ANALYSIS OF AN INCOMPRESSIBLE
NAVIER-STOKES-MAXWELL-STEFAN SYSTEM

XIUQING CHEN AND ANSGAR JUNGEL

ABSTRACT. The Maxwell-Stefan equations for the molar fluxes, supplemented by the in-
compressible Navier-Stokes equations governing the fluid velocity dynamics, are analyzed
in bounded domains with no-flux boundary conditions. The system models the dynamics
of a multicomponent gaseous mixture under isothermal conditions. The global-in-time
existence of bounded weak solutions to the strongly coupled model and their exponential
decay to the homogeneous steady state are proved. The mathematical difficulties are due
to the singular Maxwell-Stefan diffusion matrix, the cross-diffusion terms, and the differ-
ent molar masses of the fluid components. The key idea of the proof is the use of a new
entropy functional and entropy variables, which allows for a proof of positive lower and
upper bounds of the mass densities without the use of a maximum principle.

1. INTRODUCTION

The dynamics of a multicomponent gaseous mixture can be described by the Navier-
Stokes equations, which represent the balance of mass, momentum, and energy, and the
Maxwell-Stefan equations, which model the diffusive transport of the components of the
mixture. Applications arise, for instance, from physics (sedimentation, astrophysics),
medicine (dialysis, respiratory airways), and chemistry (electrolysis, ion exchange, chemi-
cal reactors) [23]. The understanding of the analytical structure of coupled Navier-Stokes-
Maxwell-Stefan systems is of great importance for an accurate modeling and efficient nu-
merical simulation of these applications. In this paper, we make a step forward to this
understanding by proving the global-in-time existence of weak solutions and their long-
time behavior for Navier-Stokes-Maxwell-Stefan systems for incompressible fluids under
natural assumptions.

More precisely, we consider a multicomponent fluid consisting of N+ 1 components with
the mass densities p;, molar masses M;, and velocities u;. As in [6], we prescribe a system
of partial mass balances together with a common mixture momentum balance, where the
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diffusive fluxes are given by the Maxwell-Stefan relations. The partial mass balances for
the molar concentrations ¢; = p;/M; read as

Oic; +div(ji +cu) =0, i=1,...,N+1,

where the barycentric velocity u and the total mass density p* of the fluid are defined
by p*u = ZZNJ{ piu; and p* = vatl pi, and the molar mass fluxes j; are given by j; =
¢i(u; — u). By definition of j;, it holds that 211\21 M;j; = 0, and therefore, one of the
partial mass balances can be replaced by the continuity equation d;p* 4+ div(p*u) = 0. The
mixture momentum balance equations are

O(p*u) +div(p'u®@u—S)+ Vp = p*f,

where p is the pressure, the force density equals p*f = ZN? pifi, and the viscous stress

tensor is S = v*(Vu+ Vu'), where v* is the viscosity constant. In this paper, we suppose
that f; = f and, as in [18], we consider the incompressible, isothermal case,

p* = const., divu =0.

For simplicity, we set p* =1 and v* = 1.
The above equations are closed by relating the molar mass fluxes j; to the molar con-
centrations ¢; by the Maxwell-Stefan equations

N+1

_waz Lk =V —yVp—pi(fi—f), 1=1...,N+1,

where z; = ¢;/¢ with ¢ = Zk | ¢ are the molar fractions, y; = p;/p* = p; are the mass
fractions, p; are the molar-based chemical potentials, and D, = Dy; > 0 for i # k are the
diffusion coefficients. Our second assumption is that the mixture of gases is ideal such that
the chemical potentials can be written as p; = Inz; + poi(p) with dug;/dp = ¢;/c;, where
¢; is the volume fraction (see [6, Section 1.1]). Since f; = f, this implies that

Tr)i — Ty Ci
- Z k] Sk — Vit (0i = yi)Vp = cVai + (¢ = 4i) Vp.

We assume further that the volume and mass fractions are comparable such that the
contribution (¢; —y;)Vp can be neglected. The general case will be investigated in a future
work. For a discussion of the above equation as well as the incompressibility condition in
the context of fluid mixtures, we refer to [5, Sections 14-16]. This gives the desired closure
relations

_Zl'ka_ ij—Cvxiy Z:]_’?N‘f‘].

These relations, together Wlth the mass balance equations, can also be derived from a
system of kinetic equations with BGK-type collision operator in the Chapman-Enskog
expansion [3].
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Setting J; = M, j;, the incompressible Navier-Stokes-Maxwell-Stefan system analyzed in
this paper reads as

(1) Opi +div(J; + piu) =0, inQ, t>0,
(2) Ou+ (u-Vu—Au+Vp=f, divu =0,
N+1
Ji — pid :
(3) ZCP;MM[) k=1, N+1,
KD

where x; and p; are related by x; = p;/(cM;) with ¢ = ZZ\U{I pi/M; and  C R? (d < 3)
is a bounded domain. Note that p* = 1 implies that 3.7 1" p; = 37" 2, = 1. The initial
and boundary conditions are

(4) pz(ao):pga u(,O) :uo in Q> V/Oi'l/:()a u=0 on aQa

where ¢ = 1,..., N + 1 and v is the normal exterior unit vector on 0f2.

Note that the fluid velocity wu is solely determined by the incompressible Navier-Stokes
equations (2) with the corresponding initial and boundary conditions, for given force f.
The mathematical difficulties of the above system are as follows.

First, the molar mass fluxes are not explicitly given as a linear combination of the mass
density gradients, which makes necessary to invert the flux-gradient relations (3). However,
as the Maxwell-Stefan equations are linearly dependent, we need to invert on a subspace.
In the engineering literature, this inversion is usually done in an approximate way [2].
Giovangigli [10] suggested an iterative procedure using the Perron-Frobenius theory. A
general inversion result was proved by Bothe [4], again based on the Perron-Frobenius
theory.

Second, because of the cross-diffusion coupling in (1) and (3), standard tools like max-
imum principles and regularity theory are not available. In particular, it is not clear how
to prove positive lower and upper bounds for the mass densities p; and even the local
existence of solutions is not trivial.

Third, we need to find suitable a priori estimates for the coupled system. Difficulties
arise from the facts that the molar masses M; are generally different, which complicates the
analysis, and that the velocity does not need to be bounded such that the term div(p;u)
in (1) needs to be treated carefully.

In view of these difficulties, it is not surprising that there exist only partial results on such
systems in the literature. First results were concerned with the Maxwell-Stefan equations
(1) and (3) with vanishing velocity v = 0 and equal molar masses M = M;. Griepentrog [13]
and later Bothe [4] derived a local existence theory; Giovangigli [11, Theorem 9.4.1] proved
the global existence of solutions with initial data sufficiently close to the equilibrium state;
Boudin, Grec, and Salvarani [7] investigated a particular two-component model; Jiingel
and Stelzer [16] presented general global existence results; and Herberg et al. [14] prove
locally well-posedness in an LP-setting and exponential stability for the mass-based model.
The Maxwell-Stefan system with given bounded velovity u # 0 was analyzed by Mucha,
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Pokorny, and Zatorska [20]. They imposed a special diffusion matrix which avoids the
inversion problem.

Other papers were concerned with the full coupled system but in particular situations.
For instance, Zatorska [24] proved the existence of weak solutions to the stationary com-
pressible model with three fluid components and special isobaric pressures. She also proved
the sequential stability of weak solutions to the two-component system on the three-
dimensional torus [25]. Mucha, Pokorny, and Zatorska [19] showed a global existence
result for a regularized compressible system for two components. The Navier-Stokes equa-
tions contain artificial higher-order differential operators which regularize the problem. In
[17], the global existence for the incompressible Navier-Stokes-Maxwell-Stefan system was
announced but not proved. For numerical approximations using a finite-volume method,
we refer to [1].

After this article was completed, we learned of the paper [18] in which the global existence
of solutions to the coupled system (1)-(4) is proved. The main idea in [18] is to modify the
flux-gradient system equivalently in such a way that it becomes invertible. This yields a
particular structure of the diffusion coefficients a;; in J; = Zj\zl a;;Vz;, allowing for the
use of the classical maximum principle.

In this paper, we present a global existence result for the full system (1)-(4), allow-
ing for different molar masses M;, using a different approach than in [18], namely an
entropy-dissipation method. We remove the last component of the fluid by setting pyi1 =
1—21.]11 pi, thus obtaining a directly invertible flux-gradient system [4]. By “symmetrizing”
the diffusion system via an introduction of so-called entropy variables, we solve an equiva-
lent diffusion system whose solution defines nonnegative densities p; satisfying Zfil pi <1
without the use of a maximum principle. This idea was first employed in [16] for the
Maxwell-Stefan system with « = 0. Compared to [16], we have to overcome some addi-
tional difficulties detailed below. In contrast to [18], we are able to prove the exponential
decay of the weak solutions to equilibrium by using the entropy-dissipation method.

In order to state our main results, we introduce the following spaces (see [21, Chapter
I]). Let © C R? be a bounded domain with 9Q € C! and let

H={uc L*(URY :divu =0, u-v|sg =0},
(5) V={uec Hj(Q;RY) :divu =0}, Vo=VnH* (R,
H2(Q;RY) = {g € H*(Q;RY) : Vg - v]oq = 0}.

We define similarly the space H2(€2). We recall that functions u € L2(€;R?) with divu €
L%(Q) satisfy u - v]|gq € H~Y2(09Q) such that the space H is well defined [21, Theorem
1.1.2].

Theorem 1 (Global existence). Let d = 1,2,3, T" > 0, and D;; = Dj; > 0 for i,j =
1,...,N+1,i#j. Suppose that f € L*(0,T;V'), u’ € H, and let 1%, ...,p%.1 € L'(2) be
nonnegative functions which satisfy Zf\:;l p? =1 and h(p®) < +o0, where p° = (p9, ..., p%)

and h is defined in (7) below. Then there exists a global weak solution (u,py,...,pN+1) to
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1)-(4) (in the sense of (27)-(28) below) such that p; > 0, N:H pi=11mQx(0,T), and
7=1
u€ L0, T;H)NL*0,T;V), owe L*0,T;V)),
pi € L*(0,T; H'(Q)), 0pi € L*(0,T; H*Q)), i=1,...,N+1.

Remark 2. For a given force f, the velocity u is solely determined by the Navier-Stokes
equations (2) with initial and boundary conditions. In the analysis, we may first solve
(2), then plug the velocity u into the continuity equation (1), and hence solve (1) and (3).
Therefore, Theorem 1 also applies to any velocity field which enjoys the regularity for the
weak solutions of the incompressible Navier-Stokes equations.

We stress the fact that although the diffusion coefficients D;; are constant, the diffusion
matrix of the inverted Maxwell-Stefan system (see (6) below) depends on the mass densities
in a nonlinear way. Note that the same existence result holds when we allow for reaction
terms in (1) which are locally Lipschitz continuous and quasi-positive; see [4, 16].

The key ideas of the proof are as follows. First, we write (3) more compactly as Vo =
A(p)J, where x = (z1,...,2n41), p = (p1,---spN+1), J = (J1,...,Ins1), and A(p) is a
matrix. Using the Perron-Frobenius theory, Bothe [4] proved that A(p) can be inverted on
its image. As in [16], it turns out that it is more convenient to work with the system in N

components by eliminating the last equation in (1). We set 2’ = (z1,...,zx) and similarly
for the other vectors. Then, inverting Va' = —Ay(p)J" (Lemma 4), (1) becomes
(6) O+ (u-V)p' —div(Ag(p)~'Va') = 0.

This equation can be analyzed by exploiting its entropy structure. Indeed, we associate to
this system the entropy density (or, more precisely, Gibbs free energy)

N+1

(7) h(p") =c Z zi(lnx; — 1) + ¢,

i=1
where pyi1 = 1 — Zf\il p; is interpreted as a function of the other mass densities. We
“symmetrize” (6) by introducing the entropy variables

Oh  Inz; Inzyng

8 w; = 22— . _ i=1.....N,
®) Ip; M; My 41
and set w = (wy, ..., wy). The second equality in (8) is shown in Lemma 5 below. Denoting
by D?h(p') the Hessian of h with respect to p/, (6) is equivalent to
(9) o' + (u-V)p' = div(B(w)Vw) = 0,

where B(w) = Ay'(p")(D?h)~1(p') is symmetric and positive definite (Lemma 9). This
formulation reveals the parabolic structure of the equations. The mass density vector p’ is
interpreted as a function of w. If all molar masses are equal, M; = M, this function can
be written as p;(w) = exp(Mw;)(1 + Zjvzl exp(Mw;))~* [16], showing that

N
(10) 0<p <1 and Zpi<1.

=1
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This formulation is no longer possible if the molar masses are different. In this situation,
P is implicitly given as a function of w; there is no explicit formula anymore. However,
we are able to show that the mapping p’ — w, defined by (8) and x; = p;/(cM;), can
be inverted and that (10) still holds (Corollary 8). We emphasize that this property is
obtained without the use of a maximum principle. The idea is to prove the existence of
weak solutions w to (9) and to conclude (10) directly from the inverted relation p = p(w).

The entropy H(p') = [, h(p')dz provides suitable a priori estimates. Indeed, using w as
a test function in (9), a computation (see Lemma 12 and the proof of Theorem 1) shows
the entropy-dissipation inequality

dH N+1
(11) pT _/va : B(w)Vwdz < —Cp Z /Q V7 |2dz,
i=1

where the constant Uz > 0 only depends on the diffusion coefficients D;; and the molar
masses M; and the double point “:” signifies summation over both matrix indices. The
key point is that the integral [,,((u-V)p')-wdz in (9) vanishes (Lemma 11). This property
allows us to “separate” the solution’s behavior of the Maxwell-Stefan system and the given
velocity of Navier-Stokes equations. It yields H' estimates for y/z; from which we conclude
H! bounds for p; (Lemma 15). We note that a diffusion inequality which directly implies
the above entropy-dissipation inequality was first established in [12, Section 4].

The proof of Theorem 1 is based on a semi-discretization in time of both the Navier-
Stokes equations (2) and Maxwell-Stefan equations (9) with time step 7 > 0, together with
a regularization using the operator ¢(A%w + w) in (9), which guarantees the coercivity
in w. The existence of a solution to the approximate problem is shown by means of
the Leray-Schauder fixed-point theorem. The discrete analogon of the entropy-dissipation
inequality (11) provides bounds uniform in the approximation parameters 7 and . By
weak compactness and the Aubin lemma, this allows us to perform the limit (7,¢) — 0.

System (1)-(3) admits the homogeneous steady state pf = meas(Q)™"||pY|| 1) or Z0 =
20 /(2° M), where @ = SN 59 /M, We prove that the solution to (1)-(3), constructed in
Theorem 1, converges exponentially fast to this stationary state. For this, we introduce
the relative entropy

N+1

l‘,
12 H* = i1 dz.
(12) () Z/n

Theorem 3 (Exponential decay). Let the assumptions of Theorem 1 hold. We assume
that there exists 0 < n < 1 such that p) > n fori=1,...,N + 1. Let (u,p) be the weak
solution, whose existence is guaranteed by Theorem 1. Then there exist constants C' > 0,
only depending on p{ and M;, and X > 0, only depending on Q and M;, such that for all
t>0andi=1,...,N+1,

i ) = 7| 1) < Ce ™/ H*(p0),
where x; = pi/(cM;) with ¢ = S04 pi /My and 70 = p? /(@ M;) with @ = SN 50 /M.

)
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The proof is based on the entropy-dissipation inequality (11) by relating the entropy
dissipation with the entropy via the logarithmic Sobolev inequality [15, Remark 3.7]. Sim-
ilarly as in [16], the difficulty of the proof is that the approximate solution does not conserve
the L' norm because of the presence of the regularizing e-terms. The estimations of these
terms make the proof rather technical.

Compared to our previous work [16], the main novelty in this paper is the treatment of
the molar masses M;, which may be not equal. Therefore, we need to distinguish between
the mass densities p; and the molar fractions x;, which makes necessary to derive some
additional estimates. In particular, the proof of the positive definiteness of the Hessian of
h, which implies the positive definiteness of B(w), is rather involved (see Lemma 9).

The paper is organized as follows. In Section 2, we prove some auxiliary results needed
for the main proofs. In particular, we show properties of the relations between w, p, and
x and of the matrices D?*h and B(w). The proofs of Theorems 1 and 3 are presented in
Sections 3 and 4, respectively.

2. PREPARATIONS

In this section, we show some auxiliary results which are used in the proofs of the main
theorems.

2.1. Equivalent formulation of (1) and (3). We recall the notation p = (¢', py41),
¢ = (p1,...,pn) and similarly for x and J, defined by x; = p;/(cM;) and J; = M,j;
(i =1,...,N 4 1). The matrix Vp consists of the elements dp;/0z; (1 < i < N + 1,
1 < j <d), and we define similarly Vo and Vw. Then we can formulate (1) and (3) more
compactly as

(13) Op+ (u-V)p+divJ =0, V=AJ
where the (NV + 1) x (N + 1) matrix A = A(p) = (4,;) is defined by
Ay =dypi ifi#j, i,j=1,...,N+1,

N+1

Aij = — Z digpry fti=75=1,....N+1,
k=1, ki

and d;; = 1/(c*M;M;D;;). It is shown in [16, Section 2] that the system of N+ 1 equations
Vi = AJ can be reduced to the first N components, leading to

(15) Op' + (u-V)p' +divJ =0, Va'= A,
where the N x N matrix Ay = Ag(p’) = (AJ;) is given by
A?j:_(de_dz,N+1>pZ lfl#], Z?]:177N7

(16) 0 a o
Az’j: Z (dik_dz‘,N+1)pk+dz’,N+1 le:j:L...,N.

k=1, ki

(14)

Lemma 4. The matriz Ay is invertible and the elements of its inverse Ay* are uniformly
bounded in py,...,py € [0,1].
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Proof. The definition ¢ = Zf\”{l pi/M; and the property 0 < p; < 1 imply that

—1 -1
(17) ( max MZ> <c< ( min MZ) )
1<i<N+1 1<i<N+1
Hence, the coefficients d;; = 1/(¢*M;M;D;;) are bounded uniformly in pj € [0,1]. There-
fore, the proof of Lemma 2.3 in [16] applies, proving the result. U

2.2. Entropy variables. We recall the relations z; = p;/(cM;), ¢ = Zf\p{l pi/M;, and
ZN—H .
1 pi = 1. Since

P 1 N N p 1 N
N+1 j : % z :
T — — 1 — Oi , Cc = - _|_ 1 — 0@. ,
N+1 CMN+1 CMN+1 ( i—1 ) Mz MN—H < i )

=1

we may interpret the entropy density (7) as a function of p’ = (py, ..., px), which gives

N

h(p,) - szi(lnl’i — 1) + C$N+1(1DZEN+1 — 1) +c
=1

Pi PN+1 PN+1
1 E -1 | — 1) —=c(lnec—1
(18) ( ) +MN+1 (nMN-i-l ) cllne—1),

First, we prove that the entropy variables can be written as in (8).

Lemma 5. The entropy variables w; = Oh(p')/0p; are given by

Inz; Inxyi .
19 i — - 5 = 1,...,N.
(19) v M; My '

Proof. The proof is just a computation. Indeed, we infer from

1 1
1 — - _
apz apz <Z MN+1 < Zpk)) M; My

fori=1,..., N that

oh 1 Pi 1 PN+1 1 1
(p)=-—In In ol v Inc
pi M M MN+1 Mn 1 M; My
Pi 1 PN+1
=—1In — In ,
Mi cM; Myi1  cMyi
and since p;/(cM;) = x;, the conclusion follows. O

We claim that we can invert the mapping z’ — w, defined by (19).

Lemma 6. Let w = (wy, ..., wy) € RY be given. Then there exists a unique (z1,...,7ryN) €
(0, V)N satisfying SN | @ < 1 such that (19) holds with x4y = 1 =31, x;. In particular,
the mapping RN — (0, 1), 2/(w) = (z1,...,2N), is bounded.
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Proof. Tntroduce the function f(s) = S°~ (1 — s)M/My+1 exp(Mw;) for s € [0,1]. Then
f is strictly decreasing in [0,1] and 0 = f(1) < f(s) < f(0) = 32N, exp(Muw;) for

€ (0,1). By continuity, there exists a unique fixed point sg € (0,1), f(sg) = sg. Defining
z; = (1 — so)Mi/Myit exp(Muw;) for i = 1,..., N, we infer that z; > 0 and YN | z; =
f(s0) = so < 1. Hence, in view of xy1 = 1 — sp, (19) holds. O

Given p, we can define ; = p;/(cM;), where ¢ = S0 p;/M;. The following lemma
ensures that this mapping is invertible.

Lemma 7. Let /' = (x1,...,2y) € (0,1)N and xx1 = 1 — S0 2, > 0 be given and

define forto =1,...,N +1,

pi(z") = p; = cM;x;,  where ¢ =

Then (p1,...,pn) € (0, ) is the unique vector satisfying pyy1 = 1 — Zf\il pi > 0,
zi = pi/(cM;) fori=1,....N+1, and ¢ = S 0" pr/My.

The proof follows immediately from Zk:l o/ My = Eff:ll crr = ¢, and the fact that
pi| Mix; = Z]kvjll pr/ My, for i = 1,2, ..., N have unique solutions p; = szz/zjkvjll Mz,
for i =1,2,..., N by applying Cramer’s rule.

Combining Lemmas 6 and 7, we infer the following result.

Corollary 8. Let w = (wy,... ,wN) € RY be given. Then there exists a unique vector

(p1,--.,pn) € (0, D) satisfying Z —, pi <1 such that (19) holds for pyy1 =1 — Zfil i
and xz; = pi/(cM;) with ¢ = S0 p; /M. Moreover, the mapping RN — (0, 1)V, p/(w) =
(p1,---,pN), is bounded.

2.3. Hessian of the entropy density. We prove some properties of the Hessian (H,;) =
(0%h(p')/0piOp;)i<ij<n = (Owi/Opj)i<ij<n and the matrix (Gij) = (Owi/0x;)1<i <. Dif-
ferentiating (18) gives
0i; 1 1/ 1 1 1 1 .
Hyj = —"—+ ——(—— )(—— ), i,j=1,...,N,
M;p;  Myiipnyr ¢\ My My ) \M; My

where 0;; denotes the Kronecker delta.

Lemma 9. The matriz (H;;) is symmetric and positive definite for all py,...,pxn > 0
satisfying Zf\il pi < 1.
Proof. We claim that the principal minors det H, of (H;;) satisfy
k k
2 1 1
(20)  det Hy > - ( - +Zk—> >0
M1 [T—y Mo ij=1,i<j PN+1 [T i P =1 ITr—: t£5 Pt

for kK =1,..., N. Then the positive definiteness of (H,;) follows from Sylvester s criterion.
It remains to prove (20). Since each column of Hj, can be written for j = .k, as the
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difference

o1 (Mypr) ™"+ (Myjapnga) ™

5kj(MkPk)7l + (Myy1pn41) "0
a calculation shows that

K
1 M
det Hk = =% 5 # +1
[Ti—s Mepe \ 5= Mn+1pn+1

1< (1 1 ) 1
- k
€= M; My L1, e0j Mepe

y zk: Mip; (1_1>+<1_ 1 )
A~ MniipNt1 Mj M; Mj My 1 '

i=1,i#j

Multiplying this expression by ¢ and rearranging the terms, we find that

k
C C
cdet H, = +
(; My y1pN 11 Hif:l,g#j Mo Tl Mzﬂe)

_i( 11 )2 1
X Mj MN+1 H?:l,é;éjprf

j=1

S ba) £ ()

= M; My Lo M; M MN+1PN+1H];:1,E¢]'M£W
=1+ I, + I5.

Recalling that ¢ = Zé\gl pe/ My, we can estimate as follows:

k k

. Zizl,i;éj pi/ Mi + pny1 /My 1 n Zj:l pi/M;
% k

‘o Myvipnta TLomy ey Mepe L=t Mepe

:§<Z 1 . k1 )

i=1,i#£] MZMn+1pN+1 Hz 1,044, Mipe MJ2V+1 Hz:u;ﬁj Mipe

I >

k
= Hé 1,045 Mépé
i M2 4 M M M
J .
ioTi<j MN+1pN+1 Hz vezig Mepe 5= Tlemy, ey Mepe
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Using >, - bij(a; —a)(a; —a;) = 37, bij(a; — a;)? for numbers a, a; € R and b;; = bj; € R,
the last term 13 can be formulated as

_ k _ _

gy 0L MROE M) sy
- . ,
Py MN+1PN+1 I, i Mupe ijorie; Mnipna [Tz s j Mepe

Therefore, we infer that
k Y k —1a7-1
2M; M, LN M My
k k
iietics Mnsipnen e ey Mepe 55 Tz Z;ﬁj Mqpy

cdet Hy, >

k
2 1
(Y )
My [Ty Mo (z‘,jl,i<j PN+1 HZ:LZ;&i,j Pt Hz 1,05 Pt
and (20) follows. O
The coefficients G;; = Ow;/0x; are given by
(21) Gij: + : _C< +_j)7 27]:17"'7]\[7

Myi12 N1 M;x; PN+1 Pi

since x; = p;/(cM;). We recall that w(p’) is computed in (19).

Lemma 10. It holds for all p1,...,pn > 0 satisfying pyy1 =1 — Zfil pi > 0:
(i) The matriz G(p') = (Gyj) and its inverse G(p') are positive definite.
(ii) Vw(p') = G(p")Va'(p).
(iii) The elements of the N x N matriz dp'/dx" = (Op;/0xy) are bounded by a constant
which depends only on the molar masses M;.
(iv) The N x N matriz B(p') = Ay (p))G~Y(p') is symmetric, positive definite, and its
elements are uniformly bounded.

Proof. (i) The explicit expression (21) shows that G(p’) is symmetric. Since all principal
minors det Gy, of G(p/),

Zf:l Mz + My 12N 11
(Hf:1 Mixi)MN+1=TN+1
are positive, Sylvester’s criterion implies that G(p') is positive definite. Consequently, also
G~Y(p') is positive definite.
(il) We infer from (19) that
Vz; N V;

N
Vw; = + Gi;Vzr;, 1=1,2,..., N,
M;x; = MN+1$N+1 g ! !

det Gk =

. k=1,...,N,

and hence Vw = G(p")Va'.
(iii) By Lemma 7, it follows that
Ipi

Ty

(22) = cM;0g, — A Mzy(My — Myy1), i k=1,... N,
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where ¢ = 1/ ZNH M;x;. The claim follows from the inequalities 0 < z; < 1 and the
bounds (17).

(iv) Weset G(p') = cK(p'), where the elements K;; of K(p') are given by K;; = 1/pn11+
dij/pi for i,5 =1,..., N. In view of part (i) of the proof the matrix K (p') is symmetric
and positive definite, hence invertible. Then, by Lemma 2.4 in [16], A" (p))K~(p') is
symmetric and positive definite and its elements are uniformly bounded. Consequently,
the same holds for B(p') = ¢t Ay (p/) K~(p'). This ends the proof. O

From Lemma 10 follows that

(23) A (P )V (p) = (A (PG ()G (V' (o) = B(p')Vu(p').

We have shown at the end of Section 2.2 that p’ can be interpreted as a function of w.
Therefore, setting B(w) := B(p'(w)), (6) can be written as

(24) Op (w) + (u-V)p' (w) — div(B(w)Vw) = 0.
The boundary conditions are given by

(25) Vw;-v=0 ondQ, t >0, i=1,...,N,
since Vp; - v = 0 on 0f2 for all j implies that

N+1

Pi _sz"V_ Pz’VPj'V:O

CMz' v CMZ' - C2MiMj

Vi, - v=V

and thus Vw; - v = (G(p')Vx); - v =0 on 09.

2.4. Some estimates. We show two results which are needed in the proof of the existence
theorem.

Lemma 11. Let u € V and w € H(Q). Then

/Q((u V) (w)) - wdz = 0.

Proof. Using divu = 0, the characterization (19) of w;, and p;/M; = cx;, we obtain after
an integration by parts,

] ) -z - XNj | Tz = - i | T wyas
- _i/ pilwu- (]\YIZ B MK]Z;H) o
:—Z/cu Vxldzjt/z i vaH

MNH?CNH
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Because of Zfil pi =1 —pny1 and pyi1/(Myi12y41) = ¢, the last integral equals

1
/u-V(lna:NH)dz—/cu-VxNHdz
M1 Jo Q

N
= Z/ cu - Vadz,
i=1 /&

where we integrated by parts and used divu =0 and xy1 =1 — Zl 1 Z;- This shows the
lemma. Ul

L —pyi

u-Vrypdz =
o My 1o

In the following, we employ the notation f(z) = (f(z1),..., f(xnys1)) for vectors x =
(x1,...,2Nn41) and arbitrary functions f.

Lemma 12. Let w € HY(Q)). Then there exists a constant Cg > 0, only depending on the
coefficients D;j and M; such that

/ Vw : B(w)Vwdz > C’B/ VVz|dz.
Q Q

Proof. We follow the proof of Lemma 3.2 in [16]. In contrast to that proof, we have to
take into account the different molar masses M; which complicates the analysis. First, we
claim that _

Vw : B(w)Vw = Vs : (=A)'Vaz,
where s = (Inzy /My, ..., Inzyy/Myy1) and A= Alim(a)- To prove this claim, we set
7' =(ri,...,rn)T = B(w)Vw € RN and ry,; = — 3.~ r; € R% Then, by (19),

N+1
Vlna:i vlanJFl)-Ti—ZVIHxZ'Tz:VSZT,

(26) Vw : B(w)Vw = Z ( M, Mo 77

=1 i=1

where 7 = (', rny1)". By (23), V2’ = Agr’, and the definitions (14) and (16) of A and
Ay, respectively, we obtain for i =1,..., N,

N
Vai= Y (dij—dine)(pyr] —pir)) + diyvar] = (—Ar); = (=Ar),
=1,
since im(A4) = (span(l,..., 1))+ and each column of r is an element of im(A). Moreover,

each column of Ar is also an element of im(A), so that
N

N
(—AT’)N+1 = — Z(—AT)Z = — ZVQ]Z = VCL’N_H.
i=1

i=1
Therefore, Vo = —Ar. It is shown in [16, Lemma 2.2] that A is invertible. Thus, r =

(—A)~'Vz, and inserting this expression into ) (26) proves the claim.
Next, we introduce the symmetric matrix AS p-1/24p1/2 , where

P2 = diag((Myz1)"2,. .., (My12n 1))
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Then (—Ag)~! = P~Y/2(—A)~' P2 Arguing similarly as in [16, Lemma 2.2], we find that
(—Ag)~!is a self-adjoint endomorphism whose smallest eigenvalue is bounded from below
by some positive constant, say Cyp > 0, which depends only on (D;;). This gives

Vuw : B(w)Vw = Vs : (—A4)"'Vz
= 4V\/_ dlag(M 1 *1/2’ . ,M]\;irf;\fllf)( A) 1d1ag( 1/2’. l’%il)v\/g
=4V s (diag (M ML) PY?) (PP (- A) )
X <P 1/2d1ag( 1/2,. azjl\ﬁl)) V7

= 4V/x : diag(M, VL MJ\_/—I&-/12)( As)” ‘diag (M, R 7M];-1F/12)v\/5

> Co‘dlag( 1/2, Ni/12)V\/_|
Z CB|V\/_| )
where Cp = CO(maxlgigNJrl Mi)_l/g. O

3. PROOF OF THEOREM 1

We say that (u, p) is a weak solution to (1)-(4) if for any v € C$°(Q2 x [0,T); R?) with

dive = 0,
T T T
—/ /u~8tvdzdt+/ /((u~V)u)'vdzdt+/ /Vu:Vvdzdt
o Ja o Ja o Jo

(27) —/OT(f,U>dt+/Qu0~v(~,0)dz,

where (-,-) denotes the duality pairing between V' and V; and if for any ¢ € C5°(Q x
[0,T);RY) with Vg - v]aq = 0,

/ /,0 c%qdzdt—i—/ /Vq ANV (p dzdt—l—/ / u-V)p') - qdzdt

(28) = [6"-at-0

The proof of Theorem 1 is divided into several steps.
First, by standard theory of the incompressible Navier-Stokes equations [21], there exists
a divergence-free weak solution to (27), satisfying

(29) Jull oo 0. 1220 nr2 01 (9) < C (U, f),

and enjoying the regularity stated in Theorem 1. Thus, in the following, we only need to
solve (28).
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3.1. Approximate problem. Let M € N and set 7 =T/M. Let k € {1,..., M}. Given
wh=t € L*(Q;RY), we solve a regularized approximate problem for (1) and (3): For any

q € H*(Q;RN):

/wk o /wk—l
(30) / Al =) ey / Va: 4310 () Ve ( () dz

T

+ /((u V) (W) - qdz + 6/(Awk -Ag+w - q)dz =0,
Q Q
where p'(w¥) is defined in Corollary 8. Because of (23), equation (30) is equivalent to
/ kY _ ./ k—1
/ put) = pw™) -qdz—i—/Vq:B(wk)Vwkdz
Q Q

T

(31) + /((u V) (wh)) - qdz + 5/(Awk A"+ wk - q)dz =0,

Q
Define for 0 < 1 < 1 the space of bounded, strictly positive functions

N
Y, = {qz(ql,--.,qN) € L®(QRY) ¢ >nfori=1,....N, qN+1=1—Zinn}.
i=1
Lemma 13. Let n*~' € (0,1) and p"* € Ve with pF~' = p/(w*'). Then there exist
n* € (0,1) and w* € H*(Q;RY) which solves (30) satisfying p'(w*) € Y.
Proof. Step 1. Let w € L®(Q;RY). Let o € [0,1]. We prove that there exists a unique
w € H?(RY) to
(32) (Ig(w, Q) = FQ(Q) for qe FI?(Q;RN)a
where for w, ¢ € ﬁz(Q;RN),

as(w, q) :5/(Aw-Aq+w-q)dz—l—/Vq : B(w)Vwdz
0 0

[

Fao) = =2 [ (@)= ) ads 0 [ (e 9) - ()i

T Q

We infer from Lemma 10 (iv) that as(-,-) is a bounded bilinear form on H2(Q; RY), and
from the positive definiteness of B(w) (see also Lemma 10 (iv)) follows that

ax(w, w) > e / (AW + [w)dz > Clluw|Zse).
9]

Since p'(w) is a bounded function, by Corollary 8, we infer that F is bounded on E{ Z(Q; RY).
Then the Lax-Milgram lemma provides the existence of a unique solution w € H?(€; RY)
to (32).

Step 2. This defines the fixed-point mapping S : L>®(;RY) x [0,1] — L=(Q;RY),
S(w, o) = w, where w solves (32). By construction, S(w,0) = 0 for all w € L*(;RY).
Since the embedding H?(2) < L>() is compact, standard arguments show that S is
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continuous and compact. It remains to prove that there exists a constant C' > 0 such that
|w|| o) < C for all (w,0) € L=(RY) x [0,1] satisfying w = S(w, o).

Let w € L=(2;RY) be such a fixed point. Then it solves (32) with w replaced by w.
Taking w € H2(;RY ) as a test function, it follows from Lemma 11 that

g

— /Q(p’(w) — (WY - wdz +/9Vw : B(w)Vwdz + S/Q(]Aw]Q + Jw|?)dz = 0.

-
By Lemma 9, the entropy density h, defined in (7), is convex. This implies that h(p'(w)) —
h(pt=1) < (dh/dp') - (p'(w) — pF=1) = w - (o' (w) — p*~1) (see Lemma 5). We infer from the
positive definiteness of B(w) (see Lemma 10 (iv)) that

o "(w))dz + eT w? + |w?)dz < o F=1dz.
| motwds+er [ (8l + iz < o [

This yields the desired uniform H? bound and hence uniform L* bound for w. By
the Leray-Schauder fixed-point theorem, there exists a solution w € HZ(€;RY) to (31).
According to Corollary 8, we can define py(w),...,pn(w) > 0 satisfying pyyq(w) =
1=, pi(w) > 0, and we set n* = minj<;<n41 essinfop;(w) > 0. Then, by construction,
p(w) € Y. O

3.2. Uniform estimates. Let p® = (p{,...,p%, ) satisfing p) > 0fori=1,....N +1
and S0 p? = 1. Let 0 < 7° < 1/(2(N + 1)) and define

0 Py +2n°
P

- =1,... N+1.
TFop(N+1) ot

Then ,0?0 >n foralli=1,...,N+1 and Zf\jl ,0;70 = 1. Finally, let w® € L>®(Q;RY)
be defined by (1%) Applying Lemma 13 iteratively, we obtain a sequence of approximate
solutions w* € H?*(Q;RY) to (30) such that p'(w*) € Y, where n* € (0,1). For the
following, we set p* = p/(w*) for k > 0, slightly abusing our notation.

Lemma 14. For any 1 < k < M and sufficiently small n° > 0, it holds that

(33)
k k
/h(pk)dz—l—CBTZHV\/x(pj)Hiz(Q)+€72/(!ij]2+\ijQ)dzg/h(po)dz+1,
Q = o Ja 0

where \/z(p)) = (\V/T1(p7), ..., VN1 (p?)), zi(p?) = pl/(cMy) for i = 1,... N + 1,

c=S"""pl IMy, and Cg > 0 is obtained from Lemma 12.

Proof. Lemma 12 and Step 3 of the proof of Lemma 13 imply after summation over j =
1,...,k that

k k
[ 16z + Cor S IValD ey + 27> [ (8w 4+ w )iz < [ h(p)a
Q = o e Q



AN INCOMPRESSIBLE NAVIER-STOKES-MAXWELL-STEFAN SYSTEM 17

By dominated convergence,

lim h(pno)dz:/h(po)dz,
Q Q

n%—0

and hence, for sufficiently small n° > 0,

/ h(p")dz < / h(p°)dz + 1.
Q Q
This proves (33). O

Lemma 15 It holds that
M
TZ IV2(p*) 120 +TZ IV |20y + 7
k=1
Proof. Since x;(p*) = pl/(cM;) with ¢ = S>0 " pi /M, is bounded by one, we find that

IVa(p) 2w < 20V () 2@ IV Va (oM llzw) < 201V V@ (0"l 2e)

Thus, by (33),

1112
ok — ph1

T

S C<u07p07 f)7

ﬁQ(Q)/

TZ IVz(0) 1320y < C(0°).

Then it follows from Lemma 10 (111) that |Vp | < OV (p*)]. Hence,

M
7Y NIV lze <CTZHVSU iz < C0").
k=1

We deduce from (30), the boundedness of the elements of A;*(p*) (see Lemma 4), and the
uniform estimate for u in L? (see (29)) that for ¢ € H?(;RY),

%/ﬂ(p’“—pk‘l)-qdz
< AT ()@ 1V (0") | 2y llall 220

+ull 2@ IV [ 22 llall 2= +€(HAw’“HL2 +llw*l z2e)llall 20
< C(u’, f)(”vml(Pk)”m(Q) + HVP 2o + 5Hwk“H2(Q))HQHH2(Q)'

Taking into account the above uniform estimates for Va'(p*) and Vp* in L? and the
estimate (33) for y/zw" in H?, it follows that

k k—11|2 M

P —=p

Fl) <o e (926" e + 1V sy + 2wt )
H2(Q) k=1

< C(u’,p’, f).
This ends the proof. O
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3.3. Proof of Theorem 1. Define the piecewise constant function p(™)(z,t) = p(z) and
the difference quotient

a7 o7 (z, 1) = pr(x) — (=)

forx € Q, (k—1)7r <t <kr, k=1,...,M. Similarly, we define (7 and w(™. Lemmas
14 and 15 imply immediately the following uniform estimates:

(35) 12" ()| L 0,752 ) + 12 (0| L2 o:m010) < €,
(36) 16| oo o200y + 107 220,711 02)) + ||3fP(T)HL2(o,T;ﬁ2(Q)I) <C,
(37) \/EHw(T)”L?(O,T;H?(Q)) <C.

The weak formulation (30) can be written for any ¢ € Cg°(Qx [0, T); RY) with Vq-v|sq =
0 as follows:

//a;ﬁ qdzdt+/ /vq Lpwa! (p™) dzdt—l—/ / w-V)p™) - qdz dt
(38 :—5/ /Aw(T -Ag+w™ - q)dzdt.

Estimates (36) for (p(™) allow us to apply Aubin-Lions’s lemma in the version of [9] which
yields the existence of subsequences of (p(™) (not relabeled) such that, as (g,7) — 0,

P — o strongly in L*(0,T; L*(Q)).
Furthermore, the strong convergence of (p(™) and the boundedness of the elements of A;*
and 2’ yield Ay (p) — A (p'), 2'(p") — /(') strongly in LP(0,T; LP(Q2)) for any

p < co. Together with the weak convergence (again up to a subsequence) of (Va'(p(7)),
we infer that

V' (p\) — Va'(p) weakly in L*(0,T; L*(Q)).

Finally, we note that ew™ — 0 strongly in L?(0,T; H*(Q2)) as (g,7) — 0. These conver-
gences are sufficient to pass to the limit (¢,7) — 0 in (38) yielding a global solution p’ to
(28). In view of the a priori estimates uniform in 7" and the finiteness of the initial entropy,
we can perform the limit n° — 0 and hence conclude the existence result for general initial
data. The theorem is proved.

4. PROOF OF THEOREM 3
Let w* be a solution to (31). First, we prove L' bounds for pf = p;(w*) and & =
va Jil pr /M.
Lemma 16 (Uniform L! norms for p*). There exist constants vy > 0, depending on p°,
and g9 > 0 such that for all 0 < v < min{1,v} and 0 < & < &,

(39) o5 ) = 15l ey < ARSI Ery, i=1,...,N,
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N
(40) ok alliey = 1%l @] <D IR
I=1

Furthermore, Hp?VHHLl( =z 2”PN+1“L1 > 0.

Proof. The proof is similar to the proof of Lemma 4.1 in [16]. The main difference is that
the entropy differs from that of [16] which makes some changes necessary. We recall that
7 =T/M with T > 0 and M € N. Using the test function ¢ = e; in (31), where ¢; is the
ith unit vector of RY, and observing that

/((u W) (W) - eidz = —/ div(u®) p;(w*)dz = 0,
Q Q

/pfdz:/pf_l—sT/wfdz, v=1,...,N.
Q Q Q

Solving this recursion, we deduce that

k
(41) /pfdz:/pgdz—aTZ/wfdz, i1=1,...,N.
Q Q PV

Thus, we need to bound the L' norm of wf Recalling that H(p fQ ))dz, we
infer from Step 3 of the proof of Lemma 13 that

Hipb) 4 er [ JubPdz < (M)
Q

we have

or, solving the recursion,

(42) 1 +ery [ ullds < 1),

It follows from the definition of the entropy and estimate (17) that the entropy can be

bounded from below:
N+1

/ Z ‘(Inaf —1)+1) N/ dz > —C) := —Nmeas(Q)M*

where & = V! ,of/MZ-, xk = pF/(c"M;), and M, = min;<;<y.1 M;. Therefore, (42)
implies that

ey / wiPdz < H(p®) — H(p*) < H() + Ch.

The L' norm of w¥ can be estimated by its L? norm by applying the Cauchy-Schwarz
inequality:

1/2
572/ lw!|dz < eTv/meas( Z [w! || z2() < eTv/kmeas(Q (Z HwJHLz )
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L 1/2
= /eTkmeas() (57 Z ng||%2(9)) < \/eTmeas(Q)(H(p°) + C),
=1

where we used 7k < T. We conclude from (41) that

65 10y = N2l )] < VeTmeas(Q)(H (p°) + C1).
Given 0 < v < 1, let € > 0 satisfy

ymini<j<n [[69]|1(9)
Tmeas(Q)(H(p°) + C’l).

43
(43) f_\/

This proves (39).
For ¢ = N + 1, we estimate

N N
ol = ol | = ‘/Q (1 - pr) dz —/Q <1 - ZP?) dz
=1 i=1

N N
<> el = 18w @] <Y 181w
i=1 =1

which proves (40). From this estimate follows that

okl = Xl — VZ 107110

Hence, defining

= N
2> 1Pl e
and choosing 0 < v < min{1, 7}, we deduce that |p5 1|22 = 311p%1ll1@)- O

Lemma 17 (Uniform L' norms for c*). With v as in Lemma 16, it holds that
Ik ) = 1 )| < Moyl
where MO = Maxj<i<nN |1 — Mi/MN+1|.

Proof. We employ the definitions ¢ = S"NV4! gk /M, and SN pF = 1 and the estimate
(39) to obtain

N+1

Z / b — )
i(]\b M}Hl)/ﬂ(pf—pﬁ))dz

i=1

lle* Nz = el o]

N
1
< Moy, [lefllziey = 16l
i=1 "
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N 0
PillL (@
< aiy Y VLR < di

which finishes the proof. O

Now, we turn to the proof of Theorem 3 which is divided into several steps.
Step 1: Relative entropy dissipation inequality. Let w* € H?(;RY) be a solution to
(31) which exists according to Lemma 13. We introduce the following notation:

pk = (p]fu cee 7p§€\/+1) = (pl(wk)u s ,PN+1(wk))7 wk = (wlfa s awAlch)7
pr= k. k), =3k, 7k, of = (wf, . 0k,
where 7 = meas(2) | ey & = meas(Q) | H iy, 7 = /(@M for i =
1,...,N+1, and w¥ = In(zF)/M; — In(z,,) /My for i = 1,..., N. It holds that
N+1 7 N+1 N+1
SO WS W

i=1
With the test function w* — @ in (31) we obtain
1
= /(p’(wk) — o (W) - (W — @) dz + / Vuw® : B(w*)Vwdz
0 0

(45) + /Q((u V)P (W) - (w* — ™) dz + 5/(|Awk|2 +wk - (w* — w*))dz = 0.

If k = 1, we write (py,. .., pn) instead of p/(w 1) in the first integral. The second integral
can be estimated according to Lemma 12 and the third integral vanishes in view of Lemma
11. Furthermore, using w” - (w* —w*) > $(Jw*|> — |w¥|)?, the fourth integral can be written
as

1
/(|Awk|2 + k- (b — @*))dz > /<|wk\2 T [2)dz > — / (" 2.
Q
It remains to treat the first integral in (45). For this, we employ the formulation (19) of
N
W and gy =1 - SN, g

al InzF Inzk,, = In ¥
(0 (wh) — p/ (w*1)) - wh =" (pf = pi ™) ( ey o ) = (= pf™)

pmry M; My — M;
N+1

= E (cFalt — b Inak = (Fab — FlaR ) S Ina,
=1

Similarly, (p'(w*) — p/(w*1)) - @w* = (Fak — F~1a*=1) - Inz*. Therefore, the first integral
becomes

L@MWFWW“Dﬁﬁﬂm@:AMﬁ &1kwm—@
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:/(ckxk gty ln—odz+/( B ckmlgh=ty . 1n—dz-[1+12
Q x Q
First, we estimate I; . To this end, we use the convexity of h(p’):
(46) (P (w")) = h(p/ (W) <wh- (o' (w*) = p' () = (Fa® — FHat ) Inat,
Then definitions (12) of the relative entropy H* and (7) of the entropy density h(p’) give

N+1

H*(pF) — H*(p*) Z/ ¥ inaf — A n a1z
- /(ckxk — P n 2%
Q
N+1

:/Q(h(p'(wk)) h(p (whY) dz+2/ hak — FIghoT) g

— /(ck — " Ndz — /(ckxk — Mgk n 2%
Q Q

Since ZNH fQ rhdz = fQ cfdz, the second and third integrals on the right-hand side
cancel. We employ (46) to find that

H*(p") — H*(p* 1) < /(ckyc’C — RN Cnafdr - /(ckyclC — PN In 2%y = 1.
Q Q

Next, we estimate 5. Let 0 < v < min{3, o, (2Mo) '}, where M is defined in Lemma
17. We infer from Lemmas 16 and 17 and from the definition (44) of 7, the following

bounds:
1— M, 70 0 * 1+ M,
(47) 0 (T ||P;||L1(Q)|| O||L1(Q) cIHMy
L+ 2 plle@lldlle = 1—v
1-Myy % Aalle@lltlloe 1+ Moy

L+9/(2%) ~ 2% b allo@ldlne = 1=9/2w)

A

(48)

N+1

Thus, taking into account Y ;" zF = 1, we obtain

M, 1— M
Z " oY 07
IQ> / leIl—’Y—f-/QC l‘N_J'_lelnw

1 M, 14+ M,
_Z/ E=lgh=1 g, + L+ Moy /Ck; Lkl dzIn + Moy
-7 Q 1 —~/(27)

*dz1n 1~ Moy — [ ¢ ldzIn L+ Moy
Z/Q”Z'“ L)/ 20) / N /)
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Because of ¢® < (minj<j<ny1 M)t = M (see (17)), we conclude that

(1+ Moy)(1+7)(1 +~/(27%))
(1= Myy)(1 =5)(1 =~/(27%))

Therefore, the first integral in (45) is bounded as follows:

/Q (P (@) — F ) - (b — a¥)dz > B (o) — H (5 - Col).

(49) I, > —Cy(7) := —meas(Q) M, ' In

Summarizing, (45) can be estimated as
(50) H*(pF) — H*(p" 1) + CBT/ IV Vzk|2dz < %T/ 10" 2dz 4 Co(7).
Q Q

Step 2: Estimate of the relative entropy. We split the relative entropy into two integrals:

N+1 N+1

2 T
Z/ckx In Zdz—l-Z/cka: In gdZ—Jl—i—Jg

7,

It follows from (47) and (48) that

Y 1+’7/(2’70)
Jy < E kdzln——i—/ dzln —————~
2 / 1 — Myy Q N ! 1 — Myy

(51) < O3(7y) := meas(Q)M, ' In (1+ 71)(_1 J—i\;[;y/@%)'

The integral .J; is also split into two parts:

NZH/k cFrkmeas(Q d+NZ+1/kkl chHLlﬂd gt
x —
||c’f Ml ckrFmeas(Q) o

Inserting the definitions z¥ = p¥/(c*M;) and zF = pF/(c*M;) and using Jensen’s inequality
for the convex function s — slns (s > 0), we obtam

N+1

&
Jio = Z / ¥ In —dz = / " ln Z—kdz = [|c"|| oy Ine” — || In || 1oy < 0.
Q

The estimate of Ji; is more involved. We employ the logarithmic Sobolev inequality

2 1
2] v < / 2 ) / 2
/Qv n@de Cr, Q|W| dz, v°= cas(Q) Qv dz,

where v € H'(Q2) and C}, > 0 depends only on Q [15]. Then

N+1

J11<CLZ/|V ckak|?dz.
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Since

N+1 N+1 N+1

S (Ve 23l 23 ot = 29V 29V
we obtain

Ji < QC’L/ yV\/c_k|2dz+20LM;1/ IV V2k|2dz.
QO Q

We claim that the first integral can be estimated by a multiple of the second one. Indeed,
by the Cauchy-Schwarz inequality, the definition of ¢* according to Lemma 7, and the
bound (17), it follows that

ZN+1 va N+1

(ZN—H M 33'

[VVek? =

N+1 N+1

< (3] MPa ’fZ|Vﬁ?<M?’M*2HvWH2

=1

recalling that M, = minj<;<n41 M; and setting M* = maxi<;<ny4+1 M;. Thus, we can
estimate J;; as follows:

Jin <20 MY MEM* + 1)/ |VVzk|*dz.
Q
Combining the above estimates, we conclude that

H(0") < Cy(y) + 20, M- (M=2M 4 1) / |V d.
0

Step 3: End of the proof. Replacing the entropy dissipation term involving vz* in (50)
by the above estimate for H*(p*), we find that

(52) (14 Cyur)H*(p*) < H*(p" 1) + %T/ [0k |?dz + C,,
Q

where Cy = 1CpC M (M 2M*?*+1)7" and C,, = Co(y) 4+ $C5(7)Cp " M (M2M*2 + 1)
Note that according to definitions (49) and (51), we have C, — 0 as v — 0.

We need to estimate the integral involving w”*. For this, we observe that (47)-(48) and
the upper bound for + imply that % <7%/zF <3fori=1,...,N + 1. This provides some
uniform bounds for z¥,

M, min;<; 0 79
v loillow o 70 g0 < o1, N
3M= 7 1A ey 3
which allow us to estimate w”:
N Inz In z% 2
2 N+1
w”|“dz < dz < Cs,
/ o7 < ZZI/Q ( My 11 ) i
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where C5 > 0 depends on €, p°, M,, and M*. Hence, (52) becomes
ET
H(0") < (1+ Car) B (051 + (G5 + € ) (1 Car) ™

Solving this recursion, we infer that
k
£ .
H(p) < (14 Cm) T H () + (505 +C ) Y1+ Cir) ™
i=1

Using Zle(l + Cy1) " < 1/(Cy7), it follows that
H*(p (-, 1)) < (1+ Cyr)VTH*(p°) + ;—gz + C%T 0<t<T.

Now, we take 7 = 7(y) = \/C’_ and ¢ = £(7) according to (43). In the limit v — 0,
it follows that C./7(y) — 0, e(y) — 0, and 7(7) — 0 so that p\”’ — p; strongly in
L*(0,T; L*(Q)) for i = 1,..., N + 1. This gives in the limit v — 0
(53) H*(p( t) < e H ("), =0,

and, taking into account Lemmas 16 and 17, we conclude the L' conservation for p; and c:

/pidz:/p?dz, /cdz:/codz,
Q Q

where cozzj\“glpo/]\/[ andi=1,...,N+1.
It remains to estimate z; — z? in the L' norm. Defining
cx; c

W= Teda %7 ad
the entropy H*(p) = S+ Jq cxiIn(z;/7))dz can be written as

N+1

Z/ Odz/ fi1n ﬁdz,
Q 9i
where we employed the identity

fi Jo Pdz Mz Jo Pdz Mzl w

P Y Y R I E B

Finally, using

-0 0 0,.0
N cp; ¢ |opidz c |, c’rldz
C.CC? _ P . fﬂ i _ fQ 7 — cox?dzgi
Q

AM, fQ AdzM,; fQ Adz
and the Csiszér-Kullback inequality with constant Cx > 0 (see, e.g., [15, 22]), we find that

2 0 .
lez; — 2?70y = (/ COiU?dZ> 1fi = gill71 () < / Cajdz (/ p—ldz) CK/ filn ﬁdz
Q Q o M; Q gi

< M7'Cr AN oy H (p).
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Together with (53), the conclusion of the theorem follows.
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