ(x—i-n)"‘uo(:c)dx

/0 /Q K& @@ @t} { e, + 22 e (4.25)

for all 6 € (0, T;t()).

Step 2. We next let § N\ 0.
By continuity of u in € x {to}, as for the first integral in (4.25) we easily find that for each fixed n > 0,

/ / &(t) (x +n) "u(z, t)dedt = t::% /

— /1/) :z:+n) “u(x, tg)dx as 0 \ 0,

()2 (z +n) "u(z, t)dedt

whereas the integrability properties of z%u™u,, and of z®u™ 'u2 from Definition 3.1 ensure that

[ [ rne@{pe@ie i} { = et + 20w Yasa

to
- / /X{u>0} x)(z+n)" *’”} {—xuum—i-2:ca”12}d:vdt as 0\, 0.
Computing

{p@@+n)™} = rln+ e @ +n) "2 = 20 @)@ + )+ dala)( +7) 7"
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for x € Q, we infer from (4.25) in the limit § N\ 0 the identity
[ @@ n et = [ v@a e (@)

to
—k(k+1) / / X{us0y¥(z)z (2 + 1)~ " 2uMuggdads

0 Q

to
+2k(K + 1)/ / X{usoy () (x + n) " U uldads
0 Q

# [ ] twy{ 2@ ) ) o))
X { — U MUy 4 2" 2}d;ltalt (4.26)

Step 3. We proceed by passing to the limit n \, 0. )

Since 8 — k > —1 by (4.21) and since 9 is bounded, the continuity of u(-,#o) and of up in © allow us
to apply the dominated convergence theorem in the first two terms in (4.26) to see that as n \, 0, we
have

/1/1 Ble+n) " u (x,tg)dx%/szw(x)xﬁ_”u(a:,to)dx (4.27)

and

/¢ Al +n)~ ”uo(x)dmﬁ/gzw(x)xﬁ“uo(x)dx. (4.28)

In order to invoke a similar argument for the space-time integrals of the right-hand side of (4.26), we
first observe that according to (4.22) and Corollary 4.2,

X{u>0}$a7ﬂ72un|umc’ € Ll (Q X (O,to))
and
X{us0y 20l € LY(Q x (0, ),

because k+2 < O‘TH thanks to (4.20). Consequently, another application of the dominated convergence
theorem ensures that as n \ 0,

to
—H(E+1)/ /X{u>0}1/1(x)xo‘(a:+ n) "2 g dads
0 Q

to
— K(K+1)/ /X{u>0}¢($ OmR=2y My dads
0 Q

and

to
2k(k+1) / / X{us01¥(z)z (2 + n) "2 w2 dads
0 Q

to
— 2&(/44—1)/ /X{u>0}w(w)xa”2u"1u§dxds
0 Q
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as well as

/otO /Q X{u>0}{ — 261y (2)2 (2 + 7)) T + Ve ()2 (x + ”)_K}{ — Wtgg + 20" }dxds

to
— /0 / X{u>0}{ — 2k (@) 4 zpm(m)x“_“}{ — u Uy + Qu”_lui}dacds.

In combination with (4.27) and (4.28), in the limit 0, this turns (4.26) into the identity
/ Y(x)z? " u(z, to)d / Y(z (x)dx
to
—H(H+1)/ /X{u>o}1/1(37 R 2y My dads
0 Q
to
+2H(I€+1)/ /X{u>0}¢($ amr=2yn=1y2 dads (4.29)
0 Q

+ /oto /Q X{u>0}{ — 2kt ()3 4 %z(x)ma%} ' { — Wgg + 20" deds}

Step 4. Let us reformulate (4.29) using generalized integration by parts.
In fact, in light of Lemma 4.3 ii) and the fact that (L) = 0, we may integrate by parts in the second
integral on the right-hand side of (4.29) so as to find that

to to
st 1) [ [ umoyp@a® P usdads = et 1) [ [ pusoypla)a® 2 hiddads
0 Q 0 Q
e e lo
_I{(’l{_‘_l)(a K 2)(0[ K 3)/ /¢($)$an4un+1d$ds
Q

n+1
to
+r(k+1) / / X{us>0y P (T) 2" 2uMugdads
("{_‘_ a_K_2 fo an3n+1
] @bx dxds.

Consequently, (4.29) is equivalent to

/w oz, to)da /¢ (2)dz

to
+ (n+2)k(k + 1)/ / X{u>0}1[)(x)xa_”_Qu"_luid:cds
0 Q

/{(/{—1—1)(@—/@—2)(@—/{—3) fo a—k—4, n+1
- i /0 /Qi/)(x)x u"tdxds

to
+r(k+1) / /X{u>0}1/1x 2" 2y g dads

D(a—k—2) [l
Alr+ Do —x //% )23y s (4.30)

n—+1
to
+/ / X{u — 26t ()2 (@) 2T b — W gy + 2u"71ui dxds.
[ xusn ] — 260n2) (@2~ }{ !
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Step 5. We finally derive the desired integral inequality (4.24).

For this purpose, we first note that the third term on the right-hand side of (4.30) can be related to
the second one by means of (4.3), which is applicable again due to the fact that (L) = 0, and thus
entails that

_Kl(/ﬁ‘f‘l)(a_’i_ O[—K, /to/w an4n+1dxd8

n+1
n+1kr(k+1)(a—r—2) [P k2, n—
s DD [t s
2 D(a—r—2) [P
+ R(K'—’_ )(a K / /wx(m_)xa—n—?)un-ﬁ-ldxds.
n+1 0 9]

Therefore, (4.30) yields

/w(x)xﬂ_“u@,to)dﬂv > /w(x)xﬂ_“uo(:v)(m
Q Q

— Kk — to
Ii(li—i—l){n—FQ— (n+ V(e —r 2 / /X{u>0}1/} "2y 2 deds

a—Kk—3

to
+r(k+1 / /X{u>0}¢)x T2y, dads

— Kk — to
Gk nil i / /1/136 23y drds (4.31)

fo { a—k—1 a—kK n n—1, 2
+ X{u>0}] — 2Kz (7)) + Yy ()X }{ — U Uy + 2u um}dxds,
0 Q

where thanks to (4.21) we know that

(n+1)(0¢—/€—2)}:/i(/i+1)(0(—f€—n—4)

= D{n+2-
g =r(k+1)n+ po— po—

is positive. We can thus estimate the second and hence nonnegative summand on the right hand side
of (4.31) upon recalling that by construction, we have 0 < ¢ < 1in Q and ¢y =1 in (0, 4) yielding

to to
Cl/ /X{u>0}w($) a—Kk—2 wh 1 2d;1:d3 > Cl/ /X{u>0}xa K—2 uv 1 le‘dS
0 Q

to
—cQ/0 /LX{U>O}unlu§d:cds (4.32)
T

for some ¢y > 0 which, as well as c3, ¢4, ... below, neither depends on ty nor on u.
Next, since 10, = ¥, = 0 in (0, %), we can find ¢3 > 0 such that

to
k(K + 1)/ / X{u>0}1/)x(x)xa_“_Qu”uxdxds
0 Q

to L
< 03/ /L X{us0y U [uz|drds (4.33)
0 T

to L
< cs / /L u" T dxds (4.34)
0T

and

D(a—k—2) [h
I{(K + )(Oé K ) / / wx(x)xafnf?)urﬂrldxds
'I’L+ 1 0 Q
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as well as

/Oto /Q Xm0 { = 2600 (@)2° 7 4 (2)2° ™ M = gy + 207 2 bdads

to L to L
< 63/0 /; X{u>0}u"!um|d:ﬂds—|—63/0 /L x{u>0}u”_1u§dxds. (4.35)
1 1

Since by the Cauchy-Schwarz inequality,

to L 1 to L 1 to L
/ / X{us>0y U [uz|drds < / / X{u>0}u”*1uida:ds + / / u"dzxds,
o JE& 2 Jo L 2 Jo L

and since 1 = 1 in (0, %) and 0 < ¢ <1 imply that

and

/Q W(@)2? (e, to)dz < y(to)

with y as defined in (4.23), (4.31) therefore shows that

to
y(to) > / P g (x da:+cl/ /X{u>0}:c°‘ 2y ly2 dads

to to
_ 03/ / X{u>0} U " gy |drds — 02 + 03 / / X{u>0}u u 2dxds
to 1
_2 n . 4.
263/0 /{; u" " dxds (4.36)

Now thanks to (4.21), the interpolation inequality privided by Lemma 2.2 becomes applicable such
that with some ¢4 > 0, we have

n+1
/X{u>0}xa_”_2u"_1u§,dxz {04/xﬁ_’“‘u(x,t)dx—/xﬂu(x,t)dx} ,
Q Q Q +

which in view of (3.4) means that there exists ¢5 > 0 and ¢g > 0 such that the second integral on the
right-hand side of (4.36) can be estimated as

to to n+1
cl/ / X{u>0}xa7”72u”71uid$ds > 65/ (y(s) - cGB> ds. (4.37)
0 Jo 0 +

Now, the nonpositive terms on the right-hand side of (4.36) can be controlled by using the entropy
inequality (3.6) through its consequences stated in Lemma 4.1. To prepare this, we first invoke the
Cauchy-Schwarz inequality to estimate

to L to L 1 to L 1
/ / X{u>0yU" [Uzz|dzds < (/ / X{u>0}u"72uixda:ds> : (/ / u”+2dxds) ’,
0o J% 0 Jf 0 J%
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and then apply Lemma 2.4 to Qy = (%, L) and p =n + 2 to find ¢; > 0 satisfying

to L
03/ /Lx{u>0}u"\um]dxds
0 J3
oot 2,2 2
< C?(/O /i X{u>0}un7 umxdwds)

to L 2(2n+3) L n+1 to L n-+2
X / </ udx) . (/ X{u>0}u”*4uidw> "+3ds—|—/ (/ udw) ds p .
0 L L 0 L
4 4 4

L

Here, since % is positive, again using (3.4), we see that

L L
/ udx < 68/ 2Pudz < CS/ 2Pudzr = 08/ JJ’BUle‘ < cgB
L L Q Q

4 4

with cg := (%)*5 , and similarly, we find that

L
1

L
/ X{u>0}un_4uid:€ < 09/52)({”>0}3:0‘u”_4uidx
and

L
/L X{u>0}un_2u52m:dx < 69/ X{u>0}$aun ? ?del'

1T

hold with cg := (%)% Accordingly, (4.38) implies that for some c;9(B) > 0, we have

to to
03/ / X{us>0y U [Uuzz|drds < clo(B)</0 /X{u>o}$aU” 2,2 dq:ds)

to n+tl
X / (/ X{u>0}xaunf4u§daz> s + to
0 Q

By Lemma 4.1, we can find ¢;1(B, D) > 0 such that

to to
/ /X{u>0}x°‘u” 22 d:zds—i—/ /X{u>0}xau”_4uidazds < c11(B, D).
0

Therefore, since by the Holder inequality we know that

n+1 2

to ntl to ntl o
/ (/ X{u>o}1’aun_4uid:):> s < (/ /X{u>o}$au”_4uidxds> TR
0 0o Ja

from (4.39) and Young’s inequality, we obtain

to to %
63/ / X{us>03U" |Uzz|drds < Clg(B)</ /QX{u>o}fL‘aU d:xds)
0

1
2

-

(4.38)

(4.39)

(4.40)

Jun

to n+1 2 2
/ /X{u>0}33 w4 4dacds) et 1o

IN

Clg(B D)(l + T
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for some c12(B, D) > 0, because to < T
Similarly, as for the second to last term in (4.36), we first find that

oot fo —4,,4 ol 3
/0 /{Ix{uw}u dwds< / / X{us0pu" dwds) (/0 /ﬁun+ dde) ;

and then again apply Lemma 2.4 and (4.40) to estimate

3 to L to 1
<02—|—263)/ /: X{u>0}un_1uidmds < Clg(B)</ /x{u>0}:n°‘u”_4uﬁd:nds>2 X
o JL 0o Jo
to ntl 2
AL [t
0 Q

c14(B,D) - (1+T) (4.42)

N

IN

for suitable ¢13(B) > 0 and c14(B, D) > 0.
Finally, in much the same manner, the last term in (4.36) can be controlled. Indeed, again on the

basis of Lemma 2.4, this time applied to p = n+ 1, we can use (4.40) to find positive constants ci5(B)
and c16(B, D) such that

3 to L to L nL%
63/ / un-i-ldgjds < 015(3) / </ X{u>0}Un_4 4d£L‘) ds + to
2 0 % 0 L
to —4 4 niS %4,3
< c5(B x{u>0}m u” dm) dsty™ + 1o
< ¢6(B,D)(1+T). (4.43)
Combining (4.36) and (4.37) with (4.41)-(4.43), we therefore arrive at (4.24). O

4.4 Blow-up. Proof of Theorem 1.2 and Proposition 1.3

The above inequality (4.24) can now be turned into a sufficient condition for blow-up by means of the
following variant of Gronwall’s lemma.

Lemma 4.5 (Nonlinear Gronwall lemma) Leta >0, b >0, d >0, and m > 1 be such that
a> 2d, (4.44)

and suppose that for some T > 0, y € C°([0,T)) is nonnegative and satisfies

y(t) > a+ b/ot (y(s) — d>7:ds for allt € [0,T]. (4.45)
Then om
T < T (4.46)
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Proor. For § € (0,a — 2d),let zs be the solution of the initial-value problem

L) = 27mb . 2m(t),  te (0,Ty),
2400 40, te.) o
25(0) = a — 4,
defined up to its maximal existence time Ty > 0; that is, we let
—1b e
25(t) == {(a _)tm (’”2m) : t} T te0,Ty), (4.48)
with om
Ts .= . 4.49
" (m—1)b(a — 8)m1 (4.49)
Then z§ > 0 and thus z5 > a — 6 > 2d on (0,T}), so that
2= bz - %)m <b(zs—d)™ = b(zs — )™ for all t € (0, Ty)
and hence .
z5(t) <a—0+ b/ (25(5) - d) " ds for all t € [0, T5). (4.50)
0 +

Now, by (4.44) and the continuity of y and zs, the number

to := sup {t € (0,Ty) ‘ Yy > z5 in [O,t]}

is well-defined. However, if ty was smaller than Ty then y(to) = 2z5(to), and therefore (4.45) and (4.50)
would yield

m

zs(to) = y(to) > a+ b/ot0 (y(s) — d):zds >a+ b/oto <25(s) — d> ds

+
to m
> a—0+ b/ (%(s) — d) ds > zs(to),
0 +
which is absurd. We thus have ¢y = ts and hence y > z5 on [0,T5) for all § € (0,a — 2d). In view of
(4.48) and (4.49), in the limit & \, 0, this implies (4.46). 0
We can now pass to the proof of our main result of blow-up in (1.1).

PROOF of Theorem 1.2.  Given B > 0 and D > 0, we let C;(B.D), Cs, and C3 denote the positive
constants provided by Lemma 4.4. For fixed T' > 0, we then choose a large number M > 0 fulfilling

LN\ —kK
> — .
M > 2( 4) B (4.51)
and
M >4C(B,D)(1+T) (4.52)
as well as
M > 8C3B (4.53)
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and
2n+1

1
nC’gT) K

M24<

(4.54)

Now, assuming that u were any entropy solution of (1.1) in Q x (0,7") with some nonnegative uy €

CY(Q) fulfilling

/ Pug(z)de < B,
Q
and .
/ z’ Iny de <D
Q uo()
as well as

/ 2P Fug(x)de > M,
Q
we would obtain from Lemma 4.4 that y(t) := [, 2" "u(z, t)dz, t € [0,T), satisfies

n+1
_l’_

y(t) > /0 ! R ug(z)de — C1 (B, DY(1+T) + Cy /0 t (y(s) - CgB> ds  forallt e (0,T).

Here, we first use (4.57), (4.55), and (4.51) to estimate

[

4

L
/ PPy (x)de = /mﬁ_”uo(x)dm—/L 2P g (x)dx
0 Q L
Ly\— [* L\ M
> (= B >M-— (= >
> M <4> /xuo(x)dx_M ( ) B> 5

L

4

and then invoke (4.52) to see that
M
~Cu(B.D)1+T) = L.
Thereupon, (4.58) implies that

M t n+1
y(t) > < Cg/ (y(s) — C’gB)+ ds for all t € (0,7,
0

(4.55)

(4.56)

(4.57)

(4.58)

so that, since % > 2C3B by (4.53), Lemma 4.5 becomes applicable so as to show that necessarily

2n+1

T< —m—.
an,(%%)n

In view of (4.54), however, we have

2n+1 2n+1
o (Myr = ncy- 2
nt2 -\ ne - et

which proves that in fact such a solution cannot exist.

32



Now since from (1.4), we already know that the maximally extended entropy solution constructed in
Theorem 1.1 can cease to exist in finite time only when (1.8) holds, the proof is complete. U

PROOF of Proposition 1.3.  Since x > 0 and k < 8+ 1, given p < ﬁ, we can pick a positive
number 0 fulfilling 84+ 1—xk <0 < 5+ 1 as well as pf < 1. We then choose a nonnegative nontrivial
¢ € C§°((0,00) such that supp ¢ C Q, and for any ug with the indicated properties, we let

uor () = uo(z) + Ko (k)

for z € Q and k € N. Then clearly, ugr —uo belongs to C§°(€2) for all k£ € N, and by direct computation
we see that

/:U’Bu()k(:p)dx = /xﬁuo(:):)dx—i-ke/xﬁgo(kx)dx
Q Q Q
kL
= [ Ptz K [ty
Q 0
— /xﬁuo(az)dm as k — oo,
Q

because 6 < § + 1. Similarly, using § > 8 + 1 — k, we obtain

/:cﬁ’{uok(x)dm = /x'B”uo(az)dx—l-ke/acﬁ“go(kx)dx
Q Q Q
kL
= /wﬁ_“uo(:ﬁ)dw—i-ke_ﬁJr”_l/ Y Fo(y)dy
Q 0

- o0 as k — oo,

whereas the inequality pf < 1 asserts that

kL
Juok = w0l oy = [ @ ka)de =1 [ )ay >0 as ko o
Q 0

Finally, since clearly ug; — uo in the pointwise sense in €2, and since 2 In ﬁ < 2B 1ng % in Q by
the nonnegativity of ¢ and our assumption that z%In, uio is integrable, the dominated convergence
theorem shows that also (1.11) holds. O

A Appendix: Regularization of the initial data

Let us finally make sure that it is in fact possible to approximate initial data by smooth functions
in the sense referred to in the proof of Theorem 1.2. Indeed, the following elementary construction
shows that the requirements (3.28)-(3.31) can be fulfilled simultaneously.

Lemma A.1 (Regularization of initial data) Let f > —1, v < 1, and u € W;Q(Q) be nonnega-
tive such that

/ 2 Inu(z)de > —oc. (1.59)
Q
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Then, given any (gj)jen C (0,00) such that e; \, 0 as j — oo, one can find (u;)jen C C®(Q) such
that

uj >0 inQ and ujy € Cp°(2) forallj €N (1.60)
and
uj = u in C°(Q) (1.61)
as well as
/(a; +Ej)7uj2~z(a:)da: — / xVu2 (x)da (1.62)
Q Q
and
/(m +¢;) nuj(z)de — / 2P Inu(x)de (1.63)
Q Q
as j — oo.

PROOF.  Since v < 1 and hence W%’2(Q) — CY(2), we know that M := ||ul|j(q) + 1 is finite.
Given (g5)jen C (0,00) with g; \, 0 as j — oo, we let

g N
nj = (/ ‘(334—5]-)_5 —z72 ) : (/ aﬂux> , jEeN, (1.64)
Q Q

so that again, since v < 1, the Beppo-Levi theorem asserts that n; \, 0 as j — oo. Accordingly, the

numbers
4n; if <0,
05 = max {47]j,2Me_6;B} if 8> 0,

(1.65)

also satisfy d; \, 0 as j — o0.
Once more using that 22 u, () belongs to L2(), for each j € N, by density, we can find vj € C°(Q)
such that

vj(x) — RERTA D) ’ < 9 2, (1.66)
/Q’ ‘ 4cy

where

We now define

uj(x) == u(0) + 0, +/ (y + €j)7%vj(y)dy for x € Q and j € N. (1.67)
0

Then clearly u; € C*°(Q) with uj, € C§°(Q), and using the Cauchy-Schwarz inequality, (1.66), and
(1.64), we can estimate

‘/Oxujx(y)dy_/oxux(y)dy‘ _ ‘/Ox(y+€j)_g{vj(y)_ygum(y)}dy
-l—/ox {(y%—ej)*% _ y*%} y;ux(y)dy‘
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because 7; < 6 by (1.65). In particular, this implies that
uj(z) —u(x) =9, +/ wjp(y)dy — / uz(y)dy > EJ for all z € Q and j € N, (1.68)
0 0
and similarly,

30,
uj(z) —u(z) < TJ for all z € Q and j € N,

which, since ¢; \, 0 as j — oo, proves (1.61). Moreover, it is clear from (1.67) and (1.66) that

/Q(ac + Ej)vu?gc(x)dx = /Qvf(ac)dac — /Q:ﬂui(:v)dx as j — 0o,

whence it remains to show (1.63). For this purpose, thanks to (1.61), we may pick jo € N such that
uj < M in Q for all j > jo, which guarantees that ln = >0 in Q for all such j.

Then in the case 8 < 0, we use the fact that (1.68) entalls that u; > u in estimating

M
< 2P ln— for all z € 2 and 7 > jo,

M
uj(@) ~ u(z)

so that by (1.59) and the dominated convergence theorem, we infer that

(z+¢;)%In

M M
z+¢;)°In da:—)/a:ﬁlndar as j — 00, 1.69
flerarm i [Pn o o)

which clearly implies (1.63) in this case.
When 8 > 0, we first use the pointwise estlmate (z + ;)P < 28(aP + €; ) for x € Q and j € N and

then observe that (1.68) entails that u; > 2 in Q for all 7 € N to see that
M < 25 By —— M + 25 5 In %
uj(z) u(x) 0;

M
< 26281 ()4_25 for all x € Q and j > jo
u(z

(z +¢;)°In

according to our choice (1.65) of d;. Again by (1.59) and dominated convergence, this yields (1.69)
and hence (1.63) also in this case. O
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