THE RELAXATION-TIME LIMIT IN THE QUANTUM
HYDRODYNAMIC EQUATIONS FOR SEMICONDUCTORS

Ansgar Jiingel

Fachbereich Mathematik und Informatik, Universitat Mainz,
Staudingerweg 9, Mainz 55099, Germany,

e-mail: juengel@mathematik.uni-mainz.de

Hai-Liang Li
Department of Mathematics, Capital Normal University Beijing 100037, P.R.China;
Department of Pure and Applied Mathematics, Graduate School of Information
Science and Technology, Osaka University Toyonaka, Osaka 560-0043, Japan,
e-mail: lihl@math.sci.osaka-u.ac.jp

Akitaka Matsumura

Department of Pure and Applied Mathematics, Graduate School of Information
Science and Technology, Osaka University Toyonaka, Osaka 560-0043, Japan,
e-mail: akitaka@math.sci.osaka-u.ac.jp

Abstract

The relaxation-time limit from the quantum hydrodynamic model to the quantum
drift-diffusion equations in R3 is shown for solutions which are small perturbations
of the steady state. The quantum hydrodynamic equations consist of the isentropic
Euler equations for the particle density and current density including the quantum
Bohm potential and a momentum relaxation term. The momentum equation is
highly nonlinear and contains a dispersive term with third-order derivatives. The
equations are self-consistently coupled to the Poisson equation for the electrostatic
potential. The relaxation-time limit is performed both in the stationary and the
transient model. The main assumptions are that the steady-state velocity is irro-
tational, that the variations of the doping profile and the velocity at infinity are
sufficiently small and, in the transient case, that the initial data are sufficiently
close to the steady state. As a by-product, the existence of global-in-time solutions
to the quantum drift-diffusion model in R? close to the steady-state is obtained.

Keywords: quantum hydrodynamic equations, third-order derivatives, global relaxation-
time limit, quantum drift-diffusion equations.
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1 Introduction

For the numerical simulation of modern ultra-small semiconductor devices, model equa-
tions based on quantum mechanical phenomena, like the Schrodinger or Wigner equation,
have to be employed. However, the numerical solution of these models is usually ex-
tremely time consuming. Recently, macroscopic quantum semiconductor models have
been derived with the intention to find a compromise between the contradictory require-
ments of computational efficiency and physical accuracy.

For instance, so-called quantum hydrodynamic models have been derived from Wigner-
Boltzmann equations by using a moment method and appropriate closure conditions [7,
8, 10, 12]. The zero-temperature quantum hydrodynamic model is formally equivalent to
the single-state Schrodinger equation leading to the so-called Madelung’s equations [32].
Temperature terms are then obtained from a system of mixed-state Schrodinger equations
and appropriate closure conditions [11].

Macroscopic quantum models have the advantages that they are solved in the (3+1)-
dimensional position-time space instead of, for instance, the (34-341)-dimensional phase
space of the Wigner equation and that the macroscopic particle and current densities are
a direct solution of the equations and do not need to be computed from the microscopic
variables. In particular, this helps in formulating appropriate boundary conditions.

Quantum hydrodynamic models contain highly nonlinear and dispersive terms with
third-order derivatives and therefore, its analytical and numerical treatment is quite in-
volved. However, in certain physical regimes, these models can be reduced formally to
simpler models. More precisely, when performing a diffusive scaling, the convective term
can be formally neglected and the model reduces to the so-called quantum drift-diffusion
model whose analysis and numerical solution is much simpler than for the original model
since it is parabolic and of fourth order. Up to now, the model reduction is only formal. In
this paper we prove the reduction limit, which is referred to as the relaxation-time limat,
rigorously. This is the first result on the rigorous relaxation-time limit in the quantum
hydrodynamic model.

More specifically, we study the following (scaled) isentropic quantum hydrodynamic
model:

Op+ V- (pu) =0, (1.1)

g2 A\/p pu
O(pu) + V- (pu®@u)+ VP—pEjL?pV(W)—T, (1.2)
MV-E=p—-C, VxE=0 xcR® t>0, (1.3)

with initial conditions
p(x,0) = pr(x), u(x,0) = my(x), x € R

The variables are the electron density p, the mean velocity u, and the electric field E.
Furthermore, P = P(p) is the pressure function and C = C(x) the doping concentration.
The parameters are the (scaled) Planck constant €, the momentum relaxation time 7, and
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the Debye length A\. The quantum hydrodynamic equations (1.1)—(1.3) can be interpreted
as Euler equations for a charged isentropic gas, containing the quantum Bohm potential
A,/p/+/p and the relaxation term pu/7. We refer to [22] and the references therein for
details on the derivation and scaling of the above equations.

In this paper we are interested in the small relaxation-time analysis. For this, we
rescale the equations like in [33]:

t 1 t
Xx—x, t——  (pru,E)(xt)= (p, —u, E) (x, —>. (1.4)
T T

T

Then (1.1)—(1.3) can be rewritten as
dipr + V- (pru,) =0, (1.5)

2 A /po
720(pyu,) + 72V (pru, @ u,)+ VP(p,) = pE, + %pTV (7\/[)_) — prur, (1.6)

MV-E,=p,—C, VxE=0, xeR* t>0. (1.7)

In the formal limit 7 — 0 we obtain the quantum drift-diffusion equations

o+ 5- (29100 + 29(22)) <o us

MV-E=p—-C, VxE=0 xcR® t>0, (1.9)

where the enthalpy h(p) is defined by ph’(p) = P'(p), h(1) = 0.

The quantum drift-diffusion equations can be also derived via a quantum entropy
minimization principle and through a diffusion scaling limit from a BGK-type Wigner
model [6]. The stationary multi-dimensional equations are analyzed in bounded domains
with mixed Dirichlet-Neumann boundary conditions in [2]. For the transient equations,
general existence results have been only obtained in the one-dimensional case [14, 28, 29|
(however, see [13] for the multi-dimensional zero-temperature zero-field approximation).

In this paper we make the limit 7 — 0 rigorous both in the stationary and the time-
dependent equations. The dispersive third-order quantum term in the moment equation
(1.6) is responsible for formidable mathematical difficulties. For instance, no maximum
principle is available in order to show the non-negativity of the particle density p which is
necessary to define the quantum term. Up to now, there is no satisfactory theory to deal
with this difficulty (see, however, [11]). In particular, the existence of solutions of (1.5)-
(1.7) has been shown only under additional assumptions. The well-posedness of steady
state “subsonic” solutions has been proved in [9, 15, 21, 23, 35]. Transient solutions are
shown to exist either locally in time [16, 17, 25] or globally in time for data close to a
steady state [18, 19, 24, 31], using different boundary conditions. It is not surprising
that only partial results have been obtained up to now since also for the classical Euler
equations, there is no complete existence theory in several space dimensions.

Relaxation-time limits in the classical hydrodynamic equations have been performed
first in [33], when uniform L* bounds are available. Without this assumption, the limit
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has been proved in [4] for smooth solutions which are small perturbations of a steady
state and then for weak solutions in [26, 27] (for the isentropic equations) and in [20] (for
the isothermal model). The multi-dimensional equations are considered in [30]. In [1, 5]
the relaxation-time limit in the hydrodynamic model including an energy equation has
been shown. The idea of [26, 27] was to derive estimates uniform in the relaxation time
by employing so-called higher-order entropies which allow to obtain LP bounds for any
p < oo. Unfortunately, this idea cannot be used here since we are not able to control
the dispersive quantum term. On the other hand, the usual energy/entropy estimates
are not enough to conclude the limit. Therefore, our approach is to use smooth solutions
and to impose (smallness) assumptions on the data ensuring the positivity of the particle
density. The small perturbation condition allows to derive uniform estimates in Sobolev
spaces for higher-order derivatives.

Our first result is an existence result for the stationary version of (1.5)—(1.7), essentially
under the conditions that the steady-state velocity u, is irrotational and that VC and
Vu, at infinity are sufficiently small (see Theorem 2.3). The first assumption allows to
reformulate the equations for the steady-state density p, and the velocity u, as elliptic
second-order equations for /p, and the velocity potential, thus avoiding the nonlinear
third-order term. From the second assumption, estimates for \/p;, U, and the steady-
state electric field E; in some Sobolev norms uniformly in 7 can be derived. The bounds
are independent of 7 since the only term involving 7, written as 72(q, - V), is of lower
order and can be thus controlled by elliptic estimates. We notice that the stationary
density p, does not need to be close to a constant. In fact, no restriction on the difference
| supyeps C(x) — infyegrs C(x)| for the doping profile C(x) is necessary (see Remark 2.2).

The relaxation-time limit in the transient equations is more involved. The main idea
is to reformulate the momentum equation (1.6) as a nonlinear fourth-order wave equation
for the square root of the particle density \/p; (as in [24]) and to analyze the evolution
equation for the vorticity Vxu,. In both cases we get rid of the third-order term: It
becomes a Bi-Laplacian in the wave equation and it disappears in the vorticity equation.
Then, the equations for the differences w = \/p; — \/p; and z = u, — u,, where (p,,u,)
is a steady state solution, are of the form

2
7202w + Oyw + %Nw + pew + 20,0, Vw — V- ((P'(5,) — 720, )Vw) = f, (1.10)
720,(Vxz) +Vxz = g, (1.11)

where f and g depend on w, u and their derivatives. A priori estimates independent of 7
are obtained by multiplying (1.10) by w+20,w and (1.11) by V xz, taking the sum of both
equations, and by integrating over R3. The fifth term on the left-hand side of (1.10) can be
controled by the first four terms on the left-hand side for small perturbations. A uniform
bound for the last term on the left-hand side of (1.10) is obtained from a subsonic-type
condition which yields positivity of the difference P'(p,) — 72|u,|. Assuming solutions
which are small perturbations of the order of O(d), we are able to arrive to the differential
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inequality
d
%/ (w? + |Aw|* + 72 (Ow)? + 7°|V xz|*) dx
R3
(e — c25)/ (0 + |Awl + (Bw)? + |V xaf?) dx < 0
R3

for some constants ¢, co > 0 independent of 7 and §. Choosing § sufficiently small, we
obtain uniform estimates for w and Vxz in some Sobolev or Lebesgue spaces with L2
regularity in time, respectively. A uniform bound for V- z follows from (1.5) and the
above estimates for w. Thus we conclude a uniform bound for the derivative Dz in some
Lebesgue norm. With these estimates it is possible to obtain uniform bounds also for
higher-order derivatives allowing to pass to the limit 7 — 0 in (1.5)-(1.7) (see Theorem
2.5). We remark that here, we do not need to assume that the transient velocity u, is
irrotational.

As a by-product, we conclude the existence of a strong global-in-time solution of
the quantum drift-diffusion model in R3. In the literature, up to now, only the one-
dimensional transient quantum drift-diffusion equations or its zero-temperature zero-field
approximation is analyzed [3, 13, 14, 28]. Therefore, this is the first result on the multi-
dimensional model with solutions which are small perturbations of the steady state.

This paper is organized as follows. In the next section we reformulate the stationary
equations and present our main theorems for the steady-state and the transient model.
Section 3 is concerned with the existence result and the proof of uniform estimates for the
steady-state problem. Finally, the relaxation-time limit in the time-dependent equations
is shown in Section 4.

Notation. Throughout this paper, ¢ and ¢; denote generic positive constants. The
spaces LP(R3), H*(R3), and W*P(R3) (k > 1, 1 < p < 00) denote the usual Lebesgue and
Sobolev spaces, respectively. The norm of H*(R3) is denoted by || - ||z« or || - ||, and the
norm of LP(R3) is || - ||». If p = 2 we write || - || instead of || - ||z2. Furthermore, H*(R?)
is defined as the subspace of all functions f € LS(R?) such that Df € H*1(R3) (k > 1).

2 Preliminaries and main results

2.1 The stationary model

First we consider the stationary version of the scaled equations (1.5)—(1.7). For simplicity,
we set A = 1. Tt is convenient to make use of the transformation p, = ¥2. Then

V- (¥2u,) =0, J, =¢u,, (2.1)

(0, -V)u, + Vh(¥?) +u, = E, + Z—Qv(i%), (2.2)

V-E,.=¢?-C, VxE,=0, xcR (2.3)
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where the enthalpy h(p) is defined by ph/(p) = P'(p), h(1) = 0. Our approach to solve this
problem is to integrate (2.2) in order to derive a system of second-order equations. For
this, we need to assume that the quantum fluid is irrotational, i.e., the velocity is assumed
to be the gradient of the so-called Fermi potential S;, u, = V.S,. The second equation
in (2.3) implies that also the electric field is a gradient of the electrostatic potential V.,
E, = —VV,. Then, introducing the function

F(p,J) =h(p) + 55

we can write (2.2) equivalently as

VE@W? 7J.) ==V (V. +5;) + %V(ﬁ”).

Therefore, integrating this equation, we obtain the elliptic equation

2
%A,l?bT - ¢T(F(¢37 TJT) - ¢T>’ (24)

where ¢, = —(V, + S;). The integration constant can be set to zero by defining the
reference point for the electrostatic potential. By (2.1) and (2.3), the function ¢, satisfies
the elliptic equation
The system of equations (2.1), (2.4), and (2.5) for the variables (¢, J;, ¢;) is formally
equivalent to (2.1)—(2.3) for the variables (¢, u,, E;) or (¢, u,, ¢;).

In order to specify the conditions at infinity for the functions (¢, u., ¢.), we impose
the following assumptions. The doping profile is assumed to satisfy the bounds

2
3

0<p_ < inf C(x) < sup C(x) < p;. (2.6)

x€R3 x€R3

We suppose further that there exist a function Sy € C}(R?*, R) and two positive constants
Uy, Ug such that

sup |ug(x)| < uy < . (2.7)
x€R3

Notice that in R? the stationary equation of mass conservation does not necessarily gives
a constant current density J.. Here we set

J() = Cllo. (28)

Then, defining the stationary profile

(o, 0, 65) (x) = (VC, 0, F(C, 7)) (%), x € R, (29)
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we impose the following condition at infinity
|(¢r — Yo, 1y — g, ¢r — G5)(x)] = 0 as |x] — oo (2.10)
or, equivalently,
|(r — 2o, Ty — g, B — EJ)(x)| — 0 as |x| — oo, (2.11)
where the electric field E; is expressed in terms of ¢, and i, by
E. =Vé¢, +1,, Ej=V¢]+u. (2.12)

Our first result is an existence theorem for the problem (2.1), (2.4), (2.5), and (2.10).

Theorem 2.1 Let (2.6)~(2.9) hold and let P € C3(0,00) such that

ig§3{a\f6 + P'(C)} > 0. (2.13)

Assume that VC,Vuy € H? N LY/ (R3) with
50 = ||VC||H30L6/5(R3) + ||VUO||H3QL6/5(R3) < 0. (2.14)

Then there exist positive constants Ty, U, andﬁé* sucﬁ that if 0 < 7 < 7o, uy < uy, and
do < 0, there exists a unique strong solution (¥, 0,, ¢;) of (2.1), (2.4), (2.5), and (2.10)
satisfying Vxu, = 0 and

||@ET — ¢o”4 + Hl_lr - UOHS + ||¢§7' - ¢8||4 < ¢odo, (2'15>

where co > 0 1s a constant independent of T and &y. B
Furthermore, there ezists a unique strong solution (1;, ., E;) of (2.1)-(2.3) and (2.11)
satisfying Vxu, =0 and

[r = olla + 187 — ol + | B — Ells < cado, (2.16)
where the constant ¢y > 0 1s independent of T and dy.

Remark 2.2 Notice that the condition on the doping profile does not necessarily require
that the doping function is close to a constant or that the difference |p, — p_| (see (2.6))
is small. Indeed, define the one-dimensional function Cy by

(p+—p-) taz 2/
o) =p-+ | (pr — p)m32(E)de, @ €R,
0

where m € C°(Ry.), m > 0, and [;"m(§)d§ = 1. Then the function C(x) = Co(|x[?),
x € R3, satisfies

C(0)=p_, C(x)— pysas|x| —o0, [VC|<cal™
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The uniform bounds (2.15) or (2.16) allow to perform the relaxation-time limit 7 — 0.
Indeed, there exists (4, Fy) such that, maybe for a subsequence which is not relabeled,

U — 1y in HE0NCHR?), soe(0,1/2),

loc

E, — Ey in HZ™NCHR®), s0€(0,1/2),

loc

2la > =0 in WNCHR?) asT — 0. (2.17)

loc

Since 1) is bounded from below by a positive constant, the estimate (2.16) implies that, for
sufficiently small &y, ¥ > ¢, > 0 for some ¢, > 0 not depending on 7. These convergence
results allow to pass to the limit 7 — 0 in (2.1)-(2.3), showing that the limit functions
1/30 and Fj are solutions of

V- (¢*a) =0, = —Vh(?) + E + V(i’b),

V-E=4¢>-C, VxE,=0.

These equations are equivalent to the stationary quantum drift-diffusion model,

V. (&2 [—Vh(@ZQ) +E+ §V<Af )] ) =0, (2.18)

V-E=4¢>—C, VxE=0 xecR> (2.19)

We have shown the following result.

Theorem 2.3 Let the assumptions of Theorem 2.1 hold and let (¢, ., E,) be the strong
solution of (2.1)-(2.3) and (2.11) satisfying (2.16). Then there exist functions (tho, Eo)
and a subsequence (not relabeled) (¢, E.) such that, as T — 0,

(r, By) — (o, Eo) in (HE2 N C2) x (HE2 nCHR?), s €(0,1/2),  (2.20)

loc loc

and (@0, EO) is a strong solution of (2.18)—(2.19) with the conditions at infinity
(g — VC, Ey — VR(C))(x)| — 0 as |x| — oco. (2.21)

Moreover,

1o = VC |l + 1 Ey — VA(C)5 < edo, (2.22)
where ¢ > 0 is a constant independent of dy (0o is defined in (2.14)).

2.2 The transient model

In dealing with the transient model, it is again convenient to make use of the variable
transformation p, = v? in the scaled equations (1.5)—(1.7), yielding

21% 8tw‘r + V- (@DEUT) = Oa (223)
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7?0, + 7°(u,-V)u, + Vh(?) +u, = E, + %QV(AXT) : (2.24)
V-E.=v¢?-C, VxE,=0, (2.25)
Ur(x,0) = a0, o (x0) = 61(x) = Tm(x), x€R® (2.26)

Then, in the formal limit 7 — 0, we obtain the reformulated quantum drift-diffusion
equations (1.8)—(1.9),

20 Oyh + V- (&2 —Vh({?) + E + ?V(%)D =0, (2.27)
V-E=4¢?—C, VxE=0, (2.28)
U(x,0) = Y1 (x), xeR. (2.29)

Our first main result is concerned with the existence of “small” global-in-time solutions
together with an estimate uniform in the asymptotic parameter 7.

Theorem 2.4 Suppose that P(p) € C°(0,00). Let (2.6)<(2.9) and (2.13)~(2.14) hold,
and let (Y-, 0,, E;) be the unique steady-state solution of (2.1)~(2.3) and (2.11) given by

Theorem 2.3 for sufficiently small 6. Assume that (Y1 — ., 4] —u,) € H(R?) xH?(R?)
with inf,egs 11 (x) > 0 and define

0y = |l — el + |7 (8] — 07)[lpes < oo (2.30)

Then there exist positive constants my, 71, ca, Ao independent of T such that if 0 < & < my
and 7 < 7 < min{l, 7.}, a solution (V;,u,, E.) of (2.23)—(2.26) exists globally in time
and satisfies the uniform estimate

1 =) ®)ll6 + 70Ol + 72070
(e — wr) ()l + 17200 ()13 + 1(Er = E-)(t) |3
<co([[tn = dells + I7(%] — 8r)llps )" for all t > 0. (2.31)

We recall that H°(R?) = {f € L%(R?), Df € H*R?)}. Further uniform bounds are
given in the proof of Theorem 2.4 (see (4.47)—(4.50)). The higher regularity assumption
is needed in order to prove the positivity of the particle density. The above result extends
the local existence theorem of [18].

Our second main result is concerned with the relaxation-time limit 7 — 0.

Theorem 2.5 Let the assumptions (2.6)—(2.9) and (2.13)—(2.14) hold. Let (¢Yr,u,, E;)
be a global solution of (2.23)~(2.26) given by Theorem 2.4. Then there exists a pair of
functions (¢, E) such that, as T — 0,

Y, — ¥ in CO,T;C2NHE™RY), E.—FE inC0,T;C2NHI(R?), (2.32)

loc loc
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where sy € (0,1/2). The limit functions 1, E are a strong solution of (2.27)(2.29) and
satisfy for two positive constants c3, Az,

1@ = o) ()ll4 + [[(E = Eo)(t)llrsces) < esdse™" for all t >0, (2.33)

where ¢z, A3 > 0, d3 = || — 12)0”].14(]]{3)7 and (o, Ey) is the stationary solution of (2.18)-
(2.19) and (2.21).

2.3 Auxiliary results
We need the following standard results.

Lemma 2.6 Let f € H*(R?), s > 3/2. There exists a unique solution u of the divergence

equation
V-u=f, Vxu=0, u(x)—0 asl|x|— oo, (2.34)

satisfying

HU—HLG(W) S CHf”LQ(RB), HDu[ HS(]R3) S CHf‘ HS(R3)- (235)

Lemma 2.7 (1) Let f,g € L>® N H*(R?), s > 3/2. Then, for some constant ¢ > 0,

1D (Il < cllgllee IDFIl + el fll o= [ D%, (2.36)
1D*(fg) = fD%l < cllglleIDfIl + cll fllz= 1D gl (2.37)

forall 1 < |af <s.
(2). Let u € H}(R?) = {u € L*(R?), Du € L*(R?)}. Then, for some constant ¢ > 0,

llul|zs < ¢||Dul]|. (2.38)

3 Proof of Theorem 2.1

The proof is based on Banach’s fixed-point theorem.
Step 1: Reformulation of the problem. The stationary equations for the differ-
ence

<n7 v, Q) - (1;7'7 ur, QET) - <¢07 U, ¢8)
read as follows:
V- (Cv) + V- (2nCY*uy) = V-ro(n,v,q), Vxv=0, (3.1)
2
%An —2(P'(C) — [rug)n — 7€ 20 - v — 2lrug)’n + €2 g = 1 (n,v,q),  (3.2)

2
Ag —2C"%n — WJO-VTL =ry(n,v,q), (3.3)

(n,v,q)(x) — 0, |x| — oc. (3.4)
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where o, r; and ry are defined by
7“()(77,, \Z Q) = _<<2cl/2 + n)nv + n2u0 + ‘]0>7
2
ri(n,v,q) = 2(P’(C) — |Tu0|2)n2 — %A\/E —ng

2
+ S (VE+ ) (2 = 1 hf?) = 72VCug - v = 2|ruofn
+ (CY2 4 n)[F((CYV? +n)*, 7o) — F(C,7Jo) — 2VCFe(C, 7 Jo)n],
ro(n,v,q) = —Agbg+C_1/2(C1/2—|—n)_3JT-VC

2
+2((CY2 4+ n) 2 = C¥) I Vn+n® + 573 (J- = Jo)- Vm,

and
L= Jo + [CY? +n)?v 4 2nCY?ug + nPug = Cv 4 2nCY%ug — 19, V-J, =0. (3.5)
Equations (3.1)—(3.4) can be written in a more compact form as
TU)=7U), Vxv=0, (3.6)

where U = (n,v,q), 7(U) denotes the terms on the left-hand side of (3.1)—(3.4), and
7(U) = (ro(n,v,q),r1(n,v,q),m2(n,v,q)). For given U = (n,v,q) € M = {U; ||n||5 +
lqll3 + [|v]|? < n2}, where 1y > 0 will be determined later (at the end of step 2 below),
we define a map

S:U=(nv,§eMr—U=(n,v,q)

by solving the linear problem
T(U) =7U), Vxv=0. (3.7)

This linear problem can be solved by standard methods; the details are left to the reader.
Thus, the fixed-point map § is well defined.
Step 2: A priori estimates. Let U = (7, V,q) € M. Then

13115 + 1113 + 19117 < ng < 1, (3.8)

where the constant 7y > 0 is determined later. The function & (U )

U = (n,v,q) solves

V- (Cv) + V- (2nC ) = V-7, Vxv =0, (3.9)
2
%An —2(P'(C) — [rug?)n — 7€ 2ug - v — 2|ruo|n + CV2 g = 7, (3.10)
2
Aq —2CY%n — G Vn =7, (3.11)

(n,v,q)(x) — 0, |x|— oc. (3.12)
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where 7; = r;(n,v,q),1=0,1,2.
Writing v = V.S, we multiply (3.9) by S, V- v respectively, integrate over R?, and use

170 + Joll < enol|(72, ¥) || < eng

and
IV- 7ol < ell(VC, Vo)l + eno((|alls + [[V][1) < edo + eng

to obtain finally the estimates
[elvPix < wlnlf + o+ @)Vl = [ Cvidx < s ol + o6 + ),
(3.13)
[ eIV vidx < a0 [Fnl + VP + V- vI? 4 [l?) + V-G + ). (314)

Here and in the following, we integrate over R? if no integration domain is indicated.
Thus, by the above inequalities (3.13)—(3.14) and Lemma 2.6,
IVIZ + IDVII* < (85 + ng) + cuZ (Inlf* + [[Vnl*) + cdolln]?, (3.15)

where we recall that p; > sup,eps C(), p— < infyecrs C(z), and uy > supyeps [uo(x)].
For the estimate of n and ¢ we remark first that

. e? _ T 3 3 3
Pt SAVE|| + 72+ Adtll < em(lalls + Il + 1¥11) < e, (3.16)
7l + 72l < (o + moClalla + il + 9112)) < e(do + ).

Multiply (3.10) by n and (3.11) by ¢/2, integrate over R® and sum the resulting equations.
This leads to

g2 1
Il + SIVal +2 [ (@) ~ Iruaf)n? dx
+2/]Tuo|2n2dx+7'2/cl/2nuo-de

n

1
_ ~3/2 . .
= /CB/QJO-quX—F/an- (€% Jy) dx—/(nrl + 5(]7’2) dx (3.17)

1 —1/2 82 1
< guep= (Il + 19al?) + 9] + o[ Vg]?
+ c(no+ 80) (Inll* + llgl®) + e (ps, €35 + en’, (3.18)

where c¢,(pt,e) > 0 denotes a constant which may depend on pi and e. Furthermore,
multiplying (3.11) by n/2 and integrating over R? gives

/C1/2n2dx = —/nZV-(c—3/2JO) dx — %/(Vn-anLnfg) dx (3.19)

1
< c(ng+(50)HnH2—i—c*(pi,e)ég—l—/nAqﬁg dx — §/Vn.qux.
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Now, taking the sum of (3.17), multiplied by 1/2, and (3.19), multiplied by ¢, and
using Cauchy’s inequality and (3.13), we find

/(€C1/2 + P'(C) — |ruel?)n” dx
2 -3/2 € - 2.2 7 1/2
< e[| nV-(C Jo)dx—§ nrodx — | |Tug| ndx—; C'/*nugy - vdx

1 1 N 1
+/2C3/2J0 Vqgdx + 2/an- (Cf?’/QJO) dx — 5/ (nr1+§q7’2) dx

1 _ € _ 72
< calpse)do+ uep= P(InlP + 1Va)P) + guep=InlP + 4 / Clv|* dx

1
+anl® -5 /VCI-V% dx + c(mo + do) (Inl* + llall*) + eng

1 —1/2 —1/2 1
< el )do + qupp” (InlP + | Val?) + 8u+p, Pl + 3 lrusl? o

1
+arlalf = § [ Vavegax -+ ctm+ )l + o) + e, (320)

where a; > 0 is a constant which will be specified below. Notice that in view of assumption
(2.13), there exist constants 7, € (0,1/2] and u, > 0 such that

3
0 := inf ( e\/C(x)+ P'(C - §|Tu+|2> >0, 7€ (0,7], wuye€(0,ul,

x€R3

and u (1 +£2/2)p""* < Ay. Then we choose a; = A /4.
Taking the sum of (3.20), multiplied by A; := (p_ + 8u%)/(p-Ao), and (3.13), multi-
plied by p~', gives, after some manipulations,

A
IVIZ + [Inf* - < C*(pi,€)5§+cn§’+7U+p_1/2\|VQI|2

+ o+ 80)(Inll? + llal® / VoVerdx  (3.21)

for 7 € (0,7.] and u, € (0,u,]. Furthermore, we obtain from (3.18),

g2 1 72
SIVall 4 §IVal < Al + T [ e ot + d) (gl + nl)

1 _
+ uep= Vel + e, )55 + e (3.22)

where Ay := 2sup,cps |[P'(C(X)) + |Tuy |* + u,p~*"*. Thus, taking the sum of (3.22) and
2A, times (3.21), we can show that there exist constants u, > 0 and 7. € (0,1/2] such
that for uy € (0,u,] and 7 € (0, 7],

g2 1
Z||V”||2+§||VCJ||2+142||”||2+A2||V||2 < u(px, €)d+eny+c(no+do) ([|n]>+gll?). (3.23)
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We multiply (3.10) by ¢ and integrate over R3 using (3.16) and (3.23), to infer
1
/Cl/qudx = 552/Vn-qux+2/P’(C)nqu+72/cl/2quo-vdx

+ / g7 dx. (3.24)

IN

g2 1
ST+ [9alP) + 32+ 7%) [ og? dx

+ 4 sup [P'(C)PC2(|n||* + 72 sup C'2ug*|[v|| + c||7 ||
x€R3 xeR3

1
< culpz,€)0 + ey + el + o) ([Inll” + ||q||2)+1(2+72)/C”2q2dx,

from which we conclude that

[ 3 dx <eulpa )88 + e+ clom -+ 8a) Il + ) (3.25)
for 7 € (0, 7]
From the sum of (3.23) and (3.25) we obtain, for sufficiently small 7 and dy,
VAl + 11Vl + [[nl* + llgl* + [vII* < c.(ps, €)d5 + e, (3.26)

and then, by (3.15),
IDVI? < cu(ps, )62 + e
Equations (3.10) and (3.11) allow to derive estimates for higher-order derivatives of n
and ¢, for sufficiently small 7y and Jy. After some computations, we arrive to
Inll3 + [lgll3 + [V < culps,€)85 + cng =: ni, (3.27)

where we remark that c,(p+, ) is independent of 7y, dg, and 7.
Now we can choose 19 and §5. We take

o = 50 2C*<p:|:)5)7
where d¢ is so small that 2cdg\/2¢.(p+,€) < 1/2 in order to guarantee that

m < 1o = dov/ 2¢.(px, €).

This shows that (n,v,q) € M.

Step 3: End of the proof. Let U, = (R, V1, G1), Uy = (ng, Vo, q2) € M and set
U, = S(ﬁl), Uy = S(ﬁg). Then the difference U = U; — Uy = (ny — na, vi — Vo, q1 — q2)
solves the problem B B

T(U) = 7(U1) — 7(Ua).
A computation as in step 2 shows that U satisfies the estimate
|Un = Usllzsmixmz < K|Un — Usllmzxmixcme (3.28)

with kK = ¢dy for some ¢ > 0. In particular, k € (0,1) for sufficiently small dy. This
shows that S is a contraction and, by Banach’s fixed-point theorem, we conclude the

existence and uniqueness of a solution of (3.1)—(3.4) or, equivalently, of (2.1), (2.4), (2.5),
and (2.10).
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4 Proof of Theorems 2.4 and 2.5

First we recall a local existence result proved in [18]. In this reference, the doping con-
centration is assumed to be sufficiently close to a constant. However, it can be seen that
the result is still true for doping profiles satisfying the assumptions of Theorem 2.4.

Lemma 4.1 Assume that P(p) € C°(0,00) and (D, 4}) € H?(R?) x H*>(R®) such that
inf,cps ¥1(x) > 0. Then, for fized relazation time T > 0, there exists T.x > 0 and a unique
solution (Y, u., E;) of (2.23)=(2.26) with v, > 0 in the time interval [0, Tw] satisfying

DwT € CZ([OaT**]a H5_2i(]R3)) 1= 07 17 w’r € CS([OvT**]v Lg(RS))>
Ur € Cl([()? T**]? H572i<R3>7 Z = 07 17 27 ET € Cl([07 T**]? HS(RS))

We recall that H?(R?) = {f € L%(R®), Df € H*(R?)}.

4.1 Reformulation of the equations

In the following we omit the index 7 to simplify the presentation and use the index
t for the time derivative 0;. We reformulate the quantum hydrodynamic equations as
a fourth-order wave equation which avoids the dispersive third-order term. For this, we
differentiate (2.23) with respect to time, multiply the resulting equation by 72 and replace
the term 72u; by using (2.24). We end up with the following wave equation for v:

Ty + i + §A2¢ + ﬁv' (V°E) — %V2-(¢2u ®u)
—ﬁAP(zﬁ) + 72%2 — %'Aff'? =0 (4.1)
with initial data
V0.0 = 109, (x,0) = ~8] Viby — 2,V (42)
Employing the identity (u-V)u = $V(|ul?) — u x (Vxu), we can write (2.24) as
720/ + u + TZ%V(|11|2) — t*uxp + Vh(y?) = E + ?V(%), (4.3)

where ¢ = V xu denotes the vorticity vector of the velocity u. Taking the curl of (4.3),
we obtain an equation for ¢:

200+ o + T2 (u-V)p + 7%pV-u — 72(¢-V)u = 0. (4.4)

~ We wish to establish uniform a priori estimates for (1, u, E) around the steady state
(17, 0., E.). For this, we introduce

w=1v—-1, z=u—1u, 0=F-FE. (4.5)
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Then (2.25), (4.1), and (4.3) can be rewritten as a system of equations for the new
variables (w,u, 0):

T’z + 73 ([0, + 2] - V)z + 2 = f1, (4.6)
2wy + wy + §A2w + 2w + 2720, + 2] - Vwy — V- ((P'(¥2) — 720, *) Vw) = fo,
(4.7)
V0= (2, +w)w, Vx8=0, (4.8)
where
filxt) ==z V)[u- + 2] + 0 = V(h((¥r + w)*) — h(¥7))
e? Am+wJ_Am>
3 V( wid, b )
2,,,2 1 _ _ 1 =
falxit) == o = s SV (e WP (B 0)) 4 5V ()
" %@ETT—iww-([w + ', + 2] ® [0, +2]) - 27;; V2 (¢7, ® 1)

2 , o AW W) 2 |AY ]
+27°[a, + 2] - Vw + iw + T @ tw T
1 . 9 1 —5

AP(( +0) — 5 AP(E)

e —
2(¢r + w)
= V- ((P'(47) = T*[u ") V).
The initial values are given by
w(x,0) =wi(x), wi(x,0)=ws(x), z(x,0)=1z(x):=10]—u,
where
- - 1 L - 1 _
wi(x) =1 — Y, we(x):=—0]-Vih — §¢1V- u; +ua,-Vio, + inV- a.. (4.9
For future reference we notice the following equation:
2w; + 2[Q, + z]-Vw + 2z-Vb, +wV- 1, + (¢, + w)V-z = 0. (4.10)
Since @, is irrotational by assumption, Vxz = Vxu = ¢ solves

20 + o + ([0, +2]- V) + 729V [0, + 2] — 7 (p-V) [0, + 2] =0, (4.11)
¢(x,0) = Vxuj(x), xecR® (4.12)
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4.2 A priori estimates

Let T" > 0 and define the space
X(T) = {(w,z,0) € L>(0,T; H® x H®> x H*(R?))}.

We assume that for a local-in-time solution of (4.6)-(4.8), which exists thanks to Lemma
4.1, the quantity

T =: max ZHTW £)]| o2 (ms) + max ZHTH@JZ( )| #¢5-21 g3y (4.13)

0<t<T 0<t<T

is “small”. It is not difficult to check that for sufficiently small d7, it holds

1 - 3
JVP-SwH Pr < JVP+ (4.14)
and
4-2j 3-2j
Z Z 177 DO w|| oo o x, ) + Z Z 179 D0 2| e moxcmy) (4.15)
la|=0 j=0 la|=0 5=0
is “small”.

From Lemma 2.6 and equation (4.8) we obtain the following estimates for 6.

Lemma 4.2 [t holds
101+ 1101ls + 1DOls < cllwlls, |0 + [10:]l2e + [DO]2 < cllwy2, (4.16)
provided that o + 0o is sufficiently small.
The estimates (4.16) together with (4.13) gives
161+ 16:] + 11(0, )| o + [1D(6, 6:)|2 < . (4.17)

Then we have the following main estimates.

Lemma 4.3 It holds for (w,u, E) € X(T),

2 1
160l + Y T Hw(t)llo—2; + Y 77T z(t) g2 < core™™",  (4.18)
i=0 §=0

/O(Il(w,wt,tht)(S)llHﬂxmxm+||Z(S)||H5+||(9,th)(8)lln3)d8 < cby, (4.19)

provided that o + o9 + 11 s sufficiently small. Here, ag > 0 is a constant independent of
7> 0 and 6 is given by (2.30).
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Proof: Step 1: Basic estimates. We multiply (4.7) by w + 2w, and integrate
over R3. Then, using (2.12), (2.16), (4.10), (4.13), (4.14), Lemma 2.7, and Lemma 4.2,
we conclude after a tedious but straightforward computation that

d [(1 - ’ .
7 (§w2 + TPww + Tw; 4+ Piw’ + %|Aw|2 + (P'(¥2) - T2|u7|2)|Vw|2) dx

g2 - L - -
+ Awl 4 @ )l + [ Gutax s [P - I Valax

IN

cdr||(w, 7wy, Vw)||* + /fg(w + 2w, )dx (4.20)
< (b7 + 60| (w, 7wy, Vw, Aw)||* + c(67 + )|V xz|?, (4.21)
where we have expressed V- z by w; and Vw in terms of (4.10) and used the estimate

IVl < e(llwll + |Aw]). (4.22)

Moreover, by (2.16), one can verify that under the condition (2.13) there exist two con-
stants Ay, ag > 0 independent of 7 such that

2
[ (32024 S1aup + (P@2) - Pl Pl )ax
> (Ap — co)(lwl” + [[Aw|]?) > ao(lw]|® + [[Aw]|]?).
provided that ¢y is small enough.

In order to estimate the L? norm of Vxz, we multiply (4.11) by ¢ = Vxz and
integrate over R? to obtain

1d
iaHTVXZHQ +(1— céT)|]V><zH2 < cor|(Twy, w, Vw, Aw)H2. (4.23)

Now, taking the sum of (4.21) and (4.23) and using 7 < 1, we arrive to the differential

inequality
d
%A(t) + (1 —¢(dr + 69))B(t) <0, (4.24)

where
1 2
At) =lIrVxz(@)* + Sl @ + 7% [[w O] + ngAw(’f)H2
- /(Twat + 2w + (P'(2) — 7°|u, ) |[Vwl?) (z, t)dx,
B(t) =aol| Aw(®)[* + aollw(®)||* + [[we()I* + |V xz(t)][|*.

Direct integration of the above differential inequality and (4.22) lead to

t
/ | (w, wy, Vw, Aw, V xz)(s)||*ds < cly, (4.25)
0
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provided that d7 and dy are so small that 1 — ¢(dr + o) > 0, and [; is given by
I = lfwnl + 7w + 7 Do < e — Gl + [7D(6] — a)|P) < by, (426)
where 07 is defined by (2.30). On the other hand, it holds
| (w, 7wy, Vw, Aw, 7V x2z)(t)||* < cA(t) < eB(t).

Replacing B(t) in (4.24) by cA(t) and applying Gronwall’s lemma to the resulting in-
equality, we obtain the following inequality

| (w, 7wy, Vw, Aw, 7V x2z) (1) ||* < clie” ™ (4.27)

for sufficiently small é7 and dg, and a; > 0 is some constant.
Now we employ the inequalities (4.27), (4.25), (4.26), and the equation (4.10) to
compute

@3 + llrwe 1 + D21 < e([lwnll; + [I7 Dz [|*)e™ (4.28)

/O (w5 + llwe(s)I* + [ Dz(s)[1*)ds < e(Jwi]l3 + [ Dza[*) (4.29)

where a; > 0 is some constant, provided that d; and dy + 71 are sufficiently small.

Step 2: Higher-order estimates. To obtain higher order estimates for w and z we
differentiate (4.7) with respect to  and ¢. The functions w = D*w (1 < |a| < 2) and
w = D7, (0 < || < 2) satisfy the equations

1 . _
T+ @y 3 A+ 7D+ 278, + 2] Vi = V- (P(7) = 7, ?) VD) = fo+D° fo,

(4.30)
where
f3(x,t) := — (D*(¥2w) — Y2Dw) — 27%(D*(u - Vw,) — u - Vaiy)
+ DV ((P'(¥7) = 7°[u:[*) Vw)) = V- (P'(¥7) — 7°[u. ") V),
and
T2 Wy + Wy + %&A% + 2w + 27%u - Vo, — V- ((P'(42) — 72|u,[*) V)

= fi=—=7"2u; - Vi, + D*(f2) + (f3)s, (4.31)

respectively.

Set ¢ = DA(Vxz) (1 < |B] < 4) and ¢ = D'(Vxz) (0 < |y| < 2). Applying the
differential operators D? and D", to (4.11), respectively, we find

T0p+ ¢+ ([ + 2] V)p + TPV (U, + 2] — TH($ V[, + 2] = f, (4.32)

T2 + ¢+ ([0 + 2]-V)g + 773V (U, + 2] — 77(¢-V) [, + 2] = fo, (4.33)
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where
fo(x,1) = — *DP(([0, +2]-V)p) + ([0, +2]-V) — DoV [, +2])
+ 723V [U, + 2] + 2D ((p-V) [0, + 2]) — 7%(-V) [0, + 2],
fo(x,t) :=(fs)e — 72(2-V)D o = 72DV - 2y + 7(D70- V).

Then, multiplying (4.30) by @ + 2y, (4.31) by 72(w + 2w;), (4.32) by ¢, and (4.33) by
72 and integrating over R3, we infer the following four estimates:

d 1
a <§w2+72wwt+72wt + P2 + \Aw|2 +(P <w3>—72|ﬁf'2>|w’2)d"

2 — —
A+ 2= ) + / datdx - [(P) - )| Valax

< ooy (i, i, V)| + /(f3 + D) (i + 205, dx, (4.34)
where 1 < |a| < 2,
-2 d 1 i ) 1TV 20 (2 [ |2
7 w + 720w, + TW0E + P20 4 |Aw|” + (P'(v7) — 77|u.|?)|Vw|* |dx

2
vt [(S1aaP + @ - ad + 3t + (P - aPIVal) dx
< coplr(, 7y, VD) | + 72 / (@ + 2iy) fadx, (4.35)

and
1d

2dt||Tgo||2 +(1 —cop)||7o|* < 65T||(th,w,Vw,Aw)||2+c/<,2>f5dx, (4.36)

Sl + (1= nlral? < cblrunw, Vu, Aw)lP + er? [ ofdx @37

The last terms on the right-hand sides of (4.34)—(4.37) can be estimated, respectively, by
using (2.12), (2.16), (4.13)—(4.16), Lemma 2.7, Lemma 4.2, and Cauchy’s inequality. This
gives

/(f3 + DY)+ 20)dx < e(5r -+ 00) || (T, w, Vi, Aw)2
(B + 80) [TV X 2|2+ (G + 00) | (5, 7o) |2, (4.38)
2 /(w + 210, fudx = /Tz(w + 2u,) (122w, - Vi, — D*(fo)e — (fs))dx

< (0 + o) |7 (w, Vw, Aw, 7wy, Vwy, TAwy, tht)||§
+ (87 4 bo) || (w, w,)[|?
+ (07 + 60) |7 (TV X2z, TV x2,) ||3, (4.39)

/ pfsdx < c(br+80) ([Tl + |7V x2|%
+ || (e, Vo)), (4.40)
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where 1 < || < 4, and
/72¢f6dx < (07 + 80)(IT°GI* + 17V xze [} + || (7wy, Vo, 7wy, VW) [[T). - (4.41)

Here, we have estimated D“z and D“z; by
|7Dz|?, < cl|7(Vxz,V-2)|2, |72Dz? < c||[T*(Vxz,V-2z)|?, m>1, (4.42)

and replaced V- z; and V- z through (4.6) and (4.10). Taking the sum of the differential
inequalities (4.34), (4.37) (with 0 < |o| < 2 and 1 < |F] < 2) and (4.36)—(4.37) (with
0 < |y| £ 2), and using (4.28)—(4.29), (4.38)—(4.40), we are able to obtain, by arguing
similar as in the proof of (4.28)—(4.29),

lw@®NE + lrw®z + 7V x2@)]; < cle™, (4.43)
/Ot(llw(S)lli +lwe(s)[3 + IV xz(s)[3)ds < e, (4.44)
lrw@®N; + [T wa O + 7 Vxz@)]; < clze™, (4.45)

/Ot(\lth(S)Hi +llrwa(s)3 + 17V xze(s)[5)ds < cls, (4.46)

for (w,z,0) € X(T), provided that dr and &y + 71 are small enough. Here, ay > 0 is some
constant, I and I3 are defined by

Iy =[fwil; + [[rwa |5 + I7 Dz 5 < el = ¥ |3 + 7D} — 0)[[3) < cdy,
Iy = rws|3 + | T%wsl3 + [|7° Daal3 < c([lvbn — ¥ [[5 + [[TD(a] — 8,)[17) < by,

and we recall that J; is defined by (2.30). Furthermore, ws(x) = wy(x,0) and z2(x) =
z:(x,0) are obtained from (4.7) and (4.6) with ¢t = 0, i.e.,

T2Z2 = — T2<U1 : V)Zl —Z + fl(X7 O)a
1 _
T w3 = — wy — 152A2w1 — 2w, — 27%uy - Vay
+ V- ((P'(¥2) — 72|, [*) Vur) + fo(x,0).

Finally, since we can estimate D’w and DSw from (4.7) and D%z with 3 < |a| < 4 from
(4.32), we obtain the assertion (4.18) and (4.19) in view of Lemma 4.2, (4.28), (4.29),
(4.43), (4.44). The proof of Lemma 4.3 is complete. 0

4.3 End of the proof

Proof of Theorem 2.4. Lemma 4.3 shows that any local-in-time solution satisfying
(4.13) is bounded and thus can be extended to a global-in-time solution. Moreover, the
uniform bounds (4.18)—(4.19) of Lemma 4.3 imply the estimate (2.31).
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Proof of Theorem 2.5. Let (¢, u,, E;)(x,t) be a solution of (2.23)-(2.26). Then, by
(4.5), (4.43)—(4.46), and (2.35), the following uniform estimates holds:

1(8r = SO + 170 (D12 + 17 DAE ()3
HIDE, - BN+ 7D(u, —u )OI < che ™, (447)

/0 (e = ) SIE + 19 (S)IE + | DOE(5)]2

+HID(E: — E-) ()3 + [[1D(ur — ur)(s)ll2)ds < ey, (4.48)
170 (N5 + 207 0r (W)II3 + IT DOE- ()13
HIT2 07 E- ()] + |7 DO (¢

t
/ (0= (s)l13 + 1707 ¢ ()13 + |7 DA Er (s)

0
+TDOE ()|l + ITDOu-(s)[3)ds < cls, (4.50)

5 < clze ™ (4.49)

I3

for t > 0, where I, and I3 can be bounded independently of 7. These uniform estimates
and Aubin’s lemma [34] imply the existence of subsequences (not relabeled) such that

Y, — 1 in L*0,T;C2 N HE *(R?)),

loc

E,—E in L*0,T;C2NH*(R?)),

loc

u, —1a in  L*0,T;H*(R?) as7—0,

for any 7" > 0 and sq € (0,1/2). From (4.47) we know that there is a positive constant c
independent of 7 > 0 such that ¢, > ¢ > 0 in (0,7) x R? which implies that 1) > ¢ > 0.
From (4.47)—(4.48) follows that

|u,? — 0 in LY0, T; W23 (R?)). (4.51)

loc

Hence, the above convergence results allow to the pass to the limit 7 — 0 in the quantum
hydrodynamic equations and we obtain

. . . . 2 [ A
V-E=4¢>-C, VxE, =0,

which implies that (b, E) is a global weak solution of (2.27)-(2.29) in the sense of distri-
butions. The proof of Theorem 2.5 is complete.
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