GLOBAL EXISTENCE ANALYSIS FOR DEGENERATE
ENERGY-TRANSPORT MODELS FOR SEMICONDUCTORS

NICOLA ZAMPONI AND ANSGAR JUNGEL

ABSTRACT. A class of energy-transport equations without electric field under mixed
Dirichlet-Neumann boundary conditions is analyzed. The system of degenerate and
strongly coupled parabolic equations for the particle density and temperature arises in
semiconductor device theory. The global-in-time existence of weak nonnegative solutions
is shown. The proof consists of a variable transformation and a semi-discretization in
time such that the discretized system becomes elliptic and semilinear. Positive approxi-
mate solutions are obtained by Stampacchia truncation arguments and a new cut-off test
function. Nonlogarithmic entropy inequalities yield gradient estimates which allow for
the limit of vanishing time step sizes. Exploiting the entropy inequality, the long-time
convergence of the weak solutions to the constant steady state is proved. Because of the
lack of appropriate convex Sobolev inequalities to estimate the entropy dissipation, only
an algebraic decay rate is obtained. Numerical experiments indicate that the decay rate
is typically exponential.

1. INTRODUCTION
In this paper, we prove the global well-posedness of the energy-transport equations
(1) O = An0*8), 9,(nd) = kA P) + L(1-0) mQ, t>0,
T

where —3 < 8 < 3, k = 2(2— f), and Q C R* with d < 3 is a bounded domain. This
system describes the evolution of a fluid of particles with density n(z,t) and temperature
O(x,t). The parameter 7 > 0 is the relaxation time, which is the typical time of the system
to relax to the thermal equilibrium state of constant temperature. The system arises in
the modeling of semiconductor devices in which the elastic electron-phonon scattering is
dominant. The above model is a simplification for vanishing electric fields. The full model
was derived from the semiconductor Boltzmann equation in the diffusion limit using a
Chapman-Enskog expansion around the equilibrium distribution [2]. The parameter J
appears in the elastic scattering rate [14, Section 6.2]. Certain values were used in the

physical literarure, for instance § = % [4], 6 =0 [17], and 8 = —% [14, Chapter 9]. The
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choice 8 = % leads in our situation to two uncoupled heat equations for n and nf and does
not need to be considered. We impose physically motivated mixed Dirichlet-Neumann
boundary and initial conditions

(2) n=np, 6=0p onTp, VmO>P).v=Vne**P).v=0 only, t>0,
(3) n(O) = Ny, 9(0) = 00 in Q,

where I'p models the contacts, I'y = 0Q\I'p the union of insulating boundary segments,
and v is the exterior unit normal to 9€) which is assumed to exist a.e.

The mathematical analysis of (1)-(3) is challenging since the equations are not in the
usual divergence form, they are strongly coupled, and they degenerate at # = 0. The strong
coupling makes impossible to apply maximum principle arguments in order to conclude the
nonnegativity of the temperature . On the other hand, this system possesses an interesting
mathematical structure. First, it can be written in “symmetric” form by introducing the
so-called entropy variables w; = log(n/6%?) and wy = —1/6. Then, setting w = (w1, wy)"
and p = (n,3n0)", (1) is formally equivalent to

Dp = div(A(n, 0) Vi) + = (n(lo— 9)) ,

T

where the diffusion matrix

ves( 1 (2 )0
Aln, 6) = > ((2 — )0 (3-F)2- me?)

is symmetric and positive semi-definite. Second, system (1) possesses the entropy (or free
energy)

Sin(t), (nd)()] = /Q nlog ooz,

which is nonincreasing along smooth solutions to (1). Even more entropy functionals exist;
see [15] and below. However, they do not provide a lower bound for § when n vanishes. We
notice that both properties, the symmetrization via entropy variables and the existence of
an entropy, are strongly related [8, 14].

Equations (1) resemble the diffusion equation d,w = A(a(x,t)w), which was analyzed
by Pierre and Schmitt [18]. By Pierre’s duality estimate, an L? bound for y/aw in terms
of the L? norm of \/a has been derived. In our situation, we obtain even H' estimates for
w =mn and w = nb.

In spite of the above structure, there are only a few analytical results for (1)-(3). In
earlier works, drift-diffusion equations with temperature-dependent mobilities but without
temperature gradients [23] (also see [21]) or nonisothermal systems containing simplified
thermodynamic forces [1] have been studied. Xu included temperature gradients in the
model but he truncated the Joule heating to allow for a maximum principle argument [22].
Later, existence results for the complete energy-transport equations (including electric
fields) have been achieved, see [11, 13] for stationary solutions near thermal equilibrium,
[5, 6] for transient solutions close to equilibrium, and [7, 9] for systems with uniformly
positive definite diffusion matrices. This assumption on the diffusion matrix avoids the
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degeneracy at # = 0. A degenerate energy-transport system was analyzed in [16], but only
a simplified (stationary) temperature equation was studied. All these results give partial
answers to the well-posedness problem only. In this paper, we prove for the first time a
global-in-time existence result for any data and with physical transport coefficients.

Surprisingly, the above logarithmic entropy structure does not help. Our key idea is to
use the new variables u = n6'/>~# and v = n6?/>~# and nonlogarithmic entropy functionals.
Then system (1) becomes

N (u,v) = Au, 0E(u,v) = kAv + R(u,v),

where N (u,v) = 3> B0f=12 ) B(u,v) = «/?> P2 and R(u,v) = 77 N(u,v)(1 —v/u).
Discretizing this system by the implicit Euler method and employing the Stampacchia trun-
cation method and a particular cut-off test function, we are able to prove the nonnegativity
of u, v, and 0.

In the following, we detail our main results and explain the ideas of the proofs. Let
0Q € C', meas(T'p) > 0, and Ty is relatively open in 9. Furthermore, let

(4) np, Op € L=(Q) N H' (), infnp >0, inf6p >0,
D D
(5) ng, 0y € LOO(Q) N HI(Q), 1gfn0 > 0, 1?]f 0y > 0.

We define the space H,(Q2) as the closure of C5°(Q2 U Ty) in the H' norm [20, Section
1.7.2]. This space can be characterized by all functions in H'(2) which vanish on T'p in
the weak sense. This space is the test function space for the weak formulation of (1). Our
first main result reads as follows.

Theorem 1 (Global existence). Let T >0, d <3, —3 < f < 5, 7 > 0 and let (4)-(5)
hold. Then there exists a weak solution (n,0) to (1)-(3) such that n > 0, nf > 0 in €,
t > 0, satisfying

n, nb, nf**=% ne32=F c L2(0,T; HY(Q)) N L>(0,T; L*(Q)),

o, 0,(nh) € L*(0,T; H5(Q)).

The idea of the proof is to employ the implicit Euler method with time step A > 0 and
the new variables u; = njej/Q‘B and v; = nﬂ?ﬂ_ﬂ
v =nh?"F at time t; = jh, respectively. We wish to solve

1 hn]‘
(6) (nj - TLj_l) - hAU] == 0, E(?’Lj@j - nj_1€j_1) - hAUj = —(]_ — 6))

RT

. which approximate u = n#/?=? and

To simplify the presentation, we ignore the boundary conditions and a necessary truncation
of the temperature (see Section 2 for a full proof). A nice feature of this formulation is
that we can apply a Stampacchia truncation procedure to prove the strict positivity of u;
and v; (see Step 2 in the proof of Theorem 1).

The main difficulty is to show the positivity of 6; = v;/u;. We define a nondecreasing
smooth cut-off function ¢ such that ¢(z) = 0 if + < M and ¢(z) > 0 if > M for some
M > 0. We use the test functions u;¢(1/6;) and v;¢(1/6;) in the weak formulation of (6),
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respectively, and we subtract both equations to find after a straightforward computation
(see Step 3 in the proof of Theorem 1) that

1 h 1 Vj 1 K 1
0= /Q ( (1 e ;) 3059 (9—) o ibim (e‘j - a) ¢ (e?)

h 2 1 hn;0.v; 1
+ ﬁ‘vjVuj — UjV’Uj‘ (b/ (@) + %(ﬁ <E) )dx

Since k > 1, there exists h > 0 sufficiently small such that the first summand becomes
nonnegative. The third and last summands are nonnegative, too. (Recall that we need
to truncate #; with positive truncation.) Hence, the integral over the second term is
nonpositive. Then, choosing M > k/60;_1,

1 K 1 1 1
> (om0 (—— L No(=)de> [ om0, 1 (—~—M)o(=)dr
O_/ijnjljl(ej 9j—1>¢(9j) x_/nvjnjljl(ej )¢(9j> !

Because ¢(1/60;) = 0 for 1/6; < M, this is only possible if 1/0; — M <0 or §; > 1/M > 0.
Clearly, the bound M depends on j, and in the de-regularization limit A — 0, the limit of
6; becomes nonnegative only.

A priori estimates which are uniform in the approximation parameter h > 0 are obtained
by proving a discrete version of the entropy inequality [15]

d
(7) — / n*¢"dz + C / |V (n@0+1=20/4) |*dz < O,
for some b € R and Cy, Cy > 0. Choosing a variant of the sum of two entropies
Jo,n*(0°71/24+6°)dx, we are able to derive gradient estimates for n;, njéjl./2_ﬁ, and an?/Q_ﬂ

(see Step 4 of the proof of Theorem 1). Together with Aubin’s lemma and weak compact-
ness arguments, the limit 4 — 0 can be performed.

Theorem 1 can be generalized in different ways. First, the boundary data may depend
on time. We do not consider this case here to avoid too many technicalities. We refer
to [7] for the treatment of time-dependent boundary functions. Second, we may allow for
temperature-dependent relaxation times,

(8) 7(0) = 10 + 10",

where 79 > 0 and 73 > 0. This expression can be derived by using an energy-dependent
scattering rate [14, Example 6.8]. For this relaxation time, the conclusion of Theorem 1

holds.

Corollary 2 (Global existence). Let the assumptions of Theorem 1 hold except that the
relazation time is given by (8). Then there exists a weak solution to (1)-(3) with the
properties stated in Theorem 1.

However, we have not been able to include electric fields in the model. For instance, in
this situation, the first equation in (1) becomes

o = div(V(nf'/>=F) + ng=1/2=Pv V),
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where V' (x,t) is the electric potential which is a given function or the solution of the Poisson

equation [14]. The problem is the treatment of the drift term nd~'/2~8VV for which the

techniques developed for the standard drift-diffusion model (see, e.g., [12]) do not apply.
Our second main result concerns the long-time behavior of the solutions.

Theorem 3 (Long-time behavior). Let d < 3,0 < 5 < %, 7 >0, andnp = const., 0p = 1.
Let (n,0) be the weak solution constructed in Theorem 1. Then there exist constants Cf,
Cy > 0, which depend only on B, np, ng, and Oy, such that for allt > 0,

Cy
14+ Oyt

The proof of this theorem is based on discrete entropy inequality estimates. The main
difficulty is to bound the entropy dissipation. Usually, this is done by employing a convex
Sobolev inequality (e.g. the logarithmic Sobolev or Beckner inequality). However, these
tools are not available for the cross-diffusion system at hand, and we need to employ
another technique. Our idea is to estimate the entropy dissipation by using another en-
tropy (choosing different values for b in the discrete version of (7)). Denoting the discrete
(nonlogarithmic) entropy at time t; by S[n;,n;0;], we arrive at the inequality

S[?’Lj, anj] — S[nj_l, nj_10j_1] S OhS[TL], ’I’ngj]Q,

where C' > 0 is independent of the time step size h. A discrete nonlinear Gronwall lemma
then shows that S[n;, n;0;] behaves like 1/(hj) = 1/t;, and in the limit A~ — 0, we obtain
the result.

The paper is organized as follows. We prove Theorem 1 and Corollary 2 in Section
2. Section 3 is devoted to the proof of Theorem 3. The numerical results in one space
dimension presented in Section 4 indicate that the existence of solutions still holds for
£ < —% and 8 > % and that the solutions converge exponentially fast to the steady state.

In(t) = npllL2@) + In(®)O(F) = npllLzq) <

2. GLOBAL EXISTENCE OF SOLUTIONS

We prove Theorem 1 and Corollary 2.
Step 1: Reformulation. Let T'> 0, N € N, and set h = T'/N. We consider the semi-
discrete equations

1 _ .
(9) E(nj —nj1) = Am0]*7), j=1,...,N,
1 _ 1
(10) E(nﬂj —nj 10 1) = HA(”;‘Q?'N )+ ;nj(l —0;)

with the boundary conditions (2). The idea is to reformulate the elliptic equations in terms

of the new variables
gL/2=5

3/2—3
j ’ 9 .

U; = Ny j
Observing that n; = u?/%’gvffl/z
lent to

3/2-8, B—1/2 3/2—8, B—1/2
(11) uj/ vi /—hAuj:ujél ﬁvf_l/,

’Uj:nj

and 0; = v;/u;, equations (9)-(10) are formally equiva-
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h
1/2-8, B+1/2 1/2—8_ B—1/2 1/2-8_ B+1/2
(12) uj/ v; / — khAv; — . J/ V) 1/ (uj —vj) = u]/1 vy 1/.

The boundary conditions become
3/2-8

(13) u; = up = nDGg2_B, v; =vp = npby on I'p,
(14) Vu;-v=Vuv;-v=0 only.

In order to show the existence of weak solutions to this discretized system, we need to
truncate. For this, let j > 1 and let u; 1, v;_1 € L*(2) be given such that infqu; 1 > 0,
infov;—1 > 0, supq u;—1 < 400, and supqg v;_1 < +00. We define

Ui—1 1
15 M = max { ksup — —}
(15) { Qp Vi1 111pr 0p
and € = 1/M. The truncated problem reads as
1/2 3/2 1/2
(16) ujejﬁa / _hA j/]. ’ ]ﬁ 1/ )
h h
(17) (1 + ;) ]0535 2 _ khAv; — —uﬂﬁ V2 u]l/zl %fjll/Q,

where 0;. = max{e,v;/u;}. Note that if u; > 0 and v;/u; > ¢ in Q then (16)-(17) are
equivalent to (11)-(12).

Step 2: Solution of the truncated semi-discrete problem. We define the operator F' :
L3(2) x [0,1] — L*(Q) by F(0,0) = v/u, where (u,v) € H*(2)? is the unique solution to
the linear system

4 1/2-8
(18) ouf®1? — hAu = augg_ﬁvf:lm = ouj_1 (Zji) ,
i

LAPTEY h he-172 _ oulfZPyHs2 uo\ 7P
(19) o1+ — )b — khAv — o—ub: = 0ovj_1 :
T T

j 1

where 0. = max{e, 0}, with the boundary conditions
(20) u=1+o(up—1), v=0vp onlp, Vu-v=Vv-r=0 only.

We have to prove that the operator F'is well defined.

First, observe that (18) does not depend on v and that the right-hand side is an element
of L*(Q). Therefore, by standard theory of elliptic equations, we infer the existence of a
unique solution u € H'(Q) to (18) with the corresponding boundary conditions in (20).
With given u, there exists a unique solution v € H'(Q2) to (19) with the corresponding
boundary conditions. It remains to show that u and v are strictly positive in €2 such that
the quotient v/u is defined and an element of L?().

To this end, we employ the Stampacchia truncation method. Let

mi = min {mqu gl/2- ﬁmeS/Z B B 1/2} > 0.

I'p
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Note that m; > 0 because of our boundedness assumptions on infgu;_; and supg v;_;.
Then (v —m;)_ = min{0,u — my} € Hp(Q) is an admissible test function in the weak
formulation of (18) yielding

h/|V(u—m1)]2d:l:+0/9§1/2(u—m1)2d:c
0 Q

= a/ (u?ézl_ﬁvfjllﬂ - m10§_1/2) (u—my)_dx
Q

< O'/ (u??fﬁvf:llﬂ - mlgﬁflﬂ)(u —my)_dz <0,
Q

taking into account 67 '/? < £B-1/2 (observe that 8 < 1/2) and the definition of m;. This
implies that (u —m;)_ = 0 and consequently u > m; > 0 in €. Defining

AN -
My = min {Hlf Up, (1 + —) 61/2_6 inf U,]léQl vijllﬂ} >0
I'p T O

and employing the test function (v — my)_ € H}(Q) in the weak formulation of (19), a
similar computation as above and 6 U2 < p-1/2 yield

h h
Rh/|V(U —mg)_Pdx +o (1 + —) / 0512 (v — my)? da — i uf? V2 (v — my)_dx
Q T) Ja T Ja

- h
= O'/Q ((u]lézl /31};3:1/2 - (1 + ;) mgﬁf_lﬂ) (v —mg)_dx <O.

Since the integrals on the left-hand side are nonnegative, we conclude that v > my > 0 in
Q). This shows that v and v are strictly positive with a lower bound which depends on e
and j. Because of 1/u € L>®(Q) and u,v € H'(Q) — L(Q), v/u € W'32(Q) — L*(Q)
for d < 3. Hence, the operator F is well defined and its image is contained in W%/2(().

Standard arguments and the compact embedding W'3/2(Q) — L2(f)) ensure that F
is continuous and compact. When o = 0, it follows that « = 1 and v = 0 and thus,
F(6,0) = 0. Let 6 € L*(Q) be a fixed point of F(-,0). Then v/u = 6. By standard elliptic
estimates, we obtain H' bounds for u and v independently of ¢. Since u is strictly positive,
we infer an L? bound for § independently of . Thus, we may apply the Leray-Schauder
fixed-point theorem to conclude the existence of a fixed point of F'(-, 1), i.e. of a solution
(u,v) = (uj,v;) € H(Q)? to (16)-(17) with boundary conditions (13)-(14).

In order to close the recursion, we need to show that supg u; < +00 and supg v; < +o00.
We employ the following result which is due to Stampacchia [19]: Let w € H'(Q2) be the
unique solution to —Aw + a(z)w = f with mixed Dirichlet-Neumann boundary conditions
and let a € L>(€2) be nonnegative and f € L*(2) with s > d/2. Then w € L>(2) with a
bound which depends only on f, 2, and the boundary data. Since the right-hand side of
(18) is an element of L*(2) and d < 3, we find from the above result that the solution u
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o (18) is bounded. Furthermore, v solves (see (19))
h h
o (1 - —) 00512 — khAv = o—uf?1? 4 au1/2 g BH/Q € L>(Q),
T T

taking advantage of the L bound for u. By Stampacchia’s result, v € L*(£2). This shows
the desired bounds.
Step 3: Removing the truncation. We introduce the function

0 if v < M,
o(xr) =< 1+cos(mx/M) if M <x<2M,
9 if £ > 2M,

where we recall the definition (15) of M. In particular, ¢ € C*(R) satisfies ¢’ > 0 in R.
Since M > 1/infr, 6p, we have ¢(u;/v;) = ¢(up/vp) = ¢(1/0p) = 0 on I'p. Because
¢' vanishes outside of the interval [M,2M], it holds that u;p(u;/v;), vig(u;/v;) € H'(Q).
Consequently, v;¢(u;/v;) and £ u;é(u;/v;) are admissible test functions in H(S2) for
(16) and (17), respectively, which gives the two equations

/Uﬂﬁgl/z ]¢< )d:p+h/Vuj-V (ngb (ﬁ))dx:/u?/zl B f 11/2 ]gb< )
Q Uj Yj Q Yj
1 ,
- (1+ﬁ)/ ;0 ]ng( )d:c+h/wj-v (w (ﬁ» d
K T e Uj
h 2,8-1/2 1 1/2-8, +1/2, o Uy
_;/g; 3935 gb(v])dﬂf:;/&f; ] 1 ] 1 j¢ U—j dl’
We take the difference of these equations:
1 h
(1——(1—1——))/1@1@% mqﬁ( )dx
R T Q 'Uj
h
+ h/Q(vjVuj —u;Vv;) - Vo (v_j) dx + ;/Q f@fe 24 (Uj) dx

1 : .
(21) +—/ w2 ]d)( ) (ﬂ—mm> dz = 0.
K Ja Uj Uj Uj—1

Since 3 < 1/2, we have k = 2(2 — 3) > 1. Therefore, we can choose 0 < h < (k — 1)1
which implies that 1 — x~'(1 + h/7) > 0, and the first integral is nonnegative. The same
conclusion holds for the second integral in (21) since

(’UjVUj - UjVUj> : ng <1ﬁ) = —2¢/ (&) |UjVUj - uvaj|2 Z 0.
Uy Uj Uj

Also the third integral in (21) is nonnegative. Hence, the fourth integral is nonpositive,
which can be equivalently written as

/ e j¢( ) (&_M) de/ 1384172 Jd)( ) ( uj—1 —M) .
Q Uj Uj Q Uj Uj—1
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Taking into account definition (15) of M, we infer that the integral on the right-hand side
is nonpositive, which shows that

[t (1) (2o ) demo
Q Uj Uj +

where z; = max{0, z} for z € R, employing ¢(u;/v;) = 0 for u;/v; < M. Now, ¢(u;/vj) >
0 for u;/v; > M, and we conclude that (u;/v;, — M)y = 0 and u;/v; < M in . Since
e = 1/M, this means that v;/u; > ¢ and 0;. = v;/u;. Consequently, we have proven
the existence of a weak solution (v;,u;) to the discretized problem (11)-(12) with the
boundary conditions (13)-(14), which also yields a weak solution (n;,6;) to (9)-(10) with
the boundary conditions (2).

Step 4: Entropy estimates. Let b € R and define the functional

(22) dp[n, nb] = /Q (fb(n,nH) Jo.p — 8?;1[) (n —np) — %(n@ - nDeD)> dz,

where fi,(n,n0) = n*7?(nh)’ and we have employed the abbreviations

Ofop  Ofp 9fv,0 Ot
pu— 0 2 pu— 0 2 pu—
fo.0 = fo(np,npbp), on on ——(np,npbp), B(nf) — a(nb)
The function f; is convex if b > 2 or b < 0 since det D% fy(n,nf) = b(b — 2)6>#~1 and
trD2fy(n,n0) = (b—1)(b — 2)0° + b(b — 1)6*~2. We wish to derive a priori estimates from
the so-called entropy functionals

(TLD7 nDeD)-

Sby by [, 0] = ——p, [, n0] + — P, [, NY].

\bll Ib |
The parameters (b, bg) are chosen from the following set:

Ny = {(b1,bs) € R? : by, by € N, by < by, by < — 35, by >

where Nj consists of all b € R such that (1 —28)b+6 > 0 and
4(28 — 1)b* + 4(48% — 128 + 11)b* + (88° — 448° + 708 — 73)b — 6(28 — 1)* > 0
The set of all (3,b) such that b € N, 5 is illustrated in Figure 1. In particular, we have b > 2

or b <0 forall b e Nj with —3 < 3 < 3. Tt is not difficult to check that (5 — 3,5) € N
for all —% <f < %

l\')llﬂ

ﬁa}a

Lemma 4 (Discrete entropy inequality). Let (by,b2) € Ng. Then

Sbl,bg [nj, njHj] + Clh/

Q

bi+1/2—8 | pbot+1/2—8
(Ojl 28 4 9j2 / )|an\2dx

+Cih /Q O (e e AR

(23) < Coh+ Sy polnj—1, 1011,

where Cy > 0 depends on b and 8 and Cy > 0 depends on 7, np, and 0p. The constant Cy
vanishes if np = const. and 0p = 1.
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-2

=45 0 0.5

FIGURE 1. The gray regions represent all points (3, b) such that b € Nj.
Proof. We abbreviate

Ofp;  Ofy O fv dfp
fog = folng,m;0;), 8—71] = 5, (13 1395), 8(n9]) = 900) (n,n;0;).
Let b = by or b = by. We already observed that b > 2 or b < 0. Hence, f,(n,nf) is convex,
and using (9)-(10), we compute

%L(cbb[nj» n;0;] = du[n1,m;516; 1))

1 0 o
= E/Q ((fb,j = Jog1) = _gf;;D (nj —mnj1) — ﬁ(nﬂj - nj_lej_l)) dx
1

< E/Q ( (0(;‘;:;' _ 8(]9(21)) (nj —mnj_1)+ (88({55) - g(f;;) (n;0; — nj_lej_1)> de
S ALC S BT
o - i
(24) + %/ﬂ ((f(ﬁg) - 3{29’3) n;(1—6,)dx.
We estimate these integrals term by term. First, we compute

Of.; 1/2-8 Ofip 13/2-8
/Q(V_an V(n;0; )+/€V—a(n8) V(n;07 = ") ) dx

_ /Q (AT P12 4 2Bn 0520, - V0, + Cn200 V6, da,

where, taking into account that x = %(2 - B),

A= %(—266 +b+6),
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B= 112< 28 + b+ 6)(2b — 28 + 1),

0—1(4b62—8b6 48% 4+ 9b + 28 — 6).

The above integrand defines a quadratic form in 9§b+1/2_6)/2Vn] and nﬂ(b 3/2=8) /2V0

which is positive definite if and only if A > 0 and AC — B? > 0. These two conditions are
equivalent to

(1-28)b+6 >0,
4(28 — 1)0% 4 4(48% — 128 + 11)b* + (83% — 4447 + 708 — 73)b — 6(28 — 1)* > 0,

and these inequalities define the set Nj. We infer that there exists a constant C; > 0 such
that

O fyj 1/2-8 fib 3/2-3
/Q<V o V(n;0;"" ")+ K v&(n@) V(n;0;"") | dx
> 01/9 (0572219, 2 + 209002 ) da

The first two terms on the right-hand side of (24) involving the boundary contributions
only are estimated by using the Young inequality with § > 0:

O0fo.p 1/2-8 Ofo,p 13/2-8
/Q(V o V(n;0;"" ")+ k Va(nﬁ) V(n;07 = ") ) dx
Ofsp | Ofyp |

< ) =
<% JoVon | ™ +25 oV amey| ™
L0 )
+5 | (V)0 + 190,62 o
dfyp | dfop |
< - ) il
= 25 oV o | @ +25 o |V amey| ™

+C8 / (057 + 07 IVl + 30 + 6,7)|VO,*) da

where C' > 0 depends only on . It remains to investigate the last integral in (24) involving
the relaxation term. Since § < 1/2, we have b; < 0 and by > 0. Then

) (af”’ - SR 1 o

bbb

1
= 2 / nﬁb L npsn, (1 — 0;)dx
b b ,ba ‘ ’
1 1
_ = / n?gglfl(ej - 1)(@?2#}1 — 1)dz + - / ninp(0; — 1)(9%*1 _ QbDl*l>d:L’.
Q Q

T
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Since b; < by, the first expression on the right-hand side is nonpositive. The second integral
is written as

1
- / ninp(0; — 1)(0% — %) dx
T Ja

1 — —
= — /Q ((njej - HDQD)TLD — (nj — nD)nD + nZD(QD _ 1))(9% 1 ebﬁ 1)d:L‘

-
< /gD|nj —nD|dx—|—/gD|nj9j —nD0D|dx—|—/gde,
Q Q Q
where the functions
n — - *
gD::7?W% =037, gh =np(0p —1)gp

only depend on the boundary data. Then the Young and Poincaré inequalities (with
constant C' > 0) give

> |b|/ (af]b - a{;%)%(l—ej)dx

b b1,b2
5 2 5 2 * 1 2
< — |nj—nD] dr + = |nj9j—nD9D\ dr + dp + =9p dx
B 1
Q Q
< C(S/ (IVn;|* 4 07|V, [ + n2|VO;*) dx + Cé/ (IVnp|* + [V (npbp|*)dx
Q Q

1
+/(%+—%)m.
Q 1)

Putting together the above estimations and using 6%|Vn;|* < C(1 —1—95-’7% )| Vn;|?, it follows
that

(Spy 0o (125, 150;] = Sy [0j-1,105-10;-1])

==

+01/ (01270 1 0220 ([ 4 n2(00 270 4 02732 70) w0, ) due
Q

where the constant

(25) < C(S/Q (140572 4 0372) | Uny |2 + n2(1 + 0,72 + 6:72°)[V0,|?)da + Cs,
_ 9 fv.0
=3 on

2
* 1 2
2% D(nb) )d“” * /Q (917 + SQD) du

vanishes if np = const. and #p = 1. The conditions b; < §—1/2 and by > 5/2 — 3 are
equivalent to b1 +1/2— < 0and by+1/2—3 > 3—2F aswellasto by —3/2— 3 < —1-20

1 ('vafb,D ?

+]v
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and by — 3/2 — f > 1 — 2. Thus, there exists a positive constant C' > 0, which depends
on by, by, and f3, such that for all 6; > 0,

L+ 0,70 4072 < o0 gy,
140,70 1017 <000 4 g0,

Therefore, choosing 6 > 0 sufficiently small, the integral on the right-hand side of (25) can
be absorbed by the corresponding integral on the left-hand side. This finishes the proof of
the lemma. |

Step 5: The limit h — 0. We define the piecewise constant functions ny(z,t) = n;(z)
and 0y, (x,t) = 0;(x) for v € Qand t € ((j—1)h, jh|, where 0 < j < N = T'/h. The discrete
time derivative of an arbitrary function w(x,t) is defined by (Dpw)(z,t) = h™ (w(x,t) —
w(z,t —h)) for x € Q, t > h. Then (9)-(10) can be written as

(26) Dyny, = Amp8y”™%), Dy(npby) = sA(np627 %) + %(1 — 0y).

The entropy inequality (23) for (by,bs) = (8 — £,5) € N becomes, after summation over

2
Js
t
Sy a1 (£), 7 (1)1 (1)] + C4 / / (L +0,27) Vg * + n} (0, + 6,*7)|VOu[*) da ds
0 Ja
(27) S Cgt + Sbl,bz [no, noeo].
We will exploit this inequality to derive h-independent estimates for (ny) and (n,0).

Lemma 5. There exists a constant C' > 0 such that for all h > 0,

(28) 17l Loo (0,752 (02)) + 10 On ]| Los (0,522 (02)) < C,
(29) 18> N0,z + 1y Nl o,rizzay < €,
(30) nll 220,00 ) + (7800 || 20,717 (02)) < C,
(31) 10> Nl 2o sy + b Nl 2oz < G
(32) I Dl 2,z @y + 1 Pn (i)l L2 n, im0y < C-

Proof. First, we observe that there exists a constant C' > 0, which depends only on [ €
—%, %), such that

) 14602+ 0% 40328 < C(072 1 0),
34) 14602 +07% 4932 < C(1+01/*7),

) 140, 10172 < 00,2 + 0777,
We claim that for (by,by) = (5 — %, 5),

(36) Sb17b2 [nh, nh9h] 2 —C + C/ ni(@ffl/z + Hi)da:,
Q
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where C' > 0 is a (generic) constant independent of h. Indeed, it holds f,, (np, npbs) =
n%ﬂf_lp and [y, (np,np0,) = ni67, and the terms involving the boundary data can be
estimated according to

Z / agb’D (np, —np)|dx < Cs + g / n;dx,
bbby 21O @
0 0
Z /(; ﬁ(n;ﬁh — nDQD) dx < 05 + 5/(‘271}219]21611',

b=b1,b2

where we employed the Young inequality with 6 > 0. We infer from (33) that

0 / n2(1+ 62)dx < e / n2 (007 + 60)da,
2 Ja 2 Jo

and these terms can be absorbed for sufficiently small 6 > 0 by the corresponding terms
coming from f;, and f;,. This proves (36). Now, we multiply (33) by n?, integrate over €,
and employ (36):

I (D)]1720) + ()L E 720 + I (8)0R(E) P 1720y
+ Ina()8n ()P 1321y < C(1 + Shy by [nn(t), na(t)04(2)]).

Taking into account the entropy inequality (27), estimates (28)-(29) follow.
Next, we compute, using (34)-(35),

[Vl + [V (m60) P + [V (08, 7) P + [V (a7 P
<COA+6 40,2 8 Un> + Cn2(1+6," % +6,7%)|V6,|?
< O+ 0,2 ) nu)? + Cn2 (0;2 + 6, 7Y V6,2
Hence, Young’s inequality gives
IV (nn—np)* + [V (n4bh — nptp) > + [V (m46,* " — npyy*°)?
+ V(b =l )
< C(L+ 0,2 D) nul? + Cni (0,2 + 67> )| V6,|* + Cp,

where Cp > 0 depends on the L? norms of Vnp, V(npfp), V(npﬁngﬂ), and V(npﬁngﬂ).
Note that Cp = 0 if np and @ are constant in 2. We integrate over €2 x (0,7") and employ
the Poincaré inequality to find that

T
1/2— 1/2—
/mm—mmmwwwwwwﬂ@mﬂmm/ﬁwwgﬂ&@
0
+ ||nh92/2_6 — nDQ%/Q_ﬁH?_Il(Q))dt

T

SC/ /((1+9i”2_5)lvnhl2+ni(9;2+9j/2‘5)\v9h|2)dxdt+TcD
0 Q)

<C,
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because of the entropy inequality (27). This shows (30)-(31).
Finally, estimate (32) follows from

1Dwm 20, @) < IV (8> 2.z < C.
1D (a0l 20,50, ) < IV (8> | p2 0,720
+ C1 7 Hnw — nibr | 20020 < C,
using (28) and (31). O
Aubin’s Lemma and Lemma 5 imply that, up to subsequences,

(37) ny —n, npb, — w strongly in L*(0,T; L*(Q)),
(38) np—n, npby — w, nheiﬁ_ﬁ — vy, nhﬁzﬂ_ﬁ — z weakly in L*(0,T; H*(Q)),
(39) Duny — On, Dy(npby) — dw  weakly in L*(0,T; Hj(€2)').

In order to identify the functions w, y, z appearing in (37)—(39) we show first that n,w > 0
a.e. in  x (0,7). Let us define the discrete entropy functional:

1 1 nyf
(40) A[nhanheh] - / ( lOg np — — log(nheh) + ﬂ + = "hYh > dl‘,
Q np Kknpbp

where np, Op are the values of ny, ), (respectively) on I'p. We point out that A is well
defined since ny, ny0, are bounded and strictly positive. The convexity of x — —logx
implies that

(41) DyAlng, nnbs] < /Q ((Dhnh) (% _ nih) + %(Dh(nhﬁh)) (nDleD _ n;}@h)) dx
= [ () ) D) V™ ) - V() )

- / (VO ) 2 ) - V(i) + V(2 ()2 4) - V() ™)) de

1 1 1 n,
— ——— | —(1 —=0,)d
+/1/Q <nD9D mﬁh) 7'( n)dz

:/Q(<nh9h>”2 V() V) P ()P -V (b))

F Y (ma)) )+ () OV () () ) )

B /Q <V<nh91/2 ﬁ) V(TLBl) +V(nh9,§/2*5) . v((nDQD)fl)) do

1
. 2 ——de + —meas(Q
+— /TLDQD . (1 —06y)dx /T@h m—l— meas( ).
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Young’s inequality allows us to bound the terms on the right-hand side of (41) involving
np, Op, and 7:

_ /Q <V<nh9;1/275) -V(np') + V(nhez/Lﬁ) ) v((nDQDyl)) dr
_I_l/Q ! @(1—9h)d$—l/gidx+@

K Jonpbp T K Jo 7O KT

< Cp(1+ a8y > P12 + 08y 2 + [ 22),

for some constant C'p > 0 depending on np, 0p, and 7.
We need to find an upper bound for the remaining terms on the right-hand side of (41),
namely:

42) Ti= [ (0m00) 200 D) 9 () ) - V() )

BV () ) - Vi) + ()Y ) - () 7)) d
The sum of the last two terms inside the integral on the right-hand side vanish, since

n§+1/2v<<nh9h>1/2—ﬂ> . V(n;l) + (nheh)3/2—ﬁv(n,§—l/2) . V((nhé’h)—1>

1 _
- (5 - ﬂ) 2 n0) V-V (n61)

— (ﬁ — %) n'gf?’/z(nheh)*l/Q*BVnh . V(nheh) =0.

Thus, it follows that

I= / (n0) 2 A (1 72) -V () 2 (na0) Y27 -V () ) )

1 _
B _/ ((5 i ﬁ) gy ()0 V)
Q

3 _
+ <§ - 5) n, 1/2(nheh)3/2ﬁ|wnheh)|2) dr <0,

The above relations show that

sup Alng(t), ny(t)0n(t)] < Alng, nobo]
te[0,7)

1/2-8 3/2-5
+Cp(1+ theh/ H%Q(O,T;Hl(ﬂ)) + theh/ ||%2(0,T;H1(Q)) + th”%Q(O,T;LQ(Q)))’

where ng, 6y are the values of n;, 6, at initial time, respectively. The strong convergence
(37) and Fatou’s Lemma allow us to conclude that, for some C' > 0,

(43) sup A[n(t),w(t)] < C.

t€[0,7]
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From the definition (40) of A and (43), we deduce that
1

(44) —logn(z,t) — —logw(z,t) < oo for a.e. (x,t) € Q2 x (0,7).
K

Since n,w € L*(0,T; L*(QQ)), they are a.e. finite. This fact, together with (44), implies
that n > 0, w > 0 a.e. in 2 x (0,7).

From the convergence (37) it follows also that n, — n, nyf, — w a.e. in Q x (0,7).
The positivity of n implies that 0, = (n,0,)/n, — w/n a.e. in Q x (0,7). Let us define
0 := w/n. Since n and w are finite and positive a.e. in Q x (0,7"), then 0 < < oo a.e. in
Q2 x(0,T). Clearly n;ﬁ}/zfﬁ — nf'/2=8, nhei/Q*B — nf3?F ae. in Qx(0,T), recalling that
3 < 1/2; thus from the weak convergence (38) we obtain y = nf'/>7? 2 = n#3/>=8. These
relations, together with (37)-(39), allow us to perform the limit ~ — 0 in the equations
for Dny,, D(np0y). This finishes the proof of Theorem 1.

Step 6: Temperature-dependent relazation times. It remains to prove Corollary 2. The
proof is exactly as in Steps 1-5 except at two points. First, we need to ensure in Step 2
that 7(0) is bounded from below to obtain

(o em) 2 (- ()) -

for all 0 < h < (1 — Kk)7p, which is needed to estimate (21). Second, we need to pass to the
limit h — 0 in the relaxation time term in Step 5. This is more involved since we cannot
perform the limit in 7(6;,). The idea is to expand the fraction n,/7(6,) and to consider

(1 —6n)

ToNp + TlnhQ:L/%B '

np

7(0h)

(1—10y) =

The pointwise convergences of n, — n and n;ﬂz/ 278 pg3/2-8 imply that

nhellz/Q = ni(lfﬁ)/(?ﬁ%) (nhe;”;/?*ﬁ) 1/(3-28)

converges pointwise to nf'/? as h — 0. Consequently, we have the pointwise convergence

np,
7(0r)
Furthermore, by (28),

2
U 2 2 2 2
sup/—l—@ d:vg—sup/n 14 07)dx
(0,T) QT<‘9h)2( h) Tg 0,1)J0 h( h)

(1-6,) = np(ny — npby) R n*(1-60)  n (1—0).

ot + B2 mon T /38~ 7(0)

is uniformly bounded such that, together with the above pointwise convergence and up to

a subsequence, it follows that
np n . 2 2
— (1 -0, - —(1-20 Kkl L7(0,T; L*(2)).
iy (100 = (10 weakly in (0, T 1(@)

This ends the proof.
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3. LONG-TIME BEHAVIOR OF SOLUTIONS

We prove Theorem 3. The proof is divided into several steps.

Step 1: Let (n;,n;0;) be a solution to (26) with boundary conditions (2). We recall
that both n; and 0, are strictly positive. Observing that the constant boundary data gives
Cy = 0in (23), we obtain for (by,bs) € N},

Sbth [nj, njgj] + Clh/ ((9?1-%1/2—/5 + 9?2+1/2—,3)|vnj|2
Q
+ n?(0?1_3/2_ﬁ + 9?2_3/2_6)|V9j|2)d$ < Sbth [nj_l, nj_lej_l].

In particular, for (by,b2) = (8 — 1/2,5/2 — ) € N},

Sbl,bz [nj, n]ﬁj] + Clh/g (1 -+ Q?_25)|an|2 + n?(QJ_Q + 9}—25)|V9j|2)dl'
(45) < Sy by [05-1,12-1051],
and for (b1, by) = (=3,5) € Nj (here, we need 3 > 0),

Sty o 105, 1505] + Clh/ (0777 + 031277) | Wy 2

Q

(46) + ng(ej—g/?—ﬁ + 95/2—5)|v0j|2)dx < Sy, 110, 1].

Step 2: We show that the integral involving the gradient terms in (45) can be bounded
from below by, up to a factor, the entropy S, ,. To this end, we observe that, by the
convexity of fy(n,n) =n?"2(nh)’ for b <0 or b > 2,

/Q (fb(”j>nj9j) - fb(nD,nD))dx

0 0
< /Q (a—f(nj,nﬂj)(nj —np) + ng)mj’ n;0;)(n;0; — nD)) dz.

This implies that

dp[nj,n;0;] < /Q ( (aéf;;j - 8;2,3) (nj —np)
) = o
_ /Q (2 = b)(n38% — np)(n; — np) + b(n;0°1 — np) (n;6; — np))da

< C(L+ 85l 2(@) I — npllze)
+ O(l + ||7’Lj9?_1”L2(Q)> Hnj@j — 7’LD||L2(Q).
Hence, we obtain for (by,by) = (8 —1/2,5/2 — ),
Sby a1, 1505] < Coy, [n5,m50;] + Cyy 15,150
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B—1/2 5/2—8
< O (14 g™ lleaey + 185 @) lIng = nollzaqo
B—3/2 3/2-8

(47) + C(1+ [1ns0 220y + 17565 2@ ) 165 — ol 2(c)-
Noting that (again using 8 > 0)

n2077 7+ 207770 4 207 420772 < O (0,0 + 65)
for some generic constant C' > 0 not depending on h, we infer from (46), after summation
over j, that

~1/2 5/2— —3/2 3/2—
1367 2@y + 13837 liaay < . Mg iz + 18512y < C.

and C' > 0 does not depend on j or h. Thus, (47) becomes, with (b, by) = (8—1/2,5/2—/3),

b be 12, 1305] < Cllng — npllr2@) + Clln0; — npll12(0)-

Taking the square and employing the Poincaré inequality yields

Shy a1, m505])° < C/ (|n; = np|* + [n;0; — np|*)dx
Q
gc/(wmﬁ+wmﬂMWMgc/«yumwmﬁ+@wamm
9] 9]

go/(u+ﬁ4mvmﬁ+@wf+%*%wﬁmm;
Q

The last inequality follows from elementary estimations using the fact that 5 < 1/2. This
is the desired estimate.
Thus, it follows from (45) that
Spr a1, 1505] + ChiSy, py [0, 15051 < Sty py (-1, 105210511,
where still (by,b2) = (8 — 1/2,5/2 — ). We employ the following lemma which is a
consequence of Lemma 17 in [3].

Lemma 6. Let (z;) be a sequence of nonnegative numbers such that x; + /ﬂl)‘? <y for

j € N. Then
Lo

<
T T 1+ kxos /(1 + 2K10)

Hence, with Sy = S, 5,10, 7060,

x jeN.

< 5o ,
= 1+ ChjSy/(1 4 2ChSy)

Sby a1, 1505
which can be written as

So
48 S, t 10, ()] <

(48) b1 (), ()00 (1)] < T CiSy/(1 7 20hSy)
Step 3: It remains to prove a lower bound for Sy, ;,. We employ again the convexity of

fbi
(49) Sbl,bz [nh,nhﬁh] Z C/ )\(]nh — nD\z + ]nheh — nD\Z)d:L',
Q

t > 0.
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where ) is the minimal eigenvalue of the Hessian D?fy, (&1,&) + D?fy,(€1,&) and & =
anp + (1 —a)np, & = anpby + (1 — a)np for some 0 < a < 1.

We recall the following results from linear algebra. If A and B are two symmetric
matrices in R?*? with minimal eigenvalues Apin(A) and A\yin(B), respectively, then Ay, (A+

B) > Anin(A) + Amin(B) (since the minimal eigenvalue is the minimum of the Rayleigh

quotient). Furthermore, a simple computation shows that Ay, (A) = Str(A) — (3tr(A)? —

det(A))Y/2? > det(A)/tr(A). Consequently, since o
det(D? fy(&1,&2)) = b(b — 2)n™ 2,
tr(D? fy(&1,€2)) = (b= 1)((b = 2)n" + bn"~?),
with n = & /&, we conclude that
A > Ain (D foy (61,62)) + Amin (D? o, (61, €2))

> det(DQfln (517 52)) + det(D2fb2 (517 52)) > Cn571/2 + 775/27ﬁ
N tr(Dbel (gl) SQ)) tr(D2fb2 (517 52)) o I+ TIQ
Since # < 1/2, the function o + (27712 + 2%/278) /(1 + 2?) has a positive lower bound.

Therefore, A is strictly positive independent of h. Going back to (49), we infer the lower
bound

Sbbo [T, T On] = 0/ (|”h —npl* + [l — nD|2)dx.
Q

Together with (48), this shows that
_ S
1+ C(Sy)t

In view of Lemma 5, the sequences (n,) and (n;6;,) are bounded in L>°(0, T’; L*(€2)). There-
fore, by Fatou’s lemma, we obtain

I (t) = npllL20) + [Ina ()0 (E) — npl12(q) t>0.

So

< ————, ¢

In(t) = nplliz) + (1)) = nplli2)
which concludes the proof.

4. NUMERICAL EXPERIMENTS

In this section we present some numerical results related to (1). According to Theorem
3, the solution (n(t),n(t)0(t)) converges to (np,nplp) in L*(Q) as t — oo if np, Op are
constants and 0p = 1. We want to check this behavior in the numerical simulations if the
particle density and temperature are close to zero in some point initially.

We consider system (1) in one space dimension with Q = (0,1) C R, and we impose
Dirichlet boundary conditions at = = 0, 1 and initial conditions (3). We choose the bound-
ary data np = fp = 1 and the initial functions no(z) = exp(—48z?) for 0 < z < 1,
no(z) = exp(—48(x —1)?) for 3+ < z < 1, and 6y = ng. Both initial functions are very small
at « = 1; it holds ng(3) = 6o(3) = exp(—12) ~ 6.1 - 107°.
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The equations are discretized in time by the implicit Euler method with time step /At
and in space by central finite differences with space step Az. The discretized nonlinear
system is solved by the Newton method. The time step is chosen in an adaptive way: It
is multiplied by the factor 1.25 when the initial guess in the Newton iterations satisfies
already the tolerance imposed on the residual, and it is multiplied by the factor 0.75 when
the solution of the Newton system is not feasible (namely, not positive). The space step is
chosen as Ax = 2-1073 (501 grid points) and the maximal time step is At =2-1073.

Figures 2 and 3 illustrate the temporal behavior of the partical density n and the temper-
ature 6 for f = —0.25 and 8 = 0.25, respectively, at various small times. For larger times,
the functions approach the constant steady state. The diffusion causes the singularity at
xr = % to smooth out quickly, and the solution converges to the steady state. In Figure 4,
the decay of the relative ¢? difference to the steady state is illustrated in a semi-logarithmic
plot. Even for g < —% or 5 > %, the decay to equilibrium seems to be exponentially fast,
at least after an initial phase. This may indicate that the decay rate of Theorem 3 is not
optimal. Moreover, the results indicate that there may exist solutions to (1)-(3) even for

f<—3and > 3.

O O Lo “‘,J“"ﬁ;;‘!‘
N P R T
—2r \\\\\ o7 -2/ \\ \ ’
_4 | \t\\\ ”15/ _4 [ \‘\\ ‘\\ // /Il
- \\\\\ Il//, @ \\ \\‘ III /I
i (S El
-8t —1t=0 -8t —1t=0
-~ t=0.41072 -~ t=0.41072
-10y ---t=0.8107%4  -10f ---t=0.8[10 %
21,2010 72 o t=1.2001072
-12 : : : : -12 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X

X

FIGURE 2. Evolution of the particle density n and the temperature 6 (semi-
logarithmic plot) at various times for g = —0.25.
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FIGURE 3. Evolution of the particle density n and the temperature 6 (semi-
logarithmic plot) at various times for § = 0.25.
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FIGURE 4. Decay of the relative ¢? distance to the equilibrium functions
Neq = 1 and .4 = 1 for various values of § (semi-logarithmic plot).
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