ANALYSIS OF DEGENERATE CROSS-DIFFUSION POPULATION
MODELS WITH VOLUME FILLING

NICOLA ZAMPONI AND ANSGAR JUNGEL

ABSTRACT. A class of parabolic cross-diffusion systems modeling the interaction of an arbi-
trary number of population species is analyzed in a bounded domain with no-flux boundary
conditions. The equations are formally derived from a random-walk lattice model in the
diffusion limit. Compared to previous results in the literature, the novelty is the combina-
tion of general degenerate diffusion and volume-filling effects. Conditions on the nonlinear
diffusion coefficients are identified, which yield a formal gradient-flow or entropy structure.
This structure allows for the proof of global-in-time existence of bounded weak solutions
and the exponential convergence of the solutions to the constant steady state. The existence
proof is based on an approximation argument, the entropy inequality, and new nonlinear
Aubin-Lions compactness lemmas. The proof of the large-time behavior employs the en-
tropy estimate and convex Sobolev inequalities. Moreover, under simplifiying assumptions
on the nonlinearities, the uniqueness of weak solutions is shown by using the H ! method,
the F-monotonicity technique of Gajewski, and the subadditivity of the Fisher information.

1. INTRODUCTION

In this paper, we analyze a class of multi-species population cross-diffusion systems with
volume-filling effects. Such systems arise in various applications, like spatial segregation of
interacting species [25], chemotactic cell migration in tissues [24], and ion transport through
membranes [8]. Our model class can be derived from a system of random-walk master equa-
tions in the diffusion limit for a large class of transition rates (see Appendix A). The key
novelty of our analysis is the identification of a new entropy or formal gradient-flow structure
and the treatment of non-standard degeneracies in the diffusion coefficients, which signifi-
cantly extends previous results in [19].

The diffusion systems have the form

(1) Oru — div(A(w)Vu) =0 in Q, ¢t >0,
with boundary and initial conditions
(2) (A(w)Vu) - v=0 ondQ, t >0, u0)=u’ inQ.

Here, Q C R? (d > 1) is a bounded domain, A(u) = (A;;(u)) € R™*™ is a diffusion matrix,
the function v = (ug,...,u,) : © x (0,00) — R™ is the vector of the proportions of the
subpopulations, and wu,+1 = 1 —>_1" ;| u; is the proportion of unoccupied space. In particular,
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0<wu; <1lforalli=1,...,n+ 1. The ith component of equations (1) and (2) has to be
understood, respectively, as

Opu; — Z div(A4;;(u)Vu,) =0, Z Aij(u)Vuj -v=0.
j=1 j=1

The boundary condition in (2) means that the physical or biological system is isolated; the
species cannot move through the boundary. For ease of presentation, we have neglected
reaction and drift terms in the equations. We refer to Section 7 for a discussion of more
general models.
The diffusion matrix in (1) is given by
Opi

(3)  Aij(u) = 6ijpi(u)gi(un+1) + wipi(w) g (unt1) + ui%(un—&-l)%(u)v i,j=1,...,mn,
J

where 9;; is the Kronecker delta. The nonnegative functions p; and ¢; model the transition
rates in the random-walk lattice model. The coefficients A;; are derived from this model in
the diffusion limit (see Section A). The function ¢; vanishes when the cells are fully packed,
iLe. if )" ju; = 1, so ¢;(0) = 0 and ¢; is nondecreasing. In the literature, several special
models were considered and we review now some of them.

Example 1. 1. Population-dynamics models. The case n = 2, p;(u) = a0 + a;1u1 + ajpus
and ¢;(uz) = 1 for ¢ = 1,2 was suggested by Shigesada, Kawasaki, and Teramoto [25] to
describe the spatial segregation of interacting populations and to study the coexistence of
two similar species. This model has attracted a lot of attention in the literature. One of the
first existence results is due to Kim [20] who imposed some restrictions of the parameters
a;j. The tridiagonal case az; = 0 was investigated, e.g., by Amann [1] and Le [21]. The first
global existence result without any restriction on the diffusion coefficients (except positivity)
was achieved in [18] in one space dimension and in [9, 10| in several space dimensions. The
case of concave functions p; and py was analyzed by Desvillettes et al. [13], recently improved
in [14]. The n-species case with superlinear functions p;(u) was investigated in [19]; also see
[4] for a so-called relaxed system.

2. Ion-transport models. The case p;(u) = 1 for i = 1,...,n and q(up41) = Upy1 was
employed to describe the motility of biological cells [27] or the ion transport through nanopores
[8]. The global existence of bounded weak solutions was proved in [7]. This result was
generalized in [19] to a class of nondecreasing functions including all power functions ¢(s) = s*
with @ > 1. The models in [8, 27] also include a drift term to account for electric effects, and
we discuss these extensions in Section 7.

3. Multi-species chemotazis models. A special case of the model in [24] is given by p;(u) = 1
and q(up4+1) = Up+1, similar to the ion-transport model. In fact, the system in [24] contains
additional terms which cannot be described by (3) since the transition rates assumed in [24]
are not of the type p;(u)g;(un+1) (see (66) in Appendix A) but they equal p;(u) + gi(unt1)-
We refer to the discussion in Section 7. 0

In the model classes (i) and (ii), either p; = 1 or ¢; = 1. In contrast, we investigate here
a more general model class allowing for nonconstant functions p; and ¢;. A guiding example
is system (1) with diffusion coefficients (3) and p;(u) = u1 + u2, ¢;(s) = s for i = 1,2, which
models volume-filling effects in population systems. The diffusion matrix reads explicitly as

(ur (1 —uyp —ug) + (ug +u2)(1 —ug) u
(4) A(u)_< ' 1 ’ u9 1 ’ ’ U2(1—Ul—u2)+1(U1+u2)(1—U1))'
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We will show in Theorem 1 that (1) with this diffusion matrix possesses a global weak solution
satisfying 0 < u(t) < 1 for all ¢ > 0. In fact, Theorem 1 is concerned with much more general
models.

The analysis of system (1) with diffusion matrix (3) faces a number of mathematical chal-
lenges. First, the equations are strongly coupled such that standard tools, like maximum
principles and regularity theory, generally do not apply. Second, the diffusion matrix is gen-
erally not positive definite and thus, even the local-in-time existence of solutions is nontrivial.
Third, since the variables u; are proportions, we need to prove lower and upper bounds for the
solutions (here, u; > 0 and )" ; u; < 1), but maximum principle or invariant region methods
seemingly do not apply. Fourth, the parabolic system may be degenerate (e.g. like in (4) for
u=(0,1) or u = (1,0)).

Some of these difficulties have been dealt with in, e.g., [19] under the assumption that the
diffusion system has a formal entropy or gradient-flow structure, i.e., there exists a convex
functional h : 2 — Q (called entropy density), where 2 C R™, such that the matrix B =
A(u)h”(u)~t is positive semi-definite and (1) can be written as

(5) Oyu — div(BVH (u)) = 0,
where h/(u) and h”(u) are the Jacobian and Hessian of h, respectively. This formulation has
two advantages: First, H[u] = [, h(u)dz is a Lyapunov functional along solutions u(t) to
(1)-(2),

d‘H !/ "
(6) —[u(t)] = [ K(u)-Oudr=— | Vu:h"(u)A(u)Vu=— | Vw: BVwdzx <0.

dt Q Q Q
where w = h/(u) are called entropy variables. In particular, this yields a gradient-type

estimate for w or u. Second, if A’ is invertible on 2 (see Lemma 5), the original variable
u = (h)7}(w) is an element of 2. Thus, if Z is a bounded domain, we obtain lower and
upper bounds for u without the use of a maximum principle. In our situation, we define
P ={ueR":u;>0fori=1,...,n, Z?:l uj < 1} such that u; is positive and bounded by
one.

There remain still two issues for systems with diffusion coefficients (3). The first one is
to identify a suitable entropy density h, the second one is the possible degeneracy. In the
example given by (4), we choose

2
h(u) = Zui(log w; — 1) + (1 —ug —ug)(log(1l —ug —ug) — 1)
i=1

+ (u1 + u2)(log(ur +u2) — 1) + 4,
which yields the matrix

_ meon—1 _ (ur(ur +u2) (1 —ur — ug) 0
B = A(u)h’(u)™" = < 0 ug(ug +u2)(1 —uy — u2)> ’

At least one eigenvalue of B vanishes if u € 02 = {u1 = 0, us =0, 1 —u; —ug = 0}. In
this sense, system (1) is called to be of degenerate type. Generally, systems (1) are always of
degenerate type since ¢(0) = 0. Here, we develop a technique to deal with such a degeneracy.

We overcome these issues by developing two main ideas. Our first key idea is the identifi-
cation of a class of functions p; and ¢; for which we are able to define a novel entropy density.
The second idea is the extension of the Aubin-Lions compactness lemma to non-standard
degenerate cases. In the following, we detail these concepts.
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We make the following structural hypotheses on the functions p; and g;: There exist func-
tions ¢ : [0,1] = R, x : Z — R and a number v > 0 such that for alli =1,...,n,

(7) q(s) == qi(s) >0, ¢'(s) > ~q(s) for s € (0,1), ¢q(0) =0, ¢eC*0,1]),

(8) pi(u) = exp (8();(@) foru e P, x> isconvexon 7, x € C3(P).
Examples of functions ¢ and p; satisfying these conditions are given in Remark 2. We define
the entropy density
n Un+1
9) h(u) = Z(ul logu; —u; +1) + / log q(s)ds + x(u), we 2,
i=1 @

where a € (0, 1] is such that f: log q(s)ds > 0 for all b € (0,1), namely

)1 if (1) <1,
(10) ‘= {q_l(l) if g(1) > 1.

Notice that we require that all functions ¢; are the same and that p; possesses a particu-
lar structure. It seems to be difficult to treat more general cases, except imposing other
conditions.

Surprisingly, system (1) with (3) partially decouples in the entropy variables. Indeed, we
may write the following formal “generalized” gradient-flow formulation

Opu; — div <q(un+1)2Vexp gh) =0, i=1,...,n,
Uj

which makes the degenerate structure more apparent than (1). We also note that if ¢ = 1,
we obtain dyu; = A(exp(Oh/0u;)) = A(u;pi(u)). This structure was exploited in [13, 14].

A computation, which is made rigorous below, shows that the following entropy inequality
holds:

d n
(11) — [ h(u)dz +c / G(un1)? D (V)2 4 [Va(ungn) V?? | da < 0,
dt Jo & i=1
where ¢ > 0 is some constant. We wish to deduce L? gradient estimates for w1, ..., u,, which

are needed to apply the Aubin-Lions compactness lemma for a suitable approximated system.
However, because of the degeneracy of ¢ (i.e. ¢(0) = 0), these estimates are nontrivial. We
overcome this problem by proving two compactness results.

The first compactness result essentially states that if we have (i) uniform gradient estimates
for the bounded sequences (£:) and (&7.), (ii) a uniform estimate for the (discrete) time
derivative of 7., and (iii) the strong convergence {. — ¢ in L2, then up to a subsequence,
& f(n-) — €f(n) in L? for any continuous function f (Lemma 7). If £ were strictly positive,
the statement would be a consequence of the usual Aubin-Lions lemma [26]. Here, we are
able to deal with functions £ which may vanish locally. The case f(s) = s was considered in
[7, 19].

The second compactness result is a generalization of the Aubin-Lions-Dubinskii lemma;
see, e.g., [11, 22]. It states that if a bounded sequence (u.) possesses a uniform estimate for
the (discrete) time derivative and a uniform gradient estimate for Q(u.) and Q'(u.) for some
nonnegative convex increasing function @, then up to a subsequence, u. — u strongly in L?



DEGENERATE CROSS-DIFFUSION POPULATION MODELS 5

(Lemma 8). This result is complementary to the nonlinear Aubin-Lions lemma stated in [22]
and generalizes the lemma in [11] stated for Q(s) = s with a > 1.

Based on the above ideas, we prove three results. First, we show the global-in-time existence
of bounded weak solutions to (1)-(3) satisfying the entropy inequality (11) (Theorem 1).
Second, the entropy inequality and a convex Sobolev inequality allow us to show that w41 ()
converges to the constant steady state in the L? sense. Moreover, if ¢ is strictly positive, this
convergence also holds for uy(¢),...,un(t) (Theorem 3). Third, if p; =1foralli=1,...,n,
there is a unique weak solution to (1)-(3). The proof combines the H~! method and the
E-monotonicity technique of Gajewski [16].

The paper is organized as follows. The main results are stated and commented in Section 2.
Section 3 is devoted to the proof of some auxiliary results, like the positive semi-definiteness of
the matrix h”(u)A(u) and the Aubin-Lions compactness lemmas. The three main theorems
are proved in Sections 4, 5, and 6, respectively. Extensions of our model are discussed in
Section 7. Appendix A is concerned with the formal derivation of (1) from a random-walk
lattice model.

2. MAIN RESULTS
We state our main theorems and detail the ideas of the proofs. The first theorem is

concerned with the global existence of bounded weak solutions. Recall that

n
(12) 9:{u:(ul,...,un)GR”:u¢>Of0ri:1,...,n, Zuj<1}.
j=1

Theorem 1 (Global existence). Let T > 0, let u® : Q — 2 be a measurable function such
that h(u’) € LY(2), and let A(u) be given by (3). Assume that hypotheses (7) and (8) hold.
Then:

(i) There exists a weak solution u : Q x (0,T) — P to (1)-(2) satisfying u; > 0, Upy1 =
1-57" u; >0, and

(13) (), w0 q(un0) V2, wipi(w)q(uns)'/? € L2(0,T; HY(R)),
(14) u; € L®(0,T; L°(Q)), Ow; € L*(0,T; HY(Q)), i=1,...,n.

The function u satisfies the weak formulation

n T n T
(15) ;/0 <atuia¢i>dt+;/0 /Q[Q(un+1)1/2v(uipi(u)Q(un+1)1/2)

— Bupi (u)q(tn1) "V (uni1)?] - Voidadt = 0

for all ¢1,...,¢, € L*(0,T; HY(Q)), and u(0) = u® in the sense of H*(Q)'. Here, (-,-)
denotes the duality product of H(2)' and H' ().
(ii) The following entropy inequality holds:

(16) /Qh(u(t))d:): + o t/ (Z q(un+1)2]Vu2/2\2 + \Vq(un+1)1/2]2> dxdt
i=1

0 JO
< [ bty
Q

where co = 4po min{1,d} > 0 with py and & being defined in (23) below.
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(iii) If fob |log q(s)|ds = 400 for all 0 < b < 1 then upt1 >0 a.e. in Q x (0,7).

Remark 2. We present examples of functions g and p; satisfying (7) and (8), respectively.
Hypothesis (7) is satisfied by ¢(s) = s® for s € [0,1], where o > 1. Indeed, the inequality
q'(s) > ~vq(s) holds for all s € [0,1] with v := «. Another example class is given by ¢(s) =
exp(f(s)) — 1 with f(0) = 0 and f'(s) > v > 0 for s € [0,1]. A concrete example is
q(s) = exp(s®) — 1 with 0 < < 1. A third example is ¢(s) = exp(—s~%) with a > 0 which
satisfies the assumption stated in Theorem 1, part (iii).

Hypothesis (8) is satisfied by every function p;(u) = p;(u;), where p; € C1([0,1]) is strictly
positive and nondecreasing. Indeed, let us define

) = [ ogmi()do +k, x(w) = 3w (w)
j=1
forse[0,1],i=1,...,n,and u = (uy,...,u,) € Z. Here, k > 0 is such that x; > 0 in [0, 1].
Since p; is strictly positive and nondecreasing in [0, 1], it follows that x”(u), given by

2 o) .

8ui8uj v = pi(ui)’ ’

N

is positive semi-definite and x : Z — [0, 00) is convex. Furthermore, exp(dx/du;) = pi(u;) =
pi(u) for u € 9.

Another example is given by p;(u) = (2?21 ajuj)® with a; > 0, i =1,...,n. Indeed, the
function x(u) = >0 aju;(log(d 7 aju;) — 1) is convex on 2 and satisfies exp(9x/0u;) =
exp(a;log(d°7_; aju;)) = pi(u). This example corresponds to the diffusion matrix (4) for
n=2and a; = ay = 1. O

The proof of Theorem 1 is based on an approximation and regularization of (1). More
precisely, we consider the semi-discrete system

—(u(w") —u(w"™) = div(B(w*)Vu®) + 2 (Aw® +wk) +er? Y (—plTiDwt
2<|ar|<m

with homogeneous Neumann boundary conditions, where 7 > 0, ¢ > 0, m > d/2, u(w) =
(") ~Y(w), w* approximates w(k7), and D?® is a partial derivative of order 2|/, with a € N¢
being a multiindex. Compared to [19], we need two regularization levels: the H' regulariza-
tion given by Aw”* 4+ w* and the H™ regularization given by the sum over a. The second
regularization is needed to obtain approximate L solutions (observe that H () < L%°(12)),
while the first one allows us to interpret the weak formulation in the larger space H ! instead
of H~". This is needed to apply the generalized Aubin-Lions Lemmas 7 and 8, for which
H~' is required.

The entropy inequality (11), adapted to the above problem, yields uniform H™ estimates.
Hence, applying the Leray-Schauder fixed-point theorem, we obtain the existence of semi-
discrete H™ solutions. The same entropy inequality provides a priori estimates uniform in 7
and €. First, we perform the limit ¢ — 0, then the limit 7 — 0. The latter limit is highly
nontrivial since we have only an L? bound for q(un+1)Vu3/ 2, and q(up+1) =0 at u,y; =0 1is
possible. This degeneracy will be overcome by the compactness result in Lemma 7.
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The second result is about the large-time behavior of the solutions to the constant steady

state given by
1 n
ur:‘m/ugdm,izl,...,n, quOH:l—Zufo
Q ;
i=1

We are able to prove exponential convergence of u,1(t) and, under an additional assumption
on ¢, also of uy(t), ..., uy(t).

Theorem 3 (Convergence to steady state). Let Q be convez, u’ € LY(Q;2), let A(u) be
given by (3), and assume that (7) and (8) hold. Furthermore, let ¢ € C3([0,1]) be such that
q' s strictly positive and q/q is concave on (0,1). Let u: Q x (0,T) = 2 be a weak solution
to (1)-(2) in the sense of Theorem 1. Then

(17) Jtns1(t) — uptyll 2@ < Cre™, >0,

where Cy = (2/7)Y?||h* (u0|u™® )H1/2 and A\ = coq1/(4cg), h* is the relative entropy density
(see (19)), q1 := mingpq¢'(s) > 0 co > 0 is defined in Theorem 1, and cg > 0 is the
constant of the convex Sobolev inequality in Lemma 10. Moreover, if qo := min,eo 1] q(s) >0,

(18) Jui(t) — us®l| o) < Cre™™, t>0, i=1,...,n,

where Ao = coqo/cr, and cr, > 0 is the constant in the logarithmic Sobolev inequality (see, e.g.,
[12, Lemma 1]).

The convexity of  and the concavity of ¢/¢ is needed to apply the convex Sobolev in-
equality (see Lemma 10 below). For instance, q/q’ is concave for ¢(s) = s® with @ > 0. The
condition on the strict positivity of ¢ contradicts the assumption ¢(0) = 0 in Hypothesis (7).
However, Theorem 1 is also valid for functions ¢(0) > 0. In fact, the existence analysis is
much easier in this case since the problem becomes nondegenerate.

The idea of the proof is to derive an inequality for the relative entropy

(19) /Qh*(u]uoo)dx = / (R(u) — h(u™®) = W/ (u™®) - (u — u™))dz.

Q
A computation, which is made rigorous in Section 5, shows that

d unt1(0) 1/2)2
d/ / logq(s)dsdw+c/ V(1) ?)?de < 0
tJaJu Q

for some ¢ > 0. The entropy dissipation can be bounded from below (up to a factor) by the
relative entropy by means of the convex Sobolev inequality [2]. Together with the Gronwall
lemma and the convexity of the relative entropy, this yields exponential convergence of w1 (t)
to upoy in the L? norm. In a similar way, we obtain the entropy inequality

i [ w0

Here, the degeneracy of ¢ at u,y1 = 0 prevents the application of the logarithmic Sobolev
inequality. For this reason, we assume that q is strictly positive. Then, by Gronwall’s lemma
again, we deduce the exponential convergence of u;(t) to u$® in the L? norm.

Our last theorem is a uniqueness result in the special case p; = 1. This includes the
ion-transport model [8].

d:L‘+c/ 4tV 2Pz < 0.
Q
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Theorem 4 (Uniqueness of solutions). Let the assumptions of Theorem 1 hold and let p; = 1
fori=1,...,n. Then there exists a unique weak solution to (1)-(2) satisfying (13)-(14).

The idea of the proof is to combine the H~! method and the E-monotonicity technique of
Gajewski [16]. In fact, we exploit the special structure of (1) and (3) in the case p; = 1:

Ou; = div (¢(unt1)Vu; — 4;Vq(upi)), i=1,...,n.
Summing all these equations, we end up with a simple equation for w,1:
Orunt1 = AQ(upt1), Q'(s) = q(s) + (1 —s)d'(s).
The uniqueness for u,,,1 is shown by the usual H ! method. The uniqueness for the remaining
components u; is more difficult since we cannot easily treat the drift term. This is in contrast
to the drift-diffusion equations for semiconductors, where a monotonicity property of the drift

term can be exploited. Here, we employ the E-monotonicity method [16]. This method is
based on the convexity of the logarithmic entropy. More precisely, define the distance

) = g | (et + e —2¢ (“5) ) a,

&(s) =s(logs—1)+1, s>0.

A formal computation, which is made rigorous in Section 6, using the subadditivity of the
Fisher information (see Lemma 9), shows that

d
ﬁd(u,v) <0, t>0,

and consequently, d(u(t),v(t)) < d(u(0),v(0)) =0 for ¢t > 0. Since £ is convex, we infer that
d(u(t),v(t)) > 0, which finally yields u; = v; for i =1,...,n.

3. AUXILIARY RESULTS

3.1. Invertibility of the entropy transformation. We show that the transformation of
variables w = h/(u) can be inverted. Recall that the set Z is defined in (12).

Lemma 5. Let assumptions (7)-(8) hold. Then the function h : 2 — R, defined in (9), is
strictly convex, nonnegative, belongs to C*(2), and its gradient h' : 9 — R™ is invertible.
Moreover, the inverse of the Hessian h" : 9 — R™ is uniformly bounded.

Proof. We first show that h' : 2 — R" is invertible. For this, we observe that

8851 zlogui—logq<1—2uj> +gl>ti" i=1,....n

=1

The Jacobian of the function g = (g1,...,9n) : Z — R, defined by g;(u) = logu; —logq(1 —
Z?Zl u;), is positive definite since

dgi  0ij ¢ (Unt1)

2 = TV

8’U«j Uj q(un+y1)
It is shown in Step 1 of the proof of Theorem 6 in [19] that g : 2 — R is invertible. Thus,
we can define the function f = b’ o g=! : R® — R". Since h”(u) and ¢’(u) are nonsingular
matrices for u € &, the Jacobian of f,

Fw) =r"g" W) g W),
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is nonsingular for y € R™. Moreover, by the definitions of f and g, we have

(20) fW)=y+xX ('), yeR™

Hypothesis (8) states that x' € C°(2) C L>(2), thus (20) implies that |f(y)| — oo as
ly| — oo. This property as well as the invertibility of the matrix f’(u) allow us to apply
Hadamard’s global inverse theorem, showing that f : R™ — R" is invertible. Consequently,
also ' = fog: 2 — R" is invertible.

It remains to prove that the inverse of the Hessian of h is bounded. Since ¢'/q > 0,
0 <wu; <1, and x is convex in &, the expression

*h 0ij ¢ (unt1) 0%x
ouiduj;  u;  q(ups1)  Ououy’

(21) ue 9,

shows that v h"(u)v > |v]? for all u € 2, v € R". We infer that all points in the spectrum
of h"" are strictly positive in &. In particular, h is strictly convex. As h” is symmetric, we
conclude that the inverse of h” is bounded in 2. O

3.2. Positive definiteness of HA. We show that the product H A of the Hessian H := h' (u)
and the diffusion matrix A = A(u) is positive definite. This result is needed to deduce gradient
estimates for u; see (6).

Lemma 6. Let assumptions (7)-(8) hold. Then the matric HA is symmetric and positive
definite. More precisely, for allu € 9 and v € R™, we have

2

n / n 2
(22) v (HA)v > pog(unt1) Z L PO5M (Z Uz') ;

i—q Wi q(tn+1) —
where
1 2q(1/2
(23) po = min inf p;(u) >0, J§=min q(1/2) S0
1<i<nuey 2 Sup1/2<8<1 q ( )

Proof. First, we verify the symmetry of HA. Using (21) and the definition of A, we find that

k ik 82 q/ apk
(HA)ij = < * S T ¢ Okjprq + ukprq + Uk,

k=1

piq pi Px = Px ,
0y ou, T Guiﬁu-qu * Z < Guiuy, M

~ 9y 3Pk apk
+Z(9u16u 8 Ukq + pr;ﬁ—q Zu .

Dividing this equation by ¢, defining ¢ = ¢'/q, and takmg into account that, by assumption
(8),

0%y ~ 10p; 1 0p;

Guiauj N pj 8uz N Pi 8Uj

fori,j=1,...,n,

we infer that

6(HA)”—5 + 190‘1‘ aujl +Z k



10 N. ZAMPONI AND A. JUNGEL

Opr. Opi u a - Jp
k OPk Uk k
Z 5. TP J90+802Zpkuk+wzuk%

k=1 J

Ou; Ou; py,

pi  Opi | Op, ug, Opy. Opy;
T, * Ou; * ou; Z < Dk ou; 8u]
- Opy Opy, 2 =
(24) +o(pitpi+D w o Tow )] T > pru,
el U; Uj

k=1

which proves the symmetry of HA.

Next, we show the lower bound (22). Since p; is strictly positive in 2, p;(u) = X + pi(u)
for any A € (0,pp), where pg > 0 is defined in (23), and p;(u) is still strictly positive in Z.
Then we can write (24) as HA/q = M + AN for two matrices M = (M;;) and N = (NN;;),
defined by

~

M;; = 51‘]‘% +
1

8pl 8pj Zn: Uk 81/7\k aﬁk
E?uZ pk + A Ou; 8uj

n n
PO Ok, Opk .
+<P<pi+pj+zuk<au +% +S022pkuk7
i j

k=1 k=1

Ny = +290+9022Uk L4+ 20+ 9*(1 = unt).

(2

k=1
Let v € R". Then v' (HA/q)v = v" Mv + v Nv. We consider v Nv first:
V?
(25) v Nv = Zu—z + o2+ (1 —upt1)) (Zm) .
i=1 " i=1
The inequalities
1 1
24() + (1 )q/() 2 (1 - 5)g/(5) > L () for 0< s < 1
29(1/2) / 1
2q(s) + (1 = s)q'(s) = 2q(s) > q'(s) for 5 <s<1,
SUP1/2<o<1 q'(o) 2

imply that
2q(un+1) + (1 = tnt1)q' (Unt1) = ¢ (un+1),
where ¢ > 0 is defined in (23). Thus, (25) yields

v Nov > Z " + 5p? (quz>

=1 =1

Finally, we show that v" Mv > 0, which, together with the above estimate proves the
lemma. Using the definition of M, we compute

n

n o~ n o~
; U 0
(26) ’UTM’U — E &UZ? 4 E /\k 2 :'Ui Pk +9 j : ’UZ
— u “— Dk Ou;

i=1 ij= 1
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n

cao (3o (Son eSS nd) 2 (S (Lo

Jj=1 Jj=1

Let us consider the terms proportional to ¢ and ¢?:

n n n n 8/\ n n
20 (S0 ) (S Sow S u )+ (Sun ) (S0
j=1 i=1 k=1 i=1 ' k=1 j=1
2

n [ n n n ~ n n Fol
~ DD U L v (Opr /Ouy
=<Zukm) A 320) o [ 30 | Shabiit Sy ue DL vi(0p/ )
k=1

n
= =1 Ek:l UEPEk

2

n B n N R
= Z upDk | | Z vj + 2 i1 Divi + ZZ:ﬂl ug 2}1 i (Opr/Ous;)
k=1 =1 > k-1 UkDk
D ~ 2
. ( 2?21 piv; + ZZZI U Z?:l ’Uz‘(apk/aui))
ZZ=1 ukD ’
Inserting this expression into (26) yields

n ~ n n
Tz 3Ry (3 8) 2y 2
=1 i =1 Pk izt i x
_ (i Pivi + X uk Doy Ui(apk/aui))2
22:1 Uk '
We claim that the right- hand side can be written as a square. To see this, we introduce the
vectors y = (Y1, .-, Yn (21,...,2n) € R™ by

), 2
_ Uz 3@ N uibi o
Y = —vl T A~ = i=1,...,n.
Uk V/ 2 k—1 WkDk

iVj

The properties

n

P=1, JyP= Z“ 2+Z;<Zvﬁp’f) 2 Z
l

7‘7_
i Divi + Zk:1 ug Y iy vi(Opk/O0uy)

y-z= = —
V' D k=1 WkDk

v Mo >yl = (y-2)* =y — (y-2)2]> > 0.
The lemma is proved. O

show that

3.3. Generalized Aubin lemmas. We prove two generalized Aubin lemmas for functions
which are piecewise constant in time, extending results from [11, 19].

Lemma 7 (Generalized Aubin lemma I). Let (£(7), (ny)), ce (77,(:)) be sequences of functions
which are piecewise constant in time with constant step size T > 0 and which are bounded in
L>(0,T; L (R2)). Furthermore, they satisfy the following properties:
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o &) — ¢ strongly in L*(0,T;L*(Q)) as 7 — 0.

° nzm — n; weakly™ in L>=(0,T;L>°(Q)) as T — 0 fori=1,...,n.

o There exists C > 0 such that for all 7 >0 andi=1,...,n,
@27 1D 20110 + ||§(T)77£T)”LQ(O,T;Hl(Q)) + 7 - 7TT771(T)”L2(7—,T;H1(Q)’) <C,
where WTﬂl-(T)(',t) = nzm(-,t — 1) for 7 <t <T is a shift operator. Let D C R™ be a compact
domain such that n7)(x,t) = ("757)7 .. .,n,(lT))(:v,t) € D for a.e. (z,t) € Q x (0,T). Then, for
all f € CO(D;R"), up to a subsequence, as T — 0,

f(T)f(n(T)) — f(T)f(T](T)) strongly in LZ(O, T: L2(Q)).

Since (¢(7)) and (nz-(T)) are assumed to be bounded in L*°(0,7; L>(£2)), the strong conver-
gence also holds in LP(0,T; LP(§2)) for all p < oco. This theorem extends [19, Lemma 13],
proved for f(s) = s, to arbitrary continuous functions f.

Proof. The proof is based on the compactness result in [19, Lemma 13|, whose proof goes
back to [7], and an induction and approximation argument. We perform the proof in two
steps. In the first step f is assumed to be a monomial, in the second step we approximate an
arbitrary continuous function by a polynomial and apply the Stone-Weierstrass theorem. We
set Qr = Q x (0,7).

Step 1. Let f(n) =n® = n{"* - -9, where o = (aq,...,a,) € Nj is a multiindex. The
proof is an induction argument on the rank |o| = >""" ; @; > 0 of the multiindex. If |a| = 0,
the statement is trivially true. Let us assume that £ (p(™)® — €n® strongly in L*(Qr)
as 7 — 0 for all @ € Njj with |o| < k, £ > 0. Let @ € N§ be a multiindex such that
|a] = k41> 1. Then there exists an index ig € {1,...,n} such that a;, > 1. Hence, we can
define the multiindex f such that 5; = oj — §;, j for j=1,...,n and |B] = k.

Introduce y(™ = £ ()8 and y = &n®. Clearly, (y(7)) is bounded in L>(0,T; L>(%)).
Since the multiindex S has rank k& and thus satisfies the induction assumption, y(T) -y
strongly in L*(Qr). We claim that (™) and (y(T)n(T)) are bounded in L?(0,T; H'(f)).

10

Indeed, it follows from (27) that & (T)an@ =V(£ (T)ngT)) — 772-(7) V& is uniformly bounded in
L?(Qr). As a consequence,

Vy(") = (P 4 v ()

= (™)Pve® + 37 gm)) TP | €Dvn”
k:Br>0 itk

is uniformly bounded in L?*(Qr), and (7)) is bounded in L?(0,T; H'(2)). In a similar way,
we can show that (y(T)nZ(OT)) is bounded in L?(0,T; H'(R)). Applying [19, Lemma 13] to the

sequences (y(7)) and (77@

iy ), we infer that there exists a subsequence, which is not relabeled,

such that y(T)ng) — ymj, strongly in L?(Qr), which means, by definition of y(™) and S, that
N ()P = ¢nf strongly in L?(Qr).

Step 2. It follows from the previous step that the statement of the lemma is true if f is a
multivariate polynomial. Let f € CY(D;R") be given. Since D is compact, we may apply the

Stone-Weierstrass approximation theorem to obtain, for any € > 0, a multivariate polynomial
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P : D — R” such that |f(n) — P(n)| < € for n € D. Since (£(7)) and ¢ are bounded in L™,
we have for some C' > 0, which does not depend on ¢,
1€T) F (™) — 5(T)P(77(T))||L2(QT) <Ce, [|EP() = EfM)lL2@p) < Ce.
Thus,
1€ £ (™) = £F ) lz2(@p) < 1ET F D) = €D PO 2200
+1EDP®T) = EPM) 120y + IEPM) = EFD 121
< 2Ce +[|€TPMT) = EPM) 2@y

Since P is a polynomial, the first step of the proof applies and the last term on the right-hand
side converges to zero as 7 — 0 (at least for a subsequence), resulting in

lim sup 1€ £ (™) = EF (2o < 2Ce.
T—

Since € > 0 is arbitrary and the left-hand side does not depend on ¢, it must vanish, finishing
the proof. O

Lemma 8 (Generalized Aubin lemma II). Let (n(7) be a sequence of functions which are
piecewise constant in time with constant step size T > 0 and which satisfy a < u(7) (z,t) <b

for a.e. (x,t) € Q x (0,T) for some a, b € R. Furthermore, let Q@ € C*([a,b];R"™) be a
nonnegative increasing convex function and assume that there exists C > 0 such that for all
T >0,
Q) 2o im0y + 1Q" W) 20,71 () < €
7w — i 2 ) < C
Then there exists u € L*(0,T; H*()) such that, up to a subsequence,
ul™ =  strongly in LP(0,T; LP(Q))  for all p < c.

This result generalizes Theorem 3a in [11], stated for Q(s) = s™ with m > 0. A related
result has been proved in [22, Theorem 1]. Instead of the bound on Q'(n(7)) it is assumed
that the function |Q’'| is bounded from below by a positive value near +oo and that the set
{z : Q'(x) = 0} is finite. Thus, our result seems to be complementary to that one in [22].

Proof. Let ¢ € X := HY(Q)NL>*(Q) be a test function. Then the positive and negative parts
of ¢ satisfy ¢ = max{0, ¢}, ¢— = min{0, ¢} € X. By the convexity of ), we obtain

i/g(u(T) — WTU(T))Q’(u(T))¢+dZE > 71'/9 (Q(U(T)) — WTQ(U(T)))¢+CZ$,
j_/g(u(T) — WTu(T))ﬂ'TQ/(u(T))(;S_dx = 71_/9(777-u(7) — u(T))Q'(ﬂ'Tu(T))(—(;S_)dJ:
1 1
> = [ () = Q) (=6 )dr = [ (Q) = 7 Q)¢ d
Adding both inequalities and taking into account that ¢ = ¢ + ¢_, we find that
(28) - [ (@) — @) sds

<! /ﬂ (W — 2 (@ @)y + 1@ (WD) ) da

T
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1
< ;HU(T) — 7t g oy 1Q (W) by + Q' (™) | 1 ()

We estimate:

1Q" (W) (1311 () = / (1 (W) 243 +|Q () Vo + 6. VQ (u)?) da
<2 [ QR + Voo +2 [ IVQW) P

< c(|r¢uH1m) 11113 e (0 19" () 131,)
< C(1+1Q" W) o) o1k

In a similar way, we can verify that

Q' () () < C(1+ [l Q' (WD) 111 () 1] x-

Thus, (28) gives
! / (Qu™) — 7,Q(u™)) ddz < CF () [6x
9]

-
where

FO(t) = *II( )= D) @)y (1 1Q" @D )| a1 (@) + 17 Q' (W) 111 @)

This means that
QW) = Q™)) ()| xr < CFD(1).

The assumptions of the lemma imply that (F(7)) is bounded in L'(7,T). Thus, we obtain
a uniform estimate for 7~ 1(Q(u(”) — 7,Q(u(7)) in L'(r,T; X’). Because of the bound of
Q(u() in L?(0,T; H'(Q)) and the compact embedding H'(Q2) < L?(R), Aubin’s lemma in
the version of [15] yields the existence of a subsequence, which is not relabeled, such that,
as 7 — 0, Q(u™) — Q* strongly in L?*(0,T;L*(2)) and a.e. in Q x (0,T). Since Q is
strictly increasing, this shows that (7 = Q~1(Q(u(™)) = Q~1(Q*) a.e. in Q x (0,T). We
set u := Q'(Q*). Then the L™ bound for (u(7)) and the a.e. convergence yield u(”) — u
strongly in LP(0,T; LP(Q)) for all p < oc. O

3.4. Further results. We show that the Fisher information [, |Vy/u[*dyu is subadditive, and
we recall a convex Sobolev inequality.

Lemma 9. Let p be an absolutely continuous measure with respect to the Lebesque measure,
and let f, g : Q — [0,00) be measurable, bounded, positive functions such that \/f, \/g €
HY(Q,du). Then

/ VT gPdu < / VP + / IV Val2d.
Q Q Q

This result was proven in [23, Section 3.6] in a slightly different context. For the convenience
of the reader, we present the (short) proof.

Proof. We define the function F': [0,1] — R by

= [IVViPdu+ [ 19vsgPdu~ [ [9VTsgPdu s 0.1
Q Q Q
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Then F(0) = 0 and F’(s) > 0 for all s € [0, 1] since

= [ 19vadn- [ 9VTFss V(W) du

_ 25 ) \fvxf_ g >
A A e Ga

g 2
= ngd-i—/ Vf+sgd—2/ Vg -V f+sgd
L 1ovaan+ | 2oy Frsabdu—2 | L9 yG 9T+ s
:/‘v\f\/ﬁvx/f+892du>0
0 VI+sg -
We conclude that F/(1) > 0 which shows the lemma. O

Lemma 10. Let Q € R? (d > 1) be a convex domain and let g € C* be a convex function
such that 1/g" is concave. Then there exists cg > 0 such that for all integrable functions u
with integrable g(u) and g"(u)|Vul|?,

@/ﬂg(u)dm—g(&/udw) \Q]/ (u)|Vul*dz,

where || denotes the measure of ).

A proof can be found in [3, Prop. 7.6.1] or [2, Remark 3.8].

4. PROOF OF THEOREM 1

We divide the proof into several steps.

4.1. Time discretization and regularization of system (1). We recall the definition of
the entropy variable w = h/(u) for u € 2, where h is defined in (9). Lemma 5 shows that b’/
is invertible, thus we may define u = (h')~!(w) for w € R" and we may set u(w) = u. By
Lemma 6, the matrix B(w) = A(u)(h")~!(u) is positive definite for all w € R and u = u(w).
We introduce a time discretization for (1). Let "> 0, N € N, and let 7 = T'/N be the time
step size. Furthermore, let 0 < € < 1 be a regularization parameter and let m € N be such
that H™ () < L>(Q) compactly (i.e. choose m > d/2). Given wk~! € H™(Q;R"), we wish
to find w* € H™(Q; R™) which solves the discretized and regularized problem

(2090 L / (w(wk) — u(wh1) - dd + / Vo : Blwh)Vurds + 72b.(6,w") = 0
T JQ Q
for ¢ € H™(;R™), where
(30) be(¢, wk) = /(¢~wk+v¢ :Vut)dz +e Y DY Dwdz,
@ 2<|al<m

and D? is a partial derivative of order |a|. We prove the existence of weak solutions to (29).

Lemma 11. Let (7)-(8) hold and let u’ : Q — 2 be measurable such that h(u’) € L'(Q).
Then there exists a sequence of solutions w* € H™(;R™) to (29) satisfying the discrete
entropy inequality

(31) /Qh(u(wk))dm + T/vak . B(w®)Vw*dz + 73b. (wk, w*) < / h(u(w®=1))dz.

Q
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Proof. The idea is to apply the Leray-Schauder fixed-point theorem. Let y € L>°(Q; R™) and
n € [0,1] be given. We first solve the linear problem

(32) a(w, ) = F(¢) forall p € H™(;R"),

where

a(w,d) = /QV¢ : B(y)Vwdzx + 72b5(w, ?),
__n

F(o) = =2 [ (uly) = u(w) - o

The forms a and F are bounded on H™(£2;R™). The matrix B(y) = A(u(y))h" (u(y))~" is
positive semi-definite,

v By)o = [ (u(y)) " o] A" (u(y) Aluly))[h" (u(y)) ~'v] > 0
for all v € R™, thanks to (22). Hence, the bilinear form a is coercive:
a(w,w) > 6T2||w|]§{m(ﬂ) for w € H™(Q; R").
Therefore, we can apply the Lax-Milgram lemma to infer the existence of a unique solution
we H™(Q;R™) — L>®(Q;R") to (32). This defines the fixed-point operator S : L>(£2; R™) x
[0,1] = L>*(Q;R™), S(y,n) = w, where w solves (32).
It holds that S(y,0) = 0 for all y € L*>°(Q;R™). Furthermore, standard arguments show
that S is continuous (see e.g. the proof of Lemma 5 in [19]). It remains to prove a uniform

bound for all fixed points S(-,n) in L (;R™). Let w € L*>®(Q;R™) be such a fixed point.
Then w solves (32) with y replaced by w. With the test function ¢ = w, we find that

(33) U /Q(u(w) — w(w* ) - wdz + /Q Vw : B(w)Vwdz + 72b.(w, w) = 0.

T

The convexity of h implies that h(z) — h(y) < h'(u) - (z —y) for all z, y € 2. Choosing
r = u(w) and y = u(w*1) and employing A’ (u(w)) = w, this gives

n -1 n -1
/Q(u(w) — u(wk ) - wdz > /Q (h(u(w)) — h(u(wk )))d:c

T T

Taking into account the positive semi-definiteness of B(w), we infer from (33) that

7 /Q B(u(w))dz + 7]y <7 /Q B(u(wb))de.

This yields an H™ bound for w uniform in 7 (but not uniform in ¢ and 7). By the Leray-
Schauder fixed-point theorem , we conclude the existence of a solution w € H™(Q;R") to
(32) with y replaced by w and n = 1. O

We derive some a priori estimates uniform in € and 7. In the following, we set u* = u(w")
for k > 1, where (w*) solves (29).

Lemma 12. Under the assumptions of Lemma 11, there exists a constant C > 0 such that
foralle, 7 >0,

k n
(34) /Q B(u®)dz + drpo /Q g ) 3 IV ()22
j=1 i=1
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+47’p062/ IVq(u 1/2|2d$+732b w’ w])g/h(uo)dx,

Jj=1 @
where pg and § are defined in (23).
Proof. By Lemma 11, the sequence (w*) satisfies (29). Then, taking into account the identity
Vwk : B(w®)Vw* = Vu : B (u¥) A(uF)VuP, we deduce that
/Qh(uk)dx + T/QVUk (P A(uF)Vukdz + 730 (w”, wk / h(uF~1)

Resolving this recursion yields
/ h(uF)dz + Z / V! b (u?)A(w! )Vl da 4 73 Z b (w?, w?) < / h(u®)dz.
Q Q
7j=1
Then the conclusion follows from Lemma 6 and | > | Vu! 12 = |Vun al O

4.2. The limit ¢ — 0. Let (w*) be a sequence of solutions to (29). We fix k € {1,...,n}
and set uga) =uf (i=1,...,n+1) and w,g € = =wF (i=1,...,n). The identity
(B(uw*)Vuh); = (A(u®)Vu*);
= q(uﬁﬂ)lﬂv(Ufpi(uk)ﬂuiﬂ)lm) = 3upi(u")q(uy ) Valuy )"

shows that u”* solves

(35) 1/9(u —uF quJ:—I—Z/ j 1/QV(up(uj)q( 7'1“)1/2)

T

= 3ulp;(u))q(ul 1) 2V q(ul )P - Vide + 72be(w, ¢) = 0

for all ¢ = (¢1,...,0n) € H™(Q; R™). We wish to pass to the limit € — 0 in (35).
By Lemma 12 and definition (30) of b., we have

k k
(36) e Y iy + 72 D w i) < C.
j=1 j=1

where here and in the following, C' > 0 denotes a generic constant independent of € and 7.
Thus, because of the boundedness of (h”)~! (see Lemma 5),
IVu 20y = 10" (@) 'V () < OVl 20 < O3,
Together with the L bound for (u(%)), this implies that
w10y < CT732,
Therefore, up to subsequences, as € — 0,
u® =y weakly in H'(Q), u'®) = u strongly in L?(Q) and a.e. in €,

i=1U;

1— 3" | u; strongly in L2(Q) and a.e. in Q. The L>® and H' bounds for (u(®)) as well as the
L? bound for Vq(u(s) )1/2 in (34) show that

V (upi(u®)q(ul),)7?))

since H'(Q2) embeddes compactly into L?(£2). We infer that n J)rl =1->" Wl 5w n41 :
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opi
= upi () Va(u )" + g(u) 1/22(% a2 00)) 7l
J

is uniformly bounded in L?(2) and hence,

Il pi(u () )2 1y < O

(e)

We employ the a.e. convergence of (u(%)) and (ungﬂ) and the continuity of p; and ¢ to obtain

u(s)pi(u(s))q(ufﬁl)lﬂ) — ul-pl-(u)q(unﬂ)l/2 a.e. in (),

7

and, by the dominated convergence theorem, strongly in L?(2). Thus, using the H' bound,
ulpi () q(ul))? = wipi(u)g(uns1)V/?  weakly in H'(9).
Similar arguments, using the uniform estimates coming from (34), show that

(37) q(u;ﬂl)l/Q — q(uny1)Y?  strongly in L?(Q) and weakly in H'(€2),

38) gl )WY = gupyr)?ul? weakly in H'(Q).
It follows from the bound (36) that, up to subsequences,
ew® — 0 strongly in H™(Q), w® —w weakly in H'(Q).

We set u* := u. The above convergences holds forall k=1,..., N, where T'= N7. Thus,
we obtain a sequence of limit functions (u’). The above convergence results are sufficient to
pass to the limit e — 0 in (35), resulting in

(39) 1/9(16 —uf ¢dm+2/ j I/QV(up (u])q(uj+ )1/2)

-
- 3ugpi(u)q(uﬂﬂ)lﬂVq(uiH)1/2] - Vida + 12 / (w- ¢+ Vw:Vo)dr =
Q

for ¢ € H™(;R™). By density, this relation also holds for all ¢ € H'(Q;R"). Note that
generally we cannot identify w with (h")~!(u) anymore but this is not needed in the remaining
proof.

Finally, we wish to pass to the limit ¢ — 0 in (34), where u* has to be replaced by ul®),
Since

(40) () VAV (W) 2 = V() V2D 2) = (W20l )2,

the strong convergence (u EE))I/ 2 uzl /% in L4() and the weak convergences (37) and (38)
imply that

a(u 1)V () = Y (gwn)0%) = V(i)
= q(unJrl)l/QVu;/2 weakly in L'(€).
In fact, since by (34),
o)V ()2 2y < 07712,
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the above weak convergence also holds in L?(Q). In particular, by the weak lower semiconti-
nuity of the L? norm,

liminf/ () )|V (u €>)1/2\2dxz/Qq(unﬂ)\w;/z!?dx,

e—0

hmlnf/ Va(u 6 1/2 2dx>/ IV (tni1)|?de,
e—0

Recall that u¥ = v and w* = w. Passing to the limit inferior ¢ — 0 in (34) and observing
that b.(w®),w) > ||w(5)Hl2ql(Q), we infer that

k . n .
(41) /Q h(u)da +4¢pOZ /Q gl ) Z V()2 e

+4rp052 -, vaten P 7Y gy < [ B
Q

7j=1

4.3. The limit 7 — 0. We set v (z,t) = v¥(z) and w()(z,t) = wh(z) for z € Q, t €
((k — 1)1, k7]. Equation (39) can be formulated as

1 (r) o (
[ —mat ¢dwdt+z / [ 2029 (a2 )

(42) — SuET)pi(u(T))q(ufﬁl)l/?Vq(unH) /2] - Vidadt

T
+¢2/ /Q( o+ V)  V)drdt =0

for all ¢(t) € H'(£;R™) being piecewise constant in time and, by density, for all ¢ €
L2(0,T; HY(Q)). Inequality (41) becomes

/h( ™ dx+4po/ / w7, Zyv (D)1/2 1254t

4 4p0(5/ / Va7 )2 2dadt + 7 / w21 gyt < /Qh(uo)dm.
This gives the following uniform estimates:
(43) a0V () oims gy + a0 a0 @ < C.
(44) 7w ™| 20 1.1 0 < C-
These bounds as well as the L> bound for (ugT)) show that
V(w7 pi(w)g(7)?) = wpi(u <T>>Vq<u£;>1>1/2

(1) 81 T T
g(ul 1”2( i (™) + ul” )85(u( ))> v
J

— o\ pi(uM) Vg (T )12
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= T T Tapz T T T
+23 (D)2 (%m(w )+ ul™ 2y )>> g(uT) )2 ()12

Y 0
U4
j=1 J

is uniformly bounded in L?(0,T; L?(€2)) and consequently,

(45) g (a2 20 10110 < C-
Similarly, (43) yields the estimate
(46) ™) a2 e2ren oy < €.
Thus, the L* bound on (u, (r )) and estimates (43) and (44) give
™ — a2 (r,T;HL(Q)")
(47) < an )2 e ez |V (P g (DY) | o oz

+3 Z Huz(T)pi(U(T))q(un-i-l)1/2HL°°(7-,T;L°°(Q)) IV q(nr1) 2| 207 02(52))

+ 72w 22, a1 ) < C-

Now, we define the function Q(s fo 0)'2do for s € [0,1]. Then Q € C*([0,1]) is
nonnegative, convex, and strictly i 1ncreasmg It holds (see (43))
(48) 1Q" (u n+1)||L2 o1 Q) < C.

By assumption (7), q(ug;zl)/ q (unTH) is uniformly bounded a.e. and thus,

Q'(u £;>1> ™

r r 2q(tp 1) r
vQuil,) = VQ)) = = v (ull),)

Q" (u n+1) q/(un—i-l)
is uniformly bounded in L%(0,T; L?(€2)). We conclude that
(49) |RUs D20 i) < €

Estimates (47)-(49) show that the assumptions of Lemma 8 are fulfilled, and we infer the
existence of a subsequence, which is not relabeled, such that, as 7 — 0,

(50) ugll — Up41  strongly in L"(0,7;L"(Q2)), 7 < oo.

This result, the bound (43), and the continuity of ¢ imply that

(51) q(uf;zl)l/Z — q(uny1)Y?  strongly in L7(0,T; L7 (), r < oo,
(52) g )Y = g(unin)? weakly in L2(0,T; H'(R)).

()

Using the L* bound for (uz@), we have, up to a subsequence, u;, © —* wu; weakly™ in

L>(0,T; L>(Q)) as 7 — 0. This convergence also holds in L?. Thus, (50) implies that the
relation u( )1 =1->", uST) is satisfied by the limit function, w41 =1— )", u;. The set

{v e L2(0 T;L*(Q)) : v >0 ae. in Q x (0,T)} is (strongly) closed and convex. Hence, it is
also weakly closed, and the property uST) > 0 holds in the limit, i.e. u; > 0 a.e. in Q x (0,7).
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We turn to the convergence properties of the sequences (u, (r )) fori=1,...,n. We cannot
expect strong convergence of (u Z( )), but the generalized Aubin-Lions Lemma 7 shows that the
product f (u(T))q(ung_zl)l/ 2 converges strongly, where f is any continuous function. To make
()

this precise, we verify the assumptions of Lemma 7. Set £(7) := q(ugﬁzl)lﬂ and nl(T) =,

Because of the L* bounds for (ul@), up to a subsequence,
nET) —*n; =w; weakly* in L>(0,T; L>(€2)).

Furthermore, by (51), £ — ¢ = q(un41)Y/? strongly in L2(0,T; L?(Q2)). Estimates (43),
(46), and (47) show that the assumptions of Lemma 7 are satisfied, and we conclude the
existence of a subsequence (not relabeled) such that

F S )2 = f(™ED = fn)e = flui)g <un+1>1/2 strongly in L2(0,T; L2())

for any function f € CY(Z;R"). We choose f(s) = s > and f(s) = sipi(s) for s = (s;) € D.
Then

() 2l Y% = wlg(upe1)/? strongly in L2(0,T; L2()),
(53) u{pi (™) () )% = wipi(w)g(uni1)/?  strongly in L2(0, T; L*()).

We conclude from the bounds (45) and (46) that the above sequences converge weakly in
L%(0,T; H*(9)) and the limit functions can be identified:

(54) (™) 2q(u]) )2 = ul P q(un 1)/ weakly in L2(0, T; HY(Q)),
55) D piw)g(ul) )Y = wpi(w)qun1) 2 weakly in L2(0,T; H'(9)),

We infer from estimate (47) that
Tﬁl(u@ = WTU,ET)) — Qyu; weakly in L*(0,T; HY(Q)), i=1,...,n.

7

Moreover, taking into account (44),
2w — 0 strongly in L*(0,T; H'(Q)).
These convergence results as well as the convergences (51)-(53) and (55) allow us to perform

the limit 7 — 0 in (42), which yields the weak formulation (15).

4.4. Entropy inequality and positivity. It remains to verify the entropy inequality (16)
and the (conditional) positivity of u,11. Since the entropy density h is convex and continuous,
it is weakly lower semi-continuous [5, Corollary 3.9]. Thus, by the weak convergence of

(W{”(1)),

/ h(u(t))dz < liminf [ k(u7(t))dz for a.e. t > 0.
9] 7—0 9]
Employing the convergences (50), (51), and (54), it follows that

(i) )V ()2 = q(ul) )29 (gl )2 (D)) = gl )V () 2V g(ul) )

converges weakly in L!, but because of the L? bound (43) this convergence also holds in L?:
g )V = g(up)Vul? weakly in L2(0, T; L*(92)).

These results, together with (52), allow us to pass to the limit inferior 7 — 0 in (41), yielding
(16).
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Finally, assume that

b
(56) / |log q(s)|ds = 400 forall 0 <b< 1.
0

We deduce from the discrete entropy inequality (41) and definition (9) of h that

()

u,, 4 (x,t)
// . logq(s)dsdxg/h(u(T)(x,t))da:g/h(uo)dx for a.e. t > 0.
QJa Q Q

()

Then, by the strong convergence (50) of (u,_/;) and the nonnegativity of ff log q(s)ds > 0,

we can apply Fatou’s lemma yielding

Un+1(,t)
// logq(s)dsdacg/h(uo)dx.
QJa Q

In particular, logq(s)ds < oo for a.e. z € Q. We conclude from this fact and
assumption (56) that wu,41(z,t) > 0 for a.e. x € Q and t € (0,T), which ends the proof.

fun_H (z,t)

5. PROOF OF THEOREM 3

We define the relative entropy density
(57) h* (uu™®) = h(u) — h(u™) — b (u™) - (u —u™) for u € R".

We split h* in several parts, h* = h] + h3 + h3, each of which is nonnegative, where

n
w
hi(u|u™) = Z (ul log uijo —u; + uf°> ,

i=1 i
Un+41 Unt1/U5 ou®
h;(unﬂluoo):/ log q(oi) ds:/ logiq( Ozﬂ)uzoﬂda,
u;’ﬁrl Q(un—i-l) 1 Q(un+1)

n

I (uu™) = x(w) = x (@) = (u; — u®) log pi(u™),
i=1

where y is defined in (8). The entropy inequality (16) and the L' conservation of u(t) give

t n
(59) / B (u(®)]u™)dz + ¢ / / (4Cutn i1 3 1Vl 4 [Va(utn )2 ) dds
Q 0 Jo pa

S/h*(u0|u°°)d:n, t>0.
Q

We prove now that the above entropy inequality, reduced to an inequality for A3, and the
convex Sobolev inequality in Lemma 10 yield exponential convergence of uy41(t), while the
entropy estimate for h] and the logarithmic Sobolev inequality allows us to conclude the
convergence of u;(t) fori=1,... ,n.

Step 1: Ezponential convergence of un41(t). Let g(s) = [;logq(ous? )do for s € [0,1].
This function is convex since ¢”(s) = upS ¢ (sups)/q(suss ) > 0 by assumption. Again

by assumption, 1/¢” = (u2%,) 'q/q is concave. Choosing ¢; = 1 in the weak formulation



DEGENERATE CROSS-DIFFUSION POPULATION MODELS 23

(15) and summing the equations from i = 1,...,n, it follows that [, uny1(t)/u de =
Joud q/u, jdz = [Q| for ¢t > 0, and in particular,

o (7 [, ar) = st =0

Thus, we may apply the convex Sobolev inequality in the version of Lemma 10:

1 * 00 u?zo—i-l Un+1 csu%ﬂ_l [ Un+1 Un+1 2
|m/ﬂh2(un+1\u ) = €2 Qg Upy = € Qg UpSi VUZOH o
/
cs [ q'(uny1) 2
= — | ——|Vup41|°dz.
€] Ja Q(Un+1)’ il
By assumption, ¢’ is strictly positive on [0, 1], i.e. 0 < ¢1 < ¢'(s) for s € [0, 1], so
! 2
cs q'(un+1) 2
hs(u i Vupi1|“de
o J e < o [ P
4cg
= m 0 \Vq(un+1)1/2|2dﬂs.
Therefore, (58) yields
t
* & * *
[ stz + P[] b @i deds < [ 1)
and Gronwall’s lemma gives
(59) [ B Ol o < et [ g 0)u)ds
Q Q
The strict positivity of ¢ implies that the function s — h3(s|uss ;) is strictly convex. More-
over, hi(upSqlupcy) = 0 and (h3) (upSq|ugy) = 0. Therefore, by a Taylor expansion,

R (tng1|uSy) = (7/2) (ung1 — usl ;)% Inserting this inequality in (59) gives (17).
Step 2: Convergence for (u;(t)). We assume that g(s) > qo > 0 for s € [0,1]. It follows
from the entropy inequality (58) that

t n
/hf(u(t)\uoo)dx—i—coqo/ / Z\Vu;/2|2dxds§/h*(u0|u°°)dx, t>0.
Q 0 Ja. i3 Q

We apply the logarithmic Sobolev inequality on bounded domains with constant ¢z, > 0 [12
Lemma 1],

n n
* 00\ I — oo 1/2)2
/ hi(u(t)|u>)dx = Z/Qul log uc?oda: < CLZ/Q |V, " |“da.
€ =1 v =1
Inserting this inequality into the entropy estimate gives

/h* dp + o0 h’l‘(u(t)|u°°)dx§/h*(u0|u°°)d:£, t>0,
cL Ja. Q

and then, Gronwall’s lemma shows that

/hf(u(t)]uoo)da: < ecoqot/CL/ h*(uP|u>)dz, t> 0.
Q Q
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Finally, since h$°(u®|u®) = |(h})'(u>,u>)| = 0, and §*h}/Ou;0u; = 6;j/u; > 6;; for u € P,
we obtain h}(u|u®) > |u — u®|?, which proves estimate (18) and finishes the proof.

6. PROOF OF THEOREM 4

Let u = (ui,...,u,) and v = (v1,...,v,) be two bounded weak solutions to (1)-(2). Since
p; =1 for all i =1,...,n by assumption, (1) becomes
(60) Ovu; = div (q(unﬂ)Vui — udi(unH)), 1=1,...,n.
Summing these equations from i = 1,...,n, the equation for u,;1 =1—>_"" | u; reads as
(61) Optnt1 = div (q(unt1) Vg1 + (1 = unt1)Va(uny1)) = AQ(un41),

where Q(s) = [ (¢(0)+(1—0)¢'(c))do for 0 < s < 1. Furthermore, VQ(un41)-v = 0 on 69,
t > 0 and u,4+1(0) = u%H =1 Z?:l u?, and similar equations holds for v,41. Since @ is
a nondecreasing function, we can apply first the H—! method to (61) to show uniqueness for
the (n + 1)th component, i.e. u, 1 = vy41. Second, we employ the convexity of the entropy
to prove that u; =v; fori =1,...,n.

Step 1: Uniqueness for uny1. Let t > 0 and let ((t) € H'(Q) be the unique solution to

_AQ(t) = (unJrl - UnJrl)(t) inQ, V({-v=0 on

We know that u,.1 — vpe1 € L2(0,T;L3(2)). Thus, t — ((t) is Bochner integrable and
¢ € L?(0,T; HY(Q)). As 0y(upy1 — vnr1) € L*(0,T; HY(Q)'), we have even the regularity
AO¢ € L*(0,T; HY(Q)). Therefore, using (61), we obtain for a.e. t > 0,

d
331 | IV€P e = (~80,¢) = @ulunss = vn12): 0

. /Q V(Quns1) — Q(vns1)) - Vda
= —/Q (Q(unt1) = Q(vnt1)) (tnt1 — vny1)de.

Here, (-,-) again denotes the duality pairing of H'(Q2) and H'(f2). The right-hand side is
nonpositive since @ is nondecreasing. This implies that

/|VC(t)|2dx§/ |V¢(0)2dz, t>0.
Q Q

At time t = 0, —AC(0) = (up+1 — vp+1)(0) = 0 in Q, thus V{(0) = 0. Hence, |V((t)| = 0 a.e.
in 2, which gives (up4+1 — vpt1)(t) = —A((t) = 0 in .

Step 2: Uniqueness for (u1,...,uy). Let 0 < e < 1. Similarly as in [16], we introduce the
distance

d-(u.v) = 2; /Q (&(ui) + & (v;) — 26 <“ ;“)) dz,

where & (s) = (s+¢)(log(s+¢)—1)+1, s > 0.

As & is convex, we have & (u;) + & (v;) — 2&((ui +v;)/2) > 0 in Q and hence, d.(u;,v;) > 0.
We need the regularization € > 0 since u; and v; are only nonnegative and thus, expressions
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like log((u; + v;)/2) may be undefined. Since up,4+1 = vp+1 by Step 1, we may abbreviate
q = q(tun+1) = q(vp41). Then, using (60), we compute

n

%de(u,v) = ; <<0tui,log(ui +¢)) + (Opv;, log(v; + ¢€))

_ <8t(uz‘ + vi),log <Uz;va * €>>)
_ _Z/ < unz—qu) Vit

— (qV(ui +v;) — (u; + vi)Vq) .

V’Uz‘
v, + €

+ (q¢Vv; —v;Vq) -

V(uz + ’Ui) >d$
u; +v; + 2¢

Rearranging the terms, we arrive at
Z/ ‘VUZ|2 |Vv,~\2 _ ‘V(Ul +’Uz‘)|2 qu
d U; + € vi+€ u; + v; + 2¢
Ui + v;
Vq-Vu;d
+Z/ <ul+s ui+vi+25> q it

V; u; + v;
— Vq - Vud
+;/Q<’UZ'+E ui+vi+2€> q Vit

-y / (Vi e + (Vo T el = [V o+ 221 gdo

Ui + V5
2 V/q - Vu;d
+ Z/ (uﬁ-e ui+vi+25>\/a V- Vuide

Yi u; + v;
i B \Y% - Vou:dzx.
+ ;/Q(Ui—i-s Ui+vi+25)\/a V4 - Vogda

Now, we apply Lemma 9 with du = qdz and f = u; + ¢, g = v; + €, showing that the first
integral on the right-hand side is nonnegative. We observe that d.(u(0),v(0)) = 0 as u and v
have the same initial data. Thus, integrating the above expression in time, we obtain

Ui + v;
62)  do(ul <2Z//<ul+€ Ui+vi+25>\/§v\/§-Vuidx

Vi Ui + V5
’ N \Y% - Vo,dz.
+ ;/0/Q<Ui+€ Ui+%‘+2€>\/a \/?1 v;dx

Since V/q, \/qVu;, \/qVv; € L?(0,T; H'(Q)) and

Ui + V;
u; + v + 2|

U

ui+€ -

Vs
i <1
Ui+8

)
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the dominated convergence implies that the right-hand side of (62) tends to zero as £ — 0.
From the nonnegativity of d. we deduce that d.(u(t),v(t)) — 0 as € — 0, which means that

(63) e (ui) + & (vs) — 2& <

Ui + V;

)—>0 ase — 0 a.e. in Qx (0,00).

According to Taylor’s formula, there are functions 6., 1. : Q x (0, 00) such that

U; + v; U; — Vg
O )

Ui + v; wi+vp\ up—v 1 Ui + v; up —v;\
:§E<Z2 ’L) 55(2 ’L> 7,2 l+2é/<9812 'L+(1_96)u2><12 ’L>’

u; + v U — v
Ee(vi) = & ( 9 9 )

Ui + v; Ui +v; \ U — v; 1 Ui + v; w; — v\ 2
:§E< 12 ) §€<Z ) 12 z+2§2/<77€ 12 ’+(1—na)vi>< 12 ) _

Adding these identities and employing the estimate £7(s) = (s +¢)"! > 1/2 for 0 < s < 1,

we infer that
U; + Ui> 1

2 > *(ui — UZ')Q.

Ee(ug) + & (vs) — 2& < Z 3

This estimate and (63) prove that u; = v; in Q x (0,00) fori =1,...,n.

7. EXTENSIONS

In this section, we discuss some extensions of the diffusion system (1).
Reaction terms. Cross-diffusion systems with reaction terms,

(64) O — div(A(uw)Vu) = f(u) in Q, t >0,

can be treated similarly as in [19]. More precisely, if there is a constant c¢; > 0 such that
f(u) - B (u) < cf(1+ h(u)) for all u € 2, then there exists a global weak solution to (2)
and (64). The proof proceeds as for Theorem 1, where the right-hand side of the entropy
inequality (34) has to be replaced by

/Qh(uo)dx—kr/ F(u) - K (u)dz < /Qh(uo)da:+70f/(1+h(u))dx.

Then, for sufficiently small 7 > 0, the integral 7c; fQ u)dx can be absorbed by the left-hand
side of (34). For instance, reaction terms of Lotka—Volterra type

n
fi(u) =w<1 _Zsijuj>, i=1,...,n, s; >0,
=1

are admissible. The large-time behavior result is valid only under an additional condition on
f(u), namely f(u)-h'(u) <0 for u € 2. If we suppose conservation of the “total mass”, i.e.
Sy fi(u) =0, the H ~! method allows us to prove uniqueness for u, 1. Uniqueness for the
remaining components u; follows if there exists C' > 0 such that for all u; and v;,

Z(fi(u)logu?iiv (v log > <CZ( )+ E(vi) — 2 <uz—2|—vz>>’

+ fi(v)
i=1
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where £(s) = s(logs — 1) + 1 (see the proof of Theorem 4). More general conditions on f(u)
can be found in [17].

Drift terms. In the presence of environmental or electric potentials or of chemotactic signal
concentrations, the diffusion system contains additional drift terms,
(65) Ou — div(A(w)Vu+ D(u)Ve) =0 in Q, ¢t >0,
where D(u) = (D;j(u)) is an n x n matrix and the ith component of D(u)V¢ is given by
> j=1 Dij(u)V;, where ¢; = ¢;(z) is some potential. Assume that h is such that Vu :
R (w) A(u)Vu > S gi(u)|Vuy|? for some nonnegative functions g;(u). Then, using the test
function A'(u) in the weak formulation of (65), we compute

d " B u "
4 Qh(u)dx——/QVu:h (u)A(u)Vud:r—/QVu.h () D(u)Vd

dt
1< ) 1 & )
< - . . —
<5 ;l/ﬂgz(U)IVuzl dx + 231/QG1€(U)IV¢1€| dzx,

where we employed the Cauchy-Schwarz inequality and have set Gi(u) = szzl gi(u)_IHEj
Djg(u)? with H = h”(u). Thus, if V¢; is bounded in L? and Gg(u) in L>, we achieve
some gradient estimates, which are the basis for the existence analysis. An example is the
ion-transport model [§]

Ajj(u) =u; for i #j, Ay(u) =ui +uny1, Dij(u) = utny10;
for 7,7 =1,...,n. The entropy density can be defined by

n

h(u) = Z (uilogu; — 1) + u;ig;) + tny1(log uny1 — 1).
=1

Then the Hessian h”(u) does not depend on ¢;. A formal computation, using the Cauchy-
Schwarz inequality and the identity Y ; Vu; = —Vuy,1, gives

d - U; 2
— | h(uw)dx = — /ulun V(lo LR l) dx
dt Jo (u) Zz; 0 +1 gun+1 ¢

n 1 ;
_Z/Uiun+1 ‘Vlog Y

— Ja 2 Un+1

o Z/ (QUnHWU;/ZP + [V [ + 2N“i/+21 ?)dz + Z/ witin 11|V | *dz.
=178 ~ Jq

IN

2
— |v¢7;12> dx

As ¢(s) = s in this model, we find the same estimates as in the proof of Theorem 1 (also see
[7, Section 3.2]). This shows that our strategy can be adapted to cross-diffusion systems with
drift.

Other diffusion coefficients. Our main assumption on the transition rates is that they are
given by the product of p;(u) and ¢;(un+1) (see Appendix A). Also other choices are possible.
An example is the diffusion system of [24], which is derived from a stochastic lattice model
by assuming that the transition rates are given by p;(u) + ¢;(un41) for some special functions
p; and ¢;. The diffusion matrix has the structure

A(u) = <a1(1 —ug) +uz (a1 — Dy > 7

(Oég — 1)’LL2 042(1 — Ul) + Ul
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where a1, as > 0. The corresponding diffusion system possesses the entropy density
2
h(u) = Zui(logui — 1)+ (1 —u; —uz)(log(l —ug —ug) — 1), u=(u1,u2) € Z,
i=1

and the new diffusion matrix B = h”(u) "1 A(u), given by
B = ((041(1 —uy — Uz) + uz)us —ujU2 >
—u1ug (a2(1 —up —ug) +ur)uz )’
is symmetric and positive semi-definite on 2. For our analysis, we need bounds from
R (u)A(u) (see Lemma 6), which are less obvious since
ar|(1 —u2)Vuy +u Vus|?  ag|uaVuy + (1 — u1)Vus|?
up(l —up —ug) ug(l — up — ug)
+ 4|V urug|?,
only yielding an L? bound for V. uiuz in L2

Vui b (u) A(u)Vuy =

APPENDIX A. FORMAL DERIVATION OF THE n-SPECIES POPULATION MODEL

We derive formally the cross-diffusion system (1) from a master equation for a discrete-
space random walk in the diffusion limit. We consider random walks on a one-dimensional
lattice only, since the derivation can be extended in a straightforward manner to the higher-
dimensional situation. The lattice is given by cells z; (j € Z) with the uniform cell distance
h = x; —x;_1 > 0. The proportions of the ith population in the jth cell at time ¢ > 0 is
denoted by wi(x;) = ui(z;,t). The species move from the jth cell into the neighboring cells

j £ 1 with the transition rates Tij % The master equations are given by
Oui(y) = T ug(wja) + TP wg(wg) — (T + T Dus(ay), i=1,...,m,

and the transition rates are defined as

(66) T/ = oopi(u(z))ai(unsi(2))),  unia(es) =1 up(z;),
k=1
where u = (u1,...,uy,). The quantities p;(u(z;)) and ¢;(up41(z;+1)) measure the tendency

of the species i to leave the jth cell or to move into the jth cell from one of the neighboring
cells, respectively. More precisely, u;(z;) denotes a volume fraction of occupancy and w41
the volume fraction not occupied by the species. Our assumption is that the transition rates,
measuring the occupancy and the non-occupancy, separate, resulting in the product of p; and
gi. Other choices are possible (see [24] for an example), but the analytical treatment of the
corresponding diffusion systems is not obvious.

For the derivation of the diffusion model, it is convenient to introduce the following abbre-
viations:

pz :pi(ul(ajj)v""un(mj))’ qzj ZQi(Un+1(JUj))7

Opi

O} = 5o (e cun(@). O] = dh(una ().
Thus, we can rewrite the master equation as

- . i i T -
(67) aolatugzqf-(pg uf —|—p§+ ug+)— iuj(qlﬁ +q ).

7 [
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Set D = 0. We compute the Taylor expansions of p; and ¢; (i = 1,...,n) and replace
uiﬂ — uk by the Taylor expansion +hDuj, + $h?D?u + O(h®). Then, collecting all terms up

to order O(h?), we arrive at

. . n h2
I =pl+ hzak !Dul + — ZakpzDz + Z Op! Dui. Dui | + O(h?),
k=1 ki f=1

qzjﬂ = q” + h@p]DunH + - (anDQ / 41t 82% (Dun+1) ) + O(h3)

n n n

. . . R2 . 4 . . .

= ¢ T hog § Duj, + 53 ~dq] § ' D*uj + 0%q] § Duj.Du) | + O(h%).
k=1 k=1 k=1

In the last step, we have used w,41 =1—),_; u,. We insert these expressions into (67) and
rearrange the terms. It turns out that the terms of order O(1) and O(h) cancel, and we end
up with

o5 th 20! = ZDZ% @/ pldu. + ¢ ul k! + pluldq))
k=1

+ Z Duj, Duj(2q] 0kp]dic + @ u] Oep] — plul 9q)).
k=1

We choose g = h™2 and pass to the limit A — 0:

Op;
Oyu; = ; D U (%pz(szk + %uza + pzulq1>
Op; 0p;
+ k;I Dy Duy <2% s =0ic + qiu; 8uk81u4 - qué’) :

A lenghty but straightforward computation shows that the last sum equals

Op;
Z DukD <QZp251k + qiui—

a +pZquZ) 9
k=1

and we end up with

Op;
Owu; = D Z Duy, <qu251k + qiui— aUk +pluqu) )
k=1

which is the one-dimensional version of (1).
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