A SIMPLIFIED QUANTUM ENERGY-TRANSPORT MODEL
FOR SEMICONDUCTORS

ANSGAR JUNGEL AND JOSIPA-PINA MILISIC

ABSTRACT. The existence of global-in-time weak solutions to a quantum energy-transport
model for semiconductors is proved. The equations are formally derived from the quantum
hydrodynamic model in the large-time and small-velocity regime. They consist of a nonlinear
parabolic fourth-order equation for the electron density, including temperature gradients; an
elliptic nonlinear heat equation for the electron temperature; and the Poisson equation for
the electric potential. The equations are solved in a bounded domain with periodic boundary
conditions. The existence proof is based on an entropy-type estimate, exponential variable
transformations, and a fixed-point argument. Furthermore, we discretize the equations by
central finite differences and present some numerical simulations of a one-dimensional ballistic
diode.

1. INTRODUCTION

The nanoscale structure of state-of-the-art semiconductor devices makes it necessary to
incorporate suitable quantum corrections in the existing simulation tools. In order to reduce
the computational cost, these tools are often based on macroscopic models for averaged phys-
ical quantities. In engineering applications, the quantum drift-diffusion equations [2] became
very popular since they are capable to describe quantum confinement and tunneling effects
in metal-oxide-semiconductor structures and to simulate ultrasmall semiconductor devices
[25, 26]. Quantum drift-diffusion models have been derived from a Wigner-Boltzmann equa-
tion by a moment method [9]. The idea is to integrate the Wigner equation over the momen-
tum space and to expand the Wigner distribution function around the quantum equilibrium
by the Chapman-Enskog method [10]. This gives an evolution equation for the zeroth-order
moment, the electron density, containing fourth-order derivatives.

Physically more precise models may be derived by taking into account more moments, for
instance, the electron and energy densities, which leads to so-called quantum energy-transport
models. In this paper, we will analyze a simplified version of a quantum energy-transport
model. More precisely, we study the following scaled equations for the electron density n, the

2000 Mathematics Subject Classification. 35J40, 35J65, 35Q40, 82D37.

Key words and phrases. Quantum energy-transport equations, quantum semiconductors, existence of solu-
tions, parabolic nonlinear fourth-order equation.

The first author acknowledges partial support from the Austrian Science Fund (FWF), grant P20214 and
WK “Differential Equations”, the German Science Foundation (DFG), grant JU 359/7, and the trilateral
Austrian-French-Spanish Project of the Austrian Exchange Service (OAD) Both authors have been supported
by the Austrian-Croatian Project of the OAD and the Ministry of Science, Education, and Sports of the
Republic of Croatia (MZOS).



2 A. JUNGEL AND J. P. MILISIC

electron temperature 7', and the selfconsistent electric potential V:

(1) dn + div (ggnv(A\/\%ﬁ) —V(nT) + nvv> =0,
(2) —div(nVT) = %(TL(x) — ),
(3) NAV =n— C(x).

The physical parameters are the scaled Planck constant e, the energy relaxation time 7, > 0,
and the Debye length A\. The doping profile C'(x) models fixed background charges in the
semiconductor crystal, and the lattice temperature Tp(x) is a given function. We refer to
Section 2 for a derivation of the above model and the simplifications we have made. System
(1)-(3) is solved in the multi-dimensional torus T¢ C R (thus imposing periodic boundary
conditions), and we prescribe the initial datum

(4) n(-,0) =ng in T¢

Equation (1) is a generalization of the quantum drift-diffusion model since we take into
account temperature gradients. The fourth-order differential term includes the so-called Bohm
potential Ay/n/+/n which is well known in quantum mechanics. The heat equation (2) is a
simplification of the energy equation in the macroscopic quantum model; its right-hand side
describes the relaxation to the lattice temperature T7,. If the lattice temperature is constant,
T = Ty, solves the heat equation (2), and the system (1) and (3) reduces to the quantum
drift-diffusion equations. Hence, temperature gradients are only due to variations of the
lattice temperature. In (2), the heat conductivity is taken as k(n,T) = n; we comment this
(simpliying) choice at the end of Section 2.

Before we explain the main mathematical challenges to analyze (1)-(3) and state our main
theorem, we review briefly related results. The stationary quantum drift-diffusion model (1)
with 7" = const. and (3) has been analyzed in [3, 21], and the existence of weak solutions
with positive particle density has been shown. Existence of global-in-time weak solutions to
the transient equations without the diffusion term V(nT') and for vanishing electric fields
has been proved first in [20] in one space dimension and later in [14, 18] in multiple space
dimensions. Global existence results for the full quantum drift-diffusion model in one space
dimension can be found in [22] for physical boundary conditions, [6] for Dirichlet boundary
conditions, and [7] for homogeneous Neumann boundary conditions.

There are much less analytical results for semiconductor models including temperature
variations, due to a lack of suitable a priori estimates for the temperature. Earlier results
have been concerned with the drift-diffusion equations with temperature-dependent mobil-
ities but without temperature gradients [27] (also see [16]) or with nonisothermal systems
containing simplified thermodynamic forces [1]. Later, temperature effects via the energy-
transport model have been included, see [11, 15] for stationary solutions near the equilibrium,
[5] for transient solutions close to thermal equilibrium, and [8] for systems with nondegenerate
diffusion coefficients.

Up to our knowledge, there are no analytical results in the literature for quantum diffusion
models including temperature variations. In particular, the model (1)-(3) is studied here for
the first time.

The following mathematical difficulties have to be overcome. First, the fourth-order dif-
ferential term in (1) prevents the use of the maximum principle and it is not clear how to
define the Bohm potential term. This problem has been solved in [18, 20] by introducing the
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exponential variable n = ¢¥/2 which is positive if suitable bounds for y are available. The
variable y is chosen since we can reformulate the fourth-order term as

Ayn
Vn
where V2logn is the Hessian matrix of logn and the double point means summation over
both matrix indices. The fourth-order term is symmetric in the variable y allowing for the use
of the Lax-Milgram lemma in the linearized problem. Second, even without the fourth-order
quantum term, the maximum principle does not apply to (1) due to the temperature gradients.
There exist estimates for the entropy (or free energy) of the energy-transport model [8], but
these estimates cannot be derived for the present model. Third, the fourth-order term (5) in
y and the heat equation (2) are degenerate at n = 0. Fourth, for more physical boundary
conditions, boundary integrals appear in the weak formulation of (1) which cannot be handled

easily. The last problem is overcome by using periodic boundary conditions.

Our idea is to apply the maximum principle to the heat equation (2) together with entropy-
type estimates. Indeed, assuming suitable bounds for 77, the maximum principle for (2) shows
that T" is bounded from below and above by positive constants. Differentiating formally the
“entropy” functional

1
(5) div(nV ) = §V2 1 (nV2logn) = V2 : (nV?y),

H(t) = /W n(logn — 1)dz,

we obtain after a computation (see Section 3 for details)

H 2
d : / n|V2logn|2+4/ T|Vv/n|*dx
Td Td

a1
(6) =2 [ /nVy/n -VTdx — )\2/ (n — C(x))ndx,

Td Td
where we have employed the Poisson equation (3). The last integral is clearly bounded. The
first integral on the right-hand side can be estimated from above by

1
5/ |V\/ﬁ]2dx+/ n|VT|*dz,
Td (5 Td

where § > 0. As T is bounded from below, the first integral can be absorbed by the last term
on the left-hand side of (6) if 6 > 0 is chosen sufficiently small. For the second integral, the
test function 7" in the weak formulation of (2) leads to

1 1 1
/ n|VT|*dx = / n(Ty(x) = T)Tdx < —— [ nT?dz + / nTidz.
Td Te JTd Te JTd Te JTd
The last integral is bounded since the total mass de ndz is constant in time, which is a
consequence of the periodic boundary conditions. Then, putting together these estimates,
our key estimate reads as follows:

dH &2

1
2 2 2 2
+ 1 + K \% < Ko+ —||T,
(7) % 12 /Tan ogn| 1/1rd| Vn|“dx 2 27_6H LHLCO(Td) /]I‘d nodx,

where K1, Ko > 0 are some constants only depending on A, C, and T7,.

We will show below that this estimate provides H? bounds for \/n. However, no gradient
bounds for T can be expected since we have only an L? bound for /nVT and an H' bound
for /nT. Thus, the “right” variable for (2) is neither the temperature T' nor the energy
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density nT but /nT. Notice that this situation is related to the analysis of the Korteweg-
Navier-Stokes equations with density-dependent viscosities which vanish at vacuum [4]. In
these equations, the third-order Korteweg term provides gradient estimates for n. However,
due to the degeneracy of the viscosity coefficient, there is no estimate for the velocity u but
for \/ndivu and y/nu only, see e.g. [4].

Our main result reads as follows.

Theorem 1. Let d < 3, ¢, A\, 7. > 0, C, Ty, € L¥(T%) with 0 < my < Tr(z) < My for
x € T%. Let the initial datum ng € Ll(’]l‘d) satisfy ng > 0 in T, fﬂ.d nglogngdx < oo, and
Jga(no — C(x))dx = 0. Then there exists a weak solution to (1)-(3) such that the regularity
properties

n(-,t) >0, 0<m<T(,t)<M a.e.,
Vi € L2,.(0, 00, HA(T?) N L2 (0, 00; LA(TY)),  n € Wist/%(0, 00, H=2(T?)),

loc

VT € L3, (0,00; H'(T?), /nVT € L, (0,00; L*(T?), V€ L},.(0, 00; H*(T?)),

loc

where m = myp /2 >0 and M = My + 1, hold and the equations

(8) o + iv2 : (VnV?y/n — Vyn® Vyn) = div(V(nT) — nVV),

(9) ~div(nVT) = ~(Te(x) = T),

(10) NAV =n —C(z), / Vdx =0,
Td

are satisfied in the sense of LL (0,00; H=2(T4)). The initial condition n(-,0) = ng holds in
the sense of H—2(T?%). Moreover, the total mass is constant, [ran(z,t)dx = [p4no(z)dx for

allt > 0.

Due to our weak regularity results, we can prove the existence of solutions in the formu-
lation (8) only. We remark that the Poisson equation is uniquely solvable since [pq(n(z,t) —
C(x))dx = [ra(no(x)—C(x))dz = 0. Furthermore, we notice that the bounds on 7' can be im-
proved. In fact, the proof of Theorem 1 below shows that the bounds hold for m = (1 —n)mp,
M = My, + 7 for any n > 0 and then, the limit 7 — 0 yields m; < T < M, in T%.

Theorem 1 is proved by semi-discretizing (1) in time, employing the Leray-Schauder fixed-
point theorem, and working with the variables \/n and y = 2logn. To solve the linearized
problem in the variable 3, we add to (1) the uniformly elliptic term §(A2%y + y) since the
operator (5) may degenerate at n = 0. Unfortunately, this additional term prevents the L'
conservation of n which is needed in the key estimate (7). This problem is overcome by
combining the L' estimate for n with estimates coming from the additional term 6(A%y + ).

The paper is organized as follows. The next section is devoted to a formal derivation of
the model (1)-(3). The proof of Theorem 1 is presented in Section 3. Section 4 is devoted
to the numerical solution of (1)-(3) and the illustration of heating effects in a simple ballistic
diode. We conclude in Section 5 and mention some open problems.

2. DERIVATION OF THE MODEL EQUATIONS

System (1)-(3) is deduced formally from the quantum hydrodynamic equations, which have
been derived from the Wigner equation in [19]. The quantum hydrodynamic equations consist
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of balance equations for the electron density n, the electron mean velocity u, and the energy
density ne:

(11) On 4+ div(nu) =0,
2 _A
(12) Oi(nu) + div(nu @ u) + V(nT) —nVV — £ v vn = _@7
6 \/ﬁ Tp
2

(13)  Oy(ne) + div((P + nel)u) — %div(nAu) —nu-VV —div(k(n, T)VT) =

n
— (T, - T
Te( L )7
selfconsistently coupled to the Poisson equation (3), where the matrix v ® u has the compo-
nents w;u;, 7, is the (scaled) momentum relaxation time and x(n,T’) the heat conductivity.
The energy density ne and the stress tensor P are given by

2

ne—gnT—i—lmu]Q—inAlo n, P=nTl- —nV2logn
—2" T 24" OB T " e

where I is the identity matrix in R4*?,

Compared to the model derived in [19], we have added the following expressions. First,
we have included momentum and energy relaxation terms which are coming from Caldeira-
Leggett-type collision operators in the kinetic Wigner-Boltzmann equation from which the
quantum hydrodynamic equations have been derived [17]. Furthermore, we allow for the heat
flux term div(k(n,T)VT) in the energy equation. The heat flux is usually taken into account
in numerical simulations for stability reasons [12, 19]. It is necessary to obtain a positive
definite diffusion matrix in the quantum energy-transport equations [17].

Quantum energy-transport equations are derived from system (11)-(13) after a diffusive
rescaling and a relaxation-time limit. More precisely, we change the time scale ¢t — t/7, and
scale the velocity as u — 7pu, the thermal conductivity as K — 7,K, and the energy relaxation
time as 7. — 7./7, giving

2
2 21 € Ay/n
(14) 7,0t (nu) + 7,div(nu @ u) + V(nT) — nVV — EnV( NG ) = —nu,
_d Tp2 5 €2
ne = §nT + ?n|u| — ﬂnA logn,

and (11) and (13) remain unchanged. Then, performing the formal limit 7, — 0, we arrive to
the quantum energy-transport equations

. [&? Ayn
(15) 9y + div <6nV< N ) —V(nT) + nVV> =0,
2
(16) 9 (ne) + div((P + nel)u) — %div(nAu) —nu-VV —div(knTVT) = Q(TL -1,
Te
where the energy density simplifies to

d g2
= —nT — —nAl .
ne 2n 24n ogn

The simplified quantum energy-transport model (1)-(2) is obtained from (11)-(13) in a
slightly different relaxation-time limit. We rescale time and velocity as above but we do not
rescale the thermal conductivity or the energy relaxation time. Then (11) and (14) remain
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unchanged and (13) is written as

Tp <8t(ne) + div((P + nel)u) — idiv(nAu) —nu - VV) —div(k(n, T)VT) = 2(TL -T).

Te
Performing the formal limit 7, — 0 in the above equation and in (11) and (14), we deduce
(1)-(2) with the choice k(n) = n for the heat conductivity.

Physically, we expect that the heat conductivity depends on the thermal energy %nT.
Often, the function k(n,T) = nT is taken [12, 19]. Our choice k(n,T) = n has a purely
technical reason. Indeed, having regularity for \/nT only, it seems to be difficult to treat
the heat flux nT'VT since the temperature appears quadratically, and we have only weak
convergence results for the sequence of approximating temperatures.

3. PROOF OF THEOREM 1

3.1. Existence of a time-discrete solution. We replace (1)-(3) by a semidiscrete system.
To this end, let 7 > 0 be a time step and w be a given function. We wish to find a solution
to the problem

2
(17) %(wQ —w?) + %VZ S (wVw — Vu @ Vw) = div(V(sz) — U)QVV),
2
(18) —div(w?VT) = L (Ty(z) — T),
(19) MNAV =w? — C(x) in T

Here, w represents the square root of the electron density at some time ¢ and w the corre-
sponding quantity at time ¢ — 7.

Lemma 2. Let the assumptions of Theorem 1 hold and let W € L>®(T?) satisfy de(EQ —
C(x))dx = 0. Then there exists a weak solution (w,T,V) € H*(T4) x L>®(T9) x H%(T?)
to (17)-(19) such that wT € HY(T?), wVT € L*(T?), [ra(w? — C(z))dz = 0, and w > 0,
0<m<T <M inT? where m =mp/2 and M = My + 1.

Proof. The proof is performed in several steps.

Step 1: Definition of a reqularized problem. The solution to (17)-(19) is obtained as the limit
of solutions to a regularized problem. In particular, we add a strongly elliptic operator in
y = 2logw:

1 2
(20) @)+ V7 (V) + (A% +y) = div(VWT) — w?VV),

L w? 4 6)(Ty(2) - T),

Te

(21) —div((w? + §)VT) =
(22) NAV =w? — C(x) in T,

where 6 > 0 is a regularization parameter. The fourth-order operator 6(A2y + y) guarantees
coercivity of the left-hand side of (20) with respect to y.

Step 2: Solution of the regularized problem. We solve (20)-(22) by employing the Leray-
Schauder fixed-point theorem (see Theorem B.5 in [24]). Let o € [0,1] and w € WH4(T?) —
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L>®(T9) (here we use the restriction on the space dimension d < 3). Let V € H?(T%) be the
unique solution to the Poisson equation

MNAV =w? — C(x) in T¢, Vdz = 0.
Td

Notice that this problem is solvable since we have assumed that [1,(w? — C(x))dz = 0. Next,
let 7 € H'(T?) be the unique solution to the linear equation

—div((w® + 0)VT) = l(aw2 +6)(Tp(x) = T) in T%

Te

As the coefficient of the zeroth-order term 7, ! (ocw? + 6)T is uniformly positive, this problem
is uniquely solvable. Finally, introduce for y, z € H?(T%) the forms

2
aly,z) = % /]I‘d w?V2y . V2zdx + 5/Rd(AyAz + yz)dx,
flz) = —g /’ﬂ‘d (w? — W*)zdx — U/Td(V(sz) —w?VV) - Vzdz,

The bilinear form a is continuous and coercive for § > 0, and the linear form f is continuous
(since V(w?T) € L?(T%)). Consequently, the Lax-Milgram lemma provides the existence of a
unique solution y € H%(T9) to

(23) a(y,z) = f(z) for all z € H*(T9).

This defines the fixed-point operator S : Wh4(T4) x [0,1] — W'4(T9), S(w,0) = v := e¥/2.
Indeed, since y € H?(T?) — L>(T?) in dimensions d < 3, we have v € H?(T¢) — W14(T%).

We shall now verify the hypotheses of the Leray-Schauder theorem which provides a solution
w to S(w,1) = w. The operator S is constant at o = 0, S(w,0) = 1. By standard results for
elliptic equations, S is continuous and compact since the embedding H?(T%) < W14(T9) is
compact. It remains to show a uniform bound for all fixed points of S(-, o). This is achieved
by suitable entropy estimates.

Let w € H?(T?) be a fixed point of S(-, o) for some o € [0, 1]. Then there exists y € H?(T)
such that w = e¥/2. We derive first some bounds for 7. With the test function (7' — M)* =
max{0,7 — M} € H'(T%) in (21), where M = supqa T}, + 1, we infer that

/ (w2 + 8)|V(T — M)*Pdy = - / (ow? + 6)(Ty(2) — T)(T — M)*da
"H‘d Te ’]Td

1
<—— [ (ow®+6)(T — M)Tdx <0.
Te JTd

This implies that (' — M)* = 0 and hence T < M in T?. The test function (T'—m)~ =
min{0,7 —m} € H'(T?) with m = %inf'[d T, > 0 leads to

/Td(uﬂ + 6)[V(T — m)~|2dz = Tl [ (v +8)(Tu@) = T)(T = m) o
< 1infTL/ (ow? +6)(T —m)~dz <0,
Td

2Te Td
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from which we conclude that (T —m)~ = 0 and T > m > 0 in T¢. Furthermore, we employ
the test function 7" in (21):

/ (w? + 8)|VT|2dz = - / (ow? + 8)(Ty(x) — T)Tdz
’]I‘d Te "]I‘d

1 2 2 1 2 2
< —— 0)T*d — 0)T7d
- 27 Td(ow +9) v 27, /Td(aw +0)TLdz,
which gives, since My, = || TL|| o0 (1a),
1
/ (w? + 6)|VT|dz + U/ (wT)2dz < Mg/ (ow? + 8)dz.
Td 27¢ Jad 27, Td

We derive an approximate L? bound for w by using the test function z = 1 in (23):

(24) U/ wdr = 0/ widr — 67'/ ydr = o C(z)dx — 57'/ ydzx,
Td Td Td Td Td

Thus, the estimate on wVT becomes

1)
[ v oivrPan s 2 [ as < L [ Ctwyia - 37t [
Td T "

Te Te Td Te

0
(25) + — M?meas(T?).
Te
We proceed with the estimates for w. Taking the test function y = 2logw in (23), we find
that
2
= (w? + 6)|V? logw|2d:z+5/ (Ay)* + y?)da
3 Td Td

= —U/ (w? — w*) log(w?)dx — 20/ (V(w?T) — w*VV) - Vlog wdz
Td

T Td
o
<=2 [ (olw?) - o(w))do— 20 |
T JTd T
where we have employed the convexity of the function ¢(s) = s(logs — 1) + 1, ¢(s) — ¢(t) <

¢'(s)(s —t) for all s, ¢ > 0. Then, using the Poisson equation and the Young inequality, we
obtain

<2T]Vw|2 +wVT - Vw — %V(wQ) : VV)diL‘,
d

2
j[ﬂ,d (o(w?) — p(w?))da + % /er(wZ + 6)|V? log w|*dx + 5[@ (Ay)? + y?)da
2 2
= "/W (—2m|Vul* + S|V - 5@ - C()))da

1 o
2 2 2 2
< —20m/Td |Vw|*dx + Qm/wa VT |*dx + FHC’HLW(W) /wa dx.
The second term on the right-hand side is estimated by (25) and the last term can be bounded
by (24), leading to
o

/ (¢(w2)—¢(w2))das+62/ w2]V2logwl2dx+5/ (Ay)? + y?)da
Td 3 Td Td

T

< —20m/ Vw|2dx—57'K1(m)/ ydzx + Ko(m),
Td Td
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where the constants K;(m) > 0 depend on C(x), Tr(z) etc. but not on o, 7, or §. Now, the
integral over y? on the left-hand side dominates the integral over y on the right-hand side
since 5
—2/ (27K (m)y + y*)dx < 67K, (m)*meas(T?).
Td
This yields our key (entropy) estimate

2
‘T’/Td (6(w?) — () d + = /Td w?|V2 log w|2dx

(26) + 5/ (Ay)%dz + 5/ y2dx + 20m/ Vw|?dz < K,
Td 2 Td Td

where K > 0 denotes here and in the following a generic constant not depending on y, T', T,
or 6. Hence, y and Ay are uniformly bounded in L?(T%) for any fixed § > 0. This implies that
y and also w = e¥/2 are uniformly bounded in H 2(T9). Then the Leray-Schauder theorem
provides a solution w to S(w,1) = w, which we denote by ws. Obviously, ws satisfies (20).
We denote by T the solution to (21) and by Vs the solution to (22).

Step 3: Lower bound for ws. By construction of ws, there exists y; € H? (']I‘d) such that wg
exp(ys/2). Inequality (26) yields an H? bound for y;, depending on w and &, ||ys]| H2(T9)
K67'2. In combination with the embedding H?(T?) — L>(T?), this gives ||ys| oo (ra)
K& Y2, Consequently, wj is strictly positive,

ws = exp(ys/2) > exp(=K6/2/2) >0 in T%

IA A I

Step 4: Uniform H' bound for wsTs. Estimate (26) shows that \/3||y5||L2(Td) is uniformly
bounded. Hence, by (25) with o =1,

1
/ (w? + 0)|VTs|*dx + / (wsT5)*de < K1 + 6Ka||y|| 1 (1ay
Td 27—6 Td
(27) S Kl + 6K3||y”L2(Td) S K4.
Thus, in view of (26),

/ |V(w5T5)|2d:v<2/ wg\vn\?dme?/ |Vws|*dx
Td Td Td

is uniformly bounded. This provides a uniform bound for wsTs in H'(T?).

Step 5: The limit § — 0. By (26), the sequences (¢(w3?)) and (|Vws|?) are bounded in L*(T%).
Since s < ¢(s) + e — 1 for all s > 0, the sequence (w?) is bounded in L'(T¢) too. Next, we
employ Lemma 2.2 of [18] which gives the inequality

(28) / wi| V2 logws|?de > K | (Aws)?dz,
Td Td

for some constant K > 0 (depending on the space dimension only). This inequality, together
with the estimate (26), shows that (Aw;s) is bounded in L?(T%). Since (ws) is bounded in
L*(T4), we conclude that (ws) is bounded in H?(T¢). Thus, for a subsequence which is not
relabeled, as 0 — 0,

ws — w weakly in H?(T9),

ws — w  strongly in W4 (T?)



10 A. JUNGEL AND J. P. MILISIC

for some w € H?(T9). In particular, since ws > 0, we have w > 0 in T¢. Furthermore,
w§V2 log ws = wsV?ws — Vws @ Vws — wV?w — Vw @ Vw  weakly in LQ(Td).
By the d-dependent bound for y; in (26),
|\/3<(A2y5 + 3/5)72)1{*2,1{2! < \/S(Hyéufﬂ(?rd)HzHH2(1rd) + Hy6HL2(1rd)HZHL2(1rd))
< K|zl g2(14y,
for any test function z € H?(T%). Therefore,
(5(A2y5 +y5) =0 weakly in H~2(T9).

The sequence (V) is bounded in H?(T?) since (ws) is bounded in L*(T%). Moreover, (Tj)
is bounded in L°°(T9). Unfortunately, we do not have better bounds for Ts since we do not
have a uniform lower bound for ws and the heat equation may degenerate in the limit § — 0.

However, we know from step 4 that (wsT5) is bounded in H'(T%). As a consequence, up to
subsequences,

Vs — V  strongly in W4 (T%),
Ts — T weakly* in L>(T9),
wsTs — 0 weakly in H(T9),

for some function § € H'(T?). In fact, we can identify # with wT since (ws) converges
strongly to w in L?(T%) and (T}j) converges weakly* to T in L>(T%), implying that
wsTs — wT weakly in L?(T%).

It is clear that V solves the Poisson equation (19).
We claim that T is a solution to the heat equation (18). The above convergence results
show that

wiVTs = wsV(wsTs) — wsTsVws — wV(wT) — wTVw = w?>VT  weakly in L?(T9).

Furthermore, by (27), (V6VTs) is bounded in L?(T?) and therefore, §VT; — 0 strongly in
L?(T%). This proves that

(w} + 6)VTs — w?VT weakly in L?(T9).

Hence, T solves (18).
The above convergence results are sufficient to pass to the limit in the right-hand side of
(20):

/ (V(wiTy) — wiVVs) - Vzda = / (wsV (wsTh) + wsTsVws — wiVVs) - Vzdr
Td Td

— (wV(wT) + wI'Vw — w?VV) - Vedz
Td

= / (V(w2T) - wZVV) - Vzdz,
Td

for z € H'(T%). We have proved that (w,T,V) solves (17)-(19). Finally, the test function

z=11in (17) yields
/ wdr = / widx = C(z)dz,
Td Td Td
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completing the proof. O

3.2. A priori estimates. Let an arbitrary final time tg > 0 be fixed. Define the step
functions (w™, T V() [0,t9) — L*(T?)? recursively as follows. Let wg = /g, and for
given k € N, let (wy, Tk, Vi) € H*(T?) x L>®(T?%) x H?(T?) be a solution to (17)-(19) with
W = wy_1 (according to Lemma 2). Now we define w(™)(t) = wy, for (k — 1)7 < t < k7 and
similarly for 77 and V(7). These step functions satisfy in T¢

1((w(T))Q — (aTw(T))Q) + V2. (w(T)VQw(T) ~vul) @ Vw(T))

-
(29) — div (V((@PTO) - (0)2vr ),

2 (w(T))z
(30) —div ((w(T)) VT(T)) - (Ty () — T,
Te
(31) AV = (@)~ Cla), [ Vo=,
Td

where o, denotes the shift operator (o,w(™)(t) = w7 (-,t —7) for 7 < t < T. In order to pass
to the continuum limit 7 — 0 in the above system, we need the following a priori estimates.

Lemma 3. The functions (w'™ and T7) satisfy
1w oo 0,0:22y) + 10T 120 40; 127y < K,
1T oo 0,105 (pay) + 10D T 20 40511 (m0y) < K,
where K > 0 is a generic constant not depending on T.

Proof. The bounds for w(™) are a consequence of (26), together with (28). The estimate for
T follows from the proof of Lemma 2, and the bound for w(™MT(") comes from step 4 of the

proof. O
Lemma 4. The following estimates hold:

(32) [ (w T))QHL”/lO(O,tO;HZ(Td)) + T_IH(“’(T )2~ (UTw(T))QHL“/IO(O,tO;H*Q(Td)) < K,

(33) Hw(T)HLS/d+2(o,t0;L8/d+2(Td)) + ||V(T)HL4/d+1(0,to;H2(Td)) = K,

where K > 0 is a constant independent of T.

Proof. Tn Lemma 4.2 of [18], it is proved that the bounds of (w(7)) in L>(0,to; L?(T%)) and
L2(0,to; H*(T)) imply that (w(™)? is uniformly bounded in L'/19(0,to; H?(T¢)) and that
the fourth-order term in (29) is uniformly bounded in L''/19(0,ty; H=2(T%)),

(34) [V — VoD @ vw(T)HLll/lo(o,to;H*(ﬂl“i)) = K.

The same bounds show that (w(7)) is bounded in L¥%+2(0, to; L% 4+2(T%)), since the Gagliar-
do-Nirenberg inequality with 6 = d/(d + 4) gives

8/d+2 (8/d+2)6 (8/d+2)(1—6
Hw(T)HL/s/d-ﬁ(O to; .[,8/d+2 ']Td) < K/ Hé('IFd) H T)||L2/Td ( )dt

to
7))18/d T
S KH’LU( )HL/OO(07tO;L2(’]I‘d)) /0 ||w( )H?{Q(Td)dt S K
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We infer from the Poisson equation that (AV (7)) is bounded in L*4t1(0, to; L*/4+1(T¢)), and
using elliptic regularity, we deduce a bound for V(") in L¥4+1(0, to; H?(T%)).
The estimates of Lemma 3 imply that

AP, ) = [l(™)?

(0,t0; H—2(T ) HLQ(O,tO;LQ('ﬂ‘d))

(35) < Hw(T)Hi4(07tO;L4(Td))HT(T)HLOO(O,to;LOO(Td)) < K.
Since the embedding H'(T?) — L*(T?) is continuous in space dimensions d < 3, the same

holds for the embedding L*/3(T¢) = (L*(T%))* < H~(T¢) for the dual spaces. This embed-
ding, together with the Holder inequality in « with p = 3/2 and p’ = 3, gives

Idiv (™ )HlLll/J?o ovostt-2may < 1@ PPIVO L 0 sy
<K / POVOI it < K /0 L2 VYOS at.
Next, we apply the Holder inequality in ¢ with p = 70/37 and p’ = 70/33:
Hdiv(( )"211/1}(1)0 (0,t0; H—2(T4))
(36) < Ko™ 19Vl s <K,

L154/37(0,t0;L4(Td L7/3(0 to; .[4 ']Td))

since 7/3 < 4/d+ 1 and 154/37 < 8/3 + 2 in dimensions d < 3. Estimates (34), (35), and
(36) imply the estimate for the discrete time derivative of w ™), which finishes the proof. [

3.3. The limit 7 — 0. The a priori estimates of the previous subsection are sufficient to
pass to the limit 7 — 0. First, the estimates (32) allow for the application of Aubin’s lemma
23], showing that, up to a subsequence, (w(™)? — n in LY/19(0,to; W14(T?)) as 7 — 0
for some limit function n. Here we have used that the embedding H?(T?) — W14(T?) is
compact in dimensions d < 3. In particular, (w(7)) converges pointwise a.e. As (w(7))?

obviously nonnegative, so is n, and we can define the square root \/n € L?%/10(0, to; L (T%))
with w(”) — /n pointwise a.e. The second estimate in (32) implies that, up to a subsequence,

-1 ((w(T))2 - (UT’LU(T))Q) — 9y weakly in L'/10(0,to; H2(TY)).
Furthermore, the same arguments as in the proof of Lemma 4.3 in [18] show that w(?) — /n
strongly in L2(0, to; W14(T%)), which implies that
w V2w = /nV?/n  weakly in LY0, to; LX(T%)),
Vu @ Vo' = Vy/n® Vyn weakly in L'(0, to; L*(T%)).

By Lemma 4, (w(MT() converges weakly (up to a subsequence) to some function @ in
L%(0,to; HY(T?)). We can identify § with \/nT. Indeed, the pointwise a.e. convergence of
w'™) to \/n and the boundedness of (w(™) in L¥4+2(0,to; L¥4+2(T%)) (see (33)) imply that
w'™) converges strongly to v/n in L*(0,tg; L*(T%)), since 8/d + 2 < 4 for d < 3. Furthermore,

T(7) converges weakly* to T in L(0,tp; L>°(T%)). Hence, the product w(T() converges
weakly to /nT in L*(0,to; L*(T?)), which shows that § = \/nT. In particular, we infer that

wMT —~ \/nT weakly in L?(0, to; H(T?)).
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Moreover, (w(MT() is bounded in L>(0,t; L*(T%)), since (w™) is bounded in L (0, to;
L2(T%)) and T(7) is bounded in L>(0, to; L>°(T%)). Then, up to a subsequence,

wDTT ~* /T weakly* in L>(0, to; L*(T%)).

The above convergence results, together with the strong convergence of (w(T)) in L*(0, to;
LA(T?)) and in L2(0,to; WH4(T9)), imply that

V((w270) = wOV (T 4O T Y (1)
(37) = V/nV(vnT) +/nTVyn=V(nT)
weakly in L*/3(0, to; L*/3(T%)).

The strong convergence of (w(™) in L*(0,to; L*(T?)) and the weak convergence of (V(7)) (to
some function V') in L%(0, to; W14(T%)) gives
(w2 V ()~ nVV  weakly in L*3(0, to; L2(T9)).

These limits allow us to perform the limit 7 — 0 in (29), showing that /n solves (8).
We remark that the initial datum is satisfied by n in the sense of H *Z(Td) since n €
Wl’n/lo(O,to;H*Q(Td)) — CY(0, to; H*Q(']I‘d)) and hence, n(-,0) is defined.
It remains to pass to the limit 7 — 0 in the Poisson equation (31) and the heat equation
(30). In view of (32), we have
2
107w ™) =2l o2z
7)\2 )\ 2 )\ 2
S H(aTw( )) - (w( )) HLll/lo(O,to;H_z(Td)) + H(w( )) - nHLn/lO(O,tO;H—Q(Td))
< KT+ K2H("U(T))2 - nHL11/10(07t0;L2(’H‘d)) —0 as7T—0,

and we can perform the limit in the Poisson equation, showing that V is a solution to
(10). Since Vw ™ converges strongly in L?(0,to; L*(T%)) and w(MT() converges weakly*
in L>°(0, tg; L?(T?)), we obtain, together with (37),

(w™) VT = WY (wOTO) = I TOTWD < /nV(/nT) — VATV = nVT
weakly in L*3(0, to; L*/3(T4)). Thus, T solves (9). This completes the proof of Theorem 1.

4. NUMERICAL RESULTS

In this section we present some numerical results for the simplified quantum energy-
transport model in one space dimension:
2

(3
(38) ne+ = <n(log n)m)m (T )ae + (nVi)s = 0,
1
(39) —k(nTy)y + —n(T —T1) =0,
Te
(40) MV —n+C =0,

where x € [0,1] and ¢ > 0. The initial condition is n(z,0) = C(x), € (0,1). The parameters
in the above equations are the scaled Planck constant e, the Debye length A, the heat-
conduction constant x, and the energy relaxation time 7.. Notice that in contrast to the
previous sections, we have introduced here the heat conductivity constant x (see Section 2).
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Parameter | Physical meaning Value

q elementary charge 1.602- 1071 As

m effective electron mass 0.067 -9.11 - 103! kg

kg Boltzmann constant 1.3807 - 10723 kgm?/s?K

h reduced Planck constant 1.0546 - 10734 kgm? /s

Es semiconductor permitivity | 12.9 - 8.8542 - 10712 A2%s* /kg m?
0 momentum relaxation time | 0.9 - 10712 s

TABLE 1. Physical parameters for GaAs.

We consider periodic as well as the Dirichlet-Neumann boundary conditions, see below. In
the numerical tests we simulate a GaAs n™nn™ diode, defined by the smooth doping profile

C(x) =1+ 0.25(tanh(100z — 60) — tanh(100x — 40)), =z € [0,1].

We consider following two cases: (i) heating through the device contacts and (ii) heating
in the interior of the device. Since we are interested in qualitative effects only, we choose the
(artificial) scaled lattice temperature functions

(1) Trp(z) =4(a—1)(2* —2)+a, (i) Tr(z)=—4(a—1)(2* —z)+1,

where a = 300/77. The parameter a is chosen in such a way that, for the first function, the
unscaled temperature equals 300 K at the boundary and 77K at x = % and vice versa for the
second function. We have chosen here a characteristic temperature of Ty = 77 K. The values
of the remaining physical constants are given in Table 1.

In order to compute the values of the dimensionless parameters, we have to specify the
scaling. Let L be a characteristic length, for instance the device length. We define the
characteristic density, voltage, and time, respectively, by

kgTh mL?
A1 C* —sup|C|, V* = o= .
(an) biC] q Vs

The standard scaling (see for example [17]) gives

g2 = 7h2 2\ = 768‘/* K = KQT P Te = i
mkpToL?’ qC*L2’ 00T e T

For our numerical tests we have choosen L = 75nm for the device length, C* = 10?* m~3 for
the maximal doping concentration, and kg = 0.8 for the thermal conductivity. Then

e2~305-1072, N ~842-1073, k~1.253-107%, 7~ 1.583.

The discretization of the model (38)—(40) using central finite differences reads as

nitt —nk e k+1( k+1 k+1 k+1 k+1( k+1 k+1 k+1
7 1
At = - 12(Ax)? ["%’H <Ui+2 —2u; 5 +uy ) — 2n; <Ui+1 —2u; "+ uifl)
k+1(, k+1 k1 k1 k+1mk k+1mk k-+1mk
+ 0 <“z’+ - 2ui T + “zj2>] + (B)? [”211 Ty — 20y T + Tifl}
1 k ky, K k k E o\ k k E o\ k41
(42) = sy | Vi = VbR o+ (v — 2V VE gl — (v - v el
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FIGURE 1. Periodic boundary conditions, case (i): Electron temperature (left)
and electron density (right) at various times.

k k k k ok k4 ok
ng , +n, ng  +2n +n_ n; +n;_
(43) _( z+12 l)Tﬁu—i- (OKTTL?"F i+1 2z i 1)Tz‘k_ [ 5 i 11—%121:QT”§(TL)1'3
A2
(44) W(Viil =2V +VE) =nf - G,
where u; = log(n;), i = 1,...,N — 1, ar = (Ax)?/(k7.). We used a uniform mesh with

N = 250 points and Az = 1/N. For the time step we have taken At = 10~7. The system
(42)—(44) is solved using an iterative semi-implicit numerical method. More precisely, given
the electron density n* at time step k, we solve the linear equations for the potential V¥ and
the temperature T%. Then the values for T% and V* are employed in the nonlinear equation
(42) for the particle density, which is solved by the Newton method. In this way we obtain
the electron density n*t1 at time step k + 1.

4.1. Periodic boundary conditions. Since the existence results in this paper are proved
for periodic boundary conditions, we perform the first numerical tests for these boundary
conditions. In order to assure the unique solvability of the Poisson equation, we impose the
constraint fol (n—C)dz =0.

First, we were interested how heating of the device through its contacts effects the device
temperature. Figure 1 shows the electron temperature 7' (left) and particle density n (right)
at various times. Notice that the values for the time are dimensionless; the characteristic
time equals, according to (41), t* ~ 5.68 - 1013s. The temperature stabilizes extremely fast
to its steady state. As expected, the heating through the contacts leads to a heating in the
interior of the device and, because of the periodic boundary conditions, to an electron cooling
in the n* regions at the contacts. The electron density becomes first smaller than the doping
concentration (thin line) in the low-doped region, but it increases at larger times and finally
reaches its steady state. Figure 2 illustrates the electron temperature and density in case (ii).
In contrast to the previous case, the particle temperature 7T is smaller than 77, in the middle
of the device, but larger at the contacts. This heating leads to an increase of the electron
density at the contacts (right figure).

4.2. Dirichlet-Neumann boundary conditions. In this subsection, we consider more re-
alistic boundary conditions for the one-dimensional n*nn™ diode studied in the previous
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FIGURE 2. Periodic boundary conditions, case (ii): Electron temperature
(left) and electron density (right) at various times.

subsection. We impose the following boundary conditions:

n(0) = C(0), n(1) =C(1), ne(0) =nq(1) =0,
T0)=T(1) =Ty, V(0)=0, V(1)=U,

where U is the applied potential and T, the given boundary temperature (300 K in case (i)
and 77K in case (ii)). The Dirichlet boundary conditions for the electron density express
that the total space charge C'(x) —n vanishes at the boundary. Since C(x) is nearly constant
close to the boundary, we expect that (C'—n), ~ 0 at = 0,1. This motivates the use
of homogeneous Neumann boundary conditions for n. We are interested in the situation in
which the device temperature at the contacts is constant, so we impose Dirichlet boundary
conditions for the electron temperature T'. Beside the Dirichlet conditions for V', no further
constraint on V needs to be imposed.

The numerical results for the equilibrium situation U = 0 are presented in Figure 3 (case
(i)) and in Figure 4 (case (ii)). The behavior of the temperature and density is similar to
the previous subsection (except that now, the particle density cannot increase at the contacts
since it is fixed). This is not surprising since the periodic case corresponds to some extend to
the equilibrium situation.

In Figures 5 and 6, the particle temperatures and densities in case (i) and (ii), respectively,
are shown for an applied voltage of U = 1 V. The temperature profile does not change signifi-
cantly. On the other hand, the low-doped region in the diode is flushed by electrons, and the
depletion region moves to the right due to the high electric field. The same behavior can be
observed in the quantum drift-diffusion model in which the electron temperature is constant.

5. CONCLUSION AND OPEN PROBLEMS

In this paper, we have shown the existence of global-in-time solutions to a simplified quan-
tum energy-transport model. This is the first analytical result on a quantum diffusion model
including temperature variations. The proof is based on exponential variable techniques
employed in [18, 20], a fixed-point argument in the variables \/n and logn, and the key
entropy-type estimate (6). Moreover, some numerical results illustrate the heating behavior
of a ballistic diode.
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FIGURE 6. Case (ii), Dirichlet-Neumann boundary conditions, U = 1 V: Elec-
tron temperature (left) and electron density (right) at various times.

It is well known that, in real applications, thermal effects in semiconductors are becoming
stronger in smaller devices due to large electric fields. Our result is slightly different. The
numerical experiments show that the particle temperature depends only weakly on the model
parameters. The reason is that the electron temperature is mainly governed by the lattice
temperature through energy relaxation. A future investigation should take into account the
full energy equation (16).

We have imposed several simplifications to the original quantum energy-transport model
(15)-(16). First, the model (15)-(16) is special in the sense that it has been derived from
the quantum hydrodynamic equations. There exists a class of quantum energy-transport
models, derived directly from the Wigner-BGK equation [9, 17] and depending on the choice
of the relaxation time model in the BGK collision operator. Second, the energy equation (16)
has been significantly simplified, allowing us to use the maximum principle for the electron
temperature. Third, we have chosen a rather simple model for the heat conductivity. Finally,
we have imposed very simple periodic boundary conditions for the analytical results.

These comments lead us to the following open problems:

e Prove the global existence of solutions to the simplified model (1)-(3) with heat con-
ductivity k(n,T) = nT instead of k(n,T) = n.

e Prove the global existence of solutions to the simplified model (1)-(3) using more
physical boundary conditions (for instance, n =np, Vn-v=0,T =Tp, V = Vp on
99, where Q C R? is the semiconductor domain and v the exterior unit normal vector
to its boundary).

e Describe the long-time behavior of solutions to (1)-(3).

e Prove the semiclassical limit ¢ — 0 in (1)-(3) (the problem is that we loose the H?
bounds on /n).

e Prove the global existence of solutions to the full quantum energy-transport model
(15)-(16).

e Analyze the quantum energy-transport models derived in [9] and reveal its mathe-
matical structure.
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