ANALYSIS OF A FRACTIONAL CROSS-DIFFUSION SYSTEM
FOR MULTI-SPECIES POPULATIONS

ANSGAR JUNGEL AND NICOLA ZAMPONI

ABSTRACT. The global in time existence of weak solutions to a cross-diffusion system with
fractional diffusion in the whole space is proved. The equations describe the evolution of
multi-species populations in the regime of large-distance interactions; they have been
derived in the many-particle limit from moderately interacting particle systems with Lévy
noise. The existence proof is based on a three-level approximation scheme, entropy and
moment estimates, and a new Aubin-Lions compactness lemma in the whole space.

1. INTRODUCTION

The topic of this paper is the analysis of the following cross-diffusion system with frac-
tional derivatives, modeling the dynamics of multi-species populations:

(1) &gui + Ui(—A)an — div (ZCZUUZV(—A)wl)mu]) = in Rd, t> 0,
j=1

(2) uw;(0) =) inRY i=1,...,n,
where u;(x,t) describes the population density of the ith species and d > 2 is the space
dimension. The parameters are o; > 0 and 0 < «, f < 1. The fractional Laplacian (—A)*
is defined for 0 < s < 1 as the singular integral operator

4T(d/2 + 5)

(—A)u(x) = cd,S/ Mdy, where cq s = EEIENR

Rl |.I‘ _ y|d+2$

for u € H*(R?). The integral is understood as the principal value, and ' denotes the
Gamma function. The expression V(—A)#~1/2 can be interpreted as a fractional partial
derivative of order /5 € (0,1) and can be seen as a nonlocal gradient.
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2 A. JUNGEL AND N. ZAMPONI

System (1)—(2) has been derived in [7] as the many-particle limit of the following inter-
acting particle system driven by Lévy noise:

(8) dXPN(t) = =D 5 D_au V(=) VRV (XEN () — XPN (1))t + v2oid LE (),

where i = 1,...,nand k=1,..., N, X" (t) is the position of the kth particle of species
i at time ¢, Vi is a potential function, and L¥ is a Lévy process of index a € (0,1).
Lévy processes include jumps and large-distance interactions instead of the short-distance
interactions of Brownian motion. It was shown in [7] that if Viy converges in the sense of
distributions to the delta distribution as N — oo, the empirical measures associated to (3)
converge in a certain sense to limiting processes with density w;, solving (1)—(2). The global
in time existence of strong solutions is proved in [7] for sufficiently small initial data in the
H*(R?) norm with s > d/2 in the regime 2 > 3 + 1, in which self-diffusion dominates
cross-diffusion. In this paper, we prove the global in time existence of weak solutions
without any smallness assumption on the initial data and for all values of «, § € (0,1). In
particular, our proof allows for the case without self-diffusion, o; = 0. The key idea of our
analysis is to exploit the entropy structure of (1), thus significantly extending the results
of [7].

Most results on cross-diffusion systems in the literature refer to local models; see, e.g., the
references in [16]. Nonlocal cross-diffusion systems have been investigated rather recently
8,9, 12, 13, 17]. Fractional diffusion was introduced in the Keller-Segel system to model
cellular population dispersal with anomalous diffusion [11]. Another application is a three-
species food-chain cross-diffusion system with fractional operators [15]. In this paper, we
analyze the entropy structure of fractional cross-diffusion systems for the first time.

System (1) can be seen as an extension of the local cross-diffusion system of [5], which
is formally obtained from (1) by setting « = § = 1. The entropy structure of the local
model was investigated in [17, 18]. It turned out that such a structure holds if there exist
numbers 7y, ..., T, > 0 such that

Qg5 = TG for 1,] = 1,...,TL,

and this condition is also assumed in this work. It can be interpreted as the detailed-balance
condition for the Markov chain associated with (a;;), and (7,...,m,) is the invariant
measure. Together with the parabolicity condition of Petrovskii [1], i.e., all eigenvalues of
(a;;) € R™™ have a real part, this implies that the matrix (m;a;;) € R™*" is symmetric and
positive definite [6, Prop. 3]. A formal computation using a generalized Stroock—Varopoulos
inequality (see Lemma 13 in the Appendix) shows that

d L -
@) CHW4Y o / (—A)2 a2+ 2 Y / V(= A) D 24z < 0,
=1 IR i=1 /R
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where A > 0 is the smallest eigenvalue of (m;a;;) and

(5) Hlu] = Zm/ u; log w;dx
i=1 Rd

is the entropy functional. Taking into account the mass conservation and the fractional
Gagliardo-Nirenberg inequality, we obtain an estimate for u; in LP(0,T; LP(R?)) for some
p > 2. Together with the L?(0,T; H#+1/2(R%)) bound for u; from (4), this is sufficient to
handle the product u;V(—A)F=1/2y;.

The mathematical difficulties to make these observations rigorous are of technical nature.
Indeed, since the fractional integral operator is singular, we regularize the Riesz kernel
K(z) = |o|'~#~4 of the Riesz potential (—A)P~D/2y = K x u by some kernel £ to define
the approximate scheme. Unfortunately, this distroys the L?(0,7; H®+1/2(R9)) estimate
for u; that is needed to obtain a bound for w; in LP(0, T; LP(R?)) for some p > 2 (observe
that we allow for o; = 0). One idea to remedy this issue is to add the function

—lz/?
2 € 2
kgolu;| = k| uy — ——= uidx |,
gO[ ] ( i /2 /Rd i )

to the equation, where x > 0 is the second approximation parameter. This function
preserves the mass conservation property and it provides an L'(0,T; L*(R%)) bound for
u?(logu;)+, where 2z, = max{0, z} (note that (4) is derived by using formally the test
function m; log u;). However, in order to build an approximated solution, we need to replace
go by a bounded continuous mapping L*(R?) — L?(R¢). This forces us to introduce a third
level of approximation, namely

€7|$‘2

() = @) OV, + 0)() = S [ )V« ) 0)

where W, is a mollifier with p > 0 such that g,[u;] — go[u;] a.e. in R? as p — 0. This
yields, after the limit p — 0, the desired estimate for u?(logu;),, thus in a space slightly
better than L?(R?).

The de-regularization limits p — 0, ¢ — 0, and x — 0 are based on suitable compactness
lemmas. We state and prove an Aubin—Lions-type compactness result in fractional Sobolev
spaces leading to strong convergence in the critical space L?(0,T; L*(R?)). Compactness
in the whole space R? is achieved by controlling some moments of u; and applying the
compactness result in [4, Lemma 1]; see Lemma 14 in the Appendix.

We summarize our hypotheses:

(H1) Data: d > 2,0, >0, a;; >0, a € (0,1), and g € (0,1).

(H2) Diffusion matrix: All eigenvalues of the matrix A = (a;;) € R™" have a positive
real part, and the detailed-balance condition holds, i.e., there exist my,...,m, >0
such that ma;; = mja; for all ¢,5 =1,... n.

(H3) Initial data: u® = (uf,...,u?) satisfies u) € L' (R (1 + |z|?)™/%dx), ullogu? €

LY(RY) for i = 1,...,n, where 0 < m < min{1, 2a}.
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We already mentioned that Hypothesis (H2) implies that the matrix (ma;;) € R™*"
is symmetric and positive definite, and hence, its eigenvalues are real and positive. The
moment assumption on u; in Hypothesis (H3) is needed for the moment estimate of u;(t)
that in turn is used to prove the compactness in R

Definition 1. We say that u = (uy,...,u,) : R? x [0,00) — R" is a weak solution to
(1)~2)

u; € L*(0,T; HAHD/2(RY)),

u; € L0, T; LY(RY (1 + |2[*)™2dx)  with m > 0 as in (H3),

Vi € L2(0,T; H*(RY) if o3 > 0,
equation (1) holds in the sense of Li(0,T;W~14(RY)) for some q > 1, and the initial
condition (2) holds in the sense of W~14(R%).

We show in Lemma 3 below, using the product rule for the fractional Laplacian [2,
Prop. 1.5], that u; € L>(0,T; L'(Q)) and /u; € L*(0,T; H*(R?)) imply that (—A)*/?u; €
L?(0,T; L*(RY)) such that the weak formulation of (1) makes sense.

Our main result is as follows.

Theorem 1 (Global existence). Let Hypotheses (H1)-(H3) hold. Then there exists a weak
solution u to (1)—(2), which is nonnegative, i.e. u;(t) > 0 a.e. in R?, conserves the mass,

/ui(t)da::/ uwldr fort>0,i=1,...,n,
Rd Rd

and satisfies the entropy inequality,

(6) Zm/ w;(t) log u;(t dx+CZaZ/ / } “/2\/u_i|2d:vds
+ )\Z/ |V (=A)P=D/ My, 2deds < Zm/ uf loguldzr, t> 0.
=170 JRI i=1 Ré

The paper is organized as follows. We derive formally some a priori estimates in Sec-
tion 2. Besides being an illustration of our strategy, the computations will be used in
the subsequent sections, in particular for the limit procedure at the last approximation
level. The approximate problem with three approximation levels is introduced in Section
3, and its global well-posedness is proved. In Section 4, the limit in the approximate prob-
lem is shown. Finally, we collect some technical results and prove an Aubin—Lions-type
compactness lemma in the Appendix.

Notation. The space W*P (Rd) with s > 0 and 1 < p < 0o is the usual fractional Sobolev
space; we set H*(R?) = W*2(R?). We write || - ||, for the norm in LP(R?), 1 < p < oo, and
we define for m > 0 the space

LYRY (1 + |z)?)™?dx) = {v c L*(RY) /Rd v(z)(1 + |z|?)™2dx < oo}
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The characteristic function on a set B C R? is written as 1. Finally, we denote by C' > 0
a generic constant whose value may change from line to line.
2. A PRIORI ESTIMATES

In this section, we derive formally some a priori estimates. First, we provide a proof for
the entropy inequality (4).

Lemma 2. Let u be a smooth solution to (1)—(2). Then

d n n
M LHu 44> o, / (—A) 2 a2+ 2 Y / V(=AY BV Ay 2de < 0,
dt i1 Rd i=1 R4
where the entropy Hu] is defined in (5) and X\ > 0 is the smallest eigenvalue of (m;a;;) €
Rnxn'
Proof. Using logu; formally as a test function in (1) yields
d n N n B
(8) EH[U] =— ;ai /Rd log u;(—A)“u;dx — Z; i » Vau; - V(=A)P=D2ydx.
We integrate by parts in the last integral and use the positive definiteness of the matrix

(ma;;) to obtain

Z ;A Vu,; - V(—A)('Bfl)mujdx = Z T Q5 V(—A)(Bfl)ﬂui : V(—A)(Bfl)/zlujdx
R4 Rd

i,j=1 i,j=1
>\ V(=A)P=D/y 12 d.
223 [ V8
We apply the generalized Stroock—Varopolous inequality in Lemma 13 (see Appendix A)

to the first integral on the right-hand side of (8) to conclude the proof. U

The mass conservation and entropy inequality (7) yield the following bounds for i =
1,...,n:
(9) % ll oo (0,00511 (R + Tillv/Uill 20,7510 (Re)Y) + AlJwill L2078 +1) 2 (RAY) < O

We derive further a priori estimates from the entropy inequality and the Gagliardo—-
Nirenberg inequality.

Lemma 3. Let u be a smooth solution to (1)—~(2). Then there exists a constant C' > 0, not
depending on u, such that fori=1,...,n,

(10) IV (=2) 02wy | ooy pasass—n may) + v/l (=A)*wsl| 2o 10 ety < C
Moreover, there exist p*,q* > 1 such that fori,7 =1,...,n,
(11) 14V (= A) V20| o (0 e () < C-
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Proof. We claim that
B+1
(12) il Lago,r;rr(mayy < C,  where ¢ > 2 and —i— 1+ )= 1.
p g
By interpolation, it holds for 1 < p,q < co and 0 < 6 < 1 with 1/p =6/r 4+ (1 — ) that

T T
= 1-6
”u’HLq 0,7;LP (R4 Hungdt = H%qu”UzHg qt.,
(RY)) 0 ;

Taking into account estimate (9) and the fractional Sobolev embedding H#+D/2(R9)
L"(RY) for r = 2d/(d — 3 — 1) [10, Theorem 6.5] and choosing § = 2/q < 1, we find that

T
(1-0 0
HuiH%Q(O,T;LP(Rd < OH“Z”LOo 3qT ;L1 (RT)) /0 ||u"||f?(ﬂ+1>/2(Rd)dt =C

Inserting §# = 2/q and 1/r =1/2 — (8 + 1)/(2d), we have
1 8 2/1 B+1 2 B+1
SN ) W (i VS R R S
p=r 09 q(2 2d)+ q Q(+ d)’
which proves the claim. Choosing ¢ = p in (12) yields
B+1

HUzHLPOTLp R4)) <C forp=2+ T > 2.

It follows from the Hardy-Littlewood—Sobolev inequality (Lemma 12 with s = (1 — 3)/4)
that
IV (=)D |2qa1.5-1) < CIIV(=2)FD g

and therefore, because of (9),
(13) ||v(_A)(B_1)/2uj||L2(0,T;L2d/(‘i+ﬂ—1)(Rd)) <C.
Since 2d/(d + 8 — 1) > 2, the product u;V(—A)B~Y/2y; is bounded in some L7 (0,T;
LP"(R%)) for suitable ¢*, p* > 1.

It remains to derive the bound for (—A)*2u;. By the product rule for the fractional
Laplacian [2, Prop. 1.5],

2
U\ T) — /Uy
(=) 2u;(2) = 2y/u;(2) (= A)*/u; () = o /Rd (v |(3;)_ y|\d/+a () .
We take the L'(R?) norm and use the Cauchy-Schwarz inequality to find that

2
UZ U;
O N A L N A P L

Rd
= ol (~ A2 g + 2 /R V(A i
< Al ([ (= 2) /a5 o

After taking the square and integrating over time, we obtain

O-iH(_A)a/QuiHiZ(O,T;Ll(Rd)) < 4O'Z‘||UZ‘||L00(O7T;L1(R¢))||(—A)Q/Q\/u_’iH%Z(O’T;LZ(Rd)) <C.
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This ends the proof. O

Next, we derive some moment bounds for wu;.

Lemma 4. Let u be a smooth solution to (1)~(2) and 0 < m < min{1,2a}. Then there
exists a constant C' > 0, independent of u, such that

0<t<T

sup / wi(z, 1) (1 + |z|>)™?dx < C(T), i=1,...,n.
Rd
Proof. We use formally the test function (1 + |z|?)™/? with 0 < m < min{1,2a} in (1):

d
(14) %/ wi(1+ \x!Q)m/2dx = —al-/ wi(—A)* (1 + \x!Q)m/Qd:U
R R

— Z CLZ'J' / U1V(1 + |$‘2>m/2 . V(—A)(ﬁil)/%hdﬂ?
j=1 R
To estimate the first term on the right-hand side, we claim that there exists C' > 0 such
that
(15) [(=A)*(1 4 |z]))™? < C(1 + |z|>)™?*  for all z € R%
Indeed, we infer from [10, Lemma 3.2] that

o L+ o+ y)"? + (14 |z —y))™? = 2(1 + |«])™/?
—(—=A)¥(1 m/2 _ Cq, / ( d
(=A)*(1 + |z]) 2 Jo [y|t+2a Yy
= Il + 127
where
= e (Lt Jo 4y + (L4 fo = yP)™2 = 20+ [o)2
1= 4+ 3
2 Jyys1y |y| 2
_ Cda (I + |z +y)™2 + A+ |z —y)™? = 201 + [z
I=—- d+2a dy.
2 i<y ly|

The triangle inequality implies that

m m
n<co [ BTG o ey
sty lylitee ’

since the integrability is ensured if m —d —2a < —d or, equivalently, m < 2a. The function
Cu(y) == (L+ |z +yP)™2 + (14 o —y[*)™/2 = 2(1+]a[*)™/? satisfies @, (0) = |V, @, (0)] = 0
and
D;®.(y)] < C(L+[o+yP)" 2t + C(L+ |z —y)"*7Y, 2,y €RY,

and this expression is bounded for all z,y € R?. We infer from Taylor’s theorem that
D (y)| = 51D;®.(0y)||yl* < Cly|* for y € RY, where 6 € [0,1] is a suitable number.
Tlh.erefore, o] < C [y cny WP 20y < C < C(1+ |z|2)™/2 since v < 1. This shows the
claim.
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We estimate the last term in (14). Choosing p = 2d/(d — f + 1) in (12), we find that
2(d+p8+1)
d+p8-1
Because of (12) and (13), the product u;V(—A)¥~Y/2y; can be estimated according to

”uiHLq(O,T;L?d/(d%H)(Rd)) < C, whereg= > 2.

HuiV(—A)(ﬁ_l)/zuj||LT(O7T;L1(Rd)) < C for some r > 1.

Taking into account that V(1 + |x|?)™?2 is bounded in R? if m < 1, we obtain
n ¢
- Zaij/ / w;V (1 + [z V(=A)FD 2y, drdr < C.

Summarizing, we conclude from (14) that

t
/ui(t)(1+\:c|2)m/2dx§/ u?(1+|x|2)m/2dm—|—0// wi(1+ |2[2)™2dwds + C
Rd Rd 0 R

for some C' > 0, which shows the result after applying Gronwall’s lemma. O

Lemma 5. Let u be a smooth solution to (1)—(2). Then there exist constants C' > 0 and
p > 1, independent of u, such that

”atui“LP(O,T;W*LP(Rd)) <C.
Proof. 1t follows from estimates (10) and (11) that there exists p > 1 such that

||atuz‘||Lp(0,T;W—Lp(Rd)) < Ui||<_A)a/2ui||LP(O,T;LP(]Rd))
+ Z aijHuiv(_A)(B_l)/zujHLP(O,T;LP(Rd)) <C,
j=1
which finishes the proof. U

3. APPROXIMATE SCHEME
We approximate equation (1) by introducing three approximation levels. First, we reg-
ularize the Riesz potential. Noting that (—A)P=Y/2y = KC(1_4) /9 * u, where K(1_p)2(x) =
|z|'=#=? for & € R is the kernel of the Riesz potential, we define the approximation e

of s by

(16) K = IES)Q * iégj)z,

where /62?2 € C3(RY),
0< IES)Q < IESIQ) <Ksp inRYfor0<e <e,

ROME) = Kunle) for e < o] < 1/2.

Since fRd uk da generally does not preserve the nonnegativity for u > 0, we define Kt
as a “convolution square” to guarantee this property. Second, we introduce the mollifier

W,(x) = p~*Wi(z/p) for z € R?, where
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0(md - d
Wy e Cy(RY), Wy >0in R W] =1,

that satisfies W, x u — u a.e. in R, and the mapping g, : L*(R?) — L*(R%) N L} (R?),

plilla) = u(@) (W, 0)(o) — Sz [ a) W, <)o)y, w e RO,

where L}(RY) is the space of L'(R?) functions with vanishing average. This mapping
satisfies the following properties:

(17) lgpladlls < 20lull3,  llgplulll= < Clp)lull3,
(18) 1go[u] = gplv]ll2 < Cp)llu + v]ls[lu = v]l2,

where u, v € L*(R?). These inequalities follow from the Young convolution inequality,
(W, 5 )y < llll] Wy 5l < 39, 1 = [l
lu(W, % w)ll2 < ull2[W, * ullo < [[ull3[IW,ll2 < C(p)|lull2.

As explained in the introduction, the function g, is needed to obtain an L? log L? estimate,

which is used to obtain strong convergence of the sequence of approximate solutions in
L?(R?). Furthermore, we add a Laplacian to (1). This leads to the approximate problem

(19) O™ — kAU + 0y (—A)uP + kg, ul]
=1
(20) W0y =u® inRY i=1,...,n,

where z, = max{0, z} denotes the positive part of z € R.

3.1. Local well-posedness of the approximate problem. We prove the existence of
a local solution to (19)—(20) by applying Banach’s fixed-point theorem. To this end, we
introduce for R > 2||lug||2 and 7" > 0 the space

Xpr = {ve C%0,T]; L*(RY)) : |vill Lo orir2@ay < R, i=1,...,n}

and the fixed-point mapping F' : Xpr — Xgr, F(v) = u, where u = (uy,...,u,) is the
unique solution to the linear problem

(21) Oy — kAU + 0i(—A)u; = —Kg,[vi] + div (Z aij(vi)+Vng)76)/2 * vj),

Jj=1

w;(0) =u) inRY i=1,...,n

Since the kernel is regularized, this problem has a unique solution u = (uq, ..., u,) with
u; € L2(0,T; HY(RY)), dyu; € L0, T; H'(RY)), implying that u; € C°([0,T]; L*(Q)).
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We show that the mapping F' is well defined. We use the test function u; in the weak
formulation of (21) and take into account (17):

1 t t N
Sl + [ IVulas + o [ 1Ay Pulas

t
< L + e p) / leali2llllods

DO | —

O [ 100 P Vil
j=1
We apply the Young (convolution) inequality to obtain for 0 <t < T,
a3+ [ IVl o [ (-3
< 24l e+ Clo ) [ Il

noot
+C(H)Z/O )+ BIIVAEL ) all3l10; 15ds
j=1

< 2||U?||%2(Rd) + C(e, K, P)Tz ||Uj||i°°(0,T;L2(Rd))'

j=1
Therefore, since |[ul||s < R/2, if T > 0 is sufficiently small, we infer that u € Xg r, proving

the well-posedness of F'.
Next, we show that F' is a contraction on Xpp. Let v,v" € Xgr and set u = F(v),

u' = F(v'). The test function u; — u} in the weak formulation of

On(ui — ) — KA (i — uf) + 0y(—A)* (w; — ) + K(g,[vi] — g,[v}))
= div (Zn: @5 [((Uz)Jr - (U£)+)VICS)_5)/2 *Vj+ (vg)JrV’Cg)_/g)/g * (v — vé)})
j=1
leads, after similar computations as before and using (18), for 0 < ¢t < T, to
s = )13+ 19— )3 + 01 [ 1230 = s
< C(p) / o+ 3l — fl3ds + C () Z / ()~ W) BIVAS. 5 * vl
W) BIVES 55 % (v — v))II% ) ds

n t
<Cleip) S / oy — 13 (loel2 + 1042 ds
0

jk=1
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< C(e,k p, R)TZ 105 = V511700 07,12 ()
j=1

Hence, if T > 0 is sufficiently small, F' is a contraction on Xpp. We conclude from
Banach’s fixed-point theorem that there exists 7 > 0 and a unique fixed point u € X 7~
of F, i.e. a unique solution u(®*? € L2(0, T*: H'(R%)) with ,u'™™" € L2(0,T*; H~'(R))
o (19)—(20).

3.2. Uniform bounds and global well-posedness. We show that the solution v =
u&mr) € CO([0, T*); L*(R?)), derived in the previous subsection, is actually global in time.
First, we prove that u;(t) > 0 for ¢t € [0,7*]. We use the test function (u;)- = min{0,u;}
as a test function in the weak formulation of (19):

5 [t n [ [ 90 fdads = o /:@uz —A)uideds

— i [w;]dxds — i i ) - V(u;)—dzd
m//]Rdu _gplui|dxds Za]//Rdu " py2 * ) - V(ug)_dzds

= L+ I+ Is.

Since (u;)+V(u;)- = (ui)+ <0y Vu; = 0, we have I5 = 0. Moreover, by a symmetry
argument (also see [3, Lemma 7.4]),

= — %%a/'WM@) — (wi(y)(ui(z) = ui(y))

|l‘ _ |d+2a

// wi (W, % ;) (u;)—deds = — // u;)” W*uz)dxds
Rd R4

sAnmAmuwwﬁmscwlnwﬂme&
We conclude that for 0 <t < T™,
t
|Mﬁw%samzmmWMMw

Since t — ||u;(t)]|2 is continuous [0,7*], we can apply the Gronwall lemma to conclude
that (u;)—(t) = 0 and hence u;(t) > 0 for t € [0,77].
Now, we show the conservation of mass.

drxdy <0, and

Lemma 6 (Conservation of mass). Let u = u®"") be a weak solution to (19)-(20) on
0, T*]. Then ||u;(t)||1 = [|[u?]|1 for anyt € [0,T*].

Proof. Let R > 1, v > d and introduce the cutoff function ¥ g : RY — [0, 00) by
Yr(z) =P (x/R), i(x) = (1+|z[*)77? for z € R

The following estimates hold:

(22) |Vig(z)| < CR™Wg(x), |Avg(z)| < CR *pg(x) for z € R
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We claim that

(23) —(=A)*Ygr(x) < CR’QO‘Q/JR(QC) for z € R, }%im |(=A)*¢Yg||lw = 0.
—00

It is sufficient to prove the first statement for R = 1, thanks to a scaling argument, while
the proof for R = 1 is similar to that one for (15). The second statement in (23) follows
from (—A)*p(x) = R72%((—A)*;)(z/R) and the property (—A)*; € L®(R9).

Since 1z € H'(R?) for v > d, we can use ¥g as a test function in the weak formulation
of (19):

¢ t
(24) / ui(t)wRdx—/ udppdr = /-@/ / uiAﬂ)Rd{L‘dS—li/ / GplwilYrdrds
R R 0 Jrd 0 Jrd
¢ n t o
— 0 u; (—A)*Yrdrds — ;i / / w; Vi - VIC,7 x w;dxds.
/0 /Rd ( )*Ur ; J o Jra R (1-p)/2 ™ Vi

We deduce from (22) that

t ¢
/ui(t)wRdm—/ u?wRdeQ/i/ ||ui||§ds+C’R_2/ / uYrdrds
Rd R4 0 0o JRrd

n t
+OR‘1Z/O luill2 VES 5 1 % s2ds
j=1
t t n t
§2/f/ HuiH%ds—l—C// uﬂ/JRdxds—i-CZ/ sl ll s llads
0 0o Jrd = Jo
n t t
SC’Z/ ||uj||§d8+0// u;tprdads.
= /o 0 JRd

Summing this inequality over i = 1,...,n, observing that u; € C°([0,T*]; L*(R?)), and
applying Gronwall’s lemma shows that
sup / wi(t)Yrde < C(T™).
0<t<T* JRd
The monotone convergence theorem allows us to perform the limit R — oo leading to
sup / w;(t)de < C(T7).
0<t<T* JR

At this point, because of (22), (23), and the fact that [p, g,[u;]dz = 0, the limit R — oo
in (24) gives the conservation of mass:

/ u;(t)dx — / ulder =0 fort € [0,T7],
R R4
finishing the proof. U

The next step is the proof of a bound for u; in C°([0,T*]; L*(R?)), which allows us to
extend the local solution globally.
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Lemma 7 (L?(R?) estimate). Let u = u®*?) be a weak solution to (19)-(20) on [0,T%].
Then

HUiHLw(o,T*;B(Rd)) + \/EHVUZ'HLQ(O,T*;LQ(RUI)) < O(e,T7).

Proof. We use u; as a test function in (19) and estimate in a similar way as before:

1 1 t t N
el = 3118+ [ 1 ulBas + o [ -8
0 0

t n t
(e)
= —K Golu;|u;dxds — E ai-/ / w;Vu; - VIC,; x w;dxrds
/O/Rd plui] P T Sy Jpa (1-p)/2= "I

t n t
1
< —Ii/ / golui|uidrds + = ai-/ / u?AIC(E)_ « ujdrds
o Jaa 7 Q;JORd (1-p8)/2 * Uj
n t
Y sl | ulBds
=1 0
Then mass conservation and Gronwall’s lemma yield the conclusion. O

We deduce from Lemma 7 that the solution u to (19)—(20) exists for all ¢ > 0.

4. LIMIT IN THE APPROXIMATE PROBLEM

We first derive some estimates uniform in (e, k, p) and perform then the limits p — 0,
€ — 0, and £ — 0 in this order.

4.1. Uniform estimates. A uniform bound for a moment of u; = u(e’ #) can be derived
in a similar way as in Lemma 4. To make the proof rigorous, we may proceed as in the
proof of the conservation of mass in Section 3.2 by testing (19) with (1 + |- |*)™/%¢. This
leads to the estimate

(25) sup / (14 |&|*)™?u;(t)dx < C(e,u°,T), where 0 < m < min{1,2a}.
Rd

0<t<T

The following lemma states the entropy inequality for the approximate problem.

Lemma 8 (Entropy inequality for the approximate problem). Let u = u®*?) be a weak
solution to (19)—(20). Then there ezists a constant C > 0 that is independent of (e, k, p)
such that fort >0,

Zm/ w;(t) log u; (t dx+41<27r,// |V \/ui|*dxds
—I—CZJZ»/ /d|(_A)a/2\/gi|2dxds+/\Z/ /d|V/€E?_5)/4*ui|2dde
=1 YO /R i=1 70 JR
n ¢
—l—f{Zm//ui(logui)Jer*uidxds
i=1 Y0 JRI
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n t
< Z e ud log uldx + kCt + kC u?dxds,
i=1 RO ' 0 Jra

recalling that X > 0 is the smallest eigenvalue of (ma;;) € R™ ™.

Proof. The usual idea to derive the entropy estimate is to use m; logu; as a test function
in the weak formulation of (19). Since this function is not an element of L?(0,T; H'(R?)),
we need to regularize. Instead, we use m;(log(u; + 1) — logn) € L?(0,T; H*(RY)) with
0 <n <1 as a test function. Thanks to mass conservation, we have

d
(Opui, log(u; +n) —logn) = — /d ((us +n)log(u; +n) — nlogn — (1 + log n)u;)dx
R

dt
d
- g ((ul + n)log(u; +n) — nlog n)dm.
Setting Hy[u] = Y7 | 7 [oa((u; +n)log(u; +n) — nlogn)de, we infer from the weak for-
mulation of (19), after summing over i = 1,...,n, that

n t
H,[u(t)] — H,[u’] + 4&27@-/ / \V/u; + n|*deds =: Is + I; + Iy, where
i=1 0 JR
n t
Is = — Zami/ / log(u; + n)(—A)%u;dzds,
— 0 Jrd
n t
= —rYom [ [ gl loglu + n)dods,
i=1 /0 JRI

n t
Ui (e)
Is = — Z maij/o /Rd — nVui . V/C(i_ﬁ)/z * ujdxds.

1,7=1

We use the generalized Stroock—Varopoulos inequality (Lemma 13) to estimate Ig:
noopt
I <-CY / (= A2\ /u; + 1P dads.
=170 JR?

The definition of g,[u;] yields

n t
I; = —RZTFZ'/O /Rd u; log(u; +n)W, * w;dzds
i=1

n t €7|x|2
+ /iizlm/o (/]Rd log(u; + U)de) </]Rd u; W, * uidy>ds

=: Ity + Iz

Since the logarithm is increasing, we find that

n t
I < —/iZm-/ / u; log u; W, * u;dwds
i=1 Y0 JRI
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n t n t

< —/{Zm-/ /Rdui(logui)Jer*uidxds—l—/{Zm/ |lu;(log w;)—||2]|wi||2ds
< - ) 7 1 7 W zd d O 7 /2 7 d )

< me//Rdu ogu;)+ W, x w;dxds + K Z/HUH ||ui||2ds

where we used the inequality u?(logu;)* < wu; in the last step. The inequality log(u; +n) <
C(1 + u;) and mass conservation imply that

ek ‘
e [ (ove [t ([ o) soc [t

We infer that

I, < /{C’t—f—liC/ ||;|[3ds — RZTI'Z/ / w;(logu;)+ W, * u;dxds.

Finally, by the definition of ICE?_ 5)/2 the positive definiteness of the matrix (miaij), and
integration by parts,

Z i / » V’CE?—B)M ;) - (VICE?_E)/4 * u;)drds

zjl

Z Tl / / Vu; - VIC o * ujdrds
Rd Wi + 1)

i,j=1

no ot
<A Z/O w (VG gy % wil*dads + Ty (),
1

1=

where

Is1(n Z il / / (log(u; +mn) — log n)AIC(l B2 * ujdxds.

1,7=1

We summarize the previous estimates:
n t
H,[u(t)] — Hy[u] + 45 Z i / \V/u; + n*dxds
. Rd
(27) +C Z/ O‘/2\/uZ n|*drds + k Z 7rl/ / ui(log u;) 4+ W, x widxds

A vK© 2dxds < kC't C’/ 2ds + I (n).
+ Z/ [ IV wdrds < nCit 4 wC [ s + (o)
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Before performing the limit n — 0, we estimate the error term Ig; (n):

]81 < C Z ||AIC(1 —8)/2 * u]||Loo(0TLoo(Rd)) / / IOg u; + 77) 10g n)dxds

i,j=1

Z |25l oo (0,721 (R4 / /Rd (log(u; +mn) — logn)dxds.

2,7=1

By mass conservation, the first factor is bounded, while the second one tends to zero as
e — 0. Indeed, it holds that n(log(u; + 1) — logn) — 0 a.e. in R? x (0,7) asn — 0
and 0 < n(log(u; +n) — logn) < u; € L°°(0,T; L*(R?)), and therefore, we can apply the
dominated convergence theorem leading to Is;(n) — 0 as n — 0.

At this point, we can take the limit 7 — 0 in (27) by applying dominated convergence,
Fatou’s lemma, and the weak lower semicontinuity of the L*(R¢) norm to conclude the
proof. O

We deduce from the upper bound for u; log u;, mass conservation, and the moment bound
that u; logu; is bounded in L'(R?), as stated in the following lemma.

Lemma 9. Let u = u®*?) be a weak solution to (19)-(20). Then for any T > 0,
[|u; log Uz‘”Loo(o,T;Ll(Rd)) <C.

Proof. The proof is similar to that one in [14, Section 2]. In fact, the result holds for any
function 0 < v € L*>(0, T; L}(R?)) satisfying

sup /Rd v(t)(logv(t) + (1 + |z*)™?)dx < C(T),

0<t<T

where m > 0. We show that supy_,. [[v(t)logv(t)||1 < C(T). For this, we write

/ |vlogv|dex = —/ vlogvdw+/ vlog vdx
R {v<1} {v>1}

:—2/ vlogvd:c—l—/ vlogvdm§—2/ vlogvdx + C.
{v<1} Rd

{v<1}

We use the Cauchy—Schwarz inequality to the integral on the right-hand side:

—/ vlogvdx:/ 17972y 1+5Wlog ~dx
{v<1} {v<1}

1/2 1/2
< </ vl‘;d:c) </ ( 8/2 log ) da:) ,
{v<1} {v<1}

where § € (0,1). The function (0,1) — R, s — s/2log(1/s), is bounded by a constant
C(9). Therefore, taking into account mass conservation for v and the Holder inequality,

1/2
—/ vlogvdr < 0(5)(/ vl_édx)
{v<1} {v<1}
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1/2
= C(0) (/ (14 ’x‘z)m(lfti)/%(x)lfé(l + |x’2)m(16)/2da¢>
{v<1}

(1-6)/2 5/2
< C((S)(/ (14 \x!2)m/2v(x)dx) (/ (14 \x|2)m(16)/(25)d9&) :
{v<1} {v<1}

The moment estimate shows that the first integral is bounded, while the second one is
finite if m(1 —6)/(29) > d or 6 < m/(m + 2d). This proves the claim. O

We deduce from the previous lemmas the following estimates.

Lemma 10 (Uniform estimates). Let u = u*"*) be a weak solution to (19)—(20). Then
there exist constants ¢ > 1 and C'(e,T) > 0, which is independent of (k,p), such that for
t >0,

(28) VEIVG 20 1o ey + VOllVUl 20,1010 mayy < C(e, T),

(29) ||VICE?_/B)/4 X ui||L2(O,T;L2(Rd)) + K/HUZ(lOg Ui)+Wp * ui||L1(O7T;L1(Rd)) S 0(5, T),

(30) [[wi log wil| oo (0,71 (may) + 10cttill oo, -1.amayy < C(e,T).

Proof. Estimates (28) and (29) follow from Lemmas 6 and 8. The first estimate in (30) is
proved in Lemma 9. It remains to prove the second estimate in (30).

Let p > max{d/(1—«a),2d/(1-)} > 2 with 1/p+1/q = 1 and use ¢ € C°([0, T]; C5°(R?))
as a test function in the weak formulation of (19):

T
(31) / (Opui, @)dt =: Ig + - - - + 15,  where
0

T
Iy = —/4;/ / Vu; - Vodxdt,
Rd
[10 = — / / a/2 A)a/2¢dl'dt,
Rd
I, = —/{/ / gplui]pdadt,
0 JRrd

n T .
Ly = — Zaij/ /d u;Vo - (/CE? (VIC(1 )4 * uj))dmdt.
= o Jr

We estimate the integrals Iy,..., [15. First, by Lemma 7 with 7% = T, it holds that
VEIIVull 2072 ey < Ce,T). We infer from (28) that kVu; = 2v/ky/u;V\/u; is
bounded in L'(R?), i.e. V/k||Vus||10.7:01®e) < C(e,T). Hence, since ¢ < 2, it follows by
interpolation that /k||Vu;|| a7 raway < C(e,T). We deduce that

o] < ||Vl Lago. 1 a@ay) | VO Lo o,r:0®ay) < CllO| Loo,mwre®ay)-
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We can prove, using the generalized Stroock—Varopoulos inequality (Lemma 13) in a similar
way as in Lemma 3, that 1/0;||(—A)*/?w;|| 12(0 711 ey < C. Therefore, since p > d/(1—a),

[T1o| < oull(=2)*"uil| 2o ropr ey (= 2) 28| 20 oo ety < Clldll 20w ery-
It follows from property (17) of g,[u;], the L>(0,T; L*(R?)) estimate of u; in Lemma 7,
and the embedding W1P(R?) — L>(R?) that
T

T
1] < / lgplusllllloedt < © / sl 1l wrogmardt < Cle, TY6 ooz .

Finally, the Hardy-Littlewood—-Sobolev inequality (Lemma 12 with » = 2d/(d + 1 — ())
and the Holder inequality with 1/¢s + 1/p = 1/r lead to

T
il <€) [ POl IR0t

T
< C(e) / lill o VRN VAL 5,4 # will2dt < C(e, TV oo,riogeay).
0

where we used Lemma 7, mass conservation, the fact that ¢; € [1,2], and estimate (29) in
the last step. Putting together the estimates for Iy, ..., I15, we conclude the proof from
(31) for ¢ € LP(0,T; WIP(R?)) with p > max{d/(1 — «),2d/(1 — 3)}. O

4.2. Limit p — 0. We conclude from Lemma 14 in the Appendix that
V= {v € H'(RY) / (1 + |z[H™ 2 (x)|dx < oo}
R4

is compactly embedded into L?*(RY). Moreover, the embedding L?(R?) — H—*(R?) is
continuous for any s > 0. The uniform L?*(0,7; H*(R%)) bound in Lemma 7 and the
moment bound (25) show that (u*%*)) is bounded in L?(0,T; V), while, by estimate (30),
(0,ul™™") is bounded in L*(0,T; H*(R%)). It follows from the Aubin-Lions lemma that
there exists a subsequence, which is not relabeled, such that, as p — 0,

ulTP) sy, strongly in L*(0,T; L*(R%).
Since (u{~™”) is bounded in L=(0, T; L2(R%)) N L2(0, T; H*(R%)) by Lemma 7, the Gagliar-

i

do-Nirenberg inequality provides a uniform bound in L?***/4(0,T; L?***/4(R9)). Hence,
there exists 2 < p < 24 4/d such that

(32) w5 4, strongly in LP(0, T LP(RY)).

Given the uniform bounds in Lemma 10, it is quite standard to perform the limit p — 0
in (19). We consider here only the term that explicitly depends on p, namely

T T
| [ optaleeoande = [ [ ulen (00, sl odaat
0 JRd 0 JRrd

! (e50) (e5.0) el
_/0 (/Rdui” (W, su;”"™ )dx)(/Rd i qﬁdx)dt
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for test functions ¢ € L2(0,T;L®(R%)). Since |[W,[; = 1 and (u{*"”) is bounded in
L>=(0,T; L?(R%)), we have

W, % u™” —* u;  weakly* in L0, T; L*(R?)).

This implies that, for suitable test functions,

T T
/ / gp[ul ) pdadt — / / Goluilpdzdt as e — 0,
0 JRI 0 JRd

€—|CC|2

nlel@) = v(af = S [ otwPdn, ve PR,

where

We have proved that the limit v\ := v, is a solution to

atugs"i) — muf’“) + ai(—A)auEE"i) + Kgo [uge’”)]

(33) = div (Z aiuT VK 4 uf’”)) in R, ¢ >0,
Jj=1
W0y =0? iR i=1,...,n

The strong convergence (32), Fatou’s lemma, and the weak lower semicontinuity of the
L?(R?) norm allow us to take the limit p — 0 in the approximate entropy inequality (26),
leading to

i () 1 t)ydx + 4 ;
Zw/ U, ogu ZB+ HZ?T//Rd
C i

ey / /Rd
—l—mZm/ / ()2 (log ul™™)  dads
i=1 R
SZT{'Z'/ u; loguoda:+/<aC't+ffC'/ / V2dxds.
i=1

The last integral on the right-hand side can be controlled by the last integral on the left-
hand side. Therefore,

(6n 1 (an d 4 / /
Zm/ U, ogu x+ HZW, y
(34) —1—0202/ /R dxds+AZ/ / VK 5 qu Pdads

v/ ulE d:)sds

oc/2 8/6

d:vds+)\2/ |v}€ﬁ)fﬁ)/4*ul(-a’”)|2dxds

\V4 8 x) dxds

o</2 (EH
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n t n
n “Z o /0 /Rd(uga,n))z(log ul(avﬁ))+dmds < Z e /Rd uf log uldx + kC(t + 1).
i=1 =1

This shows that the uniform bounds in Lemma 10 also hold for u&*) with constants
independent of €.

Lemma 11. The solution u; = ugs"{) constructed above satisfies the following uniform

estimates with a constant C(T') > 0 that is independent of € and k:

(35) Vel L2000 ®ey) + Vol L2050 Ry <C(T),

(36) ||VIC 1-g)/4 ¥ Ui 20,02 (R)) + kl|u; (log u;) + 220,01 meyy < C(T),

(37) Vail[(=A )Oé/QquL2 (0,T;L1 (R4)) T+ HatquLq 0,T;W—1a(Rd)) < c(T)

(38) ||u; log uZ‘HLoo(QT;LI(Rd)) + sup || u; (t)de < C(T),
0<t<T JRd

where ¢ > 1.

Proof. Estimates (35)—(36) follow from (34). The first estimate in (37) is a consequence
of the L>=(0,T; L*(R%)) bound for u; and the L*(0,7T; L*(R%)) norm for (—A)*/2,/u;; see
the proof of (10). The second estimate in (37) is shown as in Lemma 10, now using the
e-independent entropy estimates. The moment estimate for u; can be proved as in Lemma
4. Compared to (25), we are able to derive a uniform bound independent of . This is
possible since we have an e-independent L?(R?) bound for u; after having performed the
limit p — 0. This bound is not available for uz(-a’”’p ), since its L?(IR?) estimate depends on ¢;
see Lemma 7. The critical term becomes, using the Hardy-Littlewood—Sobolev inequality

and a cutoff function g,

Z%/ / w V(L a2 (K 0% (VKE 54 % w))) pdadt

<O [ IV Y TR s ot < €

Then, proceeding as in the proofs of Lemmas 4 and 6 (to handle the cutoff), we ob-
tain the moment estimate for w;. This estimate, together with the upper bound for
Jga i log u;dz from (34) and the mass conservation property, imply the L>(0,T; L'(R?))
bound for u; log u;, by proceeding as in the proof of Lemma 9. U

4.3. Limit ¢ — 0. The uniform bounds of Lemma 11 allow us to apply the compactness
result of Aubin—Lions-type in Lemma 15 below to conclude that there exists a subsequence
(not relabeled) such that

W= 5w strongly in L2(0,T; L (R%)) as e — 0.

7 K3



FRACTIONAL CROSS-DIFFUSION SYSTEMS 21

We wish to perform the limit ¢ — 0 in (33). The only nontrivial term is that one on the
right-hand side of (33). We first notice that, by Lemma 11,

(39) VK 5+ ud™ = &  weakly in L2(0, T; L*(RY))

for some & € L*(0,T; L*(RY)), i = 1,...,n. To identify &;, we consider

(40) / /R d o xul)dedt = / /R d uSN(KE 5 * 0)dadt,

and we wish to pass to the hmlt 6 — 0 on the right-hand side. For this, we remark that it
follows from the definition of IC " 8)/4 that

(41) 1K 0 * Ol oo g maria-semqmayy < 1Ka—pyya * |6l aorspaana-rem g
< Cllollz20,r;r2 ey -

It holds that 0 < iéﬁlw /' Ka—pya a.e. in R¢ and K(i-py/a (the kernel of the Riesz
potential) is integrable in the unit ball B;(0), while its square IC%I_ 5)/4 18 integrable in R%\

B1(0). Hence, we infer from Young’s convolution inequality and the monotone convergence
theorem that

11K, ’C<1 /0 150)] * 0| 120 7128
||( — Ka-p)/4) 1,0 H Dl 20,702 (R2)) — 0,
| [(IC )— B)/4 ’C(l 8)/4) Lra\ B, (0)] * ¢HL2(0TL2(R«1))
< (/CE?_B)/4 — Ka-g)/a) leevs,0) ||, 10/l 2207501 ey = 0,
such that for ¢ € L2(0,T; L*(R%) N L (RY)),
(42) KT 506 = Ka_pya* ¢ strongly in L2(0, T; L*(RY)).

Thus, we deduce from (40) and the strong convergence of (u(g’ﬁ)) in L2(0,7T; L*(RY)) that

/ / L ¥ u(6 " dxdt — / / 1-8)/4 * Qdxdt
R4 Rd

/ / )/a ¥ U; ))dxdt
which means that

K&) Y% “ — K-p)a * u§“> weakly in L*(0,T; (Ll(Rd) N L2<Rd))/>‘
Hence, we can identify the limit & in (39), leading to the convergence

(43) VIC(1 8)/a * u( — VE_pya * ul(”) weakly in L(0,T; L*(R%)).
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We claim that a similar weak limit holds for VICE?_ g2 instead of Vl%g)_ gy/4- To this
end, we use definition (16) of ICgl 5)/2 and convergences (42) and (43):

T T
/0 y qbV/CEi)_ﬁ)/Q * uga’ﬁ) dxdt = / ¢IC 4 * V/CE?_B)M * ul(-a’”) dxdt

(€ (R (1 (
/ y VK(I_ﬁ)/4 * U, )(IC(l " gyja* ¢)dxdt

— / / (VK ™) (K + 6) dadt
0 R

:/ gb/Cl g4 *x VK- 5/4*u ~) dwdt

/ / OVEKa-py2 * u; %) gt
R4

for any ¢ € L?(0,T; L?*(R%)), where we used the representation K, x f = (—=A)~*f. We
infer that

VIC(l —B)/2 * “ — VEK_py2 * u( *) weakly in LQ(O,T; L2(Rd)),

Together with the strong L*(R?) convergence of (u\""), it follows that

SR ICE)

&gy # U = IV g0 u? weakly in L'(0,T; L' (RY).

These convergences allow us to perform the limit £ — 0 in (33) to conclude that u*) solves

Al — kAU + o (—A)*u + kgo[ul™)

(44) = div (Zaw A)F-D/2 (H)> in R ¢ >0,

ug'{)(-,O) =u) inRY i=1,...,n

The limit € — 0 in the entropy inequality (34) leads to
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for t > 0. Estimates (35)(38) also hold for u(*) with the exception that the first bound in
(36) is replaced by

(46) ||v(_A)(B_1)/4uz(H) HLZ(O,T;LQ(Rd)) S C7 1= 17 <N

4.4. Limit x — 0. We deduce from (12) with ¢ = 2(d++1)/d and the x-uniform bounds
for u! that (u!™) is bounded in L2@+AD/d(0 T; L2(R%)). Together with estimate (46),
we conclude that (u\™) is bounded in L2(0,T; HB+D/2(R%)),

We claim that the embedding H#+1/2(R%) N L' (RY; |x|dz) < L*(R?) is compact. This
claim follows from [10, Corollary 7.2], applied to balls (which are extension domains due
to [10, Theorem 5.4]), [4, Lemma 1], and a Cantor diagonal argument. In view of the

moment estimate for u\™ and the L7(0,T; W~1¢(R%)) bound for d,u!™, the Aubin-Lions
lemma yields, up to a subsequence, the convergence

Wl — u;  strongly in L*(0,T; L*(R%)) as k — 0.

All the terms in (44) have been already estimated in Section 2 except those depending
explicitly on «, in particular

67‘x|2

(%) ()2
7 |

The strong convergence of v\ in L?(R%)) implies that

(%)

rgolut”(w) = ruf™ (z)? — &

/{go[ugn)] — 0 strongly in L*(0,T; L' (R%)).

Therefore, we can perform the limit x — 0 in (44) to infer that u is a weak solution to
(1). The entropy inequality (45) for u*) and Fatou’s lemma yield in the limit ¢ — 0 the
entropy inequality (6) for u. This finishes the proof of Theorem 1.

APPENDIX A. AUXILIARY RESULTS

We collect some results from fractional calculus used in this paper. The following lemma
can be found in [20, Chap. V, Sect. 1.2].

Lemma 12 (Hardy-Littlewood—Sobolev inequality). Let 0 < s <1 and 1 < p < co. Then
there exists a constant C' > 0 such that for all u € LP(RY),
1 1 2s
—A)ull, < C here — = — + —.
I(=2)"ully < Cllully,  where ==+

The following Stroock—Varopoulos-type inequality is known even for general functions;
see, e.g., [19, Lemma 7.2].

Lemma 13 (Generalized Stroock—Varopoulos inequality). Let u € H*(R?) be such that
u >0 in R? and log(u)(—A)u € L*(RY), where 0 < s < 1. Then

/Rd log(u)(—A)*udx > 4/Rd [(—=A)*"2/uf*da.
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Proof. A symmetry argument shows that

/]Rd log( )< de B Cd : /]Rd /]Rd |;(E)gyrig'22 log U(y)> dxdy

Elementary computations yield

(u(x) — u(y))(logu(x) —log u(y))

()~ )’ ﬁ:ﬂi(w— g V/u(3)

We claim that

\/\/:+\/C(lg\/_ log\/_)

Notice that the above relation holds in the limit u(z) — u(y) as x — y. Therefore, we can
assume without loss of generality that u(z) > u(y). Defining Z = log y/u(x) —log \/u(y) >

0, the previous inequality is equivalent to
e +127 e? —1

Z>1 = 41> .
Z_12 c iz

Multiplying both sides of the inequality by e=%/2 /2 yields the elementary relation sinh(Z/2) <
(Z/2) cosh(Z/2), which is true.

This gives, using the same symmetry argument as before,

S Nam;
/Rd logu(—Au) udr > 2Cd,s/ /]Rd |1‘ _ y|d+2s dx dy
1 [ Vs uds =4 [ (-8 aPds
R4 R4

finishing the proof. U

The following lemma can be proved exactly as in [4, Lemma 1].

Lemma 14 (Compactness). Let d >2, 1 <p<d, m >0, and 0 <r < p. Then the space

{v c WP(R?) : /Rd(l + |z)))™2|v(z)|"dx < oo}

is compactly embedded into LY(R?) for any max{1,m} < q < dp/(d — p).
The previous lemma allows us to prove a compactness result in R? of Aubin-Lions type.

Lemma 15. Let d > 1, T > 0, m > 0, s > 0, and let (u.) be a family of nonnegative
functions satisfying

Vel 20,70 vy + [|Octie|| 10,7505 (reY) < C

[ uZ(log te) || pr o, may) + (141 ’2)m/2uaHL°° oL (rdy) < C
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for some C' > 0 independent of € > 0. Then, up to a subsequence,
u. —u  strongly in L*(0,T; L*(R%)) as ¢ — 0.

Proof. The bounds for (u.) imply that Vu. = 2,/u.V/u. is bounded in L*(0,T; L*(R?))
and Consequently, (u.) is bounded in L2(0,T; WH(R?)). By Lemma 14, V = {v €
WE(RY) ¢ [La(1 + [z]*)™?v(z)de < oo} is compactly embedded into L¢(R?) for any
1<g¢< d/ (d—1).

If s > d/2, the embedding H*(R?) — LY(R?) for ¢ = q/(q¢ — 1) > d implies that
L4(RY) — H~%(R%) is continuous. Thus, we can apply the standard Aubin-Lions lemma
with the spaces V < LI(R?) — H~*(RY). If s < d/2, it holds that H¥?(R?) — H*(R?)
and H—*(R?) — H~%2(R%) and consequently, (J,u.) is bounded in L'(0,T; H~%?(R%)). In
any case, the Aubin-Lions lemma can be applied with V « LI(R?) — [~ mad{d/2s}(Rd),
Thus, there exists a subsequence of (u.), which is not relabeled, such that u. — u strongly
in L2(0,7T; LY(RY)) as € — 0.

It remains to show that this convergence holds in L%(0,7; L?(R%)). To this end, we
observe that there exists C' > 0 such that f(z) := 2%log(1 + 2%) < C(1 + = (logz ) )
for = € R, and for any 1 < ¢ < 2 and § > 0, there exists C(§) > 0 such that 2% <
df(z) + C(9)|z]7 for s € R. Since f is even, increasing on [0,00), and convex, this gives
with z = (u. — u)/2 and for any 6 > 0,

1 9 r U — U
e = vl iz e < 5/0 /Rd f( 2 )dxdt + CO)llue = ullza oz, Lagme)

T Us + U
< (5/ / f( )dxdt + C(O)lue = ull Lo (o p.pagma
Rd

<? / [0+ @)t + CO)e =l

We apply the limes superior € — 0 to both sides and use the strong convergence of (u.):

T
lim sup ||u. — ul|7. (0T L2 (R)) < 2611msup/ /Rd(f(ug) + f(u))dzdt < 6C.

e—0 e—0
Since 0 > 0 is arbitrary, the conclusion follows. Il
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