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Abstract — We present a model hierarchy of hydrodynamic and quasi-
hydrodynamic equations for plasmas consisting of electrons and ions, and give
a rigorous proof of the zero-relaxation-time limits in the hydrodynamic equa-
tions, described by the Euler equations coupled with a linear or nonlinear
Poisson equation. The proof is based on the high energy estimates for the

Euler equations together with compactness arguments.

1 Introduction

The mathematical study of Euler-Poisson systems for plasmas has at-
tracted a lot of attention in the mathematical literature since several years (see,
e.g.,[4, 6,12, 19, 20, 22, 24, 25, 26]). In order to perform numerical simulations
of the hyperbolic equations, a lot of computing power and special algorithms
are needed [8, 10]. In some situations, however, the model equations can be
approximated by simpler equations, like drift-diffusion models, in the sense

that a small parameter appearing in the hyperbolic equations is set equal to



zero. Considering a plasma composed of electrons and ions, the small param-
eters are, e.g., the electron mass (“zero-electron-mass limit”) or the relaxation
time (“zero-relaxation-time limit”). Therefore, letting the small parameters
tend to zero we obtain a hierarchy of hydrodynamic and quasi-hydrodynamic
plasma models.

We want to present this model hierarchy, make precise the connections
between the corresponding systems, and prove rigorously the asymptotic limits
as the small parameters tend to zero. In this paper we are concerned with the
zero-relaxation-time limits in the hydrodynamic equations. The zero-electron-
mass limits in the drift-diffusion equations and in the hydrodynamic equations
are given in [15, 9].

We consider an unmagnetized plasma consisting of electrons with mass
m. and charge ¢ = —1 and of a single species of ions with mass m; and
charge ¢; = 1. Denote by n. = n.(t, ), u. = u.(t,x) (respectively, n;, u;) the
scaled density and mean velocity of the electrons (respectively, ions) and by
¢ = p(t,z) the scaled electric potential at time ¢ > 0 and position x € IR%
These variables satisfy the following scaled Euler-Poisson system (HD-EI):

MaOing + madiv(ngu,) = 0, (1.1)

MO (Nata) + Madiv(ngta @ Us) + Vpa(ne) = —qana Ve — mg naua, (1.2)
Ta

~NAp = n; — n,, (1.3)

where a = e,i and (¢,7) € IR x IR?. Here, u, ®u, denotes the tensor product
with components uq juq; for 7,k =1,...,d, A > 0 is the scaled Debye length,
and 7. > 0 and 7; > 0 are the scaled relaxation time constants for electrons
and ions, respectively.

The pressure functions are usually of the form

where 7, > 1 and a,, > 0 are constants. The fluid is called isothermal if v, = 1
(v = e or a = 1) and adiabatic if v, > 1.
The system (1.1)-(1.3) is complemented by initial conditions for n, and u,

and by boundary conditions for ¢ :
t=0: ng = Nao(T), e = uso(z), = € IR?, (1.4)
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lim ¢(t,z) =0, a.e. t>0. (1.5)

|z]—00
The homogeneous boundary condition (1.5) means that the plasma is in equi-
librium at infinity. In one-dimensional case, the problem (1.1)-(1.5) has been
studied in [4, 19, 22, 25].

m, — 0
(HDHEI) - (HD-I)
T — 0 0
i — 0
L ‘}
m, — 0
(DD-EI) : ~ (DD-])
m, — 0 0
m; —
m; = 0 (NPE)

Figure 1: A hierarchy of plasma models.

Usually, the ions are heavy compared to the electrons, i.e. m; > m,. There-
fore, letting m. — 0 in the equations (1.1)-(1.3), we obtain formally the model
(HD-I) :

m;On + m;div(nu) = 0, (1.6)
m;O0¢(nu) + m;div(nu ® u) + Vp(n) = —nVp — mi%, (1.7)
T

where we have used the notations n = n;, u = u; and 7 = 7; etc. See a physical

explanation of this process given in [15]. The function f = f, is defined by

q;l((p) = fa(SO) > 0, q/a(s) = p'a(s)/s, a=ez1, (19)

where ¢! is the inverse function of the enthalpy g,. This zero-electron-mass
limit will be studied in [9]. The existence of global weak entropic solutions to
(1.6)-(1.8) is shown in [6, 24] when d = 1.

3



Another set of equations is obtained in the zero-relaxation-time limit of the
model (HD-EI) and (HD-I). Indeed, introduce a scaling of time s = 7¢ and
define

Na(x,s):na(xé), Ua(a:,s):iua(x,f_), @(x,s):go(x,;), (1.10)

where, for simplicity, we take 7 = 7, = 7;. Setting again ¢t = s, then the

problem (1.1)-(1.3) become, for o = e, i,
M0y Ny + madiv(N,U,) = 0, (1.11)

7m0, (NoUy) + T*madiv(NU, @ Uy) 4 Vpa(Ny)
= —qa N VO —m N, U,, (1.12)
~MA® = N; — N,. (1.13)
Letting formally 7 — 0, we obtain the model (DD-EI) :
Mot Ny — div(Vpa (Ny) + ¢uNo V) =0, a = e, i, (1.14)

—MA® = N, — N,. (1.15)

Equations of this type are treated in [13, 14]. Furthermore, using the relaxation-
time scaling (1.10) in equations (1.6)-(1.8) and letting 7 — 0, we get the model
(DD-I):

m0N — div(Vp(N) + NV®) =0, (1.16)

—NA® = N — (D). (1.17)

Similarly, after the same scaling s = 7¢ and setting again ¢t = s, the model
(HD-I) can be written as :

m;0¢N + m;div(NU) = 0, (1.18)
7m0 N + 72mdiv(NU @ U) + Vp(N) = ~NV® — m; NU, (1.19)

~MA® = N — f(®), (1.20)

of which the formal limit as 7 — 0 is still the model (DD-I). Finally, the formal
limits as m, — 0 and m; — 0 in the system (DD-EI) lead to the following

nonlinear Poisson equation (NPE):



—NAD = f,(C — D) — f(D), (1.21)

where C' € IR is a constant. This equation can also be obtained formally from
the system (DD-I) by letting m; — 0 in equation (1.16).

We observe that the one-dimensional equation (NPE) has been considered
in [26]. The limit as A — 0 in the equations (1.18)-(1.20) has been partially
performed in [5] for the smooth solutions. The rigorous proofs of the limits
(DD-EI) — (DD-I) — (NPE) and (DD-EI) — (NPE) have been given in
[15]. In particular, these two limits are commutative. The zero-relaxation-time
limit (HD-EI) — (DD-EI) has been obtained in [20, 22| in the adiabatic case,
under assumption of existence of a priori L> estimate. The isothermal case
has been proved in [12]. See Figure 1 for a summary of the above models and
limits. For the theory of relaxation to the hyperbolic systems of conservation
laws, we refer to the works [3, 11, 18, 23, 29].

In one space dimension, the existence of global weak solutions of these
models has been investigated by many authors. Two frameworks may be ap-
plied. The isothermal case v; = 7. = 1 is usually treated by the fractional step
Glimm scheme, see for example [4, 6, 25]. The existence of weak solutions can
be proved for arbitrarily large data in BV (IR), because of the diminution in
time of the total variation of the quantity logn(¢,.) in the Glimm scheme. The
adiabatic case v; > 1 and 7. > 1 is treated by the fractional step Lax-Friedrichs
scheme or Godunov scheme together with the compensated compactness ar-
gument, see [19, 20, 24].

In this paper, we are devoted to the zero-relaxation-time limits in the mod-
els (HD-EI) and (HD-I). In the next section, we recall the result of existence
of weak solutions to the model (1.18)-(1.20) and state the main results of this
paper. Section 3 is concerned with the entropy inequalities for the Euler equa-
tions. The main goal is to construct a family of positive and convex entropies
to deduce high energy estimates of solutions. The results followed are based
on the characterization of the convexity of the weak entropies proved in [17].
The uniform L? estimates of solutions will be given in section 4 by using the
high energy estimates of the system. Finally, in section 5, we prove the conver-
gence of a subsequence of (N;, J-, ®.),¢ to a solution of (DD-I). The proof is
accomplished by applying the div-curl lemma, Aubin’s compactness theorem

and monotonicity argument.



2 Statement of the main results

We consider the zero-relaxation-time limits in the above hydrodynamic
models in one-dimensional case d = 1. Our main goal is to give rigorous proofs
of the limits (HD-EI) — (DD-EI) and (HD-I) — (DD-I) as the relaxation
times 7, — 0 and 7, — 0. Since the proof of the first one is completely
contained in that of the second, we will focus our study in the analysis of the
problem (HD-I) — (DD-I).

For simplicity, we suppose throughout this paper that A = m; = 1. Let
J; = N,U,. Then the equations (1.18)-(1.20) can be described by

ON, +0,J;, =0, t>0, z€ R, (2.1)
7_2(]2
720, N, + 0,.( NT +p(N,)) = =N,0,9, — J;, t>0, z€ R, (2.2)
0,5, = —8,,0, = N, — f(®,), >0, =€ R, (2.3)
with the initial and boundary conditions, followed from (1.4)-(1.5) :
1
N, (0,z) = no(x), J.(0,2) = ;jo(x), z € IR, (2.4)
|1‘im O, (t,z) =0, ae. t>0, (2.5)

where E, = —0,®, is the electric field and j, = noug. The fluid of ions is

assumed to be adiabatic, then the state equation is given by
pn) = a*n, (2.6)

where a > 0 and v > 1 are constants.
The existence of global weak solutions to (2.1)-(2.6) has been considered
in [24] by using a fractional step Lax-Friedrichs scheme together with a com-

pensated compactness argument. The main assumptions needed are :
(H1) f € CHIRT), f(0) =0, f(+00) = +o0, f'(s) >0, Vs >0,
<H2) 0< N, U € LOO(R), Nng = 0 for ‘I|2 L,

where L > 0 is a given constant. We now summarize the result of existence of

solutions as follow :



Theorem 1 Let T > 0 and Qr = [0,T[xR. Assume (H1)-(H2) hold and
v > 1. Then for any T > 0, the problem (2.1)-(2.6) has a global weak en-
tropic solution (N;,J.,®,) such that 0 < N,, J./N;, € L*(Qr), 0 < &, €
L>=([0, T); W2°°(IR)), satisfying the weak formulation, i.e. for any test func-
tions ¢1 and ¢y of class C1(Qr) with compact support in Qr :

/ /Q (N o+ Tr0,0) (1, 2) da it + /IR no(2)61(0,7)dz =0, (2.7)

/ / (720,002 + (72N, + p(N,) sy — (T, + N,0,8.) o] (¢, 2)da d

+ T/IRjO(:E)¢2(O,x) dx =0, (2:8)
—0p®r + f(®,) = N,, in L™(Q7), (2.9)
lim ®,(t,x) =0, ae te€][0,T] (2.10)

|z|—o0
and the entropy condition for any pair of continuous entropy-flur (n,,q;) of
(2.1)-(2.3), with n, convez in (N, J,) :

J, J,o1 on: (N, 2)
Oy (N, ﬁ’r) + 04¢- (N, E) + ﬁ((]ﬂ' + Nraa:q)T)T
<0, in D'(Qr). (2.11)

Furthermore, N, and J./N, have compact support in [0,T] x [—L.(T), L, (T)],
where L.(T) > 0 is a constant depending on the given data and L. O

The proof of Theorem 1 is given in [24] for the value v €]1,5/3]. The case
~ > 1 can be treated in the same way. Indeed, it is shown in [24] that for any
pair of weak entropy-flux (1, ¢), the sequence (9,n(N", U") + 0,q(N", U"))ns0
lies in a compact set of H;,!(Qr), valid for any v > 1, where (N" U" =
J"/N" ®"),<0 is the approximate solution constructed by the fractional step
Lax-Friedrichs scheme or Godunov scheme with the space mesh size h > 0.
Therefore, applying the result in [16], we have the strong convergence of a
subsequence of (N", J"),-o, which implies the strong convergence of the se-
quence (®"),-0. The consistency of the schemes [24] shows that the limit of
(N", Jh ®") is a weak solution of the problem (2.1)-(2.6).

If a priori L*>°(Qr) estimate is available for the sequence (N; )0, it is easier

(than the argument below) to pass to the limit in (2.1)-(2.6) in the weak sense.
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The weak limit (N, J, ®) of (N,, J.,®,), with N > 0 and & > 0, satisfies the

following problem in the sense of distributions :

N — 0,(0p(N) + N0, ®) =0, t >0, z € R, (2.12)
—0p2® =N — f(®), t>0, z€ R, (2.13)
J=—-0p(N)— N9, ®, t>0, z€lR, (2.14)

with initial and boundary conditions

N(0,z) =no(z), =€ R, \xl|i£nooq)<t’$) =0, ae t>0. (2.15)
In particular, the convergence of a subsequence of (N, ),~¢ is strong in L} (Q7)
for any p € [1, 00[. This is due to the pointwise convergence deduced from the
Young measures and the L>°(Qr) bound of (N;),~o, see [20, 22].

Unfortunately, this L>°(Qr) bound of (N;),~o has not been justified and we
really don’t know if it exists. To remedy this, we try to establish LP estimates
for (N;, J;)-=o and show the strong convergence in L} (Qr) of a subsequence
of (N;),~o for any p € [1,7 + 1]. This is achieved by using the well-known
div-curl lemma and the monotonicity method. The strong convergence of (V)
is sufficient to pass to the limit in (2.7)-(2.8).

The LP estimates of (N, J;);>o are then the main task of the proof. They
will be obtained by using the entropy conditions (2.11). The key point is to
choose a family of positive and convex entropies. Here we will construct a
sequence of positive and convex entropies (n*))iecpv, belonging to the weak
entropy family of the system (2.1)-(2.3). The construction is based on the
characterization of the convexity of the weak entropies proved in [17]. As we
will see, this sequence of entropies represents the high energy of the system.
We show then that this sequence of entropies gives the desired estimates.

We observe that the Poisson equation (2.3) is nonlinear. Therefore, we
have to prove the strong compactness of the sequence (P, ),~o, which follows
from Aubin’s theorem [1]. Indeed, by the hypothesis (H1’) below, we are able
to show that the sequences (P, ),~o and (9;P,),~o are bounded respectively in
L>(0,T; H'(R)) and L*(0,T; H'(IR)).

This study needs two further hypotheses :

(HT’) f € C'(IRT), f(0) =0, f(s) > ags™, f'(s) > fo>0,Vs>0,

8



(H3) y=1+2/m, with 1 <m € IN,

where fy,ap > 0 and vy > 1 are constants. Condition (H1’) is stronger than
(H1) and fulfilled, for example, by functions f(s) = a2s and f(s) = e*—1, which
correspond respectively to the state equations for electrons p.(n.) = a?n? and
Pe(ne) = ne — log(ne + 1). It is sufficient to get the compactness of (®,),.
Condition (H3) has been first imposed by DiPerna [7] for m > 5 to prove
the global existence of solutions for the isentropic gas dynamics equations.
DiPerna’s result has been generalized by Chen [2] for v €]1,5/3], and then by
Lions-Perthame-Tadmor [17], Lions-Perthame-Souganidis [16] for any value
v > 1. Condition (H3) is only needed to obtain the L?*(Qr) estimate for
(J;)r>0. Unfortunately, we do not know how to obtain it for any value v >
1 in our problem. Therefore, our results of zero-relaxation-time limits are
essentially valid only for v €]1, 3].
Now we can state the main result of this paper.

Theorem 2 ((HD-1) — (DD-I)) Let (N;, J,,®,;) be a weak entropic solution
of (2.1)-(2.6). Suppose the conditions (H1’), (H2)-(H3) hold. Then, as T — 0,
passing if necessary to subsequences, (N, J., ®,) converges to (N, J, ®) in the

following sense :

N, — N, in L, (Qr) strongly, for any p € [1,v+ 1],

J. —J, in L*(Qr) weakly,

2 72
T2J:

N — 0, in L*(Qr) strongly,

O, — &, in L (Qr) strongly,

where (N, J,®), satisfying (N,J) € L>®(0,T; LP(IR)) x L*(Qr) for any p €
]1,400], and ® € L>(0,T;W*P(IR)) for any p € [2,+0o0|, is a solution of
(2.12)-(2.15). O

Remark 1 The similar result holds for the zero-relazation-time limit (HD-EI)
— (DD-EI) in one-dimensional case. Indeed, the Poisson equation (1.13) is
linear. Then the L*>(Qr) estimate for the electric field E, of the model (HD-
EI) can be easily obtained by the formulas
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Er(ta) = E-()+ [ (N7(ty) = N7 (ty) dy.

and
/N;(t,x)dac:/ nao(z)dz, o =e,i,
R R

where E~ is a giwen function. The remainder of the analysis is completely

contained in the proof of Theorem 2.

3 Construction of positive and convex

entropies

In this section, we investigate the entropy inequalities of the system (2.1)-
(2.3). For simplicity, we drop the subscript 7 when there is no confusion. Then

the homogeneous hyperbolic system which appears in (2.1)-(2.3) is :

ON+0,J=0, t>0, € IR, (3.1)
OJ + 0.(J?/N +p,(N)) =0, t>0, z€ R, (3.2)

where
pr(N) = aiN”, a. =ajT. (3.3)

A pair of functions (7, q) is called entropy-flux of the system (3.1)-(3.2) if
for any smooth solution (N,U = J/N), we have
Om(N,U) + 0,q(N,U) = 0. (3.4)

This condition is equivalent to

dq _,0n  p(N)on dq¢ _ o On 00
8N_U8N+ N oU’ 8U_N8N+U8U (3.5)

which yields

o’n  p(N) 9
ON2 N 9U?

(3.6)

We say that 7 is a weak entropy if n(0,U) = 0 for any U € IR. In particular,
the physical entropy (energy) and its flux are given by

10



2N Y
FN,U) = SNU? 4 22
I YaNw (3.7)
“(NU)=-NU3+ 7~ —

It is known that n* is a weak entropy, positive and convex in conservative
variables (N, J) for any value v > 1.

Let w; and wy be two classical Riemann invariants of the system, defined
by

J J

wlzﬁ—Aq—N’yT_l, U)QZN—FATN%; (38)
with
A 2
A =D 422 (3.9)
T v—1

According to Lions-Perthame-Tadmor [17], the weak entropy-flux and the con-
vexity of the weak entropies can be characterized as (see also [2] for the ex-
pressions (3.10) and (3.11) below) :

Lemma 1 Let v > 1. Then any pair of weak entropy-fluz of (3.1)-(3.2) can

be written as

n= [ g©)l(ws = €)( —wi) de, (3.10)
0= [ 9O+ (1 - OV [(we = € —w)Pds,  (311)

where g € L'(IR) is arbitrary, and
97;1,/\_22__71),7>1. (3.12)

Moreover, n is a convex function in (N, J) if and only if g is convex. O

By the change of variables
J y=1
=—+AyN 7 | 3.13
§=y tAw (3.13)

(3.10) can be expressed as (up to a constant) :

1 J ol
n(N,J) = N [ 9 (N + ATyN2> (1—y*)dy. (3.14)
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Lemma 1 and (3.14) allow us to construct a sequence of entropies by choosing
positive and convex functions g(&) = £2# for k € IN. We denote by (n*), ¢*))

the corresponding pair of entropy-flux. From (3.14), we have

2k

BN, ) N/ ( + AN ) (1—¢?Pdy, ke N.  (3.15)

From Lemma 1, it is clear that n{®) is positive and convex for any k € IN.
Moreover, it is easy to check that n(® and n{") give respectively the density N
and the usual energy n*. Therefore, we call n*) high energy of order k of the
system.

We now seek an explicit expression of n®). Since

J ~y—1 2k . J @ . . .
<N + ATyN2> = Z Ci, () Azk—%y%—%]\[(%ﬂ)(v—l)/?

_ ZC;kAQkZQk zN(Qk i) (y—1)/2— sz

=0

with C} = —*l— and

(k—i)tal?

1
/ y' (1 —y*)*dy =0, foriodd,

-1

we deduce that

777(_k)<N, J) _ N/ Z CgkAWc i, 2k— 7,( _y2)>\N(2k—i)(’Y—l)/2—iJz’dy

z<2k i even

_ N/ 2022]2142 )20 ( yQ)AN(kfi)(vfl)fmt]Zidy.

Hence
WO, J) = 3 0 A2 ol 2 (3.16)
=0
where
1 )
50 = 3 [ -y, 0<i <k, (3.17)
1
o =(k—i)y—1)—2i+1, 0<i<k, (3.18)
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which are constants independent of 7. Obviously, we have 0 < 6§k) < 202

and
0 k) o
777' 22 ﬁ A2 )J2Z_17
=1
or equivalently
a k—1
77 Z zJ72}42 (k—i— 1)Noz +1J2Z+1_ (319>
i=0
(k)
Finally, we remark that the pair of entropy-flux (n*), ¢*)) as well as ag} are

well defined for (N, J) € R" xR and k € IN, since N,, J,/N, € L=(Qr).
We conclude this section by the following entropy inequalities of the prob-
lem (2.1)-(2.3).

Lemma 2 For any k € IN*, the weak solutions given by Theorem 1 satisfy

the entropy inequalities :

d & o |
&[>0 a0 areaz (el (4,2 o (3.20)
Rz

kol o® 41 a® o
<23 (i+1)p%), A2k 72 / (ETN#“HJTQZ“—N#“Jf““’) (t,z)dz. O
R

=0

Proof. Applying the entropy inequalities (2.11) to (n®), ¢*)), we obtain

1 o (N, J,
0 (N, J1) + 0o (N7, J7) < (N, — JT)nTéJ’), (3.21)
which implies using (3.16) and (3.19) :
O (Z@» ATEON Jf@) + Op¥
i=0
< (BN, - 0) Y + g a2 e
= p\briir Ty i+147 T Jr
i=0

. k—i—1 ol 19it1 ot 1a(i41
S Z i+ 1 z+1A 2(k—i—1) ETNT i+1 JTH- o NT1+1JT(2+ ) ]
i=0

Since N, and J./N, have compact support in [0, 7] x [—L.(T"), L.(T)], so has
¢™. Multiplying the last relation by 72 and integrating it over IR, we get

(3.20). O
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4 Uniform estimates of solutions

This section is devoted to the uniform estimates for the sequence of solu-
tions (N;, Jr, ®;)r~0. We prove that (N;),~¢ is bounded in L*(0,7; L(IR))
for any p € [1,+oo[ and (J,),~¢ is bounded in L?*(Q7). However, the bounds of
the first estimate is not uniform in p. Therefore, the uniform L*(Qr) estimate
for (N;);-o is not a direct consequence. To obtain the L?*(Q7) estimate for
(J;)r>0, we have to take the discrete value for ~, i.e. (H3).

Let us first prove

Lemma 3 The sequences (N;)r~o and (E;);so = (0:P;)r>0, which are solu-
tions of the problem (2.1)-(2.6), are respectively bounded in L>=(0,T; L'(IR))
and L*>®(Qr). O

Proof. Integrating equation (2.1) over IR, we have

8t/BNT(t,x)da: = —0, /]R J(t, z)d.

Since the support of J. is included in [0,7] x [-L.(T), L-(T)], by (H2), we
deduce that

| N-@&, ) |y = [ ol Ly < 2L [no oo - (4.1)
Thus, the sequence (N, ),~¢ is bounded in L>(0,T; L'(IR)).
Since ®, € L>(0,T;W>*>(IR)) C L*(0,T;CYIR)), ®,(t,+00) = 0 and
®. > 0, there exists a point x,(t) € IR such that
0, @, (t,z-(t)) =0,
and

0, @, (t,+00) <0, 0,P,(t,—c0) >0, a.e. tel0,T]

Integrating the Poisson equation (2.3), we have

E.(t,z) = 0, P, (t,z) = /::(t) (f(@-(t,y) — No(t,y)) dy, ¥V (t,z) € Qr.

Therefore

|, (t,2) |=| 0., (t, )| g/lR(f(@T(t,x))JrNT(t,x))d:c, Y (t,7) € Qp. (4.2)

14



On the other hand, by (H1')

0< / F(@,(t,2)) dx = / N, (t,2) do + 9,®. (¢, +00) — D, (t, —00) (4.3)
R R
< N-( ) ey -
Thus, the results follow from (4.1) and (4.2). O

We define now, for any k € IN*, the following functions of time ¢ € [0,7] :

k
F(t) = Y- g0 a2z | <Nf£k) JEZ') (t, 2)dx (4.4)
i=0 IR
S k o RO
GO(t) =23 (i + 1)p) A== D72 / (N#*l(]f(z“)) (t,x)dz.  (4.5)
=0 R

Clearly, we have F®) () > 0 and G®)(¢) > 0 for all t € [0,7] and all k € IN*.
The key estimate of proving the zero-relaxation-time limit is contained in

the following lemma :

Theorem 3 For any k € IN*, there is a constant D¥)(T) > 0, independent
of T €]0,1], such that

E® () < DW(T), Vtelo,T], (4.6)
/O t GW®(s)ds < DP(T), Yte[0,T]. O (4.7)

Proof. The proof of (4.6) and (4.7) is carried out by induction in k. For
k = 1, Lemma 2 gives the usual energy estimate corresponding to the high

energy of order 1 :
d 1 1
- / <661)A2N?5) +ﬁ{l>72N35’JE> (t, 2)dx
R
< 28 / (ETN351)+1JT - Ngﬁ”Jf) (t, z)dz. (4.8)
R
By (3.18),

aél) =7 agl) =-1

Therefore, (4.8) can be rewritten under form

15



;i / (867 A2N7 + BV T2NSL2) (2, 2)de < 26 / (EJ, — N21J2) (¢ )de.
R R
Since E, is bounded in L*(Q7r), we obtain

/ (EJ, = N2VJ2) (t,2) 3:</ [ (E°N, + N, 72) - N;ljﬂ (t, 2)dx
R

1 7
< 7/ (E°N, — NJ1J2) (¢, 2)da,
2JR
where E =| E; | =g, 18 a constant independent of 7. From Lemma 3, we
have

d
&[0 4N7 4+ BTN L) (8 )
R

<HVE Inolum 81" [ (N122) (¢ x)da

Integrating this relation over [0,¢] and using the initial condition (2.4), we

obtain

[ (0874287 + BTN L) ()
</ 50 —l—ﬂl no( )ug(x)] dx

+51 TE’ |70 |21 (m) ﬁl)// 1J2 (s,x)dxds.

There exists then a constant D(7T") > 0 such that
FO (1) = / (6" 42N7 + BTN T2) (t,2)de < D(T), Vit € [0,T),
R
/ GW (s, z)ds = 28" / / 1(]2 (s,x)dzds < D(T), Vtel0,T].

This proves (4.6) and (4.7) for k = 1.
Suppose now (4.6) and (4.7) hold for £k —1 > 1, namely, there is a constant
D¥=1(T) > 0 such that

t
FO() < DE0(T), [ GED(s)ds < DEI(T), W 0,T].  (49)
0
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Observing that

(k—1)

a +2=0V 0<i<k-1. (4.10)

Indeed, from (3.18), we have

e 42 = (k—i-1D(y—1)—2G+1)+1+2
= (k=1)—i)(y—1)—=2i+1=a"".
Therefore, the term in the right hand side of the integral (3.20) can be esti-
mated as

(k)
Xt

ETNTaEﬂHJ%“ _ NS p2(i)
o) (k=1)
—L % ‘ k)
— (Nfr 2 Jjﬁ’l) (ETNT2 Jj—) _ Ngi+1J3(z+1)

<! <E2N°‘z('k1) JE N JQ(””) .
— 2 T T T
It follows from (3.20) that
et ( A2(k—z) 2 (Nai J2z) ¢ d
ﬁ4§@ 72 (N 2 (1, )da

k-1 , ‘ . . NON
sz§:u+—mﬁﬁ%Aﬂk1”%h/’(E?Avf ”J?-—A@HIJ%””)<aa»d%
R

=0
or equivalently

d k-1 . . -1 .
SEO@® < B Y (14 0B [ (N (1 ayda
i=0 R

_;Gg@ (t). (4.11)

On the other hand,

k-1

S+ (A0 [ (N (1) do
R

=0
= AP [N 4 ) da
R

k=2 N Q=D
+ 7230+ 2) 8L, A2 £ /}R (NT i Jf(’“)) (t, z)da

=0

o (FIF V() + 6 0(1).
17
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where C’O(k) is a constant depending only on k. Hence, (4.11) implies

d 1 _
%Fﬁk) (t) + 5(;90 (t) < Y B (FE0() + 72GE ().

By the hypothesis of induction (4.9), we deduce that
t
FOW) + [ 69 ()ds < BO(0) + (1),
0

where C®)(T) > 0 is a constant independent of 7. Observing that

Fék)(o) _ Zﬁz‘(k)AZ(k_i) i (Ngi (TJT)2i> (0, z)dx

By (H2), we have
F3(0) < (D).
The proof of Theorem 3 is finished. O

Lemma 4 For any k € IN*,

(1) the sequence (N;),~o is bounded in L>°(0,T} Laék)(ﬂi’));
(k)

(i) the sequence (N7* J?),sq is bounded in L'(Qr);

(*)
(iii) the sequence (T2 N7? J4),so is bounded in L'(Qr) for k> 2. O

Proof. Combining (4.4) and (4.6), the sequence (TQiNfgszfiLw is bounded
in L>°(0,T; L'(R)) for any k € IN* and any 0 < ¢ < k. In particular, we obtain
(i) by taking ¢ = 0. Similarly, the sequence (7‘21']\77%({?1 J2HD) o is bounded in
LY (Qr) for any k € IN* and any 0 < i < k — 1. Therefore (ii) and (iii) follow
from the respective choices i =0 and i = 1. O

Lemma 5 For any p € [1,+00[, the sequence of solutions (N;),=o is bounded
in L>(0,7T; LP(IR)). O

Proof. By the definition (3.18) of ozl(k), for any p > 1, there is a k €
IN* such that off) > p. Since (N,),-o is bounded in L*(0,T; L'(IR)) N
L>(0,T; L"‘ék)(R)), we conclude the result by the interpolation inequality. O

18



Lemma 6 For anyy=1+2/m with1 <m € IN,
(i) the sequence (J;),=o s bounded in L*(Qr);
(ii) the sequence (TJ?/Ny),so is bounded in L*(Qr). O

Proof. For any k£ € IN*, we have

(k)
By (ii) of Lemma 4, the sequence (N:'.J?),s is bounded in L'(Q7) for all
k € IN*. Then to prove (i), it suffices to show the existence of ki, ks € IN*
such that

—ozgl”) = agkl).
By (3.18), this is equivalent to
(k)l + ]{32 — 2)(’}/ - 1) =2.

This last equation implies that v has necessarily the form v = 1 + 2/m with

m > 1. This proves the existence of ki, ky € IN*, since

The proof of (ii) is similar to that of (i). For any 2 < k € IN*, we have

o) o)
2rIN-2 4 = 27 (N JE) (N; (2+22)J3) < r2NeE g4 4 p2N el gt

(*)
By (iii) of Lemma 4, the sequence (72N;? J%), is bounded in L*(Qr) for all
k > 2. It suffices then to show the existence of k] > 2 and £ > 2 such that

— (4 + agk/l ) = agké). (4.12)
But
o =k —2)(v—1)—4+1=(-2)(y—1)-3.
Therefore, (4.12) implies
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2
This ends the proof. O

Now we establish uniform estimates for the sequence of the electric potential
(q)T>T>0 .

Lemma 7 Under the assumptions (H1’), (H2)-(H3),

(1) the sequence (P )r~¢ is bounded in L>(0,T; LP(IR)) for any p € [y, +0];

(1) the sequence (0, P;)r~0 is bounded in L>(0,T; LP(IR)) for any p € [2,+00];

(111) the sequence (0 Pr )70 is bounded in L>(0,T; LP(IR)) for any p € [1, +o0[;
(iv) the sequence (0;®;),~0 s bounded in L*(0,T; H'(IR)). O

Proof. Multiplying (2.3) by ®, and integrating over IR, we obtain

/ |0,®,(t,2)|? dx+/ tx)dx—/ (N, ®,)(t, z)dx.

By (H1’), we have

10,0, (1, Pagay + a3 1928, ) s gy < IV (8 ) Loy - 1 () Loy

Where -+ ﬁ = 1. It follows from Lemma 5 that (®,),~ and (9,P,),~o are
respectwely bounded in L*(0,T; L™ (IR)) and in L>=(0,T; L*(IR)). There-
fore, (ii) is a consequence of Lemma 3 and an interpolation argument.

We deduce furthermore that (®,),¢ is bounded in L>(0,T; W10l ([R))
since 79 + 1 > 2. By the Sobolev embedding theorem, (¥, ),~o is bounded in
L>(Qr). On the other hand, (4.3) and (H1’) imply that (®,),¢ is bounded in
L>°(0,T; L (IR)). Thus, (i) follows from the interpolation inequality. Finally,
(i) and (4.3) imply that (f(®,)),~0 is bounded in L=(Q7) N L>(0,T; L' (R)).
Hence, (f(®;))r=0 is bounded in L*(0,T; L?(IR)) for any p € [1,4o00]. Thus,
(iii) follows from Lemma 5 and the Poisson equation (2.3).

To show (iv), let us define the quantity

Tt h7 _Tt7
zh(t,x)zz< i J;l)z ol :1:)’ vV h > 0.

T
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By (2.3)-(2.5), the following equations hold

—p® + RO = N!0, z € R, (4.13)
| Il‘iinoo ®"(t,z) =0, ae. te[0,T], (4.14)
where
Fita) = f(@r(t 4 h,x)) — f(®-(¢ 2))

O, (t+h,x)— D (t,x)

which satisfies, by (H1’), ?ﬁ(t,x) > fo > 0. We note that since (J;),>0 is
bounded in L*(Qr), (0zJ;)r>0 is bounded in L*(0,T; H-'(IR)). Therefore,
using (2.1), (9;N,),~o is bounded in L?(0,7; H'(IR)). This implies that
(N1, h>0 is bounded in L?(0,T; H'(IR)), and as h — 0

N" — O,N, in L*0,T; H'(IR)).
Multiplying (4.13) by ®” and integrating over IR, we have
—h
[ 100002 P et [ Fh@0R ) SN e B L -
Since ?}Tb(t,m) > fo > 0, we deduce

| D2(t, ) |20 (amyy < max(1, 1/ fo) | N2t ) 20,001 (my) -

Hence (®"), = is bounded in L?*(0,T; H'(IR)), which yields (iv). O

5 Proofs of the main results

We first pass to the limit in the Euler equation (2.1)-(2.2). From Lemmas 5-
6, for any p €|1, +oo[, there exist functions N € L>(0,T; LP(R)), J € L*(Qr),
p € L>(0,T; LP(IR)) and a subsequence, still denoted by (N;, J;),~0, such that

as 7 — 0,

N, — N in LP(Qr) weakly , (5.1)
J, —J in L*(Qr) weakly , (5.2)
p(N;) =a’N) —p in LP(Qr) weakly , (5.3)
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and

2 J2/N; — 0 in L*(Qr) strongly . (5.4)
It follows that
7], — 0 in L*(Qr) strongly . (5.5)

Moreover, by Lemma 7, for any p € [yg, +00], there exists & € L>°(0,T'; L*(IR)),
such that as 7 — 0,

¢, — & in LP(Qr) weakly (or weakly — x for p = +00). (5.6)

In order to pass to the limits in the terms N,0,P, and p(N,), we use the

well-known div-curl lemma. We have
Lemma 8 There is a subsequence, still denoted by (N;, ®;).~o, such that as
T—0,

N,8,®, — N3,® in D' (Qr). O (5.7)

Proof. We define two sequences U, = (N, J,)! and V, = (9,9,,0)". It is
clear that (U, ).~ and (V;),~¢ are bounded in (L?(Qr))?. On the other hand,

d?;'l}t,xUT = (9tNT -+ &EJT = 0,

0 axa: q)T
roty Vs =
’ —0,: D, 0

From (iii) of Lemma 7, (rot; ,V;),~0 is bounded in (L*(Q7))*. Since div, U, =
0, the div-curl lemma can be applied to the sequences (U ),~o and (V;),o to
obtain (5.7). O

It remains to pass to the limit in the nonlinear term p(N;). To this end,
we have to show the strong convergence of a subsequence of (N;),~o. This can

be achieved by the monotonicity argument and the div-curl lemma.

Lemma 9 There is a subsequence of (N;)rso (not relabeled), such that for any
pe[l,y+1], as T — 0,

N, — N in L} (Qr) strongly. O (5.8)

loc
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Proof. We first show for any p € [1,00[, as 7 — 0,
NPt —~ N7 in LP(Qr) weakly. (5.9)

Indeed, let W, = (72J2/N,+p(N,), —72J,)!. Then from Lemmas 5-6, (W, )¢
is bounded in (L*(Q7))?. Moreover,

0 N;0,®, — J;
roty . 4! T = )
' —N,0,®, + J, 0

which is bounded in (L*(Qr))*. By the div-curl lemma applied to (U,),o and

(W3)r>0, we have
lim N;p(N;) = a? lim NI = lim U-.W; = Np, in D'(Qr), (5.10)
or equivalently
/ / Nop(N,)odwdt — / / Npodzdt, ¥ ¢ € D(Qr).

Qr Qr
It follows that for any v € LP(Qr) with p €]1,00[ and all ¢ € D(Qr)

Ac(9) = [ [ (N2 = 0)(p(Ny) = p(v))ddadt

T

— [ (¥ = 0)p— pw)sdadt = A(o).

Since s — p(s) is monotone increasing on IR*, we have A, (¢) > 0 for all ¢ > 0.
Hence, A(¢) > 0 for all ¢ € D(Qr) with ¢ > 0. Let z € LP(Qr) with p €]1, 00|
and let A € IR*. By taking v = N — Az € LP(Qr), we obtain

// (P —p(N — Az))zpdxdt = A/A >0, YVA>0 and V¢ > 0.
Similarly

[ (= p(N = \2))2pdedt = AJX <0, ¥ A <0 and ¥ 6> 0.
Hence, for any z € LP(Qr) and any ¢ > 0,

[[ o= pN)zodadt =t [ (5= p( = r2)zdedt = 0

or equivalently, for any z € LP(Qr) and any ¢ € D(Qr),
23



//QT(p — p(N))zpdxdt = llir(l) //T(p — p(N — Az))z¢dzdt = 0.
By (5.3), we have shown

lirr(l)p(NT) =p=p(N), in LP(Qr) weakly.

Thus, (5.9) follows from (2.6) and (5.10).
To prove (5.8), let Q € Q7 be an arbitrarily bounded set. Taking ¢ = 1q

as test function in (5.9). we have

Hm [ N @)= N[ e -
Therefore

N, — N in L7 (Qr) strongly.

loc

Thus we have proved (5.8). O

Now we pass to the limit in the nonlinear Poisson equation (2.3). From
Lemma 7, the sequences (®, ).~ and (9;®, ), are bounded in L?(0,T; H'(IR)).
Hence, by Aubin’s theorem, (®,),- is relatively compact in L} (Qr). This
shows the strong convergence of a subsequence of (®,),~o. Thus, (2.13) holds.
Finally, ® € L*°(0,7; H'(IR)) implies that lim, . ®(t,z) = 0, a.e. t > 0.
The proof of Theorem 2 is completed.

ACKNOWLEDGMENTS

The first author acknowledges partial support from the DAAD-PROCOPE
Program, from the Deutsche Forschungsgemeinschaft, grant numbers MA 1662/
-1 and -2, and from the TMR Project “Asymptotic Methods in Kinetic The-
ory”, grant number ERB-4061-PL970-396. The research of the second author
was partially supported by the TMR network of the Project “Hyperbolic Sys-
tems of Conservation Laws” (HCL), grant number ERB FMRX CT96 0033.
The second author would like to thank B. Perthame for his remarks on the
existence of global weak solutions to the Euler-Poisson equations, which allow

us to improve this article.

24



References

1]

2]

[11]

[12]

J.P. Aubin, Un théoreme de compacité, C. R. Acad. Sci. 256, 1963,
p. 5042-5044.

G.Q. Chen, The theory of compensated compactness and the system
of isentropic gas dynamics, preprint, MCS-P154-0590, 1990, Univ. of
Chicago.

G.Q. Chen, C.D. Levermore and T.P. Liu, Hyperbolic conservation laws
with stiff relaxation terms and entropy, Comm. Pure Appl. Math., 47,
1994, p. 787-830.

S. Cordier, Global solutions to the isothermal Euler-Poisson plasma
model, Appl. Math. Lett., 8, 1994, p. 19-24.

S. Cordier and E. Grenier, Quasineutral limit of Euler-Poisson system,
preprint, 1996, LAN, Univ. Paris 6.

S. Cordier and Y.J. Peng, “Systeme Euler-Poisson non linéaire - Existence
globale de solutions faibles entropiques”, Mod. Math. Anal. Num., 32,
No.1, 1998, p. 1-23.

R.J. DiPerna, Convergence of approximate solutions of conservation laws,
Arch. Rat. Mech. Anal., 82, 1983, p. 27-70.

C. Gardner, Numerical simulation of a steady-state electron shock wave
in a submicron semiconductor device, IEEE Trans. El. Dev., 38, 1991,
p. 392-398.

Th. Goudon, A. Jiingel and Y.J. Peng, Zero-electron-mass limits in hy-
drodynamic models for plasmas, Appl. Math. Letters, submitted.

X. Jiang, A streamline-upwinding/Petrov-Galerkin method for the hydro-
dynamic semiconductor device model, Math. Models Meth. Appl. Sci., 5,
1995, p. 659-681.

S. Jin and Z. Xin, The relaxation schemes for systems of conservation
laws in arbitrary space dimensions, Comm. Pure Appl. Math., 48, 1995,
p. 235-277.

S. Junca and M. Rascle, Relaxation of the isothermal Euler-Poisson sys-

tem to the drift-diffusion equations, Quart. Appl. Math., to appear.

25



[13]

[14]

[17]

[18]

[19]

[20]

[21]

[22]

A. Jingel, On the existence and uniqueness of transient solutions of a de-
generate nonlinear drift-diffusion model for semiconductors’, Math. Mod.
Meth. Appl. Sci., 4, No.5, 1994, p. 677-703.

A. Jiingel, A nonlinear drift-diffusion system with electric convection aris-
ing in electrophoretic and semiconductor modeling, Math. Nachr., 185,
1997, p. 85-110.

A. Jingel and Y.J. Peng, A hierarchy of hydrodynamics models for plas-
mas : Zero-mass-electron limits, preprint, no. 98-1, 1998, LMA, Univ.

Blaise Pascal, submitted.

P.L. Lions, B. Perthame and P.E. Souganidis, Existence and stability of
entropy solutions for the hyperbolic systems of isentropic gas dynamics
in Eulerian and Lagrangian coordinates, Comm. Pure Appl. Math., 49,
1996, p. 599-638.

P.L. Lions, B. Perthame and E. Tadmor, Kinetic formulation for the isen-
tropic gas dynamics and p-system, Comm. Math. Phys., 163, 1994, p. 415-
431.

T.P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math.
Phys., 108, 1987, p. 153-175.

P. Marcati and R. Natalini, Weak solutions to a hydrodynamic model for
semiconductors : the Cauchy problem, Proc. Roy. Soc. Edinburgh Sect.
A, 125, 1995, p. 115-131.

P. Marcati and R. Natalini, Weak solutions to a hydrodynamic model for
semiconductors and Relaxation to the drift-diffusion equation, Arch. Rat.
Mech. Anal., 129, 1995, p. 129-145.

F. Murat, Compacité par compensation, Ann. Sc. Norm. Sup. Pisa, 5,
1978, p. 489-507.

R. Natalini, The bipolar hydrodynamic model for semiconductors and the
drift-diffusion equation, J. Math. Analysis and Appl., 198, 1996, p. 262-
281.

R. Natalini, Convergence to equilibrium for the relaxation approximations
of conservation laws, Comm. Pure Appl. Math., 49, 1996, p. 795-823.

26



[24]

[25]

2]

[29]

Y.J. Peng, Convergence of the fractional step Lax-Friedrichs scheme and
Godunov scheme for a nonlinear Euler-Poisson system, preprint, no. 97-
12, 1997, LMA, Univ. Blaise Pascal, submitted.

F. Poupaud, M. Rascle and J.P. Vila, Global solutions to the isothermal
Euler-Poisson system with arbitrary large data, J. Diff. Eqn., 123, 1995,
p. 93-121.

P.A. Raviart, On singular perturbation problems for the nonlinear Poisson
equation or: A mathematical approach to electrostatic sheaths and plasma
erosion, Lecture Notes of the Summer school in Ile d’Oléron, France, 1997,
p. 452-539.

D. Serre, “Systeme de lois de conservation”, Diderot, Paris, 1996.

L. Tartar, “Compensated compactness and applications to partial differ-
ential equations”, Research Note in mathematics, nonlinear analysis and
mechanics, Heriot-Watt symposium, 4, 1979, R.J. Knops ed., New york,
Pitman Press, p. 136-212.

W.A. Yong, “Singular perturbations of first order hyperbolic systems”,
Ph.D. thesis, 1992, Universitat Heidelberg.

27



