AN ASYMPTOTIC LIMIT OF A NAVIER-STOKES SYSTEM WITH
CAPILLARY EFFECTS

ANSGAR JUNGEL, CHI-KUN LIN, AND KUNG-CHIEN WU

ABSTRACT. A combined incompressible and vanishing capillarity limit in the barotropic
compressible Navier-Stokes equations for smooth solutions is proved. The equations are
considered on the two-dimensional torus with well prepared initial data. The momentum
equation contains a rotational term originating from a Coriolis force, a general Korteweg-
type tensor modeling capillary effects, and a density-dependent viscosity. The limiting
model is the viscous quasi-geostrophic equation for the “rotated” velocity potential. The
proof of the singular limit is based on the modulated energy method with a careful choice
of the correction terms.

1. INTRODUCTION

The aim of this paper is to prove a combined incompressible and vanishing capillarity
limit for a two-dimensional Navier-Stokes-Korteweg system, leading to the viscous quasi-
geostrophic equation. We consider the (dimensionless) mass and momentum equations for
the particle density p(z,t) and the mean velocity u(x,t) = (ui(x,t), us(xz,t)) of a fluid in
the two-dimensional torus T?:

(1) Op +div(pu) =0 in T? t >0,
(2) A (pu) + div(pu © u) + pu™ + Vp(p) = div(K + 9),

with initial conditions
p(,O) :PO, U(,O) :U’O in T?.

Date: February 6, 2013.

2000 Mathematics Subject Classification. 35B25, 35Q35, 35Q40.

Key words and phrases. Incompressible limit, vanishing capillarity limit, modulated energy, Navier-
Stokes-Korteweg model, quasi-geostrophic equation.

The first author acknowledges partial support from the Austrian Science Fund (FWF), grants P22108,
P24304, and 1395 and from the National Science Council of Taiwan (NSC) through the Tsungming Tu
Award. The second author was supported by the NSC, grant NSC101-2115-M-009-008-MY2. The third au-
thor acknowledges partial support from the Tsz-Tza Foundation of the Institute of Mathematics, Academia
Sinica (Taipei, Taiwan). He thanks Clément Mouhot for his kind invitation to visit the University of Cam-
bridge during the academic years 2011-2013. Part of this work was written during the stay of the first
author at the Center of Mathematical Modeling and Scientific Computing, National Chiao Tung Univer-
sity (Hsinchu, Taiwan), and at the Institute of Mathematics, Academia Sinica (Taipei, Taiwan); he thanks
Chi-Kun Lin and Tai-Ping Liu for their kind hospitality.

1
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Here, put describes the Coriolis force, ut = (—us,uy), the function p(p) = p7 /vy with y > 1
denotes the pressure of an ideal gas obeying Boyle’s law, K is the Korteweg-type tension
tensor and S the viscous stress tensor.

More precisely, the free surface tension tensor is given by

div K = kopV (o' (p)Ac(p)),

where ko > 0, which can be written in conservative form as
1
) aiv & = sy ( (A5(0) = 38"V ) 1= Tolp) @ V().

where S'(p) = po’(p)?, o(p) is a (nonlinear) function, and I denotes the unit matrix in
R?*2, For a general introduction and the physical background of Navier-Stokes-Korteweg
systems, we refer to [7, 11, 19]. In standard Korteweg models, x(p) = o'(p)? defines the
capillarity coefficient [11, Formula (1.29)]. In the shallow-water equation, often o(p) = p
is used such that div K = pVAp (see, e.g., [5, 25]). Bresch and Desjardins [6] employed
general functions o(p) and suitable viscosities allowing for additional energy estimates (also
see [20]). If o(p) = \/p, the third-order term can be interpreted as a quantum correction,
and system (1)-(2) (without the rotational term) corresponds to the so-called quantum
Navier-Stokes model, derived in [8] and analyzed in [19].
The viscous stress tensor is defined by

div S = 2div(u(p)D(u)),

where D(u) = 3(Vu + Vu') and p(p) denotes the density-dependent viscosity. Often,
the viscosity in the Navier-Stokes model is assumed to be constant for the mathematical
analysis [13]. Density-dependent viscosities of the form u(p) = p were chosen in [5] and
were derived, in the context of the quantum Navier-Stokes model, in [8]. The choice
wu(p) = o(p) allows one to exploit a certain entropy structure of the system [6].

Without capillary effects, system (1)-(2) reduces to the viscous shallow-water or vis-
cous Saint-Venant equations, whose inviscid version was introduced in [27]. The viscous
model was formally derived from the three-dimensional Navier-Stokes equations with a
free moving boundary condition [14]. This derivation was generalized later to varying
river topologies [25]. The existence of global weak or strong solutions to the Korteweg-
type shallow-water equations was proved in [6, 7, 15, 16, 18] under various assumptions
on the nonlinear functions. In [7], the authors obtained several existence results of weak
solutions under various assumptions concerning the density dependency of the coefficients.
The notion of weak solution involves test functions depending on the density; this allows
one to circumvent the vacuum problem. Duan et al. [10] showed the existence of local
classical solutions to the shallow-water model without capillary effects. For more details
and references on the shallow-water system, we refer to the review [4].

The combined incompressible and vanishing capillarity limit studied in this work is based
on the scaling t — &t, u — eu, u(p) — ep(p) and on the choice Ky = €** (0 < a,e < 1),
which gives

(4) Oipe +div(poue) =0 in T?, ¢ > 0,
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: 1 1 a— /
(5) A (p-ue) + div(p-ue @ ue) + gpauj + %V@Oz) — 2¢% l)pSV(U (pe)Aa(p:))

= 2div(u(p.)D(u.)),

with the initial conditions
(6) pe(+,0) = pg, us(+,0) = ug in T2.

The condition a < 1 is needed to control the capillary energy; see the energy identity in
Lemma 2 below. The local existence of smooth solutions to (4)-(5) is discussed in Appendix
A.

When letting ¢ — 0, it holds p. — 1 and p.u. — V+t¢ = (=0¢/0x9,0¢/0x;) in
appropriate function spaces, where ¢ solves the viscous quasi-geostrophic equation [26,
Chapter 6] (see Section 2 for details)

(7) 0(A¢ = ¢) + (V16 - V)(Ag) = p(1)A% in T t >0,
(8) ¢(-,0) = ¢’ in T*.

The objective of this paper is to make this limit rigorous. Our proof requires the (local)
existence of a smooth solution to (7)-(8), which is shown in Appendix A. Several derivations
of inviscid quasi-geostrophic equations have been published; see, e.g., [9, 12, 28]. The reader
is also referred to the monograph [24] for a more complete discussion of this model. The
viscous equation was derived rigorously for weak solutions from the shallow-water system in
[5]. The proof is essentially based on the presence of the additional viscous part div(pVu)
and a friction term in the momentum equation. The novelty of the present paper is that
these expressions are not needed and that more general expressions can be considered.
In particular, we allow for viscous terms of the type div(u(p)D(u)), and no friction is
prescribed.

In the following, we describe our main result. In order to simplify the presentation, we
assume that the nonlinearities are given by power-law functions:

o(p)=p°, wp) =p™ forp=>0,

where s > 0 and m > 0. The exponents s and m cannot be chosen freely; we need to
suppose that

1 1
9) 0<s<l, m:s—i——gi.
2 2
This assumption includes the quantum Navier-Stokes model s = 1/2, m = 1 and the

shallow-water model with s = 1, m = 3/2. Furthermore, we assume that the initial data
are sufficiently regular (ensuring the local-in-time existence of smooth solutions)

P’ € H*(T?), v® € H*1(T?), ¢° € H*"*(T?), where k > 2,
and that they are well prepared:
(10) Ge(92) = 0", e (2 = 1) = ¢°, V/plul — V0, eIV /p? — 0
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in L?(T?) as ¢ — 0, where p? = 1 + £¢? (this defines ¢?),

) 6.6 = Loign(o) VAT 76, o =1+ 2.

and the internal energy h(p) is defined by h”(p) = p'(p)/p = p*~2 and h(1) = K/(1) = 0
(see (13) for an explicit expression). Note that the convergence e *(p? — 1) — ¢° in L*(T?)
implies that G.(¢?) — ¢° in L'(T?) if p¥ is bounded in L>°(T?) (see (17)).

Theorem 1. Let 0 < o < 1 and v > 1. We suppose that (9) holds and that the initial
data satisfy (10). Furthermore, let (pe,uc) be the classical solution to (4)-(6) and let ¢ be
the classical solution to (7)-(8), both on the time interval (0,T). Then, as e — 0,

pe — 1 in L(0,T; L7(T?)),
pete — Vg in L0, T; L2/ 0FD(T2)),
Furthermore, if s < % andy >2(1—3s) orif s=1 and vy > 2,
pe — 1 in L®(0,T; LP(T?)),
pue — Vo in L=(0,T; LY(T?)),
foralll1<p<ooandl<qg<?2.

The proof is based on the modulated energy method, first introduced by Brenier in a
kinetic context [2] and later extended to various models, e.g. [1, 3, 22]. The idea of the
method is to estimate, through its time derivative, a suitable modification of the energy
by introducing in the energy the solution of the limit equation. We suggest the following
form of the modulated energy:

1.0 = [ (%l = Vo + 1600 — oF + 22T (p) ) de

(12) <2 [ [ o)D) - D(vro) e

These terms express the differences of the kinetic, internal, and Korteweg energies as well
as the viscosity. Differentiating the modulated energy with respect to time and employing
the evolution equations, elaborated computations lead to the inequality

H(f) < c/t Ha(s)ds +o(1), t>0,

where o(1) denotes terms vanishing in the limit ¢ — 0, uniformly in time. The Gronwall
lemma then implies the result.

The paper is organized as follows. In Section 2, we derive the energy identities for the
shallow-water system and the quasi-geostrophic equation and give a formal derivation of
the latter model from the former one. Theorem 1 is proved in Section 3. In the appendix,
we discuss the existence of local smooth solutions to (4)-(5) and give an existence proof
for local smooth solutions to (7)-(8).
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2. AUXILIARY RESULTS

In this section, we derive the energy estimates for (4)-(5) and derive formally the quasi-
geostrophic equation (7). Based on the definition h”(p) = p'(p)/p, h(1) = K'(1) = 0, we
can give an explicit formula for this function:

1 Y
(13) h(ﬂ):m(P ~1-9(p-1)), p=0.

The energy identity for (4)-(5) is given as follows.
Lemma 2. Let (p., u:) be a smooth solution to (4)-(6) on (0,T). Then the energy identity

dE.
dt
holds, where the energy E. and enerqy dissipation D, are defined by, respectively,

1 1 .
E. = /TQ (8—2h(pg) + 5Pa|ua|2 + 252(& 1)|va(pa)|2) dr, D.= 2/]1‘2 M(pa)|D(u€)|2dx‘

+D.=0, te(0,7),

Proof. Multiply (4) by e 2/ (p.) — L|u.|> — 22 Do’(p.)Ac(p.), integrate over T?, and
then integrate by parts:

21 1 1
0= / (;ath(pa) - gh”(ps)vps : (peus) - §|U€|2atp6 + Pl Ve - u.
T

i 482(a—1)v0-(p8) . V@to'(pe) — 262(a_1) div(psuE)O',(pa)AO'(pg)>dl’-

1

Multiplying (5) by u. and integrating over T? gives, since u’ - u. = 0,

1
0= / (at(pua) cUe — pe(ue & ue) : vue + ?pg_lvpe " Ue
T2

+ 26207V (p ) Ac(p.) div(peue) — 2u(pe) D(ue) Vu5> dx,
where “:” means summation over both matrix indices. Observing that h satisfies h”(p.) =
p2~% and using the identity D(u.) : Vu. = |D(u.)[?, the sum of the above two equations
becomes

d 1 1 _
L L ho) + Lpfucf? + 222009 ()P ) di 42 / w(p) | D ()P = 0,
dt T2 & 2 T2

which proves the lemma. U

A consequence of the energy identity is the following estimate.

Lemma 3. Let (p.,u.) be a smooth solution to (4)-(6) on (0,T). Then there exists C' > 0
such that for all 0 < e < 1,

(14.) ||p€ — 1HL°°(O,T;L'Y(T2)) S C&Tmin{l’2/7} Zf’}/ > 1,
(15) Hpg — 1‘|LOO(O’T;L2(TL‘2)) S 08 Zf’y 2 2.
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Proof. It v = 2, h(p) = +(p — 1)?, and the result follows immediately from Lemma 2. Let
v > 2. We claim that h(p) > |p — 1|7/(v(y — 1)) for p > 0. Then the result follows again
from the energy identity. Indeed, the function f(p) = p”—1—~(p—1)—|p— 1|7 is convex
in (1,00) and concave in (0,31). Since the values f(0) = v — 2 and f(3) = 7/2 — 1 are
positive, f > 0 on [0, 3]. Furthermore, f(1) = f’(1) = 0 which implies, together with the
convexity, that f > 0 in [%,oo), proving the claim. Finally, let v < 2. By [23, p. 591],
h(p) > crlp — 1|* for p < R and h(p) > cg|p — 1|7 for p > R, for some cg > 0 and R > 0.
Hence, using Holder’s inequality and v < 2,

v/2
o=y <€ ([ lpo=1Pae) 4 [ 1P
{p-<R} {pe>R}

v/2
<C (/ h(pe)dac> +C h(p.)dr < C(7 + &%) < CeY,
{ps<R} {ps>R}

N |+

o

where here and in the following C' > 0 denotes a generic constant not depending on e.
Estimate (15) for v > 2 follows from

o= e = [ (o= 1Pde < C [ nipyar < c2
T2 T2
which finishes the proof. U
We perform the formal limit ¢ — 0 in (4)-(5). For this, we observe that (4) can be
written in terms of ¢. = (p. — 1)/¢ as follows:

1
O p + div(geu.) + B divu, = 0.

We apply the operator div™ (defined by div'(vi,vy) = —0vy/0xs 4+ Ova/dx1) to (5) and
observe that div*(p.ul)/e = divu. /e 4 div(¢.u.) = —0,¢., by the above equation. Then
we find that

9, div*t (peue) + div*t div(pette ®@ ue) — Oy e
(16) = 220 divt (5, (0"(p2) Ao () + 2div div(u(p.) Dl(w.))

By the energy estimate, p. — 1 (in L*>°(0,T; L7(T?))). Assuming that ¢. — ¢ and u. —
V¢ in suitable function spaces and employing the relations

divt div(Vie @ Vo) = (Vo - V)(Ag), 2divtdiv(D(V+'e)) = A%,
the formal limit in (16) yields the limit equation (7). The initial condition reads as ¢(-,0) =
#°, where ¢° = lim. g ¢.(-,0) in T%. The energy and the energy dissipation of (7) equal

Eo= [ (V6P +&)ds, Do=2ut) [ |D(V6)Pdo.
2 T2 T2

Multiplying the limiting equation by ¢ and using the properties
[0 a0sds—o0. [ (aopds—2 [ |D(T40)Pds
T2 T2 T2
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we find the energy identity of the viscous quasi-geostrophic equation:

dE,
04 Dy=0, t>0.
a o

3. PROOF OF THEOREM 1
First, we prove the following lemma.
Lemma 4. LetT' >0, v>1, and 0 < a < 1. Then
}:i_I% H.(t) =0 wuniformly in (0,7T),
where H. is defined in (12).

Proof. Using the definitions of the energy and energy dissipation as well as the relation
%Ge((bs)z = E_Qh(ps), we write

H) = (B + EYO) + [ (Dt D)s)ds +5 [ (p. = DIV*oPds
- [ (66 = o) - / pete- Vods — [ ouods

+2/ /?r w(pe) — p(1))|D(V+¢)|*drds — 4 //T w(p)D(ug) : D(V*¢)dads

S AR

The aim is to estimate dH./dt. To this end, we treat the integrals I; or their derivatives
term by term. By the energy estimates, < (; + I;) = 0. The integral I3 cancels with a
contribution originating from /5; see below. The estimate of Iy, ..., Ig (or their derivatives)
is performed in several steps.

Step 1: estimate of I,. L'Hopital’s rule shows that for v > 1,

h(1+2z) 1 hm}(@ 1)_7—2

lim =2 2
z—0 22 2 z—0 2

22 2 6

Therefore, there exists a nonnegative function f, defined on [0, 00), such that (1 + z) =
122 f(2) for z > 0, and a function g, defined on [0, 00), such that f(z)—1 = Zg( ) for z > 0.
Furthermore, the inequalities f(z) > f(0) = 1 and |g(z)| < C(1 + 20737) hold, where
2z = max{0, z}. Finally, we claim that f(z) =2h(1+ 2)/2% > 2(1+ 2)72/(y(y — 1)) for
z >0 and v > 4. Indeed, the function w(z) = h(1+z) — 2%(142)""2/(v(y — 1)) is convex
in [0, 00) and w(0) = w'(0) = 0, which implies that w(z) > 0 in [0, 00), proving the claim.
With these preparations, we can estimate the difference G.(¢.) — ¢. appearing in I :

VIE6) - 1|

|Ge(9:) — ¢c| = |sign(¢.) (g h(1+ep.) — ’(bs’) ' = |¢e|
— |¢a| |f(€¢s) — 1| _ |¢s| |5¢s| |g(8¢€)|.

Vf(ege) +1 VI(ege) +1
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In view of the bounds for f and g as well as the relation €¢. = p. — 1, we infer that

14 p0 797

VFEg) +1

This bound allows us to estimate I;. Indeed, if 1 <y < 4, by (14),

C min —
14(t) < N6l ommpllp: = U ripn ey < C2m0271 = o(1)

C
(17) |Gs(¢s) - ¢6| < ;|’05 - 1|2

uniformly in (0,7"). Here and in the following, the constant C' > 0 depends on ¢ and its
derivatives but not on . If v > 4, we have, using the upper bound of f(z) for v > 4, (17),
and 1+ 5¢e = Pe,
C 1+p77° C 2 —3)—(y-2)/2
|Ge(9e) — &= < —|pe — 1|2_—5 < —fpe —117(1 +p(’y )=6=2/2)
- Co0 I " e ( e )
We employ estimates (14)-(15) and Holder’s inequality to conclude that
14(t) < Cllll e riz=mzne lpe — Ulreoomzzazy lpe — Ulzse(or;zm r2))
—4)/2
X (L4 1Pl n o)
S 082/7’|¢HL°°(0,T;L°°(T2)) = 0(1)

Step 2: estimate of dIs/dt. Inserting the momentum equation (5) and integrating by
parts, it follows that

dl.
—2 = at(paua) : VLdex - / Pele - VLatgbdx
dt 'H‘2 ’]I‘Q
1
= —/ pe(ue @ uz) : VV*pdar + —/ peu - VEpd
T2 g T2
1
+ %/ Vp? - Vtpdrd — 262D / p-V (o' (p-)Ac(p.)) - V*dx
T2 T2
2 [ (D) VVeds — [ pu - VEoods
T2 T2
— Jl + P + JG'
We treat the integrals Ji, ..., Js term by term. The integral J; can be written as

1
Jy = —/ Pl - Vod.
g T2

The third integral vanishes since div V+ = 0:
1
Js=——— [ pldiv(V*'¢)dz =0.
Y Jr2
Using the identity (3) and divV+ = 0, we compute

s [ ( (As<pa> - %s%pmw?) div(V" )
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 (Volp) ® Volpe) vvw) dn
< (CH..

Integration by parts and using div V+ = 0 again yields

Js = —/ w(p)ue - (VEAG + V div(V+Ee))dr
T2

- / 1 (pe)(Vp= @ ue + u. @ Vp,.) : VV-¢dx
T2

_/ M(pe)us ) VLA(ﬁdl‘
T2
1 (pe)

- (o (Vo) ® (Veie) + (Vpeue) © Vo (pe) - VYo

m—s—1/2

The assumptions on p and o (see (9)) yield i/ (pe)/(\/p=0"(pe)) = pe . Hence, applying
the Cauchy-Schwarz inequality, the last integral is bounded from above by

We conclude that

ClIVo(po)llz2rs) IV petel|r2(rzy < Ce*07 = o(1).

Js5 < —/ w(pe)ue - VEApdr + o(1).
T2

The integral Jg remains unchanged. Finally, we estimate J;. To this end, we add and
substract the expression V+¢ such that J; = K + --- + K4, where

Ky = — / pe(ue — V) ® (ue — V46) : VYL gda,
TQ

Ky, = —/ pVio @ u. 1 VV*ade,
’]1‘2

K; = —/ Pt @ Vg : VVLaode,
TQ

K, = / 0.Vt @ Ve : VVodar.
’]1‘2

The first integral can be bounded by the modulated energy:

K, < 0/ pelue — V*+olPde < CH..
TQ

A reformulation yields

Ko== [ p ((V40-V)V46)do.
']1‘2

We employ the continuity equation (4) to find

1 1
K; = ——/ peus - V|VEo[2dad = —/ div(p-uc)|V o[ dx
2 T2 2 T2
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1
— _5/ Oi(pe — 1)|V*o|*dx
T2
1d

1
- _ - 5_1 1 42 - 5_1 1 42
i Lo~ DIVEoPda+ 5 [ (o~ 1T HoPas

dl,
S
o T o).

Finally, using again divV+ = 0,
Ky = —/ pE((VL(b . V)VL¢) -V*pdr
T2

:_/TQ(pa_l)((Vqu'v)vL(b)'Vqudx—/ ((vj_ﬁbv)vlﬁzs)vj‘gbdaj

TQ

_ / (0 — V(Y46 - V)V 0) - VViodr — / Vi V(YR dz
- 2 s

. / (b — D((V 6 - V)V 6) - VVieda + = / div(V*6)|V* oPdz
']1‘2 2 ']1‘2
=o(1).

In the last step, we have employed estimate (14) for p. — 1. Summarizing the estimates for
Ky, ..., K, we have shown that
dl
J1 <CH. — d_753 - / (V- V)V¥9) - (pous)de + o(1).
’H‘2
Then, summarizing the estimates for Jy,.. ., Js, we obtain
dls dly 1

yr —CHE‘%%/Q%'W

- /T (0 + V=0 V)V 6+ p(1)V-A9) - (pou.)de

- /Tz (1p2) = p(1)pe)ue - V= Adda + o(1).

The last integral can be estimated by employing the assumptions on p and Holder’s in-
equality:

H{Pe) — [ —
/W ( )W_U JPmue - VEAddr < Ollp 2 — pl2||pagesy |y/Boe | 2re)-

We claim that the first factor on the right-hand side is of order o(1). To prove this
statement, we consider first % <m<1:

m— m— —-m m— 2(1—m)
o2 = gy < [ 2 e = 1P < 3 e = LT

where p = 2y(1 —m)/(y—2m+1). The inequality p < 7 is equivalent to v > 1. Note that
the Holder inequality can be applied since we supposed that 2m — 1 < ~; see (9). Second,
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let 1 <m <2 (the case m = 1 being trivial). We compute

627 = 9y < [ pdpe = 1PV < el = 13
T

where ¢ = 2y(m — 1)/(y — 1), and ¢ < ~ if and only if m < (y + 1)/2. Finally, if
2 <m < (y+1)/2, we find that

e e T 0/2 pe(L+ o) |pe — 1%dz < C(1+ [l pell T2 Ml oe = LZr o).

with r = 2v/(y — 2m + 3) satisfying r < 7 if and only if m < (y+ 1)/2. We conclude that

p(pe) — (1) pe
[ PR 0 A <l = 1

for some 8 > 0, and together with (14), this shows that the integral is of order o(1).
Therefore,

d]5 dl; 1
o SCOH -G g/ﬂ“swdx
(18) - / (0, + V6 - V)V46 + u(1)V-A0) - (peus)da + o(1).
T2

Step 3: estimate of dlg/dt. Employing (4) and (7), we can write

dls
= /T  Qeodz — | oDids
- é / div(p.u.)pdz — / (0 + V- V)(AG) — p(1)A%0) pedar
T2 T2
(19) = —éfm puz - Vodr + /T2 ((at + Ve V) (Vi) — M(l)VLA@ Viéda,

We observe that the first integral on the right-hand side cancels with the corresponding
integral in (18). To deal with the second integral, we employ again the momentum equation
(5). We write

%m — (7= 1)Vh(p.) + V(p- — 1) = (7 — 1)Vh(p.) + V.

Then, because of (ul)*+ = —u., (5) is equivalent to
VL¢6 = Pele — 5F5L>
where

-1
F. = 0y(peuc) + div(peue ® ue) + = Vh(p.) — 2div(u(p:) D(ue))

2

D(VAS(p.) ~ 5V (p:)lp.l?) — div (Vo(p.) © Vo(p.))).
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Replacing V+ ¢, in the second integral in (19) by the above expression gives
[ (@4 V40 V)(V40) — n(1)V429) - V4 ouda
TQ

= /]1‘2 ((at +Vig- V)(VLqﬁ) _ H(l)VlAqﬁ) (pette — gFaL)dx'

We claim that the integral containing F- is bounded in an appropriate space. Indeed,
let 1 be a smooth (vector-valued) test function. The first term of F. is written in weak
form as follows:

T T
/0 - at(psua) “pdrds = _/ /T? Pele * Oppdrds + /IF2 (paua)(t) ’ @D(t)dﬂf

—/Tpsue $(0)dz

These integrals are bounded if p.u. is bounded in L*>(0,7; L*(T?)). This is the case, since
mass conservation and the energy estimate show that

1
/|p5u5|dx< /pgdquE/ pe|ue|2dx
2 2

is uniformly bounded in (0,77). An integration by parts gives

/ / div(p-ue ® u.) - hdads = —/ / Pelle @ ug : Vipdads,
0 T2 0 T2

and this integral is uniformly bounded, by the energy estimate. Furthermore, again inte-
grating by parts,

/OT /T (7 2 “Vhip) - QdiV(u(pe)D(us))) - pdads
/ /T ( h(pe)l = 2u(pe) D(u )) . Vipdads,

which is uniformly bounded since we can estimate

T 1 T 1 T
| [ toonoiasas <5 [ [ updsds+ 5 [ [ upolntu)Pasds
0 T2 2 0 T2 2 0 T2

and u(p.) < C(1+ p?). Also the remaining terms are bounded since

2(a-1) / VA(S(pg) ~-S(1)) - 1V(S”(ps)!VpaF) — div(Vo(p:) ® Va(ps))) - Ydzds

T2
1
— 2(a—1) A A div _S// EVEQd-
[ St = stpadive + 35 ot dive
— (Vo(p.) @ Va(p.)) : Vip)dzds.
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Using the Holder continuity of S(z) = (s/2)2%%, z > 0, the first summand can be estimated
by C|p. —1|™{12s} We infer that the corresponding integral is of order o(1). We formulate
the second summand as

1 t
Lostan)gq _ 1) / Vo (p.)|? div bdads.
2 o Jr2

In view of the energy estimate, this integral as well as the third summand are uniformly
bounded. This shows that

/1‘2((at+vl¢,v>(vJ_¢) —u(l)VLAé) 'vl(bgdaj‘

— /TZ ((&t + Vl¢ ) V)(VL@ B u(l)VLAQb) - (peus)dz + o(1),

and consequently, (19) becomes

dlg 1
Z6_ - u. - Vod
=z eV

i / (0 + V*6- V)(V6) — n(1)V-A9) - (pou)de + o(1).

Step 4: estimate of dI7/dt. The function u satisfies |p(z) — p(1)] = |z — 1| < |z — 1|
if m<1and |u(z)—p) <CA+z2""1)2—1|if m > 1, for 2 > 0. Therefore, if m < 1,
taking into account (14),

dl? m m min
dt < 2||p5 1||L°°(0,T;LW(T2))||D(VL¢)”ioo(()7T;L2v/(77M)(T2)) < Ce {1’2/7}-

Moreover, if 1 <m < (v 4 1)/2, using Holder’s inequality,

dI;

p < C( + ||Pe||L<>° 0,T;L(m=1)7/(v=1)(T2) )||Pe - 1||L°°(0Tm(1r2 ) = Ce

The norm of p. is uniformly bounded since (m — 1)v/(y — 1) < 7 is equivalent to m < .
Step 5: estimate of dlg/dt. Integration by parts yields

m1n{1,2/’y}.

dl.
= [ eIV o TV 2 [ ppu. - VAo
T2 T2
Nl( f—:) il
" _Vo(p.) ® cue) : VV—odr
0 () (p=) @ (V/peue)

+2/ (k(pe) —u(l)pe)us-VlA¢dx+2u(1)/ pee -V Agd.
T2 T2

By definition of p and o (see (9)), it follows that
dI .
— < < Cl[Va(pe)ll L2 e IV petell 2 (r2) + CllpZ V2 1/2HL2 12) || V/Pete || L2(72)

dt
+ 2,u(1)/ Pt - VEAGd.
'[[‘2
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Because of the energy estimate, the first summand is of order o(1). The second summand
has been estimated in Step 2, and it has been found that it is also of order o(1). This
shows that

— < 2u(1)/ pete - VEApdr 4 o(1).
dt .

Step 6: conclusion. Adding the estimates for dly/dt, ..., dIg/dt, most of the integrals
cancel, and we end up with

dH, dl,
<CH.+ — 1).
7 S CH, + i +o(1)

Integrating over (0,t) gives
t
H(t) < H.(0) + c/ H.(s)ds + L,(t) — L,(0) + o(1).

By Step 1, I4(t) = o(1). Furthermore, I,(0) = o(1) by assumption. It holds that H.(0) =
o(1) since
IV P2 = V) [ r2crey < [V p2ug = V60 |naere) + (11— v/p2) V60| p2r2)
< IVP2u = V422 + 111 — o2l 2(r) IV 60| o (r2)
=o(1)
and since the initial data are well prepared. Then the Gronwall lemma implies that H.(t) =

o(1) finishing the proof. O

We are now in the position to prove Theorem 1 which is a consequence of Lemma 4.
We observe that by (14), p. — 1 in L>(0,T; L7 (T?)) and, using the Holder inequality and

29/(v+1) <7,
lpte = V4l Lo o.rirzvin ey < IvPellpornzmy |vpe(ue = V)1 omizaere)
+ [ pe — 1HL00(0,T;L2w/(7+1>(T2))||vl¢||L°°(0,T;L°°(T2))
(20) < Cllvpe(ue = V=)l 1=(oriL212)
+ Cllpe = Ul zoo 0,707 (12))-

We conclude that p.u. — V+¢ in L2(0, T; L2/ 0+ (T?)).
Next, let v > 2(1 —s) and 0 < s < 1/2. Because of assumption (9), i.e. v > 2s, we have
29/(v+2(1 — s)) <+, and hence,

pe — 1 in L=(0,T; L2/ 0rH20=)(T2))

as € — 0. Furthermore, since o < 1, Vo(p.) — 0 in L>(0,T; L*(T?)) as ¢ — 0 and thus,
by Holder’s inequality,

(21)  IV(pe = Dl poe(o,rin2v/r20-o0(12)) = 1107 (02) T Vo (pe) | oo 0.7 120 /G209 (129

< llpell i w2 IV (P) | 0,15 2(72)) — 0.
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We infer that p. — 1 in L*°(0,T; W'2/(0+20-9)(T2)). Because of the continuous embed-
ding W12/0+201=5))(T2) < [,7/(1=9)(T?)  this implies that p. — 1in L>(0, T; L?/(1=%)(T?)).
Since 2v/(y 4 2(1 — 5)?) < /(1 — s), this gives p. — 1 in L°(0,T; L¥/0+20-9)%)(T2)),
Applying the same procedure as in (21) again, we obtain

IV (0 = Dl oo 1, avr020-00 127y < 120 g1 oy I VO (P L 0,122y — 0.
Hence, p. — 1 in L=(0,T; WH/0+20=9°)(T2)) and in L>(0,T; L/('=9)°(T?)). Repeating
this argument, we conclude that p° — 1 in L>(0,T; LP(T?)) for all p < oco.

For the momentum, we obtain for p > 1

|ptte = V0| Lo (0 12000 12y) < NIV/Pell Lo 0,502 (72)) |/ (e — V) | Lo 0,752(72))
+ H,Os - 1HL°°(0,T;L2P/(P+1)('JT2))HVL¢HL°°(O,T;L°°(T2))
< Clly/pe(ue — vl¢)”L°"(O,T;LQ('ﬂ'2))
+ Clpe — 1| Lo (0,7520(2))-

This shows that p.u. — V+¢ in L>(0,T; L4(T?)) for all ¢ < 2.

Finally, let v > 2 and s = 1. Then p. — 1 in L>(0,T; H'(T?)) and, by the continuous
embedding H'(T?) — LP(T?) for all p < oo, also p. — 1 in L>(0,T; LP(T?)) for all p < occ.
The theorem is proved.

APPENDIX A. LOCAL EXISTENCE OF SMOOTH SOLUTIONS

The local existence of smooth solutions to the Navier-Stokes-Korteweg system (4)-(5)
can be shown similarly as in [21]. We only sketch the proof since it is highly technical and
does not involve new ideas. First, we rewrite (4)-(5), setting p = p., u = u., and € = 1.
Taking the divergence of (5) and replacing div dy(pu) by (4), which has been differentiated
with respect to time, we obtain

1
dp — AT+ 200" (p)2A2p = — div div(pu ® u) — div(pu’)

+ 2divdiv(u(p) D(w)) + F[pl,

where F[p] = 2div(pV(c'(p)Ac(p))) — 2p0’ (p)?A?p involves only three derivatives. This
formulation allows one to treat the momentum equation as a nonlinear fourth-order wave
equation for which existence and regularity results can be applied. In order to derive
some regularity for the velocity, Li and Marcati [21] assumed that curlu = 0. Then w is
reconstructed from the problem

1
divo=——(0p+ Vp-u), curlv=0, / v(t)dx = u(t).
P T2
Theorem 2.1 in [21] gives the existence of a unique solution u € H*™'(T?) to this problem,

provided that the right-hand side satisfies —(9;p + Vp - u)/p € H*(T?). Actually, Li and
Marcati replace the right-hand side by —(9,p+ Vp-u) /1, where 1 solves the mass equation

o +pdivo+u-Vp=0, t>0, (0)=/,"
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The reason is that this equation can be solved explicitly, yielding strictly positive solutions
. The existence proof is based on an iteration scheme: Given (p,, ¥, u,, v,), solve

divu,1 = fp(t), curlv,yy =0, / Vpt1(t)dx = u(t),
T2
Obpr1 + Ypprdive, +u, - Vp, =0, >0, ¥(0) = pO’
1
atQtppH - ;AP;-H + %0'(%)%2%“ =gp(t), t>0,

pp11(0) = 0%, Ouppia(0) = —p° divu® — Vo' -0,
Dptp 1 + U1J9_+1 = hy(2),

where f,(t), g,(t), and h,(t) contain the remaining terms (see [21, Section 3| for details).
The existence of solutions to these linear problems follows from ODE theory and the theory
of wave equations. The main effort is now to derive uniform estimates in Sobolev spaces
H*(T?). This is done by multiplying the above equations by suitable test functions and
assuming that 7" > 0 is sufficiently small. By compactness, there exists a subsequence of
(Pp, Yp, up, vp) which converges in a suitable Sobolev space to (p, 1, u,v) as p — oo. This
limit allows us also to show that p = ¢ > 0 and u = v. This shows the existence of local
smooth solutions under the assumption of irrotational flow curlu = 0.

Next, we prove the existence of local smooth solutions to the quasi-geostrophic equation
(7). We set p:= pu(1) > 0.

Theorem 5 (Local existence for the quasi-geostrophic equation). Let ¢y € C*(T?). Then
there ezists T > 0 and a smooth solution ¢ to (7)-(8) for 0 <t <T.

Proof. The idea of the proof is to apply the theory of linear semigroups. Let p > 2 and
let A, : W?P(T?) — R, A,(u) = —pAu + u. Then A, is a sectorial operator satisfying
R(A) =1 for all A € 0(4,), where o(A,) denotes the spectrum of A,. Consequently, A,
possesses the fractional powers Ag for 3 > 0, defined on the domain X#? = D(Af)). This
space, endowed with its graph norm, satisfies X7 — Wk4(T?) if k — 2/q < 28 — 2/p,
q > p [17, Theorem 1.6.1]. Let max{1 —1/p,1/2+1/(2p)} < B < 1 and set X := X7,
The operator A, generates an analytical semigroup e~ (¢ > 0) [17, Theorem 1.3.4], and
the following estimates hold for all ¢ > 0 [17, Theorem 1.4.3]:

[ Ape ™ 4 ulloerzy < Ct el Locray,
(e = Tollisges < O Al < CPlollx
for 0 < <1,ue LP(T?), and v € X.

Next, we reformulate (7). Set u = ¢ — A¢. Then (7) can be written as a system of two
second-order equations:

(22) —ANp+p=u inT? t>0,
(23) O — plu+u = (V46 - V) (¢ — u) + plu — ¢) + u.
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We employ a fixed-point argument. Let 7" > 0 and R > 0. We introduce the spaces
Y =C%0,T]; X) and Bg = {u €Y : [[u —u°||y < R}, where u® = —Ag¢® + ¢° € C=(T?).
Given v € Y C C°([0,T7; L*(T?)), let ¢ € L>(0,T; W*?(T?)) be the unique solution to
(22) satisfying the elliptic estimate ||p|lw2r(r2) < Clluf|Lp(r2). Then define

¢
J(u) = e ry)” +/ e =% F(¢(s),u(s))ds, where
0

F(¢,u) = (V¢ V(6 —u) + p(u— ) + u.
Using the continuous embedding W?2P(T?) < W12P(T?) and the elliptic estimate for ¢, we
infer the estimate
1F (¢, )| e 0,720 (12)) < Cllull oo o mimwrrzncrayy (1 + [l o 0,71 2072 )

< Cllullerix) (1+ lull o 07:x))

= Cllully (1 + [lully).
The last inequality follows from the embedding X < W' (T?) which holds for 3 >
1/2+1/(2p).

We show that J maps Bg into Br and that J : Bg — Bp is a contraction for sufficiently

small T > 0. Let T > 0 be such that ||(e~*» — I'|ug|| zo(r2)y < CT?||u’||x < R/2. Then, for
u € Bpg,

17 (u) = u’lly < Sup 1™ — D)u’ or2)

T sup / | Ape™ 4 F(6(s), u(s)) | xds

0<t<T

<5+ [ =) e IR ), u(s) s

o<t<T
R CT'F
<5+ g (Lt ) < B

if ' > 0 is sufficiently small, using that u € Bg. Thus J(u) € Bg. In a similar way, we
show that, for given u, v € Bp,

1-8
9 - Sl < T

Again, choosing T' > 0 small enough, J becomes a contraction, and the fixed-point theorem
of Banach provides the existence and uniqueness of a mild solution on [0, 7.

It remains to prove that the mild solution is smooth. Since 8 > 1 — 1/p, we have
X « W2P/2(T?) and hence u € L>®(0, T; W2P/2(T?)) ¢ L>=(0,T; W'?(T%)). Furthermore,
Vo € L>(0,T;W'P(T?)) c L>(0,T; L>°(T?)) (here, we use p > 2). This shows that
O + Ay(u) € L>=(0,T; LP(T?)). Parabolic theory implies that u € L9(0,T; W?P(T?))
for all ¢ < oco. This improves the regularity of ¢ to ¢ € L4(0,T;W4*P(T?)). Hence,
Ou + Ap(u) € L9(0,T; L>(T?)), and a bootstrap procedure finishes the proof. d

([ully +[[olly)llw = o]y
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