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ABSTRACT. The semiclassical limit in a quantum energy-transport model for
semiconductors is proved. The system consists of a nonlinear parabolic fourth-
order equation for the electron density, including temperature gradients; a
degenerate elliptic heat equation for the electron temperature; and the Poisson
equation for the electric potential. The equations are solved in a bounded
domain with periodic boundary conditions. The asymptotic limit is based on
a priori estimates independent of the scaled Planck constant, obtained from
entropy functionals, on the use of Gagliardo-Nirenberg inequalities, and weak
compactness methods.

1. Introduction. Quantum fluid equations may be employed to model and sim-
ulate quantum diffusive effects in nanoscale semiconductor devices [4, 18]. These
models can be derived by applying a moment method to the relaxation-time Wigner
equation and by performing a Chapman-Enskog expansion around the quantum
equilibrium [11]. They are alternatives to dissipative Schrédinger equations [12, 22]
whose numerical solution is generally very time-consuming. The simplest quantum
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fluid model are the quantum drift-diffusion or density-gradient equations, which are
popular in engineering applications since they are capable of describing quantum
confinement and tunneling effects and they can be solved numerically in an efficient
way [1, 2]. For mathematical results, we refer to, e.g., [8, 5, 6, 14, 19] and references
therein.

Quantum drift-diffusion models do not take into account heating phenomena,
which may be important even in quantum devices. Temperature effects can be in-
cluded by computing more moments of the Wigner equation, e.g. the energy density,
which leads to quantum energy-transport equations. Grubin and Kreskovsky seem
to be the first who have proposed a quantum energy-balance system [15]. Later, a
nonlocal quantum energy-transport model has been derived by Degond et al. from
a Wigner equation [9]. In the O(h*) approximation (where A is the reduced Planck
constant), the equations become local, but their mathematical structure is still un-
clear. Another quantum energy-transport model has been studied by Chen and Liu
[7]. Their model consists of a quantum drift-diffusion-type equation for the particle
density, coupled to an energy equation.

In [20], a simplified quantum energy-transport model has been formally derived in
the large-time and small-velocity limit from the quantum hydrodynamic equations
[17], and the existence of global-in-time weak solutions has been proved. Compared
to previous models, the proposed system contains temperature gradients in the con-
tinuity equation for the particle density, which do not allow for the use of standard
tools developed for the classical drift-diffusion equations [23]. In this paper, we
continue the analysis initiated in [20] by performing the semiclassical limit. This
limit has been performed in the quantum drift-diffusion equations [5, 6] but it is
open in the simplified quantum energy-transport model.

More precisely, we consider the following scaled equations for the electron density
n, electron temperature 6, and electric potential V',

2
ng + div <€nV(A\/ﬁ) —V(nb) + nVV) =0, (1)
6 vn

— div(nV6) = Tﬁ(aL(x) —9), (2)
MNAV =n—C(z) inT¢ t>0, / Vdzr =0, (3)
Td
with the initial conditions
n(-,0) =ng in T, (4)

where T¢ C R? is the d-dimensional torus. In the above equations, € > 0 is the scaled
Planck constant, 7, > 0 is the energy relaxation time, and A > 0 is the scaled Debye
length. The given functions 0 < my < 05(z) < My and C(x) model the space-
dependent lattice temperature and the semiconductor doping profile, respectively.

Equation (1) contains the diffusive part —0Vn, the drift part nV(V — 0), and
the quantum correction involving the Bohm potential Ay/n/y/n. Equation (2) is
derived from the energy balance equation of the quantum hydrodynamic model
[20]. Tt contains the heat conductivity x = n. In applications, x usually depends
on the temperature, for instance, k = nf. In [20], the simplification K = n has
been proposed since the expression kKV6 = nfV6 cannot be easily handled in the
analysis, due to the quadratic structure in . We remark that the case k = nép,
has been considered in [7]. When the temperature is constant, § = 1, we recover
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the quantum drift-diffusion equations. If, additionally, the quantum term vanishes,
€ = 0, we obtain the semiclassical drift-diffusion equations.

We consider periodic boundary conditions in order to avoid technical problems
with boundary integrals occuring in the derivation of the a priori estimates. Com-
pared to the quantum drift-diffusion equations, the quantum energy-transport sys-
tem is of degenerate type due to the term div(nV#) in (2). Together with the
nonlinear fourth-order quantum term, their treatment is the main difficulty in the
analysis. The simplified model (1)-(4) serves as a first step to understand analyt-
ically the interplay between diffusive effects, induced by the electron temperature,
and quantum phenomena, modeled by the Bohm potential.

Formally, in the limit ¢ — 0, system (1)-(3) reduces to the energy-transport
model

ny = div(V(nd) — nVV), (5)

— div(nVe) = Tﬁe(eL(x) —9), (6)

MNAV =n—C(z) inT¢ t>0, / Vdz =0, (7)
Td

Energy-transport models have been derived from the semiconductor Boltzmann
equation by Ben Abdallah and Degond [3], and they are analytically studied in,
for instance, [10]. The above system is a simplified version of the class of energy-
transport models derived in [3] since only the Fourier term contributes to the heat
flux. In this paper, we make the limit ¢ — 0 rigorous and prove, as a by-product, the
existence of global weak solutions to (5)-(7). Before we explain and state our main
results, we recall the existence result of [20] in order to make precise the regularity
of the solutions.

Theorem 1.1 (Theorem 1 in [20]). Let d < 3, &, A, 7. > 0, C, 0, € L>=(T?)
such that 0 < mp < 0p(x) < My for x € T, Let the initial datum ng € L'(T%)
satisfy no > 0 in T¢, [, nglognedz < oo, and [p,(ng — C)dx = 0. Then there
exists a global weak solution (ng, 0., V) satisfying ne >0 and 0 < my, <0 < My, in
T? x (0,00) and

Vi € Liye(0,00: H(T) N LRS.(0,005 L2(TY),  ne € Wi /0(0, 005 H2(T?)),

loc oc

V0. € L2 (0,00, HY(T), n.0. € LY/7(0, 00; WH4/3(T),

loc loc
Ve € L, (0, 00; H*(T?)).

loc

The solution satisfies the equations

2
One + %v? L (VV2 /i — V/nz @ Vyiz) = div(V(na0.) — n.VVz),  (8)

= div (VAeV (Ve6e) — VbV Vi) = 5 = () — 6o), (9)
NAV. =n. — C(z) inT? (10)

in the sense of distributions.
Here, “V2” denotes the Hessian, the double points “” signify summation over

both matrix indices, and a ® b is the matrix with components a;b;. Notice that the
lack of regularity makes it necessary to write (1) and (2) in the form (8) and (9),
respectively.
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Our main tools to prove the asymptotic limit € — 0 are entropy estimates inde-
pendent of € and Gagliardo-Nirenberg inequalities. Indeed, introduce the logarith-
mic entropy

Ei(n) = /Td ¢1(n)de = /Td (n(logn — 1) + 1)dx.

A formal computation, which will be made rigorous in the proof of Proposition 1,
shows that
dEl 62

. 21 2 4/ 2
= 1 /Tdn\V ogn|*dx + 11‘d¢9|V\/ﬁ\ dx

=-2 [ /nVyn-Vods — % / (n — C(z))ndx
T4 Td

1
g/ G\V\/ﬁ|2dx+/ E|ve|2dac+—/ C(z)%dx, (11)
Td Td 0 4)\2 Td

using Young’s inequality. The first integral on the right-hand side can be absorbed
by the last integral on the left-hand side. By the maximum principle, € is bounded
from below, and the second integral on the right-hand side can be estimated from
above by

1

—/ n|Vo|*dz,
mrpr Jrd

where mj, = minga 8 > 0 is independent of €. In order to estimate this integral, we
take 0 as a test function in the weak formulation of (2):

1 1 0Ll
/ n|VO|2dz = 7/ n(0L(z) — 0)fdx < — / nb2dz + ”L”L(T)/ ndz.
Td Te JTa 27¢ Jpa 27, Td

The last integral is bounded since the total mass de ndx is constant in time. Putting
the above estimates together shows that

dE, €2

4 7/ n|V?logn|?dx + 4mL/ |Vvn|?de < K,

dt 12 Td Td
where K7 > 0 depends on ng, 6 etc. but not on . This provides an e-uniform
H' bound for \/n which is the starting point for further estimates derived from
Gagliardo-Nirenberg inequalities. Since no gradient bounds for 6 are available,
equation (2) has to be interpreted in the sense of (9).

Our first main result is as follows.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Let (n.,0.,V:) be a
weak solution to (4), (8)-(10), guaranteed by Theorem 1.1. Then there exists a
subsequence (not relabeled) such that, for any T > 0 and p < 3/2,

ne —mn  strongly in L*(0,T; LP(T%)), (12)
Ve = /n weakly in L*(0,T; H*(T?)), (13)
dne — ny  weakly in L¥7(0,T; H—3(T%)), (14)
6. —* 0  weakly* in L>=(0,T; L>=(T?)), (15)
V. =V weakly in L*(0,T; H*(T%)). (16)

The limit (n,0,V) solves the energy-transport model (4)-(7). More precisely, it pos-
sesses the regularity properties n € WH8/7(0,T; H=3(T4)), \/n € L?(0,T; H'(T%)),
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0 € L>(0,T; L(T%)), \/n# € L*(0,T; H'(T?)), nd € L¥7(0,T; WH4/3(T4)), and
V € L2(0,T; H*(T%)), and solves (5)-(7) in the following weak sense:

/OT@JL, O) -3 gsdt = _/T /Td (V(nb) — nVV) - Voda dt (17)
/ » (VnV(v/nb) — V/nbV/n) - Vda dt = / /T 30 —9)¢dmdt(18)
22 /OT [ VV - Vedz dt = / /T n — C(x))¢dx dt (19)

for all ¢ € L>=(0,T; H3(T?)). The initial condition (4) is satisfied in the sense of
H=3(TY).

We expect that the solutions of the energy-transport model (5)-(7) are smooth if
C(z) and 0r,(x) are smooth. Indeed, by Stampacchia truncations and the maximum
principle, strict positivity of n and 6 is expected. Then, by elliptic and parabolic
regularity, smoothness of n, 6, and V follows. Therefore, one may expect that
the limit ¢ — 0 preserves the H? regularity of n.. Due to the highly nonlinear
structure of the quantum term in (1), it is, however, not clear how to prove this.
The reason is that both models require different test functions to derive H?-type a
priori estimates, namely an entropy estimate for the quantum model and classical
regularity theory and maximum principle arguments for the classical model.

In one space dimension, we can improve this result since the second entropy
functional

Ey(n) = » odo(n)dx = /Td (n —logn)dx

provides additional estimates. Indeed, after a formal calculation (see the proof of
Proposition 2 for details):

dEO 62

—+ — /| (1 2 1 2
7 + 12/(0gn)mdx+/0( ogn)ydx

/ 0. (logn), / nlogndx + C(x) log ndzx. (20)
)\ T Td

The third integral on the right-hand side is estimated by Ey(n); the second integral
is bounded since —zlogz < 1/e for x > 0; and the first integral can be treated
similarly as above by employing the temperature equation, which is tested with

—1/n:
1
/9 (logn), /n9 (—f) dx——/@ 0r)dr < Ks
n

for some constant Ky > 0 which is independent of €. Hence, by the Gronwall
lemma, we derive a uniform H' bound for logn. Using this information, the test
function §/n in the temperature equation provides an H' bound for § which helps
to define the product nf, in (2). As a consequence, in the one-dimensional case, the
heat equation can be written in the usual way (2). Hence, we obtain the following
theorem.

Theorem 1.3. Let the assumptions of Theorem 1.1 hold and let d = 1. Let
(ne,0c,Vz) be a weak solution to (4), (8)-(10), guaranteed by Theorem 1.1. Then
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there exists a subsequence (not relabeled) such that (12)-(16) hold for any T > 0
and p < oo and, moreover,

0. — 0 weakly in L*(0,T; H'(T)) ase — 0.
The limit (n,0,V) solves the energy-transport model (4)-(7) in the usual weak sense.

The proof of this theorem shows that the same result holds when we replace the
periodic boundary conditions by

n=1, n,=0 onod, t>0,

where © C R is an interval (see [21]). These boundary conditions have been used
in numerical simulations of tunneling diodes. Also non-homogeneous boundary
conditions for n, can be allowed in the analysis, see [16].

The paper is organized as follows. In Section 2, we prove Theorem 1.2. Compared
to the results in [20], we need an additional estimate on n., which can be only
obtained through the approximation procedure proposed in [20]. Therefore, we
sketch the approximate problem and derive the needed a priori estimates. Section 3
is devoted to the proof of Theorem 1.3. Here, the approximative problem simplifies
which allows us to derive the gradient bound on 6..

2. Proof of Theorem 1.2. For the semiclassical limit ¢ — 0, we need a priori
estimates which are independent of . These estimates are derived from the entropy
inequality (11). In order to make the calculations rigorous, we have to use the
approximation procedure proposed in [20].

Proposition 1. Let the assumptions of Theorem 1.1 hold. Then there exists a
weak solution (n,0:,V:) to (8)-(10) and (4) satisfying the following bounds for all
T>0:

[ne log nel| Lo (0,521 (1)) + [V7ell 220,711 (rayy + [Inell 20,2 (reyy < K, (21)
ellVnellrz0r;m2(ray < K, (22)
10 Loo (0,755 (1Y) + IV/Pe0cll 20,7511 (1ay) < K, (23)

where the constant K > 0 is independent of .
Compared to [20], the uniform bound for (n.) in L2(0,T; L?(T%)) is new here. It

cannot be derived from the gradient bounds for (n.) which yield only an estimate
in L2(0,T; L*/%(T%)) (from (32) below).
Proof. By Lemma 2 of [20], there exists a weak solution (pg, 0y, Vi) € H?(T9) x

L>=(T4) x H?(T?), satisfying px > k£, > 0 and 0 < mz < 6, < My, in T? for some
constant x, > 0 to the approximate problem in T¢

1 g2
—(p7 = o=(p2)) + 5V : (p7V7 log p7) + 6(A%log p7 + log p7)

= div (V(p20-) — p2VV;), (24)
2
— div(p2V8,) = f_—T(QL(x) —0.), N2AV, = 0, (p2) — C(a), / Vede =0, (25)
e Td

where p,(z,t) = pp(x), 0,(z,t) = Ok(z), and V,(z,t) = Vi(z) for x € T? and
t € ((k—1)T,k7], k € N, are piecewise constant functions in time, approximating
Vn(z,t), 0(z,t), and V(z,t) at t = k7, respectively. Furthermore, (o, (p2))(-,t) =
p2(-,t — 1) for 7 <t < T is a shift operator. This approximate problem is inspired
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from [19, 21]. The solution satisfies the discrete entropy estimate (see (26) and the
preceding estimates in [20])
1

;/ (¢1(p3)—¢1(m(p3)))dx+ﬁ pilVQlongIdeJré/ (Alog p2)*dz
Td Td

]
+7/ (logpz)zd:ﬂ+2mL/ |Vp7.|2dx+)\72/ pro(p?)dr < K,
2 Jpa Td Td

where ¢1(s) = s(logs — 1) +1 and K > 0 is here and in the following a generic
constant independent of 7, d, and . Lemma 2.2 in [19] shows that there exists a
constant Ky > 0 only depending on the space dimension d such that

Ko/ (ApT)deS/ 02| V2 log p? [2dz,
Td Td

which, together with the above entropy estimate, provides a uniform H2-bound for
epr. Furthermore, the following bound holds [20, p. 1039]

T
/ / 02|V0, Pdx ds < K(T). (26)
0 Td

In view of the uniform L>-bound for 6., this and the above entropy estimate imply
that

T T
/ IV (.6, 2z ds < 2 / / (P2IV0,2 + 62Vp, ) dw ds < K(T). (27)
0 Td 0 Td
Hence, (p,0,) is bounded in L?(0,T; H'(T%)). By the Gagliardo-Nirenberg inequal-
ity, with « = d/(4 + d),

8/d+2 8+2d)a/d (8+2d)(1—a)/d
o= 134752 0 oy < K/ o 1204 | 200/ g

< Kl [ ol ds < e
Thus, (p2) is bounded in L*/4+1(0, T; L*/4+1(T%)) uniformly in 7 and § (but not in
¢), and the same holds for the time-shifted sequence (o, (p2)).

It is proved in [20] that, as (7,8) — 0, a subsequence of (p2,0,,V,), which is
not relabeled, converges to a weak solution (n,6, V"), which still depends on €, to
(8)-(10) in the following sense:

pr — /n strongly in L?(0,T; W14(T%)), (28)

p2 — o (p?) — 0 strongly in L'/10(0, T; H2(T9)), (29)
V2p, = V2y/n weakly in L?(0,T; L*(T)),

0, —* 60 weakly” in L>°(0,T; L°°(T%)). (30)

The above bounds on (p2) and (o, (p2)) show that, up to subsequences,
p2 —=mn, o.(p2) =z weakly in LY41(0,T; LY/ +1(T?)).

In view of (29), we can identify z = n, and because of (28), p2 — n a.e. in T, ¢ > 0.
This and the above weak convergence of p2 to n imply that, since 4/d + 1 > 2 for
d<3,
p2 —n strongly in L*(0,T; L*(T?)).
Hence,
p2o,(p?) = n® weakly in L' (0,T; L*(T?)).
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By (30), we infer that p,6, — \/nfl weakly in L%(0,T; L?(T%)). Then (27) implies
that, up to a subsequence,

prl; — /nb  weakly in L*(0,T; H'(T?)).

By the weakly lower semicontinuity of the convex function ¢ (s) = s(logs—1)+1
and of the Sobolev norms, we find that

2 T T
¢1(n(.,t))dx+Koi/ / (A\/ﬁ)2d:ﬂds+2mL/ / |Vv/n|?dx ds
Td 12 0 Td 0 Td

T
—I—)\_2/ / n?dz ds
o Jrd

62 T
<1"f( 2)dz + Koo Ap,)2dz d
< lim inf Tdcfn(m) z + 012/0 Td( pr) dx ds

T T
vomg [ [ Vo Pdeds e [0 [ o (2yinds)
0 Td 0 Td
< K.

Furthermore, the bounds (23) hold. This proves the proposition. O

From the estimates of Proposition 1 we derive more bounds.

Lemma 2.1. The following uniform estimates hold for all T > 0:
nebell Ls/7 0, mwr a3 (ray) + Vel 20,112 (1)) < K, (31)
mellz20, 03w (ray) + 10 || om0, 1, -3(1ay) < K. (32)

Proof. First, we prove some bounds on /n.0. and n. in Lebesgue spaces. By the
Gagliardo-Nirenberg inequality with o = d/4, we find that

8a/d 8(l—« d
N T / /e 50 | S s

8(1—a)/d 8(1—a)/d
< K” V ”Loo 0,T;L2 Td))HGEHLoo(QT;Loo(Td))

x / 120211 s
0
<K,

using (21) and (23). Moreover, by (21) and (23) again, we obtain for d < 3,

||V(”598)HL8/7(0,T;L4/3(W)) < ||\/n6||L8/3(O,T;L4(Td))||v(\/n896)||L2(0,T;L2('J1‘d))
+lIvnebells/s0,m;parany I Vvnell 20,002 (rey) < K.

Because of the uniform L2-bound on n.f., this shows that (n.f.) is bounded in
L87(0,T; WH4/3(T4)). We remark that the L?-bound on n. and elliptic regularity
imply that (V2) is bounded in L2(0,T; H?(T%)). This proves (31).

Next, since (y/nz) is bounded in L*(0,7; L*(T%)) and (V./n:) is bounded in
L%*(0,T; L*(T?)), the sequence Vn. = 2,/n.V/n. is uniformly bounded in L?(0, T’
LY(T9)). As a consequence, we conclude the bound on (n.) in L2(0,T; Wh1(T%)).
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Furthermore, by the Gagliardo-Nirenberg inequality with o = d/12,
8(1—«
(NG e oy RV N e e

< VA1 oy / Izl ds < K,
by taking into account the bound (21) and 2d/3 < 2. Then, by the Holder inequality,
ImellLers0,mip32(may) < IVTellLao, e cray) Ivnell s o,mpizs(rayy < K. (33)
It remains to estimate 0;n.. We observe that, by the Gagliardo-Nirenberg in-
equality with o = (d + 12)/24 and (22),
IV 0 ey < K / Izl e ds

16(1—«)/5 2(d 12 15
< Koo, / Nl el

8(1—a)/5 (d+12)/15
< K e | e ooy IV s otes ey,

< Ke—2(d+12)/15

and by the Gagliardo-Nirenberg inequality with o = d/12 and (22),

(NG Ay g N N Ve
8(l—«a 2d/3
< KVl o ray IV s ry
S K€_2d/3.

Both estimates yield

€(d+12)/24”vs/77,5||L16/5(0,T;L12/5(Td)) + €d/12||\/77,5||L8(07T;L3(Td)) § K.
Therefore, taking into account (21) and (22),
52||\/n5V2\/n5 —Vyn:® V\/ngHL8/5(07T;L6/5(T¢1))
< 5(12_d)/12||€d/12\/”a||L8(o,T;L3(Td))||5\/ ”aHL?(o,T;m(W))
+€(12*d)/12||6(d“2)/24v /;ns||%16/5(07T;L12/5('[[‘d))

< Ke(2-d)/12 (34)

Furthermore, using (31), (33), and the continuous embedding H?(T¢) «— W16(T4)
for d <3,
IV (neb.) — nev‘/;||L8/7(0,T;L6/5(Td)) < Hv(nees)HL8/7(0,T;L6/5(T¢))
+ el Lors 0,7, 072 (1 IV Vel 220,78 (1)) < K.

Since the continuous embedding H(T9) — L%(T¢) (for d < 3) implies that the
embedding L8/5(T?) = (L(T4))" — H~(T¢) is also continuous, we estimate d;n.
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as follows:

2
01l o770, r-0cey) < VAV = Ve @ Vil nosm o rom - oy
+ [V (nebe) — neVVel|ps/m 0,112 (14
< K|V = V/ne @ V/nel| ps/m (0,100 (ray)
+ IV (nebe) = neVVel1s/7(0,m;0075 (14))
< K.
Hence, (9;n.) is bounded in L¥/7(0,T; H=3(T%)). O

Now, we are able to prove Theorem 1.2, i.e. to pass to the limit &€ — 0 in (8)-(10).
Estimate (32) allows us to apply the Aubin lemma [24, Corollary 4] (also see [13])
to conclude the existence of a subsequence of (n.), which is not relabeled, such that,
as e — 0,

ne — n strongly in L*(0,T; LP(T%)) for all p < =3 (35)

Here, we have used the compact embedding W1(T9) — LP(T9) for p < 3/2.
Furthermore, by (21) and (32), for the same subsequence,

Ve — /n weakly in L?(0,T; H'(T%)),
dne — dyn  weakly in L¥7(0,T; H3(T%)).
The uniform bounds in (23) and (31) lead to (up to subsequences)
0. —* 0 weakly” in L>(0,T; L>(T)), (36)
VV. = VV  weakly in L*(0,T; L5(T?)),
since H?(T?) embeddes continuously into W16(T?) for d < 3. We infer that
nVVe = nVV  weakly in L*(0,T; L/ (6+P)(T4)),
nef. — nf weakly in L?(0,T; LP(T%)).

We remark that 6p/(6 + p) > 1 if p > 6/5 which is possible since we can choose
p € [1,3/2). Estimate (31) implies that, up to a subsequence,

V(neb:) — V(nf) weakly in L¥7(0,T; L*3(T9)). (37)
Furthermore, for test functions ¢ € L8/3(0,T; W25(T%)), by (34),

T
@ [ (W - Vi 9 i) s Vdeds
0 Jmd
< &|VnVi/n: — Vyn: ® V\/7T€||L8/5(07T;L6/5('J1"’))Hw”LBN(O’T;Wza(Td))
< 5(12_d)/12KH'(/J”LB/S(O,T;Wz‘G(Td)) —0 ase—0.

The above convergence results are sufficient to pass to the limit in the mass balance
equation (8) and in the linear Poisson equation (10).
Next, the convergences (35) and (36) imply that

Vb — /nf weakly in L*(0,T; L*(T?)), p< ;

This, together with the second bound in (23), yields
V(ynz0.) — V(y/nh) weakly in L*(0,T; L*(T%)).
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Since, by (35), \/ne — /n strongly in L*(0,T; L??(T%)) for p < 3/2, we infer that
VeV (ynz0:) — v/nV(y/nb) weakly in L*3(0,T; L' (T4)). (38)

Convergences (37) and (38) allow us to perform the limit € — 0 in the temperature
equation (9) ending the proof.

3. Proof of Theorem 1.3. First, we prove some a priori estimates derived from
the entropy expression (20).

Proposition 2. Let the assumptions of Theorem 1.1 hold and let d = 1. Then
there exists a weak solution (ne,0.,V:) to (8)-(10) and (4) satisfying the following
bounds for all T > 0:

[ne —lognel| Lo o,7;L1 (1)) + €ll1og ncl| 20,7352 (1)) + || 10g ne || 20,7517 (1)) < K,
(39)

0= 220,731 (1)) < K, (40)
where the constant K > 0 is independent of €.

Proof. The idea of the proof is to semi-discretize equation (8) in time as in the proof
of Proposition 1. In one space dimension, we do not need the regularizing é-terms
(see (24)). Instead, we solve the problem in T

2

L0~ 0 (02) + S (0208 R, = (4200 — (VD). (41)

2
p;
~ (0:).), = Z00(@) = 0. N(Vo)ow = 0r(6) = Cla). [ Veda =0, (22
The proof of the existence of a weak solution (p,, 0, V) to this problem is performed
similarly as in Step 2 of the proof of Lemma 2 in [20] by applying the Leray-Schauder
fixed-point theorem. For this, we need a uniform estimate for log p? in H*(T). This
is achieved by employing 1 — p-2 as a test function in (41):

2
% /T (p2 = o2 (p2) (1 = p72)dz + — | 72108 P)ea(l = pr*)asda
= _/JT ((PE@T)I - PE(Vr)x)(l - p;2)md:v. (43)

The convexity of the function ¢g(s) = s—log s implies that ¢ (s)—Po(t) < ¢f(s)(s—
t)=(1—s"1)(s—t) for all s, ¢ > 0, and the first integral is estimated as follows

1 _

= [ = o) =i

>~ [ o)z = u(or(p2))do = ~(Eo(s2) = Bofor(2)

The second integral in (43) can be written as
£? 2 2 22
o T(long)M((logpf)m — (log p2)3 ) dz
2

1 €
_& 2y2 L 213 _& 212
=55 [ (o) = 3 (0 292), ) = 55 [ oz o
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using the periodic boundary conditions (this is also true when assuming homoge-
neous Neumann boundary conditions). The right-hand side of (43) is formulated
as

[ (= 07008 222 = )02 ). + (V)allog ). ) o

In order to estimate these terms, we employ —p-2 as a test function in the first
equation of (42):

- [)0gade = - [ (010 - 0,10 < .
T Te JT

since 6 is uniformly bounded in L*°(0,T"; L*°(T)), by the maximum principle. Fur-
thermore, the test function log p2 in the Poisson equation in (42) leads to

1
[ Woattogsyade == [ (o) - C@)) torda
1 1
— 35 [or ) ogstdo + 5 1C 1) [ logs?id.
T T

We need to estimate the integral over o, (p2)log p2. To this end, we employ log p?
as a test function in (41) and use the first equation in (42):

1

» = o) tog o + [ oz e
T T

1
= [ B0tz )~ 35 [ (62 = o) og i
T )‘ T
—— [ R6u0) - 0)log oo - 5 [ (62 - Ol logp2da
Te T AQ T

SK/\pzlogpflderK/llogpfldx-
T T

Hence, using |rlogz| < 22+ 1 and |logz| < 2 — logx for z > 0,

1
o ogpde < K + K [ phdo o+ KEn(2) < K(1+ Eo(62))
T T

by (21). Putting the above estimates together, we arrive at

2

~(Bole?) = Ealor(020) + T3 [ oz s < K (1 + Fa(o?)),

and the discrete Gronwall lemma implies the desired bound for log p? in H?(T). We
infer the existence of a weak solution (p-,0-,V:) to (41)-(42).
Employing the test function 6, /p? in the first equation of (42), we find that

[0 = 0021 )z =~ [ (6u(0) .16,
T T

€
By Young’s inequality, it follows that

1 1
3 @2 =5 [ #ooeside

In view of the uniform L bound for #, and the uniform H* bound for log p2, the

right-hand side is uniformly bounded. Thus, () is bounded in L?(0,T; H*(T)).
We can pass to the limit 7 — 0 in (41)-(42) to conclude the existence of a solution

(ne, 0, V) to (8)-(10) and (4) satisfying the estimates (39)-(40). O

1
0?dr + K.
QTG/E Lar+
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Now, we can prove Theorem 1.3. The limit € — 0 can be performed as in the proof
of Theorem 1.2. The only difference is the treatment of the term involving 7. (6. ).
The estimate (32) and Aubin’s lemma provide the existence of a subsequence (not
relabeled) such that, as e — 0,

ne —n strongly in L(0,T; L*(T)).
Furthermore, the uniform bound (40) on 6. leads, up to a subsequence, to
(0-)r — 0, weakly in L*(0,T; L*(T)).

Hence, we have
ne(0-), — nf, weakly in L*(0,T; L*(T)).
This ends the proof.
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