A HIERARCHY OF DIFFUSIVE HIGHER-ORDER
MOMENT EQUATIONS FOR SEMICONDUCTORS*

ANSGAR JUNGELH T, STEFAN KRAUSEf, AND PAOLA PIETRAS

Abstract. A hierarchy of diffusive partial differential equations is derived by a moment method
and a Chapman-Enskog expansion from the semiconductor Boltzmann equation assuming dominant
elastic collisions. The moment equations are closed by employing the entropy maximization principle
of Levermore. The new hierarchy contains the well-known drift-diffusion model, the energy-transport
equations, and the six-moments model of Grasser et al. It is shown that the diffusive models are of
parabolic type. Two different formulations of the models are derived: a drift-diffusion formulation,
allowing for a numerical decoupling, and a symmetric formulation in generalized dual entropy vari-
ables, inspired by nonequilibrium thermodynamics. An entropy inequality (or H-theorem) follows
from the latter formulation.
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1. Introduction. The semiconductor Boltzmann equation is of fundamental im-
portance for the modeling of classical transport of charged carriers in solids. Its
solution is the microscopic distribution function f(z,p,t) depending on the spatial
variable z, the (crystal) momentum p, and the time ¢. Macroscopic quantities, such
as the particle density, current density, and energy density, can be computed from
certain integrals over the momentum space, which are called moments. Since the
numerical solution of the Boltzmann equation, by direct or Monte-Carlo methods, is
extremely time-consuming and not suitable to simulate real problems in semiconduc-
tor production mode, approximate models have been derived, consisting of evolution
equations for a certain number of moments of the distribution function.

The idea of the moment method is to multiply the Boltzmann equation by certain
weight functions depending only on the momentum variable and to integrate over the
momentum space. This leads (for a finite number of weight functions) to the so-called
moment equations which are generally not closed, i.e., there are more moments than
equations. This is called the closure problem. In order to obtain a closed set of
equations, additional information are needed. Here, we use a diffusion scaling and
follow the approach of Levermore [37] who closed the set of equations (essentially) by
taking that distribution function in the definition of the moments, which maximizes
the kinetic entropy under the constraints of given moments. This approach has been
used also in [12]. In the context of semiconductor problems, entropy maximization
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has been introduced in [3] (see also [2] for a complete list of references). We derive
for the first time diffusive moment models of arbitrary order and for general collision
operators.

Depending on the number of moments, one obtains a hierarchy of macroscopic
equations. The lowest-order model is the standard drift-diffusion model, consisting of
the mass conservation equation and a constitutive equation for the current density [40].
This model is often used in device simulations at an industrial level, but it cannot cope
with hot-electron or high-field phenomena, occurring in modern ultrasmall devices.
Hence, higher-order moments of the distribution function need to be included leading
to hydrodynamic or diffusive systems of equations.

First we review the hydrodynamic-type models which are mathematically hyper-
bolic conservation laws [37]. These models are derived from the Boltzmann equation
in the hydrodynamic scaling. As closure condition, an expansion of the distribution
function around a heated Maxwellian using Hermite polynomials [21, 41] or using
Grad’s expansion [38] has been employed, which gives the so-called hydrodynamic
equations [8], consisting of conservation laws for mass, momentum, and energy. The
equations may be also closed by using the entropy maximization principle. When 13
moments are taken into account, the so-called extended hydrodynamic models have
been derived [1, 4]. Hydrodynamic models of arbitrary order have been obtained in
[44, 48]. Finally, we mention that recently, this approach has been generalized to (ex-
tended) quantum hydrodynamic models, which are obtained starting from the Wigner
equation [16, 33].

Performing the diffusion limit in the Boltzmann equation, combined with the
moment method, leads to diffusion-type moment equations. With the moments 1
and e(p), where e(p) is the carrier kinetic energy, energy-transport models [47] can
be derived [6, 7]. These models consist of conservation laws of mass and energy and
constitutive relations for particle and energy fluxes. They have been widely studied in
the engineering as well as in the mathematical literature (see, e.g., [5, 11, 26, 39, 43, 49]
for some engineering and [6, 13, 15, 19, 27, 28, 30| for some mathematical references).
Energy-transport equations allow for the modeling of hot-electron effects. However,
for ultrasmall devices, the numerical results are not sufficiently accurate compared to
Monte-Carlo simulations of the Boltzmann equation.

Improved accuracy has been obtained by including further moments of the dis-
tribution function leading, for instance, to the six-moments model of Grasser et al.
[23] (also see [46]). The six-moments model consists of conservation laws for mass,
energy, and the so-called kurtosis and constitutive equations for the corresponding
three fluxes. Compared to the extended hydrodynamic models, the advantage of this
model is that it constitutes a system of parabolic equations instead of hyperbolic
ones, which simplifies the numerical discretization and solution considerably. Up to
now, the employed closure in the literature is only heuristic, and the determination
of the flux relations is based on approximations [26]. Our approach does not need
any approximation and works for general collision operators and general nonparabolic
band structures.

More precisely, we derive, under suitable assumptions (see (H1)-(H4) below),
diffusive higher-order moment models of the form

oom; +divJ; —iJ;_1-VV =W,;, i=0,...,N,

where m; are the moments (mg being the particle density and m; the energy density),
J; are the fluxes, V' the electric potential, and W; are the averaged inelastic scattering
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terms (with Wy = 0). The fluxes are given by

N
Ji = =3 (DyVA; + jD; 1 VV ),
j=0

J

where D;; are the diffusion coefficients (coming from the elastic scattering processes)
and \; are the Lagrange multipliers (coming from the constrained entropy maximiza-
tion problem). The moments m; depend nonlinearly on the Lagrange multipliers \;.
Besides of our derivation, the main results of this paper are as follows:

e The diffusion matrix (D;;) is symmetric and positive definite under some
topological assumptions on the semiconductor band structure and the depen-
dence of the moments m; on A; is monotone in the sense of operators. Thus,
the evolution problem is of parabolic type.

e The flux equations can be written equivalently in the drift-diffusion form

J; = —Vd; — Fy(d)d;VV, i=0,... N,

where d; = D;p and Fj;(d) are nonlinear functions of d = (dy,...,dy) (see
section 4.1 for details). This formulation allows for a numerical decoupling
and the use of local Slotboom variables for designing a discretization scheme
(see [15] and Remark 4.2 below).

e The convective parts including the electric field —VV can be eliminated by
introducing generalized dual entropy variables v = (vy,...,vy), depending
on the Lagrange multipliers and the electric potential, such that

N
Opi(v) + divF; = g;, F;=— Zcijvyja
=0

where p; depends on v, g; depends on W; and 0,V, and the new diffusion
matrix (Cy;) is symmetric and positive definite (see section 4.2 for details).
This formulation is useful for the numerical discretization of the equations
employing standard (mixed) finite elements [20]. Moreover, it extends the
dual entropy notation known in nonequilibrium thermodynamics [17, 36].

e We are able to recover many well-known diffusion models, like the drift-
diffusion, energy-transport, and six-moments models of Grasser et al. Com-
pared to [25], no approximation of the highest-order moment is needed.

The originality of this paper consists in the facts (i) that we present for the first
time a complete hierarchy of diffusion moment models for general collision operators,
(ii) that we present a unifying approach of the derivation of these models, and (iii) that
the derived models have very pleasant features useful for the mathematical analysis
and the numerical discretization of the equations.

The paper is organized as follows. In section 2 we state our assumptions on the
band structure and the collision operator and we derive the model equations by a
Chapman-Enskog expansion. Furthermore, some properties and several examples of
the diffusion matrix are given. In section 3 we show that the drift-diffusion, energy-
transport, and six-moments models can be recovered from the general theory. Finally,
section 4 is devoted to the drift-diffusion and dual-entropy formulation.

2. Derivation of the model equations. Let B C R? be the first Brillouin
zone of the semiconductor crystal under consideration. The set B is symmetric with
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respect to the origin; hence, we can identify it with the three-dimensional torus.
We assume throughout this paper that all variables and functions are scaled. The
evolution of the charged particles in the semiconductor is described by a distribution
function f(x,p,t) > 0 depending on time ¢ > 0 and space—crystal momentum variables
(x,p) € Q2 x B, where Q C R? is the semiconductor domain. The distribution function
f = fa is assumed to satisfy the (dimensionless) semiconductor Boltzmann equation
in diffusion scaling,

QQatfa+a(u'vmfa+V£V'foa) :Q(for) (2'1)

The group velocity u = u(p) is defined by u = V,e(p), where e(p) is the kinetic
carrier energy given by the band structure of the semiconductor crystal. The function
V = V(z,t) denotes the electric potential which is assumed to be given or to be
determined from the Poisson equation

ANAV = /dep - C(x),

where A > 0 is the (scaled) Debye length and C(x) the doping profile, modeling fixed
charged background ions in the semiconductor crystal.

We assume that the inelastic collisions are weak compared to the elastic colli-
sions in the sense that the collision operator Q(f) can be decomposed into two parts
according to

Q(f) = Qa(f) + a?Qin(f),

where Qq(f) and Qin(f) denote the elastic and inelastic collision operators, respec-
tively.

The Knudsen number oo = 7yvp/xo represents the mean free path tovg relative to
the device dimension x(, where 7 is the characterictic time between elastic scattering
events, vy denotes a characteristic velocity, and xg is the diameter of the semiconductor
crystal. Diffusion scaling assumes the time scale to be given by 79/a? [7].

In order to specify our assumptions on the collision operator, we need the so-called
generalized Maxwellian introduced in the following subsection.

2.1. Entropy maximization. We define the (scaled) relative entropy for f(z,
p;t) by

H(f) (1) = - /B fllog f — 1+ e(p))dp.

Here and in the following, we consider only scaled quantities. The generalized Max-
wellian is defined as the maximizer of a certain constrained extremal problem. In order
to define this problem, let weight functions k(p) = (ko(p),...,kn(p)) and moments
m(z,t) = (mo(z,t),...,mn(z,t)) be given. We impose the following assumptions on
Kk; and e:
(H1) Let N > 1. The weight functions x;(p) (¢ = 0,..., N) and the kinetic energy
¢(p) are smooth and even in p. Moreover, kg = 1 and k1 = €.
The case N = 0 is treated in section 3.
ExXaMPLE 2.1. Examples for the weight functions are

Ii(l) = (178762,83...), H(Q) = (1787 |u|2a€‘u|27|u|47€‘u|47"')' (22)
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The kinetic energy may be given, for instance, in the parabolic band approximation,
by e(p) = %\p|2. Clearly, in this case x(!) and ) coincide (up to multiplicative
factors). A more refined model is the Kane dispersion relation which takes into
account the nonparabolicity at higher energies, e(1 + de) = %|p|27 where 6 > 0 is the
nonparabolicity parameter. In terms of €, we have

lp|? 1
= = — (/1+26p2 —1). 2.3
e(p) 1+\/W 25(W ) (2:3)

If 6 = 0, we recover the parabolic band approximation. The above examples for (%)
and ¢ satisfy (H1).

We recall that, instead of Kane’s dispersion relation, also the approximation
ag(p)’ = |p|?/2 has been suggested, where the parameters a and b are fitted for
different energy ranges [9] (see the discussion in [26, Sec. IV]). O

We set (g) = [ g(p)dp for a function g(p) and we call the expressions (k;f) the
i-th moment of f. Then we consider the constrained maximization problem

H(f*) = max {H(f) : (5] (2, 0) = m(a, ) for 2 € 9, >0} (2.4)

The solution of this problem, if it exists, is given by

f*(x,p,t) = exp (M, 1) - k(p) — (p)),

where \ = (XO,...,XN) are the Lagrange multipliers. Defining A\; = Xl — 1 and
Ai = A; for all i # 1, we have the more compact formulation

f*(xvpv t) = e)\(w,t)-n(p).

REMARK 2.2. We notice that the mathematical solution of (2.4) is quite delicate.
In [29], it has been shown that (2.4) can be uniquely solved whenever the multipliers
X = A(m) can be found. However, there are situations for which problem (2.4)
has no solution. This is the case if the momentum space is unbounded and if the
polynomial weight functions have super-quadratic growth at infinity [18, 31]. When
the constraint of the highest degree is relaxed (as an inequality instead of an equality),
the constrained maximization problem is always uniquely solvable [45]. In particular,
the maximization problem can be uniquely solved if one of the following conditions
holds:

1. General band structure: B is a bounded set and x = (1,¢,£2,...).

2. Kane’s nonparabolic band approximation: B = R3 and k = (1,¢,2), where ¢
is given by (2.3). Notice that e(p) grows linearly with p at infinity such that
k;(p) is at most quadratic.

3. Kane’s nonparabolic band approximation: B = R? and x = (1,¢, |u|?, e|u|?,
lu|t, elu|?,...), where ¢ is given by (2.3) [34]. Notice that the velocity u = V¢
is bounded, and therefore, x;(p) is at most quadratic.

4. Parabolic band approximation: B = R? and x = (1,[p|?/2). O

Given a function f(z,p,t) with moments m; = (k;f) = [, ifdp, we call the
maximizer of (2.4) the generalized Mazwellian with respect to f, f* = M;. In view
of the above comments, there are Lagrange multipliers A; such that

My =er™. (2.5)
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By definition, M; and f have the same moments, i.e. (k;Ms) = (ki f) = m;.

Below, we employ My to close the moment equations. This closure implicitly
assumes nondegenerate Boltzmann statistics. For degenerate Fermi-Dirac statistics
in the context of the energy-transport model, we refer to [6, 7]. Furthermore, it has
been found that in certain semiconductor devices a mixture of hot and cold electrons
exists and a superposition of two (Maxwellian-type) distribution functions has been
proposed as a closure [24].

2.2. Assumptions on the collision operators. With the above definition of
the generalized Maxwellian, we can state the following hypotheses on the elastic and
inelastic collision operators.

(H2) For all functions f(p) and all i = 0,..., N, (k;Qa(f)) = 0. Furthermore, the
null space N(Qe1) of Qe consists of generalized Maxwellians, N(Qq) = {f :
f= My}.

(H3) For all functions f(p), it holds (Qin(f)) = 0.

These hypotheses express the collisional invariants. For instance, for elastic col-
lisions, since k9 = 1 and k1 = € by (H1), we have mass and energy conservation,

<Qel(f)> = 07 <5Qel(f)> =0.

Additionally, we suppose conservation properties for all moments with respect to the
chosen weight functions. Hypothesis (H3) simply expresses mass conservation for
the inelastic collisions, which is physically reasonable. However, inelastic collisions
generally do not conserve energy.

EXAMPLE 2.3. (i) Consider the relaxation-time operator

Qulf) = ~(M; — ) (2.6

where 7 > 0 is the (possibly space- and time-dependent) relaxation time. This collision
operator satisfies (k;Qeci(f)) = 0 for all f (since f and M have the same moments),
and its null space consists of the functions f = M.

(ii) Let N =1, k = (1,¢), and define the elastic collision operator

Qel(f) = Qimp(f) + Qee(f)

as the sum of the impurity scattering operator Qimp and the electron-electron binary
collision operator Qee,

@mﬁmﬂzéﬁm@ﬁﬁw—dW—ﬁ@C

Qee(f)(p) = /B¢ee(p,p'>p1,p'1)5(€’ +el—e—e1)0p(® +p1 —p—p1)
x (f'fi = [ f1)dpdp'dpf,

where ¢imp, ¢ee > 0 are transition rates, d, is the periodized delta distribution,
and ' = f(p'), f1 = f(p1), f1i = f(®}) (see [7]). It has been shown in [7] that
(kiQe(f)) = 0 and that the kernel of Qe consists of the functions My = erotMe je.
Qo satisfies (H2).

(iii) Inelastic scattering may come from phonon collisions modeled by, for instance,

Qun(f)(p) =/B(Sph(p,p')f’—sph(p’,p)f)dpﬂ
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where spn(p, p') = ¢pn(p, ) [(Nph+1)d(e —€’ +epn) + Npnd(e —¢’ —epn)] and &’ = (p’)
[6]. The number Npy is the phonon occupation number and ey, is the phonon energy.
An elementary computation shows that (Qpn(f)) =0, i.e. Qpn satisfies (H3). O

2.3. Chapman-Enskog expansion. First we derive the balance equations.

PROPOSITION 2.4. Let (H1)-(H3) hold and let f, be a solution to the Boltz-
mann equation (2.1). We assume that the formal limits F = lim,_,o fo and G =
limg—o(fa — My, )/a exist. Then the moments m; = (k;Mp) and the fluzes J; =
(ur;Gy and I; = (V,k;G) are solutions of

8tml+d1VJl—VVIl:W1, Z:O,,N, (27)

where W; = (k;Qin(F)) are the averaged inelastic collision terms, Wy = 0, and the
divergence and gradient are to be taken with respect to x.

We notice that the definition of the moments is consistent with the notations in
section 2.1 since (k;Mp) = (k; F).

Proof. We multiply the Boltzmann equation (2.1) by the weight functions k;,
integrate over the Brillouin zone B, and integrate by parts in the term involving the
electric potential,

a2at<"<5ifa> +OZ(diVm <u’{ifa> -V.V. <vp"€ifa>) = <HiQel(fa)> +a2 <"‘%’Qin(fa)>a (28)

for i = 0,...,N. Next, we perform the following Chapman-Enskog expansion (see,
e.g., [10]):

fa = Mfa + ago.- (29)

This equation in fact defines g, and, by assumption, G = lim,_¢ go. The generalized
Maxwellian M, is an even function in p, by hypothesis (H1), whereas p — u(p)x;(p)
and p — V,k,(p) are odd functions in p. Therefore, (ur;My, ) =0, (Vpk;My,) = 0.
Then, substituting (2.9) into the moment equations (2.8), observing that the moments
of Qe1(fs) vanish by (H2), and dividing the resulting equation by a2, we obtain

at<’€iMfa> + a6t<"figa> + diV:r(’“f’%ro) - sz : <vpﬁ3igo¢> = <HiQin(foc)>-
Performing the formal limit o — 0 in this equation leads to
8t</@iMF> + lew<UI€1G> - V.V- (meG) = <I€ZQ1H(F)> (2.10)

These are the balance equations (2.7). O
REMARK 2.5. For i = 0, we have Iy = 0 and Wy = 0 such that the first balance
equation just expresses mass conservation:

Oymg + divJy = 0. (211)

ExaMpPLE 2.6. The integrals I; can be expressed in terms of the fluxes J; for
special choices of the weight functions. For instance, if we choose k = (1,¢,€2,...)
(see (2.2)), we obtain V,k; = jue’~! for i > 1 and Vpko = 0 and thus I; = ¢J;—; for
all 4 > 0 (for ¢ = 0, we have Iy = 0). In this situation the balance equations become

oym; +divJ; —iVV - J;_1 = W,. (212)
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If we choose k = £ in (2.2), we cannot express I; in terms of the integrals Jy, ..., Jy
since, for instance, Vpka = V,|u|?> = £”u, where " is the Hessian of £(p), and this
cannot be written in general as a function of |u|* and elu|?. O

Next, we specify the flux equations J;. For this, we need to determine G. We
will see that this is equivalent to solve the operator equation LG = H, where L =
DQe(Mp) is the Fréchet derivative of Q¢ at Mp = e**® > 0 and H = u -V, Mp +
V.V - V,Mp. We introduce the Hilbert space L?(B) with the scalar product

(91792)1«“:/ 9192 M dp
B

and the corresponding norm || ||r. In order to solve the equation LG = H, we impose

the following hypothesis on the operator L.

(H4) The linear operator L = DQq(MFp) is continuous, closed, and symmetric on
L?(B) and its null space is spanned by Mp.

By the Fredholm alternative, the linear, continuous, and closed operator L on
the Hilbert space L?(B) satisfies the following property: The equation LG = H is
solvable if and only if H € N(L*)* and its solution is unique in N(L*)*. As L is
assumed to be symmetric, LG = H is solvable if and only if H € N(L)* and the
solution is unique in N(L)‘. Since the null space of L consists of the generalized
Maxwellians, LG = H is solvable if and only if 0 = (H, Mp)r = [, Hdp.

PROPOSITION 2.7. Let (H1)-(Hj) hold. Then the fluxes of Proposition 2.4 can
be written as

N
Ji = —Z(DijVAj+EijVV>\j), 1=0,...,N, (2.13)
§=0
where the diffusion matrices D;; € R3*3 and the matrices E;; € R3*3 are defined by

Dij = —(rkiu ® ¢5), Eij = —(kiu @), (2.14)
and ¢j = (i1, 952, d;3) and ¥; = (V¥j1,v2,1;3) are the (unique) solutions in N(L)*

of the operator equations

8 .
Lok = upri;Mp,  Lpjy = %MF, j=0,...,N, k,{=1,23. (2.15)
i1

Proof. Inserting the Chapman-Enskog expansion (2.9) into the Boltzmann equa-
tion (2.1), expanding formally the elastic collision operator

Qel(fa) = Qel(Mfa) + OfDQel(Mfu)goc + O(OéZ),
and dividing the resulting equation by «, we obtain

ady(My, +aga) +u-Vao(My, +aga) + ViV -V, (Mg, + aga)
= a_lQel(Mf&) + DQel(Mfa )ga + O(a)

By (H2), we have Qq1(My,) = 0. Hence, the formal limit o — 0 gives

u - VxMF + VIV . VpMF == DQel(MF)G = LG. (216)
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Now, let j € {0,..., N} be fixed. The operator equations (2.15) are solvable
in L?(B) since ugrjMp and (9k;/0ps)Mp are odd functions in p, and hence, their
integrals over B vanish. The unique solution G' in N (L)% is given by

N
G= (¢, Vad; + VoV -1h;);),

§=0
since, observing V,Mp = Zj VaAjrjMp and V,Mp = Zj AjVpkiMp, we have
N N
LG =Y (Lgj-Vadj + VoV - Lbid;) = (kju- Vakj + VoV - Vi) Mp
Jj=0 7=0
— -V, Mp + V.V -V, M.
Hence, since J; = (uk;G), we obtain (2.13). O
EXAMPLE 2.8. In the case of the relaxation-time operator of Example 2.3 (i), the

function G can be found explicitly. Indeed, from Chapman-Enskog expansion (2.9)
and Boltzmann equation (2.1), we derive

1 T
o = a(fa - Mfa) = _aQel(fa)

= _Ta(atfa - Qin(fa)) - T(u : vzfa + vzv : vpfa)u

and the formal limit o — 0 gives

G=—7(u-VoMp+ V.V -V,Mp) =—=7) (kju-Vo)j+ VoV - Vyri\;) Mp.

1M

Thus, the solutions ¢; and v; of (2.15) are
¢j = —TUIijMF, ’lﬁj = —TvplijMF. ] (217)

LEMMA 2.9. Let ; = €', i =0,...,N. Then the coefficients E;; in (2.14) can
be expressed in terms of D;;,

Ej=jD;;—1, FEypo=0, j=1,...,N. (2.18)

Proof. The assumption k; = &' gives V k11 = (i + 1)e'Vype = (i + 1)ue’ and
hence Ltp; 11 = Vpkiy1 Mp = (i +1)L¢;. By the unique solvability in N(L)*, ;11 =
(i+ 1)¢p; + cMp for all i > 0 and ¥y = cMp, where ¢ is a constant vector. Therefore,

B = —/ kit @ jdp = —j/ eu® ¢pj_1dp=jD;j 1,
B B

proving the lemma. O

2.4. Properties of the diffusion matrix. The diffusion matrix D = (D;;)
defined in (2.14) is symmetric; this expresses the Onsager principle [36].

LEMMA 2.10. The matrices D = (Dyj), E = (E;;) € R3WVFXB3WNHY gre sym-
metric in the sense

D) =Dj;, Ej=Ej; foralij=0,... N.
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Proof. We write Dy; = (D}f) € R**3. Since L is symmetric on L?(B), we have

D} = —(ugkiMp, djo)r = —(Lin, dje) r = —(bix, Loje)
= —(¢ir, ugr; Mp)p = DSF.

The symmetry of F is proven in a similar way. O

Under additional assumptions on the derivative of the elastic collision operator
and on the band structure, we can show that the diffusion matrix is positive definite.

(H5) Let the operator —L = —DQe(MF) be coercive on N(L)%, i.e., there exists a
constant y > 0 such that for all g € N(L)*,

(=Lg.g9)r > pllgl%-

EXAMPLE 2.11. We claim that the relaxation-time operator (2.6) satisfies (H5)
if the weight functions ko, . .., kx are linearly independent. Let g € N(L)*. We show
first that M, € N(L). It is sufficient to prove that My, = M,. For this, let M, = e**

and My, = eM*. Since the moments of Mgy and M)y, coincide by construction, we
have

/ r(eM" — eX‘”)dp =0 and / A-k—X-r) (N — eX'“)dp =0.
B B

By the strict monotonicity of z — e®, the integrand vanishes and therefore, ()\—X) ‘K=

0. Since Kg, ..., ky are linearly independent, A = A Hence, My, = M, which proves
that M, € N(L). This property gives

1 1 1 1
(~Lg.9)r = ——(My = g,9)p = =~ (Mg, 9)r + ;||9||2F = —llgllz- O

LEMMA 2.12. Let (H5) hold and let {ugr,; : k =1,2,3,i =0,..., N} be linearly
independent functions in p. Then the diffusion matriz D = (D;;) is positive definite,
i.e. fO?” all gOa s 7§N € RN+17 (507 s 7€N) 7é O;

N
> &' Dijg > 0.

4,J=0

Proof. The proof is inspired from the proof of Proposition IV.6 in [6]. We write
as above Dyj = (Djf) and & = (&) Let (&, ...,&n) # 0. Then, by the definition of

the matrices D;;,

N N 3 N 3
Z & Dij&j = Z Z &kfoijz =— Z Z ikkiug®jejedp.
B

i,7=0 4,j=0 k,£=1 i,7=0 k,£=1



Diffusive higher-order moment equations for semiconductors 11

Since kjurMp = L¢;i, we obtain

N
S DG ——3 Y / € Lbundyelye My dp

i,7=0 4,7=0 k,l=1

3
= Z Z €Zk¢zk) gje(b]é)
IO 3 N 3
Z §ik¢ik) ; Z Z fik¢ik)F

(-4
) k=1 =0 k=1

N
=0

As ¢, € N(L)*, assumption (H5) and the boundedness of L (with constant ¢y, > 0)
give

N ) N 3 )
w
Z & Dijéj > MH Z §ikPik ‘F > cj"L<ZZ§ik¢ik)“F
i,j=0 i=0 k=1 L i=0 k=1
P >, N 3
= TH meukmMFH = 7/ ‘ZZ Sikunki Mde>0
LY iS00 k= SR S C R

since the functions uyk; are linearly independent. O
The diffusion matrices D;; can be simplified under additional assumptions.
PROPOSITION 2.13. Let r; =¢',i=0,...,N and Qa(f) = (My — f)/7. Then
the diffusion coefficients can be written as

N
T S
Dy = [ QIR Pe Gl exo (32 Me(h o)) do .
k=0

where e(p) = e(%|p[*) and I is the unit matriz in R3*3.

Clearly, we may identify the matrix D;; with its diagonal elements and obtain
the (N x N) matrix D = (D;;).

Proof. Since the elastic collision operator is assumed to be a relaxation-time
operator, the solution of the operator equation (2.15) is equal to ¢; = —Tuk; Mp =
—7e/VeMp (see (2.17)). Thus, by definition (2.14),

Dij = — /B e'Vpe ® ¢jdp = T/Ba”jvpe ® VpeMpdp.
Since V,e(p) = pe’(5|p|?), we obtain
Dij = T/ e(zlpI*)" ™+ ¢ (3IpI*)*p ® pMpdp.
B

The function p — p ® p is odd in every off-diagonal element such that the above
integral vanishes except for the diagonal elements. Since each diagonal element has
the same value and Mg = e, the expression for D;; is proven. O

The diffusion coefficients can be further simplified under additional assumptions
on the energy band structure. We consider three examples.

ExAMPLE 2.14. (Monotone energy band) Let the assumption of Proposition
2.13 hold. We suppose additionally that e(3|p|?) is strictly monotone in |p| and that
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e(0) = 0 and e(oco0) = oo. This allows to choose B = R3. Then, with spherical
coordinates (p, 0, ), for i, =0,..., N,

2 T )
_T L 2yitj /(1 Aee(Sp in Odpdfd
3/0 /0/0 e(30°) e (5p° pexp(z re($p )Sm pdfde.

Now we perform the change of variables ¢ = e(1p?), setting v(¢) = p?. Then dp =

"(€)/24/7(g))de such that
3/2

N
8rr [ . .v(e)
Dy =— RREEA A E \ee® ) de. 2.19
J 3 o € ’W(E) eXp(k_O kE) € ( )

In the special case N = 1, the same diffusion coefficients have been derived in [6,

(3.36), (4.17)]. Notice that the above transformation allows to simplify the expression
for the moments:

m; =/B 31p1%)" exp (Z/\ke 3lpl?) )
—ix [ eldY e (Z Mee(3pl)") pPdp
k=0
=27 /00 e'\/7v(e)7 (e) exp (ZN:)\ksk>d5, (2.20)
0 k=0

where 1 =0,...,N.

EXAMPLE 2.15. (Nonparabolic band approximation) In the case of Kane’s non-
parabolic band approximation (2.3), we can further simplify the integrals (2.19) and
(2.20). Since () = [p|* = 2¢(1 + d¢) and ~/(¢) = 2(1 + 2d¢), we compute

827 : 1+ de) 3/2
D;; = 3 T/ +]+3/2(1+25 ep(ZAka )ds
0

mi:4\/§7r/ 6i+1/2(1+56)1/2(1+256)6Xp(Zx\k{:‘k>de’:‘, ,j=0,...,N. O
0 k=0

EXAMPLE 2.16. (Parabolic band approximation) Setting § = 0 in the formulas
of Example 2.15, we obtain

~ N
D;; = S\fﬂ 7'/ g tI+3/2 oxp (Z )\kak)de,

0 k=0

oo N
m¢:4\f27r/ €i+1/2exp(2)\k5k>ds, i,7=0,...,N. O
0 k=0

3. Examples. In this section we derive the diffusive models for N = 0, leading to
the drift-diffusion equations, the case N = 1, leading to the energy-transport model,
and N = 2, leading to a higher-order model.



Diffusive higher-order moment equations for semiconductors 13

3.1. Drift-diffusion equations. We consider the case N = 0. Then xo(p) =1
and the generalized Maxwellian reads Mp = e* (), The balance equation is given
by (2.11). We need to compute the flux Jy since in section 2.3, the case N = 0
was excluded. For this, we have to solve LG = u - V AoMp + V.V - V,Mp =
u-Vy(Ao—V)Mp. Let ¢y be the unique solution in N(L)* of Loy = uMp. It is not
difficult to check that G = V(Ao — V) - ¢ solves the above operator equation. This
shows that

.]0 = <UG> = <u ® ¢0>V$(/\Q — V)

The flux can be written in terms of the particle density mg. Indeed, since
my = / Mpdp = Ae™,  where A = / e *Pdp > 0,
B B
we obtain VA9 = (Vzmg)/mo and hence,
1
Jo = —Do(Vymg —moV,V), where Dy = f—/ U ® Podp.
mo Jp

This gives the well-known drift-diffusion equations for the particle density n = mg
and the current density J = Jy:

on+divJ =0, J= Do(Vn—nVV).

We specify the diffusion matrix Dy and the relation between mg and Aq in the following
example.

ExXAMPLE 3.1. Under the assumptions of Example 2.14, we obtain for the ex-
pressions for Dy = Dgg/mo and mq:

oo 3/2
o= T er/ 207 ey
3 mo 0 7' (e)

mo = 277er/ V()Y (e)e cde.
0

For nonparabolic bands v(g) = 2e(1 + d¢), this becomes

8V2m T o0 (14 6¢)3/% _
Dy = — e 82 T 1 _e7¢q 3.1
T TS e € /0 © 1125 © % (3:-1)
mo = 4V 2m e / eY2(1 4 6e)/2(1 4 20e) e de, (3.2)
0

and for parabolic bands, the formulas simplify to

mo :4\/5776’\0/ 81/26_€d€:4\/§7rek01"(%) = (2m)3/2e, (3.3)
0
821 T > 47
D — o [T B20-ege = AT sy — 3.4
o= Do [ e = () = v (3.4)

where I' is the Gamma function satisfying I'(3) = /7 and I'(z + 1) = 2T'(z). The
expressions (3.3) and (3.4) coincide with the standard drift-diffusion model, see for
instance [32, 40]. O
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3.2. Energy-transport equations. We take N = 1 and x = (1,e). Then
My = e*t 2 The balance equations are, according to Proposition 2.4 and Example
2.6,

Omo +divJy =0, Oymq +divd; —VV - Jy = Wy, (3.5)
The diffusion coefficients D;; are, by (2.14),
Doo = —(u® o), Do1 = —(u® ¢1), Dio = —(eu® ¢o), D11 = —(eu @ ¢1),
and the coefficients E;; can be expressed in terms of D;; according to (2.18),
Eoo = Ewo =0, Eo1 =Doo, £Ei1=Do.

Notice that Dg; = Dyg since (u ® ¢1) = (Lo, ¢1)r = (¢o, Lo1)Fr = (eu ® ¢p). Then,
the particle and energy current densities (2.13) can be written as follows:

J() = —Doo(V)\o + VV)\l) — D01V)\1, (36)
J1 = —D19(VXg + VV ) — D11 VA, (3.7)

and the moments are given by
mo = e)“’/ eMEPdp my = e’\‘)/ e(p)et=® dp. (3.8)
B B

Equations (3.5)-(3.8) are called the energy-transport model.

ExAMPLE 3.2. (Monotone energy band) In the situation of Example 2.14, we
can make the above expressions more explicit. First, we remark that it must hold
A1 < 0 in order to ensure the integrability of Mp = erotAie(®) in B = R3. Thus, we
can define T'= —1/A; and we call T' > 0 the particle temperature. Formulas (2.19)
and (2.20) give

Dy = 5T reh /oo AL (O G )
A 0 7' (e) ’

m; = 27re)‘0/ /()Y (e)e™/Tde, i,7=0,1. O
0
EXAMPLE 3.3. (Nonparabolic band approximation) For nonparabolic bands ac-
cording to (2.3), i.e. y(e) = 2e(1 + de), we can specify the above formulas, as in

Example 2.15:

D, = 8v'2r Teto /°° giti+3/2 (71 + 56)3/26—6/%15,
0

EARE 1+ 25¢

m; = 4/ 2mero / eFY2(1 4 66)Y2(1 + 20e)e™/Tde, i=0,1.
0
These expressions coincide with those in [15]. O
EXAMPLE 3.4. (Parabolic band approximation) For 6 = 0, the integrals of the
previous example can be computed explicitly. Since

e 9]
m; = 4v2mere / et/ 2672/ e = 43/2me o T H3/2T (i + 3), (3.9)
0
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we compute the moments

mo = (2r)3/2T3/2eM0 . my = §(27T)3/2T5/26>\0 = gmoT.

[\

Calling n = mg the particle density, m; = %nT can be interpreted as the electron
energy with the temperature T'. The diffusion coefficients become

2 RSP 2 L
D;j = 8\3[7T Teto /0 gitit3/20=e/T g = 78\3f7r T€A0T1+]+5/2F(i +j+ %),

and computing the Gamma functions, we derive for D = (D;;),
. - ( 15T )
=mnl |5 3572 |
3T T

The relaxation time 7 may be defined as the inverse of the (averaged) collision
rate which generally depends on the energy. For instance, we may take

( B
= TO((SZ\]\iij)) ’

where 70 > 0 and 3 € R [47]. Then 7 = 79(mo/m1)? = (2)P7T 7, and the diffusion
matrix can be written as

2\ . 1 3T
_ - 2
D = (g) TomoT <3T %TQ .

We observe that D is very similar to the matrix derived in [15] for § = 1 but the
coefficients are different. The matrix of [15] can be obtained if the relaxation time
depends on the microscopic kinetic energy, 7 = 7(¢) = go/e for some gy > 0, such
that

2 00 o 2 .
D;j = ?eko /O 7‘(5)51+3+3/267€/Td8 — @e/\oTzﬂM/Zp(i + i+ %),

which gives the matrix

3
1 37

D= —-egn| . . O
ol 1)

3.3. Fourth-order moment equations. Finally, we consider the case N = 2
and k = (1,6,%). The coefficients are taken from Example 2.15, which uses the
hypotheses of Proposition 2.13. The balance equations are given by (2.7) which,
taking into account Example 2.6, read as

Oimg + divJy = 0, (310)
oymq +divJy — VV - Jy = Wy, (3.11)
Oymag + divdy — 2VV - J; = Ws, (312)
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where W, are the averaged inelastic collision terms (see Proposition 2.4) and the fluxes
are given by (2.13),

J;i = —DZ'()(V)\O + VV)\l) — DZ1(V>\1 + 2VV)\2) — D3V, 1=0,1,2.

The diffusion coefficients are expressed as in Example 2.15 with NV = 2. In the
limiting case § — 0 we obtain the parabolic band approximation which allows for
a more explicit formulation of the fourth-order model. Since the parabolic band
approximation cannot be taken directly in the case N = 2 (the entropy maximization
problem may be unsolvable; see Remark 2.2), we derive the model for § = 0 by taking
formally the limit 6 — 0 in the expressions for D;; and m; in Example 2.15. This
leads to

A > i+1/2 _Aie+Aqge? 8v/2m A > i4+j+3/2 A1e+Aqe?
m; = 4V 2mweo € et de, Dy = ——rT1e™ € eMET2E e,
0 0

3
(3.13)
where 7,5 = 0,1,2. We must have Ay < 0 in order to guarantee integrability. Notice
that we can express the diffusion coefficients in terms of the moments,

2T
Dij = §m1-+j+1. (314)

The moments m; for j > 3 are defined as above. In section 4 we discuss several
reformulations of this model and compare it with higher-order models in the literature.

4. Properties of the model equations. We suppose that (H1)-(H5) hold and
that the weight functions are given by x; = &%, i = 0,..., N. Then, by (2.12), (2.13)
and (2.18), the higher-order moment model can be written as

N
Oem; +divd; —iJ;_1 - VV =W;, J;=— (D”V/\J + jDi,j_1VV/\j), (41)
j=0
where i = 0,...,N, D; _; = 0, and the moments m; and the Lagrange multipliers \;
are related by the formula

mi=/Ba(p)iexp(§:6(p)%)dp. (4.2)

Jj=0

In this section we show that these equations can be written in two different ways,
which allows to recover some important properties of the model.

4.1. Drift-diffusion formulation. We can write the fluxes in a drift-diffusion
formulation which allows a numerical decoupling of the stationary higher-order mo-
ment model.

PROPOSITION 4.1. Let (H1)-(H5) and the assumptions of Lemma 2.12 hold and
let k; =€ fori=0,...,N. Then we can write

J; = —Vd; — Fi(d)d;VV,

where d; = Dyo, d = (do,...,dn) ", and

D; i
Fi(d) = Zj#Aj, i=0,...,N.
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The Lagrange multipliers \; are implicitly given by the values of d;,
di = —(f'u® ¢o), Lo =ue*"

The operator L is the linearization of the elastic collision operator, see (Hj). The
mapping d = d(\) can be inverted since det d'(\) = det D > 0.

Proof. We claim that the first sum in the second equation in (4.1) equals V Dy;.
Indeed, from

N
L(Véjr) = uge? Z Ve Mp = Z VAcure’ ™ Mp = L( 3" VAt ser)
=0 =0 £=0

and the unique solvability in N(L)*, we obtain the relation

N

Vo; = Z VAe@jie+cMp,
=0

where ¢ is a constant vector. Hence, by (2.14), setting j = 0,

VDio = —(e'u ® Vo) = E:VM€U®¢Z }:VMDM
=0

Then (4.1) becomes

Ji = =V Djo - MVVEZ—Tfi&,
7=0

showing the first assertion.
It remains to show that the determinant of the matrix d’'(\) is positive. Since

Ok OMp i
L( 8/\Jz ) = uge’ N upe’ M Mp = Loj ok,

which gives 0¢g/0 e = ¢¢ + cMp and thus,

dD;o Do
= — Dy, 4.3

Y ~(c'u ®8/\e> (' ®¢e) = Due (43)
the Jacobian of d(\) consists of the elements 0d,; /OX; = 0D;o/0\j = D;;. The matrix
D = (Dyj) is positive definite (see Lemma 2.12), and we have det d’(A\) = det D > 0.
0

REMARK 4.2. The decoupling of the higher-order moment model can be done as
follows. Under the assumptions of the above proposition, the stationary model reads
as

diVJi =VV . Ji_l + Wi, Jl = —le — Fl(d)dZVV, = O7 PN ,N.

We assume that V is given, and W; = W;(d, V') may depend on d and V.. We also write
Ji = Ji(d, V). During the iteration procedure, we may “freeze” the nonlinearities: Let
d be given (e.g., from the previous iteration step) and consider the system

divJi(d, V) = iVV - J_1(d, V) + Wi(d, V), Ji(d,V) = —Vd; — Fy(d)d;VV.



18 A. JUNGEL, S. KRAUSE, AND P. PIETRA

This system is decoupled since each equation is a scalar elliptic differential equation for
d;. Furthermore, the linear equations can by “symmetrized” by local Slotboom vari-
ables as described, for instance, in [15] in order to treat the convective part F;(d)d; VV.
Finally, the “symmetrized” equations can be numerically discretized by mixed finite
elements [15, 28]. We will numerically explore this idea for a higher-order moment
model in a future paper. [J

ExAMPLE 4.3. (Energy-transport model) In the case of the energy-transport
equations (N = 1), the functions F;()) in Proposition 4.1 simplify. Introducing the
particle temperature T'= —1/); as in Example 3.2, we obtain Fy(d) = Fi(d) = A\ =
—1/T and hence,

va i=0,1.

Ji = —Vd; + =
7

The temperature is implicitly defined through the relation

_di Dip  {eu® ¢o)

M = 4™ D ™ wwon)

where ¢g solves Loy = uMp. A similar expression has been given in [15] but only
in the case of monotone energy bands. For given dy and d;, this defines T uniquely
since f/(T) = det D/(T'dy)? > 0. In order to check this derivative, we first compute

1
Lor.

a¢0 _ 8 A —E/T o 1 _
L(—) (ue™ ) = —meuMp = T2

ar ) — ar e
Hence, 0¢o/0T = ¢1/T?+cMp, where c is a constant. Thus, since (cu® ¢g) = D19 =
Do = (u® ¢1> and Dq1 = <€u ® ¢1>,

F(T) = g (e @ 6a) @ o) — (e & o) e )

1 det D
——=(D11Doo — D10Do1) = 75—
T2d32

= >0. O
T2 &2

EXAMPLE 4.4. (Fourth-order model) We take N = 2 and assume the parabolic
band approximation. The functions F;(d) read as follows:

dit1
d;

Fi(d):)\1+2 Ao, 1=0,1,2.

Notice that, by (3.14), d; = (27/3)m;11. Moreover, integration by parts gives, using
(3.13),

oo 2 . ;
m; = —4V/2mero /0 213 3€1+d/2(>\1 + 2)\26)6’\15+>‘2€2d5
2 3

= (Almi+1 + 2/\2mi+2) = —m()\ldl —|— 2)\2di+1)- (44)

C2i+3

Hence,

1
Fi(d) = o (adi + 2dig1) = —————
' (2
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and the fluxes become, for constant relaxation time,
2143
2

Together with the balance equations (2.12), we obtain a system of three equations for
the unknowns mg, mi, and ms. If 7 depends on z or ¢, the variables are 7mg, 7mq,
and 7meo. In the expression for Jo, the moment mg is needed. However, it can be
computed from mg, my, and mso using the relation

5

1
=~ (m1 + ams) 4.
ms3 T (2m1 + Aima ), (4.6)

2
Ji = —Vd; — F(d)d;VV = —gr(VmiH - miVV), i=0,1,2.  (4.5)

which comes from (4.4), where A1, Ay are functions of m = (mg, m1, mz). The fourth-
order model with the above current relations can be also seen as a system of parabolic
equations in the variables my, ms, and mg; the particle density mg is then a function
of my, mo, and mg.

It remains to show that the function m(\) with A = (Mg, A1, A2) can be inverted.
This comes from the fact that the matrix m/(\) = (m;4;);; € R3*3 is positive definite
(and hence, its determinant is positive) since it is equal to the Hessian of the strictly
convex funtion

A= my = 4\[271’7’/ gl/2eothaetrac? g
0
The final fourth-order model consists of the balance equations (3.10)-(3.12) and the
current relations (4.5) in the variables mq, my, and msz. O
REMARK 4.5. Grasser et al. have derived a related fourth-order model, called
the six-moments transport equations (see (124)-(129) in [25]). The model equations
are given by (3.10)-(3.12) and (4.5) where
5-3 o
mg=mn, m;= §nT, mo = TnT On.- (4.7
Here, the variables are the particle density n, the electron temperature 7', and the kur-
tosis (. This notation is inspired from the energy-transport model in the parabolic
band approximation (see Example 3.4), where ms = 1TE’nT2 (see (3.9)). In this sense,
B, measures the deviation from the heated Maxwellian Mp = e*o~¢/T. More gener-
ally, the kurtosis is defined by

_3m0m2
b =5 "2

By the Cauchy-Schwarz inequality,
2 22X % 1/4_5/4 Aetrge? 2
my = 321°e °</ gl/Agd/tehet 28d5)
0
oo o0
< 327r2e2/\0/ 61/26)\1€+)‘2€2d5/ e5/2eMetAee® 1o moma,
0 0

we obtain the restriction 3, > 3/5.
Grasser et al. [25] define heuristically mg in terms of the lower-order moments by

setting
7-5-3

3 nTQﬂrcm (48)

ms3 =
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where the constant exponent c is fitted from Monte-Carlo simulations of the Boltz-
mann equation, computing the numerical moment mg/[c' It has been found that the
choice ¢ = 3 gives the smallest deviation of the ratio m}!C/mgs from the desired value
one [25].

In the model derived in Example 4.4, mg is implicitly defined in terms of the
lower-order moments, see (4.6). Using notation (4.7) and setting Ay = —1/T as in the
energy-transport equations, we obtain from (4.6)

ﬁ (1 = Bn)nT
8 A2 '

The expression (4.8) is obtained by setting Ao = —(1—£,,)/7T?35. Since it should hold
Ao < 0, we conclude the restriction G, < 1. Together with the above condition, the
kurtosis has to satisfy the inequality 3/5 < 3, <1 [22]. Clearly, 3, = 1 corresponds
to the energy-transport case for which Ao = 0.

Thus, the model of Grasser et al. is contained in our model hierarchy with the
heuristic choice Ay = —(1 — 3,,)/7T?p5. O

m3z = —

4.2. Dual entropy variable formulation. It is well known from non-equi-
librium thermodynamics that the electric force terms in (4.1) can be removed by
employing so-called dual entropy variables [17, 36]. Here, we extend this method-
ology to higher-order moment models by defining the (generalized) dual entropy
variables v = (1p,...,vn)! by A = Pv, where A = (\g,...,An)! are the La-
grange multipliers (or the primal entropy variables), and the transformation matrix
P = (P;;) € RWVHDX(N+1) g defined by

it (D Vi i<y
P =(-1) (Z,)a”V with  ag; { 0 ifi> ],
where i, 7 = 0,..., N. The dual-entropy formulation ”symmetrizes” the system of
equations [13]. Tt is well known that the existence of such variables is equivalent to
the existence of an entropy functional [14, 35]. We need the following properties of
the transformation matrix P.
LEMMA 4.6. ,
(i) The matriz Q = (Q;;) given by Q;; = (})a;; VI~ is the inverse of P.
(i) For alli, j =0,...,N,

N

N
>~ HPaQuy = = Y = WQuPy = jbi;1V,

k=0 k=0
where jo; j—1 =0 for 7 =0.
(iii) For alli=0,...,N—1,j=1,...,N,
—jP; i1+ (i+1)Pitq; = 0.
Proof. (i) By the definition of the coefficients a;;, we have ), P;j;Qr; = 0 for all
1> j. Let i« < 7. Then

Emas Lo () pov ()

k=i k=1

— yi (Z) ::;(—1)" (j 2 l) =0.
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Furthermore, for ¢ = j, we obtain

Era-g0)()

=1

(ii) The definition of a;; yields ), (j — k) PixQr; = 0 for i > j. Next, let i < j—1.
Then

i(j* k)PixQrj = V7~ lji( Hk(k)()

k=0 k=i

:ijiji( z+k]<J 1) <J;1—l>

k=i

Ifi=j—1 then

S U HPaQy =V S oK1y (j k 1) (;) _ v(j - 1) (j j 1) v

k=0 k=j—1

The second equality is shown in a similar way.
(iii) For ¢ > j we have P; j_1 =0 and P,y;; = 0. If i < j then

_ip ; oyttt (I , J _
P i 0Py = oo (0T e () <o

This shows the lemma. 0O

PROPOSITION 4.7. Define the dual entropy variables v = (v, ...,vn) ", the trans-
formed moments p = (po, ...,pn) ", and the thermodynamic flures F = (Fy, ..., Fx)T

by
A=Pv, p=P'm and F=P'J

Then the model equations (4.1) can be equivalently written as
Opi + divF, = (PTW + V™18,V Rm),, Z Ci; Vi,

where W = (0,W1,...,Wn)T, R = (Ry;) is given by R;; = (i — j)Pj;, and the new
diffusion matriz C = (C;) is defined by C = PT DP.

Notice that the new diffusion matrix C' is symmetric and positive definite if and
only if D is symmetric and positive definite (see Lemma 2.12).

Proof. First we prove the relation for the new fluxes. Employing the definitions
C = PTDP and v = QX and the property QP = I (I being the identity matrix), we
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obtain
N N
Z CijVvj = Z PriDyePiV (QjnAn)
j=0

4,k ln=0
N

Z Pkkaé(PZijnV/\n + PZjVan/\n)
4.k, 0,n=0

N N N
=Y PuDuVii+ Y Pkkae(Z n—j Pz]an) VTIVVA,,
k,0=0 k,£,n=0 7=0

since VQjn = (n — j)V"IVVQ;n. Now, using Lemma 4.6 (ii),

N N
Zcijvyj = Z PyiDyeNV e + Z Pkkagn(Se,n,lVV)\n

k,0=0 k,0,n=0
N
= > Pui(DenVAn +nDgn1VV ) ZszJk—
k,n=0

Next we compute the transformed balance equations. By the definition of Fj,

N N
diVFi = ZdiV(PjiJj) = Z(Pjidivjj + VPji . JJ)
7=0 7=0

N N
= Pi(div]; — jJ—1 - VV)+ Y (VP Jj + jPidi—1 - VV). (49
=0 =0

We show that the second sum vanishes. Observing that VP;; = (i — j)V'VV Py,
we find

N N
A= (VP Jj+jP;idi1-VV) = ((i = )PV 'YV - J; + jPjiJj_1 - VV).
j=0 =0

Since the first sum can be rewritten, by Lemma 4.6 (ii), as

N N
SN (i—HPVTIVV Ty = > (i — k)3 PuV T - VY
§=0 4,k=0
N N
Z VPjeQuPriV 1, - VV = Z(Z Q/kpkz) Py V=t VvV
7,k £=0 7,4=0 k=0

N
i60;1PjJ; - VV == iPj 1 :J; - VV,
-3 >

we obtain

N—-1
A= "(=iPji1+ (j+1)Pj1:)J; - VV =0,
7=0
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using Lemma 4.6 (iii). Hence, with the balance equations (4.1), (4.9) becomes

N
diVFi = ZPji(—atmj + WJ) (410)
j=0

We employ the definition p = PTm to rewrite the first sum,

N N
Y Pidimy = (9(Pjimy) — 8 Pyimy)
7=0 7=0
N N
= 8tpi — Vfl&gV Z(Z — j)Pjimj = 8,5,0@‘ — VﬁlﬁtVZRijmj.
7=0 7=0

This finishes the proof. O
EXAMPLE 4.8. (Energy-transport model) The transformation matrix P and its
inverse read in the case N =1 as

-6 Y) 0

Defining the chemical potential p by Ao = /T, where T = —1/A; > 0 is the particle
temperature, the dual entropy variables v = QA become (see, e.g. [13, 36])
u—=V 1
H—7 A=

T 3 V1 1 T
The quantity p — V is known as the electro-chemical potential. [

EXAMPLE 4.9. (Fourth-order model) For N = 2, the transformation matrix is

given by

vo=X+ VA =

1 -V V2
Pp=|0 1 =2v
0 0 1

Introducing the chemical potential and the temperature as in the previous example
and the second-order temperature 6 as in [23] by A2 = —1/0T, the dual entropy
variables are

p=V oV 1 2V 1

W=TE g T TT g T Tar

The dual entropy formulation allows to prove entropy dissipation. We define the
relative entropy Hy by

Hot) :—/Rs(m-()\—/\)—mo+mo)dx§0,

where A = (Ao, .. SAN) T, mo= (me,...,my) T, and X = (V,-1,0,...,0)T, mg =
mo(A) are the equilibrium values (since e’ = €V ~¢ is the equilibrium distribution
function in the presence of an electric field). Notice that in the situation of Example

3.4 (i.e. N = 1), the relative entropy becomes

H:—/]RS (n(lnn—glnT—g—V) —&—gnT—l—eV)dx.
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PROPOSITION 4.10. Assume that

W - (A= AN)da < 0. (4.11)
R3
Then any (smooth) solution X\ to the higher-order moment equations (4.1) satisfies
the entropy inequality

_7_’_/ ZCUVVZ Vy;dx < 0.
R3S

The second integral on the left-hand side is called entropy dissipation. Clearly, it
is nonnegative if the diffusion matrix D is positive (semi-) definite. Thus, the entropy
is nondecreasing in time.

Proof. We introduce the relative entropy density h(\) = —m - (A — ) +mq — mo.
The moments are given by (4.2) such that dmg/0X\; = m; from which we obtain

oh  Om - Omg om -

on oy, WA TmiE =gy A
and
N N
_ om — oh
om - (A= X) = ; . A =N\ = — 2 a—)\ic’)t)\i = —0:h(N). (4.12)

The balance equations (4.1) are formally equivalent to (4.10); multiplying the latter
equations by v; — 7;, where 7 = QA and summing over ¢ = 0,..., N, it follows

(PToym)T (v — )+ (divF) (v — ) = (PTW) T (v — 1).
Integrating over z and employing the definition v = Q\ gives

N
dym " PQ(X\ — N)dx + / > div(Cy V) (vi — i)da = / WTPQ(X— Ndz.
R3 RS 70 R3
Finally, integrating by parts in the second integral, taking into account that Vo = 0,

and using (4.12) yields

— [ 9th(N)da +/ Z Cy;Vv; - Vvjde = | WT(A—N)dz <0,
R3 R3

4,7=0 R3

which proves the lemma. O
In [7, Lemma 4.11], it has been shown that assumption (4.11) on W holds for an
inelastic phonon collision operator, in the case of the energy-transport model. This
hypothesis also holds if
1

W; = ——(m; —m;), where m; = m;(\),
T1

since

W-(A— :—*Z/ Yk A=k - N)dp < 0.
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