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ABSTRACT. The limit of vanishing ratio of the electron mass to the ion mass in the
isentropic transient Euler-Poisson equations with periodic boundary conditions is proved.
The equations consist of the balance laws for the electron density and current density
for given ion density, coupled to the Poisson equation for the electrostatic potential. The
limit is related to the low-Mach-number limit of Klainerman and Majda. In particular, the
limit velocity satisfies the incompressible Euler equations with damping. The difference
to the zero-Mach-number limit comes from the electrostatic potential which needs to be
controlled. This is done by a reformulation of the equations in terms of the enthalpy,
higher-order energy estimates and a careful use of the Poisson equation.
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1. INTRODUCTION

A couple of years ago, the last two authors started a program to derive rigorously some
asymptotic limits, namely the relaxation limit, the quasineutral limit and the zero-electron-
mass limit, in quasi-hydrodynamic models for plasmas. Whereas most of these limits could
be rigorously proved, the zero-electron-mass limit in the hydrodynamic equations remained
unsolved. In this paper we fill this gap for the hydrodynamic model with given ion density.

First, consider the (scaled) hydrodynamic equations for the electron density n. with
charge q. = —1, the density n; of the positively charged ions with charge ¢; = +1, the
respective velocities ve, v; and the electrostatic potential ¢,

Ong + V- (navy) = 0, a=ei

maat<nava) + mav : (noﬂ)a ® Ua) + vpa (na) = _Q(xnozv¢ — My navaa

~NA¢p = nj—n,—Cx) forzeTi t>0,

where d > 1 and T¢ denotes the d-dimensional torus. The initial conditions are given by

Na(,0) =nra,  Val-,0) =07, in T, a =e,i.
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In the above equations, p, are the pressure functions, usually given by p,(n) = c,n®,
n > 0, where ¢, > 0 and v, > 1 are constants. In this work, we only assume that p, is
smooth and strictly increasing. The function C'(x) models fixed charged background ions
(doping profile). The (scaled) physical parameters are the particle mass m,, the relaxation
time 7, and the Debye length A. We assume that the value of the integral de odx is fixed;
for instance, [, ¢dz = 0.

In this paper we restrict ourselves to a situation in which the ion density is given, i.e.,
we wish to perform rigorously the limit m. — 0 in the system

(1) One + V- (neve) = 0,
(2) meat(neve) + mev : (neve X Ue) + vpe (ne) = nevd) — Me nevea
(3) NAp = n.—N forzeT t>0,

where N = n; — C is given. (In fact, we need that N is a constant.) The parameter
m. is essentially the ratio of the electron mass to the ion mass (see, e.g., [14] for details
on the scaling). We assume that the ion is much heavier than the electron such that the
limit m, — 0 makes sense. The limit has the goal to achieve simpler models containing
the essential physical phenomena. We notice that in plasma physics, zero-electron-mass
assumptions are widely used (see, e.g., [9, 17]).

Concerning the existence of solutions to the hydrodynamic model in the one-dimensional
or multi-dimensional situation, either in the torus or in the whole space, we refer to [2] for
precise references. Whereas in the one-dimensional case, the existence of general global-
in-time weak entropy solutions has been shown, there are only results for smooth solutions
for small times or initial data close to an equilibrium state in the multi-dimensional case,
which we consider here.

The relaxation limit in the hydrodynamic (Euler-Poisson) equations to the drift-diffusion
model, which has been first studied by Marcati and Natalini [21], has been solved in [10, 12,
13] for weak entropy solutions (also see [1]). The quasineutral limit in the hydrodynamic
model has been analyzed for transient smooth solutions by Cordier and Grenier [4] in
the one-dimensional case and independently in [25, 29] in the multi-dimensional case. We
refer also to [8] for an analysis of the limit in Vlasov-Poisson equations and [6] for a
combined quasineutral-relaxation limit. The limit for steady states has been considered
in [23, 24, 27]. The zero-electron-mass limit in the transient equations has been achieved
only under restrictive assumptions; see [7]. For steady states, we refer to [23].

These asymptotic limits have been also studied in the drift-diffusion equations which are
obtained in the relaxation limit. The quasineutral limit has been proved in [5, 15, 30]. In
[14] the zero-electron-mass limit in these equations could be shown (which is easier than
in the hydrodynamic model). We mention that such limits have been recently analyzed in
quasi-hydrodynamic quantum models; see [11, 16].

Before we present the main ideas of this paper, it is convenient to write the main part
of the system (1)-(2) in symmetric hyperbolic form. Setting n = n., v = ve, p(n) = pe(ne),
and €2 = m, and introducing the enthalpy h = h(n.), defined by h'(n) = p/(n)/n and
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h(1) = 0, as a new variable, the system (1)-(3) can be rewritten as

(O +v-V)h+p(n)V-v = 0,
(4) 20, +v-Vv+Vh = V¢ — v,

Ap = n(h)—N, xz€T¢ t>0,

where we assume that de ¢dxr = 0, with initial conditions
(5) h(-,0) = h5, wo(-,0) =v5 in T
Here, we have set 7. = A = 1 in order to simplify the notation. Clearly, for smooth
solutions, this system is equivalent to (1)-(3). As we suppose that the pressure function is

invertible, so does h(n) and we denote its inverse by n(h). The objective of this paper is
to perform the limit ¢ — 0 in (4).

1.1. Formal asymptotic analysis. Assume that N > 0 is a constant. In order to derive
the limiting system when € — 0, we substitute the formal expansions

h=h"+eh' +0°+---, v=104cv' +2*+--, ¢=¢"+ep' +°¢° + -
in the system (4) and equate equal powers of €. The lowest-order terms satisfy the equations
6) (O + 0" - V)R +p(n(h*)V -2’ =0, VA’ —¢°) =0, A¢’ =n(h") - N.
The second equation implies that h® — ¢" is a function of time only. Combining this
fact with the third equation, we find that h° solves AR = n(h°) — N. Employing the
assumption [ ¢°dz = 0, it is not difficult to see that ¢ = 0 and h® = h(N) € R are the

unique solutions of the corresponding equations, such that [h%dz = meas(T?)h(N). In
particular, the first equation in (6) becomes V - v° = 0. The first-order terms satisfy

V(' —¢") =0, A¢'=n'(h")h".
The solutions h! = ¢! = 0 are consistent with these equations. At second order, we find
(7) (0 +0°- V) +0° = V(¢ — h?), A¢* =n/(h°)h%.
From V - v? = 0 and the first equation, v° and ¢? — h? can be found. Then, h? is the
solution of the third equation, written in the form Ah? = n’(h°)h? — A(¢? — h?) and finally,

¢? is given by ¢? = h?+ (¢* — h?). These considerations motivate to choose the initial data
as

(8) hS = hY +e2h2, v5 =) + vy,

The formal analysis shows that the zero-electron-mass limit has some similarities with
the low-Mach-number limit in the compressible Euler system [20]. It is possible to use ideas
from Klainerman and Majda [18, 19] to deal with the term e 'Vh in (4) (after division
by €). However, we have another singularity from e7'V¢ which cannot be fixed by their
method. Our idea is to control this term by a careful use of the mass conservation and the
Poisson equation. To describe the idea more precisely, introduce the new variables

0 0
- h—h = O— o
€ €
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as in [20, Ch. 2.4], where ¢° is any constant fixed by [ ¢dz (if [ ¢dx = 0 then ¢° = 0).
The system (4) can be written as

9) A(eh) (8, +v - V)h + %V vo= 0,

(10) (Or+v-V)v+ éVﬁ = %v& — v,
(11) Ap = é(n(sfl +h%) = n(h?), zeT! t>0,

where A(eh) = 1/p/(eh + h).

1.2. Main ideas. For the proof of the limit ¢ — 0 we need to derive uniform estimates
up to sth-order derivatives with s > d/2 4+ 1. Here, we will describe only how to derive
the lowest-order estimates, which is sufficient to illustrate the idea. We assume that there
are L>(0,T; W' (T?)) estimates for A and v. Friedrich’s energy estimate for symmetric
hyperbolic systems and integration by parts yield
4 (A(gﬁ)|h|2+yv|2)dx+/ |v|2dx§c/ (|ﬁ|2+|u|2)dx—1/ oV - v,
dt Td Td Td € Jrd
where the constant ¢ > 0 depends on the L*(0,T; W'(T%)) bounds for h and v. Re-
placing the term ¢!V - v by the mass conservation equation, we are left to control the
integrals
GA(eh)hydr + | GA(ch)v - Vhda.
Td Td
The second integral can be easily controlled (after integration by parts) by the L*>(0, T
W1 (T%)) bounds for h and v. In order to deal with the first integral we employ the
Poisson equation, . . .
Ag¢; = n'(eh + hO)h,.

Then we arrive at .
SA(h) hyd — / _Aleh)

1d n/(eh + hO)
Again after integration by parts, we obtain an integral with a “good” sign, —8t|\V<5H%2
and other integrals which can be estimated by [[eV¢;|[r2 and ||0,(n'(eh + hY))||z2. Using
the Poisson equation to bound the first expression, it can be seen that both terms contain
the derivative eh; as above but now including the factor . Indeed, by (9), we are now able
to control this expression in some norm in terms of the L>(0,T; W1°°(T¢)) estimates for
h and v.

For higher-order derivatives, we need to take care of the nonlinear terms arising from the
partial derivatives, but finally, we end up with estimates for A and v which are appropriate
to employ the standard continuation argument (see below for details).

We remark that a more general strategy to perform the low-Mach-number limit, and
possibly also the zero-electron-mass limit, has been suggested by Métivier and Schochet in
[22]. However, the technique of Klainerman and Majda is quite fundamental and sufficient

Td
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for our purpose. For other results on the incompressible limit of the compressible Euler
equations, we refer to [3, 28].

1.3. Main results. In order to formulate our main theorems, we introduce as in [20] the
following notations:

-l =11

wady, - sz = sup [[-fls fors € R, |- floo = [ - l|oe(re)-
0<t<T

Theorem 1. Let n be a smooth strictly increasing function and let N > 0. Furthermore,
let s > d/2+1 and let the initial data (h5,v5) satisfy v5 = oY) and

where h° = h(N) and My > 0 is a constant independent of €. Then there exist constants
To > 0 and M > 0, independent of € and £o(My) > 0 such that for all 0 < € < go(My),
the problem (4)-(5) has a classical solution (h®,v®, ¢%) in [0,Ty] satisfying

H he — h° V¢©

€
Theorem 2. Let the assumptions of Theorem 1 hold with V - 09 =0 and

hg — h?
e2

hs — RO
3

+vzlls < Mo,

S

< M;.
s, 1o

o + H]

57T0

< M.

S

(12 |

Let (h®,v%,¢%) be a classical solution to (4)-(5) in [0,To] with Ty > 0 independent of .
Then, as € — 0,

he — R’ V¢ — 0  strongly in L>(0,Ty; H*(T?)) N C™ ([0, Ty); L*(T?)),
v® —0®  strongly in C°([0, Tyl; H*(TY))  for all o < s,

where v° is the (unique) classical solution of the following incompressible Euler equations
with damping,

(13) V-u'=0, (4 -V +°=Vr, z€T t>0,

00(,0) =% in TY,

and 7 is the limit of

c hE
\Y <¢ ) —~* V7 weakly* in L>=(0, Ty; L*(T?)).
€

The paper is organized as follows. In section 2, uniform estimates are shown and The-

orem 1 is proved by means of a continuation argument. Section 3 is devoted to the proof
of Theorem 2.
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2. UNIFORM LOCAL EXISTENCE

First we recall for convenience some Moser-type inequalities which we will use in the
subsequent analysis. Let a = (ay,...,@4) be a multi-index. The differential operator D*
is defined by D% = 9;} ---0g4; D*® for s € N denotes the sth derivative.

o Let s >0, f, g € H¥(TY) N L>*(T?), and o a multi-index with |a| < s. Then, for
some constant ¢, > 0,
(14) 1D(f9)llo < cs(llfllscll D%gllo + llgllocl|D° flo)-
o Let s > 1, f € H¥(T?) with Df € L*°(T?), g € H*}(T?) N L*°(T?) and |a| < s.
Then, for some constant ¢, > 0,
(15) ID*(f9) = fD%gllo < es(IDfllcllD* " gllo + lglloclID* Fllo)-
For the proof of Theorem 1 we employ the basic theory of smooth solutions to hyperbolic

systems of Majda [20]. The key result is contained in the following lemma.

Lemma 3. Suppose that it holds, for some T* > 0 (maybe depending on ) and M > 0
(independent of €),

(16) 1ll oo 0.7 we0 pay) + [[0]] oo o w00 payy < M.
Then there ezist eg = eo(M) > 0 and c¢(M) > 0 such that for all 0 < e < g, it holds
(17) Alllsze + Wollsrs + 1IVSlllsze < e 0T (Mo + e(M)T™).

We assume Lemma 3 for the moment and proceed with the proof of Theorem 1.

Proof of Theorem 1. In view of the existence results of [20], the proof follows from a
continuation argument. We follow the lines of [20, p. 59]. First, let M; > M, and fix
T} > 0 such that
GC(MI)Tl(MO + C(Ml)Tl) S Ml.

Writing ¢ = A~*(n(h) — N) (with periodic boundary conditions) and using the properties
of the linear operator A™', the first two equations in (4) form a symmetric hyperbolic
system with the unknowns (h,v). Therefore, the local existence results of [20] show that
there exists a local smooth solution (h,v). Let T'(¢) be the maximal time of existence of
such a smooth solution. If T'(¢) = +oo for all € > 0, we are done. Otherwise, T'(¢) < +00
for some € > 0 and then

limsup([|2ls.e + [ollls.e + IV Yllls.2) = +o00.

t—T(e)—
There exists t1(¢) < T'(¢) such that
(18) 12llls.t10) + MV llls.tae) + MV D Mlsiae) < M
and
(19) Alllse + ollse + 11V Slllse > My for all ¢ > t1(e).

Lemma 3, applied with some 7% > 0 and M = M, provides the existence of 5 > 0
(independent of T*) such that (17) holds for all € < gy. If t1(¢) > T} for all 0 < € < g, the
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proof is finished. Otherwise, we argue by contradiction; there exists 0 < €; < &g such that
ti1(e1) < Ti. In particular,

1Allls ) + M0 llls ey + MV lls taery < M

Now, we apply Lemma 3 with 7" = ¢,(e7) and M = M;. This does not change the value
of €y since it only depends on M;. Then, by (17),

Alllseren) + Molllsseny + MVOMlsnery < ey + e(Mi)ta(e))

< GC(Ml)Tl (M(] + C(M1>T1) S Ml.

Thanks to the strict inequality sign, we may extend, again by local existence results, the
time interval [0, t1(g1)] to [0,¢2(e1)] for some to(e1) > t1(e1) such that

12llls tae0) + 0 llls @) + MV lls o) < M

But this contradicts the definition of ¢;(¢). Hence, t;(¢) > T7 > 0 for all 0 < £ < g, which
shows that there exists a solution on [0,7}] and 7} does not depend on ¢. U

Proof of Lemma 3. Step 1: preparations. First we collect some useful inequalities which
we will employ several times in this proof. Let f be a smooth function and let (16) hold.
Then there exist constants ¢(M), co(M), ¢1(M) > 0 such that

0 < co(M) < f™(eh) < ¢y (M) for all m € N and sufficiently small &,
(20) sup ||V f(eh) || < ec(M),  sup [|0,f (eh)||oe < c(M).
(0,7) (0,7)

In fact, the first estimates can be derived directly by elementary computations. The last
one is a consequence of the first, using (16) and (9),

18 M) lloor < LS (€)oo, lledeht oo,
< c(M)(llev- Vhllsor + IAH RV - vllowz) < e(M).

We will use the following notations. Let o with |a| < s be a multi-index. Then we define
|Dlely| = sup,, | D®u|. Furthermore, we abbreviate

ho = D%h, v, = D%, ¢o = D.

Step 2: Friedrich’s energy estimates. We divide (9) by A(gfz), apply the operator D
and multiply by A(eh). Differentiating also (10) and (11), the resulting equations are

- . 1
(21) A(eh)Othy + A(eh)v - Vhy + gV v, = F,

1 1
(22) Og + v - Vg, + tha = quba — Vg + Gq,
(23) Apy = n'(ch+ h°)hg + H,,
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F, = A(eh)(v-Vhy — D%wv-Vh))+ é(v vy — A(eh) D (A7 (eh)V - v)),
Go = v-Yu, — D%w-Vv),
(24) H, = éDo‘(n(eiL + h%)) —n'(eh + hO)h,.

Friedrich’s energy estimate for (21)-(22) (i.e., multiplying (21) by h, and (22) by wv,,
integrating over T?, taking the sum and integrating by parts) give

1d .

—— (A(eh)|ha\2+]va|2)d:c+/ [ve |2 dx

2dt Jra Td

1
(25) < B/ (|ha|2+|va|2)dx+/ (|Fa|2+|Ga|2)dx+—/ Vo - vads
Td Td 5 Td

= L+ L+ Is,

where
B = |0{(AEh) ooz + NIVAER) ooz [olloor + 1AER) oo IV - 0o,

+ef[Vullloor +1.
Step 3: control of I, Iy and I3. The inequalities (20) show that

I < (M) / (hal? + [val?)da.
']Td

The integral I can be estimated in a similar way as done by Klainerman and Majda
[18, 19]. For convenience, we present the details. We employ Moser-type estimates (14)-
(15) to obtain for |a| > 1 (noting that Fy = Gy = 0)

- ~ 1 - -
1Fallo < JAERllo - Tha = D*(0- TR)llo + 2|V v = A(ch) D (A7 (R)V -0) o
< AR o (V0o [ D1Vl + D100 | T )

+ = (IVAER) [ [DP' (AT RV - 0) o + [ D AER) o A7 RV - ol )

IA

(M) (1D Rllo + [ D1ellg) + (M) (J1A™ (R ol Do

- 1 -
IV - ellol D AT Rl + <[ DI AR )

(26) < () (|DRjlg + DMl + 1)
and
IGallo < flv- Voo = D*(v- V0) g
< c(IVollse DTl + [ DFello]|Volo) < (M) (1D 0]o +1).
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This yields

I < o(M) (| DR|E + | Do +1)

Now we turn to the delicate integral I3. This term cannot be controlled directly from
the Riesz transformation (derived from the coupling with the Poisson equation), as done
in [2], for instance. Our idea is to replace the singular term €'V ¢,, after integration by
parts in I3, by equation (21),

1
I; = —= 0oV - vadx
€ Jrd

= — | ¢oFoudz+ | ¢aA(ch)v - Vhodr + | ¢oA(ch)dihodx
Td Td Td
= Kl + K2 + Kg.

Step 4: control of K1, Ko and K3. With the help of the estimate (26), it is not difficult
to see that the first integral K can be controlled by

1 ~
Ki<3 /d<l¢al2 + [Fof?)dz < (M) /d(\qﬁaP + [DIR[? + | DIl ) da + (M),
T T

We integrate by parts in the second integral since Vh, cannot be estimated by Dlelp,

Ky = — | Voo vAEh)hodr — | ¢oVA(eh) - vhodr — | ¢oA(ch)V - vhodz
']I*d Td

Td

< o) [ (196 + 160 + [haf? )

The difficult term is now Kj3. In order to control K3, we cannot use (21) since this would
(again) give a term containing 7'V - v,. Our strategy is to employ the Poisson equation
in the following way. Taking the time derivative of (23), we have

Adypo = n'(eh + h°)dyhe + 0y(n(ch + h°))hy + 8, Hay,
recalling the definition (24) of H,. Then, multiplying this equation by ¢oA(eh)/n’(ch+h°)

and substituting the expression into K3, we arrive at

K3 - /’]I‘d nI(EZL i ho) ¢aAat¢ad$ /Td n/(gil n ho) (ba@t(n (€h + h ))hadx

A(eh)
— ————— ¢, 0;Hydx = Ly + Ly + Ls.
/]Td n’(eh+h0)¢ ' ' ? ’
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Step 5: control of Ly and Lo. After integration by parts we obtain

1 A(eh) 2. ‘ Aleh)
b= /Tr ' (eh + hO)a”w“' dw /T 0oV (W(d& + ho)) Ptk

1d Aleh) 5 1/ A(eh) 5
——— [ ——————|Vo,|"de+ < | 0| —=—"= | |Vea|"d
2dt Jra n’(sh—i—ho)' Gal"dz 2 Jya n'(eh + hO) Vol d

_ GO

The bound (20) allows to estimate the second and third integral:
1d A(eh)

Ly < —=

~—Va2dfv+cM/ Vazdx+cM/ 0V Po|* +|¢al*)dz.
33 Jow ich gy Ol A eM) [ IVoaPdre(M) | (0560 +16uf)

In order to estimate the integral over |e9;V¢,|?, we employ again the Poisson equation

(23), now written in the form
Ao = éD“&t(n(sﬁ + 1Y),
For |a| = 0, we have, observing (20),
120:V éllo < cl|i(n(eh +h%)o < c(M).
For 1 < |a| < s, we proceed by induction. Elliptic estimates give
[e06allo < ¢ (ID*0n(eh+h))-1 + ledialo)
< e (1D ' (eh + KO)edm)lo + lledidallo) -

The last term is bounded by the induction hypothesis. In order to bound the first term,
we employ (2~1). This gives controllable terms since the time derivative provides the factor
¢ in front of h; and eh; can be estimated. Therefore, by Moser-type calculus,

18:V dallo < e(M)(|D* o + [|D'*'v]|o + 1).
Hence, the integral L, is bounded by

1d [ A(eh)|Voa|? / _
Li<—5— | —————dv+cM DR + D0 + |V ¢al* + |¢al*)da + c(M).
L= 2dt/Td n/(eh + hO) (M) Td(| "+ "+ Véal” + [0al”) (M)

The estimate of Ly uses again the fact that the term ||ed,hs can be controlled, em-
ploying (21). More precisely, we have

Ly < MO (eF+ WDl [ (haf? + [ou)e < () [ (ol + 164 P
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Step 6: control of L. First we write, recalling the definition (24) of H,,
A(eh) (1 - 0 ~ )
Ly =— — 0.0, | =D*(n(eh + h°)) — n'(eh + )R, | dz.
v= = [ g e (20 (e 1) G 4

Before we describe our idea how to deal with this terms, we notice that H, = 0 for all «
with |a| = 1 and thus Lz = 0. Therefore, we may assume that 2 < |a| < s. The natural
idea is to take the time derivative in the above integral and then to employ Moser-type
inequalities. However, in this case we would obtain terms like ||0;Vh||, which cannot be
controlled by M. Our idea is to reformulate the integral in such a way that only terms
like eh, and not h, appear. For convenience, we set g(ch) = A(eh)/n’(¢h + h°). Then, by
a slight abuse of notation for D%, a reformulatmn gives

Ly = — /T d g(eh)dad, ( DY (n(eh + h°)e Dh) — D*(n/ (eh + hO)ﬁ)) dx
— /T d g(eh)pad, (Da(n'(gh + hO)h) —n/(eh + ho)ha> dx
_ /T g(eh)0u0,D° (D' (b -+ 1)) ) ~ /T geh)gu (D04 (I + 1)
— n/(ch + R°) D8,k — O,(n (ch + ho))ha)da:.
We write these two integrals in the following way, using integration by parts:
/T d g(eh) a0, D (D(n (¢h + h°))h)dx
= /Td g(eh) o D <8t(Dn’(5ﬁ + h°)h 4 Dn'(ch + ho)(?tﬁ) dx

= — | D(g(ch)¢s)D*%(d,(Dn/(eh + h°))h)dx
Td
+ / g(aﬁ)gﬁaDo"l (Dn’(eﬁ + ho)atfz) drx = Ny + N,
Td

and

- / 9(eh)6 (D°DUn! (e + WO)R) — ' (eh + KD — Dy (nl (e + W)y ) i

— | D(g(ch)dn) (D“_lﬁt(n’(sﬁ + BO)R) — 1/ (ch + hO)D“‘latﬁ> dz

Td

- / g(eh) oD’ (eh + h°) D10, hdx + / 9(h)dady(n/ (eh + h°))hodx:
Td Td

= D(g(eh)d) (Da—l(n'(gﬁ + h90h) — n'(eh + hO)DO“l(‘?tﬁ) dx

Td

D(g(eh)pa) D (0y(n' (eh 4+ h°))h)da: — / g(eh) oD’ (eh + h°) D18, hdx:

Td Td



12 GIUSEPPE ALI, LI CHEN, ANSGAR JUNGEL, AND YUE-JUN PENG

+ / 9(eh)pady(n' (eh + h))hodz = N3 + Ny + N5 + Ne.
Td

Before we estimate N, ..., Ng, we notice the following useful inequalities. Let f be a
smooth function and 2 < |a| <'s. Then, by Moser-type calculus (14) and employing (21),

1D 0, f (eh) o 1D (f'(eh)2d:h) o

< e (I ERllleda rllo + leah] D> £/ (R0
< (M) (|eVha-illo + IV - va-1llo + leFa-1llo + [[Ra-1[0)
27) < c(M)(|DPMhl + 1D +1).

Furthermore, by applying Gagliardo-Nirenberg’s inequality, it is not difficult to verify that
(28) 1D° f(eh)llo < ec(l|hlloo) 1D Allo-
For the term N; we use first integration by parts and then (14) and (20):

N, = — | D(gleh)sa) (Da_l((?t(n/(éﬁ + BO)R) — DO2(,(n (ch + ho))Dﬁ)> dz

Td

N+ /T  D{g(eh).) D0, (eh + %) Dh)da

< =N+ [[V(g(eh)da)llol D*2(@s(n' (b + h0) Dh) o

< —Nu+c(M)(llegallo + [V dallo)(l0m’ (eh + b ool ha-1llo
+[IVhl|ool D20/ (e + 17) o)

<

N+ c(M)/ (6al? + [V 6al? + DR + [DIo|?)dz + e(M),
Td
where in the last inequality we have employed (27). In a similar way, using (28), we obtain
Ny < (M) gallol D (Dn'(eh + B)dh) o
(M)l allo (DR (2R + 1)l | DByl + 10 locll DI (e + 1) o)

IN

IA

e(M)li6allo (D Dukllo + leduhllo | D'R]o)

IA

(M) /Td(\%IQ + [DIR[? + | Do) da + e(M),

since the integral over ||€0;ha—1||co can be bounded. The third integral N5 is estimated by
means of (15):

Ny < [[D(g(eh)da)llo (IIDn'(eﬁ + 1)l [[D* 200k ]lo + (|10 oo || DIV (eh + ho)llo)

< (M) (le6allo + 1V @allo) (=D -20R ]l + |90kl I DR

< (M) /1rd(’¢a|2 + | Voal* + \D'a‘BP + |D|a|v|2)d:c +c(M).
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Here, the condition |a| > 2 is essential to obtain, after differentiation, terms like £0:h

instead of 8,k only. The remaining integrals N5 and Ny are estimated in a similar way:
N5 < (M) gallol|Dn’ (b + B%)||oo || DI D4R g

< (M) | (10uf? + IDFIRE + Do)+ (),

N

IA

M) [ (60 + o

Summarizing, we have found that
Ls < c(M)/ (|¢al? + |Val* + | DA + | D0|?)da + c(M).
Td

Step 7: end of the proof. The bounds for L;, L, and L3 in Steps 5 and 6 show that
the integral K3 from Step 4 can also be controlled. The control of Ky, K5 and K3 then
controls I3 from Step 3. Finally, the bounds for 1, I and I3 give the inequality (see (25))

1d
2dt Td

. Aleh
A(eh)|ha|? + |va|® + &ngoﬁ? dx +/ ve |2
2n,<€h + hO) Td

< c(M)/ (ID'AP + | D + [V éo|® + |¢al?)dz + c(M).
Td
Summing up over all multi-indices o with the same norm gives

1d
Zdt Td

Al(eh)

A(eh)| DA + | D)2 + —————
2n/(eh + hY)

|D°‘|V<5|2> dr+ [ |Dlv|*dx
Td

< (M) ( [ AD"RE + DFu 4 DTG 4[5 + 1) .

By Gronwall’s inequality, we obtain

sup [|(h, v, Vo) (-, D)lls + v/l 2oy < (Mo + 1) —1
0<t<T*

IN

T (My + ¢(M)T™).
This gives the assertion of the Lemma. O
We also need estimates for the time derivative of h, v and V.

Lemma 4. Let the assumptions in lemma 3 and (12) hold, ¥V - v? = 0, then there exists
g1 € (0,&9) such that for all 0 < e < ey, it holds

Ao + Nvelllor + IV delllors < e(M, My, My, T).
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Proof. Taking the time derivative of (9)-(11), we obtain

- - .1
(29) A(gh)atht + A(gh)/l] . Vht + EV Uy = E,

1_- 1_ -
(30) aﬂ)t +v- VUt -+ tht = ngzﬁt — v + Gt,
(31) Aqgt = n/(sil + ho)ilt7
where

F o= A@h) (- Vi — v Vi) + %(v vy — AER)O(AT ()Y - v)),
Gy = v-Vu—0(v-Vv)=—uv - Vo.
Friedrich’s estimates for (29)-(30) give
Ld
2dt S
< / (|E)? + |Ge*)dz + (M) /Tcl(|ﬁ,5|2 + v ]?)dx + é /Td Véy - vid.

Td

(AR |Faf? + |vt\2)d:c+/ lve[2de
Td

The terms F; and G; can be easily controlled by

1Bl < AR (IVAllscllvello + MV - vlsclifullo) < e(M)([1Rullo + [lello),
1Gello < [[Vlleollvello < e(M)[oelo-

The only delicate integral in the Friedrich’s estimate is the term involving 1/e. In order
to control it we use (29):

1 ~ 1 ~
- Vth . Utdfl? - — gti . ’Utd$
g Td 9 Td
= — QBtFtdl‘ + Q;tA(giL)'U : Viltdl' + Q;tA(EiL)Bttd.’E
Td Td Td
= P+ P+ P

The above estimate for F; gives
Py < o(M) /Td(y&t\? T le? + [of?) e
In order to avoid the term VA, in Py, we integrate by parts:
P = — /T d (VthA(sfz)v + 6 VAR + G A(ER)V - v) hudz

< o) [ (196 + 16 + i)
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For the estimate of the remaining integral P5, we take the time derivative of (31) and
multiply the resulting equation by ¢;A(eh)/n’(eh + h°). This yields

A(eh)

e P — " B(n'(eh + h°))gyhy.
n'(eh + hO) ! n'(eh + h9) /(e Néih

Substituting the product A(gﬁ)(ﬁtﬁtt in P; by the above expression, we obtain, setting
g(eh) = A(eh)/n’(eh + h°),

P3 = / g(gil)qgtAQ;ttdﬂf — / g(eﬁ)@t(n/(eﬁ + ho))qgtibtdflj
Td Td
S —

1 g<€]~7’>at|vét|2dx - / Vg(é‘il) . V(gttqgtdﬁ
2 Td

_|._
o
/\
\_/

M) |0 (el + 7)o / (ol da

1d ~
< 2@ 2 4 2
= th/T (5h)|v¢t| dx + 2/d at9(5h)|v¢t| dx

S_

i/ (5h)]V¢t]2da: + C(M)/ (Ve + | e + |hu|? + |eVdu|?)dx
Td Td

We employ again the Poisson equation to deal with the term eV¢y,. From (29) we find
that
A(gtt = 8t(n/(€}~l + h(]))ilt + n’(&tﬁ + ho)iltt
10/ (eh + hO) n'(eh + hO)

= O h+ h%))h, — h+h%)v - Vh ————V v+ ————=1
(et Ky = (o W) W = O ok R

Multiplying this equation by 2y, integrating over T? and integrating by parts yields

|€V<5tt’2d$ = —52 8t(n/(€il + ho))ilt(%ttdx + 52 / TLI(EH + ho)'l} : Vilt(];ttdx
Td

Td

n'(eh + hO) n'(ch + h°)
. ol ————Fipud
+€/Td A(eh) V - vudr — /]Td A(éh) Fipudx

= —52 8t(n’(671 + ho))ﬁtéttdx — 62 V- (n/(aiL + hO>U>BtQZBttd$
Td

Td

- - - "(eh + h° -
— & / n'(eh + h°)hw - Vpdz + 5/ \Y leh ) Vi ppd
T4 Td A(Eh)

n'(eh + hO) B n'(eh + ho)
+ €/Td —A(Eh) (0 V¢ttdx g /Ed —A<Eh) t(bttdx
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1 ~ ~
S 5 ]eV@t\zdx -+ C(M)/ (’ht‘z + |/Ut‘2>dl',
Td Td

where we have used Poincaré’s inequality

/ |¢~5tt|2d$ < C/ |v§gtt|2d$7
Td Td

which is allowed since the integral over ¢ and hence also over ¢ vanishes. Thus, the
estimate of P; becomes
1d

p< L4 g(eﬁ)|V¢~5t|2da:—|—c(M)/ (VG2 + 1Bl + [0r]2)d
2dt Jya Td

We end up with an estimate of e~ [ V¢, - vidx, and thus, we obtain

1d
th Td

. A(eiz) ~
A(eh) | + | |2 + ——— |V 2d+/ 24
( (eh)|he|® =+ [y 2n,(dtho)l ¢e|° | dx levtl T

<) [ (Vo + bl + Juf)da.
T

The proof of the lemma is completed by application of Gronwall’s lemma if a bound for
the initial data is available, i.e. ||(h¢, v, Vo) (-, 0)]0 < ¢(Mp). In fact, from (9) and using
assumption v§ = v9 with V - v? = 0, we have

e+, 0)lo < e(Mo)(I[V (hg = B0 + llvzllo) < e(Mo),

and similarly for v;(-,0) with the help of assumption (12) and [|[Véy(-, 0)[lo < C||h(-,0)]fo.
U

3. PROOF OF THEOREM 2

Let (h®,v%,¢°) be a (classical) solution to (4)-(5) in the interval [0,7,] with Tj inde-
pendent of €. The estimates of Lemmas 3 and 4 show that the following uniform bounds
hold:

lle™ (A" = A sz + v lsiz + Nle™ Vo< sz,
lle™ 2z o,y + Mg lllom + le™ Vi lllo.m,
The inequalities imply that, as ¢ — 0,

he — h°, V¢° — 0  strongly in L>(0, Ty; H*(T?)) N C*([0, Ty]; L*(T%)).

<
< o(M).

Furthermore, by Aubin’s lemma (see Theorem 5 in [26]), there exists a subsequence of v%,
which is not relabeled, such that

v® — 00 strongly in L>(0, Ty; H*(T%)) for all o < s,
where v° € C°([0, Tp]; C*(T4)) N C%L([0, Tp); L*(T?)).
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It remains to show that v° is a solution of the incompressible Euler equations with
damping. It holds for all y € C*([0, Tp]), ¥ € C5°(T% R?) such that V -1 = 0,

1T0

To
/ / (vf +0° - Vo© +0°) - Yxdedt = — V(¢ h®) - xdxdt
Td

To
= / — h®)V - xdzdt = 0.
Td

Letting ¢ — 0 in the above equation gives
/ (0"x; 4+ 0° - Vol + vy )dadt = 0.
QT

By the definition of weak derivatives, we conclude that
vy = —P(v" - Vo' +7),

where P is the standard projection on the set of divergence-free vector fields. Since we
already have v° € C°([0, Tp]; C*(T?)) N L>°(0, To; H*(T?)), which implies that v°- Vu®+1° €
C°([0, Tp); CO(T4)) N L>°(0, Ty; H*~(T?)), we infer

v) € C°(T* x [0, Tp]) N L™=(0, Ty; H¥(TY)).
Thus, v° € C1(T? x [0,Tp)]) is a classical solution to
V-'=0, P)+°-Vo'+2°) =0, %0 =)(2), z€T t>0.
The second equation and the regularity of v{+v°-Vo?+v° show that there exists a function
7 € L>(0,Ty; H*(T?)) such that
V-'=0, o+ Vo' +1°=Vnr.
Taking into account the equation satisfied by v and
V8 +vf - Vo +0f —=* o) 0 Vo 400 = Vr weakly™ in L>°(0, Ty; L*(T%)),
we infer that

1
—V(¢7 = h°) = vf + 07 - Vo 407 ="V weakly* in L™(0, Ty; L*(T%)).
9

Finally, the uniqueness of smooth solutions to the incompressible Euler equations with
damping implies the convergence of the whole sequences. This completes the proof.
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