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ABSTRACT. The global-in-time existence of nonnegative solutions to a parabolic strongly
coupled system with mixed Dirichlet-Neumann boundary conditions is shown. The system
describes the time evolution of the electron and hole densities in a semiconductor when
electron-hole scattering is taken into account. The parabolic equations are coupled to
the Poisson equation for the electrostatic potential. Written in the quasi-Fermi potential
variables, the diffusion matrix of the parabolic system contains strong cross-diffusion terms
and is only positive semi-definite such that the problem is formally of degenerate type.
The existence proof is based on the study of a fully discretized version of the system, using
a backward Euler scheme and a Galerkin method, on estimates for the free energy, and
careful weak compactness arguments.
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1. INTRODUCTION

This work is a continuation of a series of papers [4, 5, 6, 7, 8] in which the authors study
analytical properties of global-in-time solutions u : Q x [0,00) — R" of specific parabolic
systems of the form

(1) Ou — div(A(u)Vu) = f(u) in Qr =02 x (0,7),

where Q@ C R? (d > 1) is a bounded domain and T' > 0, together with appropriate boundary
and initial conditions. The divergence operator has to be applied to each row of the matrix
A(u)Vu, where A(u) € R™™ and Vu € R™?. In the papers [4, 5, 7, 8] the case n = 2 has
been studied, whereas in [6], n € N is arbitrary.

The main feature of (1) is that the diffusion matrix A(u) is not symmetric and not
positive definite and may have “large” non-diagonal elements (strong cross-diffusion case).
Moreover, (some of) the components of the solution u represent nonnegative physical quan-
tities, like a particle density or a temperature. Therefore, one is interested in solutions
whose components are nonnegative. However, due to the strong coupling in (1), usually no
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maximum principle can be applied, and the nonnegativity property has to be derived by
other techniques.

We assume that the system (1) has the property that there exists a transformation of
variables u = p(w) such that the transformed diffusion matrix B(w) = A(p(w))p'(w) is
symmetric and positive (semi-)definite:

(2) Orp(w) — div(B(w)Vw) = f(p(w)).

Such systems have been first studied by Alt and Luckhaus in [2], but only for positive
definite B(w) and for solutions w which may change sign.

In this paper we consider a system of the form (1) arising in semiconductor device
modeling. Compared to our previous work, the system has the additional difficulties that

e the transformed system (2) is of degenerate type,
e the coefficients of the matrix B(w) are unbounded, and
e the regularity of the solutions w is very weak (i.e. Vw ¢ L!).

More precisely, we study the (scaled) equations
(3) on —divJ, = R(n,p), Oy —divJ, = R(n,p),

where n and p are the electron and hole densities of the semiconductor crystal, respectively,
and the electron and hole current densities are given by

(4) In = pon (1, p) (V1 = nVY) + iy (1, p) (Vp + pVY),
(5) Jp = ,upn(n,p) (Vn - nVl/}) + Npp(”ap) (Vp + pv¢)a
where the mobilities are defined as
(1 A+ pyn) C nfipn
pnn(:P) = 77 fipn + finp’ (1, P) = [0+ finp’
__Hp(L A+ pap) il
Mpp(n;p) 1 + an _|_ ,unpa :upn(nup) 1 _I_ ,LLpTL + ,Unp’

and p, and p, are positive constants. The function + in (4)-(5) is the electrostatic potential,
coupled to the particle densities via the Poisson equation,

(6) NAY =n—p—Clz),

where A > 0 is the Debye length and C(x) is the so-called doping profile which models
fixed background charges in the semiconductor crystal. Finally, the Shockley-Read-Hall
term R(n,p) models generation-recombination processes,

2
n; —np

R n, = )
(n.p) To + Tu + Tpp
where 79, 7,,, and 7, are the (positive) Shockley-Read-Hall constants, and n; > 0 is the
intrinsic density.
Equations (3)-(6) are solved in the bounded semiconductor domain Q C R? (d > 1).
The boundary 0f2 consists of two disjoint subsets I'p and I'y. At the Ohmic contacts I'p
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we prescribe the particle densities and the electrostatic potential, whereas I'y models the
union of insulating boundary segments:

(7) n=mnp, p=0pp, Y=1Up onIp, t >0,
(8) Jp-v=J,-v=V-v=0 on 'y, t >0,

where v denotes the exterior unit normal of 02 which is assumed to exist a.e. Finally, the
initial conditions are

9) n(-,0) =ng, p(-,0) =po in €.

We refer to [3, 11, 16] for the physical background and the mathematical modeling of
semiconductors.

The system (3)-(6) models the carrier transport through a semiconductor device which is
strongly affected by electron-hole scattering. This happens, for instance, in high-injection
situations [13, 17]. The model (3)-(6) can be formally derived from the semiconductor
Boltzmann equation with a collision operator taking into account electron-hole scattering
[18]. Notice that, setting pi,,(n, p) = fin, tpp(n, p) = pp, and piyp(n, p) = ppn(n,p) = 0, the
above system reduces to the standard drift-diffusion equations [16]. In the following, we
set the physical constants equal to one, i.e. p, = p, =n; =790 =7, = 7, = A = 1, since
they do not affect our analysis.

The diffusion matrix A(u) with u = (n,p)",

Alu) = ( fan (M, D) an(nap> )
Mpn(nvp) /Jﬁ’l’p(nap> ’
is not symmetric and generally not positive definite. It is well known in the case of the
standard drift-diffusion equations that the system becomes “symmetric” in the quasi-Fermi
potentials
¢on=Inn—1v, ¢, =Inp+.

Also here, in the variables w = (¢,, ¢,) ", the transformed diffusion matrix (see (2))

_ n:unn(nap) pﬂﬂp(”aP)
Bn.p) = < N (5 D) Phipp(n, D) >

becomes symmetric and positive (semi-)definite:

2 2 2 :
nry + pxrs; + (nx, + px minyn,
(T = M TP (01 £ paa)t mintnph
I+n+p I+n+p
for all x = (x1,25)" € R% Clearly, the system degenerates when n = 0 or p = 0. In the

new variables, we rewrite the system (3)-(5) in the compact form

(10) B, (Z) — div (B(n,p)V(ZZ)) - (gggi;) reQ, t>0.

The existence of weak solutions to the stationary version of (10) with boundary condi-
tions (7)-(8) close to the thermal equilibrium state J, = J, = 0 has been proved in [10].
In [14] the existence of global-in-time weak solutions of the transient model is shown. The
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proof relies on quite involved approximations of the cross-diffusion terms by finite differ-
ences and L' compactness arguments. The advantage of the finite-difference approximation
is that the diffusion matrix of the approximate system becomes diagonal (also see [4]). In
this paper we show that it is possible to treat the full system directly which simplifies
the proof significantly. Moreover, we give a much simpler argument to obtain strong L'
convergence of the approximate solutions. More precisely, we show the following result.

Theorem 1. Let Q C RY (d > 1) with 9Q = TpUTy € C*1 (s > d/2 + 1) such that
IpNTy =0, meas(I'p) > 0, and T'y is open and closed in O2. Furthermore, let T > 0,
c>0,CeLYQ), and
np, pp = ¢>01in Qr=Qx(0,7), np, pp, Yp € WH3(Q),
ng, po>c>01nQ, ng, po € L®(Q).

Then there ezists a solution (n,p,v) of (3)-(9) satisfying

n,p>0 inQr, ¢ =1vp€L*0,T; Hp()),

n, p € W (0,T; (H3(Q))) N L®(0,T; LY(Q)) for all 1 < o < 2,

Vv —/np, \/b—pp € L*(0,T; Wllvl(Q))
The initial conditions (9) are satisfied in the sense of CY([0,T]; (H%(Q))), and the func-
tions n, p, and v solve (3)-(6) in the following sense:

a1 /OT@tn’g)dt—l—/ 2(1—i—n)\/ﬁv\/ﬁ—FZn\/ﬁV\/p_n(l_i_n_p)vw

1+n+p

1_
:/ T cdudt,

(12) /0T<atp,5>dt+ / 201+ )PV VP + 2pv/nV/n = p(l 0 = p) VY

1+n+p

1_
:/ T cdudt,
or L+n+p

- Védxdt

- Védadt

(13) /QV1/J - Vydx = /Q(n —p— C(x))xdx,
for all € € L7'(0,T; H3()) and x € H'(Q), where o' = o/(0 — 1).

Here, (-,-) is the dual product between (H}(Q)) and H(Q), and the space WP (Q)
(resp. H3(€Q)) with 1 < p < oo consists of all functions u € W'P(Q) (resp. H*(Q2))
satisfying u = 0 on I'p. We have assumed time-independent boundary data for simplicity
only (see [9, Lemma 5.2.5] for the treatment of time-dependent boundary functions). Notice
that the condition “I'y open and closed in 02" implies that the Dirichlet boundary is
separated from the Neumann boundary. This assumption is needed in our approximation
argument in order to obtain smooth solutions of the Laplace equation (see section 2). The
parameter s > d/2 + 1 is chosen in such a way that H*(Q) < W1>(Q) holds.
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For the proof of Theorem 1 we discretize the equations both in time and space. More
precisely, we employ an implicit Euler discretization in time and a Galerkin method in
space. Since the diffusion matrix is of degenerate type, we approximate B(n,p) by eI +
B(n,p) in (10) for e > 0, where [ is the unit matrix of R?*? and perform the limit
¢ — 0. This approximation simplifies considerably the arguments of [14]. Moreover, it is
of numerical interest. Indeed, since we use a Galerkin space for the variables ¢,, and ¢,
containing L>°(£2), the particle densities, defined by n = exp(¢, +v) and p = exp(¢, — ),
are strictly positive. Thus, our approximation provides a positivity-preserving numerical
scheme. We refer to [7, 12] for related numerical schemes which preserve the positivity of
the solutions.

In order to derive uniform a priori estimates, we employ the free energy (or “relative
entropy”) of the system,

1
E(t) = / (n(lnn —1—Innp)+np+p(lnp—1—1Inpp) +pp + §|V(¢ — wD)|2>dx.
Q
Formally, it holds (see Lemma 2 for a rigorous proof in the discrete setting):

/ / n|Véal* +p|Vép|> + [nVn + pV |
14+n+p

where the constant ¢ > 0 depends on the boundary data and on ¢. This estimate provides
uniform W'1(Q) bounds for \/n and /p. Then the weak solution is defined for v/n and
/P instead for ¢,, and ¢, by observing that nV¢, = 2,/nVy/n —nV4y (and similarly for
pV¢,). Notice that we do not obtain any gradient regularity for the Fermi potentials ¢,
and ¢,.

In order to obtain strong convergence (in the Lebesgue sense) of the approximating
sequences for \/n and /p, called here \/n; and ,/p-, we also need uniform bounds for its
time derivatives. Our new idea is to consider the function

(14) dredt < ¢(E(0) + 1),

Ye = \/Ne +Yp-+ 1, where vy =1,2.

The L*(0,T; W (2)) bounds for \/n. and /p- show that y. is bounded in the same space.
Furthermore, the (discrete) time derivative 05y, is uniformly bounded in L7(0,7"; (H*(2)))
for 1 < 0 < 2. Thus, by Aubin’s lemma, we infer strong convergence in L*(0,7T; L'(Q)) for
ne and p..

Finally, the limits of the nonlinear terms can be identified by using the special structure
of the equations. In particular, the boundedness of the energy production term in (14) is
heavily employed.

The originality of the paper consists in the facts that

e the system (10) is of degenerate type,

e the nonnegativity of the solutions is obtained without use of a maximum principle,
and

e the approximation provides a positivity-preserving numerical scheme.

This paper is organized as follows. In section 2 we show the existence of weak solutions
to a fully discrete problem corresponding to (10). Two technical lemmas about weak and
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strong convergence are recalled in section 3. The existence proof of section 2 provides
a priori estimates allowing to perform the limit ¢ — 0 and N — oo, where N is the
dimension of the Galerkin space. This is shown in section 4. The limit of the vanishing
time parameter then is proved in section 5.

2. EXISTENCE OF SOLUTIONS TO AN APPROXIMATED PROBLEM

We show Theorem 1 by first studying a fully discrete problem. For this, we approximate
the problem (7)-(10) by employing an implicit Euler scheme and a Galerkin approximation.

Let (v;) be a dense subset of H*(2) for s > d/241 such that v; =0onI'p (j € N). This
subset can be obtained as follows. Since H®(2) is separable and the operator —A with
homogeneous Dirichlet boundary conditions on I'p and homogeneous Neumann boundary
conditions on I'y is self-adjoint and compact, there exists a Hilbert base of eigenfunctions
vj in H°(Q). The operator is well defined due to our assumption on 992 in Theorem 1
(see, e.g., [21, p. 196]). Notice that the condition s > d/2 4+ 1 implies that the embedding
H3(Q2) — W1e°(Q) is continuous.

Next we introduce the finite-dimensional space Vi = span{vy,...,vx} C L®(Q). Since
we are looking for solutions ¢,, — ¢ p, ¢p — Op.p, ¥ — ¥p € Viy C L>(Q2), where ¢, p =
Innp —¢p and ¢, p = Inpp + ¥p, the definitions n = exp(¢, + ¢) and p = exp(¢, — )
are well defined. This provides the positivity of n and p.

We define now the approximated problem. Let T" > 0, let ¢ > 0 be a regularization
parameter, and let 7 > 0 be the time discretization parameter such that T' = 7K with

K € N. Let ¢7(170 Gn.Ds (bpo ¢p.p € Vi be such that <;5 0 — Inng — ¥(-,0) and
qb]%) — Inpg + (-, 0) in L?(Q2), where (-, 0) is the unique solution of

AY(-,0) =ng—po— C(z) in Q, ¢(-,0)=¢ponTlp, Vi¢(-,0)-vr=0o0nTly.

Furthermore, let qﬁnk 1 — On.D, qbpk 1 qﬁpD, wk —p € Vi for k > 1 be given. We set
n,(CN)l = exp(cbfl’k_l + wk_l) > 0 and pk_l = exp(¢;{\,?_1 — (N)) > 0 and we wish to find
wk —Yp € Vy such that

(15) / Vo) . Vxde = /Q (™ — p™ — C(z))xdx

for all ¥ € Vy and ((,b — ®n,D> ¢pk bp.p) € VZ such that
(V) (N) (N)
1 Ty &n (N) (N) (V¢n,k) . (an)
— d I+B : d
T/Q (pé )—pé)l) (fp) x+/ 1+ Blm. ™ pi)) v¢%> Vé, !
R( (N ),p(N)) £,
. -/, (R( (v >,p',{N>>) <€)

for all &,, &, € Vv, where n,gN) = eXp(%J€ —i-wk ) and pk = exp(gb wk ) in . Here,

the gradient is a row vector in R4, the dot “” between vectors is the scalar product, and
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the product “:” between matrices is defined by

A:B= ZZ@H i forall A= (a;;), B=(b;) e R™".

=1 j=1

The proof of existence of solutions of the above discrete system is based on a priori
estimates for the discrete free energy (or entropy) of the system:

E,gN) = /( (N)(lnnk) 1—hrm,;))+7’b,:>+10,c (lnpk —1—Inpp) +pp
Q

1
+ §|V< lgN) — ’(/}D)|2)d;€

We show that the free energy is bounded uniformly in the discretization parameters N and
7 and also in €:

Lemma 2. For given (qbg\;) 1 ngnD, pk 1 quD @DD) € V3, there e:msts o > 0

such that for all 0 < 7 < 79, there is a solution (gb gan gbpk ¢p,D,¢k —p) € Vi
to (15)-(16) satisfying

) dx

N N N N N
N Z/ Vw2 1 pM w2 4 Mgt 4 pMggh)e
1+n§- )—i—pj

(17) 2/ (VoL + Vel P de < e(BY + 1),
where the constant ¢ > 0 depends on the boundary data and T but is independent of k, N
T, and €.

Proof. In order to simplify the presentation, we omit the indices k and N. The proof is
based on the Leray-Schauder fixed-point theorem. For this, we define a fixed-point operator
S V3x[0,1] — V3 in the following way. Let o € [0,1] and (¢, — ¢, gp—qﬁp,[), V—1p) €
V3 be given and set n = exp(gn + J) >0,p= exp(gp — YZ) > 0. First, let v —¢p € Vy
be the unique solution of

/ V¢ - Vydr = J/(ﬁ —p—C(z))xdz, x € V.
Q Q
Next, consider the linear problem

(18> a((¢n,k - gbn,D) gbp,k - ¢p=D>’ (gnv gp)) = O-F((&w fp)) fOl" au (fny Sp) € V]\2]7
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where

(&) = [ [er+e@m(h)]: ()

s = 2 [ (o) (0)+  (map) - (§)
- L@ (G )] (3o

for all (n,,m,), (&n,&p) € V. Since the matrix el + B(n,p) is positive definite, the Lax-
Milgram lemma shows the existence of a (unique) solution of (18) in V2. Finally, we

set S(¢n - ¢n,D7 (bp - ¢p,D7 ¢ - w[j? U) - (¢HN_ ¢n,D7 (pr_ ¢p,D7 ¢ - wD) which deﬁnes the
fixed-point operator. It holds S(¢, — ¢n.p, dp — ¢p.0, ¥ — ¥p,0) = (0,0,0). By standard
arguments, S(-, o) is continuous and also compact since dim(Vy) < oo.

Now let (¢n, — ¢n.p, dp — Gpp, ¥ — p) € Vi be a fixed point of S(-,0). In order to
derive uniform estimates we use (¢, — ¢n.p, ¢, — ¢pp) € V@ as a test function in the weak
formulation (18), where n = n = exp(¢,, + ¢), p = p = exp(¢, — ¢). Since

[B("’m(wn)] : (wn) = BulVou 1 2BV, - Vo, + BulV6, P

Vo, Vo,
”|v¢n|2 I p|v¢p|2 4 InVo, +pv¢p|2
l+n+p 1l+n+p L+n+p

Y

we obtain for o > 0

1
> [s0ven + 1wa e +

_ ! / (= 151) (6 — Gup) + (0 — Pt (B — D)) dt

T

Tintyp (n|Venl* + p|Ve,|* + NV, + pV,|*) | dx

+ / (BiuVeon - Vénp + BiaVoy - Vénp + BiaVén - Voo
Q
(19) BV, - Voyp)da + ¢ / (Vo - Vo + Vo, - Vo, p)da
Q

+ / R(n7p)(¢n - gbn,D + Cbp - ¢p,D)d$
Q
We first rewrite the integral I;, using the definition of ¢, and ¢,:

1
I, = ——/ [n(lnn —1—Innp) —ng_1(Inng_1 —1—1Innp) +ni_1(Inni_; —Inn)
T Ja

+n—np_1+p(lnp—1—Inpp) —pe_1(lnpr_1 — 1 —Inpp)
(20) + pe—1(Inpe_y — Inp) + p — pr_s]da
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+ ! /Q ((n—p) = (k-1 — pr—1)) (¥ — ¢p)da.

T

For the last integral in the above equation we use the Poisson equation (15) and Young’s
inequality:

/Q ((n —p—C) = (g1 —pr—1— C'))(w — Yp)dx
= - /Q V() —r_1) - V(¢ —¢p)dz
< —% /Q V(¢ —p)|*de + % /Q IV (1 — ¥p)|dx.

For the first integral in (20) we employ the elementary inequality x(Inz —Iny) > x —y for
x, y > 0. This yields, after a short calculation,

1
I < _;(Ek — Erq).

We turn to the second integral /5 which can be written, by Young’s inequality, as

nVao,

nVo, +pVo, /
I, = ——rr 2P " d -V, pd
9 /Q Trnip (nV¢n.p + pV,p)de + Tintp Vo, pdx
pV(bp
£ d
+/Ql+n+p Véppd

1
< 2 2 2
< | e IVl £ DIVOE + 10V, + 50, e

1
- - 1 N 2 1 2d
+/Q T M IVOl* + p(1+ )V, bl )da

(n|Von|* + p|Vd,|* + [nV, + pV,|*)dx + c/(n + p)dx
Q

< /——;L——
a0 2(l+n+p)

1
< — (n|Vén >+ p|Vo|* + [nV, + pVo,|*)dx + c¢(E;p + 1),
< | S IV IV + InV6, + 570, e + B+ 1)
where ¢ > 0 denotes here and in the following a constant independent of k, N, 7, and ¢
with values varying from occurence to occurence. In the above estimate we have used that
bap € WH®(Q), a =n,p.

For the fourth integral I, we use the monotonicity of x + Inx:

L o= _ / (In(np) — n(nppp))(np — nopp) ,
! Q 1+n+p
(In(np) — In(nppp))(1 —nppp)
+ /Q 1+n+p de

IN

/Q (%(1 —nppp) + |In(nppp)(1 — nDpD)\) dr < c.
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Finally, the third integral I3 is estimated by Young’s inequality, and the terms (£/2) |V, |?
and (£/2)|V¢,|* are absorbed by the left-hand side of (19).

Putting together the above estimates gives

1 L / nVoul* + PV + [0V + pVoI° |
Q

(B — B, -
T(k k1)+2 1+n+p

+% /Q(|W>n|2 +|V,|*)dx < c(Ey, + 1).

Then the discrete Gronwall lemma yields (17) if we choose 7 sufficiently small. This also
gives an estimate for (¢, — ¢n.p, ¢p — ¢p,p, ¥ — ¥p) in (H'(Q))?, and hence in Vj} since
all norms in Vy are equivalent. Therefore, we can apply the Leray-Schauder fixed-point
theorem to conclude the existence of a fixed point of S(-, 1), i.e. a solution to (15)-(16). O

3. TWO TECHNICAL LEMMAS
We recall two convergence results. The first one is well known.

Lemma 3. Let  C R? be a bounded open set and let (f,) C L>®(Q), (gm) C LP(Q) for
some 1 < p < oo be sequences such that (f,,) is bounded in L>®(Q), fun(x) — f(x) a.e. in
Q, and g, — g weakly in LP(Q2) as m — oco. Then fungm — fg weakly in LP($2).

Let Lg(Q2) be the Orlicz space corresponding to ¥(z) = (1 + z)log(l 4+ z) — z, = > 0.
We refer to [1] for its definition and properties (also see the appendix of [4]).

Lemma 4. Let Q C R? be a bounded open set.

(i) If (fm) is bounded in LP(Q) with p > 1 and fn(x) — f(x) a.e. in Q, then f, — f
strongly in L1(Q) for all 1 < q < p.

(i) If (fm) is bounded in Lg(Q) and f,(z) — f(x) a.e. in Q, then f,, — f strongly in
LY Q).

The proof of (i) can be found in [15, Ch. 1.3 and p. 144]. The proof of (ii) is essentially

contained in [1]. Indeed, Theorem 8.22 in [1] states that, given two Young functions ¥,
and W, satistying, for any k£ > 0,

lim V()

t—oo Wy(t)
and a sequence (f,,) which is bounded in Ly, (€2) and convergent in measure, then (f,,) is
convergent in Ly, (£2). Notice that ¥y (¢) = ¥(t) is a Young function, but Wy(¢) = t is not.
However, the proof of [1] can be extended also to this case. Since a.e. convergence implies
convergence in measure, Lemma 4 (ii) follows.

=0

4. THE LIMIT € — 0 AND N — o0

In this section we perform the limit ¢ — 0 and N — oo for fixed 7 > 0. At this stage,
the limit 7 — 0 cannot be performed since we need some (discrete) regularity in time. The
corresponding estimates, however, can only be achieved using a test function in a larger
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space than Vy. Therefore, the limiting procedure has to be divided into the two parts
e—0, N—oo0and 7— 0.

Lemma 5. Let (n, (N ,p](fN),Qﬂk ) be a solution to (15)-(16). Then there exists a constant

c>0, independent of e, N, and 7, such that

N N N
(21) 1™ @) + 16N @) + 10 e < o

K IVi/n |2 v p |2
(22) >l V(N)k . \/ : .

=0 Ql+n, —l—pk Ql—i—n +pk

N N
) > (wné Mo + IV >||%V1,1(Q)) <e
N N N N N N
oy 2 - o el
! (N) , . (N) dr < ¢,
= ¢ L+n ny "+ Dy

where Ly () is the Orlicz space with V(x) = (1 +z)In(l +z) —x, z > 0.

Proof. The convexity of the mapping x +— x Inz implies that

14+2z. 1+=x
2ln

which is equivalent to

1
< 5(11n1 +axlnz) forall z > 0,

U(z) <z(lnz—-1)+ (1 —z)ln2.
Thus, the estimate (21) follows from (17) and the above inequality. The elementary in-
equality (x —y)? > 2%/2 — y? for all z, y € R and (17) imply that

[ (T,

(V) 1 ) 1+ n!

dx

K \V4 /n 2
> QZT | i | dx— |V¢£N)|2dx

and a corresponding estimate for p,g ), Hence, (22) follows from the uniform bound for

V@DIgN) in L?(Q). Young’s inequality yields

I V2
(/lV n,C |dx> <Z / (N)k / 1—|—n,(€)+pk Ydz < ¢,
Q

I+ ny +pk

using (21) and (22). This proves (23). Finally, the estimate (24) is a consequence from the
formulation

k =2 n,(fN \Y n/,C n,(CN)Vw,(CN)
and the uniform estimate (17). O
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Lemma 6. Let 7 > 0 be fized and let k € {1,...,K}. Then, as e — 0, N — oo,
(n (N),plg Y = (nw, pr) strongly in L*(Q), Vw,iN) — Vi, weakly in L*(Q), and the limit
satisfies

(25) | Vo = [ (== Clanaa

for all x € H}(2) and

1 /(nk e )enda + / 2y Vg, — g Vipy Ve, du
Q

2 \Y% —niV 2 \Y% \Y
(26) +/nk( VeV /g — N Ye + 24DV /P + P wk)_vgndx
0 L+ ng + pr

= /R(nk,pk>£nd$,
Q
1 2/ PV /Di + piV
;/(pk—]?k—l)fpdif+/ PV /P PV - V¢ da
Q Q

L+ ng + pe
2/n NV /m — Ny + 2/piV +ppV
(27) n / Pr(2y/MV /e — Vg + 24/peV/Dr + P Vy) Ve da
0 L+ ng + pr
— [ Rt pgys
Q
for all &, &, € H;(Y). Furthermore, the following a priori estimates hold:
(28) InllLe @) + IPellLo @ + 1Vellm@ < ¢
2
o (sl gL, <
Lk 4 pr |l 120 Lk 4 pr [l 120
(30) S (H\/_nk\lim,l(m + Hmuivm)) < ¢
k=0
|2V Tk + 2/PEV Br — (1 — p) Vi |
(31) dor < ¢
0 \/ 1+ Nk + Pk L2(Q)

where Ly (§2) is the Orlicz space with V(x) = (1 +z)In(1 +x) —x, 2 > 0.

Proof. We show first that the terms in the discrete problem (16) converge. Clearly, by the
free energy estimate (17), as ¢ — 0 and N — oo,

5V¢(N) — 0, &?ng;{\,? — 0 strongly in L*(€).

Since W (Q2) embeddes compactly into LI(2) for 1 < ¢ < d/(d — 1), we obtain for a
subsequence which is not relabeled,

/n,(cN)—>\/n_k, \/p](ﬁN)—>\/p_k strongly in L(€2).
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In particular, these sequences converge a.e. (up to a asubsequence). Thus, in view of the
uniform bound (21) for nLN) and plgN), an application of Lemma 4 yields

(32) n,(CN) — Ny, p,gN) — pp  strongly in L'(€).

The W(Q) bound for 1/n\" does not imply weak compactness in (). However,
this compactness follows from the uniform bounds for

\Y n,(CN)
Vil 4 p"

in L?(2) (see (21) and (22)) since the product of both sequences converges (up to a sub-
sequence) weakly in L'(Q),

and \/1 + n;N) + p,(CN)

[ (N)
A AL (N) | (N)
(33) Vi/ny 1+n

2 p) = weakly in L'(Q).

Clearly, u = V/nj. In a similar way, V p,(CN) converges to V,/p, weakly in L'(Q).

The sequence (4/ n,iN) /(14 n,gN) + png))) is bounded in L>°(£2) and converges a.e. Taking

into account (33), we can apply Lemma 3 to conclude that

(N) (V)
n; 'Va/n AN
(34) - N fzv) s VIEEVIE eakly in LY(Q).
140 +pt 1+ ng +py,

By (21), we infer that, up to the extraction of a subsequence, Vw,(cN) — Vi, in L*(9).

Furthermore, the sequence (n,(CN) /(1 + n,(fN) + p,gN)

a.e. Thus, again applying Lemma 3,

)) is bounded in L*(Q) and converges

”;(CN)V%(CN) Vg

(N) (N)

(35) :
L4+n, " +p; + ng + P

weakly in L*(€2).

The convergence results (34)-(35) and the bound in (17) imply that

nVonl 2wV ik — Vi

(N) (N)

(36) :
1+n,  +p; + N+ Pr

weakly in L*(€2).

Analogously, we obtain

pVOL 2BV B+ Vi

140 + pv) 1+ ny. + pi

(37) weakly in L*(€2).
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The strong convergence of ( nl(CN)) in L?(Q) and (36)-(37) show that

Ve Ve + " vour)

1+ n,(cN) + p,(fN)
2 v v - — )V
N Vi (Ve Vi + VPr \/p_k) V(1 — )V weakly in L' (Q).

1+ ng + p

Actually, by (31), this convergence holds true in L*(Q). Using again (31) and the strong

convergence of ( n,(CN)) in L?(Q), we arrive at

v v

14" + p™

9 \Y V/Pr) — — PV

MY Ve BV VPR s =PIV gy
1+ ng + pi

Finally, the source terms converge,

(N), (N)

1—n; 'p; 1 — ngpx .1
— strongly in L (€2).
L+ +p Lt py gly in L7(2)

Now, let &,, &, x € Hp(Q2) and &), &™), x(M) € Vi such that &) — ¢&,, ") — ¢,
and Y™ — y strongly in H*(Q) and hence also in W'>®(Q), as M — oco. (Here we
need that H*(Q2) is embedded continuously into W1*°(2).) We choose the test functions

({flM),f,(,M), X)) in (15)-(16). The above convergence results allow to perform the limit

e — 0 and N — oo. This shows that the limit (ng, pr, ¥x) solves the equations (25)-(27) for

X =x", & = 7(LM), and &, = é}(yM). Then M — oo gives the conclusion of the lemma. [J

5. THE LIMIT 7 — O

Let (ng, pe,¥x) € (H*(2))® be a solution of (25)-(27). We introduce the piecewise
constant functions

n (@, t) = m(x), P (@ t) = pilx), VO(x,t) = u(2)

for z € Q, t € (ty_1,tx), k = 1,..., K. The following uniform bounds are a direct conse-
quence of (28)-(31).
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Lemma 7. There exists a positive constant ¢ independent of T such that

(38) Hn(”HLwo @) + 107 ey + 107 i=orme) <«
VA/p(T)
(39) H ‘ <p> ™ = 6
1+ n) +pl L2(0.T5L2()) L4+nt" +p L2(0,T;L2(Q))
(40) VROl 2w + VPO l2orwiie) < e
I BRI A R Atk AV L <
< ¢
1+ n) + p) L2(0,T;L2())

Furthermore, we introduce the shift operator o, defined by (oxn™)(z,t) = nj_1(z) for
r €O te (they,te], k=1,..., K (and similarly for oxp™).
For the compactness argument, we need estimates for the functions

T)—\/n +p7) +1 fory=1,2.
Lemma 8. There exists a positive constant ¢ independent of T such that
(42) Hy@HLz orwiiQ) = G
(43) Hy§ UKZ/7 HLl OTy(HLQ)) < C
Proof. The bound (42) follows directly from (40). In order to prove (43), we introduce

Yy = V1 + 7P + 1 and yf{? = \/ (v )—|-7p/§€ )41 Let € € H$ (), € # 0. We employ
the test function §/(y,(yj\,? + yg\,ll) € H}(Q2) in (26) to obtain

K
Z Yy — Yy k-1 ’!h,k 1 _ ZTsup / (ng — 1) + 7Pk — Pr—1) 3 du
k= (H3(Q)  j=o &#0 7 Yk T Yy k=1
K
< ZTSUP lim / (e = k1) + 7Pk = Pr1) ) § ) dz
=0 ££0 N—o0,e—0 /o T y’y,k + y’y,k—l
Y e i / BV VTG 2V )V
iy A0 N=oe=0 Jq L+ng+pr yﬁ\]? + 3/3,2)—1
Ng T YPk ng Ny Dk P — Nk — Pk k
J (0 D) QYR T+ 2B B~ (e = p) Vi) €
1+ ng + px (N)+ (N)

y'y k y'y,k 1

(14) +(1 +v>R<nk,pk>%

‘das.
+y( )

Notice that the above test function is not an element of Viy (even if £ € Viy) and therefore,
it cannot be used in (16). We need to perform the limit ¢ — 0, N — oo in (16) first in
order to employ this test function in (26).
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We claim that the right-hand side of (44) can be uniformly bounded. For this we first

2 2

N)

estimate the gradient of the test function &/ (ygj\,? + Yy x_1)- Since

N N 2
K Vy(,k;) K Vy;k) K V( (N) L Vp;(g ))
DT <> 7l=m =) 7w ™
k=1 y'y,k + y'y,k:fl L2(Q) k=0 Yi L2(Q) k=0 2( + YPg + 1) 12(Q)
2
K \V4 n,(gN) vV pl(CN )
- ZT + S C)
— (N) (N) (N) (N)
k=0 \/nk, +p, T+ 1 L@ +p, + 1 L@
by (22), and similarly,
K (N) 2
Z T vy%k_l <c
(N) + (N) -7
k=1 y'y,k y'%kfl LQ(Q)
we infer that
2 K N N 2
V¢ V(y§ L+ yi,k)_l) 5
ZT (V) ( ) - ZT N . N N, () g § < cl|€ll7rs (o
k=0 y'y, + y’y,k 1 L2(Q) k=0 yq/,k + y’y,k—l (yyk + y’y,k—l) L2(Q)

Thus, employing (29), the first term on the right-hand side of (44) including n; can be
estimated as follows:

if/ SV AL N S—,

1+ 1z + pr y 4

V’k_l

K
\Y% (@) S :

Clearly, the corresponding integral including pi can be treated similarly. For the second

term on the right-hand side of (44) we use the fact that the strong convergence of n,(CN)

VI 7+ Pl 2

and p\"") in L'(Q) implies that

(45) Vi + VP <e
N
n 4+ + 1 Loo(@)

Thus, by Young’s inequality and (31),

Z / Nk 4 YPk) (216 V /1 + 2y/DkV /i — (e — pie) V) v £ e
1+ 1y, + pr N
= Ny + YDk S
L+ ng + pi yi k) + yx\;i),l L2(9)
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= V¢ Vi + )
< Q| VT rem . m ||V e
k=0 yfy,k + y'y,k:—l L2(9) ( v,k + yfy,k-l) 12(Q)
K (N) (N)
V1 + YDk V(Y r + Y1)
< CZT N V€] 2() + H (X/) (X/) €] (@)
k=0 Yy k L2 (Q) .k + Yy k-1 L2(Q)
< clléllms ),

employing (45).
Finally, the last term on the right-hand side of (44) can be bounded by

K
§
Sorey) [ Rl )~z < (loullosn + el o) lloxco) < el

k=0 Q vk T Yy k-1

The above inequalities show that (44) can be uniformly bounded. This proves (43). U

Lemma 8 allows to apply Aubin’s lemma and hence to conclude strong convergence.
More precisely, the following result holds.

Lemma 9. There exist subsequences of (n'™) and (p”)) (not relabelled) such that for all
r<oo, as T — 0,
(46) n™ —n, p™ —p strongly in L"(0,T; L' (),
(47) VVnl) = Vy/n, Vyp —=Vp weakly in L' (Qr),
where we recall that Qr = Q x (0,T).
Proof. Thanks to the estimates (42) and (43) and the compact embedding W (Q) —
Li(Q) for 1 < g < d/(d—1), we can apply Aubin’s lemma [20] to obtain the existence of
a subsequence (not relabeled) such that, as 7 — 0,
ygT) — y, strongly in L*(0,T; LY(Q)).

In particular, up to the extraction of a subsequence, the sequence is converging a.e. in Q.
Therefore,

n'™ 4 ~4p™ = (y,(f))2 -1— y,QY —1 ae. inQr.

Therefore, for v = 1,2, we have

n™ —n .= 2y1 — Yo, p(T) —pi=1yp—y ae inQr.
With the help of the a.e. convergence and the uniform L*(0,7T; Ly(2)) bounds for n*)
and p®, Lemma 4 gives (46).

In order to prove the second result, we argue as in the proof of Lemma 6. The estimates
(38) and (39) show that (a subsequence of) the sequence (Vvn(™ /\/n(™ + p(™) 4 1) con-
verges weakly in L?(Qr) and (y/n(") + p(™) + 1) converges strongly in L?(Q7); therefore,
the product converges weakly in L'(Qr). O
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Lemma 10. There exist subsequences (not relabeled) such that, as T — 0,

2VnMIVVnln) — n(T)VZ/}(T) N Qﬁv\/ﬁ —nVy

438 )

(48) 14+ n() + p» l+n+p

(49) 2P0V 4+ pIVY 2BV /p+pVY
1+ n) + p() 1+n+p

weakly in L*(Qr) and
nﬁMJMﬂVV%ﬁL+v%hmuﬂgﬁy_nMOﬂﬂ_pﬁwv¢m
1+ n + p(7)
2n(v/nVy/n+ /pVy/p) — n(n — p)Vi
1+n+p
20 (VnOVVR® + /pOV/p0)) — p) (n() — p(1))Wep(7)
1+mﬂ+ﬂ>
2p(v/PV /P + VnVy/n) — p(n — p)Vi
1+n+p
weakly in L7(0,T; L*(Q)) for all1 <o < 2.

)

(51)

Proof. The sequence (vVn(™/(1+n™ + p(7)) is bounded in L>(Qr) and converges (up to
a subsequence) a.e. to \/n/(1+n+p), by (46). In view of (47), we can apply Lemma 3 to
obtain, as 7 — 0,

2vnIVyVn(™ - 2y/nVyn
1+n04+p0  T4n+p
Now we argue similarly as in the proof of Lemma 6. The estimate (38) provides the weak

convergence of (a subsequence of) (V1)(") to Vi) in L?(Qr), and thus, again by Lemma 3,

() z/;(T) 0
(INEAY/ nV

— weakly in ? Qr).
1+n(7)+p(7) 1+n+p e ! ( T>

weakly in L' (Qr).

This shows that
2V/nMVVR() — pOTy™)
1+ n() + p(7)
converges to (2/nVy/n—nV1)/(1+n+p) weakly in L' (Qr). In fact, the weak convergence
holds true in L?(Qr) since (52) is uniformly bounded in L?(Qr) by (38)-(39). This shows

(48). The proof of (49) is similar.
Next we show (50) and (51). By (46) and (17), up to the extraction of subsequences,

vn \/ﬁ strongly in L?(Qr) and V() — V¢ weakly in L?(Qr) and therefore,
vn Vw — /nV1) weakly in Ll(QT) Then Lemma 3 implies

n(T)Vw(T) o NV
= -Vn Viﬁ _

(52)

weakly in L'(Qr).
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Lemma 3 implies further
2vVnOVYn™ - 2/mV/n

53

weakly in L'(Qr).

This shows that
2VnMVVn™ — n(vy) _2ynVy/n —nVy
1+n(7)—|—p(7) \/1+n+p

In a similar way, we deduce that

24/ pMIV/p™) + pMTp(7) N 2\/pV/p+ pV
1+ n(™ + p() Vi4+n+p

The sum of both sequences also converges weakly in L'(Qr). In fact, in view of (41), the
sum is uniformly bounded in L?(Qr) and hence,

2V/nVVR — nOVY™ 4 21/pOV/pT) + pO V)
1+ n) + p(7)
2¢/nV/n —nV 4 2,/pV/p + pVi
VI+n+p

weakly in L'(Qr).

weakly in L'(Qr).

weakly in L*(Qr).

By Lemma 3, we deduce that
n(™) 27OV — nOVYT) 4 2,/pOV/p0 4 p V)
1+ n() + p) 1+ n + p)
V1n(2y/nVy/n —nV 4 2,/pV/p + pV1))
1+n+p

Since Vn( — \/n strongly in L"(0,T; L*(2)) for all r < oo, the product of this sequence
and (54) converges weakly in L7(0,T; L'(Q2)) for all o < 2:

M 2VnOVVn) — V™) 4 2/pV/p) 4 p(T) W)

(54) weakly in L*(Qr).

1+ n(™) + p("')
2y/nVy/n —nVi +2,/pV/p+ pV
n2ynVyn =V + 2PV b+ pVY) weakly in L7(0,T; L' (2)).
1+n+p
This proves (50). The proof of (51) is analogous. O
Lemma 11. There exist subsequences (not relabeled) such that, as T — 0,
1 —np™ 1—mnp S 1
(55) T+ 50 ~1in . strongly in L"(0,T; L*(2)) for all r < oo,
1

(56) — (0 — oyn) = Oin weakly in L°(0,T; (HL(2))),

T

1
(57) —(p(T) — aNp(T)) — Op weakly in L7(0,T; (HL(2))),
T
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where 1 < o < 2.

Proof. For the result (55) we observe that the sequences

n(™ P
and
1+ n™ + p) 1+ n( + p)

converge strongly in L*" (0, T; L*(Q2)), by (46), and therefore, the product converges strongly
in L"(0,T; L'(Q)) for all r < oo, which implies (55).
Lemma 10 shows that

2V/nMVVn( — pMvy™
1+ n() + p()
N n™ (2vVnOVVR — nOVY™) 4 21/ pOV/pT) + pM V)
1+ n() + p(7)
is uniformly bounded in L°(0,T; L'(Q)) for all ¢ < 2 and moreover,
A0 2y/nV+/n —nVi N n(2y/nVy/n —nVi +2,/pV./p +pV@ZJ).
1+n+p 1+n+p

weakly in L°(0,T; L*(2)). By the weak formulation of the approximation problem, we
conclude the estimate

A —

1
-

<cg,

L7(0,T;(Hp (2)))
which shows (56) and, similarly, (57). O

The proof of Theorem 1 follows from Lemmas 10 and 11. It only remains to show that

v/n and /p satisfy the boundary data. In fact, \/n,(CN) — \/np, \/p,gN) — /Pp € HLH()
and thus, in view of (33), vVn(™) — /np, /) — /pp € L*(0,T; W}5'(€2)). Then, the limit
(47) implies that /n — \/np, /b — /Pp € L*(0,T; whlQ)).
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